Chapter 1 

Systems of Measurement 



Conceptual Problems 



Determine the Concept The fundamental physical quantities in the SI system include 
mass, length, and time. Force, being the product of mass and acceleration, is not a 



fundamental quantity, (c) is correct. 
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Picture the Problem We can express and simplify the ratio of m/s to m/s 2 to determine 
the final units. 



Express and simplify the ratio of 
m/s to m/s 2 : 



m 



s = m-s 
m m -s 

2 



s and 



(d) is correct. 



Determine the Concept Consulting Table 1-1 we note that the prefix giga 
means 10 9 . (c) is correct. 



Determine the Concept Consulting Table 1-1 we note that the prefix mega 
means 10 6 . (d) is correct. 



Determine the Concept Consulting Table 1-1 we note that the prefix pico 
means 1CT 12 . (a) is correct. 
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Determine the Concept Counting from left to right and ignoring zeros to the left 
of the first nonzero digit, the last significant figure is the first digit that is in doubt. 
Applying this criterion, the three zeros after the decimal point are not significant figures, 
but the last zero is significant. Hence, there are four significant figures in this number, 
(c) is correct. 
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Determine the Concept Counting from left to right, the last significant figure is 
the first digit that is in doubt. Applying this criterion, there are six significant 



figures in this number, (e) is correct. 
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Determine the Concept The advantage is that the length measure is always with you. The 
disadvantage is that arm lengths are not uniform; if you wish to purchase a board of "two 
arm lengths" it may be longer or shorter than you wish, or else you may have to physically 
go to the lumberyard to use your own arm as a measure of length. 
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(a) True. You cannot add "apples to oranges" or a length (distance traveled) to a volume 
(liters of milk). 

(b) False. The distance traveled is the product of speed (length/time) multiplied by the 
time of travel (time). 

(c) True. Multiplying by any conversion factor is equivalent to multiplying by 1 . 
Doing so does not change the value of a quantity; it changes its units. 



Estimation and Approximation 
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Picture the Problem Because 6? is small, we can approximate it by 9 « D/r m 
provided that it is in radian measure. We can solve this relationship for the diameter of 
the moon. 



Express the moon's diameter D in 
terms of the angle it subtends at the 
earth 9 and the earth-moon distance 



D = 6r 



Find 9 in radians: 



6 = 0.524° x l7rmd = 0.0091 5 rad 
360° 



Substitute and evaluate D: 



D = (0.00915rad)(384Mm) 



= 3.51xl0 6 m 
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Picture the Problem We'll assume that the sun is made up entirely of hydrogen. Then we 
can relate the mass of the sun to the number of hydrogen atoms and the mass of each. 



Express the mass of the sun M s as M s = N H M, i 

the product of the number of 
hydrogen atoms /V H and the mass of 
each atom M H : 



Solve for N H - 



N u =- 



M , 



Substitute numerical values and 
evaluate N H : 



1.99 x 10 30 kg 



1.67x l(T 27 kg 



1.19x10 



57 
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Picture the Problem Let P represent the population of the United States, r the rate of 
consumption and N the number of aluminum cans used annually. The population of the 
United States is roughly 3xl0 8 people. Let's assume that, on average, each person drinks 
one can of soft drink every day. The mass of a soft-drink can is approximately 
1.8 xl(T 2 kg. 



(a) Express the number of cans N 
used annually in terms of the daily 
rate of consumption of soft drinks r 
and the population P: 



N = rPAt 



Substitute numerical values and 
approximate N: 



N = 



lean 



person • d 



(3 x 10 8 people) 



:(iy) 



365.24- 



lCTcans 



(b) Express the total mass of M = Nm 

aluminum used per year for soft 
drink cans M as a function of the 
number of cans consumed and the 
mass m per can: 
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Substitute numerical values and 
evaluate M: 



(c) Express the value of the 
aluminum as the product of M and 
the value at recycling centers: 



M = (lO 11 cans/y)(l.8 x 1CT 2 kg/can) 



2x 10 9 kg/y 



Value = ($l/kg)M 

= ($l/kg)(2xl0 9 kg/y) 
= $2xl0 9 /y 



2 billion dollars/y 
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Picture the Problem We can estimate the number of words in Encyclopedia Britannica 
by counting the number of volumes, estimating the average number of pages per volume, 
estimating the number of words per page, and finding the product of these measurements 
and estimates. Doing so in Encyclopedia Britannica leads to an estimate of 
approximately 200 million for the number of words. If we assume an average word 
length of five letters, then our estimate of the number of letters in Encyclopedia 
Britannica becomes 10 9 . 



(a) Relate the area available for one 
letter s 2 and the number of letters N 
to be written on the pinhead to the 
area of the pinhead: 



TV 

Ns = — d where d is the diameter of the 



pinhead. 



Solve for s to obtain: 



s = 




Substitute numerical values and 
evaluate s: 



s = 




(b) Express the number of atoms per 
letter n in terms of s and the atomic 
spacing in a metal datomk: 



Substitute numerical values and 
evaluate n: 



n = ■ 



1(T 8 m 



n = 



5x10 10 atoms/m 



20 atoms 



*14 

Picture the Problem The population of the United States is roughly 3 x 10 8 people. 
Assuming that the average family has four people, with an average of two cars per 
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family, there are about 1.5 x 10 cars in the United States. If we double that number to 
include trucks, cabs, etc., we have 3 x 10 8 vehicles. Let's assume that each vehicle uses, 
on average, about 12 gallons of gasoline per week. 



(a) Find the daily consumption of 
gasoline G: 

Assuming a price per gallon 

P = $1.50, find the daily cost C of 

gasoline: 



G = (3xl0 8 vehicles)(2gal/d) 
= 6xl0 8 gal/d 

C = GP = (6 x 10 s gal/d)($ 1.50 /gal) 
= $9 x 10 8 /d ~ I $1 billion dollars/d 



(b) Relate the number of barrels N 
of crude oil required annually to the 
yearly consumption of gasoline Y 
and the number of gallons of 
gasoline n that can be made from 
one barrel of crude oil: 



Substitute numerical values and 
estimate N: 



TV: 



Y GAt 



(6xlQ 8 gal/d) (365.24d/y) 
19.4 gal/barrel 



10 10 barrels/y 
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Picture the Problem We'll assume a population of 300 million (fairly accurate as of 
September, 2002) and a life expectancy of 76 y. We'll also assume that a diaper has a 
volume of about half a liter. In (c) we'll assume the disposal site is a rectangular hole in 
the ground and use the formula for the volume of such an opening to estimate the surface 
area required. 



(a) Express the total number TV of N = nD 

disposable diapers used in the 

United States per year in terms of 

the number of children n in diapers 

and the number of diapers D used 

by each child in 2.5 y: 



Use the daily consumption, the 
number of days in a year, and the 
estimated length of time a child is in 
diapers to estimate the number of 
diapers D required per child: 



^ 3 diapers 365. 24 d _ _ 
D = — x x2.5y 



i 3 x 10 3 diapers/child 
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Use the assumed life expectancy to 
estimate the number of children n in 
diapers: 

Substitute to obtain: 



n = 



^^1(300 xlO 6 children) 
76yJ V ' 



«10 7 children 



N = (lO 7 children) 

x (3 x 10 3 diapers/child) 



3 x 10 10 diapers 



(b) Express the required landfill 
volume V in terms of the volume of 
diapers to be buried: 

Substitute numerical values and 
evaluate V: 



V = NV„ 



one diaper 



V = (3 x 10 10 diapers)(0.5L/diaper) 



« 1.5xl0 7 m 3 



(c) Express the required volume in 
terms of the volume of a rectangular 
parallelepiped: 

Solve and evaluate h: 



V = Ah 



A = r = is*ur*?_ f a , 

h 10m 



Use a conversion factor to express 
this area in square miles: 



A = \.5x 10 6 m 2 x 



lmi 2 



2.590 km 2 



» 0.6 mi 



■ 2 
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Picture the Problem The number of bits that can be stored on the disk can be found 
from the product of the capacity of the disk and the number of bits per byte. In part (b) 
we'll need to estimate (i) the number of bits required for the alphabet, (ii) the average 
number of letters per word, (in) an average number of words per line, (iv) an average 
number of lines per page, and (v) a book length in pages. 



(a) Express the number of bits A^its 
as a function of the number of bits 
per byte and the capacity of the hard 
disk jVbyte S : 



^ blts =^ bytes (8bits/byte) 

= (2 xl0 9 bytes)(8 bits/byte) 



1.60 xlO 10 bits 



Systems of Measurement 7 



(b) Assume an average of 8 
letters/word and 8 bits/character to 
estimate the number of bytes 
required per word: 



bits _ characters 
8 x8 = 64 



character 



word 



bits 
word 
bytes 
word 



Assume 10 words/line and 60 
lines/page: 



600=^x8^ = 4800^ 

page 



page word 



Assume a book length of 300 pages 
and approximate the number bytes 
required: 



300pages x 4800^^ = 1.44 x 10 6 bytes 
page 



Divide the number of bytes per disk 
by our estimated number of bytes 
required per book to obtain an 
estimate of the number of books the 
2-gigabyte hard disk can hold: 



2 x 10 9 bytes 



1.44 x 10 bytes/book 



1400 books 
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Picture the Problem Assume that, on average, four cars go through each toll station per 
minute. Let R represent the yearly revenue from the tolls. We can estimate the yearly 
revenue from the number of lanes N, the number of cars per minute n, and the $6 toll per 
car C. 

n . r _ .cars ,„min _.h 0 ^- 0 .d $6 
R = NnC = 141anesx4 x60 x24— x365.24— x — 



min 



car 



$177M 



Units 
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Picture the Problem We can use the metric prefixes listed in Table 1-1 and the 
abbreviations on page EP-1 to express each of these quantities. 



(a) 

1,000,000 watts = 10 6 watts 



1MW 



(b) 



0.002gram = 2 x 10 J g = 2mg 



(c) 

3xl0~ 6 meter = 



{d) 



3 jum 



30,000 seconds = 30 x 10 3 s = 



30ks 
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Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without prefixes. 



(a) 

40 jUW = 40 x 10~ 6 W = 
(b) 



0.000040 W 



(c) 

3MW = 3x 10 6 W = 



3,000,000 W 



4 ns = 4 x 10~ y s = 0.000000004 s 



(d) 

25km = 25xl0 3 m= 25,000m 
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Picture the Problem We can use the definitions of the metric prefixes listed in 
Table 1-1 to express each of these quantities without abbreviations. 



(a) 10 12 boo = lpicoboo 



(e) 10 phone = 1 megaphone 



(b) 10 low = lgigalow 



if) 10 9 goat = lnanogoat 



(c) 10 phone = 1 microphone 



(g) 10 12 bull : 



1 terabull 



(d) 10~ ls boy = lattoboy 
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Picture the Problem We can determine the SI units of each term on the right-hand side 
of the equations from the units of the physical quantity on the left-hand side. 



(a) Because x is in meters, C\ and 
dt must be in meters: 



Cj is in m; C 2 is in m/s 



(b) Because x is in meters, ViC\t 
must be in meters: 



Cj is in m/s' 



(c) Because v 2 is in m 2 /s 2 , 2C\X must 
be in m 2 /s 2 : 



Cj is in m/s z 



(d) The argument of trigonometric 
function must be dimensionless; i.e. 
without units. Therefore, because x 



C, is in m; C 2 is in s 
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is m meters: 



(e) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in m/s: 



C, is in m/s; C 2 is in s~ 
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Picture the Problem We can determine the US customary units of each term on the 
right-hand side of the equations from the units of the physical quantity on the left-hand 
side. 



(a) Because x is in feet, C\ and C2t 
must be in feet: 



C, is in ft; C 2 is in ft/s 



(b) Because x is in feet, VzC\t must 
be in feet: 



C x is in ft/s" 



(c) Because v z is in ft 2 /s 2 , 2C\X must 



be in ft 2 /s 2 : 



C x is in ft/s' 



(d) The argument of trigonometric 
function must be dimensionless; i.e. 
without units. Therefore, because x 
is in feet: 



Q is in ft; C 2 is in s 



(e) The argument of an exponential 
function must be dimensionless; i.e. 
without units. Therefore, because v 
is in ft/s: 



Q is in ft/s; C 2 is in s~ 



Conversion of Units 
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Picture the Problem We can use the formula for the circumference of a circle to find the 
radius of the earth and the conversion factor 1 mi = 1.61 km to convert distances in meters 
into distances in miles. 



(a) The Pole-Equator distance is 
one-fourth of the circumference: 



4xl0 7 m 
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(b) Use the formula for the 
circumference of a circle to obtain: 



R 



c _ 4xl(T 7 m 
2tt 2n 



6.37 x 10 6 m 



(c) Use the conversion factors 

1 km = 1000 m and 1 mi = 1.61 km: 



,_ 7 1km lmi 
c = 4 x 10 mx — - — x 



10' m 1.61km 



2.48xl0 4 mi 



and 

^ ,^6 1km lmi 
R = 6.31 x 10 mx— — x- 



10 3 m 1.61km 



= 3.96x10' mi 



24 • 

Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 
speeds in km/h into mi/h. 

Find the speed of the plane in km/s: v = 2(340m/s) = 680m/s 



680 



m 



'lkm V 



10 J m 



3600- 



2450 km/h 



Convert v into mi/h: 



v = 



2450 



km^ 



lmi 
1.61km 



= 1520mi/h 
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Picture the Problem We'll first express his height in inches and then use the 
conversion factor 1 in = 2.54 cm. 



Express the player's height into inches: 



1 o " 

/? = 6ft x —^- + 10.5in = 82.5in 
ft 



Convert h into cm: 



h = 82.5inx 



2.54cm 



in 



210cm 
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Picture the Problem We can use the conversion factors 1 mi = 1.61 km, 
1 in = 2.54 cm, and 1 m = 1.094 yd to complete these conversions. 
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(a) 



100^ = 100^x^H- 
h h 1.61km 



62.1 



mi 



(b) 



60cm = 60cm x- 



lin 



2.54cm 



23. 6 in 



(c) 



100 yd = 100 yd x 



lm 



1.094 yd 



91.4m 
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Picture the Problem We can use the conversion factor 1.609 km = 5280 ft to convert the 
length of the main span of the Golden Gate Bridge into kilometers. 



Convert 4200 ft into km: 



4200ft = 4200 ft x 



1.609 km 
5280 ft 



1.28km 
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Picture the Problem Let v be the speed of an object in mi/h. We can use the conversion 
factor 1 mi = 1.61 km to convert this speed to km/h. 



Multiply v mi/h by 1.61 km/mi to 
convert v to km/h: 



mi mi 1.61km 

v — = v — X 

h h mi 



1.61vkm/h 
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Picture the Problem Use the conversion factors 1 h = 3600 s, 1.609 km = 1 mi, 
and 1 mi = 5280 ft to make these conversions. 



1cm 

(a) 1.296 xlO 5 — 



km^ 



1.296 x 10 3 



lh 



3600 s 



36.0 



km 
h^s 



KTT1 

(b) 1.296 x 10 5 — 



1.296x10- 



km 



lh 



3600 s 



^ 10 3 m ^ 
km 



10.0 



m 



(c) 60 



mi 



60 



mi 



V 5280 ft 



V lh ^ 



v lmi J 



3600 s 



88.0 



ft 



{d) 60 



mi 



60 



mi 



;V 1.609 km 



lmi 



10 m 
km 



lh 

3600 s 



26.8 



m 
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Picture the Problem We can use the conversion factor 1 L = 1 .057 qt to convert gallons 
into liters and then use this gallons-to-liters conversion factor to convert barrels into cubic 
meters. 



(a) lgal = (lgal) 



'4qt^ 



1L 



1.057qt 



3.784L 



(b) 1 barrel = (l barrel) 



M2gal V 3.784L 
barrel ) y gal 



V KT 3 m 3 ^ 



j v L j 



0.1589 m 3 
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Picture the Problem We can use the conversion factor given in the problem statement 
and the fact that 1 mi = 1.609 km to express the number of square meters in one acre. 



Multiply by 1 twice, properly chosen, to 
convert one acre into square miles, and 
then into square meters: 



lacre = (lacre) 



lmi 



V 1609m^ 2 



640 acres 



V mi ) 



= 4050 m 2 
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Picture the Problem The volume of a right circular cylinder is the area of its base 
multiplied by its height. Let d represent the diameter and h the height of the right circular 
cylinder; use conversion factors to express the volume Vin the given 
units. 



(a) Express the volume of the cylinder: 



V = \nd 2 h 



Substitute numerical values and 
evaluate V: 



(b) Use the fact that 1 m = 3.281 ft 
to 

convert the volume in cubic feet into 
cubic meters: 



F = ^(6.8in) 2 (2ft) 
= {;z-(6.8in) 2 (2ft) 



lft 
yl2in j 



0.504 ft 3 



F = (0.504ft 3 ) 



1m 

3.281ft 



0.0143 m 3 



(c) Because 1 L = 10 3 m 3 : 



F = (0.0143m 3 ) 



1L 



v 10~ 3 m 3 y 



14.3L 
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Picture the Problem We can treat the SI units as though they are algebraic 
quantities to simplify each of these combinations of physical quantities and 
constants. 



(a) Express and simplify the units of ( m / s ) 2 m2 m 

v2 / x: m m-s 2 s 2 



(b) Express and simplify the units of m ry i — i 



(c) Noting that the constant factor 
j has no units, express and simplify 

the units of \at 2 : 



Vs ; Vs j 



m 



Dimensions of Physical Quantities 
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Picture the Problem We can use the facts that each term in an equation must have the 
same dimensions and that the arguments of a trigonometric or exponential function must 
be dimensionless to determine the dimensions of the constants. 



(a) 
x 

L 

(b) 
x 

L 

(c) 
v 2 

Is 



= Ci + C 2 t 



L 



L 
I T 

C, t 1 
T 2 



= 2 C, 

— T 



L 



id) 

x 



(e) 
v 
L 
T 



C\ cos C2 t 



L 



T 



Ci exp( -C 2 t) 



L 
T 



T 
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Picture the Problem Because the exponent of the exponential function must be dimension 
the dimension of A must be T~ 
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Picture the Problem We can solve Newton's law of gravitation for G and 
substitute the dimensions of the variables. Treating them as algebraic quantities 
will allow us to express the dimensions in their simplest form. Finally, we can 
substitute the SI units for the dimensions to find the units of G. 



Solve Newton's law of gravitation 
for G to obtain: 



G = 



Fr 1 



Substitute the dimensions of the 
variables: 



ML «I? 



_ r 



M 



L 3 



MT 



Use the SI units for L, M, and T: 



Units of G are 



m 



kg-s' 
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Picture the Problem Let m represent the mass of the object, v its speed, and r the 
radius of the circle in which it moves. We can express the force as the product of 
m, v, and r (each raised to a power) and then use the dimensions of force F, mass m, 
speed v, and radius r to obtain three equations in the assumed powers. Solving these 
equations simultaneously will give us the dependence of F on m, v, and r. 



Express the force in terms of 
powers of the variables: 



F = m a v"r c 



Substitute the dimensions of the 
physical quantities: 



MLT 2 =M a 



L 



If 



Simplify to obtain: 



MLT 1 = M a L b+c T- b 



Equate the exponents to obtain: 



a = 1, 

b + c = 1 , and 
-b = -2 



Solve this system of equations to 
obtain: 



a-\,b-2, and c--l 



Substitute in equation (1): 



T7 2-1 

t = mv r = 



777 - 
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Picture the Problem We note from Table 1-2 that the dimensions of power are ML 2 /T 3 . 
The dimensions of mass, acceleration, and speed are M, L/T 2 , and L/T respectively. 

Express the dimensions of mav: r i L L ML 2 

[mav\ = M x— x- = 



rj-i 2 rj-i rj-i3 



From Table 1-2: r i ML 2 



[P] = 



Comparing these results, we see that the product of mass, acceleration, 
and speed has the dimensions of power. 
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Picture the Problem The dimensions of mass and velocity are M and L/T, respectively. 
We note from Table 1-2 that the dimensions of force are ML/T 2 . 

Express the dimensions of momentum: r 1 » * L ML 

F [mv\ = M x — = 

From Table 1-2: r^l ML 



[F] 



T ^ 



Express the dimensions of force \_Ft\ — x T — 

multiplied by time: T 2 T 



Comparing these results, we see that momentum has the dimensions of 
force multiplied by time. 
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Picture the Problem Let X represent the physical quantity of interest. Then we 
can express the dimensional relationship between F, X, and P and solve this 
relationship for the dimensions of X. 

Express the relationship of X to \f\ \X\ = [i 3 ] 

force and power dimensionally: 



Solve for [x] : 
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Substitute the dimensions of force 
and power and simplify to obtain: 



[x]. 



ML 1 



ML 



L 
T 



Because the dimensions of velocity 
are LIT, we can conclude that: 



M=MH 



Remarks: While it is true that P = Fv, dimensional analysis does not reveal the 
presence of dimensionless constants. For example, if P = nFv , the analysis shown 
above would fail to establish the factor of tl 

Picture the Problem We can find the dimensions of C by solving the drag force 
equation for C and substituting the dimensions of force, area, and velocity. 



Solve the drag force equation for 
the constant C: 

Express this equation 
dimensionally: 



C = 



Av 7 



r r l_ Fair] 

1 J "MW 



Substitute the dimensions of force, 
area, and velocity and simplify to 
obtain: 



ML 



[c] 



L 1 



L 



M 

1} 
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Picture the Problem We can express the period of a planet as the product of these 
factors (each raised to a power) and then perform dimensional analysis to 
determine the values of the exponents. 



Express the period J of a planet as 
the product of r a , G h , and M s c : 



T = Cr a G b Ml (1) 
where C is a dimensionless constant. 



Solve the law of gravitation for the 
constant G: 



G = 



Fr 2 



Express this equation dimensionally: 



[G] 



MM 
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Substitute the dimensions of F, r, 
and m: 



ML , n 2 

■r x( / ) i ! 



MxM MT 



Noting that the dimension of time is 
represented by the same letter as is 
the period of a planet, substitute the 
dimensions in equation (1) to 
obtain: 



T = [Lf 



f £ 3 \ b 



Introduce the product of M 0 and L° 
in the left hand side of the equation 
and simplify to obtain: 



M°L°T l = M c - b L a+ih T- 2b 



Equate the exponents on the two 
sides of the equation to obtain: 



0 = c-b, 
0-a + 3b, and 

1 =-2b 



Solve these equations 
simultaneously to obtain: 



a = ^,b = -4-,andc 



Substitute in equation (1): 



T = Cr 3/2 G- l/2 M s l/2 



C 



.3/2 



Scientific Notation and Significant Figures 
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Picture the Problem We can use the rules governing scientific notation to express each 
of these numbers as a decimal number. 



(a) 3 x 10 4 = 30,000 



(c) 4 x 10~ 6 = 0.000004 



(b) 6.2 x 10~ J = 0.0062 



(d) 2.17 x 10 5 = 217,000 
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Picture the Problem We can use the rules governing scientific notation to express each 
of these measurements in scientific notation. 



(a) 3.1GW= 3.1 x 10 9 W 



(c) 2.3 fs= 2.3xl0~ 15 s 
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(b) 10pm = 10x10 12 m= 10 n m 



(d) 4 jus = 



4 x 10" 6 s 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 



(a) The number of significant 
figures in each factor is three; 
therefore the result has three 
significant figures: 

(b) Express both terms with the 
same power of 10. Because the first 
measurement has only two digits 
after the decimal point, the result 
can have only two digits after the 
decimal point: 

(c) We'll assume that 12 is exact. 
Hence, the answer will have three 
significant figures: 

(d) Proceed as in (b): 



(l.l4)(9.99x 10 4 ): 



1.14 x 10 s 



(2.78 x 10~ 8 )-(5.31x 10" 9 ) 
= (2.78-0.531) x 10" 



2.25 x 10" 



Yin 



4.56x10 



-3 



8.27 xlO 3 



27.6 + (5.99x 10 2 ) = 27.6 + 599 
= 627 



= 6.27 xlO 2 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 



(a) Note that both factors have four 
significant figures. 

(b) Express the first factor in 
scientific notation and note that 
both factors have three significant 
figures. 



(200.9)(569.3) = 



1.144 x 10 s 



(0.0000005 13)(62.3 x 10 7 ) 

= (5.13 x 10" 7 )(62.3 x 10 7 ) 



= 3.20 xlO 2 
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(c) Express both terms in scientific 
notation and note that the second 
has only three significant figures. 
Hence the result will have only 
three significant figures. 

(d) Because the divisor has three 
significant figures, the result will 
have three significant figures. 



28401 + (5.78 x 10 4 ) 

= (2.841 xl0 4 )+ (5.78 xlO 4 ) 
= (2.841 + 5.78) xlO 4 



8.62 x 10 4 



63.25 



4.17 x 10 



1.52 x 10 4 
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Picture the Problem Let N represent the required number of membranes and 
express N in terms of the thickness of each cell membrane. 



Express N in terms of the thickness 
of a single membrane: 

Convert the units into SI units and 
simplify to obtain: 



N = 



lin 
7 nm 



lin 2.54cm 

N = x x 



lm 



7nm 



in 



lnm 

100 cm 10 9 m 



= 4xl0 6 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 



(a) Both factors and the result have 
three significant figures: 

(b) Because the second factor has 
three significant figures, the result 
will have three significant figures: 



(2.00 x 10 4 )(6.10 x 10~ 2 ) = 



(3.141592)(4.00x 10 5 ) = 



1.22 x 10 j 



1.26 xlO 6 



(c) Both factors and the result have 
three significant figures: 

(d) Write both terms using the same 
power of 10. Note that the result 
will have only three significant 
figures: 



2.00 x 10 



2.32 x 10 3 
1.16 x 10 8 

(5.14 xl0 3 ) + (2.78 xlO 2 ) 

= (5.14x 10 3 ) + (0.278x 10 3 ) 
= (5.14 + 0.278) x 10 3 



= 5.42 xlO 3 
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(e) Follow the same procedure used 
in (d): 



(l.99 xl0 2 )+ (9.99 xl(T 5 ) 

= (l.99 x 10 2 )+ (0.000000999 x 10 2 ) 



= 1.99 xlO 2 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 



(a) The second factor and the 
result have three significant figures: 



3.141592654x(23.2) 2 



1.69 x 10 3 



(b) We'll assume that 2 is exact. 
Therefore, the result will have two 
significant figures: 



2x 3.141592654x0.76= 4.8 



(c) We'll assume that 4/3 is exact. 
Therefore the result will have two 
significant figures: 

(d) Because 2.0 has two significant 
figures, the result has two significant 
figures: 



-n x 



(i.iy = 



5.6 



(2.0) 5 



3.141592654 



10 



General Problems 
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Picture the Problem We can use the conversion factor 1 mi = 1.61 km to convert 100 
km/h into mi/h. 



Multiply 100 km/h by 1 mi/1.61 km 
to obtain: 



100^ = 100^x^_ 
h h 1.61km 



62.1 mi/h 
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Picture the Problem We can use a series of conversion factors to convert 1 billion 
seconds into years. 

Multiply 1 billion seconds by the appropriate conversion factors to convert into years: 
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10 9 s=10 9 sx^-x^x ^ 



3600s 24h 365.24days 



31.7y 



52 • 

Picture the Problem In both the examples cited we can equate expressions for the 
physical quantities, expressed in different units, and then divide both sides of the equation 
by one of the expressions to obtain the desired conversion factor. 



(a) Divide both sides of the 
equation expressing the speed of 
light in the two systems of 
measurement by 186,000 mi/s to 
obtain: 



3 x 10 s m/s 
1.86 x 10 5 mi/h 



1.61 x 10 



v 



m 



mi J 



1.61 x 10 3 m/mi 



lkm 



v 10 3 m y 



= 1.61km/mi 



(b) Find the volume of 1 .00 kg of 
water: 



Volume of 1.00 kg = 10 3 g is 10 3 cm 3 



Express 10 3 cm 3 in ft 3 : 



(10 cm) 3 



lin 



2.54cm 



^12in j 



= 0.0353 ft 



Relate the weight of 1 ft of water to 
the volume occupied by 1 kg of 
water: 



1-OOkg _ 62i lb 
0.0353ft 3 ft 3 



Divide both sides of the equation by 
the left-hand side to obtain: 



62.4 



1 = 



lb 

¥ 



1.00 kg 
0.0353 ft 3 



2.20 lb/kg 
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Picture the Problem We can use the given information to equate the ratios of the number 
of uranium atoms in 8 g of pure uranium and of 1 atom to its mass. 



Express the proportion relating the 
number of uranium atoms Nu in 8 g 
of pure uranium to the mass of 1 
atom: 



latom 



8g 4.0xl0~ 26 kg 
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Solve for and evaluate N v : 



latom 
4.0 x 1(T 26 kg 



= 2.0x10 



23 
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Picture the Problem We can relate the weight of the water to its weight per unit 
volume and the volume it occupies. 



Express the weight w of water 
falling on the acre in terms of the 
weight of one cubic foot of water, 
the depth d of the water, and the 
area A over which the rain falls: 



w ■ 



62.4 



]b_ 
ft 3 



Ad 



Find the area A in ft : 



Substitute numerical values and evaluate w: 



A = (lacre) 



lmi 



:1 v 5280fO 2 



640 acre 



V mi ; 



= 4.356 x 10 4 ft 2 



w = 



62.4 



]b_ 
ft 3 



(4.356 x 10 4 ft 2 )(l.4in) 



yl2'm j 



3.17 x 10 5 lb 
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Picture the Problem We can use the definition of density and the formula for the 
volume of a sphere to find the density of iron. Once we know the density of iron, we can 
use these same relationships to find what the radius of the earth would be if it had the 
same mass per unit volume as iron. 



(a) Using its definition, express the p — — 

density of iron: V 

Assuming it to be spherical, express V = -f;rr 3 

the volume of an iron nucleus as a 
function of its radius: 



Substitute to obtain: 3m 

P = ~a 3 
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Substitute numerical values and 
evaluate p. 



P 



3(9.3 x 10' 26 kg) 
4^(5.4 xl(T 15 m) 3 



1.41 x 10 I7 kg/m 3 



(b) Because equation (1) relates the 
density of any spherical object to its 
mass and radius, we can solve for r 
to obtain: 



r = ? 



3m 
1 Anp 



Substitute numerical values and 
evaluate r: 



r = 



I 3(5.98 xlQ 24 kg) 

' 4^(1.41 x 10 17 kg/m 3 ) ~ 



216m 
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Picture the Problem Apply the general rules concerning the multiplication, 
division, addition, and subtraction of measurements to evaluate each of the 
given expressions. 



(a) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 



(b) Because the factor with the 
fewest significant figures in the first 
term has two significant figures, the 
result will have two significant 
figures. Because its last significant 
figure is in the tenth's position, the 
difference between the first and 
second term will have its last 
significant figure in the tenth's 
position: 

(c) Because all of the factors have 
two significant figures, the result 
will have two significant figures: 



(5.6 x IP 5 ) (0.0000075) 
2.4 x 10~ 12 

_ (5.6 x 10' 5 )(7.5 x 10~ 6 ) 
2.4 x 10~ 12 



1.8 x 10 2 



(14.2)(6.4 x 10 7 )(8.2 x 10~ 9 )-4.06 
= 7.8-4.06 = 



3.4 



(6.1xlQ- 6 ) 2 (3.6xl0 4 ) 3 
(3.6xl0-) I/2 



2.9 x 10 s 
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(d) Because the factor with the 
fewest significant figures has two 
significant figures, the result will 
have two significant figures. 



(0.000064)' 



1/3 



(l2.8xl0- 3 )(490xl0 1 ) V2 
(6.4xl0- 5 )' /3 



(l2.8xl0^)(490xl0^) 1/2 



0.45 



*57 

Picture the Problem We can use the relationship between an angle 0, measured in 
radians, subtended at the center of a circle, the radius R of the circle, and the length L of 
the arc to answer these questions concerning the astronomical units of 
measure. 



(a) Relate the angle 6 subtended by 
an arc of length S to the distance R: 

Solve for and evaluate S: 



0 



R 



S=R6 
= (lparsec)(ls) 

1° 



(1) 



lmin 



60min 



60s 

2?rrad 
360° j 



4.85 x 10 _6 parsec 



(b) Solve equation (1) for and 
evaluated: 



R =■ 



e 



1.496 x 10" m 




A r 27rrad^ 



360 c 



= 3.09xl0 m m 



(c) Relate the distance D light 
travels in a given interval of time At 
to its speed c and evaluate D for 
At= 1 y: 



D = cAt 

r 



3x 10' 



V 



m 



(iy) 



3.156 x 10 7 



yj 



= 9.47xl0 15 m 
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(d) Use the definition of 1 AU and 
the result from part (c) to obtain: 



(e) Combine the results of parts (b) 
and (c) to obtain: 



lc-y = (9.47 x 10 15 m) 



1AU 



1.496 x 10" m 



6.33 xlO 4 AU 



lparsec = (3.08 x 10 16 m) 



lc-y 



9.47 x 10 15 m 



3.25c-y 
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Picture the Problem Let N e and N p represent the number of electrons and the number of 
protons, respectively and pthe critical average density of the universe. We can relate 
these quantities to the masses of the electron and proton using the definition of density. 



(a) Using its definition, relate the 
required density p to the electron 
density NJV: 



P 



m 



Solve for NJV: 



V 



P_ 

m,. 



(1) 



Substitute numerical values and 
evaluate NJV: 



(b) Express and evaluate the ratio of 
the masses of an electron and a 
proton: 

Rewrite equation (1) in terms of 
protons: 



N e _ 6 x 1CT 27 kg/m 3 
V ~ 9.11 x 1(T 31 kg/electron 



V 



6.59 x 10 3 electrons/m 3 



1.67xl(T 27 kg 



P_ 



(2) 



Divide equation (2) by equation (1) 
to obtain: 



V 

v 



or 



N r> _m e 



V 



v ) 
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Substitute numerical values and use 
the result from part (a) to evaluate 

N p /V: 



= (5.46x 1CT 4 ) 

x(6.59 x 10 3 protons/m 3 ) 



3.59protons/m 
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Picture the Problem We can use the definition of density to relate the mass of the water 
in the cylinder to its volume and the formula for the volume of a cylinder to express the 
volume of water used in the detector's cylinder. To convert our answer in kg to lb, we 
can use the fact that 1 kg weighs about 2.205 lb. 



Relate the mass of water contained in 
the cylinder to its density and 
volume: 



m = pV 



Express the volume of a cylinder in 
terms of its diameter d and height h: 



-d 2 h 



Substitute to obtain: 



m = p—d h 
H 4 



Substitute numerical values and 
evaluate m: 



m = (l0 3 kg/m 3 ) - (39.3m) 2 (4 1.4m) 
= 5.02x 10 7 kg 



Convert 5.02 x 10 7 kg to tons: 



m = 5.02x 10 7 kgx 



: 55.4 x 10 3 ton 



2.2051b Hon 



kg 



20001b 



The 50,000 - ton claim is conservative. The actual weight is closer 
to 55,000 tons. 
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Picture the Problem We'll solve this problem two ways. First, we'll substitute two of 
the ordered pairs in the given equation to obtain two equations in C and n that we can 
solve simultaneously. Then we'll use a spreadsheet program to create a graph of log Tas 
a function of log m and use its curve-fitting capability to find n and C. Finally, we can 
identify the data points that deviate the most from a straight-line plot by examination of 
the graph. 
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1 st Solution for (a) 



(a) To estimate C and n, we can 
apply the relation T = Cm " to two 
arbitrarily selected data points. 
We'll use the 1 st and 6 th ordered 
pairs. This will produce 
simultaneous equations that can be 
solved for C and n. 



T x = Cm" 
and 

T 6 = Cm" 6 



Divide the second equation by the 
first to obtain: 



6 _ Cm 6 



7J Cm x 



Substitute numerical values and 
solve for n to obtain: 



Substituting this value into the 
second equation gives: 



1.75 s 
0.56s 



1kg 
0.1kg 



or 



3.125 = 10" = 



0.4948 



and so a "judicial" guess is that n = 0.5. 



T 5 = Cm 5 



so 



0.5 



1.75 s = C(1 kg) 0 "' 



Solving for C gives: 



C = 



1.75 s/kg 



0.5 



2 nd Solution for (a) 

Take the logarithm (we'll 
arbitrarily use base 10) of both sides 
of T- Cm" and simplify to obtain: 



log(r) = log(Cm" ) = log C + log m" 

= n log m + log C 
which, we note, is of the form y = mx + b . 
Hence a graph of log T vs. log m should 
be linear with a slope of n and a log T- 
intercept log C. 



The graph of log T vs. log m shown below was created using a spreadsheet program. The 
equation shown on the graph was obtained using Excel' s "Add Trendline" function. 
(Excel' s "Add Trendline" function uses regression analysis to generate the trendline.) 
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0.4 
0.3 
0.2 
0.1 
0.0 
-0.1 
-0.2 
-0.3 

















= 0.49871og 








log T : 


m + 0.2479 






























♦ 

► 



































-1.0 



-0.8 



-0.6 



-0.4 
log m 



-0.2 



0.0 



0.2 



Comparing the equation on the 
graph generated by the Add 
Trendline function to 
log (r) = n log m + log C , we 

observe: 



n = 
and 



0.499 



C = 10' 

or 
T 



0.2479 



1.77 s/kg 



1/2 



(l.77s/kg 1/2 )m 



0.499 



(6) From the graph we see that the 
data points that deviate the most 
from a straight- line plot are: 



m = 0.02 kg, T = 0.47 Is, 
and 

m = 1.50 kg, T = 2.22s 



From the graph we see that the points generated using the data pairs 
(b) (0.02 kg, 0.47 1 s) and (0.4 kg, 1 .05 s) deviate the most from the line 
representing the best fit to the points plotted on the graph. 



Remarks: Still another way to find n and C is to use your graphing calculator to 
perform regression analysis on the given set of data for log T versus log m. The slope 
yields n and the j-intercept yields log C. 

61 ••• 

Picture the Problem We can plot log T versus log r and find the slope of the best- fit line 
to determine the exponent n. We can then use any of the ordered pairs to evaluate C. 
Once we know n and C, we can solve T = Cr" for r as a function of T. 
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(a) Take the logarithm (we'll 
arbitrarily use base 10) of both sides 
of T= Cr" and simplify to obtain: 



log(r) = log(Cr" ) = log C + log r " 

= n log r + log C 

Note that this equation is of the form 
y = mx + b . Hence a graph of log T vs. 

log r should be linear with a slope of n and 
a log T -intercept log C. 



The graph of log T versus log r shown below was created using a spreadsheet program. 
The equation shown on the graph was obtained using Excel' s "Add Trendline" function. 
(Excel' s "Add Trendline" function uses regression analysis to generate the trendline.) 




-1.1 -1.0 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 

log r 



From the regression analysis we 
observe that: 



n= 1.50 
and 



C = 10 



1.2311 



17.0y/(Gm) 



3/2 



or T 



(l7.0y/(Gm) 3/2 ) 



1.50 



(1) 



(b) Solve equation (1) for the radius 
of the planet's orbit: 

Substitute numerical values and 
evaluate r. 



r = 



r = 



2 / 3 



17.0y/(Gm) 3/2 
6.20y 



17.0y/(Gm) 



j 

\2/3 
J 



0.510 Gm 
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Picture the Problem We can express the relationship between the period T 
of the pendulum, its length L, and the acceleration of gravity g as T = CL a g b 

and perform dimensional analysis to find the values of a and b and, hence, the 
function relating these variables. Once we've performed the experiment called 
for in part (b), we can determine an experimental value for C. 



(a) Express T as the product of L 
and g raised to powers a and b: 



T = CL a g b (1) 
where C is a dimensionless constant. 



Write this equation in dimensional 
form: 



Noting that the symbols for the 
dimension of the period and length 
of the pendulum are the same as 
those representing the physical 
quantities, substitute the dimensions 
to obtain: 



T = L a 



L 



\* J 



Because L does not appear on the 
left-hand side of the equation, we 
can write this equation as: 



Equate the exponents to obtain: 



a + b = 0 and - 2b = 1 



Solve these equations 
simultaneously to find a and b: 



a = yandZ> = -\ 



Substitute in equation (1) to obtain: 



T = CDg 



1/2 -1/2 



c 



(2) 



(b) If you use pendulums of lengths 
1 m and 0.5 m; the periods should 
be about: 



r(im)= 

and 



2s 



r(0.5m) = 



1.4s 



(c) Solve equation (2) for C: 



C = 7\ 
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Evaluate C with L = 1 m and T = 2 s: 



C = (2s)l^^=6.26«2^ 



Substitute in equation (2) to obtain: 



T = 



2n \— 
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Picture the Problem The weight of the earth's atmosphere per unit area is known 
as the atmospheric pressure. We can use this definition to express the weight w of 
the earth's atmosphere as the product of the atmospheric pressure and the surface 
area of the earth. 



Using its definition, relate 
atmospheric pressure to the weight 
of the earth's atmosphere: 



P = 



w 



Solve for w: 

Relate the surface area of the earth 
to its radius R: 



w = PA 
A = 4ttR 2 



Substitute to obtain: 



w = 4xR 2 P 



Substitute numerical values and evaluate w. 



w 



= 4;r(6370km) : 



^ 10 3 m ^ 
km 



39.37 in 



lb 



14.7 



1.16 x 10 I9 lb 
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Chapter 2 

Motion in One Dimension 

Conceptual Problems 
1 

Determine the Concept The "average velocity" is being requested as opposed to "average 
speed". 

The average velocity is defined as 
the change in position or 
displacement divided by the 
change in time. 




The change in position for any Ay 0 

At At 



"round trip" is zero by definition. ' 



So the average velocity for any 
round trip must also be zero. 



*2 • 

Determine the Concept The important concept here is that "average speed" is being 
requested as opposed to "average velocity". 



Under all circumstances, including constant acceleration, the definition of the average 
speed is the ratio of the total distance traveled (H + H) to the total time elapsed, in this 

case 2H/T. (d) is correct. 



Remarks: Because this motion involves a round trip, if the question asked for 
"average velocity," the answer would be zero. 

3 

Determine the Concept Flying with the wind, the speed of the plane relative to the 
ground (v PG ) is the sum of the speed of the wind relative to the ground (v WG ) and the 
speed of the plane relative to the air (v PG = v W g + vp A ). Flying into or against the wind the 
speed relative to the ground is the difference between the wind speed and the true air 
speed of the plane (v g = v w - v t ). Because the ground speed landing against the wind is 
smaller than the ground speed landing with the wind, it is safer to land against the wind. 

4 

Determine the Concept The important concept here is that a = dv/dt, where a is the 
acceleration and v is the velocity. Thus, the acceleration is positive if dv is positive; the 
acceleration is negative if dv is negative. 

(a) Let's take the direction a car is Because the car is moving in the direction 
moving to be the positive direction: we ' ve chosen to be positive, its velocity is 

positive (dx > 0). If the car is braking, then 
its velocity is decreasing (dv < 0) and its 
acceleration (dv/dt) is negative. 

(b) Consider a car that is moving to Because the car is moving in the direction 
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the right but choose the positive opposite to that we've chosen to be 

direction to be to the left: positive, its velocity is negative (dx < 0). If 

the car is braking, then its velocity is 
increasing (dv > 0) and its acceleration 
(dv/dt) is positive. 

*5 • 

Determine the Concept The important concept is that when both the acceleration and 
the velocity are in the same direction, the speed increases. On the other hand, when the 
acceleration and the velocity are in opposite directions, the speed decreases. 



Because your velocity remains negative, your displacement must 
be negative. 



Define the direction of your trip as the negative direction. During the last 
five steps gradually slow the speed of walking, until the wall is reached. 



(c) A graph of v as a function of t that is consistent with the conditions stated in the 
problem is shown below: 




6 

Determine the Concept True. We can use the definition of average velocity to express 
the displacement Ax as Ax = v m At. Note that, if the acceleration is constant, the average 
velocity is also given by v av = (vj + Vf)/2. 

7 

Determine the Concept Acceleration is the slope of the velocity versus time curve, 
a = dv/dt; while velocity is the slope of the position versus time curve, v = dxldt. The 
speed of an object is the magnitude of its velocity. 



Motion in One Dimension 35 



(a) True. Zero acceleration implies that the velocity is constant. If the velocity is constant 
(including zero), the speed must also be constant. 

(b) True in one dimension. 

Remarks: The answer to (b) would be False in more than one dimension. In one 
dimension, if the speed remains constant, then the object cannot speed up, slow 
down, or reverse direction. Thus, if the speed remains constant, the velocity 
remains constant, which implies that the acceleration remains zero. (In more than 
one-dimensional motion, an object can change direction while maintaining constant 
speed. This constitutes a change in the direction of the velocity.) Consider a ball 
moving in a circle at a constant rotation rate. The speed (magnitude of the velocity) 
is constant while the velocity is tangent to the circle and always changing. The 
acceleration is always pointing inward and is certainly NOT zero. 

*8 

Determine the Concept Velocity is the slope of the position versus time curve and 
acceleration is the slope of the velocity versus time curve. See the graphs below. 




-3 - 

-4 J , , , , 

0 5 10 15 20 25 

time (s) 
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Determine the Concept False. The average velocity is defined (for any acceleration) as 
the change in position (the displacement) divided by the change in time v av = Ax/ At . It is 
always valid. If the acceleration remains constant the average velocity is also given by 



Consider an engine piston moving up and down as an example of non-constant velocity. 
For one complete cycle, v f = Vj and x\ = x { so v av = Ax/ At is zero. The formula involving 
the mean of v f and V\ cannot be applied because the acceleration is not constant, and 
yields an incorrect nonzero value of Vi, 

10 • 

Determine the Concept This can occur if the rocks have different initial speeds. 
Ignoring air resistance, the acceleration is constant. Choose a coordinate system in which 
the origin is at the point of release and upward is the positive direction. From the 
constant-acceleration equation 

y = y 0 + v 0 t + ±at 2 

we see that the only way two objects can have the same acceleration (— g in this case) and 
cover the same distance, Ay = y - yo, in different times would be if the initial velocities of 
the two rocks were different. Actually, the answer would be the same whether or not the 
acceleration is constant. It is just easier to see for the special case of constant 
acceleration. 

*11 

Determine the Concept Neglecting air resistance, the balls are in free fall, each with the 
same free-fall acceleration, which is a constant. 

At the time the second ball is released, the first ball is already moving. Thus, during any 
time interval their velocities will increase by exactly the same amount. What can be said 
about the speeds of the two balls? The first ball will always be moving faster than the 
second ball. 

This being the case, what happens to the separation of the two balls while they are both 
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falling? Their separation increases, (a) is correct 



12 

Determine the Concept The slope of an x(t) curve at any point in time represents the 
speed at that instant. The way the slope changes as time increases gives the sign of the 
acceleration. If the slope becomes less negative or more positive as time increases (as 
you move to the right on the time axis), then the acceleration is positive. If the slope 
becomes less positive or more negative, then the acceleration is negative. The slope of the 
slope of an x(t) curve at any point in time represents the acceleration at that instant. 



The slope of curve (a) is negative 
and becomes more negative as time 
increases. 



Therefore, the velocity is negative and the 
acceleration is negative. 



The slope of curve (b) is positive 
and constant and so the velocity is 
positive and constant. 



Therefore, the acceleration is zero. 



The slope of curve (c) is positive 
and decreasing. 



Therefore, the velocity is positive and the 
acceleration is negative. 



The slope of curve (d) is positive 
and increasing. 



Therefore, the velocity and acceleration are 
positive. We need more information to 
conclude that a is constant. 



The slope of curve (e) is zero. 



Therefore, the velocity and acceleration are 
zero. 



(d) best shows motion with constant 
positive acceleration. 



*13 • 

Determine the Concept The slope of a v(t) curve at any point in time represents the 
acceleration at that instant. Only one curve has a constant and positive slope. 



(b)is correct. 



14 • 

Determine the Concept No. The word average implies an interval of time rather than an 
instant in time; therefore, the statement makes no sense. 



*15 • 

Determine the Concept Note that the "average velocity" is being requested as opposed 
to the "average speed." 
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Yes. In any roundtrip, A to B, and 
back to A, the average velocity is 
zero. 



v 



av(A->B->A) 



Ax _ Ax AB + Ax BA 



At At 
= Ax AB +{-Ax BA ) = 0 
At At 



= 0 



On the other hand, the average 
velocity between A and B is not 
generally zero. 



Ax, 



v(A->B) 



At 



Remarks: Consider an object launched up in the air. Its average velocity on the way 
up is NOT zero. Neither is it zero on the way down. However, over the round trip, 
it is zero. 



16 • 

Determine the Concept An object is farthest from the origin when it is farthest from the 
time axis. In one-dimensional motion starting from the origin, the point located farthest 
from the time axis in a distance-versus-time plot is the farthest from its starting point. 
Because the object's initial position is at x = 0, point B represents the instant that the 

object is farthest from x = 0. (b) is correct. 



17 • 

Determine the Concept No. If the velocity is constant, a graph of position as a function 
of time is linear with a constant slope equal to the velocity. 

18 • 

Determine the Concept Yes. The average velocity in a time interval is defined as the 
displacement divided by the elapsed time v av = Ax/ At . The fact that v av = 0 for some 
time interval, At, implies that the displacement Ax over this interval is also zero. Because 
the instantaneous velocity is defined as v = lim A( ^ 0 (Ax:/ At), it follows that v must also 
be zero. As an example, in the following graph of x versus t, over the interval between 
7 = 0 and 7 « 21 s, Ax = 0. Consequently, v av = 0 for this interval. Note that the 
instantaneous velocity is zero only at 7 « 10 s. 
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600 




19 

Determine the Concept In the one-dimensional motion shown in the figure, the velocity 
is a minimum when the slope of a position-versus-time plot goes to zero (i.e., the curve 
becomes horizontal). At these points, the slope of the position-versus-time curve is zero; 



therefore, the speed is zero, (b) is correct 



*20 

Determine the Concept In one-dimensional motion, the velocity is the slope of a 
position-versus-time plot and can be either positive or negative. On the other hand, the 
speed is the magnitude of the velocity and can only be positive. We'll use v to denote 
velocity and the word "speed" for how fast the object is moving. 

(a) (b) 

curve a: v(t 2 ) < v(t x ) curve a: speed(f 2 ) < speedfo ) 

curve b: v(t 2 ) = v(?, ) curve b: speed(f 2 ) = speed(fj ) 

curve c: v(t 2 ) > v(t x ) curve c: speed(? 2 ) < speed(^ ) 

curve d: v(t 2 ) < v{t x ) curve d: speed(? 2 ) > speed(fj ) 



21 • 

Determine the Concept Acceleration is the slope of the velocity-versus-time curve, a = 
dvldt, while velocity is the slope of the position-versus-time curve, v = dxldt. 

(a) False. Zero acceleration implies that the velocity is not changing. The velocity could 
be any constant (including zero). But, if the velocity is constant and nonzero, the particle 
must be moving. 

(b) True. Again, zero acceleration implies that the velocity remains constant. This means 
that the ^-versus-? curve has a constant slope (i.e., a straight line). Note: This does not 
necessarily mean a zero-slope line. 
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22 • 

Determine the Concept Yes. If the velocity is changing the acceleration is not zero. The 
velocity is zero and the acceleration is nonzero any time an object is momentarily at rest. 
If the acceleration were also zero, the velocity would never change; therefore, the object 
would have to remain at rest. 



Remarks: It is important conceptually to note that when both the acceleration and 
the velocity have the same sign, the speed increases. On the other hand, when the 
acceleration and the velocity have opposite signs, the speed decreases. 



23 • 

Determine the Concept In the absence of air resistance, the ball will experience a 
constant acceleration. Choose a coordinate system in which the origin is at the point of 
release and the upward direction is positive. 



The graph shows the velocity of a ball that has been thrown straight upward with an 
initial speed of 30 m/s as a function of time. Note that the slope of this graph, the 
acceleration, is the same at every point, including the point at which v = 0 (at the top of 




t (s) 



The acceleration is the slope (-g). 



24 • 

Determine the Concept The "average speed" is being requested as opposed to "average 
velocity." We can use the definition of average speed as distance traveled divided by the 
elapsed time and expression for the average speed of an object when it is experiencing 
constant acceleration to express v av in terms of v 0 . 



The average speed is defined as the 
total distance traveled divided by 
the change in time: 



total distance traveled 

total time 
H + H 2H 
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Find the average speed for the 
upward flight of the object: 

Solve for H to obtain: 

Find the average speed for the 
downward flight of the object: 

Solve for H to obtain: 

Substitute in our expression for v a 
to obtain: 



v Q +0 _ H 
2 ~Jf 



H=iv 0 T 



0 + v, 



0 _ 



av,down 



H=}v 0 T 



H 

IT 
2 1 



_ 2(| v 0 T) _ 
T 



Because v 0 ^ 0 , the average speed is not 
zero. 



Remarks: 1) Because this motion involves a roundtrip, if the question asked for 
"average velocity", the answer would be zero. 2) Another easy way to obtain this 
result is take the absolute value of the velocity of the object to obtain a graph of its 
speed as a function of time. A simple geometric argument leads to the result we 
obtained above. 



25 • 

Determine the Concept In the absence of air resistance, the bowling ball will experience 
constant acceleration. Choose a coordinate system with the origin at the point of release 
and upward as the positive direction. Whether the ball is moving upward and slowing 
down, is momentarily at the top of its trajectory, or is moving downward with ever 
increasing velocity, its acceleration is constant and equal to the acceleration due to 



gravity. 



(b) is correct. 



26 • 

Determine the Concept Both objects experience the same constant acceleration. Choose 
a coordinate system in which downward is the positive direction and use a constant- 
acceleration equation to express the position of each object as a function of time. 



Using constant-acceleration x ^ = x ^ + v f + 1 gf 2 

equations, express the positions of 

both objects as functions of time: c 

•"•b = x o,b + v ct ~2 St 
where v 0 = 0. 



Express the separation of the two 
objects by evaluating x B -x A : 



X B X A ~ X 0,B X 0.A —10m 



and (d) is correct. 



*27 

Determine the Concept Because the Porsche accelerates uniformly, we need to look for 
a graph that represents constant acceleration. We are told that the Porsche has a constant 
acceleration that is positive (the velocity is increasing); therefore we must look for a 
velocity -versus-time curve with a positive constant slope and a nonzero intercept. 
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(c)is correct. 
*28 

Determine the Concept In the absence of air resistance, the object experiences constant 
acceleration. Choose a coordinate system in which the downward direction is positive. 



Express the distance D that an 
object, released from rest, falls in 
time t: 



D = \gt 7 



Because the distance fallen varies 
with the square of the time, during 
the first two seconds it falls four 
times the distance it falls during the 
first second. 



(a) is correct. 



29 

Determine the Concept In the absence of air resistance, the acceleration of the ball is 
constant. Choose a coordinate system in which the point of release is the origin and 
upward is the positive y direction. 



The displacement of the ball 
halfway to its highest point is: 



Ay = 



Ay 



Using a constant-acceleration 
equation, relate the ball's initial and 
final velocities to its displacement 
and solve for the displacement: 



v 2 = vl + 2a Ay = Vq — 2gA;y 



Substitute v 0 = 0 to determine the 
maximum displacement of the ball: 

Express the velocity of the ball at 
half its maximum height: 



2(-g) 2g 



v 2 =v 0 2 -2gAy = v 0 2 -2g 



= v 0 - g&y„ 



Ay 



2 2 



2g 



Solve for v: 



4~2 



v = — v o ~0.707v 0 



and 



(c)is correct. 



30 • 

Determine the Concept As long as the acceleration remains constant the following 
constant-acceleration equations hold. If the acceleration is not constant, they do not, in 
general, give correct results except by coincidence. 



x = x 0 +v 0 t + \at 



v = v 0 +at 



vl + 2aAx 



v„, = ■ 



V: + V 
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(a) False. From the first equation, we see that (a) is true if and only if the acceleration is 
constant. 



(b) False. Consider a rock thrown straight up into the air. At the "top" of its flight, the 
velocity is zero but it is changing (otherwise the velocity would remain zero and the rock 
would hover); therefore the acceleration is not zero. 

(c) True. The definition of average velocity, v av = Ax/At, requires that this always be 
true. 



*31 • 

Determine the Concept Because the acceleration of the object is constant, the constant- 
acceleration equations can be used to describe its motion. The special expression for 

v + v f 

average velocity for constant acceleration is v av = — 



(c) 



is correct. 



32 • 

Determine the Concept The constant slope of the x-versus-f graph tells us that the 
velocity is constant and the acceleration is zero. A linear position versus time curve 
implies a constant velocity. The negative slope indicates a constant negative velocity. 
The fact that the velocity is constant implies that the acceleration is also constant and 

zero, (e) is correct. 



33 

Determine the Concept The velocity is the slope of the tangent to the curve, and the 
acceleration is the rate of change of this slope. Velocity is the slope of the position- 
versus-time curve. A parabolic x(i) curve opening upward implies an increasing velocity. 

The acceleration is positive, (a) is correct. 



34 

Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. Zero acceleration means that slope of v(t) 

must also be zero, (c) is correct. 



35 

Determine the Concept The acceleration is the slope of the tangent to the velocity as a 
function of time curve. For constant acceleration, a velocity-versus- time curve must be a 
straight line whose slope is the acceleration. The acceleration and therefore the slope can 

be positive, negative, or zero. 



(rf)is correct. 



36 

Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs (a), (c), and (e) have positive v. Of these, only graph (<?) has a negative 

slope. 



(e)is correct. 
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37 

Determine the Concept The velocity is positive if the curve is above the v = 0 line (the t 
axis), and the acceleration is negative if the tangent to the curve has a negative slope. 
Only graphs (b) and (d) have negative v. Of these, only graph (d) has a negative slope. 



(d)is correct. 



38 

Determine the Concept A linear velocity-versus-time curve implies constant 
acceleration. The displacement from time t = 0 can be determined by integrating v- 
versus-f — that is, by finding the area under the curve. The initial velocity at t = 0 can be 
read directly from the graph of v-versus-f as the v-intercept; i.e., v(0). The acceleration of 
the object is the slope of v(t) . The average velocity of the object is given by drawing a 
horizontal line that has the same area under it as the area under the curve. Because all of 



these quantities can be determined (e) is correct 



*39 •• 

Determine the Concept The velocity is the slope of a position versus time curve and the 
acceleration is the rate at which the velocity, and thus the slope, changes. 



Velocity 



Acceleration 



(a) Negative at t 0 and t x . 

(b) Positive at t 3 , f 4 , t 6 , and t 7 . 

(c) Zero at f 2 and t 5 . 

(a) Negative at ? 4 . 

(b) Positive at t 2 and t 6 . 

(c) Zero at t 0 , t\, h, t 5 , and t 7 . 



The acceleration is positive at points 
where the slope increases as you 
move toward the right. 

40 

Determine the Concept Acceleration is the slope of a velocity-versus-time curve, 
(a) Acceleration is zero and constant while velocity is not zero. 
3 



2 4 

1 

0 

-1 

-2 
-3 
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1.5 

f 



2.5 
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(b) Acceleration is constant but not zero. 




(c) Velocity and acceleration are both positive. 



Q 




















2 - 
1 

0 - 


























-1 - 














-2 - 




























0 0.5 1 1 
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(d) Velocity and acceleration are both negative. 



^ o 




0 0.5 1 1.5 2 2.5 3 

f 



46 Chapter 2 

(e) Velocity is positive and acceleration is negative. 



^ o 




0 0.5 1 1.5 2 2.5 3 

f 



if) Velocity is negative and acceleration is positive. 

3 n 1 1 

2 

1 

0 




0 0.5 1 1.5 2 2.5 

f 
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(g) Velocity is momentarily zero at the intercept with the t axis but the acceleration is not 
zero. 



3 

2 

1 

0 
-1 
-2 
-3 

0 0.5 1 1.5 2 2.5 3 

t 



41 

Determine the Concept Velocity is the slope and acceleration is the slope of the slope of 
a position-versus-time curve. Acceleration is the slope of a velocity- versus-time curve. 

(a) For constant velocity, x-versus-f (a), if), and (/) are the correct answers, 
must be a straight line; v-versus-f 

must be a horizontal straight line; 
and a-versus-f must be a straight 
horizontal line at a = 0. 

(b) For velocity to reverse its 

direction x-versus-f must have a (c) and (d) are the correct answers, 

slope that changes sign and in- 
versus-* must cross the time axis. 
The acceleration cannot remain zero 
at all times. 




(c) For constant acceleration, 
x-versus-f must be a straight line or 
a parabola, v-versus-f must be a 
straight line, and a-versus-f must be 
a horizontal straight line. 



(a), (d), (e), (f), (h), and (/) are the correct 
answers. 



(d) For non-constant acceleration, 
x-versus-f must not be a straight line 
or a parabola; v-versus-f must not be 
a straight line, or a-versus-f must 
not be a horizontal straight line. 



(b), (c), and (g) are the correct answers. 
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For two graphs to be mutually 
consistent, the curves must be 
consistent with the definitions of 
velocity and acceleration. 

Estimation and Approximation 



42 



Graphs (a) and (/) are mutually consistent. 
Graphs (d) and (h) are mutually consistent. 
Graphs (/) and (?) are also mutually 
consistent. 



Picture the Problem Assume that your heart beats at a constant rate. It does not, but the 
average is pretty stable. 



(a) We will use an average pulse 
rate of 70 bpm for a seated (resting) 
adult. One's pulse rate is defined as 
the number of heartbeats per unit 
time: 

The time required to drive 1 mi at 
60 mph is (1/60) h or 1 min: 



(b) Express the number of 
heartbeats during a lifetime in terms 
of the pulse rate and the life span of 
an individual: 



# of heartbeats 
Time 



Pulse rate = 
and 

# of heartbeats = Pulse rate x Time 



# of heartbeats = (70 beats/min)(l min) 



= 70 beats 



# of heartbeats = Pulse rate x Time 



Assuming a 95 -y life span, calculate the time in minutes: 

Time =(95y)(365.25 d/y)(24h/d)(60min/h) = 5.00xl0 7 min 
Substitute numerical values and evaluate the number of heartbeats: 

#of heartbeats = (70beats/min)(5.00x 10 7 min) = 



3.50xlO y beats 



*43 

Picture the Problem In the absence of air resistance, Carlos' acceleration is constant. 
Because all the motion is downward, let's use a coordinate system in which downward is 
positive and the origin is at the point at which the fall began. 



(a) Using a constant-acceleration 
equation, relate Carlos' final 
velocity to his initial velocity, 
acceleration, and distance fallen and 
solve for his final velocity: 

Substitute numerical values and 
evaluate v: 



v =v 0 +2aAy 

and, because v 0 = 0 and a = g, 

v = ^2gAy 

v = A /2(9.81m/s 2 )(l50m) = 



54.2 m/s 
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(b) While his acceleration by the 
snow is not constant, solve the same 
constant- acceleration equation to 
get an estimate of his average 
acceleration: 



2Ay 



Substitute numerical values and 
evaluate a: 



-(54 m/s 2 ) 2 
2(1 .22m) 



-123s 



-1.20xl0 3 m/s 2 



Remarks: The final velocity we obtained in part (a), approximately 121 mph, is 
about the same as the terminal velocity for an "average" man. This solution is 
probably only good to about 20% accuracy. 

44 

Picture the Problem Because we're assuming that the accelerations of the skydiver and 
the mouse are constant to one-half their terminal velocities, we can use constant- 
acceleration equations to find the times required for them to reach their "upper-bound" 
velocities and their distances of fall. Let's use a coordinate system in which downward is 
the positive y direction. 



(a) Using a constant-acceleration 
equation, relate the upper-bound 
velocity to the free-fall acceleration 
and the time required to reach this 
velocity: 



v 



upper bound 



= v 0 + gAt 



or, because v 0 = 0, 
= gAt 



v 



upper bound 



Solve for At: 



At = 



v 



upper bound 



Substitute numerical values and 
evaluate At: 



. 25m/s _ 

At = T = 2.55s 

9.81m/s 2 



Using a constant-acceleration 
equation, relate the skydiver' s 
distance of fall to the elapsed time 
At: 

Substitute numerical values and 
evaluate Ay: 



Ay = v 0 At + \a{At) 2 

or, because vO = 0 and a = g, 

Ay = ^g(Atf 

r(9.81m/s 2 ) (2.55s) 2 = 



Ay = 



31.9m 



(b) Proceed as in (a) with 



v upper 



bound = 0.5 m/s to obtain: 



At 



and 



0.5m/s 
9.81m/s 2 



0.0510s 



Ay = 4^(9.81 m/s 2 )(0.05 10 s) 2 = 



1.27 cm 
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45 

Picture the Problem This is a constant-acceleration problem. Choose a coordinate 
system in which the direction Greene is running is the positive x direction. During the 
first 3 s of the race his acceleration is positive and during the rest of the race it is zero. 
The pictorial representation summarizes what we know about Greene's race. 




x 



0 0 o ,=a 1 "i2 = 0 2 

/ 0 = 0 /, = 3 s f, = 9.79 s 

x 0 = 0 X| jr 2 = 100 m 

v 0 = 0 v l =v max v 2 = v max 



Express the total distance covered 100 m = A* 01 + Ax 12 

by Greene in terms of the distances 
covered in the two phases of his 
race: 



Express the distance he runs getting 
to his maximum velocity: 

Express the distance covered during 
the rest of the race at the constant 
maximum velocity: 



A*oi = v (A>i +T«oi( A? oi) 2 =T«( 3s ) 2 

A*12 = V ,nax A? 12+i fl 12( A? 12) 2 

= (aAt 01 )At u 
= a(3s)(6.79s) 



Substitute for these displacements 
and solve for a: 



100m = ^a(3s) 2 +a(3s)(6.79s) 
and 



a= 4.02 m/s 2 



*46 

Determine the Concept This is a constant-acceleration problem with a = -g if we take 
upward to be the positive direction. 



At the maximum height the ball will 
reach, its speed will be near zero 
and when the ball has just been 
tossed in the air its speed is near its 
maximum value. What conclusion 
can you draw from the image of the 
ball near its maximum height? 



Because the ball is moving slowly its blur 
is relatively short (i.e., there is less 
blurring). 



To estimate the initial speed of the 
ball: 
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a) Estimate how far the ball being 
tossed moves in 1/30 s: 



The ball moves about 3 ball diameters in 
1/30 s. 



b) Estimate the diameter of a tennis 
ball: 

c) Now one can calculate the 
approximate distance the ball moved 
in 1/30 s: 



The diameter of a tennis ball is 
approximately 5 cm. 

Distance traveled = (3 diameters) 

x (5 cm/diameter) 
= 15 cm 



d) Calculate the average speed of 
the tennis ball over this distance: 



Average speed = ^ cm = 450 cm/s 

— s 
30 

= 4.50m/s 



e) Because the time interval is very 
short, the average speed of the ball 
is a good approximation to its initial 
speed: 

f) Finally, use the constant- 
acceleration equation 

v 2 = v 2 + 2a Ay to solve for and 

evaluate Ay: 



.'. v 0 = 4.5 m/s 



-(4.5m/sy 
2a 2{- 9.81 m/s 2 ) 



1.03m 



Remarks: This maximum height is in good agreement with the height of the higher 
ball in the photograph. 

*47 

Picture the Problem The average speed of a nerve impulse is approximately 120 m/s. 
Assume an average height of 1.7 m and use the definition of average speed to estimate 
the travel time for the nerve impulse. 



Using the definition of average 
speed, express the travel time for the 
nerve impulse: 

Substitute numerical values and 
evaluate At: 



At 



Ax 



At = 



1.7m 
120 m/s 



14.2ms 



Speed, Displacement, and Velocity 

48 • 

Picture the Problem Think of the electron as traveling in a straight line at constant speed 
and use the definition of average speed. 
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(a) Using its definition, express the 
average speed of the electron: 



Average speed = 



distance traveled 
time of flight 

As 

At 



Solve for and evaluate the time of 
flight: 



At = 



As 



0.16m 



Average speed 4xl0 7 m/s 
= 4xl(T 9 s = | 4.00 ns 



(b) Calculate the time of flight for 
an electron in a 16-cm long current 
carrying wire similarly. 



At = 



As 



0.16m 



Average speed 4 x 1 0 5 m/s 
= 4xl0 3 s = 1 66.7 min 



*49 * 

Picture the Problem In this problem the runner is traveling in a straight line but not at 
constant speed - first she runs, then she walks. Let's choose a coordinate system in which 
her initial direction of motion is taken as the positive x direction. 



(a) Using the definition of average 
velocity, calculate the average 
velocity for the first 9 min: 

(b) Using the definition of average 
velocity, calculate her average speed 
for the 30 min spent walking: 



Ax 2.5 km 



At 9 min 



0.278 km /min 



Ax 
At 



-2.5 km 
30 min 



= -0.0833 km/ min 



(c) Express her average velocity for 
the whole trip: 

(d) Finally, express her average 
speed for the whole trip: 



Ax. 



round trip 

"a7 



Average speed 



At 



distance traveled 
elapsed time 
2(2.5 km) 

30 min + 9 min 



= 0.128 km/ min 



50 • 

Picture the Problem The car is traveling in a straight line but not at constant speed. Let 
the direction of motion be the positive x direction. 



(a) Express the total displacement of 
the car for the entire trip: 



^totai =Ax l +Ax 2 
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Find the displacement for each leg 
of the trip: 



A*! = v aVjl A*, = (80 km/h)(2.5 h) 
= 200 km 

and 

Ax 2 = v av2 At 2 = (40 km/h)(l.5 h) 
= 60.0km 



Add the individual displacements to 
get the total displacement: 



Ax total = Ax i + Ax 2 = 200km + 60.0km 



= 260 km 



(b) As long as the car continues to 
move in the same direction, the 
average velocity for the total trip is 
given by: 



Ax 



total 



260 km 



Af total 2.5h + 1.5h 



65.0km/h 
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Picture the Problem However unlikely it may seem, imagine that both jets are flying in 
a straight line at constant speed. 



(a) The time of flight is the ratio 
of the distance traveled to the 
speed of the supersonic jet. 



'Atlantic 



supersonic 



speed s 



5500 km 



2(0.340km/s)(3600s/h) 



2.25 h 



(b) The time of flight is the ratio 
of the distance traveled to the 
speed of the subsonic jet. 



'Atlantic 



subsonic 



speed 



subs' 



5500 km 



0.9(0.340km/s)(3600s/h) 



= 4.99h 



(c) Adding 2 h on both the front 
and the back of the supersonic 
trip, we obtain the average speed 
of the supersonic flight. 



speed 



5500 km 



av,su P ersomc 2 .25h + 4.00h 



880km/h 



(d) Adding 2 h on both the front 
and the back of the subsonic trip, 
we obtain the average speed of the 
subsonic flight. 



speed 



av, subsonic 



5500km 
5.00h + 4.00h 



611km/h 
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Picture the Problem In free space, light travels in a straight line at constant speed, c. 



(a) Using the definition of average 
speed, solve for and evaluate the 
time required for light to travel from 
the sun to the earth: 



average speed = - 
t 

and 

s 1.5xlO n m 

t = = = 

average speed 3x10 m/s 

= 500s = I 8.33min 



(b) Proceed as in (a) this time using 
the moon-earth distance: 



t = 



3.84xl0 8 m 
3xl0 8 m/s 



1.28s 



(c) One light-year is the distance 
light travels in a vacuum in one 
year: 



1 light- year = 9.48 xl0 15 m= 9.48xl0 12 km 



= (9.48xl0 12 km)(lmi/1.61km) 



5.89xl0 12 mi 
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Picture the Problem In free space, light travels in a straight line at constant speed, c. 



(a) Using the definition of average 
speed (equal here to the assumed 
constant speed of light), solve for 
the time required to travel the 
distance to Proxima Centauri: 

(b) Traveling at 10" 4 c, the delivery 
time (ftotai) will be the sum of the 
time for the order to reach Hoboken 
and the time for the pizza to be 
delivered to Proxima Centauri: 



distance traveled 4.1x10 m 



speed of light 
= 1.37xl0 8 s 



3xl0 8 m/s 



4.33y 



total order to be sent to Hoboken order to be delivered 



= 4.33y + - 



4.1xl0 13 km 



(l0- 4 )(3xl0 8 m/s) 
= 4.33y + 4.33xl0 6 y 
~4.33xl0 6 y 



Since 4.33 x 1 0 y » 1 000 y, Gregor does not 
have to pay. 
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Picture the Problem The time for the second 50 km is equal to the time for the entire 
journey less the time for the first 50 km. We can use this time to determine the average 
speed for the second 50 km interval from the definition of average speed. 



Using the definition of average 
speed, find the time required for the 
total journey: 



^total 



total distance 1 00 km 



average speed 50km/h 



= 2h 
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Find the time required for the first 
50 km: 



Find the time remaining to travel the 
last 50 km: 



Finally, use the time remaining to 
travel the last 50 km to determine 
the average speed over this distance: 



50km 



^lst50km — --- - — l-25h 



40km/h 



^2nd50km — 'total 'lst50km — 1 .25 h 

= 0.75h 



Average speed 



2nd 50 km 



distance traveled 



2nd 50 km 



time 



2nd 50 km 



50km 
0.75h 



66.7 km/h 



*55 

Picture the Problem Note that both the arrow and the sound travel a distance d. We can 
use the relationship between distance traveled, the speed of sound, the speed of the arrow, 
and the elapsed time to find the distance separating the archer and the target. 



Express the elapsed time between 
the archer firing the arrow and 
hearing it strike the target: 



Ar = 1 s = At + At i 

arrow sound 



Express the transit times for the 
arrow and the sound in terms of the 
distance, d, and their speeds: 



At 



and 



v I 40m/s 



A?, 



sound 



v^nd | 340 m/s 



Substitute these two relationships in 
the expression obtained in step 1 
and solve for d: 



+ 

40 m/s 340 m/s 



:1s 



and d = 35.8m 
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Picture the Problem Assume both runners travel parallel paths in a straight line along 
the track. 



(a) Using the definition of average 
speed, find the time for Marcia: 



distance run 
Marcia' s speed 
distance run 
1.1 5 (John's speed) 
100 m 
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Find the distance covered by John in 
14.5 s and the difference between 
that distance and 100 m: 



x John = (6m/sXl4.5s)= 87.0 m 
and Marcia wins by 



100m-87m= 13.0m 



(b) Using the definition of average 
speed, find the time required by 
John to complete the 1 00-m run: 



distance run _ 100 m 
John's speed 6m/s 



16.7 s 



Marsha wins by 16.7 s - 14.5 s = 2.2 s 

Alternatively, the time required by John to 
travel the last 13.0 m is 



(13 m)/(6m/s)= 2.17 s 
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Picture the Problem The average velocity in a time interval is defined as the 
displacement divided by the time elapsed; that is v av = Ax I At . 



(a) Ax a = 0 



0 



(b) Ax b = 1 m and At b = 3 s 



0.333m/s 



(c) Ax c = -6 m and At c = 3 s 



2.00 m/s 



(d) Ax d = 3 m and At d = 3 s 



v„„ = 



1.00 m/s 
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Picture the Problem In free space, light travels in a straight line at constant speed c. We 
can use Hubble's law to find the speed of the two planets. 



(a) Using Hubble's law, calculate 
the speed of the first galaxy: 



(b) Using Hubble's law, calculate 
the speed of the second galaxy: 



= (5xl0 22 m)(l.58xl0" 18 s _1 ) 



= 7.90 xlO 4 m/s 



= (2xl0 25 m)(l.58xl0" 18 s _1 ) 



= 3.16xl0 7 m/s 



(c) Using the relationship between 
distance, speed, and time for both 
galaxies, determine how long ago 
they were both located at the same 
place as the earth: 



_ r _ r 1 

~ v ~ rH~ H 

= 6.33xl0 17 s = 20.1xl0 9 y 



20.1 billion years 
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*59 

Picture the Problem Ignoring the time intervals during which members of this relay 
time get up to their running speeds, their accelerations are zero and their average speed 
can be found from its definition. 



Using its definition, relate the 
average speed to the total distance 
traveled and the elapsed time: 

Express the time required for each 
animal to travel a distance L: 



v„„ = 



distance traveled 
elapsed time 



cheetah 



falcon 



and 



sailfish 



cheetah 



falcon 



sailfish 



Express the total time, At: 



At-L 



1 1 1 

+ + 



V ^cheetah ^falcon ^sailfish J 



Use the total distance traveled by the relay team and the elapsed time to calculate the 
average speed: 



3L 



1 



1 



1 



113km/h + 161km/h 105km/h 



122km/h 



Calculate the average of the three speeds: 

113km/h + 161km/h + 105km/h 



Average 



three speeds 



126km/h = 1.03v 
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Picture the Problem Perhaps the easiest way to solve this problem is to think in terms of 
the relative velocity of one car relative to the other. Solve this problem from the 
reference frame of car A. In this frame, car A remains at rest. 



Find the velocity of car B relative to 
car A: 



v ie i = Vb - v A = (110 - 80) km/h 
= 30 km/h 



Find the time before car B reaches 
car A: 



Ax 45km , 
At = — = = 1.5h 



v rel 30km/h 



Find the distance traveled, relative 
to the road, by car A in 1.5 h: 



d = (l.5h)(80km/h) = 



120 km 
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Picture the Problem One way to solve this problem is by using a graphing calculator to 
plot the positions of each car as a function of time. Plotting these positions as functions 
of time allows us to visualize the motion of the two cars relative to the (fixed) ground. 
More importantly, it allows us to see the motion of the two cars relative to each other. We 
can, for example, tell how far apart the cars are at any given time by determining the 
length of a vertical line segment from one curve to the other. 



(a) Letting the origin of our 
coordinate system be at the 
intersection, the position of the 
slower car, X\(t), is given by: 



jci(0 = 20t 

where Xi is in meters if t is in seconds. 



Because the faster car is also 
moving at a constant speed, we 
know that the position of this car is 
given by a function of the form: 



x 2 (t) = 30t + b 



We know that when t = 5 s, this 
second car is at the intersection (i.e., 
x 2 (5 s) = 0). Using this information, 
you can convince yourself that: 



& = -150m 



Thus, the position of the faster car is 
given by: 



x 2 (t) = 30t 



150 



One can use a graphing calculator, graphing paper, or a spreadsheet to obtain the 
graphs of xi(t) (the solid line) and Xiit) (the dashed line) shown below: 



350 i 




(b) Use the time coordinate of the 
intersection of the two lines to 
determine the time at which the 
second car overtakes the first: 



From the intersection of the two lines, one 
can see that the second car will "overtake" 



(catch up to) the first car at 



f = 15s 
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(c) Use the position coordinate of 
the intersection of the two lines to 
determine the distance from the 
intersection at which the second car 
catches up to the first car: 



From the intersection of the two lines, one 
can see that the distance from the 



intersection is 



300 m 



(d) Draw a vertical line from t = 5 
s to the red line and then read the 
position coordinate of the 
intersection of this line and the red 
line to determine the position of the 
first car when the second car went 
through the intersection: 



From the graph, when the second car 
passes the intersection, the first car was 



100 m ahead 
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Picture the Problem Sally's velocity relative to the ground (v SG ) is the sum of her 

velocity relative to the moving belt (vsb) and the velocity of the belt relative to the ground 
(vbg)- Joe's velocity relative to the ground is the same as the velocity of the belt relative 
to the ground. Let D be the length of the moving sidewalk. 



Express D in terms of vbg (Joe's 
speed relative to the ground): 



D = (2 min)v BG 



Solve for v B g: 



D 



BG 



2min 



Express D in terms of v B g + vsg 
(Sally's speed relative to the 
ground): 



D = (lmin)(v BG +v SG ) 



= (lmin) 



D 



2min 



• + v, 



SG 



Solve for vs G : 



D D 



D 



lmin 2min 2min 



Express D in terms of v B g + 2v S b 
(Sally's speed for a fast walk 
relative to the ground): 



D = t A v m +2v SB ) = /f 



D 2D 

■ + - 



2min 2min 



' 3D N 
2min 



Solve for t { as time for Sally's fast 
walk: 



2min 



40.0 s 
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Picture the Problem The speed of Margaret's boat relative to the riverbank ( |v BR | ) is the 

sum or difference of the speed of her boat relative to the water ( |v BW | ) and the speed of 

the water relative to the riverbank ( |v Wi? | ), depending on whether she is heading with or 
against the current. Let D be the distance to the marina. 



Express the total time for the trip: 



*tot — h + h 



Express the times of travel with the 
motor running in terms of D, |v ws | 

and |v„ 



BW 



D 



4h 



and 



D 



r bw Mr wr 



Express the time required to drift 
distance D and solve for v„ 



WR 



D 



WR 



8h 



and 



D_ 

8h 



From t\ = 4 h, find v RW : 



"BW 



D 
4h 



■ + v 



WR 



D D 3D 

4~h 8h~8h 



Solve for t 2 : 



D 



D 



8h 8h 



2h 



Add t\ and t 2 to find the total time: 



6h 



Acceleration 
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Picture the Problem In part (a), we can apply the definition of average acceleration to 
find a av . In part (b), we can find the change in the car's velocity in one second and add 
this change to its velocity at the beginning of the interval to find its speed one second 
later. 



(a) Apply the definition of average 
acceleration: 



Av 80.5km/h-48.3km/h 



At 



= 8.70 



3.7s 



km 
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Convert to m/s 



8.70xl0 3 — 
h-s 



lh 



3600s 



= 2.42 m/s 2 



(b) Express the speed of the car at 
the end of 4.7 s: 

Find the change in the speed of the 
car in 1 s: 



v(4.7s) = v(3.7s)+Av ls 
= 80.5km/h + Av, 



Av = a At = 



8.70 



km 



(Is) 



= 8.70km/h 



Substitute and evaluate v(4.7 s): 



;(4.7s) = 80.5km/h + 8.7km/h 



= 89.2km/h 
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Picture the Problem Average acceleration is defined Av/At. 



The average acceleration is defined 
as the change in velocity divided by 
the change in time: 



Av _ (-lm/s)-(5m/s) 
At ~ (8s) -(5s) 



= -2.00 m/s 2 
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Picture the Problem The important concept here is the difference between average 
acceleration and instantaneous acceleration. 



(a) The average acceleration is 
defined as the change in velocity 
divided by the change in time: 

Determine v at t = 3 s, t = 4 s, and 
t = 5 s: 



<3av = Av/At 



v(3 s) = 17 m/s 
v(4 s) = 25 m/s 
v(5 s) = 33 m/s 



Find a av for the two 1-s intervals: 



a av (3 s to 4 s) = (25 m/s - 17 m/s)/(l s) 
= 8 m/s 2 

and 

a av (4 s to 5 s) = (33 m/s - 25 m/s)/(l s) 
= 8 m/s 2 



The instantaneous acceleration is 
defined as the time derivative of the 
velocity or the slope of the velocity- 
versus-time curve: 



a = 



dt 



8.00m/s 2 
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(b) The given function was used to plot the following spreadsheet-graph of 
v-versus-f: 
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Picture the Problem We can closely approximate the instantaneous velocity by the 
average velocity in the limit as the time interval of the average becomes small. This is 
important because all we can ever obtain from any measurement is the average velocity, 
v m , which we use to approximate the instantaneous velocity v. 



(a) Find x(4 s) and x(3 s): 



x(4 s) = (4) 2 - 5(4) + 1 = -3 m 
and 

x(3 s) = (3) 2 - 5(3) + 1 = -5 m 



Find Ax: 



Ax = x(4 s) - x(3 s) = (-3 m) - (-5 m) 



2m 



Use the definition of average velocity: 



v m = Ax/ At = (2 m)/(l s) = 2 m/s 



(b) Find x(t + At): 



x(t + At) = (t + At) - 5(t + At) + 1 
= (t 2 + It At + {At) 1 ) - 
5(t + At) + l 



Express x(t + At) - x(t) = Ax: 



Ax = 



(2t-5)At + (Atf 



where Ax is in meters if t is in seconds. 



(c) From (b) find Ax/ At as At ->• 0: 



Ax _ (2t- 5)At + (At) 2 
At ~ 



At 

= 2t-5 + At 



and 
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= lim A ^ 0 (Ax/Ar) = 



2t-5 



where v is in m/s if t is in seconds. 

v(t) = dx(t)/dt = -^-{ a t 2 +bt + l) 
= 2at + b = 2t - 5 



Alternatively, we can take the 
derivative of x(f) with respect to 
time to obtain the instantaneous 
velocity. 

*68 •• 

Picture the Problem The instantaneous velocity is dx/dt and the acceleration is dv/dt . 



Using the definitions of 
instantaneous velocity and 
acceleration, determine v and a: 



^ = ±[ At 2- Bt + C ] = 2At-B 



dt dt 
and 

dv d r , "I ^ , 
a = — = — [2At-B\ = 2A 
dr dt 



Substitute numerical values for A 
and B and evaluate v and a: 



2(8m/s 2 )/ 1 -6m/s 
(l6m/s 2 ); -6m/s 



and 

a = 2(8m/s 2 ) = 



16.0 m/s 2 
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Picture the Problem We can use the definition of average acceleration (a av = Av/At) to 
find flav for the three intervals of constant acceleration shown on the graph. 



(a) Using the definition of average 
acceleration, find a av for the interval 
AB: 

Find a av for the interval BC: 



a 



av, AB 



"••ay, BC 



15m/s -5m/s 
3s 



15m/s-15m/s 
3s 



3.33m/s 2 



Find a a v for the interval CE: 



, CE 



15m/s-15m/s 
4s 



7.50m/s 2 



(b) Use the formulas for the areas of trapezoids and triangles to find the area under 
the graph of v as a function of t. 
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Ax = (Ax) A ^ B + {Ax) B ^ c + {Ax) c ^ D + (Ax) E 

= \ (5 m/s + 1 5 m/s)(3 s) + ( 1 5 m/s)(3 s) + 4 / (15 m/s)(2 s) + £ (-1 5 m/s)(2 s) 



7d->e 



75.0m 



(c) The graph of displacement, x, as a function of time, t, is shown in the following 
figure. In the region from B to C the velocity is constant so the x- versus-f curve is 
a straight line. 



100 i 




t (s) 



(d) Reading directly from the figure, 
we can find the time when the 
particle is moving the slowest. 



At point D, t = 8 s, the graph crosses 
the time axis; therefore, v = 0. 



Constant Acceleration and Free-Fail 
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Picture the Problem Because the acceleration is constant (— g) we can use a constant- 
acceleration equation to find the height of the projectile. 

Using a constant-acceleration v 2 = v 2 + 2aAy 

equation, express the height of the 
object as a function of its initial 
velocity, the acceleration due to 
gravity, and its displacement: 



Solve for Ay max = h: Because vQi) = 0, 

2 2 

2(-g) 2g 

From this expression for h we see hccv 
that the maximum height attained is 
proportional to the square of the 
launch speed: 



0 
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Therefore, doubling the initial speed 
gives four times the height: 



2v„ 



and 



2g 



2 f 2 \ 



\ 2 Sj 



= 4h. 



(a) is correct. 
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Picture the Problem Because the acceleration of the car is constant we can use constant- 
acceleration equations to describe its motion. 



(a) Uing a constant-acceleration 
equation, relate the velocity to the 
acceleration and the time: 



v = v, 



+ at = 0 + (8m/s 2 )(l0s) 



80.0 m/s 



(b) sing a constant-acceleration 
equation, relate the displacement to 
the acceleration and the time: 



a 2 

Ax = x - x 0 =v 0 t + —t 



Substitute numerical values and 
evaluate Ax: 



Ajc = |(8m/s 2 )(l0s) 2 = 



400 m 



(c) Use the definition of v av : 



Ax _ 400m 
At ~ 10s 



40.0m/s 



Remarks: Because the area under a velocity-versus-time graph is the displacement 
of the object, we could solve this problem graphically. 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 



Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and the displacement: 



v = v n + 2 a Ax 



Solve for and evaluate the 
displacement: 



2 2 

Ax = V " V ° 



_ (l5 2 -5 2 )m 2 /s 2 
2a 2 (2 m/s 2 ) 



= 50.0m 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 



Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and the displacement: 



v 2 = + 2a Ax 
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Solve for the acceleration: 



Substitute numerical values and 
evaluate a: 



a = 



a = 



2 2 

2Ax 



(l5 2 -10 2 ) 



2 / 2 

m /s 



2(4 m) 



15.6m/s 
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Picture the Problem Because the acceleration of the object is constant we can use 
constant-acceleration equations to describe its motion. 



Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and the displacement: 

Solve for and evaluate v: 



v = v n + 2 a Ax 



^(lm/s) 2 +2(4m/s 2 )(lm) 



3.00 m/s 



Using the definition of average 
acceleration, solve for the time: 



t = 



Av _ 3 m/s -1 m/s 
4 m/s 2 



0.500s 
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Picture the Problem In the absence of air resistance, the ball experiences constant 
acceleration. Choose a coordinate system with the origin at the point of release and the 
positive direction upward. 



(a) Using a constant-acceleration 
equation, relate the displacement of 
the ball to the acceleration and the 
time: 

Setting Ay = 0 (the displacement for 
a round trip), solve for and evaluate 
the time required for the ball to 
return to its starting position: 

(b) Using a constant-acceleration 
equation, relate the final speed of 
the ball to its initial speed, the 
acceleration, and its displacement: 



Ay = v 0 t + \at l 



round trip 



2v 0 _ 2(20 m/s) 
g ~9.81m/s 2 



4.08s 



v t op = v 2 Q + 2aAy 

or, because v I0p = 0 and a 

0 = Y 2 0 +2(-g)H 



Solve for and evaluate H: 



H _ vl _ (20m/s) 2 
2g 2(9.81m/s 2 ) 



20.4m 



(c) Using the same constant- 
acceleration equation with which we 
began part (a), express the 
displacement as a function of time: 



Ay =v G t + \at 
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Substitute numerical values to 
obtain: 



15m = (20m/s)f 



Solve the quadratic equation for the 
times at which the displacement of 
the ball is 15 m: 



0.991s 



(this 



The solutions are t 
corresponds to passing 1 5 m on the way 
up) and t = 3.09s (this corresponds to 



passing 15 m on the way down). 
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Picture the Problem This is a multipart constant-acceleration problem using two 
different constant accelerations. We'll choose a coordinate system in which downward is 
the positive direction and apply constant-acceleration equations to find the required 
times. 



(a) Using a constant-acceleration 
equation, relate the time for the slide 
to the distance of fall and the 
acceleration: 



Ay = y-y 0 =h-0 = v Q t { + \ at\ 
or, because v 0 = 0, 
h 



1 *2 

: \at x 



Solve for t\\ 



Substitute numerical values and 
evaluate t\ : 



j 2(460 m) 
?1 ~"V9.81m/s 2 



9.68s 



(b) Using a constant-acceleration 
equation, relate the velocity at the 
bottom of the mountain to the 
acceleration and time: 

Substitute numerical values and 
evaluate vi; 

(c) Using a constant-acceleration 
equation, relate the time required to 
stop the mass of rock and mud to its 
average speed and the distance it 
slides: 



Vi = v 0 + a x t x 



or, because v 0 = 0 and a,\ = g, 



v, =(9.81m/s 2 )(9.68s) = | 95.0m/s 



At = 



Ax 



Because the acceleration is constant: 



_ Vj + v f _ Vj + 0 _ Vj 
2 ~ 2 ~2" 



Substitute to obtain: 



At = 



2Ax 
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Substitute numerical values and 
evaluate At: 



At 



2(8000 m) 
95.0m/s 



168s 



*77 

Picture the Problem In the absence of air resistance, the brick experiences constant 
acceleration and we can use constant-acceleration equations to describe its motion. 
Constant acceleration implies a parabolic position-versus-time curve. 



(a) Using a constant-acceleration y = y Q + Vfj t + \ (- g)t : 

equation, relate the position of the brick 
to its initial position, initial velocity, 
acceleration, and time into its fall: 



= 6m + (5m/s)/ 1 -(4.91m/s 2 )/ 



The following graph of y = 6m + (5m/s)?-(4.91m/s 2 )? 2 was plotted using a 
spreadsheet program: 
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(b) Relate the greatest height 
reached by the brick to its height 
when it falls off the load and the 
additional height it rises Ay max : 

Using a constant-acceleration 
equation, relate the height 
reached by the brick to its 
acceleration and initial velocity: 

Solve for Ay max : 



h = y 0 +Ay n 



vl P =v 2 0 +2{-g)Ay n 

or, because v top = 0, 
0 = v 0 2 +2(-s)A3; max 



2g 



Substitute numerical values and 
evaluate Ay max : 



Ay = 

J max 



(5m/s) 2 
2(9.8 lm/s 2 ) 



= 1.27m 
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Substitute to obtain: 



h = y 0 + Ay max = 6m + 1.27m = 7.27m 



Note: The graph shown above confirms 
this result. 



(c) Using the quadratic formula, 
solve for t in the equation 
obtained in part (a): 



-v„±, K-4 



(-Ay) 



V ^ J 



f \ 



1± ll~ss 



With Vbottom = 0 and y 0 = 6 m or 
Ay = -6 m, we obtain: 



t = 



1.73s 



and t = -0.708 s. Note: The 



second solution is nonphysical. 



(d) Using a constant-acceleration 
equation, relate the speed of the 
brick on impact to its 
acceleration and displacement, 
and solve for its speed: 



Substitute numerical values and 
evaluate v: 



v = 



= A /2(9.81m/s 2 )(7.27m) = | 11.9m/s 
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Picture the Problem In the absence of air resistance, the acceleration of the bolt is 
constant. Choose a coordinate system in which upward is positive and the origin is at the 
bottom of the shaft (y = 0). 

(a) Using a constant-acceleration v =0 

v ' ° /bottom " 

equation, relate the position of the i { \ 2 

bolt to its initial position, initial = Jo + v o t + 1\ 8 ft 

velocity, and fall time: 



2 



Solve for the position of the bolt y o = + ^gt 
when it came loose: 

Substitute numerical values and ^ = _( 6 m / s )( 3 s ) + 1 ( 9-8 1 m / § 2 V3 s ) 2 
evaluate yo: 



26.1m 



(b) Using a constant-acceleration v = v 0 +at 

equation, relate the speed of the bolt 
to its initial speed, acceleration, and 
fall time: 
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Substitute numerical values and 
evaluate v : 



v = 6 m/s - (9.8 1 m/s 2 )(3s) = -23 .4 m/s 
and 



v = 



23.4 m/s 
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Picture the Problem In the absence of air resistance, the object's acceleration is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release. In this coordinate system, a = g and y = 120 m at the bottom of the 
fall. 



Express the distance fallen in the 
last second in terms of the object's 
position at impact and its position 
1 s before impact: 



Ay 



last second 



= 120 m-y 



Is before impact 



(1) 



Using a constant-acceleration 
equation, relate the object's position 
upon impact to its initial position, 
initial velocity, and fall time: 



y = y 0 +v 0 t + ±gt 2 



or, because yo = 0 and v 0 = 0, 

y 



2 8^m 



Solve for the fall time: 



^fall 




Substitute numerical values and 
evaluate t m : 



'fall 



1 2(1 20 m) 
9.81m/s 2 



4.95s 



We know that, one second before 
impact, the object has fallen for 
3.95 s. Using the same constant- 
acceleration equation, calculate the 
object's position 3.95 s into its fall: 



j(3.95s) = l(9.81 m/s 2 )(3.95s) 2 
= 76.4m 



Substitute in equation (1) to obtain: 



Ay 



last second 



= 120m-76.4m 



43.6m 



80 

Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system with the origin at the point of release and 
downward as the positive direction. 



Using a constant-acceleration 
equation, relate the height to the 
initial and final velocities and the 
acceleration; solve for the height: 



v; 



v 2 + 2aAy 



or, because v 0 = 0, 

2 



2g 



(1) 



Motion in One Dimension 71 



Using the definition of average Vf . u + v f Ay 38 m 

velocity, find the average velocity of v av = ~ = ~r~ = ~ = 38 m/s 



the object during its final second of 
fall: 



2 At Is 



Express the sum of the final velocity Vfu + v f = 2(38m/s) = 76 m/s 

and the velocity 1 s before impact: 

From the definition of acceleration, Av = v f - v f ls = 9.8 1 m/s 

we know that the change in velocity 
of the object, during 1 s of fall, is 
9.81 m/s: 

Add the equations that express the 76 m/s + 9.81 m/s 

sum and difference of v f _ i s and v f v f = ^ = 42.9 m/s 

and solve 

for 

Substitute in equation (1) and 9m/s ) 2 

evaluate h: h = - 



2(9.81 m/s 2 ) 



93.8m 
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Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system with the origin at the bottom of the trajectory and 
the upward direction positive. Let v f _ l/2 be the speed one-half second before impact 

and v f the speed at impact. 

Using a constant-acceleration v 2 = v 2 + 2aAy 

equation, express the final speed of 
the stone in terms of its initial speed, 
acceleration, and displacement: 

Solve for the initial speed of the / 2 , ~ T~ /1 \ 

stone: v 0 =^v f+ 2gAy (1) 

Find the average speed in the last v ....+ v, Ar 45m 

. ,~ . i"V 2 ' ^^last half second 

half second: v av - - - - - 

2 At 0.5s 

= 90 m/s 

and 



V. 



f-1/2 



+ v f =2(90 m/s) = 180 m/s 



Using a constant-acceleration Av = v f - v f w 2 = gA? 
equation, express the change in / \ 

speed ofthe stone in the last half =(9.81m/s )(0.5s) 

second in terms of the acceleration - 4. 91 m/s 

and the elapsed time; solve for the 
change in its speed: 
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Add the equations that express the 
sum and difference of Vf _ y 2 and v f 
and solve for v f : 

Substitute in equation (1) and 
evaluate v 0 : 



180m/s + 4.91m/s 



92.5m/s 



^ = ^{92.5mlsf +2(9.81m/s 2 )(-200m) 



= 68.1m/s 



Remarks: The stone may be thrown either up or down from the cliff and the results 
after it passes the cliff on the way down are the same. 
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Picture the Problem In the absence of air resistance, the acceleration of the object is 
constant. Choose a coordinate system in which downward is the positive direction and the 
object starts from rest. Apply constant-acceleration equations to find the average velocity 
of the object during its descent. 



Express the average velocity of the 
falling object in terms of its initial 
and final velocities: 



v„„ = 



v 0 +v f 



Using a constant-acceleration 
equation, express the displacement 
of the object during the 1 st second in 
terms of its acceleration and the 
elapsed time: 

Solve for the displacement to 
obtain: 

Using a constant-acceleration 
equation, express the final velocity 
of the object in terms of its initial 
velocity, acceleration, and 
displacement: 

Substitute numerical values and 
evaluate the final velocity of the 
object: 

Substitute in the equation for the 
average velocity to obtain: 



Ay, 



st second 



= 4.91 m = 0.4 h 



A = 12.3 m 

v\ =v 2 0 +2gAy 
or, because vo = 0, 



t { = A /2(9.81m/s 2 )(l2.3m) = 15.5m/s 



0 + 15.5m/s 



7.77 m/s 
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Picture the Problem This is a three-part constant-acceleration problem. The bus starts 
from rest and accelerates for a given period of time, and then it travels at a constant 
velocity for another period of time, and, finally, decelerates uniformly to a stop. The 
pictorial representation will help us organize the information in the problem and develop 
our solution strategy. 
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f = 12s 



/ = 37s 



1 1 — 

a= 1.5 m/s 2 
,v(0) = 0 v(12s) 

v(0) = 0 v(12 s) 

(a) Express the total displacement of 
the bus during the three intervals of 
time. 

Using a constant-acceleration 
equation, express the displacement 
of the bus during its first 12 s of 
motion in terms of its initial 
velocity, acceleration, and the 
elapsed time; solve for its 
displacement: 

Using a constant-acceleration 
equation, express the velocity of the 
bus after 12 seconds in terms of its 
initial velocity, acceleration, and the 
elapsed time; solve for its velocity 
at the end of 12 s: 

During the next 25 s, the bus moves 
with a constant velocity. Using the 
definition of average velocity, 
express the displacement of the bus 
during this interval in terms of its 
average (constant) velocity and the 
elapsed time: 

Because the bus slows down at the 
same rate that its velocity increased 
during the first 12 s of motion, we 
can conclude that its displacement 
during this braking period is the 
same as during its acceleration 
period and the time to brake to a 
stop is equal to the time that was 
required for the bus to accelerate to 
its cruising speed of 18 m/s. Hence: 

Add the displacements to find the 
distance the bus traveled: 



+ 



-I— X 



a = 0 



a = -1.5 m/s 2 
x(37s) .r(?) 

v(37s) v(?) = 0 

Ax t0(al = Ax(0^12s) + Ax(l2s^37s) 
+ Ax(37s -> end) 

Ax(0 -> 12s) = v 0 t + j; at 2 

or, because v 0 = 0, 

Ax(0 -» 12s) = \ at 2 =108m 



v ns =v 0 +a 0 ^ 2s A? = (l.5m/s 2 )(l2s) 
= 18m/s 



Ax(l2s -> 37 s) = v 12s At = (l8m/s)(25s) 
= 450m 



Ax(37s^49s) = 108 m 



Ax total = 108 m + 450 m + 108 m 



= 666 m 
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(b) Use the definition of average Ajc total 666 m 

velocity to calculate the average v av ~~ ^ ~ 

velocity of the bus during this trip: 

Remarks: One can also solve this problem graphically. Recall that the area under a 
velocity as a function-of-time graph equals the displacement of the moving object. 



13.6m/s 
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Picture the Problem While we can solve this problem analytically, there are many 
physical situations in which it is not easy to do so and one has to rely on numerical 
methods; for example, see the spreadsheet solution shown below. Because we're 
neglecting the height of the release point, the position of the ball as a function of time is 

given by y = v 0 t - \ gt 2 . The formulas used to calculate the quantities in the columns are 

as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


20 


vo 


B2 


9.81 


R 


B5 


0 


t 


B6 


B5 + 0.1 


t + At 


C6 


$B$1*B6 - 0.5*$B$2*B6 A 2 


vj-\gt 2 



(a) 





A 


B 


C 


1 


v0 = 


20 


m/s 


2 


g = 


9.81 


m/s A 2 


3 




t 


height 


4 




(s) 


(m) 


5 




0.0 


0.00 


6 




0.1 


1.95 


7 




0.2 


3.80 










44 




3.9 


3.39 


45 




4.0 


1.52 


46 




4.1 


-0.45 



The graph shown below was generated from the data in the previous table. Note that the 
maximum height reached is a little more than 20 m and the time of flight is about 4 s. 
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25 1 




f(s) 



(b) In the spreadsheet, change the value in cell Bl from 20 to 10. The graph should 
automatically update. With an initial velocity of 10 m/s, the maximum height achieved is 
approximately 5 m and the time-of-flight is approximately 2 s. 



6 i 
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Picture the Problem Because the accelerations of both Al and Bert are constant, 
constant-acceleration equations can be used to describe their motions. Choose the origin 
of the coordinate system to be where Al decides to begin his sprint. 

(a) Using a constant-acceleration Ax = v 0 t + -at 2 

equation, relate Al's initial velocity, 
his acceleration, and the time to 
reach the end of the trail to his 
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displacement in reaching the end of 
the trail: 



Substitute numerical values to 
obtain: 



2\ + 2 



35 m = (0.75 m/s)t + U0.5m/s*)t 



Solve for the time required for Al to 
reach the end of the trail: 

(b) Using constant-acceleration 
equations, express the positions of 
Bert and Al as functions of time. At 
the instant Al turns around at the 
end of the trail, t = 0. Also, x = 0 at 
a point 35 m from the end of the 
trail: 

Calculate Bert's position at t = 0. 
At that time he has been running for 
10.4 s: 



t= 10.4s 



*Bert = *Bert,0 +(0.75m/s)f 

and 

x M =x M0 - (0.85 m/s)f 
= 35 m- (0.85 m/s)f 



x Bertfi = (0.75 m/s)(l 0.4 s) = 7.80 m 



Because Bert and Al will be at the 
same location when they meet, 
equate their position functions and 
solve for t: 



7.80m + (0.75 m/s)f = 35 m - (0.85 m/s)f 
and 

t = 17.0 s 



To determine the elapsed time from 
when Al began his accelerated run, 
we need to add 10.4 s to this time: 



f start = 17.0s + 10.4s = 



27.4s 



(c) Express Bert's distance from the 
end of the trail when he and Al 
meet: 



^ end of trail — ^5 m -*Bert,0 



d 



Bert runs until he meets Al 



Substitute numerical values and 

evaluate G?endoftrail : 



^endoftrarl =35m-7.80m 



- (17 s) (0.75 m/s) 



= 14.5m 
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Picture the Problem Generate two curves on one graph with the first curve representing 
Al's position as a function of time and the second curve representing Bert's position as a 
function of time. Al's position, as he runs toward the end of the trail, is given by 

x M = v 0 t + -^a M t 2 and Bert's position by x BeTt = x 0 Bert + v Bert f . Al's position, once he's 

reached the end of the trail and is running back toward Bert, is given 

byx A1 = x M0 +v M {t — 10.5s). The coordinates ofthe intersection ofthetwo curves give 

the time and place where they meet. A spreadsheet solution is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 



Content/Formula 



Algebraic Form 
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Bl 


0.75 


Vo 


B2 


0.50 


a A \ 


B3 


-0.85 


t 


BIO 


B9 + 0.25 


t + At 


CIO 


$B$1*B10 + 0.5*$B$2*B10 A 2 


v 0 t + \a M t 2 


C52 


$C$51 + $B$3*(B52 - $B$51) 


*Ai,o+VAi(f- 10.5s) 


F10 


$F$9 + $B$1*B10 


•^O.Bert + V Ber/ 



(b) and (c) 





A 


B 


C 




1 


v0 = 


0.75 


m/s 








2 


a(Al) = 


0.5 


m/s A 2 








3 


v(Al) = 


-0.85 


m/s 








4 














5 




t(s) 


x (vn) 






x (m) 


6 














7 














8 






Al 






Bert 


9 




0.00 


0.00 






0.00 


10 




0.25 


0.20 






0.19 


11 




0.50 


0.44 






0.38 
















49 




10.00 


32.50 






7.50 


50 




10.25 


33.95 






7.69 


51 




10.50 


35.44 


*A1 reaches 


7.88 


52 




10.75 


35.23 


end of trail 


8.06 


53 




11.00 


35.01 


and starts 




8.25 


54 




11.25 


34.80 


back toward 


8.44 


55 




11.50 


34.59 


Bert 




8.63 


56 




11.75 


34.38 






8.81 
















119 




27.50 


20.99 






20.63 


120 




27.75 


20.78 






20.81 


121 




28.00 


20.56 






21.00 


122 




28.25 


20.35 






21.19 








127 




29.50 


19.29 






22.13 


128 




29.75 


19.08 






22.31 


129 




30.00 


18.86 






22.50 



The graph shown below was generated from the spreadsheet; the positions of both Al and 
Bert were calculated as functions of time. The dashed curve shows Al's position as a 
function of time for the two parts of his motion. The solid line that is linear from the 
origin shows Bert's position as a function of time. 
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Note that the spreadsheet and the graph (constructed from the spreadsheet data) confirm 
the results in Problem 85 by showing Al and Bert meeting at about 14.5 m from the end of 
the trail after an elapsed time of approximately 28 s. 
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Picture the Problem This is a two-part constant-acceleration problem. Choose a 
coordinate system in which the upward direction is positive. The pictorial representation 
will help us organize the information in the problem and develop our solution strategy. 



/ = o 




a = 20 m/s 2 
.v(0) = 0 

v(0) = 0 



/ = 25s 







=B 








Jl 

o = -g 


y 





y(25 s) 
v(25 s) 



v(?) = 0 



(a) Express the highest point the 
rocket reaches, h, as the sum of its 
displacements during the first two 
stages of its flight: 



h — Ax lststage + Ax 2ndstage 



Using a constant-acceleration 
equation, express the altitude 
reached in the first stage in terms of 
the rocket's initial velocity, 
acceleration, and burn time; 
solve for the first stage altitude: 



C lststage X 0 + V <£ + 2 ^lststag/ 

= }(20m/s 2 )(25s) 2 
= 6250 m 



Using a constant-acceleration 
equation, express the velocity of the 
rocket at the end of its first stage in 
terms of its initial velocity, 
acceleration, and displacement; 
calculate its end-of-first-stage 
velocity: 



V l st stage V 0 + a 1st stage ^ 



= (20m/s 2 )(25s) 
= 500 m/s 
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Using a constant-acceleration 
equation, express the final velocity 
of the rocket during the remainder 
of its climb in terms of its shut-off 
velocity, free-fall acceleration, and 
displacement; solve for its 
displacement: 



^highest point V shutoff ~*~ ^^2nd stage Ay 2nd stage 

and, because v h i g hest point = 0, 
a = ~ Cutoff = (500 m/s) 2 

• V2ndstage -2g 2(9.81m/s 2 ) 

= 1.2742xl0 4 m 



Substitute in the expression for the 
total height to obtain: 

(b) Express the total time the 
rocket is in the air in terms of the 
three segments of its flight: 



/* = 6250m + 1.27xl0 4 m = 19.0km 



A^total ^^powered climb ^2ad segment Acescent 

= 25 s + A? 2ndsegment + A? descent 



Express Af 2n d segment in terms of the 
rocket's displacement and average 
velocity: 

Substitute numerical values and 
evaluate Af 2n d segment: 



Using a constant-acceleration 
equation, relate the fall distance to 
the descent time: 



At 



Displacement 



2nd segment . < 

Average velocity 



At 



2nd segment 



1.2742xl0 4 m 



0 + 500 m/s ) 



= 50.97 s 



Ay=v 0 t + ±g(At desce J 
or, because vo = 0, 
A^=T^(A? descent ) 2 



Solve for Af deS cent: 



Substitute numerical values and 
evaluate Af descent : 



At 



descent 



|2Ay 



At 



descent 



(2(l.90 xl0 4 rn) 
9.81m/s 2 



= 62.2 s 



Substitute and calculate the total 
time the rocket is in the air: 



At = 25s + 50.97s + 62.2s = 138s 



= 2min 18s 



(c) Using a constant-acceleration 
equation, express the impact 
velocity of the rocket in terms of its 
initial downward velocity, 
acceleration under free-fall, and 
time of descent; solve for its impact 
velocity: 



^impact V 0 + <?At descent 

and, because vo = 0, 

v,m P act = ^ = (9.81m/s 2 )(62.2s) 



= 610m/s 
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Picture the Problem In the absence of air resistance, the acceleration of the 
flowerpot is constant. Choose a coordinate system in which downward is 
positive and the origin is at the point from which the flowerpot fell. Let 
t = time when the pot is at the top of the window, and t + At the time when 
the pot is at the bottom of the window. To find the distance from the ledge 
to the top of the window, first find the time t top that it takes the pot to fall to 
the top of the window. 



Using a constant-acceleration 
equation, express the distance y 
below the ledge from which the pot 
fell as a function of time: 



y= y 0 +v 0 t + -^at 2 

Since a = g and v 0 =y 0 = 0, 

y = \gt 2 



Express the position of the pot as it 
reaches the top of the window: 



y 



top 



Ut 2 



top 



Express the position of the pot as it 
reaches the bottom of the window: 



where At 



^top ^^window 



1 



window 



top 



bottom 



Subtract bottom from y top to obtain an 
expression for the displacement 
Ay W indow of the pot as it passes the 
window: 
Solve for t top : 



window 



2Ay 



.v/t°P ^^window ) ^top J 



^ ^top ^ ^window 



) 

+ (Af. 



window / 



window 



^window / 



^top 



2At 



window 



Substitute numerical values and 
evaluate t top : 



Substitute this value for t top to obtain 
the distance from the ledge to the 
top of the window: 



^top 



' top 



2(4 m) 

9.81m/s 2 



(0.2s) 2 



= 1.839s 



2(0.2s) 
(9.81m/s 2 )(1.939s) 2 = 



18.4m 
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Picture the Problem The acceleration of the glider on the air track is constant. Its 
average acceleration is equal to the instantaneous (constant) acceleration. Choose a 
coordinate system in which the initial direction of the glider's motion is the positive 
direction. 



Using the definition of acceleration, 
express the average acceleration of 
the glider in terms of the glider's 
velocity change and the elapsed 
time: 



a = a„, = 



Av 
At 
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Using a constant-acceleration Ax v 0 + v 

equation, express the average v av ~~ ^7 ~~ ^ 

velocity of the glider in terms of the 
displacement of the glider and the 
elapsed time: 

Solve for and evaluate the initial 2 Ax 2(l 00 cm) 

velocity: v o = — " v = gg -(-15 cm/s) 



= 40.0 cm/s 



Substitute this value of v 0 and - 1 5 C m/s - (40 cm/s) 

evaluate the average acceleration of a = ^ 

the glider: 



- -6.88 cm/s 2 
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Picture the Problem In the absence of air resistance, the acceleration of the rock is 
constant and its motion can be described using the constant-acceleration equations. 
Choose a coordinate system in which the downward direction is positive and let the 
height of the cliff, which equals the displacement of the rock, be represented by h. 

Using a constant-acceleration Ay = v t + - at 2 

equation, express the height h of the , n . . 

Vf f . f . u ■ •.• , , •, or, because v 0 = 0, a = g, and Ay = h, 

clitt m terms ot the initial velocity 2 

of the rock, acceleration, and time of h = jgt 

fall: 

Using this equation, express the 
displacement of the rock during the 

a) first two-thirds of its fall, and l/j = l^ 2 (j) 

b) its complete fall in terms of the h = -g(t + lsf (2) 
time required for it to fall this 

distance. 

Substitute equation (2) in equation t 2 - (4 s)t - 2 s 2 = 0 

(1) to obtain a quadratic equation in 

t: 

Solve for the positive root: f=4.45s 

Evaluate At = t + 1 s: At = 4.45 s + 1 s = 5.45 s 

Substitute numerical values in h = l( 9 . 8 i m / s 2 )(5.45s) 2 = 

equation (2) and evaluate h: v 7 



146m 
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Picture the Problem Assume that the acceleration of the car is constant. The total 
distance the car travels while stopping is the sum of the distances it travels during the 
driver's reaction time and the time it travels while braking. Choose a coordinate system 
in which the positive direction is the direction of motion of the automobile and apply a 
constant-acceleration equation to obtain a quadratic equation in the car's initial speed v 0 . 



(a) Using a constant-acceleration 
equation, relate the velocity of the 
car to its initial velocity, 
acceleration, and displacement 
during braking: 



vl + 2aAx 



brk 



or, because the final velocity is zero, 
0 = v 0 2 +2aAx brk 



Solve for the distance traveled 
during braking: 

Express the total distance traveled 
by the car as the sum of the distance 
traveled during the reaction time 
and the distance traveled while 
slowing down: 



2a 



Ax, , = Ax , + Ax u i 

tot react brk 



= V <Aeac, 



2a 



Rearrange this quadratic equation to 
obtain: 



v 0 -2aA? react v 0 +2aAx tot =0 



Substitute numerical values and 
simplify to obtain: 



-2(-7m/s 2 )(0.5s)v 0 

+ 2(-7m/s 2 )(4m) = 0 

+ (7m/s)v 0 -56m 2 /s 2 =0 



Solve the quadratic equation for the 
positive root to obtain: 



v A =4.7613558m/s 



Convert this speed to mi/h: : 



v 0 = (4.7613558 m/s) 



Imi/h 
0.477 m/s 



= 10.7 mi/h 



(b) Find the reaction-time distance: 



A^react = V 0 A? react 



= (4.76 m/s)(0.5s) = 2.38 m 



Express and evaluate the ratio of the 
reaction distance to the total distance: 



Ax react _ 2.38 m 



Ax 



4m 



0.595 
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Picture the Problem Assume that the accelerations of the trains are constant. Choose a 
coordinate system in which the direction of the motion of the train on the left is the 
positive direction. Take x a = 0 as the position of the train on the left at t = 0. 



Using a constant-acceleration 
equation, relate the distance the train 
on the left will travel before the 
trains pass to its acceleration and the 
time-to-passing: 
Using a constant-acceleration 
equation, relate the position of the 
train on the right to its initial 
velocity, position, and acceleration: 

Equate x L and x R and solve for t: 



Find the position of the train 
initially on the left, x L , as they pass: 

Remarks: One can also solve this 
problem by graphing the functions for 
x L and x R . The coordinates of the 
intersection of the two curves give one 
the time-to-passing and the distance 
traveled by the train on the left. 



x L =\a L t 2 =}(l.4m/s 2 )r 2 
= (0.7m/s 2 )? 2 



x R = 40m 



= 40m 



±a t 2 

2 U R 



(2.2m/s 2 )? 



OJt 2 = 40-1. If 2 
and 

f = 4.71s 

x L = }(1.4m/s 2 )(4.71s) 2 



15.6m 



15.6 




4.71 
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Picture the Problem In the absence of air resistance, the acceleration of the stones is 
constant. Choose a coordinate system in which the downward direction is positive and the 
origin is at the point of release of the stones. 

Using constant-acceleration 
equations, relate the positions of the 
two stones to their initial positions, 
accelerations, and time-of-fall: 

Express the difference between x\ x\ - x 2 = 36 m 

and x 2 : 



^=l§t 2 
and 

x 2 =±g(t-\.6sf 



Substitute for*! and x 2 to obtain: 



36m = l^ 2 -lg(f-1.6s) 2 
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Solve this equation for the time t at 
which the stones will be separated 
by 36 m: 

Substitute this result in the 
expression for x 2 and solve for^ 2 : 



t = 3.09 s 



x 2 = ± (9.8 lm/s 2 )(3. 09 s -1.6 s) 2 



= 10.9m 
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Picture the Problem The acceleration of the police officer's car is positive and constant 
and the acceleration of the speeder's car is zero. Choose a coordinate system such that the 
direction of motion of the two vehicles is the positive direction and the origin is at the 
stop sign. 



Express the velocity of the car in 
terms of the distance it will travel 
until the police officer catches up to 
it and the time that will elapse 
during this chase: 



caught 



Letting t\ be the time during which 
she accelerates and t 2 the time of 
travel at V\ = 1 10 km/h, express the 
time of travel of the police officer: 



^officer ~~ h + h 



Convert 110 km/h into m/s: 



v, = (l 10 km/h)(10 3 m/km)(l h/3600 s) 
= 30.6 m/s 



Express and evaluate t\. 



h = 



30.6 m/s 



Motorcycle 6.2 Hl/S^ 



= 4.94 s 



Express and evaluate d\ : 



— 1 



(30.6 m/s)(4.94s)= 75.6 m 



Determine d 2 : d 2 = J caught - d x = 1400 m - 75.6 m 

= 1324.4 m 

Express and evaluate t 2 : J n 1324 4 m 

t 2 = — = = 43.3 s 

V, 30.6 m/s 

Express the time of travel of the car: £ car = 2.0 s + 4.93 s + 43.3 s = 50.2 s 
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Finally, find the speed of the car: 



caught 



1400 m 



= (27.9m/s) 



50.2 s 
lmi/h 



27.9m/s 



0.447 m/s 



= 62.4 mi/h 



95 

Picture the Problem In the absence of air resistance, the acceleration of the stone is 
constant. Choose a coordinate system in which downward is positive and the origin is at 
the point of release of the stone and apply constant-acceleration equations. 



Using a constant-acceleration 
equation, express the height of the 
cliff in terms of the initial position 
of the stones, acceleration due to 
gravity, and time for the first stone 
to hit the water: 



Express the displacement of the = v f _|_ 1 gf 2 



second stone when it hits the water 
in terms of its initial velocity, 
acceleration, and time required for it 
to hit the water. 



2 y 02 l 2 ' 2<5"2 

where fc = h - 1-6 s. 



Because the stones will travel the 
same distances before hitting the 
water, equate h and d 2 and solve for 
t. 



2 8*1 V 02*2 + 2 8*2 

or 

}(9.81m/s 2 )? 2 = (32m/s)(f, -1.6s) 

+ }(9.81m/s 2 )(? 1 -1.6s) 2 



Solve for t\ to obtain: 
Substitute for t\ and evaluate h: 



t = 2.37s 



/* = K9.81m/s 2 )(2.37s) 2 = 



27.6 m 
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Picture the Problem Assume that the acceleration of the passenger train is constant. Let 
x p = 0 be the location of the passenger train engine at the moment of sighting the freight 
train's end; let t = 0 be the instant the passenger train begins to slow (0.4 s after the 
passenger train engineer sees the freight train ahead). Choose a coordinate system in 
which the direction of motion of the trains is the positive direction and use constant- 
acceleration equations to express the positions of the trains in terms of their initial 
positions, speeds, accelerations, and elapsed time. 

(a) Using constant-acceleration x ^ = (29m/s)(r + 0.4s)- \at 2 

equations, write expressions for the ( \ ( \ 

positions of the front of the x f = (360m)+ (6m/sXt + 0.4s) 

passenger train and the rear of the where x p and x f are in meters if t is in 
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freight train, x p and x f , respectively: 

Equate x f = x p to obtain an equation 
for f: 

Find the discriminant 

(D = B 2 -4AC) of this equation: 

The equation must have real roots if 
it is to describe a collision. The 
necessary condition for real roots is 
that the discriminant be greater than 
or equal to zero: 

(b) Express the relative speed of the 
trains: 

Repeat the previous steps with 
a = 0.754 m/s 2 and a 0.8 s reaction 
time. The quadratic equation that 
guarantees real roots with the longer 
reaction time is: 



seconds. 

\at 2 -(23m/s)f + 350.8m = 0 



( a\ 

D = (23 m/s) 2 -4 - (350.8 m) 

If (23 m/s) 2 -a (701.6 m) > 0, then 
a< \ 0.754m/s 2 



V , = V f = v — V, 

rel pf p f 



(1) 



(0.754 m/s 2 )? 2 - (23 m/s> 

+ 341.6m = 0 



Solve for t to obtain the collision 
times: 



t = 25.6 s and t = 35.4 s 



Note that at t = 35.4 s, the trains 
have already collided; therefore this 
root is not a meaningful solution to 
our problem. 

Now we can substitute our value for 
t in the constant-acceleration 
equation for the passenger train and 
solve for the distance the train has 
moved prior to the collision: 

Find the speeds of the two trains: 



Note: In the graph shown below, you will 
see why we keep only the smaller of the 
two solutions. 



x p = (29 m/s)(25.6 s + 0.8 s) 
- ( 0.377 m/s 2 )(25.6 s) 2 
= 518m 



v v = v op + at 

= (29 m/s) + (-0.754 m/s 2 )(25.5 s) 

= 9.77 m/s 
and 

Vf= v 0 { = 6 m/s 



Substitute in equation (1) and 
evaluate the relative speed of the 
trains: 



v rel =9.77 m/s -6.00 m/s = 



3.77 m/s 



The graph shows the location of both trains as functions of time. The solid straight line is 
for the constant velocity freight train; the dashed curves are for the passenger train, with 
reaction times of 0.4 s for the lower curve and 0.8 s for the upper curve. 
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700 
600 
500 
_ 400 

s 

* 300 
200 
100 

0 4 




■ 0.4 s reaction time 

■ Freight train 

■ 0.8 s reaction time 



10 



20 

t (s) 



30 



40 



Remarks: A collision occurs the first time the curve for the passenger train crosses 
the curve for the freight train. The smaller of two solutions will always give the time 
of the collision. 
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Picture the Problem In the absence of air resistance, the acceleration of an object near 
the surface of the earth is constant. Choose a coordinate system in which the upward 
direction is positive and the origin is at the surface of the earth and apply constant- 
acceleration equations. 



Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 

Solve for the height to which the 
projectile will rise: 



v 2 = Vq +2aAy 

or, because v = 0 and a = -g, 

0 = v 0 2 -2#Ay 

h = A y = 

2g 



Substitute numerical values and 
evaluate h: 



h = 



(300 m/s) 2 
2(9.81 m/s 2 ) 



4.59km 
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Picture the Problem This is a composite of two constant accelerations with the 
acceleration equal to one constant prior to the elevator hitting the roof, and equal to a 
different constant after crashing through it. Choose a coordinate system in which the 
upward direction is positive and apply constant-acceleration equations. 



(a) Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 



v 2 = Vq + 2a Ay 

or, because v = 0 and a = -g, 

0 = v 2 0 -2gAy 
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Solve for v 0 : 

Substitute numerical values and 
evaluate v 0 : 

(b) Find the velocity of the elevator 
just before it crashed through the 
roof: 



Vn = 



= A /2(9.81m/s 2 )(l0 4 m) = 



443 m/s 



v f = 2 x 443 m/s = 886 m/s 



Using the same constant- 
acceleration equation, this time with 
v 0 = 0, solve for the acceleration: 

Substitute numerical values and 
evaluate a: 



v 2 = 2a Ay 



a = 



_ (886 m/s) 2 _ 
2(1 50m) " 



2.62 xlO 3 m/s 2 



267£ 
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Picture the Problem Choose a coordinate system in which the upward direction is 
positive. We can use a constant-acceleration equation to find the beetle's velocity as its 
feet lose contact with the ground and then use this velocity to calculate the height of its 
jump. 



Using a constant-acceleration 
equation, relate the beetle's 
maximum height to its launch 
velocity, velocity at the top of its 
trajectory, and acceleration once it is 
airborne; solve for its maximum 
height: 

Because v highestpoint = 0: 



= v 



launch 



= launch + 2aAy fl 
+ 2{-g)h 



h = 



launch 

2g 



Now, in order to determine the 
beetle's launch velocity, relate its 
time of contact with the ground to 
its acceleration and push-off 
distance: 

Substitute numerical values and 
evaluate v, 2 aunch : 



^launch =v 0 + 2aAy 
or, because v 0 = 0, 



launch 



launch 



launch 



= 2aAy 



launch 



= 2(400)(9.81m/s 2 )(0.6xl(T 2 m) 
= 47.1m 2 /s 2 



Substitute to find the height to 
which the beetle can jump: 



47.1m 2 /s 2 



_ launch 

2g ~ 2(9.81 m/s 2 ) 



2.40m 
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Using a constant-acceleration 
equation, relate the velocity of the 
beetle at its maximum height to its 
launch velocity, free-fall 
acceleration while in the air, and 
time-to-maximum height: 



v = v 0 + at 



or 



^ max. height ^launch ^^max. height 

and, because v maxhe igh, = 0, 



0 = v 



launch 



gt 



max. height 



Solve for f max height : 



launch 



max height 



For zero displacement and constant 
acceleration, the time-of- flight is 
twice the time -to-maximum height: 



t = It 

flight max. height 



launch 



_ 2(6.86m/s) _ 
9.81m/s 2 



1.40 s 
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Picture the Problem Because its acceleration is constant we can use the constant- 
acceleration equations to describe the motion of the automobile. 



Using a constant-acceleration 
equation, relate the velocity to the 
acceleration and displacement: 



v = v 0 + 2 a Ax 
or, because v = 0, 
0 = v„ + 2aAx 



Solve for the acceleration a: 



2Ax 



Substitute numerical values and 
evaluate a: 



_ -[(98km/h)(l0 3 m/km)(lh/3600s)] 2 
2(50m) 



7.41 m/s 



Express the ratio of a to g and then 
solve for a: 



a -7.41m/s 



g 9.81m/s 
and a = 



-0.755 



0.755g 



Using the definition of average 
acceleration, solve for the stopping 
time: 



Av . Av 
a av = — => At = — 
At o„ 



Substitute numerical values and 
evaluate At: 



At 



(-98km/h)(l0 3 m/km)(lh/3600s) 
-7.41 m/s 2 



= 3.67s 
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Picture the Problem In the absence of air resistance, the puck experiences constant 
acceleration and we can use constant-acceleration equations to describe its position as a 
function of time. Choose a coordinate system in which downward is positive, the particle 
starts from rest (v 0 = 0), and the starting height is zero (yo = 0). 



Using a constant-acceleration 
equation, relate the position of the 
falling puck to the acceleration and 
the time. Evaluate the y-position at 
successive equal time intervals At, 
2 At, 3At, etc: 



yi = 
y 2 -- 
y^ = 

etc. 



M=^(Atf 

-(2Atf=^(4iAtf 

-(3At) 2 =^(9iAtf 



.(4At) 2 =^(l6)(At) 2 



Evaluate the changes in those 
positions in each time interval: 



Ay 10 = yi-o = 



(Atf 



V ^ J 

Ay 21 = y 2 -y 1= 3[^(Af) 2 =3Ay 1( 
Ay 32 = y 3 -y 2 =5[^j(Af) 2 =5Ay 



10 



Ay 43 = y A - y, = 1 
etc. 



v ^ m 1 = 7 Ay, 
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Picture the Problem Because the particle moves with a constant acceleration we can use 
the constant-acceleration equations to describe its motion. A pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 

(=0 /=4s (=6s 

.r(0) x(4 s) = 100 m x(6 s) 

i»(0) :>(4s) p(6 s) = 15 m/s 
— I • • » ,y, m 

0 100 

n = 3 m/s 2 

Using a constant-acceleration x = x + v t + -at 2 

equation, find the position x at 
t = 6 s. To find x at t = 6 s, we first 
need to find v 0 and x 0 : 
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Using the information that when x(4s) = 1 00 m 

t = 4 s, x = 1 00 m, obtain an ( \ i( 2\( \2 

equation in x 0 and v 0 : = x o + v o v s / + 2 r m ^ s / v s ) 



or 



x 0 +(4s)v 0 = 76m 

Using the information that when v(6 s) = v 0 + (3 m/s 2 )(6 s) 
f = 6 s, v = 15 m/s, obtain a second 
equation in x 0 and v 0 : 

Solve for v 0 to obtain: vo = -3 m/s 

Substitute this value for v 0 in the xq = 88 m 

previous equation and solve for xq\ 

Substitute for x 0 and v 0 and evaluate x at t = 6 s: 

jc(6 s) = 88 m + (- 3 m/s) (6 s) + \ (3 m/s 2 ) (6 s) 2 = 



124m 
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Picture the Problem We can use constant-acceleration equations with the final velocity 
v = 0 to find the acceleration and stopping time of the plane. 

(a) Using a constant-acceleration v 2 =v 2 +2aAx 

equation, relate the known velocities 
to the acceleration and displacement: 

Solve for a: V 2 -vl -v 2 

a = 



2Ax 2Ax 



Substitute numerical values and 
evaluate a: 



(b) Using a constant-acceleration 
equation, relate the final and initial 
speeds of the plane to its 
acceleration and stopping time: 



Solve for and evaluate the stopping 
time: 



a = 



(60 m/s) 2 
2(70 m) 



■25.7 m/s 



v = v n + aAt 



v-v,, 0-60 m/s 
At = ^ '— 



a -25.7m/s 



2.33s 
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Picture the Problem This is a multipart constant-acceleration problem using three 
different constant accelerations (+2 m/s 2 for 20 s, then zero for 20 s, and then -3 m/s 2 
until the automobile stops). The final velocity is zero. The pictorial representation will 
help us organize the information in the problem and develop our solution strategy. 
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( = 0 



t = 20s 



.r(0) = 0 
v(0) = 0 



,v(20 s) 
t'(20 s) 



f = 40s 



f = ? 



.v(40 s) 
z>(40 s) 



x(?) 

f(?) 



Add up all the displacements to get 
the total: 



Ax 03 = Ax 0l + Ax l2 + Ax 



23 



Using constant-acceleration 
formulas, find the first 
displacement: 



= 0 + I(2m/s 2 )(20s) 2 =400m 



The speed is constant for the second 
displacement. Find the 
displacement: 



Ax n =v l (t 2 -t l ) 

where V[ = v 0 + a 0l t { = 0 + a m t x and 

^•12 = fl o/l(^2 _ ^l) 

= (2m/s 2 )(20s)(20s) = 800 m 



Find the displacement during the 
braking interval: 



v 3 = v 2 + 2a 23 Ax 23 



where v 2 = v x = a 0l t { and v 3 = 0 and 

_ 0 2 -(q 01 Q 2 _ -[(2m/s)(20s)] 2 

2a 23 2(-3m/s 2 ) 
= 267m 



Ax 



Add the displacements to get the 
total: 



Ax 03 = Ax 01 + Ax n + Ax 23 = 1467 m 



1.47 km 



Remarks: Because the area under the curve of a velocity- versus- time graph equals 
the displacement of the object experiencing the acceleration, we could solve this 
problem by plotting the velocity as a function of time and finding the area bounded 
by it and the time axis. 
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Picture the Problem Note: No material body can travel at speeds faster than light. When 
one is dealing with problems of this sort, the kinematic formulae for displacement, 
velocity and acceleration are no longer valid, and one must invoke the special theory of 
relativity to answer questions such as these. For now, ignore such subtleties. Although 
the formulas you are using (i.e., the constant- acceleration equations) are not quite 
correct, your answer to part (b) will be wrong by about 1 %. 

(a) This part of the problem is an exercise in the conversion of units. Make use of the fact 
that 1 cy = 9.47xl0 15 mand 1 y = 3.16xl0 7 s: 



= (9.81m/s 2 



lc • y 



9.47xl0 15 m 



(3.16xlQ 7 s) : 

(iy) 



,2 \ 



1.03c-y/y 2 
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(b) Let 1 1/2 represent the time it takes t=2tm (1) 

to reach the halfway point. Then the 
total trip time is: 

Use a constant- acceleration Ax = v t + -at 2 

equation to relate the half-distance 
to Mars Ax to the initial speed, 
acceleration, and half-trip time t\a '■ 

Because v 0 = 0 and a = g: 



Q l T 2 iuy 2 




The distance from Earth to Mars at / 2(3 9xl0 10 m) 

closest approach is 7.8 x 10 10 m. t U2 = J— =8.92xl0 4 s 

Substitute numerical values and V 9.81m/s 



evaluate t 



1/2 



2d 



Substitute for t V2 in equation (1) to f = 2(8 92 x 10 4 s) = 1 78 x 10 5 s « 

obtain: 

Remarks: Our result in part (b) seems remarkably short, considering how far Mars 
is and how low the acceleration is. 
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Picture the Problem Because the elevator accelerates uniformly for half the distance and 
uniformly decelerates for the second half, we can use constant-acceleration equations to 
describe its motion 



Let tiQ = 40 s be the time it takes to Ay = v t + -at 2 

reach the halfway mark. Use the 
constant-acceleration equation that 
relates the acceleration to the known 

Ay = \at l 

variables to obtain: 



or, because v 0 = 0, 



Solve for a: 2 Ay 

a = 



t 2 

'l/2 



Substitute numerical values and _ 2(j)(l 173ft)(lm/3.281ft) _ n 2 

evaluate a: a ~ (40s) 2 ~ O.zzJm/s 



0.0228g 
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Picture the Problem Because the acceleration is constant, we can describe the motions 
of the train using constant-acceleration equations. Find expressions for the distances 
traveled, separately, by the train and the passenger. When are they equal? Note that the 
train is accelerating and the passenger runs at a constant minimum velocity (zero 
acceleration) such that she can just catch the train. 
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1 . Using the subscripts "train" and 
"p" to refer to the train and the 
passenger and the subscript "c" to 
identify "critical" conditions, 
express the position of the train and 
the passenger: 



t \ Strata 2 
A train,cV l c/ ^ l c 

and 



Express the critical conditions that 
must be satisfied if the passenger is 
to catch the train: 



v. • = v 

tram,c p,c 

and 



x — x 

train,c p,c 



2. Express the train's average 
velocity. 



v av (0 to O = ° + Vtrain - c = ^± 



3. Using the definition of average 
velocity, express v av in terms of x p , c 
and t c . 

4. Combine steps 2 and 3 and solve 
for x p>c . 



^av = 



— = 0 + X * c = * P ' C 

At 0 + t„ t 



_ ^ train, c^c 

*p,c-^— 



5. Combine steps 1 and 4 and solve 
for t c . 



(. A A V train,c^c 



or 



6. Finally, combine steps 1 and 5 
and solve for Vtrain, c- 



t c -At = ^- 
2 

and 

f c = 2Af = 2(6s) = 12 s 

v p ,c = v tram , c = a tmm t c = (0.4m/s 2 )(l2s) 



= 4.80 m/s 



The graph shows the location of both the passenger and the train as a function of time. 
The parabolic solid curve is the graph of x tra in(0 f° r m e accelerating train. The straight 
dashed line is passenger's position x v (t) if she arrives at At = 6.0 s after the train departs. 
When the passenger catches the train, our graph shows that her speed and that of the train 
must be equal ( v train c = v p c ). Do you see why? 
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Picture the Problem Both balls experience constant acceleration once they are in flight. 
Choose a coordinate system with the origin at the ground and the upward direction 
positive. When the balls collide they are at the same height above the ground. 

Using constant-acceleration 
equations, express the positions of 
both balls as functions of time. At 
the ground y = 0. 



y A =h-\gt 2 
and 

y^=v 0 t-\gt 2 



The conditions at collision are that 
the heights are equal and the 
velocities are related: 



y A = :vb 

and 



Express the velocities of both balls 
as functions of time: 



V A = St 

and 

v B = v 0 ~ gt 



Substituting the position and 
velocity functions into the 
conditions at collision gives: 



h-^gtl =v a t 0 -\gt 2 0 
and 

- gt e = -2(v 0 - gt c ) 
where t c is the time of collision. 



We now have two equations and 
two unknowns, t c and v 0 . Solving the 
equations for the unknowns gives: 



2h , 3gh 

t = J — and v 0 = J 

Vg V 2 



Substitute the expression for t c into 
the equation for y A to obtain the 
height at collision: 



2h 

T 
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Remarks: We can also solve this problem graphically by plotting velocity- versus- 
time for both balls. Because ball A starts from rest its velocity is given by v A = -gt . 
Ball B initially moves with an unknown velocity v B o and its velocity is given 
by v B = v B0 - gt . The graphs of these equations are shown below with T 
representing the time at which they collide. 



V 



I'm 








J v *> 














|T 









The height of the building is the sum of the sum of the distances traveled by the 
balls. Each of these distances is equal to the magnitude of the area "under" the 
corresponding v-versus-f curve. Thus, the height of the building equals the area of 
the parallelogram, which is v m T. The distance that A falls is the area of the lower 
triangle, which is (1/3) v m T. Therefore, the ratio of the distance fallen by A to the 
height of the building is 1/3, so the collision takes place at 2/3 the height of the 
building. 
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Picture the Problem Both balls are moving with constant acceleration. Take the origin 
of the coordinate system to be at the ground and the upward direction to be positive. 
When the balls collide they are at the same height above the ground. The velocities at 
collision are related by va = 4vb. 

Using constant-acceleration 
equations, express the positions of 
both balls as functions of time: 



The conditions at collision are that 
the heights are equal and the 
velocities are related: 



Express the velocities of both balls 
as functions of time: 



y K =h-\gt 2 
and 

y B = v 0 t-\gt 2 

and 

v A = 4 ^b 

v a =-& and v B =v 0 -gt 
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Substitute the position and velocity 
functions into the conditions at 
collision to obtain: 



0 l c 



and 

~gt c =4(v 0 -sO 

where t c is the time of collision. 



We now have two equations and 
two unknowns, t c and v 0 . Solving the 
equations for the unknowns gives: 

Substitute the expression for t c into 
the equation for y A to obtain the 
height at collision: 



3g V 4 



3g 
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Determine the Concept The problem describes two intervals of constant acceleration; 
one when the train's velocity is increasing, and a second when it is decreasing. 



(a) Using a constant-acceleration 
equation, relate the half-distance Ax 
between stations to the initial speed 
v 0 , the acceleration a of the train, 
and the time-to-midpoint At: 



Ax = v 0 At + \a(Atf 
or, because vo = 0, 
Ax = \a(Atf 



Solve for At: 



At = 



2 Ax 



Substitute numerical values and 
evaluate the time-to-midpoint At: 



At 



|2(450m) 
lm/s 2 



30.0s 



Because the train accelerates uniformly and from rest, the first part of its velocity 
graph will be linear, pass through the origin, and last for 30 s. Because it slows 
down uniformly and at the same rate for the second half of its journey, this part of 
its graph will also be linear but with a negative slope. The graph of v as a function 
of t is shown below. 
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(b) The graph of x as a function of t is obtained from the graph of v as a function 
of t by finding the area under the velocity curve. Looking at the velocity graph, 
note that when the train has been in motion for 1 0 s, it will have traveled a 
distance of 

j(l0s)(l0m/s) = 50 m 
and that this distance is plotted above 1 0 s on the following graph. 




Selecting additional points from the velocity graph and calculating the areas under the 
curve will confirm the graph of x as a function of t that is shown. 

Ill 

Picture the Problem This is a two-stage constant-acceleration problem. Choose a 
coordinate system in which the direction of the motion of the cars is the positive 
direction. The pictorial representation summarizes what we know about the motion of the 
speeder's car and the patrol car. 
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x SJO - 0 x S.l X S2 

v sja = 125 km/h t> si = 125 km/h » w = 125 km/h 



t a = 0 I, U 

«sm = 0 %.i2 = 0 



a m = 2.22 m/s 2 1 a rn = 0 



x \>.o ~ 0 X W *i 



IV 



f RO = 0 t) m = 190 km/h l> P2 = 190 km/h 

Convert the speeds of the vehicles km km 1 h 

8 = 8 x = 2.22m/s 2 . 



and the acceleration of the police car 
into SI units: 



h-s h-s 3600s 

„ „ . km „ „ , km 1 h „ , „ . 

125 = 125 x = 34.7m/s, 

h h 3600s 

and 

, A „km ,„„km lh „„ „ , 

190 = 190 x = 52.8m/s 

h h 3600s 



(a) Express the condition that 
determines when the police car 
catches the speeder; i.e., that their 
displacements will be the same: 



S,02 



Using a constant-acceleration 
equation, relate the displacement of 
the patrol car to its displacement 
while accelerating and its 
displacement once it reaches its 
maximum velocity: 



Ax P;02 — Ax Pj01 + Ax pl2 

= Ax m +v Pl (t 2 -t 1 ) 



Using a constant-acceleration 
equation, relate the displacement of 
the speeder to its constant velocity 
and the time it takes the patrol car to 
catch it: 



^•S,02 V S,02^02 



= (34.7m/s)? 2 



Calculate the time during which the 
police car is speeding up: 



At = 



"p,i 



"p,o 



a 



p,oi 



a 



p,oi 



52.8 m/s -0 
2.22 m/s 2 



= 23.8s 
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Express the displacement of the 
patrol car: 



Ax = 



Vy 0 Atp 0l + 2 ^P^l^P.Ol 

0 + }(2.22m/s 2 )(23.8s) 2 
629 m 



Equate the displacements of the two 
vehicles: 



Ax = 



Ax POl + Ax Pl2 



629 m + (52.8 m/s)(r 2 -23.8s) 



Solve for the time to catch up to 
obtain: 



(b) The distance traveled is the 
displacement, Ax 0 2,s, of the speeder 
during the catch: 



(34.7 m/s) h = 629 m 

+ (52.8 m/s)(fe- 23.8 s) 



■■■ h = 



34.7s 



Ax S02 =v S02 Af 02 = (34.7m/sX34.7s) 



1.20km 



(c) The graphs of *s and x P are shown below. The straight line (solid) represents x$(i) and 
the parabola (dashed) represents x P (t). 
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Picture the Problem The accelerations of both cars are constant and we can use 

constant-acceleration equations to describe their motions. Choose a coordinate system in 
which the direction of motion of the cars is the positive direction, and the origin is at the 
initial position of the police car. 



(a) The collision will not occur if, Ax P - Axs < 100 m. 

during braking, the displacements of 
the two cars differ by less than 
100 m. 
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Using a constant-acceleration 
equation, relate the speeder's initial 
and final speeds to its displacement 
and acceleration and solve for the 
displacement: 



or, because v s = 0, 

.2 



Ax. 



•v, 



0,s 



2gl 



Substitute numerical values and 
evaluate Ax s : 



-(34.7m/s)' 10Qm 
s 2(-6m/s 2 ) 



Using a constant-acceleration 
equation, relate the patrol car's 
initial and final speeds to its 
displacement and acceleration and 
solve for the displacement: 

Substitute numerical values and 
evaluate Ax„: 



v„ = v n „ + 2aAx„ 

p 0,p p p 

or, assuming v p = 0, 

,2 



Ax„ 



Ax D 



■v, 



o.p 



2a„ 



-(52.8m/s) 2 
2(-6m/s 2 ) 



232 m 



Finally, substitute these 
displacements into the inequality 
that determines whether a collision 
occurs: 

(b) Using constant-acceleration 
equations, relate the positions of 
both vehicles to their initial 
positions, initial velocities, 
accelerations, and time in motion: 



232 m- 100 m= 132 m 

Because this difference is greater than 



1 00 m, the cars collide 



x s =100m + (34.7m/s)f-(3m/s 2 )/ 12 
and 

x P =(52.8m/s)f-(3m/s 2 )f 2 



Equate these expressions and solve 
for p. 



2\ 2 



100 m + (34.7 m/s)f-(3 m/s z )t 



= (52.8m/s)f-(3m/s 2 )f 2 



and 



t= 5.52s 



(c) 



If you take the reaction time into account, the collision will occur 
sooner and be more severe. 
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Picture the Problem Lou's acceleration is constant during both parts of his trip. Let t\ 
be the time when the brake is applied; L\ the distance traveled from t = Q to t = t\. Let f fin 
be the time when Lou's car comes to rest at a distance L from the starting line. A pictorial 
representation will help organize the given information and plan the solution. 
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f 0 =0 t x t 2 =t tm 

a oA = a ^{y<^ ^i,2= ~ 2a 1 o^o 1 x 

o 1 2 

Xq — 0 — ^2 — i-f 

U 0=° "l="max V 2 =0 



(a) Express the total length, L, of the 
course in terms of the distance over 
which Lou will be accelerating, 
Ajcoi, and the distance over which he 
will be braking, Ax\ 2 : 



L = Ax m + Ax 
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Express the final velocity over the 
first portion of the course in terms 
of the initial velocity, acceleration, 
and displacement; solve for the 
displacement: 



v\ =v 2 0 +2a 0l Ax 0l 

or, because vo = 0, Ajcoi = L\, and 
a 0 i = a, 

2 2 
V, V 

2a 2a 



Express the final velocity over the 
second portion of the course in 
terms of the initial velocity, 
acceleration, and displacement; 
solve for the displacement: 



v\ =Vi+2a l2 Ax l2 



or, because v 2 = 0 and a l2 = -2a, 



Ax l2 = 



4a 



2 



Substitute for Axoi and Axn to 
obtain: 



L = Ax 0l +Ax n =A+1A =\k 
and 



3 Ll 



(b) Using the fact that the 
acceleration was constant during 
both legs of the trip, express Lou's 
average velocity over each leg: 



V av,01 ~ V av,12 ~~ ' 



Express the time for Lou to reach 
his maximum velocity as a function 
of L\ and his maximum velocity: 



At, 



_ Ax 0l _ 2L, 



01 



^av,01 ^max 



and 



Having just shown that the time 
required for the first segment of the 
trip is proportional to the length of 
the segment, use this result to 
express Af 0 i (= h) in terms f fin : 



t = 



3 l fm 
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Picture the Problem There are three intervals of constant acceleration described in this 
problem. Choose a coordinate system in which the upward direction (shown to the left 
below) is positive. A pictorial representation will help organize the details of the problem 
and plan the solution. 



f„ = o 



«01 =-g 



t, =8s 



fl„ = 15 m/s 2 



«23 = 0 



0 

y„ = 575 m 
v 0 = 0 



2 

J/2 

l>, = 5 m/s 



3 

Vi = o 

tj = 5m/s 



(a) The graphs of a{t) (dashed lines) and v(t) (solid lines) are shown below. 



_ o 



S -40 




(b) Using a constant-acceleration 
equation, express her speed in terms 
of her acceleration and the elapsed 
time; solve for her speed after 8 s of 
fall: 



f (s) 



v, =v 0 +a 01 t 1 

= 0 + (9.81m/s 2 )(8s) 



= 78.5 m/s 



(c) Using the same constant- 
acceleration equation that you used 
in part (b), determine the duration of 
her constant upward acceleration: 



v 2 = Vj +a n At 12 



At, =^ 1 



a. 



_ -5 m/s -(-78.5 m/s) 
15 m/s 2 



4.90s 



(d) Find her average speed as she 
slows from 78.5 m/s to 5 m/s: 



v i+ v 2 _ 78.5 m/s + 5 m/s 



= 41.8m/s 
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Use this value to calculate how far 
she travels in 4.90 s: 



Aj 12 =v av A? 12 =(41.8m/s)(4.90s) 
= 204m 



She travels 204 m while slowing 
down. 



(e) Express the total time in terms of 
the times for each segment of her 
descent: 



'.otai =At 01 +At 12 +At 23 



We know the times for the intervals 
from 0 to 1 and 1 to 2 so we only 
need to determine the time for the 
interval from 2 to 3. We can 
calculate At 2 j from her displacement 
and constant velocity during that 
segment of her descent. 

Add the times to get the total time: 



^23=^^1-^01-^12 



= 575m- 
= 57.0m 



^78.5m/s^ 



(8 s) -204 m 



'total ^01 + ^12 *23 



= 8s + 4.9s + 



57.0m 

5m/s 



24.3s 



if) Using its definition, calculate her 
average velocity: 



Ax -1500m 



At 209s 



7.18m/s 



Integration of the Equations of Motion 

*115 • 

Picture the Problem The integral of a function is equal to the "area" between the curve 
for that function and the independent-variable axis. 

(a) The graph is shown below: 




o -1 , , 1 , , 

0 1 2 3 4 5 



t (S) 
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The distance is found by 
determining the area under the 
curve. You can accomplish this 
easily because the shape of the 
area under the curve is a 
trapezoid. 

Alternatively, we could just count 
the blocks and fractions thereof. 

(b) To find the position function 
x(f), we integrate the velocity 
function v(t) over the time 
interval in question: 



Now evaluate x(t) at 0 s and 5 s 
respectively and subtract to obtain 
Ax: 



A = (36 blocks)(2.5 m/block) = 90 m 
or 



A = 



33m/s + 3m/s 



(5s-0s) = 90m 



There are approximately 36 blocks each 
having an area of (5 m/s)(0.5 s) = 2.5 m. 



0 

t 

= J[(6m/s 2 y+(3m/s)]d?' 

0 

and 



x(t) = (3m/s 2 )t 2 +(3m/s)z 



Ax = x(5 s) - x(0 s) = 90 m - 0 m 



= 90.0 m 
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Picture the Problem The integral of v{t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function is equivalent to the "area" 
between the curve for that function and the independent-variable axis. Count the grid 
boxes. 



(a) Find the area of the shaded 
gridbox: 

(b) Find the approximate area under 
curve for 1 s < t < 2 s: 



Area = (lm/s)(ls) = 1 m per box 



AXI, 



to 2 5 



1.2m 



Find the approximate area under 
curve for 2 s < t< 3 s: 



Ax 



2 s to 3 s " 



3.2 m 



(c) Sum the displacements to 
obtain the total in the interval 
1 s < ? < 3 s: 



Ax\ sto 3s = 1.2 m + 3.2 m 
= 4.4 m 



Using its definition, express and 
evaluate v av : 



(d) Because the velocity of the 
particle is dx/dt, separate the 



v = A* lsto 3s = 4.4m 
3V At lsto3s 2s 



dx = (0.5m/s 3 )cfr 



so 



2.20m/s 
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variables and integrate over the 
interval ls<t<3sto determine the 
displacement in this time interval: 



Calculate the average velocity over 
the 2-s interval from 1 s to 3 s: 



Calculate the initial and final 
velocities of the particle over the 
same interval: 



3 s 

Ajc 1s ^ 3s = j" dx' = (0.5m/s 3 )jY 2 df 



*0 



= (0.5m/s 3 ) 



4.33m 



This result is a little smaller than the sum 
of the displacements found in part (b). 



Ax 



Is- 3s 



4.33m 



av(ls-3s) 



AV 3s 2s 



2.17m/s 



(ls)=(0.5m/s 3 )(ls) 2 =0.5m/s 
(3s)=(o.5m/s 3 )(3s) 2 =4.5m/s 



v(ls) + v(3 s) _ 0.5m/s + 4.5m/s 

2 ~ 2 

= 2.50m/s 

This average is not equal to the average 
velocity calculated above. 

Remarks: The fact that the average velocity was not equal to the average of the 
velocities at the beginning and the end of the time interval in part (d) is a 
consequence of the acceleration not being constant. 
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Picture the Problem Because the velocity of the particle varies with the square of the 
time, the acceleration is not constant. The displacement of the particle is found by 
integration. 



Finally, calculate the average value 
of the velocities at t = 1 s and t = 3 s: 



Express the velocity of a particle as , s dx{t) 

the derivative of its position v v) ~ ^ 
function: 

Separate the variables to obtain: dx{t) = v(t)dt 

Express the integral of x from x 0 = 0 *(') ' 

to x and t from t 0 = 0 to t; x(t) = j dx' = j v(f)df 



Substitute for v(t') to obtain: 



t„=0 t„=0 



x(t)= \[(lm/s 3 )t' 2 -(5m/s)]dt 

'o=0 

= 1 (jm/s 3 )r 3 -(5m/s) 



Motion in One Dimension 107 



118 •• 

Picture the Problem The graph is one of constant negative acceleration. Because 

v x = v(i) is a linear function of t, we can make use of the slope-intercept form of the 
equation of a straight line to find the relationship between these variables. We can then 
differentiate v(t) to obtain a(t) and integrate v(i) to obtain x{t). 



Find the acceleration (the slope of the 
graph) and the velocity at time 0 (the 
v-intercept) and use the slope- 
intercept form of the equation of a 
straight line to express v x (i)\ 

Find x{t) by integrating v(t): 



Using the fact that x = 0 when t = 0, 
evaluate C: 



Substitute to obtain: 



a = -10m/s 2 



v A .(O = 50m/s + (-10m/s 2 )f 



x(?) = | [(-10m/s 2 )t + 50m/s]dt 
= (50m/s)f-(5m/s 2 )/ l2 +C 

0 = (50m/sX0)-(5m/s 2 )(0) 2 +C 

and 

C = 0 

x(f)=(50m/s)f-(5ra/s 2 )r 



Note that this expression is quadratic in t 
and that the coefficient of t 2 is negative and 
equal in magnitude to half the constant 
acceleration. 

Remarks: We can check our result for x(t) by evaluating it over the 10-s interval 
shown and comparing this result with the area bounded by this curve and the time 
axis. 
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Picture the Problem During any time interval, the integral of a{t) is the change in 
velocity and the integral of v{t) is the displacement. The integral of a function equals the 
"area" between the curve for that function and the independent-variable axis. 



(a) Find the area of the shaded 
grid box in Figure 2-37: 



Area = (0.5 m/s 2 )(0.5 s) 



0.250 m/s per box 



(b) We start from rest (v 0 = 0) at 
t = 0, For the velocities at the other 
times, count boxes and multiply by 
the 0.25 m/s per box that we found 
in part (a): 



Examples: 

v(l s) = (3.7 boxes)[(0.25 m/s)/box] 



0.925 m/s 



v(2 s) = (12.9 boxes)[(0.25 m/s)/box] 
= 3.22 m/s 



and 
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v(3 s) = (24.6 boxes)[(0.25 m/s)/box] 



6.15 m/s 



(c) The graph of v as a function of t is shown below: 











6 - 
















5 - 














r> A 




























2 - 














1 - 














0 < 

( 














) 0.5 


1.5 ; 

t (s) 


! 2.5 3 



Area = (1.0 m/s)(1.0 s) = 1.0 m per box 



Count the boxes under the v{t) curve 
to find the distance traveled: 



x(3s) = Ax(0^>3s) 

= (7boxes)[(l.0m)/box] 



7.00m 
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Picture the Problem The integral of v(t) over a time interval is the displacement (change 
in position) during that time interval. The integral of a function equals the "area" between 
the curve for that function and the independent-variable axis. Because acceleration is the 
slope of a velocity versus time curve, this is a non-constant-acceleration problem. The 
derivative of a function is equal to the "slope" of the function at that value of the 
independent variable. 

(a) To obtain the data for x(t), we must estimate the accumulated area under the v(t) curve 
at each time interval: 



Find the area of a shaded grid box 
in Figure 2-38: 

We start from rest (v Q = 0) at t 0 = 0. 
For the position at the other times, 
count boxes and multiply by the 
0.5 m per box that we found above. 
Remember to add the offset from 
the origin, x 0 = 5 m, and that boxes 
below the v = 0 line are counted as 
negative: 



A = (1 m/s)(0.5 s) = 0.5 m per box. 



Examples: 

x(3s) = (25.8 boxes) 

= 17.9m 
jc(5s) = (48.0boxes) 

= 29.0m 



0.5m 
box 



+ 5m 



box 



+ 5m 
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A graph of x as a function of t follows: 



jc(l0s) = (51.0boxes) 



0.5m 



box 



-(36.0 boxes) 
= 12.5m 



0.5m 
box 



+ 5m 




(b) To obtain the data for a(t), we 
must estimate the slope (Av/Af) of 
the v(t) curve at each time. A good 
way to get reasonably reliable 
readings from the graph is to 
enlarge several fold: 



Examples: 

a(ls)= v(l.25s)-v(0.75s) 



0.5s 
4.9m/s-3.0m/s 



i(6s) 



0.5 s 

_ v(6.25s)-v(5.75s) 
0.5 s 

_ -1.7m/s-0.4m/s 



= 3.8m/s 2 



= -4.2m/s 2 
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A graph of a as a function of t follows: 




-6 -I , , , 1 1 

0 2 4 6 8 10 



t (s) 
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Picture the Problem Because the position of the body is not described by a parabolic 
function, the acceleration is not constant. 

Select a series of points on the graph of x(t) (e.g., at the extreme values and where 
the graph crosses the t axis), draw tangent lines at those points, and measure their 
slopes. In doing this, you are evaluating v = dx/dt at these points. Plot these slopes 
above the times at which you measured the slopes. Your graph should closely 
resemble the following graph. 
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Select a series of points on the graph of v(t) (e.g., at the extreme values and where the 
graph crosses the t axis), draw tangent lines at those points, and measure their slopes. In 
doing this, you are evaluating a = dv/dt at these points. Plot these slopes above the times 
at which you measured the slopes. Your graph should closely resemble the graph shown 
below. 
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Picture the Problem Because the acceleration of the rocket varies with time, it is not 
constant and integration of this function is required to determine the rocket's velocity and 
position as functions of time. The conditions on x and v at t = 0 are known as initial 
conditions. 



(a) Integrate a{t) to find v(t): 



Integrate v(t) to find x{t): 



v(t) = Ja(f) dt = b^t dt = \bt 2 + C 

where C, the constant of integration, can be 
determined from the initial conditions. 

x{t) = \v{t)dt = \[\bt 2 +C]dt 

= \bt 3 + Ct + D 

where D is a second constant of 
integration. 



Using the initial conditions, find the 
constants C and D: 



v(0) = 0 
and 

jc(0) = 0 



C = 0 



D = 0 



x 



(b) Evaluate v(5 s) and x(5 s) with 
C = D = 0andb = 3 m/s 2 : 



;(5s) = -(3m/s 2 )(5s) 2 = 



37.5 m/s 



and 



x(5s) = ^(3m/s 2 )(5s) 3 = 



62.5 m 
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Picture the Problem The acceleration is a function of time; therefore it is not constant. 
The instantaneous velocity can be determined by integration of the acceleration and the 
average velocity from the displacement of the particle during the given time interval. 
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(a) Because the acceleration is the 
derivative of the velocity, integrate 
the acceleration to find the 
instantaneous velocity v(t). 



a(t) = 



dv 
dt 



;(t)= \dV= \a{f)df 



r„=0 



f„=0 



Calculate the instantaneous velocity 
using the acceleration given. 



(b) To calculate the average 
velocity, we need the displacement: 



v(f) = (o.2m/s 3 ) \fdf 

h =o 

and 

<(?)=(0.1m/s 3 ) 



(t) = —^x{t)= f<£c' = \v{t')dt' 

At J J 



An 



dt 



t„ =o 



Because the velocity is the 
derivative of the displacement, 
integrate the velocity to find Ax. 



x(t)= (0.1m/s 3 ) jV 2 dt' = (0.1m/s 3 )- 
and 

Ax = x{l s) - x(2 s) 

= (o.lm/sO( 7s), - (2S> ' 
= 11.2m 



Using the definition of the average 
velocity, calculate v av . 



Ax _ 11.2m 
At 5 s 



2.23 m/s 
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Determine the Concept Because the acceleration is a function of time, it is not constant. 
Hence we'll need to integrate the acceleration function to find the velocity as a function 
of time and integrate the velocity function to find the position as a function of time. The 
important concepts here are the definitions of velocity, acceleration, and average velocity. 



(a) Starting from t 0 = 0, integrate the 
instantaneous acceleration to obtain 
the instantaneous velocity as a 
function of time: 



From a 



dv 



dt 

it follows that 

V / 

\dV = ^(a 0 +bt')dt 
and 



v = v 0 +a 0 t + jbt 



(b) Now integrate the instantaneous 
velocity to obtain the position as a 
function of time: 



From v = 



dx 



dt 

it follows that 
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]dx' = \v(f)df 

x Q / 0 =0 



4 



v g +a 0 t'+-t' 2 



dt' 



and 



x = x 0 +v Q t + ja 0 t +\bt 



(c) The definition of the average 
velocity is the ratio of the 
displacement to the total time 
elapsed: 



Note that v av is not the same as that 
due to constant acceleration: 



General Problems 



Ax _ x-x 0 _ v 0 t + \a 0 t + \bt 
At t-t n t 



and 



v av =v 0 +±a 0 t + ±bt 2 



constant acceleration / 



v 0 +v 



_v 0 +(v 0 +a 0 t + ±bt 2 ) 



= v 0 +\aj + \bt 2 
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Picture the Problem The acceleration of the marble is constant. Because the motion is 
downward, choose a coordinate system with downward as the positive direction. The 
equation g exp = (1 m)/(Af) 2 originates in the constant-acceleration equation 

Ajc = v 0 Af + ya(Af ) 2 . Because the motion starts from rest, the displacement of the 
marble is 1 m, the acceleration is the experimental value g exp , and the equation simplifies 
to g exp = (l m)/(Af) 2 . 



Express the percent difference 
between the accepted and 
experimental values for the 
acceleration due to gravity: 



% difference = 



» accepted 



' exp 



' accepted 



Using a constant-acceleration 
equation, express the velocity of the 
marble in terms of its initial 
velocity, acceleration, and 
displacement: 

Solve for v f : 

Let vi be the velocity the ball has 
reached when it has fallen 0.5 cm, 



v f = v o + 2aAy 

or, because v 0 = 0 and a = g, 

v f 2 = 2gAy 



f = V 2 s A y 

^2(9.8 lm/s 2 )(0.005m) = 0.313m/s 



v, = 
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and v 2 be the velocity the ball has 
reached when it has fallen 0.5 m to 
obtain. 



and 



A /2(9.81m/s 2 )(0.5m) = 3.13m/s 



Using a constant-acceleration 
equation, express v 2 in terms of V\, , 
and At: 



v 2 =v x + gAt 



Solve for At: 



A V 2 ~ V l 

At = — 1 



Substitute numerical values and 
evaluate At: 



3.13m/s-0.313m/s 

At = z = 0.2872 s 

9.81m/s 2 



Calculate the experimental value of 
the acceleration due to gravity from 
g exp = (l m)/(Af) 2 : 



lm 



(0.2872 s) 2 



12.13m/s 2 



Finally, calculate the percent 
difference between this 
experimental result and the value 
accepted for g at sea level. 



% difference 



9.81m/s 2 -12.13m/s 2 



9.81m/s 2 



23.6% 
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Picture the Problem We can obtain an average velocity, v av = Ax/ At, over fixed time 
intervals. The instantaneous velocity, v = dx/dt can only be obtained by differentiation. 

(a) The graph of x versus t is shown below: 




(b) Draw a tangent line at the origin 
and measure its rise and run. Use 
this ratio to obtain an approximate 
value for the slope at the origin: 



The tangent line appears to, at least 

approximately, pass through the point 

(5, 4). Using the origin as the second point, 
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and 



Ax = 4 cm -0 = 4 cm 



Af = 5s-0 = 5s 



Therefore, the slope of the tangent 
line and the velocity of the body as 
it passes through the origin is 
approximately: 



/„\ rise Ax 4 cm 
run At 5 s 



0.800 cm/s 



(c) Calculate the average velocity for the series of time intervals given by completing the 
table shown below: 



to 


t 


At 


Xo 


X 


Ax 


v av =Ax/At 


(s) 


(s) 


(s) 


(cm) 


(cm) 


(cm) 


(m/s) 


0 


6 


6 


0 


4.34 


4.34 


0.723 


0 


3 


3 


0 


2.51 


2.51 


0.835 


0 


2 


2 


0 


1.71 


1.71 


0.857 


0 


1 


1 


0 


0.871 


0.871 


0.871 


0 


0.5 


0.5 


0 


0.437 


0.437 


0.874 


0 


0.25 


0.25 


0 


0.219 


0.219 


0.875 



(d) Express the time derivative of 
the position: 

Substitute numerical values and 
dx 

evaluate — at t = 0: 
dt 



dx 

— = Acocoscot 
dt 



dx 
dt 



= A<ycos0 = Aco 



(0.05 m)(0. 175 s" 1 ) 



= 0.875 cm/s 



(e) Compare the average velocities 
from part (c) with the instantaneous 
velocity from part (d): 



As At, and thus Ax, becomes small, the 
value for the average velocity approaches 
that for the instantaneous velocity obtained 
in part (d). For At = 0.25 s, they agree to 
three significant figures. 
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Determine the Concept Because the velocity varies nonlinearly with time, the 
acceleration of the object is not constant. We can find the acceleration of the object by 
differentiating its velocity with respect to time and its position function by integrating the 
velocity function. The important concepts here are the definitions of acceleration and 
velocity. 

(a) The acceleration of the object is dv d r • r w 

the derivative of its velocity with a = ~T = ~ L v max sin (## )\ 

respect to time: 



»v max cos(^) 
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Because a varies sinusoidally 
with time it is not constant. 



(b) Integrate the velocity with 
respect to time from 0 to t to obtain 
the change in position of the body: 



]& = ][ 
and 



v,™ sin 



(cot')]df 



-cos 



CO 



-cos 



CO 



{cot) + - 



CO 



or 



x = x 0 +^^[l-cos(cot)] 

CO 



Note that, as given in the problem 
statement, x(0 s) = x 0 . 
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Picture the Problem Because the acceleration of the particle is a function of its position, 
it is not constant. Changing the variable of integration in the definition of acceleration 
will allow us to determine its velocity and position as functions of position. 



(a) Because a = dv/dt, we must 
integrate to find v(t). Because a is 
given as a function of x, we'll need 
to change variables in order to carry 
out the integration. Once we've 
changed variables, we'll separate 
them with v on the left side of the 
equation and x on the right: 

Integrate from x 0 and v 0 to x and v: 



dv dv dx dv /_ _ 2 \ 

a = — = = v — = lzs p 

dt dx dt dx 



or, upon separating variables, 
vdv = {ls 2 )xdx 



Solve for v to obtain: 



Now set v 0 = 0, x 0 = 1 m, x = 3 m, 
b =2 s~ 2 and evaluate the speed: 



V X 

JvW= l(2s- 2 )c'dx' 

K 0 =0 X 0 

and 

v 2 -vl={2^\x 2 -xl) 
v = jv 2 +(2s- 2 lx 2 -x 2 0 ) 



v = ±V(2s- 2 )[(3m) 2 -(lm) 
and 



v = 4.00m/s 
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(b) Using the definition of v, 
separate the variables, and integrate 
to get an expression for t: 



<*)■■ 



dx 



dt 



and 



\dt< = ] 



dx' 

A7) 



To evaluate this integral we first 
must find v(x). Show that the 
acceleration is always positive and 
use this to find the sign of v(x). 



a = (2 s~ 2 )x and xo = 1 m. x 0 is positive, so 
flo is also positive, vo is zero and ao is 
positive, so the object moves in the 
direction of increasing x. As x increases 
the acceleration remains positive, so the 
velocity also remains positive. Thus, 

v = t](2s~ 2 \x 2 -xl). 



Substitute -J(2s 2 \x 2 - xl) forv 

and evaluate the integral. (It can be 
found in standard integral tables.) 



= \df = \ 



I 



r dx 



v(x>) 
dx' 



*oV( 2s 2 X x ' 2 -*o) 



dx' 



i / 2 _ 2 

X ~r -\/ X Xt\ 



Evaluate this expression with 
x 0 = 1 m and x = 3 m to obtain: 



t = 



1.25 s 
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Picture the Problem The acceleration of this particle is not constant. Separating 
variables and integrating will allow us to express the particle's position as a function of 
time and the differentiation of this expression will give us the acceleration of the particle 
as a function of time. 



(a) Write the definition of velocity: 



v = ■ 



dx 
dt 



We are given that x = bv, where 
b = 1 s. Substitute for v and 
separate variables to obtain: 



dx _ x 
dt b 



■dt = b 



dx 



Integrate and solve for x(t): 



jdt' = b^^ 7 ^>(t-t 0 ) = b\n 



f \ 
x 



and 
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[> 


-t 0 )/b 


x 0 e 





(b) Differentiate twice to obtain v(t) 
and a(t): 



dx 1 {t-k)'b 



v = — = — x n e 



dt b 



and 

_ dv _ 1 (t-h)fb 

dt b 2 



Substitute the result in part (a) to 
obtain the desired results: 



V (t) = yX(t) 

b 

and 



a(t) = - I x{t) 
so 

a(t) = -v(t) = -jx(t) 
b b 



Because the numerical value of b, expressed in SI units, is one, the 
numerical values of a, v, and x are the same at each instant in time. 
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Picture the Problem Because the acceleration of the rock is a function of time, it is not 
constant. Choose a coordinate system in which downward is positive and the origin at 
the point of release of the rock. 



Separate variables in 



a(t) = dv/dt = ge bt to obtain: 



dv = ge b 'dt 



Integrate from t 0 = 0, v D = 0 to some 
later time t and velocity v: 



v = \dV = \ge- bt 'df = ^-[e- bt X 
oo " 

-f&-**)-v_&-.*) 

where 
v = — 



Separate variables in 

v = dy/dt = v term (l-e' b ')to 

obtain: 



Integrate from t 0 = 0, y a = 0 to some 
later time t and position y: 



\dy = \v teim (\-e- bl ')df 



o o 
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t'+-e- bt ' 
b 



■(•-«■*) 



This last result is very interesting. It says that throughout its free-fall, the object 
experiences drag; therefore it has not fallen as far at any given time as it would have if it 
were falling at the constant velocity, Vterm- 



On the other hand, just as the 
velocity of the object asymptotically 
approaches v term , the distance it has 
covered during its free-fall as a 
function of time asymptotically 
approaches the distance it would 
have fallen if it had fallen with v term 
throughout its motion. 



V t t 

term 



This should not be surprising because in 
the expression above, the first term grows 
linearly with time while the second term 
approaches a constant and therefore 
becomes less important with time. 
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Picture the Problem Because the acceleration of the rock is a function of its velocity, it 
is not constant. Choose a coordinate system in which downward is positive and the 
origin is at the point of release of the rock. 



Rewrite a = g-bv explicitly as a 
differential equation: 



dv 
dt 



g-bv 



Separate the variables, v on the left, 
t on the right: 



dv 



g-bv 



= dt 



Integrate the left-hand side of this 
equation from 0 to v and the right- 
hand side from 0 to t: 



f— =k 

ig-bv' i 



and 



-In 



g-bv 



Solve this expression for v. 



Finally, differentiate this expression 
with respect to time to obtain an 
expression for the acceleration and 



v = H-e- h <) 
b y ' 



dv 
a = — = 
dt 
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complete the proof. 
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Picture the Problem The skydiver's acceleration is a function of her velocity; therefore 
it is not constant. Expressing her acceleration as the derivative of her velocity, separating 
the variables, and then integrating will give her velocity as a function of time. 



(a) Rewrite a = g - cv explicitly as a 
differential equation: 



dv 2 
— = g-cv 
dt 



Separate the variables, with v on the 
left, and t on the right: 



dv 



= dt 



cv 



Eliminate c by using c = 



dv 



dv 







f \ 


2 




1- 


V 




8 










\ V T J 





dt 



or 



dv 



( \ 2 
v 



= gdt 



\ V TJ 



Integrate the left-hand side of this 
equation from 0 to v and the right- 
hand side from 0 to t: 



dv' 



( \ 2 
V 



V T J 



= g$df = gt 



The integral can be found in integral 
tables: 



v T tanh _1 (v/v r ) = gt 
or 

tanh" 1 (v / v T ) = (g / v T )t 



Solve this equation for v to obtain: 



f \ 



v = v T tanh 



y v Tj 



Because c has units of nf and g i.e., T = (eg) 

has units of m/s 2 , (eg) -1 2 will have 

units of time. Let's represent this 

expression with the time-scale factor 

T: 
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The skydiver falls with her terminal 
velocity when a = 0. Using this 
definition, relate her terminal 
velocity to the acceleration due to 
gravity and the constant c in the 
acceleration equation: 

Convince yourself that T is also 
equal to v T /g and use this 
relationship to eliminate g and v T in 
the solution to the differential 
equation: 

(b) The following table was generated using a spreadsheet and the equation we derived in 
part (a) for v(t). The cell formulas and their algebraic forms are: 



Cell 


Content/Formula 


Algebraic Form 


Dl 


56 


Vj 


D2 


5.71 


T 


B7 


B6 + 0.25 


t + 0.25 


C7 


$B$1*TANH(B7/$B$2) 


f t \ 
v T tanh — 





A 


B 


C 


D 


E 


i 


vT = 


56 


m/s 






2 


T= 


5.71 


s 






3 












4 












5 




time (s) 


v (m/s) 






6 




0.00 


0.00 






7 




0.25 


2.45 






8 




0.50 


4.89 






9 




0.75 


7.32 






10 




1.00 


9.71 


















54 




12.00 


54.35 






55 




12.25 


54.49 






56 




12.50 


54.61 






57 




12.75 


54.73 






58 




13.00 


54.83 










13.25 


54.93 







0 = g - cv T 
and 




v(,)= 



v T tanh 
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Note that the velocity increases linearly over time (i.e., with constant acceleration) for 
about time T, but then it approaches the terminal velocity as the acceleration decreases. 



Chapter 3 

Motion in Two and Three Dimensions 

Conceptual Problems 
*i * 

Determine the Concept The distance traveled along a path can be represented as a 
sequence of displacements. 



0 




Suppose we take a trip along some path and consider the trip as a sequence of many very 
small displacements. The net displacement is the vector sum of the very small 
displacements, and the total distance traveled is the sum of the magnitudes of the very 
small displacements. That is, 

total distance = Ar 01 + \fcr x J + |Ar 2 3 | +...+ |Af A ,_ 1 J 

where N is the number of very small displacements. (For this to be exactly true we have 
to take the limit as N goes to infinity and each displacement magnitude goes to zero.) 
Now, using "the shortest distance between two points is a straight line," we have 

\^0,N | ^ K,l | + | ^,2 1 + 1^2,3 1 + - + l^-Uvl > 

where |AF 0 n | is the magnitude of the net displacement. 

Hence, we have shown that the magnitude of the displacement of a particle is less than or 
equal to the distance it travels along its path. 

2 

Determine the Concept The displacement of an object is its final position vector minus 
its initial position vector ( Ar = r f — rj ). The displacement can be less but never more 
than the distance traveled. Suppose the path is one complete trip around the earth at the 
equator. Then, the displacement is 0 but the distance traveled is 2xRq. 
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Determine the Concept The important distinction here is that average velocity is being 
requested, as opposed to average speed. 



The average velocity is defined as 
the displacement divided by the 
elapsed time. 



- AF 0 n 

av At At 



The displacement for any trip around the track is zero. Thus we see that no 
matter how fast the race car travels, the average velocity is always zero at 
the end of each complete circuit. 



What is the correct answer if we were asked for average speed? 

total distance 



The average speed is defined as the 
distance traveled divided by the 
elapsed time. 



At 



For one complete circuit of any track, the total distance traveled will be 
greater than zero and the average is not zero. 



False. Vectors are quantities with magnitude and direction that can be added and 
subtracted like displacements. Consider two vectors that are equal in magnitude and 
oppositely directed. Their sum is zero, showing by counterexample that the statement is 
false. 



Determine the Concept We can answer 
this question by expressing the relationship 

between the magnitude of vector A and its 
component A s and then using properties of 
the cosine function. 




Express A s in terms of A and 0 : 



A 5 =A cosO 



Take the absolute value of both \a s \ =\A cos e\ =A\ cosc/l 

sides of this expression: 



and 
I cos#| = 



Ms! 

A 
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Using the fact that 0 < Icos 0 \ < 1 , | 

substitute for Icos 9 1 to obtain: 0 < T - 1 or ® < |4s 



No. The magnitude of a component of a vector must be less than or equal 
to the magnitude of the vector. 



If the angle 6 shown in the figure is equal to 0° or multiples of 1 80°, then 
the magnitude of the vector and its component are equal. 



*6 • 

Determine the Concept The diagram 

shows a vector A and its components A x 
and A T We can relate the magnitude of 

A is related to the lengths of its 
components through the Pythagorean 
theorem. 

Suppose that A is equal to zero. Then A z = A z x + A z y = 0. 
But A 2 S +Al=0^A x = A y = 0. 

No. If a vector is equal to zero, each of its components must be zero too. 

7 

Determine the Concept No. Consider the special case in which B = —A . 

lfB = —A ^ 0, then C = 0 and the magnitudes of the components of A and B are 

larger than the components of C . 

*8 • 

Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of Av/ At . Thus, the acceleration vector is in the same direction as Av. 

False. Consider a ball that has been 
thrown upward near the surface of 
the earth and is slowing down. The 
direction of its motion is upward. 

The diagram shows the ball's 
velocity vectors at two instants of 
time and the determination of Av. 
Note that because Av is downward 
so is the acceleration of the ball. 
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9 

Determine the Concept The instantaneous acceleration is the limiting value, as At 
approaches zero, of Av/ At and is in the same direction as Av . 



Other than through the definition of a, the instantaneous velocity and acceleration vectors 
are unrelated. Knowing the direction of the velocity at one instant tells one nothing about 



how the velocity is changing at that instant, (e) is correct. 



10 • 

Determine the Concept The changing velocity of the golf ball during its flight can be 
understood by recognizing that it has both horizontal and vertical components. The nature 
of its acceleration near the highest point of its flight can be understood by analyzing the 
vertical components of its velocity on either side of this point. 



At the highest point of its flight, the 
ball is still traveling horizontally 
even though its vertical velocity is 
momentarily zero. The figure to the 
right shows the vertical components 
of the ball's velocity just before and 
just after it has reached its highest 
point. The change in velocity during 
this short interval is a non-zero, 
downward-pointing vector. Because 
the acceleration is proportional to 
the change in velocity, it must also 
be nonzero. 



(d) is correct. 



Remarks: Note that v x is nonzero and v y is zero, while a x is zero and a y is nonzero. 



11 • 

Determine the Concept The change in the velocity is in the same direction as the 
acceleration. Choose an x-y coordinate system with east being the positive x direction 
and north the positive y direction. 



Given our choice of coordinate system, the x component of a is negative and so V will 
decrease. The y component of a is positive and so v will increase toward the north. 

(c) is correct. 



*12 • 

Determine the Concept The average velocity of a particle, v av , is the ratio of the 
particle's displacement to the time required for the displacement. 



(a) We can calculate Af from the given information and At is known, (a) is correct 



(b) We do not have enough information to calculate Av and cannot compute the 
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particle's average acceleration. 



(c) We would need to know how the particle's velocity varies with time in order to 
compute its instantaneous velocity. 

(d) We would need to know how the particle's velocity varies with time in order to 
compute its instantaneous acceleration. 

13 

Determine the Concept The velocity vector is always in the direction of motion and, 
thus, tangent to the path. 



The velocity vector, as a consequence of always being in the direction of 
motion, is tangent to the path. 



(b) A sketch showing two velocity 
vectors for a particle moving along a 
path is shown to the right. 



14 • 

Determine the Concept An object experiences acceleration whenever either its speed 
changes or it changes direction. 



The acceleration of a car moving in a straight path at constant speed is zero. In the other 
examples, either the magnitude or the direction of the velocity vector is changing and, 

hence, the car is accelerated, (b) is correct. 



*15 • 

Determine the Concept The velocity vector is defined by v = df I dt, while the 
acceleration vector is defined by a = dv I dt. 

(a) A car moving along a straight road while braking. 

(b) A car moving along a straight road while speeding up. 

(c) A particle moving around a circular track at constant speed. 

16 • 

Determine the Concept A particle experiences accelerated motion when either its speed 
or direction of motion changes. 

A particle moving at constant speed in a circular path is accelerating because the 
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direction of its velocity vector is changing. 

If a particle is moving at constant velocity, it is not accelerating. 

17 » 

Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, Av . 

(a) The sketch for the dart thrown 
upward is shown to the right. The 
acceleration vector is in the 
direction of the change in the 
velocity vector Av. 

(b) The sketch for the falling dart is 
shown to the right. Again, the 
acceleration vector is in the 
direction of the change in the 
velocity vector Av. 

(c) The acceleration vector is in the 
direction of the change in the 
velocity vector . . . and hence is 
downward as shown the right: 

*18 

Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, Av . 




The drawing is shown to the right. 




19 

Determine the Concept The acceleration vector is in the same direction as the change in 
velocity vector, Av . 



The sketch is shown to the right. 
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20 • 

Determine the Concept We can decide what the pilot should do by considering the 
speeds of the boat and of the current. 



Give up. The speed of the stream is equal to the maximum speed of the boat in still 
water. The best the boat can do is, while facing directly upstream, maintain its position 

relative to the bank. 



(d) is correct. 



*21 • 

Determine the Concept True. In the absence of air resistance, both projectiles 
experience the same downward acceleration. Because both projectiles have initial vertical 
velocities of zero, their vertical motions must be identical. 

22 • 

Determine the Concept In the absence of air resistance, the horizontal component of the 
projectile's velocity is constant for the duration of its flight. 



At the highest point, the speed is the horizontal component of the initial velocity. The 



vertical component is zero at the highest point, (e) is correct 



23 • 

Determine the Concept In the absence of air resistance, the acceleration of the ball 
depends only on the change in its velocity and is independent of its velocity. 



As the ball moves along its trajectory between points A and C, the vertical component of 
its velocity decreases and the change in its velocity is a downward pointing vector. 
Between points C and E, the vertical component of its velocity increases and the change 
in its velocity is also a downward pointing vector. There is no change in the horizontal 

component of the velocity, (d) is correct. 



24 • 

Determine the Concept In the absence of air resistance, the horizontal component of the 
velocity remains constant throughout the flight. The vertical component has its maximum 
values at launch and impact. 



(a) The speed is greatest at A and E. 

(b) The speed is least at point C. 



(c) The speed is the same at A and E. The horizontal components are equal at these points 
but the vertical components are oppositely directed. 

25 • 

Determine the Concept Speed is a scalar quantity, whereas acceleration, equal to the 
rate of change of velocity, is a vector quantity. 

(a) False. Consider a ball on the end of a string. The ball can move with constant speed 
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(a scalar) even though its acceleration (a vector) is always changing direction. 

(b) True. From its definition, if the acceleration is zero, the velocity must be constant and 
so, therefore, must be the speed. 

26 • 

Determine the Concept The average acceleration vector is defined by a av = Av / A^. 



The direction ofa av is that of 

Av = v f — v*j, as shown to the right. 




27 • 

Determine the Concept The velocity of B relative to A is v BA = v B - v A . 



The direction of v BA = v B - v A is shown to 
the right. 




*28 

(a) The vectors A(t) and A(t + At) are of equal length but point in slightly different 
directions. AA is shown in the diagram below. Note that A4 is nearly perpendicular 
toA(^). For very small time intervals, A4 and A{t) are perpendicular to one another. 
Therefore, dA I dt is perpendicular to A. 




(b) If A represents the position of a particle, the particle must be undergoing circular 
motion (i.e., it is at a constant distance from some origin). The velocity vector is tangent 
to the particle's trajectory; in the case of a circle, it is perpendicular to the circle's radius. 



(c) Yes, it could in the case of uniform circular motion. The speed of the particle is 
constant, but its heading is changing constantly. The acceleration vector in this case is 
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always perpendicular to the velocity vector. 



29 

Determine the Concept The velocity vector is in the same direction as the change in the 
position vector while the acceleration vector is in the same direction as the change in the 
velocity vector. Choose a coordinate system in which the y direction is north and the x 
direction is east. 



(a) 



Path 


Direction of velocity 
vector 


AB 


north 


BC 


northeast 


CD 


east 


DE 


southeast 


EF 


south 



(b) 



Path 


Direction of acceleration 
vector 


AB 


north 


BC 


southeast 


CD 


0 


DE 


southwest 


EF 


north 



(c) 



The magnitudes are comparable, but larger for DE since the radius of the 
path is smaller there. 



*30 

Determine the Concept We'll assume that the cannons are identical and use a constant- 
acceleration equation to express the displacement of each cannonball as a function of 
time. Having done so, we can then establish the condition under which they will have the 
same vertical position at a given time and, hence, collide. The modified diagram shown 



Express the displacement of the 
cannonball from cannon A at any 
time t after being fired and before 
any collision: 



Ar 



Express the displacement of the 
cannonball from cannon A at any 
time f after being fired and before 
any collision: 



Ar' = v' 0 t'+'gt' 2 
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If the guns are fired simultaneously, t = f and the balls are the same distance 
\ gt 2 below the line of sight at all times. Therefore, they should fire the guns 
simultaneously. 

Remarks: This is the "monkey and hunter" problem in disguise. If you imagine a 
monkey in the position shown below, and the two guns are fired simultaneously, and 
the monkey begins to fall when the guns are fired, then the monkey and the two 
cannonballs will all reach point P at the same time. 



Determine the Concept The droplet leaving the bottle has the same horizontal velocity 
as the ship. During the time the droplet is in the air, it is also moving horizontally with 
the same velocity as the rest of the ship. Because of this, it falls into the vessel, which 
has the same horizontal velocity. Because you have the same horizontal velocity as the 
ship does, you see the same thing as if the ship were standing still. 

32 • 

Determine the Concept 



Because A and D are tangent to the path of the stone, either of them could 
represent the velocity of the stone. 




B 



31 



A(t) 




Let the vectors A(t) and B(t + At) be of equal length but point in slightly 
different directions as the stone moves around the circle. These two 



(b) 



vectors and AA are shown in the diagram above. Note that AA is nearly 
perpendicular to A\t). For very small time intervals, AA and A(t) are 



perpendicular to one another. Therefore, dAldt is perpendicular to A and 
only the vector E could represent the acceleration of the stone. 
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33 • 

Determine the Concept True. An object accelerates when its velocity changes; that is, 
when either its speed or its direction changes. When an object moves in a circle the 
direction of its motion is continually changing. 



34 

Picture the Problem In the diagram, (a) 
shows the pendulum just before it reverses 
direction and (b) shows the pendulum just 
after it has reversed its direction. The 
acceleration of the bob is in the direction of 
the change in the velocity Av = v f - v i and 
is tangent to the pendulum trajectory at the 
point of reversal of direction. This makes 
sense because, at an extremum of motion, 
v = 0, so there is no centripetal 
acceleration. However, because the 
velocity is reversing direction, the 
tangential acceleration is nonzero. 



(«) 

////////// 




////////// 
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Determine the Concept The principle reason is aerodynamic drag. When moving 
through a fluid, such as the atmosphere, the ball's acceleration will depend strongly on its 
velocity. 



Estimation and Approximation 

*36 

Picture the Problem During the flight of the ball the acceleration is constant and equal 
to 9.81 m/s 2 directed downward. We can find the flight time from the vertical part of the 
motion, and then use the horizontal part of the motion to find the horizontal distance. 
We'll assume that the release point of the ball is 2 m above your feet. 



Make a sketch of the motion. 
Include coordinate axes, initial and 
final positions, and initial velocity 
components: 



Obviously, how far you throw the 
ball will depend on how fast you 
can throw it. A major league 
baseball pitcher can throw a fastball 
at 90 mi/h or so. Assume that you 
can throw a ball at two-thirds that 
speed to obtain: 




0.447 m/s 

v n = 60 mi/n x = 26.8 m/s 

0 lmi/h 
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There is no acceleration in the x 
direction, so the horizontal motion is 
one of constant velocity. Express the 
horizontal position of the ball as a 
function of time: 



x = v 0x t 



(1) 



Assuming that the release point of 
the ball is a distance h above the 
ground, express the vertical position 
of the ball as a function of time: 

(a) For 9 = 0 we have: 



Substitute in equations (1) and (2) to 
obtain: 



y = h + v 0 t + \at 2 



(2) 



v Qx = v 0 cos0 0 = (26.8m/s)cos0° 
= 26.8m/s 

and 

v 0> , = v 0 sin 0 0 = (26.8 m/s)sin 0° = 0 

x = (26. 8 m/s)* 
and 

j = 2m + |(-9.81m/s 2 y 



Eliminate t between these equations 
to obtain: 



y = 2m- 



4.91 m/s 2 2 



(26.8 m/s) 2 



At impact, y = 0 and x = R: 



0 = 2m 



4.91m/s 2 n2 
-R 



(26.8m/s) : 



Solve for R to obtain: 



7?= 17.1m 



(b) Using trigonometry, solve for vo x 
and v 0y : 



v Qx = v 0 cos0 Q = (26.8m/s)cos45° 
= 19.0m/s 

and 

v 0>) = v 0 sin 6 Q = (26.8 m/s) sin 45° 
= 19.0m/s 



Substitute in equations (1) and (2) to 
obtain: 



Jt = (l9.0m/s)f 
and 

j = 2m + (l9.0m/s) + |(-9.81m/s 2 



Eliminate ? between these equations 
to obtain: 



_y = 2m + x- 



4.905 m/s 2 2 
(l 9.0 m/s) 2 ^ 
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At impact, y = 0 and x = R. Hence: 



Solve for R (you can use the 
"solver" or "graph" functions of 
your calculator) to obtain: 

(c) Solve for v 0x and v 0y : 



Substitute in equations (1) and (2) to 
obtain: 



0 = 2m + i? 



4.905 m/s 2 d2 
- K 



(l 9.0 m/s) 2 
3r 

i? 2 -(73.60m)i? -147.2m 2 =0 



R= 75.6m 



v ox = v o =26.8 m/s 
and 

% = o 



x = (26.8m/sV 
and 

j = 14m + ^(-9.81m/s 2 y 



Eliminate t between these equations 
to obtain: 



y = 14m- 



4.905 m/s 2 
(26.8 m/s) 2 



At impact, y = 0 and x = 7?: 



. , . 4.905m/s 2 d2 
0 = 14m-^ ^ri? 



(26.8 m/s) 2 



Solve for R to obtain: 



R= 45.3m 



(J) Using trigonometry, solve for 
v 0x and v 0y : 

Substitute in equations (1) and (2) to 
obtain: 



v 0x = v 0y = 19.0 m/ s 



* = (l9.0m/s)f 
and 

j = 14m + (l9.0m/s)^ + {(-9.81m/s : 



Eliminate t between these equations 
to obtain: 



y = 14m + x- 



4.905 m/s 2 
(19.0 m/s) 2 



At impact, y = 0 and x = R: 



0 = 14m + i? 



4.905 m/s 2 ^ 2 
(19.0 m/s) 2 



Solve for (you can use the 
"solver" or "graph" function of your 
calculator) to obtain: 



R= 85.6m 
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37 

Picture the Problem We'll ignore the height of Geoff s release point above the ground 
and assume that he launched the brick at an angle of 45°. Because the velocity of the 
brick at the highest point of its flight is equal to the horizontal component of its initial 
velocity, we can use constant-acceleration equations to relate this velocity to the brick's x 
and y coordinates at impact. The diagram shows an appropriate coordinate system and the 
brick when it is at point P with coordinates (x, y). 



Hx,y) 




R = 44.5 m 



Using a constant-acceleration 
equation, express the x coordinate of 
the brick as a function of time: 



x = x 0 +v 0x t + jaj 

or, because x 0 = 0 and a x = 0, 

x = v 0x t 



Express the y coordinate of the brick 
as a function of time: 



or, because y 0 = 0 and a v = -g, 

y = v a y t-\gt 2 



Eliminate the parameter t to obtain: 



y 



= (tan 6* 0 )x- 



§ -x 2 



2v, 



Ox 



Use the brick's coordinates when it 
strikes the ground to obtain: 

Solve for v 0x to obtain: 



0 = (tan^ 0 )i?--Vi? 2 

2v 0x 

where R is the range of the brick. 



2tan# n 



Substitute numerical values and 
evaluate vo. r : 



14.8m/s 



( (9.81m/s 2 )(44.5m) _ 

V ° x ~i 2tan45° " 
Note that, at the brick's highest point, 

Vy =0. 



Vectors, Vector Addition, and Coordinate Systems 



38 • 

Picture the Problem Let the positive y direction be straight up, the positive x direction 
be to the right, and A and B be the position vectors for the minute and hour hands. The 
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pictorial representation below shows the orientation of the hands of the clock for parts (a) 
through (d). 







— 




V \ 










V i j 






V 













(a) The position vector for the 
minute hand at 12:00 is: 

The position vector for the hour 
hand at 12:00 is: 



A - 



(0.5 m)/ 



'12:00 



(0.25 m)/ 



(6) At 3:30, the minute hand is positioned along the —y axis, while the hour hand is at an 
angle of (3.5 h)/12 h x 360° = 105°, measured clockwise from the top. 



The position vector for the minute 
hand is: 

Find the x-component of the vector 
representing the hour hand: 

Find the j-component of the vector 
representing the hour hand: 

The position vector for the hour 
hand is: 



A - 

^3:30 ~~ 



-(0.5m); 



B x = (0.25 m)sin 105° = 0.241m 
B = (0.25 m)cos 105° = -0.0647 m 



^3:30 



(0.24 lm)i- (0.0647 m)j 



(c) At 6:30, the minute hand is positioned along the -y axis, while the hour hand is at an 
angle of (6.5 h)/12 h x 360° = 195°, measured clockwise from the top. 



The position vector for the minute 
hand is: 

Find the x-component of the vector 
representing the hour hand: 

Find the j-component of the vector 
representing the hour hand: 

The position vector for the hour 
hand is: 



A - 

^6:30 



-(0.5 m)/ 



B x = (0.25 m)sin 195° = -0.0647 m 
B = (0.25 m)cos 195° = -0.241m 



B 



6:30 



(0.0647 m)/- (0.241 m)j 



(d) At 7:15, the minute hand is positioned along the +x axis, while the hour hand is at an 
angle of (7.25 h)/12 h x 360° = 218°, measured clockwise from the top. 
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The position vector for the minute 
hand is: 

Find the x-component of the vector 
representing the hour hand: 

Find the y-component of the vector 
representing the hour hand: 

The position vector for the hour 
hand is: 

(<?) Find A - B at 12:00: 



^7:15 ~ 



(0.5 m)i 



B x = (0.25m)sin218° = -0.154m 
B = (0.25m)cos218° = -0.197m 



#7:15 = 



(0.154m)/-(0.197m)j 



A-B = (0.5 m)j - (0.25 m)j 



(0.25 m)j 



Find A - B at 3:30: 



Find A - B at 6:30: 



Find A -B at 7:15: 



A-B = -(0.5 m)j 

- [(0.24 lm)i- (0.0647 m)j 



A-B = 





(0.24 1 m)f - 


(0.435 m)j 


-(0-5 m)j 






(0.0647 m)/ 


-(0.241m)j 




(0.0647 m)/ 


-(0.259m)j 


(0.5m)j 






-(0.152 m)/ 


-(0.197m)j 



(0.152m)i+ (0.697 m)j 



*39 • 

Picture the Problem The resultant displacement is the vector sum of the individual 
displacements. 



The two displacements of the bear 
and its resultant displacement are 
shown to the right: 



N 



12m 
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Using the law of cosines, solve for 
the resultant displacement: 



R 2 =(l2m) 2 +(l2m) 2 

-2(l2m)(l2m)cosl35 c 

and 



R= 22.2 m 



Using the law of sines, solve for a: 



sina sinl35 c 



12m 22.2m 

.'. a = 22.5° and the angle with the 



horizontal is 45° - 22.5° = 22.5° 



40 • 

Picture the Problem The resultant displacement is the vector sum of the individual 
displacements. 



(a) Using the endpoint coordinates 
for her initial and final positions, 
draw the student's initial and final 
position vectors and construct her 
displacement vector. 



Find the magnitude of her 
displacement and the angle this 
displacement makes with the 
positive x-axis: 




Her displacement is 5V2 m @ 135°. 



(b) 



His initial and final positions are the same as in (a), so his displacement is 
also 5V2@135°. 



*41 • 

Picture the Problem Use the standard rules for vector addition. Remember that 
changing the sign of a vector reverses its direction. 




(b) 



A B 





id) 




(e) 




42 • 

Picture the Problem The figure 
shows the paths walked by the 
Scout. The length of path A is 
2.4 km; the length of path B is 

2.4 km; and the length of path C is 

1.5 km: 




(a) Express the distance from the 
campsite to the end of path C: 



2.4 km- 1.5 km = 0.9km 



(b) Determine the angle (9 subtended 
by the arc at the origin (campsite): 



n 

radians 



_ arc length _ 2.4 km 
radius 2.4 km 
= lrad = 57.3° 



His direction from camp 
is 1 rad north of east. 



(c) Express the total distance as the 
sum of the three parts of his walk: 



dtot ^east ^arc ^toward camp 



Substitute the given distances to 
find the total: 



d tot = 2.4 km + 2.4 km + 1.5 km 
= 6.3 km 
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Express the ratio of the magnitude 
of his displacement to the total 
distance he walked and substitute to 
obtain a numerical value for this 
ratio: 



Magnitude of his displacement _ 0.9km 
Total distance walked 6.3 km 

_ T~ 
7 



43 • 

Picture the Problem The direction of a vector is determined by its components. 



e = tan 



A -3.5m/s^ 
5.5m/s 



-32.5 C 



The vector is in the fourth quadrant and 



(b) is correct. 



44 • 

Picture the Problem The components of the resultant vector can be obtained from the 
components of the vectors being added. The magnitude of the resultant vector can then 
be found by using the Pythagorean Theorem. 



A table such as the one shown to the 
right is useful in organizing the 

information in this problem. Let D 

be the sum of vectors A, B, andC. 



Determine the components ofDby 
adding the components of A, B, 
andC 



Vector 


x-component 


j-component 


A 


6 


-3 


B 


-3 


4 


C 


2 


5 


b 







5 and D y = 6 



Use the Pythagorean Theorem to 
calculate the magnitude ofD : 



D = ^ +j D;=V(5) 2 +(6) 2 =7.81 



and (d) is correct. 



45 • 

Picture the Problem The components of the given vector can be determined using right- 
triangle trigonometry. 



Use the trigonometric relationships between the magnitude of a vector and its 
components to calculate the x- and j-components of each vector. 





A 


e 


A, 


A y 


(a) 


10 m 


30° 


8.66 m 


5 m 


(b) 


5 m 


45° 


3.54 m 


3.54 m 


(c) 


7 km 


60° 


3.50 km 


6.06 km 


(d) 


5 km 


90° 


0 


5 km 
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(e) 


15 km/s 


150° 


-13.0 km/s 


7.50 km/s 


V) 


lOm/s 


240° 


-5.00 m/s 


-8.66 m/s 


(g) 


8m/s 2 


270° 


0 


-8.00 m/s 2 



*46 • 

Picture the Problem Vectors can be added and subtracted by adding and subtracting 
their components. 

Write A in component form: A x = (8 m) cos 37° = 6.4 m 

^ = (8 m) sin 37° = 4.8 m 

•'■ A = (6.4 m)/ + (4.8 m)./' 



(a), (b), (c) Add (or subtract) x- and 
y-components: 



D 

E 
F 



(0.4m)/+(7.8m)j 




(-3.4m)/ -(9.8m)/ 




(-17.6m)/ +(23. 8m)/ 



(d) Solve for G and add 
components to obtain: 



G =-—{A + B + 2c) 



(l. 3 m)/ -(2.9m)/ 



47 

Picture the Problem The magnitude of each vector can be found from the Pythagorean 
theorem and their directions found using the inverse tangent function. 



(a) A = 5 / + 3j 



A = JA 2 X +A 2 y 



5.83 



and, because A is in the 1 st quadrant, 



0 = tan 



v4y 



31.0° 



(b) B = m-ij 



B = pl+B 2 y = 



12.2 



and, because B is in the 4 th quadrant, 



6 = tan 



By 



-35.0 C 



(c) C =-2/ -37 + 4* 



C 

9 = cos 



Q+q+c 2 



5.39 











42.1° 









where ^ is the polar angle measured from 
the positive z-axis and 
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48 • 

Picture the Problem The magnitude and direction of a two-dimensional vector can be 
found by using the Pythagorean Theorem and the definition of the tangent function. 



(a) A = -Ai-lj 



a = ja: + a: = 



8.06 



and, because A is in the 3 rd quadrant, 



6 = tan 



240° 



B = 3i-2j 



B = pl+B 2 y = 



3.61 



and, because B is in the 4 th quadrant, 
6 = tan 



V 5 W 



-33.7 C 



C =A + B=-i -9j 



c=jc: +ci 



9.06 



and, because C is in the 3 rd quadrant, 

(C ^ 

0 = tan ' 



264 c 



(b) Follow the same steps as in (a). 



4.12 



B 



6.32 



C= 3.61 



0- 



0- 



76.0° 



71.6° 



0= 33.7° 



49 • 

Picture the Problem The components of these vectors are related to the magnitude of 
each vector through the Pythagorean Theorem and trigonometric functions. In parts id) 
and (b), calculate the rectangular components of each vector and then express the vector 
in rectangular form. 



144 Chapter 3 



(a) Express V in rectangular form: 



v = v x i + V J 



Evaluate v v and v v 



v. v = (10m/s) cos 60° = 5m/s 
and 

v y = (10 m/s) sin 60° = 8.66 m/s 



v = 



(5m/s)i +(8.66m/s)y 



A = A J + A y j 

J x = (5m)cos 225° = -3.54 m 
and 

A y = (5 m) sin 225° = -3.54 m 



Substitute to obtain: 

(b) Express V in rectangular form: 
Evaluate A x and A y \ 

Substitute to obtain: 

(c) There is nothing to calculate as 
we are given the rectangular 
components: 

50 • 

Picture the Problem While there are infinitely many vectors B that can be constructed 
such that A=B, the simplest are those which lie along the coordinate axes. 



A = 
f = 



(-3.54m)i +(-3.54m)y 



(I4m)-(6m)7 



Determine the magnitude of A : 

Write three vectors of the same 
magnitude as A : 

The vectors are shown to the right: 



A = ^A 2 X +A 2 V =^3 2 +4 2 =5 



B l = 5i, B 2 = -5i, and B 3 =5j 



"V 



I 5? 
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*51 

Picture the Problem While there are 
several walking routes the fly could take to 
get from the origin to point C, its 
displacement will be the same for all of 
them. One possible route is shown in the 
figure. 




m 



Express the fly's 

displacement D during its trip from 
the origin to point C and find its 
magnitude: 



D=A+B+C 

= (3 m)i + (3 m)j + (3 m)k 
and 

Z) = A /(3m) 2 +(3m) 2 +(3m) 2 



= 5.20m 



*52 • 

Picture the Problem The diagram shows the locations of the transmitters relative to the 
ship and defines the distances separating the transmitters from each other and from the 
ship. We can find the distance between the ship and transmitter B using trigonometry. 




Relate the distance between A and B 
to the distance from the ship to A 
and the angle &. 



Solve for and evaluate the distance 
from the ship to transmitter B: 



tan6> = ^ 



D, 



SB 



a 



SB 



100km 



tan# tan 30° 



173 km 
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Velocity and Acceleration Vectors 



53 • 

Picture the Problem For constant speed 
and direction, the instantaneous velocity is 
identical to the average velocity. Take the 
origin to be the location of the stationary 
radar and construct a pictorial 
representation. 




E(.v) 



Express the average velocity: 



Determine the position vectors: 



Find the displacement vector: 



Substitute for Ar and At to find the 
average velocity. 



- _ Ar 

Vav " a7 

#• =(-10km)j 
and 

r 2 =(l4.1km)/+(-14.1km)j 



Ar =r 2 -Tj 

= (l4.1km)/+(-4.1km)j 

_ _ (l4.1km) r + (-4.1km)j 

Vav " ih 



(l4. lkm/h)/ + (- 4. lkm/h)/ 
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Picture the Problem The average velocity is the change in position divided by the 
elapsed time. 



(a) The average velocity is: 



Find the position vectors and the 
displacement vector: 



Find the magnitude of the 
displacement vector for the interval 
between t = 0 and t = 2 s: 



_ Ar 
At 

r 0 = (2m)i + (3m)y 

f 2 = (6m)i + (7m)j 
and 



Ar = r\ r = (4 m)i + (4 m)y 
Ar 02 = A /(4m) 2 + (4m) 2 = 5.66m 
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Substitute to determine v a 



(b) Repeat (a), this time using the 
displacement between t = 0 and 
t = 5 s to obtain: 



and 

0 = tan" 



5.66 m 



2s 



2.83 m/s 



4m 



45.0° 



measured 



from the positive x axis. 



r 5 =(l3m>' + (l4m)j, 

^os = r 5 ~r 0 =(llm> +{Um)j, 

Ar 05 = 7(1 1 m) 2 + (l 1 m) 2 = 15.6 m , 
15.6m 



and 

0 = tan" 



5s 



3.11m/s 



^1 1 ~N 

11m 



v llm y 



45.0° 



measured 



from the positive x axis. 



*55 • 

Picture the Problem The magnitude of the velocity vector at the end of the 2 s of 

acceleration will give us its speed at that instant. This is a constant-acceleration problem. 



Find the final velocity vector of the 
particle: 



Find the magnitude of v : 



v = 



V J + V yj = V J + a ytj 

■ (4.0 m/s)/ +(3.0m/s 2 )(2.0s)j 
:(4.0m/s)/+(6.0m/s)j 

7(4.0 m/s) 2 +(6.0 m/s) 2 = 7.21 m/s 



and 



(b) is correct. 



56 • 

Picture the Problem Choose a coordinate system in which north coincides with the 
positive y direction and east with the positive x direction. Expressing the west and north 
velocity vectors is the first step in determining Av anda av . 



(a) The magnitudes of 

v w and v N are 40 m/s and 30 m/s, 

respectively. The change in the 
magnitude of the particle's velocity 
during this time is: 



Av = v N -v w 



lOm/s 
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(b) The change in the direction of 
the velocity is from west to north. 

(c) The change in velocity is: 



Calculate the magnitude and 
direction ofAv : 



The change in direction is 90° 



Av = v N -v w = (30m/s)y'-(-40m/s)i 
= (40m/s)/ +(30m/s)j 

|Av| = V(40rn/s) 2 +(30m/s) 
and 

6^- = tan 



50m/s 



_! 30m/s 
40m/s 



36.9° 



(d) Find the average acceleration 
during this interval: 



The magnitude of this vector is: 



(40m/s)/+(30m/s)j 



5s 



= (8m/s 2 )/+(6m/s 2 )j 
= A /(8m/s 2 ) 2 +(6m/s 2 ) 2 



lOm/s 2 



and its direction is 



'6m/s 2 ^ 



6> = tan 



8m/s 2 



36.9 C 



measured 



from the positive x axis. 



57 • 

Picture the Problem The initial and final positions and velocities of the particle are 
given. We can find the average velocity and average acceleration using their definitions 

by first calculating the given displacement and velocities using unit vectors i and j. 



(a) The average velocity is: 



v av =AF/A? 



The displacement of the particle 
during this interval of time is: 

Substitute to find the average 
velocity: 



Ar =(l00m)' +(80m)j 

_ _ (l00m)/+(80m)j 
3s 



(33.3m/s)/+(26.7m/s)j 



(b) The average acceleration is: 
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Find V,, v 2 , and Av : 



Vj = (28.3 m/s)/ + (28.3 m/s)/ 
and 

v 2 =(l9.3m/s)/+(23.0m/s)j 

.-. Av =(-9.00 m/s)/+(- 5.30 m/s)/' 



Using A? = 3 s, find the average 
acceleration: 



(- 3 .00 m/s 2 )/ + (- 1 .77 m/s 2 )j 



*58 

Picture the Problem The acceleration is constant so we can use the constant-acceleration 
equations in vector form to find the velocity at t = 2 s and the position vector at t = 4 s. 



(a) The velocity of the particle, as a 
function of time, is given by: 



v = v 0 +at 



Substitute to find the velocity at 
t = 2 s: 



v =(2 m/s) i +(-9 m/s)/ 



+ 



(4 m/s 2 )/ +(3 m/s 2 ) j (2s) 



(10 m/s) i +(-3 m/s)/ 



(6) Express the position vector as a 
function of time: 



r =r 0 +V + |a^ 2 



Substitute and simplify: 



r =(4m)i +(3m)/ 



+ 



(2 m/s)/ +(-9m/s)jJ(4s) 
(4 m/s 2 )/ +(3 m/s 2 )j](4s) 2 



(44 m)/ + (-9 m)/ 



Find the magnitude and direction of 
f at t = 4 s: 



r(4 s) = 7(44 m) 2 + (- 9 m) 2 = | 44.9 m 
and, because r is in the 4 th quadrant, 



6 = tan 



-9m 
v 44^n" y 



11.6° 



59 

Picture the Problem The velocity vector is the time-derivative of the position vector and 
the acceleration vector is the time-derivative of the velocity vector. 



Differentiate f with respect to time: 



30/ +(40-1 Of)/' 
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Differentiate v with respect to time: 



where V has units of m/s if t is in seconds. 
dv d 



a = 



dt dt 



30/ +(40-10*)/ 



(-10m/s 2 )/ 



60 

Picture the Problem We can use the constant-acceleration equations in vector form to 
solve the first part of the problem. In the second part, we can eliminate the parameter t 
from the constant-acceleration equations and express y as a function of x. 



(a) Use v = v 0 +at withv 0 = 0 to 
find v : 



v = (6m/s 2 )/+(4m/s 2 )j 



User = F 0 + v 0 t + \at 2 withr 0 = (l0m)i to find f : 



f = [(l 0m) + (3m/s 2 )t 2 J i + [(2m/s 2 )t 2 J/ 



(6) Obtain the x and j components x = 1 0 m + (3 m/s 2 V 

of the path from the vector equation an( j 

in(a): 7=(2m/s 2 > 2 

Eliminate the parameter t from these 
equations and solve for y to obtain: 



2 20 

y = — x m 

3 3 



Use this equation to plot the graph shown below. Note that the path in the xy plane is a 
straight line. 
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Picture the Problem The displacements 
of the boat are shown in the figure. We 
need to determine each of the 
displacements in order to calculate the 
average velocity of the boat during the 30- 
s trip. 




(a) Express the average velocity of 
the boat: 



v„„ = ■ 



Ar 

At 



Express its total displacement: 



Af= Ar N + Ar w 
= ±a N (At N ) 2 j + v w At w (-i) 



To calculate the displacement we 
first have to find the speed after the 
first 20 s: 



Substitute to find the average 
velocity: 



(b) The average acceleration is 
given by: 



v w = v n, f = a N& N = 60 m/s 



so 



Ar =±a N (At N fj - (60 m/s)At w i 
= (600m)j - (600m)/ 

_ _Ar _ (600m)(-/+ j) 
Vav ~ At ~ 30s 



(20m/s)(-i'+ j) 



Ar _ v { - v { 



At At 
(-60 m/s)/ -0 
30s 



7 

-2m/s ji 



(c) The displacement of the boat 
from the dock at the end of the 30-s 
trip was one of the intermediate 
results we obtained in part (a). 



Ar = (600m)j + (- 600m)/ 
(600m)(-/+jj 
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Picture the Problem Choose a coordinate 
system with the origin at Petoskey, the 
positive x direction to the east, and the 
positive y direction to the north. Let t - 0 at 
9:00 a.m. and 9 be the angle between 
Robert's velocity vector and the easterly 
direction and let "M" and "R" denote Mary 
and Robert, respectively. You can express 
the positions of Mary and Robert as 
functions of time and then equate their 
north (y) and east (x) coordinates at the 
time they rendezvous. 

Express Mary's position as a 
function of time: 



Be* 



(-13 mi, 22.5 mi) 




M E(») 

I Petoskey 



r it =v M t ] = {St)j 



where r M is in miles if t is in hours. 



Note that Robert's initial position 
coordinates (x-„ y$ are: 



(xi, ji) = (-13 mi, 22.5 mi) 
Express Robert's position as a function of time: 



r R = [x. + (v R cos0)(f-l)])/ +bi + (v R sin0Xf-l)l/ 
= [-13 + {6(7 - 1) cos 0}]i + [22.5 + {6(t - 1) sin 0} ]j 



where r R is in miles if t is in hours. 



When Mary and Robert rendezvous, 
their coordinates will be the same. 
Equating their north and east 
coordinates yields: 

Solve equation (1) for cos#: 



Solve equation (2) for sin#: 



East: -13 + 6?cos6»-6cos6'=0 (1) 
North: 22.5 + 6t sin<9- 6 sin<9= St (2) 



cosd = 



13 



sin^ = 



6(*-l) 

8f-22.5 
6(f-l) 



(3) 



(4) 



Square and add equations (3) and (4) to obtain: 
sin 2 6> + cos 2 6> = l = 



Simplify to obtain a quadratic 
equation in t: 

Solve (you could use your 
calculator's "solver" function) this 



"8^-22.5" 


2 


13 


L 6fr-i) _ 


+ 


_6(*-l)_ 



28C -288^ + 639 = 0 



t = 



3.24h = 3hl5min 
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equation for the smallest value of t 
(both roots are positive) to obtain: 

Now you can find the distance 
traveled due north by Mary: 



r M =v M ; = (8mi/h)(3.24h) = 



25.9 mi 



Finally, solving equation (3) for #and substituting 3.24 h for t yields: 



6 = cos 



13 



6(*-l). 



= cos 



13 



6(3.24-1) 



= 14.7° 



and so Robert should head 14.7° north of east 



Remarks: Another solution that does not depend on the components of the vectors 
utilizes the law of cosines to find the time t at which Mary and Robert meet and then 
uses the law of sines to find the direction that Robert must head in order to 
rendezvous with Mary. 

Relative Velocity 
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Picture the Problem Choose a coordinate 
system in which north is the positive y 
direction and east is the positive x 
direction. Let 9 be the angle between 
north and the direction of the plane's 
heading. The velocity of the plane relative 
to the ground, v PG , is the sum of the 
velocity of the plane relative to the air, 
v 

the ground, v AG . i.e., 



PA , and the velocity of the air relative to 



"pO = ^PA+^AG 



The pilot must head in such a direction that 
the east-west component of v PG is zero in 
order to make the plane fly due north. 




(a) From the diagram one can see 
that: 



vag cos 45° = Vpa sind 



Solve for and evaluate 0 : 



0 = sin 



^56.6km/h A 
v 250km/h y 



13.1° west of north 



(b) Because the plane is headed due 
north, add the north components of 



? PG | = (250km/h)cos 13.1° 

+ (80 km/h) sin 45° 
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v PA and v AG to determine the 



plane's ground speed: 



300km/h 



64 

Picture the Problem Let v SB represent the 
velocity of the swimmer relative to the 
bank; v sw the velocity of the swimmer 

relative to the water; and v WB the velocity 
of the water relative to the shore; i.e., 



V SB ^SW+^WB 



The current of the river causes the 
swimmer to drift downstream. 



40 nv 



80 m 




(a) The triangles shown in the figure 
are similar right triangles. Set up a 
proportion between their sides and 
solve for the speed of the water 
relative to the bank: 



WB 



and 



40 m 
80m 



v wb =i(l.6m/s): 



0.800 m/s 



(b) Use the Pythagorean Theorem to 
solve for the swimmer's speed 
relative to the shore: 



V2 , 2 
v sw + v ws 



^{\.6m/s) 2 +(0.8m/s) 2 



1.79 m/s 



(c) The swimmer should head in a 
direction such that the upstream 
component of her velocity is equal 
to the speed of the water relative to 
the shore: 



; v.- 



Use a trigonometric function to 
evaluate 9. 



0 = sin 
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Picture the Problem Let the velocity of 
the plane relative to the ground be 
represented by v PG ; the velocity of the 

plane relative to the air by V PA , and the 
velocity of the air relative to the ground by 



AG ' 



Then 



PG 



"pA+^AG C 1 ) 



Choose a coordinate system with the origin 
at point A, the positive x direction to the 
east, and the positive y direction to the 
north. 9 is the angle between north and the 
direction of the plane's heading. The pilot 
must head so that the east-west component 
of v PG is zero in order to make the plane fly 
due north. 

Use the diagram to express the 
condition relating the eastward 
component of v AG and the 

westward component of V PA . This 
must be satisfied if the plane is to 
stay on its northerly course. [Note: 
this is equivalent to equating the x- 
components of equation (1).] 



W- 




E (.v) 



(50 km/h) cos 45° = (240 km/h) sind 



Now solve for 0 to obtain: 



6 = sin 



(50km/h)cos45 c 
240 km/h 



8.47° 



Add the north components of v PA 
and v AG to find the velocity of the 
plane relative to the ground: 



Vpg + v A Gsin45° = v PA cos8.47° 
and 

v PG = (240 km/h)cos 8.47° 

- (50 km/h)sin 45° 
= 202 km/h 



Finally, find the time of flight: 



^flight 



distance travelled 



PG 



520 km 
202 km/h 



2.57 h 
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Picture the Problem Let v BS be the 

velocity of the boat relative to the shore; 
v BW be the velocity of the boat relative to 

the water; and V ws represent the velocity of 

the water relative to the shore. 
Independently of whether the boat is going 
upstream or downstream: 



BS 



BW 



WS 



B 



L = 2km 



A 



c 



I7 WS = 1.4 km/h 
Going upstream: 



'ws 



'BS 



Going upstream, the speed of the boat 
relative to the shore is reduced by the speed 
of the water relative to the shore. 



Going downstream: 



Going downstream, the speed of the boat 
relative to the shore is increased by the 
same amount. 



'BW 



WS 



For the upstream leg of the trip: 
For the downstream leg of the trip: 



VBS — VbW _ Vws 
VBS = Vbw + vws 



Express the total time for the trip in 
terms of the times for its upstream 
and downstream legs: 



^total ^upstream ^downstream 



L 



L 



■ + - 

V BW _ V WS V BW + V WS 



Multiply both sides of the equation 

by K w - V ws)( v BW 

+ v ws ) (the 
product of the- denominators) and 
rearrange the terms to obtain: 



2L 



'total 



v ws =0 



Solve the quadratic equation for 
Vbw- (Only the positive root is 
physically meaningful.) 



'BW 



5.18km/h 



67 

Picture the Problem Let v pg be the 

velocity of the plane relative to the ground; 
v ag be the velocity of the air relative to the 

ground; and v pa the velocity of the plane 
relative to the air. Then, v pg = v pa + 
V . The wind will affect the flight times 
differently along these two paths. 



W- 
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The velocity of the plane, relative to 
the ground, on its eastbound leg is 
equal to its velocity on its 
westbound leg. Using the diagram, 
find the velocity of the plane 
relative to the ground for both 
directions: 



v Pg = 



2 2 
V — V 

pa ag 



= A /(l5m/s) 2 -(5m/s) 2 = 14.1m/s 



Express the time for the east-west 
roundtrip in terms of the distances 
and velocities for the two legs: 



^roundtrip.EW ^eastbound ^westbound 

radius of the circle 



pg,eastbound 

radius of the circle 



+ - 



pg, westbound 



2xlQ 3 m 
14.1m/s 



T41s 



Use the distances and velocities for the two legs to express and evaluate the time for 
the north-south roundtrip: 



^roundtrip, NS ^northbound ^southbound 



10 3 m 



radius of the circle radius of the circle 

+ 



+ - 



pg, northbound 

10 3 m 



pg,southbound 



(15m/s)-(5m/s) (15 m/s) + (5 m/s) 



= 150s 



Because * roundtriPiEW < ^ roundtnp , NS , you should fly your plane across the wind. 
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Picture the Problem This is a relative 
velocity problem. The given quantities are 
the direction of the velocity of the plane 
relative to the ground and the velocity 
(magnitude and direction) of the air relative 
to the ground. Asked for is the direction of 
the velocity of the air relative to the 
ground. Using v PG = v PA +v AG , draw a 

vector addition diagram and solve for the 
unknown quantity. 




Calculate the heading the pilot must 
take: 



0 = sin 



30kts 
150 kts 



11.5 C 



Because this is also the angle of the Az = (01 1.5°) 

plane's heading clockwise from 
north, it is also its azimuth or the 
required true heading: 
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Picture the Problem The position of B 
relative to A is the vector from A to B; i.e., 

r AB =r B ~ r A 

The velocity of B relative to A is 

v AB =dr AB /dt 
and the acceleration of B relative to A is 

«ab =dv AB /dt 

Choose a coordinate system with the origin 
at the intersection, the positive x direction 
to the east, and the positive y direction to 
the north. 



40 



I/, m 




(a) Find f B , r A ,andr AB : 



= [40m-i(2m/s 2 y]/ 



r A = [(20m/s)f]f 
and 



[(-20m/s)f]f 

+ [40m-j(2m/s 2 )^ 2 ]y 



Evaluate r AB at t= 6 s: 



(b) Find v AB =dr AB /dt: 



F AB (6s)= (120 m)/ + (4 m) 7 



AB 



^5- = -[{(-20m/s>}i 

+ {40m-j(2m/s 2 ) 2 }j] 
= (-20 m/s)/ + (-2 m/s 2 )^ j 



Evaluate v AB at t = 6 s: 



(c) Find a AB = dv AB /dt : 



v AB (6 s) = (- 20 m/s)/ - (12 m/s)y 



"AB 



(-20 m/s) / +(-2 m/s 2 ) t j 



(-2m/s 2 )j 



Note that a AB is independent of time. 
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Picture the Problem Let h and h' represent the heights from which the ball is dropped 
and to which it rebounds, respectively. Let v and V represent the speeds with which the 
ball strikes the racket and rebounds from it. We can use a constant-acceleration equation 
to relate the pre- and post-collision speeds of the ball to its drop and rebound heights. 



Motion in One and Two Dimensions 159 



(a) Using a constant-acceleration 
equation, relate the impact speed of 
the ball to the distance it has fallen: 



v 2 = v o + 2gh 
or, because vo = 0, 

v : 



Relate the rebound speed of the ball 
to the height to which it rebounds: 



v 2 =v' 2 -2gh' 
or because v = 0, 



Divide the second of these equations 
by the first to obtain: 



v 
v 



Substitute for h' and evaluate the 
ratio of the speeds: 



v 

V 



0.64/z 



h 



= 0.8 



v = 



0.8v 



(b) Call the speed of the racket V. In a reference frame where the racket is 
unmoving, the ball initially has speed V, moving toward the racket. After it 
"bounces" from the racket, it will have speed 0.8 V, moving away from the racket. 



In the reference frame where the 
racket is moving and the ball 
initially unmoving, we need to add 
the speed of the racket to the speed 
of the ball in the racket's rest frame. 
Therefore, the ball's speed is: 



v' = F + 0.8F = 1.8F = 45m/s 



lOOmi/h 



This speed is close to that of a tennis pro's 
serve. Note that this result tells us that the 
ball is moving significantly faster than the 
racket. 



(c) 



From the result in part (b), the ball can never move more than twice as fast 
as the racket. 



Circular Motion and Centripetal Acceleration 
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Picture the Problem We can use the definition of centripetal acceleration to express a c in 
terms of the speed of the tip of the minute hand. We can find the tangential speed of the 
tip of the minute hand by using the distance it travels each revolution and the time it takes 
to complete each revolution. 



Express the acceleration of the tip of 
the minute hand of the clock as a 
function of the length of the hand 
and the speed of its tip: 

Use the distance the minute hand 
travels every hour to express its 
speed: 



a„ = 



R 



2nR 



v = ■ 



160 Chapter 3 



Substitute to obtain: 



Substitute numerical values and 
evaluate a c : 



Express the ratio of a c to g: 
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Picture the Problem The diagram shows 
the centripetal and tangential accelerations 
experienced by the test tube. The tangential 
acceleration will be zero when the 
centrifuge reaches its maximum speed. The 
centripetal acceleration increases as the 
tangential speed of the centrifuge increases. 
We can use the definition of centripetal 
acceleration to express a c in terms of the 
speed of the test tube. We can find the 
tangential speed of the test tube by using 
the distance it travels each revolution and 
the time it takes to complete each 
revolution. The tangential acceleration can 
be found from the change in the tangential 
speed as the centrifuge is spinning up. 

(a) Express the acceleration of the 
centrifuge arm as a function of the 
length of its arm and the speed of 
the test tube: 

Use the distance the test tube travels 
every revolution to express its 
speed: 

Substitute to obtain: 



4tt 2 R 

rj-i2 

4;r 2 (0.5m) 



1.52 xl(T 6 m/s 



c (3600 s) 2 
a 1.52 xlO 6 m/s 2 



g 



9.81m/s 2 



1.55xl0~ 7 




v = ■ 



R 



2nR 



4tt 2 R 



Substitute numerical values and 
evaluate a c : 



4;r 2 (0.15m) 

lmin 60s^ 

x 

15000 rev min 



= 3.70xl0 5 m/s 2 



Motion in One and Two Dimensions 161 



(b) Express the tangential 
acceleration in terms of the 
difference between the final and 
initial tangential speeds: 

Substitute numerical values and 
evaluate a T : 



2nR 



At 



At 



2nR 
TAt 



2n(0. 15 m) 



' lmin 60 

x 

15000 rev min 



= 3.14m/s 2 



(75 s) 
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Picture the Problem The diagram includes 
a pictorial representation of the earth in its 
orbit about the sun and a force diagram 
showing the force on an object at the 
equator that is due to the earth's rotation, 
F R , and the force on the object due to the 
orbital motion of the earth about the sun, 
.F 0 . Because these are centripetal forces, 

we can calculate the accelerations they 
require from the speeds and radii associated 
with the two circular motions. 




Express the radial acceleration due 
to the rotation of the earth: 
Express the speed of the object on 
the equator in terms of the radius of 
the earth R and the period of the 
earth's rotation T R : 



y R 

R 

2nR 



Substitute for vr in the expression 
for a R to obtain: 



4x 2 R 



Substitute numerical values and 
evaluate a R : 



4^- 2 (6370xl0 3 m) 
(24 h) 



^3600s A 



lh 



= 3.37xl0~ 2 m/s 2 



3.44xl0~ 3 g 



Note that this effect gives rise to the well- 
known latitude correction for g. 
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Express the radial acceleration due 
to the orbital motion of the earth: 



r 



Express the speed of the object on 
the equator in terms of the earth-sun 
distance r and the period of the 
earth's motion about the sun T Q : 



2nr 



v„ = 



Substitute for v 0 in the expression 
for a 0 to obtain: 



An r 



Substitute numerical values and evaluate 
a 0 : 



a„ = 



4;r 2 (l.5xlO n m) 



24 h 

TdT 



(365 d) 
= 5.95xlO~ J m/s 



3 /„2 



3600s 
lh 



6.07 xlO g 
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Picture the Problem We can relate the acceleration of the moon toward the earth to its 
orbital speed and distance from the earth. Its orbital speed can be expressed in terms of its 
distance from the earth and its orbital period. From tables of astronomical data, we find 
that the sidereal period of the moon is 27.3 d and that its mean distance from the earth is 
3.84xl0 8 m. 



Express the centripetal acceleration 
of the moon: 

Express the orbital speed of the 
moon: 



v 
r 

2m 



Substitute to obtain: 



An ■ r 



Substitute numerical values and 
evaluate a- 



a„ = 



4?r 2 (3.84xl0 8 m) 

' , 24h 3600s^ 
27.3dx x 



v 



h 



J 



= 2.72xl0~ 3 m/s 2 



2.78xl0~ 4 g 
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„ a radius of earth , . . , 

Remarks: Note that — = (« c is just the acceleration 

g distance from earth to moon 

due to the earth's gravity evaluated at the moon's position). This is Newton's 
famous "falling apple" observation. 

75 • 

Picture the Problem We can find the number of revolutions the ball makes in a given 
period of time from its speed and the radius of the circle along which it moves. Because 
the ball's centripetal acceleration is related to its speed, we can use this relationship to 
express its speed. 



n = - (1) 
c 



Express the number of revolutions % 
per minute made by the ball in terms 
of the circumference c of the circle 
and the distance x the ball travels in 
time t: 

Relate the centripetal acceleration of v 2 
the ball to its speed and the radius of a c = g - — 

its circular path: 

Solve for the speed of the ball: v _ ^Jftg 

Express the distance x traveled in x = vt 

time t at speed v: 

Substitute to obtain: x _ ^Jfigt 

The distance traveled per revolution c = 2nR 

is the circumference c of the circle: 



Substitute in equation (1) to obtain: ^J~Rgt 1 fg 

n ~ 2nR ~ 2n\R 



Substitute numerical values and 
evaluate n: 

Remarks: The ball will oscillate at the 
a period equal to l/n. 



1 ) 9.81m/s 2 Un \ I - - . _! 

n = — (60sJ= 33.4min 

2n:\ 0.8m 1 

of this string as a simple pendulum with 



Projectile Motion and Projectile Range 
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Picture the Problem Neglecting air resistance, the accelerations of the ball are constant 
and the horizontal and vertical motions of the ball are independent of each other. We can 
use the horizontal motion to determine the time-of- flight and then use this information to 
determine the distance the ball drops. Choose a coordinate system in which the origin is 
at the point of release of the ball, downward is the positive y direction, and the horizontal 
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direction is the positive x direction. 



Express the vertical displacement of 
the ball: 



Ay = v 0y At + \a y {Atf 

or, because vo y = 0 and a v = g, 

Ay = \g{At) 2 



Find the time of flight from 

v x = Ax/At: 



At 



Ax 



(l8.4m)(3600s/h) 
~ (I40km/h)(l000m/km) 

Ay = ^(9.81m/s 2 )(0.473s) 2 = 



0.473s 



1.10m 



Substitute to find the vertical 
displacement in 0.473 s: 
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Picture the Problem In the absence of air resistance, the maximum height achieved by a 
projectile depends on the vertical component of its initial velocity. 



The vertical component of the 
projectile's initial velocity is: 



v 0y = v 0 sind 0 



Use the constant-acceleration 
equation: 



y =v 0y + 2a y Ay 



Set v y = 0, a = -g, and Ay = h to 
obtain: 



h = 



(v 0 sin# 0 ) 2 
2g 
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Picture the Problem Choose the 
coordinate system shown to the right. 
Because, in the absence of air resistance, 
the horizontal and vertical speeds are 
independent of each other, we can use 
constant-acceleration equations to relate 
the impact speed of the projectile to its 
components. 



y, m 




(0, -40) 



1,2 v„ 



The horizontal and vertical velocity 
components are: 



Using a constant-acceleration 
equation, relate the vertical 



Vox = v x = v o cos0 
and 

Vo v = v 0 sin# 

v l = v l y + 2a >Ay 

or, because a y = -g and Ay : 
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component of the velocity to the 
vertical displacement of the 
projectile: 

Express the relationship between the 
magnitude of a velocity vector and 
its components, substitute for the 
components, and simplify to obtain: 



v) =(v 0 sin6>) 2 + 2gh 

v 2 =v 2 x +v 2 y =(v o cos0) 2 +v 2 y 
= v 0 2 (sin 2 0 + cos 2 0)+ 2gh 
= v 2 0 + 2gh 



Substitute for v: 



{\.2v 0 ) 2 =v 2 0 +2gh 



42.2 m/s 



Set v = 1 .2 v n , h = 40 m and solve 
for v o: 

Remarks: Note that v is independent of 0. This will be more obvious once 
conservation of energy has been studied. 
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Picture the Problem Example 3-12 shows that the dart will hit the monkey unless the 
dart hits the ground before reaching the monkey's line of fall. What initial speed does the 
dart need in order to just reach the monkey's line of fall? First, we will calculate the fall 
time of the monkey, and then we will calculate the horizontal component of the dart's 
velocity. 



Using a constant-acceleration 
equation, relate the monkey's fall 
distance to the fall time: 



h = \gt 2 



Solve for the time for 

the monkey to fall to the ground: 



t = 



Substitute numerical values and 
evaluate t: 



V9.81m/s 2 



Let 9 be the angle the barrel of the 
dart gun makes with the horizontal. 
Then: 

Use the fact that the horizontal 
velocity is constant to determine vo: 



6 = tan 



= 11.3° 



v x _(50m/1.51s) 



cosO cosll.3 c 



33.8m/s 
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Picture the Problem Choose the 
coordinate system shown in the figure to 
the right. In the absence of air resistance, 
the projectile experiences constant 
acceleration in both the x and y directions. 
We can use the constant-acceleration 
equations to express the x and y 
coordinates of the projectile along its 
trajectory as functions of time. The 
elimination of the parameter t will yield an 
expression for y as a function of x that we 
can evaluate at (R, 0) and (R/2, h). Solving 
these equations simultaneously will yield 
an expression for 9. 

Express the position coordinates 
of the projectile along its flight 
path in terms of the parameter t: 





(R/2, h) 

















(R.0) 



x = (v 0 COS 6)t 
and 

y = (v o sin0)t- 



ht 2 



Eliminate the parameter t to 
obtain: 



y = (tan 6)x - 



g 



2v 0 cos 0 



(1) 



Evaluate equation (1) at (R, 0) to 
obtain: 



Evaluate equation (1) at (R/2, h) 
to obtain: 



Equate R and h and solve the 
resulting equation for 6 : 



2vq sin 6 cos 6 

g 

,_(v 0 smdf 



2g 

^ = tan _1 (4) = 



76.0° 



Remarks: Note that this result is independent of v» 
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Picture the Problem In the absence of air 
resistance, the motion of the ball is 
uniformly accelerated and its horizontal 
and vertical motions are independent of 
each other. Choose the coordinate system 
shown in the figure to the right and use 
constant-acceleration equations to relate the 
x andy components of the ball's initial 
velocity. 



i/, m 




X, m 



Use the components of vo to express 
6 in terms of v 0x and v 0y : 



6 = tan 



-i% 



"Ox 



(1) 
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Use the Pythagorean relationship 
between the velocity and its 
components to express v 0 : 



+ v, 



Oy 



(2) 



Using a constant-acceleration 
equation, express the vertical speed 
of the projectile as a function of its 
initial upward speed and time into 
the flight: 



v y = v 0 ,,+ a t 



Because v v = 0 halfway through the 
flight (at maximum elevation): 



v 0v = (9.81 m/s 2 )(1.22 s) = 12.0 m/s 



Determine vq x : 



Ax 40m 



At 2.44s 



= 16.4m/s 



Substitute in equation (2) and 
evaluate vq: 



= A /(16.4 m/s) 2 +(l2.0m/s) 2 



= 20.3 m/s 



Substitute in equation (1) and 
evaluate 6: 



6 = tan 



^12.0m/s A 



16.4m/s 



36.2 C 
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Picture the Problem In the absence of 
friction, the acceleration of the ball is 
constant and we can use the constant- 
acceleration equations to describe its 
motion. The figure shows the launch 
conditions and an appropriate coordinate 
system. The speeds v, v x , and v v are related 
through the Pythagorean Theorem. 




The squares of the vertical and 
horizontal components of the 
object's velocity are: 



v 2 y =v 2 o sm 2 0-2gh 
and 

vl = vl cos 2 6 



The relationship between these 
variables is: 



2 2 2 

v =v 2 x +v 2 y 



Substitute and simplify to obtain: 



2gh 



Note that v is independent of 6 ... as was 
to be shown. 
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Picture the Problem In the absence of air 
resistance, the projectile experiences 
constant acceleration during its flight and 
we can use constant-acceleration equations 
to relate the speeds at half the maximum 
height and at the maximum height to the 
launch angle 6? of the projectile. 




The angle the initial velocity makes 
with the horizontal is related to the 
initial velocity components. 



tan 6 



'Or 



"OA- 



Write the equation 



v = v 0> , + 2aAy, for Ay = h and 



0: 



Ay = h^0 = v 2 0 -2gh 



(1) 



Write the equation 



'Or 



, + 2aAy, forAy = h/2: 



a h 2 2 n h 

Ay = -^v y =v 0y -2g- 



(2) 



We are given v v = (3/4)vo. Square 
both sides and express this using the 
components of the velocity. The x 
component of the velocity remains 
constant. 



2 , 2 
V 0.t+ V y 



where we have used v, 



'Ox- 



(3) 



(Equations 1, 2, and 3 constitute three equations and four unknowns v 0x , v 0y , v y , and h. To 
solve for any of these unknowns, we first need a fourth equation. However, to solve for 
the ratio (vo y /vo x ) of two of the unknowns, the three equations are sufficient. That is 
because dividing both sides of each equation by v 0x gives three equations and three 

unknowns v y /vo x , v 0y /v 0x , and hlv\^ . 



Solve equation 2 for gh and 
substitute in equation 1 : 



"Or 



I2i. 
2 



2 

Substitute for v y in equation 3 : 



2 1 2 



3 

v4y 
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Divide both sides by v 0v and solve 
for Voy/vox to obtain: 



1 + 1^ = ^ 



9_ 
16 



f v 2 ^ 



and 



v 0y 



= V7 



Using tan 9= vo y /vo x , solve for 6 : 



0 = tan 



= tan 



v v o,y 



iff)- 



69.3° 



84 • 

Picture the Problem The horizontal speed 
of the crate, in the absence of air resistance, 
is constant and equal to the speed of the 
cargo plane. Choose a coordinate system in 
which the direction the plane is moving is 
the positive x direction and downward is 
the positive y direction and apply the 
constant-acceleration equations to describe 
the crate's displacements at any time 
during its flight. 



X, km 




y, km 



(a) Using a constant-acceleration 
equation, relate the vertical 
displacement of the crate Ay to the 
time of fall At: 



Ay = v 0v At + ±g(At) 2 
or, because v 0} , = 0, 
Ay = \g{Atf 



Solve for At: 



At 



|2Ay 



Substitute numerical values and 
evaluate At: 



At 



(2(l2xlQ 3 m) 
9.81m/s 2 



49.5 s 



(b) The horizontal distance traveled 
in 49.5 s is: 



R = Ax = Vn.At 



= (900km/h) 



= 12.4km 



lh 



3600s 



(49.5s) 



(c) Because the velocity of the plane 
is constant, it will be directly over 
the crate when it hits the ground; 
i.e., the distance to the aircraft will 
be the elevation of the aircraft. 



Ay: 



12.0km 
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Picture the Problem In the absence of air 
resistance, the accelerations of both Wiley 
Coyote and the Roadrunner are constant 
and we can use constant-acceleration 
equations to express their coordinates at 
any time during their leaps across the 
gorge. By eliminating the parameter t 
between these equations, we can obtain an 
expression that relates their y coordinates 
to their x coordinates and that we can solve 
for their launch angles. 



i/, in » 




-100 



(a) Using constant-acceleration 
equations, express the x coordinate 
of the Roadrunner while it is in 
flight across the gorge: 



x = x 0 +v 0x t + \a x t 

or, because x 0 = 0, a x = 0 and 

v 0x = v 0 cos6>o, 

x = (v 0 COS0 Q )t 



Using constant-acceleration 
equations, express the y coordinate 
of the Roadrunner while it is in 
flight across the gorge: 



or, because jo = 0, a y —g and 

v 0y = v 0 sinfl), 

y = (v 0 sm0 o )t-±gt 2 



Eliminate the parameter t to obtain: 



y = (tan6> 0 )x- 



g 



2vq cos 2 6 0 



x 2 (1) 



Letting R represent the 
Roadrunner' s range and using the 
trigonometric identity 
sin2#= 2sin#cos6? solve for and 
evaluate its launch speed: 

(b) Letting R represent Wiley's 
range, solve equation (1) for his 
launch angle: 



0, 



Rg ) (l6.5m)(9.81m/s 2 ) 



sin26>, 



18.0m/s 



-sin 



V v o J 



sin 30° 



Substitute numerical values and 
evaluate 9 0 : 



a 1 • - 
6 0 =-sin 



(l4.5m)(9.81m/s 2 ) 
(l8.0m/s) 2 



13.0° 
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Picture the Problem Because, in the 
absence of air resistance, the vertical and 
horizontal accelerations of the cannonball 
are constant, we can use constant- 
acceleration equations to express the ball's 
position and velocity as functions of time 
and acceleration. The maximum height of 
the ball and its time-of-flight are related to 
the components of its launch velocity. 

(a) Using a constant-acceleration 
equation, relate h to the initial and 
final speeds of the cannonball: 



Find the vertical component of the 
firing speed: 



y 




X 



O R 



v 2 = v l y +1 a y Ay 

or, because v = 0 and a v = -g, 

0 = v 0 2 v -2gAy 

v 0y = v o sm0 = (300 m/s)sin 45° 
= 212 m/s 



Solve for and evaluate h: 



h = 



(2 12 m/s) 2 
2g ~ 2(9.81m/s 2 ) 



2.29km 



(b) The total flight time is: 



(c) Express the x coordinate of the 
ball as a function of time: 

Evaluate x (= R) when At = 43.2 s: 



A* = 'up+'dn =2t up 

^ 2 v 0> . = 2(2 12 m/s) 
g 9.81m/s 2 

x = v 0x At = (v 0 cos6')A^ 



x = [(300m/s)cos45 o ](43.2s) 



43.2 s 



= 9.16km 
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Picture the Problem Choose a coordinate 
system in which the origin is at the base of 
the tower and the x- and y- axes are as 
shown in the figure to the right. In the 
absence of air resistance, the horizontal 
speed of the stone will remain constant 
during its fall and a constant-acceleration 
equation can be used to determine the time 
of fall. The final velocity of the stone will 
be the vector sum of its x and y 
components. 




%/ I I I I I 7l8\7 *' m 
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(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the stone (the 
height of the tower) as a function of 
the fall time: 



Ay = v 0y At + \a y {At) 2 

or, because vo y = 0 and a = -g, 

Ay = -±g{At) 2 



Solve for and evaluate the time of 
fall: 



At = 



2Ay _ I 2(-24m) _ 



g 



9.81m/s 2 



2.21s 



Use the definition of average 
velocity to find the velocity with 
which the stone was thrown from 
the tower: 



Ax 18m 



At 2.21s 



8.14m/s 



(b) Find the y component of the 
stone's velocity after 2.21 s: 



Vy = V O y -gt 

= 0-(9.81m/s2)(2.21s) 
= -21.7m/s 



Express v in terms of its 
components: 

Substitute numerical values and 
evaluate v: 



v = Jv 2 x +v 2 y 



v = 7(8.14 m/s) 2 +(- 21.7 m/s) 2 



= 23.2m/s 
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Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and its horizontal and vertical motions are independent of each other. We can 
use constant-acceleration equations to express the horizontal and vertical displacements 
of the projectile in terms of its time-of-flight. 



Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile as a 
function of time: 



te = v 0x At + ±a x (&) 2 

or, because vq x = vocos#and a x = 0, 
Ax = (v 0 cos 6)At 



Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of time: 



Ay = v 0y At + ±a y {AtJ 

or, because v 0> , = v 0 sin#and a y 

Ay = (v 0 cos 0)At - \ g(Atf 



-g, 



Substitute numerical values to 
obtain the quadratic equation: 



200 m = (60m/s)(sin60°)A? 

-±(9.Slm/s 2 ){AtJ 



Solve for At: 



At= 13.6 s 
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Substitute for At and evaluate the 
horizontal distance traveled by the 
projectile: 



Ax = (60 m/s)(cos60°)(13.6s) 



408 m 
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Picture the Problem In the absence of air 
resistance, the acceleration of the 
cannonball is constant and its horizontal 
and vertical motions are independent of 
each other. Choose the origin of the 
coordinate system to be at the base of the 
cliff and the axes directed as shown and 
use constant- acceleration equations to 
describe both the horizontal and vertical 
displacements of the cannonball. 




Express the direction of the velocity 
vector when the projectile strikes 
the ground: 



6 = tan 



V 



Express the vertical displacement 
using a constant-acceleration 
equation: 



Ay = v 0y At+±a y {At) 2 
or, because vqj, = 0 and a v ; 
Ay = -\g{At) 2 



-g, 



Set Ax = -Ay (R = -h) to obtain: 



Ax = v x At = \g{Atf 



Solve for v ,: 



Ax 
At 



Find the y component of the 
projectile as it hits the ground: 



V y = V 0y + aAt = ~g At = ~ 2V ,: 



Substitute and evaluate 0 : 



0 = tan 



= tan _1 (-2) = 



-63.4° 
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Picture the Problem In the absence of air 
resistance, the vertical and horizontal 
motions of the projectile experience 
constant accelerations and are independent 
of each other. Use a coordinate system in 
which up is the positive y direction and 
horizontal is the positive x direction and 
use constant-acceleration equations to 
describe the horizontal and vertical 
displacements of the projectile as functions 
of the time into the flight. 




O 



\ 



\ 



\ 
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(a) Use a constant-acceleration 
equation to express the horizontal 
displacement of the projectile as a 
function of time: 

Evaluate this expression when 
At = 6 s: 

(b) Use a constant-acceleration 
equation to express the vertical 
displacement of the projectile as a 
function of time: 



Ax = v 0x At 



= (v 0 cos&)At 



Ax = (300m/s)(cos60°)(6s): 
Ay = (v 0 sm6>)At-\g{At) 2 



900 m 



Evaluate this expression when At = 6 s: 

Ay = (300m/s)(sin60°)(6s)-i(9.81m/s 2 )(6s) 2 = 
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Picture the Problem In the absence of air 
resistance, the acceleration of the projectile 
is constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the cliff 
and the axes oriented as shown and use 
constant-acceleration equations to find the 
range of the cannonball. 

Using a constant-acceleration 
equation, express the horizontal 
displacement of the cannonball as a 
function of time: 

Using a constant-acceleration 
equation, express the vertical 
displacement of the cannonball as a 
function of time: 



1.38km 




Solve the quadratic equation for At: 
Calculate the range: 



Ax = v 0x At + \a x (ktf 

or, because vq x = vocos#and a x = 0, 

Ax = (v 0 cos 6)At 

Ay = v 0y At + ±a y {Atf 

or, because y = -40 m, a = -g, and 
v 0v = v 0 sin6>, 

_40m = (42.2m/s)(sin30°)A? 
-|(9.81m/s 2 )(A^) 2 

At = 5.73 s 

r = Ax = (42.2 m/s)(cos30°)(5. 73 s) 



209 m 
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Picture the Problem Choose a coordinate 
system in which the origin is at ground 
level. Let the positive x direction be to the 
right and the positive y direction be 
upward. We can apply constant- 
acceleration equations to obtain parametric 
equations in time that relate the range to 
the initial horizontal speed and the height h 
to the initial upward speed. Eliminating the 
parameter will leave us with a quadratic 
equation in R, the solution to which will 
give us the range of the arrow. In (b), we'll 
find the launch speed and angle as viewed 
by an observer who is at rest on the ground 
and then use these results to find the 
arrow's range when the horse is moving at 
12 m/s. 




(a) Use constant-acceleration 
equations to express the 
horizontal and vertical 
coordinates of the arrow's 
motion: 



R = Ax = x-x 0 = v 0x t 
and 

y = h + v 0y t + ±(-g)t 2 
where 

v 0x =v o cos0 and v 0 v = v 0 sin 6 



Solve the x-component equation 
for time: 



R 



R 



v 0x v o cos0 



Eliminate time from the 
j-component equation: 



R 1 

y = h + v 0y -g 



r R^ 



"Ox 



V V <W 



and, at (R, 0), 

0 = /z + (tan#)i? g R 

2v 0 cos 0 



Solve for the range to obtain: 



i? = ^L s in2# 
2g 



1+11 + 



2gh 



Vq sin 2 6 j 



Substitute numerical values and evaluate R: 



R= , (45m/S> ' Sin20° 
2(9.8 lm/s 2 ) 



, i 2(9.8 lm/s 2 1(2.25 m) 
V (45 m/s) 2 (sin 2 10°) 



81.6m 
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(b) Express the speed of the 
arrow in the horizontal 
direction: 



V = V + V . 

x arrow archer 



= (45m/s)cosl0° + 12m/s 
= 56.3m/s 



Express the vertical speed of the 
arrow: 

Express the angle of elevation 
from the perspective of someone 
on the ground: 



v = (45m/s)sinl0° = 7.81m/s 



6 = tan 



V 




^7.81m/s^ 


= tan 1 




V 




v 56.3m/s y 



= 7.90° 



Express the arrow's speed 
relative to the ground: 



A /(56.3m/s) 2 +(7.81m/s) 2 
56.8m/s 



Substitute numerical values and evaluate R: 



R- <f- 8m/S L inl5.8° 
2(9.81m/s 2 ) 



+ )2(9. 8 l m /s;)(2 2 5 .r0 
V (56.8 m/s) 2 (sin 2 7.9°) 



104m 



Remarks: An alternative solution for part (b) is to solve for the range in the 
reference frame of the archer and then add to it the distance the frame travels, 
relative to the earth, during the time of flight. 
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Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
motions are independent of each other. 
Choose a coordinate system oriented as 
shown in the figure to the right and apply 
constant-acceleration equations to find the 
time-of-flight and the range of the spud- 
plug. 













s 




\ 




\ 




\ 




\ 




\ 



(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the plug: 



Solve for and evaluate the flight 
time At: 



Ay = v 0y At + ±a y (Atf 
or, because v 0> . = 0 and a y 
Ay = -\g{At) 2 



-g> 



At = 



2Ay _ j 2(- 1.00m) 



g 



9.81m/s 2 



= 0.452s 
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(b) Using a constant-acceleration 
equation, express the horizontal 
displacement of the plug: 



a x (Atf 

or, because a x = 0 and vo. v = Vo, 



Ax = v 0x At + ± 



Ax = v 0 At 



Substitute numerical values and 
evaluate R: 



Ax = i? = (50m/s)(0.452s): 



22.6m 
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Picture the Problem An extreme value (i.e., a maximum or a minimum) of a function is 
determined by setting the appropriate derivative equal to zero. Whether the extremum is a 
maximum or a minimum can be determined by evaluating the second derivative at the 
point determined by the first derivative. 



Evaluate dRIdOn. 



dR 



_v 0 2 



2vl 



d0 0 g d0 o 



[sin(2# 0 )] = ^cos(2# 0 ) 



g 



Set dR/dO 0 = 0 for extrema and solve 
for 0q: 



Determine whether 45° is a 
maximum or a minimum: 



(20 O ) = O 



2v 0 2 
— -cos 

g 

and 



0 O = {cos 1 0 = 45° 



d 2 R 



dO n 



= [-4(v 0 2 /g)sin2^ 



45° 



<0 



.". R is a maximum at £> 0 = 45° 



95 • 

Picture the Problem We can use constant- 
acceleration equations to express the x and 
y coordinates of a bullet in flight on the 
moon as a function of t. Eliminating this 
parameter will yield an expression for j; as 
a function of x that we can use to find the 
range of the bullet. The necessity that the 
centripetal acceleration of an object in orbit 
at the surface of a body equal the 
acceleration due to gravity at the surface 
will allow us to determine the required 
muzzle velocity for orbital motion. 













\Cv,./) 






R 



(a) Using a constant-acceleration 
equation, express the x coordinate of 
a bullet in flight on the moon: 



x = x 0 + v 0x t + -^a x t 

or, because x 0 = 0, a x = 0 and 

V 0 . v = VqCOS^q, 



x = (v 0 cos^o)^ 
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Using a constant-acceleration 
equation, express the y coordinate of 
a bullet in flight on the moon: 



y = y 0 + v oy t+ ja y t 

or, because y 0 = 0, a y = -g moon and 
Voy = v 0 smdo, 

y = (v 0 sin O a )t-\g moo f 



Eliminate the parameter t to obtain: 



y = (tanfl 0 )s- f m °°° x 2 
2v 0 cos 6 Q 



When j = 0 and x = R: 



0 = (tanfl 0 )fi- f m °°" i? 2 
2v 0 cos t'o 



and 



7? 



-sinl^ 



Substitute numerical values and 
evaluate R: 



i? = (900m/s) 2 in90O = 4 85xl()5m 
1.67m/s 2 



= 485km 



This result is probably not very accurate 
because it is about 28% of the moon's 
radius (1740 km). This being the case, we 
can no longer assume that the ground is 
"flat" because of the curvature of the moon. 



(b) Express the condition that the 
centripetal acceleration must satisfy 
for an object in orbit at the surface 
of the moon: 



a = s 

c o moon 

r 



Solve for and evaluate v: 



v = 4g~J = V(l .67 m/s 2 \\ .74 x 1 0 6 m) 



= 1.70km/s 
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Picture the Problem We can show that AR/R = -Ag/g by differentiating R with respect 
to g and then using a differential approximation. 



Differentiate the range equation 
with respect to g: 



dR_d_ 
dg dg 
_R 
g 



f 2 

^ sin 20, 
g 



-^sin2# 0 



g 
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Approximate dRIdg by AR/Ag: 
Separate the variables to obtain: 



AR 
Ag 



R 

g 



AR 

~R g 

i.e., for small changes in gravity 

( g « g ± Ag ), the fractional change in R 

is linearly opposite to the fractional change 
ing. 



Remarks: This tells us that as gravity increases, the range will decrease, and vice 
versa. This is as it must be because R is inversely proportional to g. 
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Picture the Problem We can show that AR/R = 2Av 0 / vo by differentiating R with respect 
to v 0 and then using a differential approximation. 



Differentiate the range equation 
with respect to v 0 : 



dR 



= 2 



d_ 
R 



f,.2 



-sin 261 



g 



2vq 
g 



sin 20 n 



Approximate dR/dvo by ARIAvq. 



AR 

Av n 



R 



Separate the variables to obtain: 



:2 Avo_ 



AR 
R 

i.e., for small changes in the launch 
velocity ( v 0 « v 0 + Av 0 ), the fractional 

change in R is twice the fractional change 
in v 0 . 



Remarks: This tells us that as launch velocity increases, the range will increase 
twice as fast, and vice versa. 
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Picture the Problem Choose a coordinate system in which the origin is at the base of the 
surface from which the projectile is launched. Let the positive x direction be to the right 
and the positive y direction be upward. We can apply constant-acceleration equations to 
obtain parametric equations in time that relate the range to the initial horizontal speed and 
the height h to the initial upward speed. Eliminating the parameter will leave us with a 
quadratic equation in R, the solution to which is the result we are required to establish. 



Write the constant-acceleration 
equations for the horizontal and 
vertical parts of the projectile's 



x = v 0x t 
and 
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motion: 



y = h + v 0y t + \{-g)t 2 
where 

v 0 v = v 0 cos 6 and v 0 = v 0 sin 6 



Solve the x-component equation for 
time: 



t = 



v 0x v 0 cos9 



Using the x-component equation, 
eliminate time from the 
j-component equation to obtain: 



y = h + (tan&)x- 



g -x 2 



2v 0 cos 6 



When the projectile strikes the 
ground its coordinates are (R, 0) and 
our equation becomes: 



0 = /z + (tan#)iC 



g 



2v 0 cos 0 



-R 2 



Using the plus sign in the quadratic 
formula to ensure a physically 
meaningful root (one that is 
positive), solve for the range to 
obtain: 



R = 



1 + 



1 + 



2gh 



v 2 sin 2 6> 0 j 



2g 



-sin 261, 
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Picture the Problem We can use trigonometry to relate the maximum height of 
the projectile to its range and the sighting angle at maximum elevation and the range 
equation to express the range as a function of the launch speed and angle. We can use a 
constant-acceleration equation to express the maximum height reached by the projectile 
in terms of its launch angle and speed. Combining these relationships will allow us to 
conclude that tan tf> = \ tan 0 . 



Referring to the figure, relate the 
maximum height of the projectile to 
its range and the sighting angle (jr. 



tan^ ■ 



R/2 



Express the range of the rocket and 
use the trigonometric identity 
sin 20 = 2 sin 0 cos 0 to rewrite the 
expression as: 



2 2 
V V 

R = — sin(26 l ) = 2 — sin 0 cos 6 

g g 



Using a constant-acceleration 
equation, relate the maximum height 
of a projectile to the vertical 
component of its launch speed: 



V,7 



-2gh 

iVy = 

Vq sin z 0 = 2gh 



■ y v 0y 

or, because v y = 0 and vo, = v 0 sin#, 

2 •_ 2 



Solve for the maximum height h: 



h = — sin 2 # 
2g 
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Substitute for R and h and simplify 
to obtain: 



tan^ 



2 — sin 2 # 
2g 

v 2 

2 — sin 6 cos 6 
g 



-tan0 
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Picture the Problem In the absence of air 
resistance, the horizontal and vertical 
displacements of the projectile are 
independent of each other and describable 
by constant-acceleration equations. Choose 
the origin at the firing location and with the 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
relate the vertical displacement to vertical 
component of the initial velocity and the 
horizontal velocity to the horizontal 
displacement and the time of flight. 



V, m 



(3000, 450) 




X, m 



(a) Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile as a 
function of its time of flight: 



Ay = v 0y At + \a y \Atf 
or, because a y = -g, 
Ay = v 0v At-±g{At) 2 



Solve for v 0v : 



Ay + \g{At) 2 
At 



Substitute numerical values and 
evaluate v 0y : 



v o, = 



450m + i(9.81m/s 2 )(20s) 2 
20s 



= 121m/s 



(b) The horizontal velocity remains 
constant, so: 



V 0.v = V * = 



Ax 
At 



3000 m 
20 s 



150 m/s 
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Picture the Problem In the absence of air 
resistance, the acceleration of the stone is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose a coordinate system with the origin 
at the throwing location and the axes 
oriented as shown in the figure and use 
constant- acceleration equations to express 
the x and y coordinates of the stone while it 
is in flight. 
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Using a constant-acceleration 
equation, express the x coordinate of 
the stone in flight: 



x = x 0 +v 0 J + ±af 



or, because xo = 0, vq x = vo and a x = 0, 



x = v 0 t 



Using a constant-acceleration 
equation, express the y coordinate of 
the stone in flight: 



y = y 0 + v + W 

or, because jo = 0, Vo y = 0 and a v = g, 

y = \gt 2 ' 



Referring to the diagram, express 
the relationship between 9, y and x 
at impact: 



tan# = ^ 

x 



Substitute for x and y and solve for 
the time to impact: 



Um0 = ^- = ^-t 
2v 0 t 2v 0 



Solve for t to obtain: 



f = ^tan# 
g 



Referring to the diagram, express 
the relationship between 6, L, y and 
x at impact: 



x = LcosO = - 
tan6> 



Substitute for y to obtain: 



2g 



= LcosO 



Substitute for t and solve for L to 
obtain: 



L 



2v 0 2 tan6 l 
gcos^ 
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Picture the Problem The equation of a particle's trajectory is derived in the text so we'll 
use it as our starting point in this derivation. We can relate the coordinates of the point of 
impact (x, y) to the angle <j> and use this relationship to eliminate y from the equation for 
the cannonball's trajectory. We can then solve the resulting equation for x and relate the 
horizontal component of the point of impact to the cannonball's range. 



The equation of the cannonball's 
trajectory is given in the text: 



y(x) = (tan# 0 )x- 



g 



2v 0 cos # 0 j 



x 



Relate the x and y components of a 
point on the ground to the angle (jr. 



y(x) = (tan <p)x 



Express the condition that the 
cannonball hits the ground: 



(tan^)x = (tan^o)*- 



g 



v 2v 0 cos 0 OJ 



X 
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Solve for x to obtain: 



2v 2 cos 2 0 O (tan 0 Q - tan <p) 
g 



Relate the range of the cannonball's 
flight R to the horizontal distance x: 



x = i?COS0 



Substitute to obtain: 



Rcos0 = 



2v 0 cos 0 O (tan 0 O - tan <f>) 
g 



Solve for R: 



R = 



2v 0 cos 0 O (tan 0 O - tan <f>) 
gcos^ 
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Picture the Problem In the absence of air 
resistance, the acceleration of the rock is 
constant and the horizontal and vertical 
motions are independent of each other. 
Choose the coordinate system shown in the 
figure with the origin at the base of the 
building and the axes oriented as shown 
and apply constant-acceleration equations 
to relate the horizontal and vertical 
displacements of the rock to its time of 
flight. 




x, m 



Find the horizontal and vertical 
components of vo: 

Using a constant-acceleration 
equation, express the horizontal 
displacement of the projectile: 



v 0 .Y = v 0 cos53° = 0.602v 0 
vo v = vosin53 0 = 0.799vo 

Ax: = 20 m = v 0x At = (0.602v 0 )At 



Using a constant-acceleration 
equation, express the vertical 
displacement of the projectile: 



Ay = -20m = v 0y At-^g(Atf 
= {0J99v 0 )At-±g{At) 2 



Solve the x-displacement equation 
for At. 



At = 



20 m 
0.602v n 



Substitute At into the expression for 
Ay: 

Solve for v 0 to obtain: 



20 m = (0.799v 0 )At - (4.91 m/s 2 \Atf 



10.8m/s 



Find At at impact: 



At = 



20 m 



(I0.8m/s)cos53 c 



3.08s 
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Using constant-acceleration 
equations, find v v and v x at impact: 



v x = v 0x = 6.50m/s 
and 



V y =V 0y 



-gAt = -2\m/s 



Express the velocity at impact in 
vector form: 



v = 



(6.50 m/s)/ + (-21.6m/s)y 
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Picture the Problem The ball experiences constant acceleration, except during its 
collision with the wall, so we can use the constant-acceleration equations in the analysis 
of its motion. Choose a coordinate system with the origin at the point of release, the 
positive x axis to the right, and the positive y axis upward. 



Using a constant-acceleration 
equation, express the vertical 
displacement of the ball as a 
function of At: 

When the ball hits the ground, 
Ay = -2 m: 



Ay = v 0v At-\g(At) 2 



2m = (l0m/s)A? 

-^(9.81m/s 2 )(A?) 2 



Solve for the time of flight: 

Find the horizontal distance traveled 
in this time: 



t night — At — 2.22 s 

Ax = (10 m/s) (2.22 s) = 22.2 m 



The distance from the wall is: 



Ac - 4 m = 



18.2m 



Hitting Targets and Related Problems 
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Picture the Problem In the absence of air 
resistance, the acceleration of the pebble is 
constant. Choose the coordinate system 
shown in the diagram and use constant- 
acceleration equations to express the 
coordinates of the pebble in terms of the 
time into its flight. We can eliminate the 
parameter t between these equations and 
solve for the launch velocity of the pebble. 
We can determine the launch angle from 
the sighting information and, once the 
range is known, the time of flight can be 
found using the horizontal component of 
the initial velocity. 




R = 40 



X, m 
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Referring to the diagram, express 0 
in terms of the given distances: 



6> = tan 



^4.85 
40 m 



6.91 c 



Use a constant-acceleration equation 
to express the horizontal position of 
the pebble as a function of time: 



or, because xq = 0, v 0 . v = vocosd?, and 
a x = 0, 

x = (v 0 cos&)t (1) 



Use a constant-acceleration equation 
to express the vertical position of 
the 

pebble as a function of time: 



y = y 0 + V + W 2 

or, because jo = 0, v 0v = v 0 sin#, and 
y = {v 0 sm6)t-\gt 2 



Eliminate the parameter t to obtain: 



y = (tan 6)x 



g -x 2 



2v\ cos 2 6 



At impact, y = 0 and x = R: 



0 = (tan#)i? 



8 R 2 



2v 2 cos 2 6 



Solve for vo to obtain: 



\ Rg 

sm.26 



Substitute numerical values and 
evaluate v 0 : 



| (40m)(9.81m/s 2 ) 
sinl3.8° 



40.6 m/s 



Substitute in equation (1) to relate R 
to ^flight: 



R = (v o cos0)t 



flight 



Solve for and evaluate the time of 
flight: 



40 m 



'flight 



(40.6m/s)cos6.91° 



0.992s 
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Picture the Problem The acceleration of 
the ball is constant (zero horizontally and - 
g vertically) and the vertical and horizontal 
components are independent of each other. 
Choose the coordinate system shown in the 
figure and assume that v and t are 
unchanged by throwing the ball slightly 
downward. 



i/, m 




Express the horizontal displacement 
of the ball as a function of time: 



Ax = v 0x At + ^a x (^tf 



186 Chapter 3 



or, because a x = 0, 
Ax = v 0x At 



Solve for the time of flight if the 
ball were thrown horizontally: 



Ax 18.4m nAn1 
At = — = = 0.491 s 



v 0x 37.5 m/s 



Using a constant-acceleration 
equation, express the distance the 
ball would drop (vertical 
displacement) if it were thrown 
horizontally: 

Substitute numerical values and 
evaluate Ay: 

The ball must drop an additional 
0.62 m before it gets to home plate. 



Ay = v 0y At + \a y {Atf 
or, because v 0> . = 0 and a y = 
Ay = -\g{At) 2 



-g, 



Ay = -|(9.81 m/s 2 )(0.491s) 2 = -1.18m 



y = (2.5 - 1.18) m 
= 1.32 m above ground 



Calculate the initial downward 
speed the ball must have to drop 
0.62 m in 0.491 s: 

Find the angle with horizontal: 



-0.62m 

v = = -1.26m 

y 0.491s 



0 = tan 



|V 




^-1.26m/s^ 




= tan 1 








v 37.5m/s / 



= -1.92° 



Remarks: One can readily show that Jv x + v v = 37.5 m/s to within 1 % ; so the 

assumption that v and t are unchanged by throwing the ball downward at an angle 
of 1.93° is justified. 
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Picture the Problem The acceleration of 
the puck is constant (zero horizontally and 
-g vertically) and the vertical and 
horizontal components are independent of 
each other. Choose a coordinate system 
with the origin at the point of contact with 
the puck and the coordinate axes as shown 
in the figure and use constant-acceleration 
equations to relate the variables v 0v , the 
time t to reach the wall, v 0x , vo, and 0q. 




wall 



12.0 



Using a constant-acceleration 
equation for the motion in the y 
direction, express v 0y as a function 
of the puck's displacement Ay: 



v y =v 0y + 2a y Ay 

or, because v v = 0 and a y 
0 = v 0 2 > ,-2gAj 



-g, 



Solve for and evaluate vo v : 



Find t from the initial velocity in the 
y direction: 



Use the definition of average 
velocity to find vq x \ 
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v 0v = JlgAy = V2(2.80m)(9.81m/s 2 ) 



= 7.41m/s 



t = 



Vpy _ 7.41m/s 
g ~9.81m/s 2 



0.756s 



Ax _ 12.0m 
t ~ 0.756s 



15.9m/s 



Substitute numerical values and 
evaluate vq. 



V 0=^ V L+ V 0y 



= V(l5.9m/s) 2 + (7.41m/s) 2 



17.5 m/s 



Substitute numerical values and 
evaluate 0: 



0 = tan 



V 




^7.41m/s^ 


= tan 1 




U*7 




v 15.9m/s J 



= 25.0 C 



108 

Picture the Problem In the absence of air 
resistance, the acceleration of Carlos and 
his bike is constant and we can use 
constant-acceleration equations to express 
his x and y coordinates as functions of 
time. Eliminating the parameter t between 
these equations will yield y as a function of 
x ... an equation we can use to decide 
whether he can jump the creek bed as well 
as to find the minimum speed required to 
make the jump. 

(a) Use a constant-acceleration 
equation to express Carlos' 
horizontal position as a function 
of time: 



Use a constant-acceleration equation 
to express Carlos' vertical position 
as a function of time: 



:/, m 




x = x 0 + v 0x t + \a x t 2 

or, because xq = 0, vo. v = vocos 6, and 
a x = 0, 

x = (v 0 cos^)^ 

y = y 0 + V + i fl / 

or, because jo = 0, vo v = vosin#, and 
a y = -g, 

y = {v^me)t-\gt 2 



x, m 
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Eliminate the parameter t to obtain: 
Substitute y = 0 and x = R to obtain: 



y = (tan 6)x - 
0 = (tan#)iC 



8 -x 2 



2vq cos 2 6* 



S R 2 



2v 2 cos 2 # 



Solve for and evaluate R: 



i?=^sin(2^ 0 ) = fiH^sin20 c 
g V 07 9.81m/s 2 

= 4.30m 



He should apply the brakes! 



(b) Solve the equation we used in 
the previous step for vo,mi n : 



Rg 



O.min 



sin(26' 0 ) 



Letting R = 7 m, evaluate v 0 , m i n : 



K 0,mii 



/ (Vm^-Slm/s 2 ) 
~ V sin20° 



= 14.2m/s = 51.0km/h 
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Picture the Problem In the absence of air 
resistance, the bullet experiences constant 
acceleration along its parabolic trajectory. 
Choose a coordinate system with the origin 
at the end of the barrel and the coordinate 
axes oriented as shown in the figure and 
use constant-acceleration equations to 
express the x and y coordinates of the 
bullet as functions of time along its flight 
path. 

Use a constant-acceleration equation 
to express the bullet's horizontal 
position as a function of time: 



y, in 

/I 





"71 




/ 1 




/ | 




y 




/ 1 











0 100 

x = x 0 + v 0x t + \a x t 2 

or, because xq = 0, v 0 . v = vocos^, and 
a x = 0, 

x = (v 0 cos &)t 



Use a constant-acceleration 
equation to express the bullet's 
vertical position as a function of 
time: 



or, because yo = 0, v 0v = vosin#, and 
y = (v 0 sin 0)t-~gt 2 



Eliminate the parameter t to obtain: 



y 



= (tand)t 



g 



2v 0 cos 6 
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Let y = 0 when x = R to obtain: 



0 = (tan#)i? 



8 _ R 2 



2v 0 cos 6 



Solve for the angle above 

the horizontal that the rifle must be 

fired to hit the target: 

Substitute numerical values and 
evaluate 9 0 : 



Referring to the diagram, relate h to 
6q and solve for and evaluate h: 



0 O =|sin _1 



6 0 = ysin 1 



Rg 



V v o J 



(l00m)(9.81m/s 2 ) 
(250 m/s) 2 



= 0.450° 
Note: A second value for 9 0 , 89.6° is 
physically unreasonable. 



tan# 0 = 



h 



100m 
and 

A = (l00m)tan(0.450°) = 



0.785m 



General Problems 



no • 

Picture the Problem The sum and difference of two vectors can be found from the 
components of the two vectors. The magnitude and direction of a vector can be found 
from its components. 



(a) The table to the right 
summarizes the components of A 
mdB . 

(b) The table to the right shows the 
components of 5 . 



Vector 


x component 


y component 




(m) 


(m) 


A 


0.707 


0.707 


B 


0.866 


-0.500 




Vector 


x component 


y component 




(m) 


(m) 


A 


0.707 


0.707 


B 


0.866 


-0.500 


S 


1.57 


0.207 



Determine the magnitude and 
direction of 5 from its components: 



S = JS 2 +S 2 , = 



1.59m 



and, because 5 is in the 1 st 











6 S = tan 1 






7.50° 
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(c) The table to the right shows the 
components of D : 



Vector 


x component 


y component 




(m) 


(m) 


A 


0.707 


0.707 


B 


0.866 


-0.500 


D 


-0.159 


1.21 



Determine the magnitude and 
direction of D from its components: 



d = jd:+d: = 



1.22 m 



and, because D is in the 2 n quadrant, 



6 D = tan 



97.5 C 
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Picture the Problem A vector quantity can be resolved into its components relative to 
any coordinate system. In this example, the axes are orthogonal and the components of 
the vector can be found using trigonometric functions. 



The x and y components of g are 
related to g through the sine and 
cosine functions: 



g. Y = gsin30° = 
and 

g y = gcos30° = 



4.91m/s 2 



8.50 m/s 2 
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Picture the Problem The figure shows 
two arbitrary, co-planar vectors that (as 
drawn) do not satisfy the condition that A/B 

= AJB X . 



A x = Acos0 A and 




Because 

B x =Bcos0„ , = 1 for the 

cosv B 

condition to be satisfied. 

.'. A/B = A X IB X if and only if A and/? are parallel {0A = &B) or on opposite sides of the 
x-axis (6a = ~6b)- 
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Picture the Problem We can plot the path of the particle by substituting values for t and 
evaluating r x and r y coordinates ofr . The velocity vector is the time derivative of the 
position vector. 

(a) We can assign values to t in the parametric equations x = (5 m/s)? and j = (10 m/s)? to 
obtain ordered pairs (x, y) that lie on the path of the particle. The path is shown in the 
following graph: 
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25 -i 




x (m) 



(b) Evaluate df / dt : 



v = — = — [(5 m/s)t i + (l Om/s)? j 



dt 



(5nVs)i + (l0m/s)j 



Use its components to find the 
magnitude of v : 



v = 



2 . 2 
v.. + v ; , 



11.2 m/s 
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Picture the Problem In the absence of air 
resistance, the hammer experiences 
constant acceleration as it falls. Choose a 
coordinate system with the origin and 
coordinate axes as shown in the figure and 
use constant-acceleration equations to 
describe the x and y coordinates of the 
hammer along its trajectory. We'll use the 
equation describing the vertical motion to 
find the time of flight of the hammer and 
the equation describing the horizontal 
motion to determine its range. 




Using a constant-acceleration 
equation, express the x coordinate of 
the hammer as a function of time: 



x = x 0 + v 0x t + \a x t 2 

or, because x 0 = 0, v 0x ■ 
a x = 0, 

X = (vqCOS^q)? 



v 0 cos#o, and 



Using a constant-acceleration 
equation, express the y coordinate of 
the hammer as a function of time: 



y = y 0 + v oy t + i a y t 

or, because yo = h, v 0v = vosin#, and 
a y = -g, 

y = h + (v 0 sm6)t-{gt 2 
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Substitute numerical values to y = 10 m + (4m/s)(sin30°)? 



obtain: 



-|(9.81m/s 2 ) 



Substitute the conditions that exist 0 = 1 0 m - (4 m/s)sin 30° t 

when the hammer hits the ground: , ( , , \ , 

S -i(9.81m/s 2 )? 2 

Solve for the time of fall to obtain: t= 1 .24 s 

Use the x-coordinate equation to R = (4m/s)(cos30°)(l.24s) 
find the horizontal distance traveled 
by the hammer in 1.24 s: 



4.29m 
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Picture the Problem We'll model Zacchini's flight as though there is no air resistance 
and, hence, the acceleration is constant. Then we can use constant- acceleration 
equations to express the x and y coordinates of Zacchini's motion as functions of time. 
Eliminating the parameter t between these equations will leave us with an equation we 
can solve for 9. Because the maximum height along a parabolic trajectory occurs 
(assuming equal launch and landing elevations) occurs at half range, we can use this 
same expression for y as a function of x to find h. 

y,m 




Use a constant-acceleration equation 
to express Zacchini's horizontal 
position as a function of time: 



Use a constant-acceleration 
equation to express Zacchini's 
vertical position as a function of 
time: 



Eliminate the parameter t to obtain: 



Use Zacchini's coordinates when he 
lands in a safety net to obtain: 



x = x 0 + v Qx t + \a x t 2 

or, because xo = 0, vq x = v 0 cosd, and 
a x = 0, 

x = (v 0 cos^)^ 

y = y 0 + V + W 2 

or, because jo = 0, v 0y = v 0 sin#, and 
a y = -g, 

y = {v 0 sin e)t-\gt 2 



y = (tan6')x- 



g -x 2 



2vq cos 2 6 



0 = (tanfl)fi- 2 S R 2 
2v n cos 0 
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Solve for his launch angle 0 : 



0 = |sin _1 



Rg 



V v o J 



Substitute numerical values and 
evaluate 6: 



(53m)(9.81m/s 2 )" 
(24.2 m/s) 2 



31.3 C 



Use the fact that his maximum 
height was attained when he was 
halfway through his flight to obtain: 



/z = (tan#)- , g . 

2 2v n cos 6 



Substitute numerical values and evaluate h: 



A = (tan31.3°) 



53m 



9.81m/s 2 



2 2(24.2 m/s) 2 cos 2 31.3° 



53m 



v y 



8.06m 
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Picture the Problem Because the acceleration is constant; we can use the constant- 
acceleration equations in vector form and the definitions of average velocity and average 
(instantaneous) acceleration to solve this problem. 



(a) The average velocity is given by: 



The average velocity can also be 
expressed as: 



Ar r 2 -r y 



At At 
= (3 m/s)/ +(-2.5 m/s) j 



Vi+v 2 



and 

Vi = 2 v av -v 2 



Substitute numerical values to 
obtain: 



Vj = (lm/s)i +(lm/s)y' 



(6) The acceleration of the particle 
is given by: 



„ Av v,-v, 

a = — = — 

At At 



(2m/s 2 )i +(-3.5m/s 2 )7 



(c) The velocity of the particle as a function of time is: 



v(t) = v l +at= [(1 m/s) + (2 m/s 2 )^]i +[(1 m/s) + (-3.5 m/s 2 )t]j 



(d) Express the position vector as a 
function of time: 



f (t) = f l + v x t + \at 2 
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Substitute numerical values and evaluate r (t) : 

r (0 = I [(4 m) + ( 1 m/s)f + ( 1 m/s 2 )t 2 ] i + [(3 m) + ( 1 m/s)/ 1 + (- 1 .75 m/s 2 } 2 ] j 
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Picture the Problem In the absence of air resistance, the steel ball will experience 
constant acceleration. Choose a coordinate system with its origin at the initial position of 
the ball, the x direction to the right, and the y direction downward. In this coordinate 
system y 0 = 0 and a = g. Letting (x, y) be a point on the path of the ball, we can use 
constant-acceleration equations to express bothx andy as functions of time and, using the 
geometry of the staircase, find an expression for the time of flight of the ball. Knowing its 
time of flight, we can find its range and identify the step it strikes first. 



The angle of the steps, with respect 
to the horizontal, is: 



6 = tan 



A 0.18m^ 
0.3m 



= 31.0° 



Using a constant-acceleration 
equation, express the x coordinate of 
the steel ball in its flight: 



x = x 0 +v 0 t + -^a y t 



or, because x 0 = 0 and a y = 0, 



x = v 0 t 



Using a constant-acceleration 
equation, express the y coordinate of 
the steel ball in its flight: 



y = y 0 +v Qy t+^a y t 

or, because jo = 0, v 0v = 0, and a v = g, 

y 



The equation of the dashed line in 
the figure is: 



^ = tan0 = ^ 



2v n 



Solve for the flight time: 



f = ^tan# 
g 



Find the x coordinate of the landing 
position: 



x = ■ 



y 2v l 



tan# g 



tan0 



Substitute the angle determined in 
the first step: 



*= 2(3m/s)2 2 tan31° = 1.10m 
9.81 m/s 2 



The first step with x > 1 . 1 0 m is the 4th step. 
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Picture the Problem Ignoring the 
influence of air resistance, the acceleration 
of the ball is constant once it has left your 
hand and we can use constant-acceleration 
equations to express the x and y 
coordinates of the ball. Elimination of the 
parameter t will yield an equation from 
which we can determine v 0 . We can then 
use the y equation to express the time of 
flight of the ball and the x equation to 
express its range in terms of xq, % 6 and the 
time of flight. 



h = x, 




Use a constant-acceleration equation 
to express the ball's horizontal 
position as a function of time: 



or, because xq = 0, v 0 . v = vocosd?, and 
a x = 0, 

x = (v 0 cosd)t (1) 



Use a constant-acceleration 
equation to express the ball's 
vertical position as a function of 
time: 



y = y 0 + v ay t+\a/ 

or, because jo = *o, vq v = vosin#, and 
a y = ~g, 



y 



= x 0 +(v 0 sin#)-^ 2 



(2) 



Eliminate the parameter t to obtain: 



y = x 0 + (tan 6)x - 



g 



2v 0 cos 0 



-x 



For the throw while standing on 
level ground we have: 



0 = (tan 6>)x 0 - 2 - 2 - x\ 
and 



2v 0 cos 0 



^-sin20 = ^- 



g 



g 



sin 2(45°): 



g 



Solve for v 0 : 



y[gx 0 



At impact equation (2) becomes: 



° = *o + (Vg*o" sin ^ : 



flight 



2 ^flight 



Solve for the time of flight: 



^flight 




sin 



# + Vsin 2 # + 2) 
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Substitute in equation (1) to express ^ _ (l g X cosd)t 
the range of the ball when thrown lglt 

from an elevation x 0 at an angle 0 I i „\ lx n ( . „ I . 2 ^ 

with the horizontal: ^ = W^o cos 0 1 M^sin 0 + Vsin # + 2 

V O 

= x 0 cos #(sin 6* + Vsin 2 6* + 2) 



Substitute 0= 0°, 30°, and 45°: 



(0°) = 

x(30°) = 
and 

x(45°) = 



1.41x n 



1.73x n 



1 .62x n 
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Picture the Problem Choose a coordinate system with its origin at the point where the 
motorcycle becomes airborne and with the positive x direction to the right and the 
positive y direction upward. With this choice of coordinate system we can relate the x and 
y coordinates of the motorcycle (which we're treating as a particle) using Equation 3-21. 



(a) The path of the motorcycle is 
given by: 

For the jump to be successful, 
h <y(x). Solving for vo, we find: 



y{x) = (tan6*)x 



g 



\2vq cos 2 0) 



v > 

mm 



X 


g 


cos^) 


2(xtan6>-/z) 



(b) Use the values given to obtain: 



26.0m/s or58.0mph 



(c) In order for our expression for 
v min to be real valued; i.e., to predict 
values for v m i n that are physically 
meaningful, x tan#- h > 0. 



•'• ^max < x tanO 

The interpretation is that the bike "falls 
away" from traveling on a straight-line 
path due to the free-fall acceleration 
downwards. No matter what the initial 
speed of the bike, it must fall a little bit 
before reaching the other side of the pit. 
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Picture the Problem Let the origin be at 
the position of the boat when it was 
engulfed by the fog. Take the x and y 
directions to be east and north, 
respectively. Let v BW be the velocity of 

the boat relative to the water, v BS be the 
velocity of the boat relative to the shore, 
and v ws be the velocity of the water with 
respect to the shore. Then 



BS 



BW 



WS • 



9 is the angle of v ws with respect to the x 
(east) direction. 

(a) Find the position vector for the 
boat at t = 3 h: 



Find the coordinates of the boat at 
t = 3 h: 



Simplify the expressions involving 
r x and r y and equate these simplified 
expressions to the x and y 
components of the position vector of 
the boat: 



Harbor 




E (.v) 



r boat ={(32km)(cosl35°>}/ 

+ {(32km)(sinl35°V - 4 km}j 
= {(-22.6km)fji 

+ {(22.6km)?-4km}j 

r x = [(l0km/h)cosl35° + v ws cos6>](3h) 
and 

r y = [(I0km/h)sinl35° + v ws sin#](3h) 

3v W s cosd? = -1.41 km/h 
and 

3v W s sin# = -2.586 km/h 



Divide the second of these equations 
by the first to obtain: 



tanf? 



or 



6 = tan 



2.586km 
-1.41km 



' -2.586km ^ 
v -1.41km , 



= 61.4° or 241.4° 



Because the boat has drifted south, 
use 0= 241.4° to obtain: 



1.41 km/h 



'ws 



cos 6* cos (241.4°) 



= 0.982 km/h at 0 = 241.4° 
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(b) Letting </> be the angle between 
east and the proper heading for the 
boat, express the components of the 
velocity of the boat with respect to 
the shore: 



For the boat to travel northwest: 

Substitute the velocity components, 
square both sides of the equation, 
and simplify the expression to obtain 
the equations: 

Solve for (jr. 

Because the current pushes south, 
the boat must head more northerly 
than 135°: 

(c) Find v B s: 



To find the time to travel 32 km, 
divide the distance by the boat's 
actual speed: 



Vbs,x = (10 km/h) cos^ 

+ (0.982 km/h)cos(24 1.3°) 

Vbs^ = (10 km/h) sin^ 

+ (0.982 km/h) sin(241.3°) 



VBS,x Vbs,_v 

sin^+ cos^= 0.133, 

sin 2 ^+ cos 2 ^+ 2 sin^cos^= 0.0177, 

and 

1 + sin(2$ = 0.0177 
<*= 129.6° or 140.4° 



Using 129.6°, the correct heading 



is 39.6° west of north . 



vbs^c = -6.84 km/h 
and 

v BS = v B .v /cos135° = 9.68 km/h 



?=(32km)/(9.68km/h) 



3.31h = 3h 18min 
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Picture the Problem In the absence of air resistance, the acceleration of the projectile is 
constant and the equation of a projectile for equal initial and final elevations, which was 
derived from the constant-acceleration equations, is applicable. We can use the equation 
giving the range of a projectile for equal initial and final elevations to evaluate the ranges 
of launches that exceed or fall short of 45° by the same amount. 



Express the range of the projectile 
as a function of its initial speed and 
angle of launch: 



R 



-sin 261, 



g 



Let ft= 45° ± ft 



i? = ^sin(90°±2#) 



g 



^cos(+2#) 
g 



Because cos(-0) = cos(+0) (the 
cosine function is an even function): 



R(45° + 0) = R(45°-0) 
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Picture the Problem In the absence of air 
resistance, the acceleration of both balls is 
that due to gravity and the horizontal and 
vertical motions are independent of each 
other. Choose a coordinate system with 
the origin at the base of the cliff and the 
coordinate axes oriented as shown and use 
constant-acceleration equations to relate 
the x and J components of the ball's speed. 

Independently of whether a ball is 
thrown upward at the angle a or 
downward at (3, the vertical motion 
is described by: 

The horizontal component of the 
motion is given by: 

Find v at impact from its 
components: 
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v v = v o, + 2aA y 

v = V v ' + v y = V v «* + y2 °y ~ 2gh 
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Chapter 4 
Newton's Laws 



Conceptual Problems 

Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. 



If an object with no net force acting on it is at rest or is moving with a constant speed in a 
straight line (i.e., with constant velocity) relative to the reference frame, then the 
reference frame is an inertial reference frame. Consider sitting at rest in an accelerating 
train or plane. The train or plane is not an inertial reference frame even though you are at 
rest relative to it. In an inertial frame, a dropped ball lands at your feet. You are in a 
noninertial frame when the driver of the car in which you are riding steps on the gas and 
you are pushed back into your seat. 

2 

Determine the Concept A reference frame in which the law of inertia holds is called an 
inertial reference frame. A reference frame with acceleration a relative to the initial 
frame, and with any velocity relative to the initial frame, is inertial. 

3 

Determine the Concept No. If the net force acting on an object is zero, its acceleration is 
zero. The only conclusion one can draw is that the net force acting on the object is zero. 

*4 * 

Determine the Concept An object accelerates when a net force acts on it. The fact that 
an object is accelerating tells us nothing about its velocity other than that it is always 
changing. 

Yes, the object must have an acceleration relative to the inertial frame of reference. 
According to Newton's 1 st and 2 nd laws, an object must accelerate, relative to any inertial 
reference frame, in the direction of the net force. If there is "only a single nonzero force," 
then this force is the net force. 



Yes, the object's velocity may be momentarily zero. During the period in which the force 
is acting, the object may be momentarily at rest, but its velocity cannot remain zero 
because it must continue to accelerate. Thus, its velocity is always changing. 

5 

Determine the Concept No. Predicting the direction of the subsequent motion correctly 
requires knowledge of the initial velocity as well as the acceleration. While the 
acceleration can be obtained from the net force through Newton's 2 nd law, the velocity 
can only be obtained by integrating the acceleration. 



Determine the Concept An object in an inertial reference frame accelerates if there is a 
net force acting on it. Because the object is moving at constant velocity, the net force 



acting on it is zero. 



(c) is correct. 
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7 

Determine the Concept The mass of an object is an intrinsic property of the object 
whereas the weight of an object depends directly on the local gravitational field. 
Therefore, the mass of the object would not change and W = mg locai . Note that if the 
gravitational field is zero then the gravitational force is also zero. 

*8 • 

Determine the Concept If there is a force on her in addition to the gravitational force, 
she will experience an additional acceleration relative to her space vehicle that is 
proportional to the net force required producing that acceleration and inversely 
proportional to her mass. 

She could do an experiment in which she uses her legs to push off from the wall of her 
space vehicle and measures her acceleration and the force exerted by the wall. She could 
calculate her mass from the ratio of the force exerted by the wall to the acceleration it 
produced. 

*9 * 

Determine the Concept One's apparent weight is the reading of a scale in one's 
reference frame. 



Imagine yourself standing on a scale that, 
in turn, is on a platform accelerating 
upward with an acceleration a. The free- 
body diagram shows the force the 
gravitational field exerts on you, mg, and 

the force the scale exerts on you, w app . The 

scale reading (the force the scale exerts on 
you) is your apparent weight. 



Choose the coordinate system shown in 
the free-body diagram and apply 

= ma to the scale: 



l k w. 



app 



Yf = w 

/ ■ y app 



mg 

mg = ma 



or 



mg + ma 



So, your apparent weight would be greater than your true weight when observed from a 
reference frame that is accelerating upward. That is, when the surface on which you are 

standing has an acceleration a such that a is positive: 



a y > 0 



10 

Determine the Concept Newton's 2 nd law tells us that forces produce changes in the 
velocity of a body. If two observers pass each other, each traveling at a constant velocity, 
each will experience no net force acting on them, and so each will feel as if he or she is 
standing still. 

11 • 

Determine the Concept Neither block is accelerating so the net force on each block is 
zero. Newton's 3 rd law states that objects exert equal and opposite forces on each other. 
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(a) and (b) Draw the free-body 
diagram for the forces acting on the 
block of mass m.\. 



*' 7 „2, 



"hs 



A ppiy X ^ to the block 1: 



2X =F n2i- m i£ = m i a i 
or, because ai = 0, 

F n2l- m iS =0 



Therefore, the magnitude of the 
force that block 2 exerts on block 1 
is given by: 

From Newton's 3 rd law of motion 
we know that the force that block 1 
exerts on block 2 is equal to, but 
opposite in direction, the force that 
block 2 exerts on block 1 . 



F a2l = 



m lg 



F = F F = 

1 n21 1 nl2^' nl2 



m x g 



(c) and (d) Draw the free-body 
diagram for the forces acting on 
block 2: 



nT2 



[ 



^12 ▼ 



m 2 g 



Apply = 



ma to block 2: 



/ , ^9.v — -^nT2 -^nl2 W 2<? — OT 2 fl 2 

or, because a 2 = 0, 

^„T2 = ^„T2 + m 28 = m \8 + m i8 

= (m l + m 2 )g 

and the normal force that the table exerts 
on body 2 is 



F nT2 = (m, +m 2 )g 



From Newton's 3 r law of motion we 
know that the force that block 2 exerts 
on the table is equal to, but opposite in 
direction, the force that the table 
exerts on block 2. 



^nT2 ~~ ^nlT —> ^n2T — 



(m l +m 2 )g 
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*12 • 

(a) True. By definition, action-reaction force pairs cannot act on the same object. 

(b) False. Action equals reaction independent of any motion of the two objects. 
13 • 

Determine the Concept Newton's 3 ld law of motion describes the interaction between 
the man and his less massive son. According to the 3 rd law description of the interaction 
of two objects, these are action-reaction forces and therefore must be equal in magnitude. 

(b) is correct. 



14 • 

Determine the Concept According to Newton's 3 rd law the reaction force to a force 
exerted by object A on object B is the force exerted by object B on object A. The bird's 
weight is a gravitational field force exerted by the earth on the bird. Its reaction force is 

the gravitational force the bird exerts on the earth, (b) is correct. 



15 • 

Determine the Concept We know from Newton's 3 rd law of motion that the reaction to 
the force that the bat exerts on the ball is the force the ball exerts on the bat and is equal 
in magnitude but oppositely directed. The action-reaction pair consists of the force with 
which the bat hits the ball and the force the ball exerts on the bat. These forces are equal 

in magnitude, act in opposite directions, (c) is correct. 



16 • 

Determine the Concept The statement of Newton's 3 rd law given in the problem is not 
complete. It is important to remember that the action and reaction forces act on different 
bodies. The reaction force does not cancel out because it does not act on the same body as 
the external force. 



*17 • 

Determine the Concept The force diagrams will need to include the ceiling, string, 
object, and earth if we are to show all of the reaction forces as well as the forces acting on 
the object. 

(a) The forces acting on the 2.5-kg 
object are its weight W, and the 
tension T p in the string. The reaction 
forces are W ' acting on the earth and 
T { ' acting on the string. 



T 'l 

E 
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(b) The forces acting on the string are 
its weight, the weight of the object, 

and F, the force exerted by the 
ceiling. The reaction forces are 
T { acting on the string and F ' acting 
on the ceiling. 



"Mnng 
"objccl 



t 7 



18 • 

Determine the Concept Identify the objects in the block's environment that are exerting 
forces on the block and then decide in what directions those forces must be acting if the 
block is sliding down the inclined plane. 

Because the incline is frictionless, the force the incline exerts on the block must be 
normal to the surface. The second object capable of exerting a force on the block is the 
earth and its force; the weight of the block acts directly downward. The magnitude of the 
normal force is less than that of the weight because it supports only a portion of the 

weight. The forces shown in FBD (c) satisfy these conditions. 



19 • 

Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton's laws of motion. A good strategy is to try to think of a 
counterexample that would render the statement false. 

(a) True. If there are no forces acting on an object, the net force acting on it must be zero 
and, hence, the acceleration must be zero. 



(b) False. Consider an object moving with constant velocity on a frictionless horizontal 
surface. While the net force acting on it is zero (it is not accelerating), gravitational and 
normal forces are acting on it. 

(c) False. Consider an object that has been thrown vertically upward. While it is still 
rising, the direction of the gravitational force acting on it is downward. 

(d) False. The mass of an object is an intrinsic property that is independent of its location 
(the gravitational field in which it happens to be situated). 

20 • 

Determine the Concept In considering these alternatives, one needs to decide which 
alternatives are consistent with Newton's 3 ld law of motion. According to Newton's 3 rd 
law, the magnitude of the gravitational force exerted by her body on the earth is equal 



and opposite to the force exerted by the earth on her. (a) is correct. 
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*21 • 

Determine the Concept In considering these statements, one needs to decide whether 
they are consistent with Newton's laws of motion. In the absence of a net force, an object 



moves with constant velocity, (d) is correct. 



22 • 

Determine the Concept Draw the free- 
body diagram for the towel. Because the 
towel is hung at the center of the line, the 

magnitudes of T x and T 2 are the same. 




11= mg 



i { w, 



app 



No. To support the towel, the tension in the line must have a vertical component equal to 
the towel's weight. Thus 9 > 0. 

23 • 

Determine the Concept The free-body y 
diagram shows the forces acting on a 
person in a descending elevator. The 
upward force exerted by the scale on the 
person, w app , is the person's apparent 
weight. 



w = mg 

Wapp -mg = ma y 
or 

Wapp = mg + ma y - m(g + a y ) 



Apply ^ F r = ma y to the person 
and solve for w a p P : 



Because w app is independent of v, 
the velocity of the elevator has 
no effect on the person's apparent 
weight. 



Remarks: Note that a nonconstant velocity will alter the apparent weight. 
Estimation and Approximation 

24 

Picture the Problem Assuming a stopping distance of 25 m and a mass of 80 kg, use 
Newton' s 2 nd law to determine the force exerted by the seat belt. 



The force the seat belt exerts on the 
driver is given by: 



,F ne t = ma, where m is the mass of the 
driver. 
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Using a constant-acceleration 
equation, relate the velocity of the 
car to its stopping distance and 
acceleration: 

Solve for a: 



Substitute numerical values and 
evaluate a: 



v z = Vq + 2aAx 
or, because v = 0, 
- Vq = 2aAx 



2Ax 



nn km lh 10 3 m 

90 x x 

h 3600 s km 



a = 



2(25 m) 



J 



-12.5m/s 2 



Substitute for a and evaluate F n 



F net =(80kg)(-12.5m/s 2 ) 



l.OOkN 



F nct is negative because it is opposite the 
direction of motion. 
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Picture the Problem The free-body 
diagram shows the forces acting on you 
and your bicycle as you are either 
ascending or descending the grade. The 
magnitude of the normal force acting on 
you and your bicycle is equal to the 
component of your weight in the y 
direction and the magnitude of the 
tangential force is the x component of your 
weight. Assume a combined mass (you 




plus your bicycle) of 80 kg. 



(a) Apply ^^F y = ma y to you and 
your bicycle and solve for F n : 

Determine 9 from the information 
concerning the grade: 



Substitute to determine F n : 



F n - mg cosd- 0, because there is no 
acceleration in the y direction. 
.'. ^ - mg COS0 

tan#= 0.08 
and 

6= tan~'(0.08) = 4.57° 



F B = (80 kg)(9.81 m/s 2 ) cos4.57° 
= 782 N 



Apply 2_i Fx = ma x to y° u anc ^ y° ur 

bicycle and solve for F t , the 
tangential force exerted by the road 
on the wheels: 



F t - mg sin 6?= 0, because there is no 
acceleration in the x direction. 
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Evaluate F t : F t = (80 kg)(9.8 1 m/s 2 ) sin4.57° 



62.6 N 



(b) 



Because there is no acceleration, the forces are the same going up 
and going down the incline. 



Newton's First and Second Laws: Mass, Inertia, and Force 
26 • 

Picture the Problem The acceleration of y 

the particle can be found from the stopping . 

distance by using a constant-acceleration ' 

equation. The mass of the particle and its I v 0 

acceleration are related to the net force i 
through Newton's second law of motion. 

Choose a coordinate system in which the ^ I % 

direction the particle is moving is the -+ \ 

positive x direction and apply F net = ma. ^net 



Use Newton's 2 nd law to relate the F 



mass of the particle to the net force 
acting on it and its acceleration: 



m = 



net 



a. 



Because the force is constant, use a 
constant- acceleration equation with 
v x = 0 to determine a: 



v 2 x = Vq, + 2a x Ax 
and 



2Ax 



Substitute to obtain: 



2AxF„ 



m 



v, 



OA- 



Substitute numerical values and 
evaluate m: 



2(62.5 m)(15.0N) 
m = ; ^ = 3.00 kg 



(25.0 m/s) 2 



and (b) is correct. 



27 • 

Picture the Problem The acceleration of the object is related to its mass and the net 
force acting on it by F net = F Q = ma. 



(a) Use Newton's 2 nd law of motion 
to calculate the acceleration of the 
object: 



m 



2F n 



m 



= 2(3 m/s 2 ) = 



6.00 m/s z 
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(b) Let the subscripts 1 and 2 
distinguish the two objects. The 
ratio of the two masses is found 
from Newton's 2 nd law: 



m-, 



in. 



Fo/a 2 
F 0 /a x 



3m/s 2 
9m/s 2 



(c) The acceleration of the two-mass 
system is the net force divided by 
the total mass m -m\ + m 2 . 



F 

_ net _ 



m m x +m 2 
F 0 /m x 



a. 



l + m 2 /m l 1 + 1/3 



\a x 



2.25 m/s 2 



28 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it by F net = ma . Let m be the mass of the ship, a\ be the acceleration of the ship 
when the net force acting on it is F\, and a 2 be its acceleration when the net force is F\ + 
F 2 . 



Using Newton's 2 nd law, express the 
net force acting on the ship when its 
acceleration is U\. 



F\ = ma\ 



Express the net force acting on the 
ship when its acceleration is a 2 : 



F\ + F 2 — ma 2 



Divide the second of these equations 
by the first and solve for the ratio 

F 2 IF { : 



F l + F 2 _ ma x 



and 



F x a x 



Substitute for the accelerations to 
determine the ratio of the 
accelerating forces and solve for F 2 : 



F 2 _ (I6km/h)/(l0s) 
F x ~ (4km/h)/(l0s) 



or 



F 2 = 



3F 



*29 

Picture the Problem Because the deceleration of the bullet is constant, we can use a 
constant- acceleration equation to determine its acceleration and Newton's 2 nd law of 
motion to find the average resistive force that brings it to a stop. 



Apply = m ^ to express the 

force exerted on the bullet by the 
wood: 



Fwood — TTICI 



Using a constant-acceleration 



v 0 + 2aAx 
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equation, express the final velocity 
of the bullet in terms of its 
acceleration and solve for the 
acceleration: 



and 



V -V n 



a = 



2Ax 2Ax 



Substitute to obtain: 



Substitute numerical values and 
evaluate F wood : 



_ mvg 

wood ^ * 

2Ax 



(l.8xlQ' 3 kg)(500m/s) 2 
2(0.06 m) 



-3.75kN 



where the negative sign means that the 
direction of the force is opposite the 
velocity. 

*30 

Picture the Problem The pictorial representation summarizes what we know about the 
motion. We can find the acceleration of the cart by using a constant-acceleration 
equation. 



0 

'o = 0 
,r 0 = 0 
v 0 = 0 



/, =4.55 s 



v i = I .5 ni 



The free-body diagram shows the 
forces acting on the cart as it 
accelerates along the air track. We 
can determine the net force acting 
on the cart using Newton's 2 nd law 
and our knowledge of its 
acceleration. 



1 n 



F 

O ► x 



(a) Apply = ma x to the cart 

to obtain an expression for the net 
force F: 



F = ma 



Using a constant-acceleration 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 



Ax = v Q At + ±a(At) 2 
or, because v 0 = 0, 
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Ax = \a(Atf 



Solve for a: 



Substitute for a in the force equation 
to obtain: 



Substitute numerical values and 
evaluate F: 



(b) Using a constant-acceleration 
equation, relate the displacement of 
the cart to its acceleration, initial 
speed, and travel time: 



2Ax 



(Atf 



F = m 



2Ax 2mAx 



F = 



(Atf (Atf 

2(0.355 kg)(l .5 m) 
(4.55 s) 2 



0.05 14 N 



Ax = v a At + \a'(Atf 
or, because v 0 = 0, 
Ax = \a'(Atf 



Solve for At: 



At = 



2 Ax 



cr 



If we assume that air resistance is 
negligible, the net force on the cart 
is still 0.0514 N and its acceleration 
is: 



, 0.0514N n#VT „ , 2 
a'= = 0.0713m/s- 



0.722 kg 



Substitute numerical values and 
evaluate At: 



At 



I 2(1 .5 m) 
0.0713m/s 2 



6.49 s 



31 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 

acting on it according toF net = ma. Let m be the mass of the object and choose a 

coordinate system in which the direction of 2F 0 in (b) is the positive x and the direction 
of the left-most F 0 in (a) is the positive y direction. Because both force and acceleration 
are vector quantities, find the resultant force in each case and then find the resultant 
acceleration. 



(a) Calculate the acceleration of the 
object from Newton's 2 nd law of 
motion: 

Express the net force acting on the 
object: 



_ F 



in 



F 1Kt =FJ+FJ = F,i+FJ 
and 



Find the magnitude and direction of 
this net force: 



and 
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0 = tan 







f F \ 

1 0 




= tan 1 






p 



45 c 



Use this result to calculate the 
magnitude and direction of the 
acceleration: 



V2F 0 



in 



m 



= V2(3m/s 2 ) 



4.24m/s 2 @ 45.0°fromeach 
force. 



(b) Calculate the acceleration of the 
object from Newton's 2 nd law of 
motion: 



a = FJm 



Express the net force acting on the 
object: 



F net =FJ + FJ 
= (-F 0 sin45°)/ 

+ (2F 0 +F 0 cos45°)j 



Find the magnitude and direction of this net force: 



F aet = yjF x 2 +F* = A /(-F 0 sin45°) 2 +(2F 0 + F 0 cos45°) 2 = 2.80F 0 



and 





r 




= tan 1 


[f x j 


V 



6 = tan 1 



= 14.6° from 2F n 



2F 0 +F 0 cos45 c 
-F 0 sin45° 



= -75. 4 C 



Use this result to calculate the 
magnitude and direction of the 
acceleration: 



m 



m 



net -2.80^ = 2.80a n 



= 2.80(3 m/s 2 ) 



8.40 m/s 2 @ 14.6° from 2F n 



32 • 

Picture the Problem The acceleration of an object is related to its mass and the net force 
acting on it according to a = F aet /m. 



Apply a = F net m to the object to 
obtain: 



._^ne t _(6N)/-(3N)y 



m 



1.5kg 



4.00 m/s 2 )/ -(2.00 m/s 2 )j 
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Find the magnitude of a 



a = 



2 . 2 

a r +a 



(4.00 m/s 2 ) 2 + (2.00 m/s 2 ) 2 



4.47 m/s 2 
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Picture the Problem The mass of the particle is related to its acceleration and the net 
force acting on it by Newton's 2 nd law of motion. Because the force is constant, we can 
use constant-acceleration formulas to calculate the acceleration. Choose a coordinate 
system in which the positive x direction is the direction of motion of the particle. 



The mass is related to the net force 
and the acceleration by Newton's 



2 nd law: 



m = 



a 



Because the force is constant, the 
acceleration is constant. Use a 
constant-acceleration equation to 
find the acceleration: 



Ax = v Qx t + \a x (At) 2 , where v 0 v = 0, 



so 



a r = 



2Ax 



x w 



Substitute this result into the first 
equation and solve for and evaluate 
the mass m of the particle: 



m = 



_F X _ F x {At) 2 _ (!2N)(6s) : 
2 Ax 2(1 8 m) 



12.0 kg 



*34 • 

Picture the Problem The speed of either 
Al or Bert can be obtained from their 
accelerations; in turn, they can be obtained 
from Newtons 2 nd law applied to each 
person. The free-body diagrams to the right 
show the forces acting on Al and Bert. The 
forces that Al and Bert exert on each other 
are action-and-reaction forces. 



V 

' k ''n. Ben 



^*AI 00 Bert 
< 



0- X 



> ' Wi 



Bed 



n.AI 



I 



— — ► -V 



Bert on Al 



1 Al 



(a) Apply X F x = ma x to Bert and 
solve for his acceleration: 



' -^AlonBert m Bert 6! Bert 



"•Bert 



Al on Bert 



-20N 
100kg 



= -0.200 m/s 2 



Using a constant-acceleration v = v 0 + aAt 

equation, relate Bert's speed to his = 0 + (-0.200 m/s 2 )(1.5 s) 

initial speed, speed after 1 .5 s, and 1 „ „„„ ; 

1 j 1 c u- a = -0.300m/s 

acceleration and solve for his speed I 

at the end of 1.5 s: 
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(b) From Newton's 3 r law, an equal 
but oppositely directed force acts on 
Al while he pushes Bert. Because 
the ice is frictionless, Al speeds off 
in the opposite direction. Apply 
Newton' s 2 nd law to the forces 
acting on Al and solve for his 
acceleration: 



and 



^BertonA, _ 20 N 



m 



Al 



80 kg 



= 0.250m/s 2 



Using a constant-acceleration 
equation, relate Al' s speed to his 
initial speed, speed after 1.5 s, and 
acceleration; solve for his speed at 
the end of 1.5 s: 



v = v 0 + aAt 
= 0 + (0.250 m/s 2 )(1.5s) 



0.375 m/s 



35 • 

Picture the Problem The free-body 
diagrams show the forces acting on the two 
blocks. We can apply Newton's second law 
to the forces acting on the blocks and 
eliminate F to obtain a relationship between 
the masses. Additional applications of 
Newton' s 2 nd law to the sum and difference 
of the masses will lead us to values for the 
accelerations of these combinations of 
mass. 



V 

1 n.2 



V > V 



(a) Apply F x = ma x to the two 
blocks: 



Z F u =F =m x a x 
and 

Yj F x,2 =F = m 2 a 2 



Eliminate F between the two 
equations and solve for m 2 : 



a x _ 12 m/s 1 



3 m/s 



2 m, = 4ra, 



Express and evaluate the 
acceleration of an object whose 
mass is ni 2 - m\ when the net force 
acting on it is F: 



a = 



m, 



4m, 



m, 



3m, 



3 Uj 3 



(l2m/s 2 ): 



4.00 m/s 2 



(b) Express and evaluate the 
acceleration of an object whose 
mass is m 2 + m\ when the net force 
acting on it is F: 



a = 



m 2 + m, 4mj + m l 



■ = =}(l2m/s 2 ) 



5m, 



= 2.40 m/s 2 
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Picture the Problem Because the velocity 
is constant, the net force acting on the log 
must be zero. Choose a coordinate system 
in which the positive x direction is the 
direction of motion of the log. The free- 
body diagram shows the forces acting on 
the log when it is accelerating in the 
positive x direction. 



y 

A F 



pull 



(a) Apply ^ F x = ma x to the log 
when it is moving at constant speed: 



F pu ii - F ms = ma x = 0 



Solve for and evaluate F„ 



^*res — /*pull — 



250 N 



(b) Apply ^ F x = ma x to the log 
when it is accelerating to the right: 



^puii - ^res = ma x 



Solve for and evaluate F puU : 



^ pun = ^res + ma x 

= 250 N + (75 kg) (2 m/s 2 ) 



400 N 
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Picture the Problem The acceleration can be found from Newton's 2 nd law. Because 
both forces are constant, the net force and the acceleration are constant; hence, we can 
use the constant-acceleration equations to answer questions concerning the motion of the 
object at various times. 



(a) Apply Newton's 2 law to the 
object to obtain: 



F F +F 



(6N)f + (-14N)/ 
4k^ 



1.50m/s 2 )/+(-3.50m/s 2 )j 



(b) Using a constant-acceleration 
equation, express the velocity of the 
object as a function of time and 
solve for its velocity when t = 3 s: 



v = v 0 +at 



0 + 



(l .50 m/s 2 )/ + (- 3.50 m/s 2 )j](3 s) 



(4.50m/s)i+(-10.5m/s)j 



(c) Express the position of the object 
in terms of its average velocity and 
evaluate this expression at t = 3 s: 



r = v. t 



= \vt 



(6.75 m)t+(- 15.8 m)j 
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Mass and Weight 

*38 • 

Picture the Problem The mass of the astronaut is independent of gravitational fields and 
will be the same on the moon or, for that matter, out in deep space. 



Express the mass of the astronaut in 
terms of his weight on earth and the 
gravitational field at the surface of 
the earth: 



m = 



VI-', 



earth 



600 N 
9.81N/kg 



= 61.2kg 



and (c) is correct. 
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Picture the Problem The weight of an object is related to its mass and the gravitational 
field through w - mg. 



(a) The weight of the girl is: 



vv 



mg =(54kg)(9.81N/kg) 



530 N 



(b) Convert newtons to pounds: 



w ■ 



530 N 
4.45 N/lb 



1191b 



40 • 

Picture the Problem The mass of an object is related to its weight and the gravitational 
field. 



Find the weight of the man in 
newtons: 



1651b = (l651b)(4.45N/lb) = 734 N 



Calculate the mass of the man from 
his weight and the gravitational 
field: 



w 734 N 
m = — = 



g 9.81N/kg 



74.8 kg 



Contact Forces 



*41 • 

Picture the Problem Draw a free-body 
diagram showing the forces acting on the 

block. F k is the force exerted by the spring, 

W = mg is the weight of the block, and F a 
is the normal force exerted by the 
horizontal surface. Because the block is 
resting on a surface, Fy_ + F n = W. 



I 1 



(a) Calculate the force exerted by 
the spring on the block: 



F x =kx = (600 N/m)(0. 1 m) = 



60.0 N 



Newton's Laws 217 



(b) Choosing the upward direction 
to be positive, sum the forces acting 
on the block and solve for F n : 



£F =0^F k +F n -W = 0 



and 

F. = W-F,, 



Substitute numerical values and 
evaluate F„: 



F n =(12kg)(9.81N/kg)-60N 



= 57.7 N 
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Picture the Problem Let the positive x direction be the direction in which the spring is 
stretched. We can use Newton's 2 nd law and the expression for the force exerted by a 
stretched (or compressed) spring to express the acceleration of the box in terms of its 
mass m, the stiffness constant of the spring k, and the distance the spring is stretched x. 



Apply Newton's 2" law to the box 
to obtain: 



a = 



rn 



Express the force exerted on the box 
by the spring: 

Substitute to obtain: 



Substitute numerical values and 
evaluate a: 



F 



-kx 
-kx 



m 



a = — 



(800N/m)(0.04m) 
6kg 



■5.33m/s z 



where the minus sign tells us that the box's 
acceleration is toward its equilibrium 
position. 

Free-Body Diagrams: Static Equilibrium 

43 • 

Picture the Problem Because the traffic light is not accelerating, the net force acting on 
it must be zero; i.e., T l + T 2 + mg = 0. 



Construct a free-body diagram showing the 
forces acting on the knot and choose the 
coordinate system shown: 
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Apply ^ F x = ma x to the knot: 

Solve for T 2 in terms of T\. 



r!cos30° - r 2 cos60° = ma x = 0 



T= ^l Ti=L13Ti 



cos60 c 



T 2 is greater than 7[ 



44 • 

Picture the Problem Draw a free-body diagram showing the forces acting on the lamp 
and apply ^ F y = 0 . 



From the FBD, it is clear that T\ 
supports the full weight 
mg = 418 N. 



Apply = 0 to the lamp to 

obtain: 



t;-w = o 



T 



it 



Solve for T\ : 

Substitute numerical values and 
evaluate T\. 



T l =w = mg 



T x =(42.6kg)(9.81m/s 2 )=418N 



and (b) is correct. 



*45 

Picture the Problem The free-body diagrams for parts (a), (b), and (c) are shown below. 
In both cases, the block is in equilibrium under the influence of the forces and we can use 
Newton' s 2 nd law of motion and geometry and trigonometry to obtain relationships 
between 6 and the tensions. 




(a) Referring to the FBD for part (a), , 0.5 m i 

/3 — r»f"\c — — Q^ 1 

use trigonometry to determine 6: 0 625 m I 
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(b) Noting that T= T, apply 

^ F y = ma y to the 0.500-kg block 

and solve for the tension T: 



Substitute numerical values and 
evaluate T: 

(c) The length of each segment is: 



2T sin 0 - mg = 0 since a = 0 
and 

T = _mg_ 
2sin6> 

r = (0.5kg)(9.81m/s 2 ) = 
2sin36.9° 



4.08 N 



1.25 m 



= 0.417m 



Find the distance d: 

H 1 m- 



0.417 m N 




0.417 m 

Express 0 in terms of d and solve 
for its value: 



A PP!y X F y = ma y to ^ °- 25 °- k g 
block and solve for the tension T 3 : 



Substitute numerical values and 
evaluate T 3 : 

Apply = ma f to the °- 25 °- k £ 

block and solve for the tension T 2 : 



d = 



lm-0.417m 



= 0.2915m 



0 = cos _1 
= 45.7° 



' d 
0.417m 



= cos 



0.2915m 
0.417m 



T 3 sin 0 - mg = 0 since a = 0. 
and 

T = (0.25kg)(9.81m/s 2 ) ^ 
3 sin45.7° 



3.43 N 



T 3 cos 6 - T 2 =0 since a = 0. 
and 

T 2 = T 3 cos 6 1 



Substitute numerical values and 
evaluate T 2 : 

By symmetry: 



T 2 =(3.43 N)cos 45.7° = 



2.40 N 



t 1 = t 3 = 3.43 N 
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46 • 

Picture the Problem The suspended body 
is in equilibrium under the influence of the 

forces T h , T 45 ,and mg; 



le.,T h +T 45 +mg = 0 

Draw the free-body diagram of the forces 
acting on the knot just above the 100-N 
body. Choose a coordinate system with the 
positive x direction to the right and the 
positive y direction upward. Apply the 
conditions for translational equilibrium to 
determine the tension in the horizontal 




cord. 



If the system is to remain in static 
equilibrium, the vertical component 
of r 45 must be exactly balanced by, 
and therefore equal to, the tension in 
the string suspending the 100-N 
body: 



T v = r 45 sin45° - mg 



Express the horizontal component of 

r 45 : 



T h = T 45 cos45° 



Because r 45 sin45° = T 45 cos45°: 



T b = mg= 100N 



47 • 

Picture the Problem The acceleration of any object is directly proportional to the net 
force acting on it. Choose a coordinate system in which the positive x direction is the 

same as that of F l and the positive y direction is to the right. Add the two forces to 

determine the net force and then use Newton's 2 nd law to find the acceleration of the 

object. If F 3 brings the system into equilibrium, it must be true that F 3 + F { + F 2 = 0. 



(a) Find the components of F x and F 1 = (20N)i 

F 2 : F 2 = {(-30 N) sin 30°}/ 

+ {(30N)cos30°}j 
= (-15N)/+(26N)j 

Add Fj and F 2 to find F M : F m = (5 N) i + (26 N) j 
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Apply ^ F = ma to find the 
acceleration of the object: 



a = 



m 



(0.500 m/s 2 )i+(2.60m/s 2 )y 



(b) Because the object is in 
equilibrium under the influence of 
the three forces, it must be true that: 



F 3 +F l + F 2 
and 



0 



-(f 1+ f 2 ) 



(- 5.00 N)/+(- 26.0 N)/ 



*48 • 

Picture the Problem The acceleration of the object equals the net force, T - mg , 
divided by the mass. Choose a coordinate system in which upward is the positive y 
direction. Apply Newton's 2 nd law to the forces acting on this body to find the 
acceleration of the object as a function of T. 



(a) Apply ^ F v = ma y to the 
object: 

Solve this equation for a as a 
function of T: 



T - w - T - mg - ma y 



T 

a = — 
m 



Substitute numerical values and 
evaluate a y : 



5N 
5 kg 



-9.81m/s 2 = 



8.81m/s 2 



(b) Proceed as in (a) with T- 10 N: 



a - 



7.81m/s 2 



(c) Proceed as in (a) with T- 100 N: 



a = 10.2m/s 2 
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Picture the Problem The picture is in equilibrium under the influence of the three forces 

shown in the figure. Due to the symmetry of the support system, the vectors T and 

7" have the same magnitude T. Choose a coordinate system in which the positive x 
direction is to the right and the positive y direction is upward. Apply the condition for 
translational equilibrium to obtain an expression for J as a function of 9 and w. 

(a) Referring to Figure 4-37, apply 
the condition for translational 
equilibrium in the vertical direction 
and solve for T. 



2_^F y =2rsin#-w = 0 
and 



T = 



w 



2sin# 
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r min occurs when sin# is a 



mm 

maximum: 



6> = sin _1 l = 



90° 



T msa occurs when sin# is a 
minimum. Because the function is 
undefined when sin 6? = 0, we can 
conclude that: 



T^T as 0^-0° 



(b) Substitute numerical values in 
the result in (a) and evaluate T: 



(2kg)(9.81m/s 2 ) 
2sin30° 



19.6N 



Remarks: 6 = 90° requires wires of infinite length; therefore it is not possible. As 0 
gets small, T gets large without limit. 

*50 ••• 

Picture the Problem In part (a) we can apply Newton's 2 nd law to obtain the given 
expression for F. In (b) we can use a symmetry argument to find an expression for tan 6b- 
In (c) we can use our results obtained in (a) and (b) to express x-, and y,. 



(a) Apply 2_. F y =0 to the balloon: 



F + 7;sin^-r M sin# M =0 



Solve for F to obtain: 



7j_j sin - r ; sin 0 i 



(b) By symmetry, each support must 
balance half of the force acting on 
the entire arch. Therefore, the 
vertical component of the force on 
the support must be NF/2. The 
horizontal component of the tension 
must be I'm. Express tan 0q in terms 
of NFI2 and T H : 



tan 0 O = 



NF/2 NF 



2T„ 



By symmetry, 0fi+i = - do- 
Therefore, because the tangent 
function is odd: 



tan 0 O = 



tan# N+1 = 



NF 
2T» 



(c) Using J H = Ti cos#i = r^cos^, 
divide both sides of our result in (a) 
by T H and simplify to obtain: 

Using this result, express tan 6\. 



F _ !]_] sin T i sin 0 i 



r„ T- , cos 6. , T. cos 0. 

ri 1—1 1—1 1 1 

= tan - tan 0 i 



tan 0 X = tan 0 O 



Substitute for tan 0 Q from (a): 



n NF F , , F 
tan ft =- = {N-2)- 



2T H T ti 



2T„ 
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Generalize this result to obtain: 



tan# = 



{N-2i) 



2T U 



Express the length of rope between 
two balloons: 

Express the horizontal coordinate of 
the point on the rope where the ith 
balloon is attached, x„ in terms of 
Xi-i and the length of rope between 
two balloons: 



' between balloons 



N + l 



X = Xj, H COS0 , 

iV + 1 



Sum over all the coordinates to obtain: 



X: = — V COS 0 ; 



Proceed similarly for the vertical 
coordinates to obtain: 



L i_1 
^ = V sin6>. 



(d) A spreadsheet program is shown below. The formulas used to calculate the quantities 
in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


C9 


($B$2-2*B9)/(2*$B$4) 


(N 2i) F 


D9 


SIN(ATAN(C9)) 


sin (tan ~ x 0.) 


E9 


COS(ATAN(C9)) 


cos(tan _1 6^) 


F10 


F9+$B$1/($B$2+1)*E9 


x i-i+ , T COS6U 


G10 


G9+$B$1/($B$2+1)*D9 


yi-i+„ cos^.j 





A 


B 


C 


D 


E 


F 


G 


1 


L = 


10 


m 










2 


N = 


10 












3 


F = 


1 


N 










4 


TH= 


3.72 


N 










5 
















6 
















7 
















8 




I 


tan(thetai) 


sin(thetai) 


cos(thetai) 


xi 


yi 


9 




0 


1.344 


0.802 


0.597 


0.000 


0.000 


10 




1 


1.075 


0.732 


0.681 


0.543 


0.729 


11 




2 


0.806 


0.628 


0.778 


1.162 


1.395 


12 




3 


0.538 


0.474 


0.881 


1.869 


1.966 






4 


0.269 


0.260 


0.966 


2.670 


2.396 
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1 A 

14 




5 


0.000 


0.000 


1.000 


O C AO 

3.548 


2.632 


JO 




6 


-0.269 


-0.260 


0.966 


A A C~l 

4.457 


2.632 


1 

lo 




7 


-0.538 


-0.474 


0.881 


5.335 


2.396 


17 




8 


-0.806 


-0.628 


0.778 


6.136 


1.966 


18 




9 


-1.075 


-0.732 


0.681 


6.843 


1.395 


19 




10 


-1.344 


-0.802 


0.597 


7.462 


0.729 


20 




11 








8.005 


0.000 



(e) A horizontal component of tension 3.72 N gives a spacing of 8 m. At this spacing, the 
arch is 2.63 m high, tall enough for someone to walk through. 
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Picture the Problem We know, because 
the speed of the load is changing in parts 
(a) and (c), that it is accelerating. We also 
know that, if the load is accelerating in a 
particular direction, there must be a net 
force in that direction. A free43ody 
diagram for part {a) is shown to the right. 
We can apply Newton's 2 nd law of motion 
to each part of the problem to relate the 
tension in the cable to the acceleration of 
the load. Choose the upward direction to be 
the positive y direction. 



4r 



mg 



(a) Apply y\ F y - m a y to the load 
and solve for T: 



T - mg = ma 
and 
T 



ma y + mg = m(a + g) (1) 



Substitute numerical values and 
evaluate T: 



T = (l000kg)(2m/s 2 +9.81m/s 2 ) 



11.8kN 



(b) Because the crane is lifting the 



r=mg= 9.81kN 
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load at constant speed, a = 0: 



(c) Because the acceleration of the 
load is downward, a is negative. 

Apply 2] F\ = ma y to ^ ne l° a d: 



T — mg = ma y 



Substitute numerical values in 
equation (1) and evaluate T: 



r=(1000kg)(9.81 m/s 2 -2m/s 2 ) 



= 7.81kN 
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Picture the Problem Draw a free-body diagram for each of the depicted situations and 
use the conditions for translational equilibrium to find the unknown tensions. 



(a) 



(b) 





80 N 



YF X = TJCOS60 0 - 30 N = 0 
and 



Ti = (30 N)/cos60° = 



60.0 N 



ZF y = risin60° - T 2 = 0 
and 



r 2 = r 1 sin60°= 52.0 N 



m = T 2 /g= 5.30kg 



ZF, = (80 N)cos60° - r!sin60° = 0 
and 



T\ = (80 N)cos607sin60° = 46.2 N 



ZF y = (80 N)sin60° -T 2 - T A cosW° = 0 
T 2 = (80 N)sin60° - (46.2 N)cos60° 



= 46.2N 



m = r 2 /g= 4.71kg 



YF X = -r,cos60° + r 3 cos60° = 0 

and 

T! = T 3 



H? y = 2Tisia60°-mg =0 
and 

T 1 = T 3 = (58.9 N)/(2sin60°) 
= 34.0N 
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Picture the Problem Construct the free- 
body diagram for that point in the rope at 

which you exert the force F and choose the 
coordinate system shown on the FBD. We 
can apply Newton's 2 nd law to the rope to 
relate the tension to F. 




WF 



(a) Noting that T\-T 2 - T, apply 
^ F = ma y to the car: 

Solve for and evaluate T: 



ITsmO- F = ma y = 0 because the car's 
acceleration is zero. 



T = 



400 N 



2 sin 6* 2sin3 c 



3.82kN 



(b) Proceed as in part (a): 



T = 



600 N 

2 sin 4° 



4.30 kN 



Free-Body Diagrams: Inclined Planes and the Normal Force 
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Picture the Problem The free-body 
diagram shows the forces acting on the box 
as the man pushes it across the frictionless 
floor. We can apply Newton' s 2 nd law of 
motion to the box to find its acceleration. 



y 
l 



"7. 



mg 



Apply = ma x to the box: 

Solve for a r : 



Substitute numerical values and 
evaluate a • 



F cos0 = ma. 



a, 



a 



Fcosd 



m 



(250N)cos35° 
20kg 



10.2m/s 2 
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Picture the Problem The free-body 
diagram shows the forces acting on the box 
as the man pushes it up the frictionless 
incline. We can apply Newton's 2 nd law of 
motion to the box to determine the smallest 
force that will move it up the incline at 
constant speed. 







mg ^ 


t \ 



Apply ^ F x = ma t to the box as it 

moves up the incline with constant 
speed: 



F min cos(40° -0)- mg sin 6 = 0 



Solve for F„ 



mg sin 6 



min ;(4() 0) 



cos 



Substitute numerical values and 
evaluate F^: 



F = 

min 



_ (20kg)(9.81m/s 2 )_ 
cos25° 



56.0N 
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Picture the Problem Forces always occur in equal and opposite pairs. If object A exerts a 
force, F B A on object B, an equal but opposite force, F A B = —F B A is exerted by object B 
on object A. 



The forces acting on the box are its weight, 
W, and the normal reaction force of the 

inclined plane on the box, F n . The reaction 
forces are the forces the box exerts on the 
inclined plane and the gravitational force 
the box exerts on the earth. The reaction 
forces are indicated with primes. 
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Picture the Problem Because the block 
whose mass is m is in equilibrium, the sum 

of the forces F n , T, and mg must be zero. 

Construct the free-body diagram for this 
object, use the coordinate system shown 
on the free-body diagram, and apply 
Newton' s 2 nd law of motion. 

Apply 2_, F x = ma t to the block on 
the incline: 




T - mgsin40° - ma x = 0 because the system 
is in equilibrium. 
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Solve for m: 



m 



gsin40 c 



The tension must equal the weight 
of the 3. 5 -kg block because that 
block is also in equilibrium: 



r=(3.5kg)g 
and 

(3.5kg)# _ 3.5kg 



m = 



g sin 40° sin 40° 
Because this expression is not included in 
the list of solution candidates, 



(d) is correct. 



Remarks: Because the object whose mass is m does not hang vertically, its mass 
must be greater than 3.5 kg. 

*58 • 

Picture the Problem The balance(s) indicate the tension in the string(s). Draw free-body 
diagrams for each of these systems and apply the condition(s) for equilibrium. 



(a) 



(b) 



v- 



y 
I 

4r 



mg 



— 



X F v =T-mg = 0 



and 



T = mg =(l0kg)(9.81m/s 2 ): 



98. IN 



^F x =T-T'=0 

or, because T '= mg, 
T = T'= mg 

= (l0kg)(9.81m/s 2 ) = 



98. IN 



(c) 



(d) 



II 



Y d F y =2T-mg = 0 
and 

T = \mg 



(l0kg)(9.81m/s 2 ): 



49. IN 



^F x - T -mg sin30° = 0 
and 

T = mg sin 30° 
= (l0kg)(9.81m/s 2 )sin30° = 



49. IN 



Newton's Laws 229 





Remarks: Note that (a) and (b) give the same answers ... a rather surprising result 
until one has learned to draw FBDs and apply the conditions for translational 
equilibrium. 

59 

Picture the Problem Because the box is 
held in place (is in equilibrium) by the 
forces acting on it, we know that 

f+F n + W = 0 

Choose a coordinate system in which the 
positive x direction is in the direction of 

T and the positive y direction is in the 

direction of F n . Apply Newton's 2 nd law 

to the block to obtain expressions for 

fandF . 




(a) Apply ^ F x = ma x to the box: 



T - mg sin 6 = 0 



Solve for T: 

Substitute numerical values and 
evaluate T: 

Apply 2^, Fy = ma y to tne k° x: 
Solve for F n : 

Substitute numerical values and 
evaluate F n : 



T = mg sin 9 

T = (50kg)(9.81m/s 2 )sin60° = 

F n - mg cos 0 = 0 
F n = mg cos 6 

F n =(50kg)(9.81m/s 2 )cos60° 



425 N 



= 245 N 



(b) Using the result for the tension 
from part (a) to obtain: 



r 90 o = mg sin 90 c 
and 

r o „ = mg sin 0° = 



mg 
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Picture the Problem Draw a free-body 
diagram for the box. Choose a coordinate 
system in which the positive ;t-axis is 
parallel to the inclined plane and the 
positive v-axis is in the direction of the 
normal force the incline exerts on the 
block. Apply Newton's 2 nd law of motion 
to both the x and y directions. 



(a) Apply F y = ma v to the block: 
Solve for F n : 

Substitute numerical values and 
evaluate F n : 

(b) Apply ^ F x = ma t to the block: 
Solve for a: 



Substitute numerical values and 
evaluate a: 
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Picture the Problem The scale reading 
(the boy's apparent weight) is the force the 
scale exerts on the boy. Draw a free-body 
diagram for the boy, choosing a coordinate 
system in which the positive ;e-axis is 
parallel to and down the inclined plane and 
the positive v-axis is in the direction of the 
normal force the incline exerts on the boy. 
Apply Newton's 2 nd law of motion in the y 
direction. 




F n - mg cos 25° - (100 N)sin 25° = 0 
F n =mgcos25° + (l00N)sin25° 
F a =(l2kg)(9.81m/s 2 )cos25° 



+ 



(l00N)sin25 c 



149 N 



(100 N)cos 25° - mg sin 25° = ma 
(l00N)cos25 c 



a = 



m 



g sin 25° 



(100N)cos25° / 2 \ . 

a = - 19.8 lm/s sin 25 

12kg V ! 



= 3.41m/s 2 




Apply ^ F y = ma y to the boy to F n - W cos 30° = 0 

find F a . Remember that there is no 
acceleration in the y direction: 
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Substitute for W to obtain: 
Solve for F n : 

Substitute numerical values and 
evaluate F n : 

62 

Picture the Problem The free-body 
diagram for the block sliding up the incline 
is shown to the right. Applying Newton's 
2 nd law to the forces acting in the x 
direction will lead us to an expression for 
a x . Using this expression in a constant- 
acceleration equation will allow us to 
express has a function of v 0 and g. 



F n -mgcos30° = 0 
F D = mg cos 30° 

F n =(65kg)(9.81m/s 2 )cos30° 



= 552N 




The height h is related to the 
distance Ax traveled up the incline: 

Using a constant-acceleration 
equation, relate the final speed of the 
block to its initial speed, 
acceleration, and distance traveled: 

Solve for Ax to obtain: 



h = Axsin 6 



v 2 = Vq + 2a x Ax 
or, because v = 0, 
0 = v 0 2 + 2a x Ax 



Ax = - 



2a, 



Apply 2^, Fx = ma % to tne block and 
solve for its acceleration: 



- mg sin 9 = ma x 
and 

a x = -g sind 



Substitute these results in the 
equation for h and simplify: 



h = Ax sin 6 = 



f 2 A 
2g sin 6 



sin 0 



2g 



which is independent of the ramp's angle 6. 
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Free-Body Diagrams: Elevators 
63 • 

Picture the Problem Because the elevator >' 
is descending at constant speed, the object t k 

is in equilibrium and T + mg = 0. Draw a 
free-body diagram of the object and let the 
upward direction be the positive y 

direction. Apply Newton's 2 nd law with a = ^ 
0. 



Because the downward speed is 
constant, the acceleration is zero. 

Apply /,F V = ma y and solve for 



T — mg = 0 => T = mg 
and 



(a) is correct. 



64 • 

Picture the Problem The sketch to the 
right shows a person standing on a scale in 
a descending elevator. To its right is a free- 
body diagram showing the forces acting on 
the person. The force exerted by the scale 
on the person, w app , is the person's 

apparent weight. Because the elevator is 
slowing down while descending, the 
acceleration is directed upward. 

A PPhy X = ma y to the P erson: ^app ~ m 8 = ma y 

Solve for w app : vv app = mg + ma y > mg 

The apparent weight will be higher. Because an upward acceleration is required 
to "slow" a downward velocity, the normal force exerted on you by the scale 
(your apparent weight) must be greater than your weight. 




*65 • 

Picture the Problem The sketch to the 
right shows a person standing on a scale in 
the elevator immediately after the cable 
breaks. To its right is the free-body 
diagram showing the forces acting on the 
person. The force exerted by the scale on 
the person, W p , is the person's apparent 
weight. 



y 
I 

Aw. 



app 



mg 
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From the free-body diagram we can see that w + mg = ma where g is the local 

gravitational field and a is the acceleration of the reference frame (elevator). When the 
elevator goes into free fall (a-g), our equation becomes w app + mg = ma = mg. This 

tells us that w = 0. (e) is correct. 



66 • 

Picture the Problem The free-body 
diagram shows the forces acting on the 10- 
kg block as the elevator accelerates 
upward. Apply Newton's 2 nd law of motion 
to the block to find the minimum 
acceleration of the elevator required to 
break the cord. 



a? 



t 

T mg 



Apply = ma y to the block: 

Solve for a y to determine the 
minimum breaking acceleration: 



T — mg = ma y 

T — mg T 



a y = 



m 



m 



Substitute numerical values and 
evaluate a y : 



150N 
10kg 



-9.81m/s 2 = 



5.19m/s 2 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
2-kg block as the elevator ascends at a 
constant velocity. Because the acceleration 
of the elevator is zero, the block is in 
equilibrium under the influence of 

T and mg. Apply Newton's 2 nd law of 

motion to the block to determine the scale 
reading. 



y 



mg 



(a) Apply F Y = ma y to the block 
to obtain: 



T -mg = ma x 



(1) 



For motion with constant velocity, 
a y = 0: 

Substitute numerical values and 
evaluate T: 

(b) As in part (a), for constant 
velocity, a = 0: 



T - mg = 0 and T = mg 

r = (2kg)(9.81m/s 2 )= 

T - mg = ma y 
and 

r = (2kg)(9.81m/s 2 ) = 



19.6N 



19.6N 
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(c) Solve equation (1) for Tand 
simplify to obtain: 



T = mg + ma Y = m[g + a J (2) 



Because the elevator is ascending 
and its speed is increasing, we have 
a y = 3 m/s 2 . Substitute numerical 
values and evaluate T: 



r = (2kg)(9.81m/s 2 + 3m/s 2 ) = 



25.6N 



(d) For 0 < t < 5 s: a y = 0 and 



Tm= 19 - 6N 



Using its definition, calculate a for 
5 s<t<9s: 



a = 



Av 0-10m/s 



Ar 4s 



= -2.5m/s 2 



Substitute in equation (2) and 
evaluate T: 



r 5s ^ 9s =(2kg)(9.81m/s 2 -2.5m/s 2 ) 



= 14.6 N 



Free-Body Diagrams: Ropes, Tension, and Newton's Third Law 



68 • 

Picture the Problem Draw a free-body diagram for each object and apply Newton's 2 
law of motion. Solve the resulting simultaneous equations for the ratio of T\ to T%. 



nd 



Draw the FBD for the box to the left 
and apply ^ F f = ma x : 



y 
I 



6 x 



T\ = m.\ci\ 



Draw the FBD for the box to the 
right and apply F x = ma K : 



The two boxes have the same 
acceleration: 



1 



T 2 - T\ = m 2 a 2 
a.\ — a 2 



y 







m 2 g 



Divide the second equation by the 
first: 



T 2 -T x m 2 
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Solve for the ratio T\IT 2 : 



///, 



T 2 m, +m 2 



and 



(d) is correct. 



69 

Picture the Problem Call the common acceleration of the boxes a. Assume that box 1 
moves upward, box 2 to the right, and box 3 downward and take this direction to be the 
positive x direction. Draw free-body diagrams for each of the boxes, apply Newton's 2 nd 
law of motion, and solve the resulting equations 
simultaneously. 



(a) 



{if 



(b) 



T[ T 2 
1 1 » ; 



(C) 



(a) Apply ^ F f = ma t to the box 
whose mass is m\\ 

Apply ^ F x = ma t to the box 
whose mass is m 2 : 

Noting that T 2 =T 2 , apply 
/ F = ma , to the box whose mass 
is m 3 : 

Add the three equations to obtain: 
Solve for a: 



Substitute numerical values and 
evaluate a: 



Ti-W\ = mia 



T 2 -Ti- m 2 a 



W3-T 2 - m^a 



W3 — W\ = (mi + m 2 + m 3 )a 
(m^-m^g 



a 



m l +m 2 + m 3 



_ (2.5kg-1.5kg)(9.81m/s 2 ) 
1.5kg + 3.5kg + 2.5kg 



1.31m/s 2 



(b) Substitute for the acceleration in 
the equations obtained above to find 
the tensions: 



16.7N 



and T 2 = 



21.3N 
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*70 

Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 

upward. Let F 2 , be the contact force 

exerted by m 2 onm\ andF l 2 be the force 
exerted by m, on ni 2 . These forces are equal 
and opposite so F 21 = —F 12 . The free- 
body diagrams for the blocks are shown to 
the right. Apply Newton's 2 nd law to each 
block separately and use the fact that their 
accelerations are equal. 

(a) Apply = ma x to the first 

block: 

Apply 2l F x = tna ( to the second 
block: 

Add these equations to eliminate F 2 ,\ 
and F] 2 and solve for 
a — a\ — a 2 . 

Substitute your value for a into 
equation (1) and solve for F^ 2 : 



F-F 



2,1 



m x a 



F l2 = m 2 a 2 = m 2 a 



a = 



1,2 



m l + m 2 



Fm^ 



m x + m 2 



m 2 



w 2 



(1) 



(b) Substitute numerical values in 
the equations derived in part (a) and 
evaluate a and F { 2 : 



3.2N 



a = 



2kg + 6kg 



0.400 m/s 2 



and 



_ (3.2N)(6kg) = 
2kg + 6kg 



2.40 N 



Remarks: Note that our results for the acceleration are the same as if the force F 
had acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass mi + m 2 . 
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Picture the Problem Choose a coordinate 
system in which the positive x direction is 
to the right and the positive y direction is 

upward. Let F 2 , be the contact force 

exerted by m 2 on mi andF l 2 be the force 
exerted by m, on m 2 . These forces are equal 
and opposite so F 21 = —F 12 . The free- 
body diagrams for the blocks are shown. 
We can apply Newton's 2 nd law to each 
block separately and use the fact that their 
accelerations are equal. 

(a) Apply = ma x to the first 

block: 



F 12 
< 



n.2 



/Mi 



w 2 



F 



■F 12 = m 2 a 2 = m 2 a 



n, 1 



F-) 



2,1 



Apply 2l F x = ma x. to tne secon d 
block: 



F 2 j = m [ a [ = m x a 



(1) 



Add these equations to eliminate 
F 2 ,\ and F^ 2 and solve for 
a = a\ = a 2 : 



a = 



F 



m, + m 2 



Substitute your value for a into 
equation (1) and solve for F 2 y. 



F 2,r = 



Fm, 



(b) Substitute numerical values in 
the equations derived in part (a) and 
evaluate a andF 2 i: 



3.2N 



a = 



2kg + 6kg 



and 



0.400 m/s 2 



(3.2N)(2kg) 
2kg + 6kg 



0.800 N 



Remarks: Note that our results for the acceleration are the same as if the force F had 
acted on a single object whose mass is equal to the sum of the masses of the two 
blocks. In fact, because the two blocks have the same acceleration, we can consider 
them to be a single system with mass mi + m 2 . 
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Picture the Problem The free-body diagrams for the boxes and the ropes are below. 
Because the vertical forces have no bearing on the problem they have not been included. 
Let the numeral 1 denote the 100-kg box to the left, the numeral 2 the rope connecting the 
boxes, the numeral 3 the box to the right and the numeral 4 the rope to which the force 

F is applied. F 3 4 is the tension force exerted by m 3 on m 4 , F A 3 is the tension force 
exerted by m 4 on m 3 , F 2 3 is the tension force exerted by m 2 on m 3 , F 3 2 is the tension 
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force exerted by m-i on m 2 , F x 2 is the tension force exerted by m\ on m 2 , andF 2 j is the 

tension force exerted by m 2 on m,. The equal and opposite pairs of forces are F 2l = 

-F l2 , F 32 = -F 23 , and F 43 = -F 34 . We can apply Newton' s 2 nd law to each box and 
rope separately and use the fact that their accelerations are equal. 



2,1 



'1.2 



r 3.2 



m 2 



F 2,3 F 4,3 



r 3.4 



*3 



m 4 



Apply ^ F = ma to the box whose 
mass is m\. 

Apply = ma to the rope 

whose mass is m 2 : 



F 2l = m l a l = m x a 



(1) 



F 32 - F l 2 = m 2 a 2 = m 2 a (2) 



Apply ^ F = ma to the box whose 
mass is m 3 : 

Apply ^ F = ma to the rope 
whose mass is m 4 : 

Add these equations to eliminate 

F%u F h2 , F X2 , F 2 , 3 , F43, and F 3A and 
solve for F: 

Use equation (1) to find the tension 
at point A: 

Use equation (2) to find the tension 
at point B: 



F 43 - F 2 3 = m 3 a 3 = m 3 a (3) 



F - F 34 = m 4 a 4 = m 4 a 



F = (m l + m 2 + m 3 + m 4 )c 
= (202kg)(l.0m/s 2 ) = 



202 N 



F 2X =(l00kg)(l.0m/s 2 ) = 



100 N 



2 — 2 ^^2^ 

= 100N + (lkg)(l.0m/s 2 ) 



= 101N 



Use equation (3) to find the tension 
at point C: 



= 101N + (l00kg)(l.0m/s 2 ) 



= 201 N 
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Picture the Problem Because the 
distribution of mass in the rope is 
uniform, we can express the mass m' of 
a length x of the rope in terms of the 
total mass of the rope M and its length 
L. We can then express the total mass 
that the rope must support at a distance 
x above the block and use Newton's 2 
law to find the tension as a function of 



nd 



y 
I 



W 



m 



Set up a proportion expressing the 
mass m' of a length x of the rope as 
a function of M and L and solve for 



m 



m' M , M 
— = — => m = — x 
x L L 



Express the total mass that the rope 
must support at a distance x above 
the block: 

Apply 2^, Fy = ma y to tne bl° c k 
and a length x of the rope: 



M 

m + m = m H x 

L 



T-w = T 



M 

m-\ x 



M 



mH x 

V L j 



Solve for J to obtain: 



/ / M ^ 
[a + g\m + —x 
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Picture the Problem Choose a coordinate 
system with the positive y direction 
upward and denote the top link with the 
numeral 1, the second with the numeral 2, 
etc.. The free-body diagrams show the 
forces acting on links 1 and 2. We can 
apply Newton's 2 nd law to each link to 
obtain a system of simultaneous equations 
that we can solve for the force each link 
exerts on the link below it. Note that the 
net force on each link is the product of its 
mass and acceleration. 




rmg 
f F 3 



(a) Apply ^ F y = ma y to the top 
link and solve for F: 



F - 5mg = 5ma 
and 

F = 5m(g +a) 
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Substitute numerical values and 
evaluate F: 



(b) Apply 2_j F y - ma y to a single 
link: 

(c) Apply = ma y to the 1 st 
through 5 th links to obtain: 



F = 5(0.1kg)(9.81m/s 2 + 2.5m/s 2 ) 



6.16N 



^iii„k = m iii„ k « = (0.1kg)(2.5m/s 2 ) 



0.250 N 



F — F 2 — mg = ma , 
mg = ma , 
mg = ma , 



F,~F 4 



F 4 -F 5 - mg = ma , and 
F 5 - mg = ma 



(1) 
(2) 
(3) 
(4) 
(5) 



Add equations (2) through (5) to 
obtain: 

Solve for F 2 to obtain: 

Substitute numerical values and 
evaluate F 2 : 



Substitute for F 2 to find F 3 , and then 
substitute for F 3 to find F 4 : 

Solve equation (5) for F 5 : 

Substitute numerical values and 
evaluate F 5 : 



F 2 - 4mg = 4ma 

F 2 = 4mg + 4ma = 4m(a + g ) 

F 2 =4(0.1kg)(9.81m/s 2 + 2.5m/s 2 ) 



= 4.92N 



F 3 = 3.69 N and F 4 = 2.46 N 



F 5 =m(g + a) 

F 5 = (0.1kg)(9.81m/s 2 + 2.5m/s 2 ) 



= 1.23N 
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Picture the Problem A net force is 
required to accelerate the object. In this 
problem the net force is the difference 

between T and W(= mg). The free-body 
diagram of the object is shown to the right. 
Choose a coordinate system in which the 
upward direction is positive. 

Apply ^ F = ma to the object to 
obtain: 

Solve for the tension in the lower 
portion of the rope: 



' 1 T 



mg 



F net =T- W= T-mg 



T = F net + mg - ma + mg 
= m(a + g) 
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Using its definition, find the 
acceleration of the object: 



Substitute numerical values and 
evaluate T: 



a = Av/At=(3.5 m/s)/(0.7 s) 
= 5.00 m/s 2 



T= (40 kg)(5.00 m/s 2 + 9.81 m/s 2 ) 



= 592 N and (a) is correct. 
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Picture the Problem A net force in the 
downward direction is required to 
accelerate the truck downward. The net 

force is the difference between W t and7\ 

A free-body diagram showing these forces 
acting on the truck is shown to the right. 
Choose a coordinate system in which the 
downward direction is positive. 



y 
i 



Apply 2l Fy ~ ma y to tne truc k to 
obtain: 

Solve for the tension in the lower 
portion of the cable: 

Substitute to find the tension in the 
rope: 



T -m x g =m t a y 



T = m t g + m t a y =m t (g + a y ) 
T = m t (g-0.lg) = 0.9m t g 



and (c) is correct. 
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Picture the Problem Because the string does not stretch or become slack, the two objects 
must have the same speed and therefore the magnitude of the acceleration is the same for 
each object. Choose a coordinate system in which up the incline is the positive x direction 
for the object of mass m\ and downward is the positive x direction for the object of mass 
m 2 . This idealized pulley acts like a piece of polished pipe; i.e., its only function is to 
change the direction the tension in the massless string acts. Draw a free-body diagram for 
each of the two objects, apply Newton's 2 nd law of motion to both objects, and solve the 
resulting equations simultaneously. 



(a) Draw the FBD for the object of 
mass m\. 




\ 



Apply XX = ma * to the ob J ect r ~ m ^ me = mia 

whose mass is m\. 
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Draw the FBD for the object of 
mass m 2 : 



"7- 



II, - w,1j 



Apply ^ F x = ma x to the object 
whose mass is m 2 : 



m 2 g - T = m 2 a 



Add the two equations and solve 
for a: 



g(m 2 -m x sm6) 



m, + m 2 



Substitute for a in either of the 
equations containing the tension 
and solve for T: 



gm,m 2 (l + sin#) 



m 1 + m 2 



(b) Substitute the given values 
into the expression for a: 

Substitute the given data into the 
expression for T: 



a= 2.45 m/s 2 



T= 36.8N 
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Picture the Problem The magnitude of the accelerations of Peter and the 
counterweight are the same. Choose a coordinate system in which up the incline is the 
positive x direction for the counterweight and downward is the positive x direction for 
Peter. The pulley changes the direction the tension in the rope acts. Let Peter' s mass be 
m P . Ignoring the mass of the rope, draw free-body diagrams for the counterweight and 
Peter, apply Newton's 2 nd law to each of them, and solve the resulting equations 
simultaneously. 

(a) Using a constant-acceleration 
equation, relate Peter's displacement 
to her acceleration and descent time: 



Ax = v Q At + \a(Atf 
or, because vo = 0, 
Ax = \a(At) 2 



Solve for the common acceleration 2 Ax 

of Peter and the counterweight: a ~ 

Substitute numerical values and 2(3.2 m) 2 

evaluates: a = 7^ ^y. = i -32m/s 
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Draw the FBD for the 
counterweight: 



Apply 2^, Fx = ma t to tne 
counterweight: 

Draw the FBD for Peter: 



Apply 2^, Fx = ma t to P eter: 

Add the two equations and solve for 
m: 



Substitute numerical values and 
evaluate m: 



(b) Substitute for m in the force 
equation for the counterweight and 
solve for T: 




T - mg sin50° = ma 



\ 

50°> 



mg 



nf 



r»pg 



mpg - T = m P a 



m 



m= 



m P {g-a) 
a + g sin 50° 



(50kg)(9.81m/s 2 -1.32m/s 2 ) 
1.32m/s 2 + (9.81m/s 2 )sin50° 



48.0kg 



T = m(a + g sin 50°) 



(b) Substitute numerical values and evaluate T: 

T = (48.0kg)[l.32m/s 2 +(9.81m/s 2 )sin50°]: 



424 N 



79 

Picture the Problem The magnitude of the accelerations of the two blocks are the same. 
Choose a coordinate system in which up the incline is the positive x direction for the 8-kg 
object and downward is the positive x direction for the 10-kg object. The peg changes the 
direction the tension in the rope acts. Draw free-body diagrams for each object, apply 
Newton's 2 nd law of motion to both of them, and solve the resulting equations 
simultaneously. 
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(a) Draw the FBD for the 3-kg object: 



Apply y^,F x = ma x to the 3-kg block: 
Draw the FBD for the 10-kg object: 



Add the two equations and solve for 
and evaluate a: 



Substitute for a in the first of the 
two force equations and solve for T: 

Substitute numerical values and 
evaluate T: 



(b) Because the system is in 
equilibrium, set a = 0, express the 
force equations in terms of mi and 
m.2, add the two force equations, and 
solve for and evaluate the ratio 
mi/m 2 : 



As 




40° 



w 8 g 



T - m % g sin40° - m 3 a 

\ 
T 

/' 




/ 

^nlO 



/ 

/ 

^50° 



\ 



\ 



\ 



\ 

u »»10g 



Apply X F x = ma x to tne 10 - k § block: mw8 sin50 ° " T = mioa 



_ g (m 10 sin 50° - m 8 sin 40°) 
m 8 + m 10 



= 1.37m/s 2 



T = m & g sin 40° + m 8 a 

r = (8kg)[(9.81m/s 2 )sin40° 
+ 1.37 m/s 2 ] 



= 61.4N 



T-m lg sin40° = 0 

ni2g sin50°- T = 0 

.'. ni2g sin50°- ni\g sin40° = 0 

and 

m, sin 50° 



m 2 sin 40° 



1.19 
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80 

Picture the Problem The pictorial 
representations shown to the right 
summarize the information given in this 
problem. While the mass of the rope is 
distributed over its length, the rope and the 
6-kg block have a common acceleration. 
Choose a coordinate system in which the 
direction of the 100-N force is the positive 
x direction. Because the surface is 
horizontal and frictionless, the only force 
that influences our solution is the 100-N 
force. 



6 kg 0^=" 4 kg i 



6kg 



-5 m- 



Part (a) 



Part (hi 



(a) Apply ^ F x = ma x to the 
objects shown for part (a): 
Solve for a to obtain: 



100 N = (mi + m 2 )a 



100 N 



a = 



m 1 +m 2 



Substitute numerical values and 
evaluate a: 



a = 



100 N 

Tok7 



10.0m/s 2 



(b) Let m represent the mass of a 
length x of the rope. Assuming that 
the mass of the rope is uniformly 
distributed along its length: 



m 
■ 

and 



m = 



rope 



5m 



4kg 
5m 



Let T represent the tension in the 
rope at a distance x from the point at 
which it is attached to the 6-kg 

block. Apply ^ F x = ma x to the 

system shown for part (b) and solve 
for T: 



T— {m\ + m)a 



6kg + 



5m 



(lOm/s 2 ) 



60N + (8N/m)x 



*81 

Picture the Problem Choose a coordinate 
system in which upward is the positive y 
direction and draw the free-body diagram 
for the frame-plus- painter. Noting that 

F = f, apply Newton's 2 nd law of 
motion. 



2T 



"'totg 



(a) Letting m tot = m frame + m painter , 



2T- m tot g = m tot a 
and 
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a ppiy ^ F y = ma v to tne fr ame_ 

plus-painter and solve T: 

Substitute numerical values and 
evaluate T: 



y _ '"tot 



_ (75kg)(o.8m/s 2 +9.81m/s 2 ) 
2 

= 398N 



F= 398N 



2T-m tot g = 0 



Because F -T: 

(b) Apply ^ F y = ma y with a = 0 
to obtain: 

Solve for T: 

Substitute numerical values and 
evaluate T: 

82 ••• 

Picture the Problem Choose a coordinate system in which up the incline is the positive x 
direction and draw free-body diagrams for each block. Noting that a 20 = —a w , apply 

Newton's 2 nd law of motion to each block and solve the resulting equations 
simultaneously. 

Draw a FBD for the 20-kg block: 



(75kg)(9.81m/s 2 ): 



368 N 



Apply 2^ F x = ma x to t ^ ie block to 
obtain: 




T- m 2 ogsin20° = m 2 oa 2 o 



Draw a FBD for the 10-kg block. 
Because all the surfaces, including 
the surfaces between the blocks, are 
frictionless, the force the 20-kg 
block exerts on the 10-kg block 
must be normal to their surfaces as 
shown to the right. 



r n on 10 




»<I0£ 



\ 20° 

f '20 on 10 



A PPly X F x = ma x to the b l° ck to T ~ m io^ sin20 ° = m io«io 

obtain: 
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Because the blocks are connected by a 
taut string: 

Substitute for a 20 and eliminate T 
between the two equations to obtain: 



a 2 o — -a 10 



1.12m/s 2 



and 



*20 



1.12m/s 2 



Substitute for either of the 
accelerations in the force equations 
and solve for T. 



T = 



44.8 N 



83 ••• 

Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and draw free-body diagrams for each block. Because of the pulley, the string 
exerts a force of 2T. Apply Newton's 2 nd law of motion to both blocks and solve the 
resulting equations simultaneously. 



(a) Noting the effect of the pulley, 
express the distance the 20-kg block 
moves in a time At: 



Ax 



20 



2 ^5 — 2 



(10 cm): 



5.00 cm 



(b) Draw a FBD for the 20-kg block: 



w 20 = »'n)8 



Apply ^ F x = ma x to the block to 
obtain: 



2T- m 2 Qa 2 Q 



Draw a FBD for the 5 -kg block: 



'W s =m s g 



Apply ^ = ma K to the block to 
obtain: 



m 5 g ~T= m 5 ct5 



Using a constant-acceleration 
equation, relate the displacement of 
the 5-kg block to its acceleration 



Ax 5 = ^a 5 (At) 2 
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and the time during which it is 
accelerated: 



Using a constant- acceleration 
equation, relate the displacement of 
the 20-kg block to its acceleration 
and the time during which it is 
accelerated: 



^20 = ja 20 (Atf 



Divide the first of these equations 
by the second to obtain: 



Ax 5 _ \a 5 (At) 2 _ a 5 



Ax 



20 



a 20 (Atf 



'20 



Use the result of part (a) to obtain: 

Let a 20 = a. Then a 5 = 2a and the 
force equations become: 



a 5 — 2a 20 



2T = m 2 oa 
and 

msg — T = ms(2a) 



Eliminate T between the two 
equations to obtain: 

Substitute numerical values and 
evaluate a 20 and a 5 : 



m 5 g 



2m 5 +±m 20 



a 



20 



(5kg)(9.81m/s 2 ) 
2(5kg)+i(20kg) 
and 

a 5 =2(2.45 m/s 2 ) 



2.45 m/s 2 



4.91m/s i 



Substitute for either of the 
accelerations in either of the force 
equations and solve for T: 



T= 24.5 N 



Free-Body Diagrams: The Atwood's Machine 

*84 

Picture the Problem Assume that m\ > m 2 . Choose a coordinate system in which the 
positive y direction is downward for the block whose mass is mi and upward for the 
block whose mass is m 2 and draw free-body diagrams for each block. Apply Newton's 
2 nd law of motion to both blocks and solve the resulting equations simultaneously. 



Draw a FBD for the block whose mass 
is m 2 : 
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Apply ^ F Y = ma v to this block: 



T- mjg - m 2 a 2 



Draw a FBD for the block whose 
mass is m\. 



Apply ^ F = ma y to this block: 



mig —T- ni\a\ 



I 

y 



Because the blocks are connected 
by a taut string, let a represent their 
common acceleration: 



a = ci\ = ci2 



Add the two force equations to 
eliminate T and solve for a: 



m x g — m 2 g = m x a + rr^a 
and 



a = 



Substitute for a in either of the force 
equations and solve for T: 



2m l m 2 g 



m 1 +m 2 



85 

Picture the Problem The acceleration can be found from the given displacement during 
the first second. The ratio of the two masses can then be found from the acceleration 
using the first of the two equations derived in Problem 89 relating the acceleration of the 
Atwood's machine to its masses. 



Using a constant-acceleration 
equation, relate the displacement of 
the masses to their acceleration and 
solve for the acceleration: 

Solve for and evaluate a: 



Ay = v 0 t + J 2 a(At) 2 
or, because vo = 0, 
Ay = \a{Atf 

_ 2Ay _ 2(0.3 m) _ 

a= w = ~^r = 



0.600 m/s 2 



Solve for m\ in terms of m 2 using 
the first of the two equations given 
in Problem 84: 

Find the second mass for m 2 or 
nil - 1-2 kg: 



g + a 10.41m/s 



g-a 9.21m/s 



Y m i — 1 • 1 3m 2 



m 



2nd mass 



1.36 kg or 1.06kg 
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86 

Picture the Problem Let F nm be the force 
the block of mass m 2 exerts on the pebble 
of mass m. Because m 2 <mi, the block of 
mass m 2 accelerates upward. Draw a free- 
body diagram for the pebble and apply 
Newton' s 2 nd law and the acceleration 
equation given in Problem 84. 



up 



mg 



Apply ^ F v = ma Y to the pebble: 
Solve for F„ m : 



F» m -mg-ma 



F nm = m i a + s) 



From Problem 84: 



m l — m 2 
m l + m 2 



Substitute for a and simplify to 
obtain: 



f \ 
m, —rru 



K m x +m 2 



2m x m 
m x +m 2 
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Picture the Problem Note from the free-body diagrams for Problem 89 that the net force 
exerted by the accelerating blocks is 2T. Use this information, together with the 
expression for J given in Problem 84, to derive an expression for F = 2T. 



From Problem 84 we have: 



T = 



2m l m 2 g 
m, + m 2 



The net force, F, exerted by the 
Atwood's machine on the hanger is: 



F = 2T 



4m l m 2 g 



m l + m 2 



If mi = m 2 — m, then: 



F = = 2mg ... as expected. 

2m 



If either m, or m 2 = 0, then: 



F = 0 ... also as expected. 



88 ••• 

Picture the Problem Use a constant-acceleration equation to relate the displacement of 
the descending (or rising) mass as a function of its acceleration and then use one of the 
results from Problem 84 to relate a to g. Differentiation of our expression for g will allow 
us to relate uncertainty in the time measurement to uncertainty in the measured value for 
g ... and to the values of m 2 that would yield an experimental value for g that is good to 
within 5%. 
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(a) Use the result given in Problem 
84 to express g in terms of a: 

Using a constant-acceleration 
equation, express the displacement, 
L, as a function of t and solve for the 
acceleration: 



g=a 



m l + m 2 



Ay = L = v 0 At + ±a(At) 2 

or, because v 0 = 0 and At = t, 
2L 



a = 



(1) 



(2) 



Substitute this expression for a: 



2L 

t 2 



f \ 
m l + m 2 

^m l -m 2 j 



(b) Evaluate dgldt to obtain: 



dt 



ALT 3 
2L 



■m 



2 J 



-2 
t 



r \ 
m l +m 2 

m l -m 2 



■2g 



Divide both sides of this expression 
by g and multiply both sides by dt: 



dg_ = _ 2 dt_ 
g t 



(c) We have: 



^ = ±0.05 and — = ±0.025 

8 t 



Solve the second of these equations 
for t to obtain: 

Substitute in equation (2) to obtain: 



t = 



dt 



Is 



= 4s 



0.025 0.025 

= |^l = 0.375m/s 2 
(4s) 2 



Solve equation (1) for m 2 to obtain: 



g + a 



Evaluate m 2 with m x = 1 kg: 



9.81m/s 2 -0.375m/s 2 , x 
2 9.81m/s 2 + 0.375 m/s 2 v ' 



= 0.926 kg 



Solve equation (1) for m.\ to obtain: 



m l = m 2 



g + a 
g-a 



Substitute numerical values to obtain: 



m { =(0.926 kg) 



9.81 m/s 2 +0.375 m/s 2 
9.81 m/s 2 -0.375 m/s 2 



= 1.08 kg 



252 Chapter 4 



m^ 



0.926kg or 1.08 kg 



Because the masses are interchangeable: 
*89 

Picture the Problem We can reason to this conclusion as follows: In the two extreme 
cases when the mass on one side or the other is zero, the tension is zero as well, because 
the mass is in free-fall. By symmetry, the maximum tension must occur when the masses 
on each side are equal. An alternative approach that is shown below is to treat the 
problem as an extreme-value problem. 



Express m 2 in terms of M and mi. 

Substitute in the equation from 
Problem 84 and simplify to obtain: 



m 2 = M — ni\ 

_ 2gm x (M -m x ) _ 



m 1 +M -m l 



2g 



.2 \ 



m. 



M 



Differentiate this expression with 
respect to m x and set the derivative 
equal to zero for extreme values: 



dT 
dm. 



2g 



2m 1 
M 



- 0 for extreme values 



Solve for ni\ to obtain: 



in. 



_ i 



M 



Show that ni\ = Mil is a maximum 
value by evaluating the second 
derivative of T with respect to m\ at m\ 
= M/2: 



d 2 T 



dm, 



M 



< 0, independently of m^ 



and we have shown that 



T is a maximum when 
= \M. 



Remarks: An alternative solution is to use a graphing calculator to show that T as a 
function of mi is concave downward and has its maximum value when 
m, = m 2 = Mil. 
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Picture the Problem The free-body 
diagrams show the forces acting on the 
objects whose masses are m\ and m 2 . The 
application of Newton's 2 nd law to these 
forces and the accelerations the net forces 
are responsible for will lead us to an 
expression for the tension in the string as a 
function of m x and m 2 . Examination of this 
expression as for m 2 » ni\ will yield the 
predicted result. 



v 
I 



It; 



(a) Apply = ma y to the 

objects whose masses are m x and m 2 
to obtain: 



T x -m x g= m x a x 
and 

m 2 g-T 2 =m 2 a 2 
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Assume that the role of the pulley is 
simply to change the direction the 
tension acts. Then T x -T 2 - T. 
Because the two objects have a 
common acceleration, let a = a\ = a 2 . 
Eliminate a between the two 
equations and solve for Tto obtain: 



2m l m 2 
m l + m 2 



Divide the numerator and 
denominator of this fraction by m 2 : 



T = 



1+ *L 



Take the limit of this fraction as 
m 2 — > oo to obtain: 



T = 2m, 



(b) Imagine the situation when 
m 2 » m\. 



Under these conditions, the object whose 
mass is m 2 is essentially in free- 
fall, so the object whose mass is m x is 
accelerating upward with an acceleration 
of magnitude g. 



Under these conditions, the net force 
acting on the object whose mass is 
m, is m\g and: 



T -m\g - mig => T = 2m\g. 

Note that this result agrees with that 

obtained using more analytical methods. 



General Problems 
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Picture the Problem Choose a coordinate system in which the force the tree exerts on 
the woodpecker's head is in the negative-* direction and determine the acceleration of the 
woodpecker's head from Newton's 2 nd law of motion. The depth of penetration, under the 
assumption of constant acceleration, can be determined using a constant- acceleration 
equation. Knowing the acceleration of the woodpecker's head and the depth of 
penetration of the tree, we can calculate the time required to bring the head to rest. 



(a) Apply F x = ma t to tne 
woodpecker's head to obtain: 



a r = 



-6N 



m 0.060 kg 



100 m/s z 



(b) Using a constant- acceleration 
equation, relate the depth-of- 
penetration into the bark to the 
acceleration of the woodpecker's 
head: 



v 2 = Vq + 2aAx 
or, because v = 0, 
0 = vl + 2a Ax 



Solve for and evaluate Ax: 



Ax = 



-Vq _ -(3.5m/s) 2 
~2a~~ 2(-100m/s 2 ) 



6.13cm 
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(c) Use the definition of 
acceleration to express the time 
required for the woodpecker' s head 
to come to rest: 



At = - 



or, because v = 0, 
At = - 



Substitute numerical values and 
evaluate At: 



At 



-3.5m/s 
-100 m/s 2 



35.0ms 



*92 

Picture the Problem The free-body 
diagram shown to the right shows the 
forces acting on an object suspended from 
the ceiling of a car that is accelerating to 
the right. Choose the coordinate system 
shown and use Newton's laws of motion 
and constant- acceleration equations in the 
determination of the influence of the forces 
on the behavior of the suspended object. 

The second free-body diagram shows the 
forces acting on an object suspended from 
the ceiling of a car that is braking while it 
moves to the right. 





(a) 



In accordance with Newton's law of inertia, the object's displacement 
will be in the direction opposite that of the acceleration. 



(b) Resolve the tension, T, into its 
components and apply ^ F = ma 
to the object: 

Take the ratio of these two 
equations to eliminate T and m: 



XF X - Jsin 0 - ma 
and 

HFy- TcosO- mg = 0 
T sin 0 ma 



T cos 6 mg 
or 

tan# = — = 



a = 



g tan# 



(c) 



Because the acceleration is opposite the direction the car is moving, 
the accelerometer will swing forward. 
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Using a constant- acceleration 
equation, express the velocity of the 
car in terms of its acceleration and 
solve for the acceleration: 



v 2 = v, 2 + 2aAx 
or, because v = 0, 
0 = Vn + 2aAx 



Solve for a: 



a = 



2Ax 



Substitute numerical values and 
evaluate a: 



Solve the equation derived in (b) for 
9: 



-(50km/h) 2 
2(60 m) 

f \ 



■1.61m/s 2 



0 = tan 



a 



Substitute numerical values and 
evaluate 0: 



0 = tan 



A 1.61m/s 2 ^ 
v 9.81m/s : j 



9.32 c 
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Picture the Problem The free-body 
diagram shows the forces acting at the top 
of the mast. Choose the coordinate system 
shown and use Newton's 2 nd and 3 rd laws of 
motion to analyze the forces acting on the 
deck of the sailboat. 



Apply ^ F x = ma x to the top of the 
mast: 

Find the angles that the forestay and 
backstay make with the vertical: 




r F sin^ - r B sin^ = 0 



# F = tan 



and 



6 B = tan 



3.6m 
. 12m j 



^ 6.4m ^ 
12m 



16.7 C 



28. l c 



Solve the .x-direction equation for T B : 



r D =r^ = (500N) sinl6 - 7 ° 



sin 0 U 



sin 28.1° 



= 305 N 



Find the downward forces that T B 
and T F exert on the mast: 



Solve for F mast to obtain: 
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Substitute numerical values and evaluate F^i. 

F ma S t = ( 50 ° N)cos 1 6.7° + (305 N)cos 28 . 1 ° = 748 N 



1.55kN 



The force that the mast exerts on the F t A , = 748 N + 800 N 

mastonthedeck ITU " uuuii 

deck is the sum of its weight and the 
downward forces exerted on it by the 
forestay and backstay: 

94 

Picture the Problem Let m be the mass of the block and M be the mass of the chain. 
The free-body diagrams shown below display the forces acting at the locations identified 
in the problem. We can apply Newton's 2 nd law with a y = 0 to each of the segments of the 
chain to determine the tensions. 



(a) 



(b) 



y 

At 



nig 



(a) Apply ^ F y = ma v to the block 
and solve for T a : 



Substitute numerical values and 
evaluate T a : 

(b) Apply ^ F v = ma y to the block 
and half the chain and solve for T b : 



Substitute numerical values and 
evaluate T h : 

(c) Apply = ma y to the block 

and chain and solve for T r : 



(c) 



.1' 
I 

A: 



1 <(m + >/2M)g 



T a -mg = ma y 

or, because a y = 0, 
T a = mg 

r i =(50kg)(9.81m/s 2 ) = 



491N 



m + - 



M 



g = ma 



v ^ J 
or, because a y = 0, 

m-\ 



v 



J 



T b =(50kg + 10kg)(9.81m/s 2 ): 



589N 



T c -(m + M)g = 

or, because a y = 0, 
T, =(m + M)g 



ma„ 
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Substitute numerical values and 
evaluate T r : 



(50kg + 20kg)(9.81m/s 2 ) 



= 687 N 



*95 

Picture the Problem The free-body 
diagram shows the forces acting on the 
box as the man pushes it across a 
frictionless floor. Because the force is 
time-dependent, the acceleration will be, 
too. We can obtain the acceleration as a 
function of time from the application of 
Newton's 2 nd law and then find the 
velocity of the box as a function of time by 
integration. Finally, we can derive an 
expression for the displacement of the box 
as a function of time by integration of the 
velocity function. 



■* n 



F 

■> -x 



mg 



(a) The velocity is related to the 
acceleration according to: 



dv 
dt 



= a(t) 



(1) 



Apply ^ F x = ma t to the box and 
solve for its acceleration: 



F = ma 
and 

a= F = (8N/s> =( )( 
24kg V3 ' 



in 



Because the box's acceleration is a 
function of time, separate variables 
in equation (1) and integrate to find 
v as a function of time: 



t t 
v(f)= ja(t')dt'=(\m/s 3 )jt'dt' 

0 0 

= (lm/s 3 )^=(|m/s 3 > 2 



Evaluate v at t = 3 s: 



,(3s)=(im/s 3 )(3s) 2 



1.50m/s 



(b) Integrate v = dx/dt between 0 
and 3 s to find the displacement of 
the box during this time: 



3s 



3s 



Ax = \v(f)dt' = (jm/s 3 )]"?' 2 dt' 



1.50m 



(c) The average velocity is given by: 



Ax 1.5m 



At 3s 



0.500 m/s 



(d) Use Newton's 2" law to express 
the average force exerted on the box 
by the man: 



Av 
At 
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Substitute numerical values and 
evaluate F av : 



■■ (24kg) 



1.5m/s -Om/s 
3s 



12.0N 
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Picture the Problem The application of Newton's 2 nd law to the glider and the hanging 
weight will lead to simultaneous equations in their common acceleration a and the 
tension T in the cord that connects them. Once we know the acceleration of this system, 
we can use a constant-acceleration equation to predict how long it takes the cart to travel 

1 m from rest. Note that the magnitudes of T and 7" are equal. 



(a) The free-body diagrams are shown 
to the right. m x represents the mass of 
the cart and m 2 the mass of the hanging 
weight. 



"hg 



(b) Apply 2_. F x = ma x to me cart 
and the suspended mass: 



and 

m 2 g —T = m 2 a 2 



Letting a represent the common 
accelerations of the two objects, 
eliminate T between the two 
equations and solve a: 

Substitute numerical values and 
evaluate a: 



m 2 — m, sin 6 
m l +m 2 



a = 



0.075kg -(0.270kg)sin30° 
0.075 kg + 0.270 kg 

x(9.81m/s 2 ) 



1.71m/s 2 



i.e., the acceleration is down the incline. 



Substitute for a in either of the force 
equations to obtain: 



T= 0.863N 



(c) Using a constant-acceleration 
equation, relate the displacement of 
the cart down the incline to its initial 
speed and acceleration: 



Ax = v 0 At + -^a(Atf 
or, because v 0 = 0, 
Ax = \a(Atf 



Solve for At: 



At 



2 Ax 



Substitute numerical values and 
evaluate At: 



At 



I 2(lm) 




1.08 s 


1.71m/s 2 
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Picture the Problem Note that, while the mass of the rope is distributed over its length, 
the rope and the block have a common acceleration. Because the surface is horizontal 

and smooth, the only force that influences our solution is F . The figure misrepresents 
the situation in that each segment of the rope experiences a gravitational force; the 
combined effect of which is that the rope must sag. 



(a) Apply a = F m I m tot to the rope- 
block system to obtain: 



a = 



m l + m 2 



(b) Apply F = ma to the rope, 

substitute the acceleration of the 
system obtained in (a), and simplify 
to obtain: 



^net = m 2 a = m 2 



F 

K m l +m 2j 



m l + m 2 



(c) Apply ^F = ma to the block, 

substitute the acceleration of the 
system obtained in (a), and simplify 



to obtain: 



T = m x a = m l 



m l +m 2 



m. 



m l +m 2 



(d) The rope sags and so F has both 
vertical and horizontal components; 
with its horizontal component being 

less than/ 7 . Consequently, a will be 
somewhat smaller. 




*98 

Picture the Problem The free-body 
diagram shows the forces acting on the 
block. Choose the coordinate system 
shown on the diagram. Because the surface 
of the wedge is frictionless, the force it 
exerts on the block must be normal to its 
surface. 




x 



(a) Apply = ma r to the block 

to obtain: 



F a sin 30° - w = ma y 

or, because a y = 0 and w = mg, 

F n sin30°-mg =0 

or 
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F n sin 30° = mg 



(1) 



Apply / F x = ma f to the block: 



F„ cos 30° = ma. 



(2) 



Divide equation (2) by equation (1) 
to obtain: 

Solve for and evaluate a x : 



= cot 30° 



8 



a x = gcot30° = (9.81m/s 2 )cot30° 



= 17.0m/s 2 



(b) An acceleration of the wedge 
greater than g cot30° would require 
that the normal force exerted on the 
body by the wedge be greater than 
that given in part (a); i.e., F n > 
mg/sin30°. 



Under this condition, there would 
be a net force in the y direction and 
the block would accelerate up the 
wedge. 
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Picture the Problem Because the system 
is initially in equilibrium, it follows that T Q 
= 5mg. When one washer is removed on 
the left side, the remaining washers will 
accelerate upward (and those on the right 
side downward) in response to the net force 
that results. The free-body diagrams show 
the forces under this unbalanced condition. 
Applying Newton's 2 nd law to each 
collection of washers will allow us to 
determine both the acceleration of the 
system and the mass of a single washer. 



y 
i 



4mg 



It 



> r 5mg 
I 

y 



(a) Apply ]T F y = ma y to the rising T - 4mg = [Amp. 



masses: 



Apply ^ F v = ma y to the 
descending masses: 



5mg — T = (5m)a 



(1) 



(2) 



Eliminate T between these equations 
to obtain: 



Use this acceleration in equation (1) 
or equation (2) to obtain: 



T 40 

1 = — mg 
9 



Express the difference between T 0 
and T and solve for m: 



40 

T 0 -T = 5mg mg = 0.3 N 



and 
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m = 0.0550kg =55.0g 



nd 



(b) Proceed as in (a) to obtain: 



Eliminate T and solve for a: 

Eliminate a in either of the motion 
equations and solve for J to obtain: 

Substitute numerical values and 
evaluate T: 
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Picture the Problem The free-body 
diagram represents the Atwood' s machine 
with N washers moved from the left side to 
the right side. Application of Newton' s 2 
law to each collection of washers will 
result in two equations that can be solved 
simultaneously to relate N, a, and g. The 
acceleration can then be found from the 
given data. 

Apply 2^ Fy = ma y to tne rising 
washers: 

Apply ^ F Y = ma y to the 
descending washers: 

Add these equations to eliminate T: 



Simplify to obtain: 
Solve for ./V: 

Using a constant-acceleration 
equation, relate the distance the 
washers fell to their time of fall: 



T— 3mg — 3ma 
and 

5mg — T= 5ma 

a = }g=}(9.Slm/s 2 )-- 



2.45m/s 2 



t 15 
1 = — me 

4 



T = ^(0.0550kg)(9.81m/s 2 ) 



= 2.03 N 



Mr 



(5 + N)mg 



I 



T-(5-N)mg = (5-N)ma 
(5 +N)mg - T = (5 + N)ma 

(5 + N)mg - (5 - N)mg 
= (5 - N)ma + (5 + N)ma 

2Nmg = lOma 
N=5a/g 

Ay = v 0 At + ±a(At) 2 
or, because vo = 0, 
Ay = \a(At) 2 
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Solve for the acceleration: 

Substitute numerical values and 
evaluate a: 

Substitute in the expression for N: 



a = 



2Ay 

w 

2(0.47 lm) 
(0.40 s) 2 



N = 5 



5.89m/s 2 
9.81m/s 2 



5.89m/s 2 
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Picture the Problem Draw the free-body 
diagram for the block of mass m and apply 
Newton' s 2 nd law to obtain the acceleration 
of the system and then the tension in the 
rope connecting the two blocks. 

(a) Letting T be the tension in the 
connecting string, apply 

^ F x = ma t to the block of 
mass m: 

Apply ^ F x = ma x to both blocks 

to determine the acceleration of the 
system: 

Substitute and solve for a: 

Substitute for a in the first equation 
and solve for T: 

(b) Substitute for F\ and F 2 in the 
equation derived in part (a): 

Evaluate this expression for T =T 0 
and t - t 0 and solve for t 0 : 



T - Fi = ma 



T 



F 2 — F\ — (m+ 2m)a — (3m)a 



a = (F 2 - F\)l3m 
T = 



T = (2Ct +2Ct)/3 =4Q/3 



37; 

AC 
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Picture the Problem Because a constant- y 
upward acceleration has the same effect as 

an increase in the acceleration due to T T 

gravity, we can use the result of Problem 
89 (for the tension) with a replaced by a + 
g. The application of Newton' s 2 nd law to 
the object whose mass is m 2 will connect 
the acceleration of this body to tension 

from Problem 84. J m 2§ 



I 



In Problem 84 it is given that, when 
the support pulley is not 
accelerating, the tension in the rope 
and the acceleration of the masses 
are related according to: 



T = 



2m l m 2 
m 1 + m 2 



Replace a with a + g: 



T = l -^{a + g) 

m x + m 2 



Apply 2l Fy = ma y to tne OD j ect 
whose mass is m 2 and solve for a 2 : 



Substitute for T and simplify to 
obtain: 



The expression for a\ is the same as 
for a 2 with all subscripts 
interchanged (note that a positive 
value for a x represents acceleration 
upward): 



T - m 2 g = m 2 a 2 
and 



a-, 



a 2 = 



T-m 2 g 




m 2 




{m l -m 


^g + lrn^ 


m, 


+ m 2 




(m 2 - m, 


)g + 2m 2 a 


m l 


+ m 2 
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Chapter 5 

Applications of Newton's Laws 



Conceptual Problems 
1 

Determine the Concept Because the 
objects are speeding up (accelerating), 
there must be a net force acting on them. 
The forces acting on an object are the 
normal force exerted by the floor of the 
truck, the weight of the object, and the 
friction force; also exerted by the floor of 
the truck. 

Of these forces, the only one that acts in 
the direction of the acceleration (chosen 
to be to the right in the free-body 
diagram) is the friction force. 




0 > 



The force of friction between the 
object and the floor of the truck 
must be the force that causes the 
object to accelerate. 



*2 • 

Determine the Concept The forces acting 
on an object are the normal force exerted 
by the floor of the truck, the weight of the 
object, and the friction force; also exerted 
by the floor of the truck. Of these forces, 
the only one that acts in the direction of the 
acceleration (chosen to be to the right in 
the free-body diagram) is the friction force. 
Apply Newton's 2 nd law to the object to 
determine how the critical acceleration 
depends on its weight. 

Taking the positive x direction to be 
to the right, apply ~LF X = ma x and 
solve for a x : 




► 



f = ju s w = ju s mg = ma x 
and 

a x = Msg 

Because a x is independent of m and 
w, the critical accelerations are the 
same. 
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Determine the Concept The forces acting 
on the block are the normal force F n 
exerted by the incline, the weight of the 
block mg exerted by the earth, and the 

static friction force f s exerted by an 
external agent. We can use the definition of 
jUs and the conditions for equilibrium to 
determine the relationship between /j s and 

e. 



Apply ^F x = ma x to the block: 

Apply ^ F y = ma y in the y 
direction: 



f s - mgsind = 0 
~ mgcosd = 0 



Divide equation (1) by equation (2) 
to obtain: 



tariff 



Substitute for f s (< /JsFn): 



u F 

tan6'<^ L = // s 



F„ 



and 



(d) is correct. 



Determine the Concept The block is in 
equilibrium under the influence ofF n , mg, 

and/ s ; i.e., 

F„+mg + f s = 0 

We can apply Newton's 2 nd law in the x 
direction to determine the relationship 
between f s and mg. 




A PPly ^F^ =0 to the block: 



f s - mgsind = 0 



Solve for f s : 



f s = mgsind 

and (d) is correct. 
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Picture the Problem The forces acting on 
the car as it rounds a curve of radius R at 
maximum speed are shown on the free-body 
diagram to the right. The centripetal force is 
the static friction force exerted by the 
roadway on the tires. We can apply 
Newton's 2 nd law to the car to derive an 
expression for its maximum speed and then 
compare the speeds under the two friction 
conditions described. 



y 
i 

If 

1 n 



A, max 

>-x 



mg 



Apply ^ F = ma to the car: 



yf =/ 

/ i x J s, 



m- 



R 



and 

Y J F y =F n -mg = Q 



From they equation we have: 



F n = mg 



Express / Simax in terms of F n in the x 
equation and solve for v max : 



or 



v max = constant J# 



Express v max for V s =jMs- 



v max = constant. 



•707v ~71%v„ 



and 



(b) is correct. 



Picture the Problem The normal reaction 
force F n provides the centripetal force and 
the force of static friction, keeps the 
cycle from sliding down the wall. We can 
apply Newton's 2 nd law and the definition 
of / s ,max to derive an expression for v min . 



/s 



mg 



F n 

->--v 



Apply ^jF = ma to the motorcycle: 



Yf x =F n = 

/ 1 x n 



m - 



R 



and 
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For the minimum speed: 



fs ,/s,max 



Substitute forf s , eliminate F n 
between the force equations, and 
solve for v min : 

Assume that R = 6 m and jU s = 0.8 
and solve for v m i n : 



A, 



( (6m)(9.81m/s i ] 
0.8 



8.58m/s=30.9km/h 



Determine the Concept As the spring is extended, the force exerted by the spring on the 
block increases. Once that force is greater than the maximum value of the force of static 
friction on the block, the block will begin to move. However, as it accelerates, it will 
shorten the length of the spring, decreasing the force that the spring exerts on the block. 
As this happens, the force of kinetic friction can then slow the block to a stop, which starts 
the cycle over again. One interesting application of this to the real world is the bowing of 
a violin string: The string under tension acts like the spring, while the bow acts as the 
block, so as the bow is dragged across the string, the string periodically sticks and frees 
itself from the bow. 



8 

True. The velocity of an object moving in a circle is continually changing independently 
of whether the object's speed is changing. The change in the velocity vector and the 
acceleration vector and the net force acting on the object all point toward the center of 
circle. This center-pointing force is called a centripetal force. 



Determine the Concept A particle traveling in a vertical circle experiences a downward 
gravitational force plus an additional force that constrains it to move along a circular path. 
Because the net force acting on the particle will vary with location along its trajectory, 
neither (b), (c), nor (d) can be correct. Because the velocity of a particle moving along a 

circular path is continually changing, (a) cannot be correct, (e) is correct. 
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Determine the Concept We can analyze these demonstrations by drawing force diagrams 
for each situation. In both diagrams, h denotes "hand", g denotes "gravitational", m 
denotes "magnetic", and n denotes "normal". 
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(a) Demonstration 1: Demonstration 2: 




(b) Because the magnet doesn't lift the iron in the first demonstration, the force exerted on 
the iron must be less than its (the iron's) weight. This is still true when the two are falling, 
but the motion of the iron is not restrained by the table, and the motion of the magnet is 
not restrained by the hand. Looking at the second diagram, the net force pulling the 
magnet down is greater than its weight, implying that its acceleration is greater than g. 
The opposite is true for the iron: the magnetic force acts upwards, slowing it down, so its 
acceleration will be less than g. Because of this, the magnet will catch up to the iron piece 
as they fall. 

*H ••• 

Picture the Problem The free-body 
diagrams show the forces acting on the two 
objects some time after block 2 is dropped. 

Note that, while?; *f 2 ,T x = T 2 . 



The only force pulling block 2 to the left is the horizontal component of the tension. 

Because this force is smaller than the magnitude of the tension, the acceleration of block 

1, which is identical to block 2, to the right {T\ = T 2 ) will always be greater than the 

acceleration of block 2 to the left. 
Because the initial distance from block 1 to the pulley is the same as the initial 
distance of block 2 to the wall, block 1 will hit the pulley before block 2 hits 
the wall. 



Jmg J i 
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True. The terminal speed of an object is given by v t = (mg/bY" , where b depends on the 

shape and area of the falling object as well as upon the properties of the medium in which 
the object is falling. 

13 • 

Determine the Concept The terminal speed of a sky diver is given by v t = [mg/bY" > 

where b depends on the shape and area of the falling object as well as upon the properties 
of the medium in which the object is falling. The sky diver's orientation as she falls 
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determines the surface area she presents to the air molecules that must be pushed aside. 



(d) is correct. 



14 

Determine the Concept In your frame of 
reference (the accelerating reference frame 
of the car), the direction of the force must 
point toward the center of the circular path 
along which you are traveling; that is, in 
the direction of the centripetal force that 
keeps you moving in a circle. The friction 
between you and the seat you are sitting on 
supplies this force. The reason you seem 
to be "pushed" to the outside of the curve is 
that your body's inertia "wants" , in 
accordance with Newton's law of inertia, 
to keep it moving in a straight line-that is, 
tangent to the curve. 
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Determine the Concept The centripetal force that keeps the moon in its orbit around the 
earth is provided by the gravitational force the earth exerts on the moon. As described by 
Newton's 3 rd law, this force is equal in magnitude to the force the moon exerts on the 



earth, (d) is correct. 



16 • 

Determine the Concept The only forces acting on the block are its weight and the force 
the surface exerts on it. Because the loop-the-loop surface is frictionless, the force it exerts 
on the block must be perpendicular to its surface. 



Point A: the weight is downward 
and the normal force is to the right. 



Free-body diagram 3 



Point B: the weight is downward, 
the normal force is upward, and the 
normal force is greater than the 
weight so that their difference is the 
centripetal force. 



Free-body diagram 4 



Point C: the weight is downward and 
the normal force is to the left. 



Free-body diagram 5 



Point D: both the weight and the 
normal forces are downward. 



Free-body diagram 2 
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17 

Picture the Problem Assume that the drag force on an object is given by the Newtonian 
formula F D = \CApv 2 , where A is the projected surface area, v is the object's speed, p 
is the density of air, and C a dimensionless coefficient. 



Express the net force acting on the 
falling object: 

Substitute for F D under terminal 
speed conditions and solve for the 
terminal speed: 



^net =mg-F D =ma 
mg -jCApVj = 0 



or 




Thus, the terminal velocity depends on the 
ratio of the mass of the object to its surface 
area. 



For a rock, which has a relatively small surface area compared to its mass, the terminal 
speed will be relatively high; for a lightweight, spread-out object like a feather, the 
opposite is true. 

Another issue is that the higher the terminal velocity is, the longer it takes for a falling 
object to reach terminal velocity. From this, the feather will reach its terminal velocity 
quickly, and fall at an almost constant speed very soon after being dropped; a rock, if not 
dropped from a great height, will have almost the same acceleration as if it were in free- 
fall for the duration of its fall, and thus be continually speeding up as it falls. 

An interesting point is that the average drag force acting on the rock will be larger than 
that acting on the feather precisely because the rock's average speed is larger than the 
feather's, as the drag force increases as v 2 . This is another reminder that force is not the 
same thing as acceleration. 



Estimation and Approximation 

*18 • 

Picture the Problem The free-body y 
diagram shows the forces on the Tercel as it 

slows from 60 to 55 mph. We can use n F n 

Newton's 2 nd law to calculate the average 

force from the rate at which the car's speed tolling 

decreases and the rolling force from its < < Q x 

definition. The drag force can be inferred p A 
from the average and rolling friction forces 
and the drag coefficient from the defining 
equation for the drag force. ▼ m 8 

(a) Apply V F r = ma r to the car to relate ^ Av 

the average force acting on it to its average 
velocity: 



drag 
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Substitute numerical values and evaluate F x , 



F av = (1020 kg) 



^mi . ,-.km lh 1000m 

5 — x 1.609 x x 

h mi 3600 s km 

3.92s 



581N 



(b) Using its definition, express and 
evaluate the force of rolling friction: 



trolling /^rolling^n = /'rolling"^ 

= (0.02)(l020kg)(9.81m/s 2 ) 



= 200 N 



Assuming that only two forces are 
acting on the car in the direction of 
its motion, express their relationship 
and solve for and evaluate the drag 
force: 



F = F + F 

av drag rolling 

and 

F = F - F 

drag av rolling 

= 581N-200N = 



381N 



(c) Convert 57.5 mi/h to m/s: 



.-.mi „,mi 1.609 km 

57.5 — = 57.5 — x 

h h mi 

lh 10 3 m 

3600s km 

= 25. 7 m/s 



Using the definition of the drag 2F A 
force and its calculated value from F A = \CpAv => C = — — 



(b) and the average speed of the car 
during this 5 mph interval, solve for 
C: 



evaluate C: 



drag " 2 H pAv 2 



Substitute numerical values and 2(3 8 1 N) 



(l .2 1 kg/m 3 )(l .9 1 m 2 )(25 .7 m/s) 2 



= 0.499 



19 • 

Picture the Problem We can use the dimensions of force and velocity to determine the 
dimensions of the constant b and the dimensions of p, r, and v to show that, for n = 2, 
Newton's expression is consistent dimensionally with our result from part (b). In parts (d) 
and (e), we can apply Newton's 2 nd law under terminal velocity conditions to find the 
terminal velocity of the sky diver near the surface of the earth and at a height of 8 km. 

(a) Solve the drag force equation for ^ _ F&_ 

b with n = 1 : v 
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Substitute the dimensions of F A and 
v and simplify to obtain: 



ML 



[b] = 



L 
T 



M_ 
T 



and the units of b are 



kg/s 



(b) Solve the drag force equation for 
b with n = 2: 



Substitute the dimensions of F A and 
v and simplify to obtain: 



[b] = 



ML 

-Y 



M_ 
L 



and the units of b are 



kg/m 



(c) Express the dimensions of 
Newton's expression: 



\ L J K 1 J 



ML 



From part (b) we have: 







U J 





ML 



(J) Letting the downward direction 
be the positive y direction, apply 
^ F = fflfl^ to the sky diver: 



mg-\ pnx 1 v 1 t = 0 



Solve for and evaluate v t : 



v t=. 



l lmg \ 2(56kg)(9.81m/s 2 ) 
pnr 1 ~)|7r(l.2kg/m 3 )(0.3m) 2 



56.9m/s 



(e) Evaluate v, at a height of 8 km: 



2(56kg)(9.81m/s 2 ) 
' ~"\(7r(0.514kg/m 3 )(0.3m) 2 



v, = 



= 86.9m/s 
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Picture the Problem From Newton's 2 nd law, the equation describing the motion of 
falling raindrops and large hailstones is mg- F A = ma where F d = \ pnr 2 v 2 = bv 2 is the 

drag force. Under terminal speed conditions (a = 0), the drag force is equal to the weight 
of the falling object. Take the radius of a raindrop r r to be 0.5 mm and the radius of a 
golf-ball sized hailstone r h to be 2 cm. 



Using b = \npr 2 , evaluate b T and b h : 



b T =^(l.2kg/m 3 )(0.5xl0" 3 m) 2 

= 4.71xl(T 7 kg/m 
and 

b b =\ 7r(l .2 kg/m 3 \l x 1 (T 2 m) 2 
= 7.54xl(T 4 kg/m 



Express the mass of a sphere in 
terms of its volume and density: 



m = pV 



Anr p 



Using p r = 10 3 kg/m 3 and ph = 920 
kg/m 3 , evaluate m T and m^. 



m, = 



4;r(0-5xl(r 3 m) 3 (l0 3 kg/m 3 ) 
3 



= 5.24xlCT 7 kg 



and 



m, = 



4x(2 xl(T 2 m) 3 (920 kg/m 3 ) 
3 

3.08 xlO 2 kg 



Express the relationship between v t 
and the weight of a falling object 
under terminal speed conditions and 
solve for v t : 



bv 2 = mg^>v t = 



\mg 



Use numerical values to evaluate v t , r 
and v t i,: 



V t,r = 



and 



t,h 



((5.24xl(T 7 kg)(9.81m/s 2 ) 
4.71 xlO" 7 kg/m 



3.30m/s 



| (3.08xlQ- 2 kg)(9.81m/s 2 ) 
7.54 xl(T 4 kg/m 



20.0 m/s 
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Friction 



*21 • 

Picture the Problem The block is in 
equilibrium under the influence of F n , 

mg, and / k ; i.e., 

F n + mg + f k =0 

We can apply Newton's 2 nd law to 
determine the relationship between^, 6, 
and mg. 




Using its definition, express the 
coefficient of kinetic friction: 



_ Jk 



(i) 



Apply = ma x to the block: 



/k - mgsinO = ma x = 0 because a x = 0 



Solve for f k : 



fk = mgsind 



Apply = ma y to the block: 



F n - mgcos 0 = ma y = 0 because a v = 0 



Solve for F n : 



F n = mgcos 0 



Substitute in equation (1) to obtain: 



Mk 



and 



mg sin 0 
mg cos 0 



tan# 



(b) is correct. 
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Picture the Problem The block is in 
equilibrium under the influence of F n , 

m g' ^ apP > and A; i- e -> 

F n + m| + F app + / k = 0 

We can apply Newton's 2 nd law to 
determine^. 



A 
<- 



1 n 



app 

■>-v 



F Vf 



Apply = fflflj to the block: 



Fapp -fk = ma x = 0 because a x = 0 



Solve for f k : 



/k = i ? app = 20N 

and (e) is correct. 
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Picture the Problem Whether the friction 
force is that due to static friction or kinetic 
friction depends on whether the applied 
tension is greater than the maximum static 
friction force. We can apply the definition 
of the maximum static friction to decide 
whether / s , max or T is greater. 



y 



<- 



app 



it- 



Calculate the maximum static 
friction force: 



Amax = fifn = Ms w = (0.8)(20 N) = 16 N 



(a) Because/ Sjmax > T: 



f=f. = T 



15.0N 



(b) Because T> f v 



/=/k = Aw = (0.6)(20 N) 



12.0N 



24 • 

Picture the Problem The block is in 
equilibrium under the influence of the 
forces T, f k , and mg; i.e., 

f+f k + mg =0 

We can apply Newton's 2 nd law to 
determine the relationship between T and 

A- 




Apply /,F X = ma x to the block: 



T cos 6 -f\ = ma x = 0 because a x = 0 



Solve for^: 



fk = T cos 6 and (b) is correct 
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Picture the Problem Whether the friction 
force is that due to static friction or kinetic 
friction depends on whether the applied 
tension is greater than the maximum static 
friction force. 



y 
i 



f «W 
T w 



Calculate the maximum static 



/s,max ~ MsFn ~ /4W 
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friction force: 



(0.6)(100kg)(9.81 m/s 2 ) 
589 N 



Because f s , m zK > F 3pp , the box does 
not move and : 



Fa PP fs 



500N 
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Picture the Problem Because the box is 
moving with constant velocity, its 
acceleration is zero and it is in equilibrium 

under the influence of ^.p, F D , w, and 
/; i-e., 

We can apply Newton's 2 nd law to 
determine the relationship between / and 
mg. 



.A 



up 



F, 



app 



w 



The definition of /4 is: 



Ac = 



A 



Apply = ma y to the box: 

Solve for F n : 

Apply /,F Z = ma x to the box: 
Solve for f k : 
Substitute to obtain |i k : 



F n - w = ma y = 0 because a y = 0 
F n = w = 600 N 

~LF X = Fapp -f = tna x = 0 because a x = 0 
F app =/ k = 250N 



/4 = (250 N)/(600 N) = 0.417 
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Picture the Problem Assume that the car 
is traveling to the right and let the positive 
x direction also be to the right. We can use 
Newton's 2 nd law of motion and the 
definition of // s to determine the maximum 
acceleration of the car. Once we know the 
car's maximum acceleration, we can use a 
constant-acceleration equation to determine 
the least stopping distance. 



f, 
-4- 



y 



F 



O x 



w 
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(a) Apply 2_.F x = ma x to the car: 

Apply = ma y to the car and 
solve for F n : 



,/s,max HsFn fYl(X x 

F n - w = ma y = 0 
or, because a y = 0, 
F n = mg 



(1) 



(2) 



Substitute (2) in (1) and solve for 

@x,max- 



^g= (0.6)(9.81m/s 2 ) 



5.89m/s 2 



(b) Using a constant-acceleration 
equation, relate the stopping 
distance of the car to its initial 
velocity and its acceleration and 
solve for its displacement: 



v 2 = vl + 2aAx 



or, because v = 0, 

2 



Ax = 



2 a 



Substitute numerical values and 
evaluate Ax: 



Ax = 



-(30m/s) 2 
2(-5.89m/s 2 )~ 



76.4 m 



*28 • 

Picture the Problem The free-body 
diagram shows the forces acting on the 
drive wheels, the ones we're assuming 
support half the weight of the car. We can 
use the definition of acceleration and apply 
Newton's 2 nd law to the horizontal and 
vertical components of the forces to 
determine the minimum coefficient of 
friction between the road and the tires. 



y 
I 



- 



1 ' Vimg 



(a) Because ju s > ju k ,f will be greater if the wheels do not slip. 



(b) Apply ^T J F X = ma x to the car: 

Apply = ma v to the car and 
solve for F n : 



f s = jUsF n = ma x 



F n -\mg = ma y 

Because a y = 0, 
F n -\mg = Q)^>F n 



(1) 



_ i 



mg 



Find the acceleration of the car: 



Av _ (90km/h)(l000m/km) 



At 

= 2.08m/s 2 



12s 
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Solve equation ( 1 ) for ju s : _ ma x _ ^_ 

Ms 



\mg g 



Substitute numerical values and 2(2.08 m/s 2 

ju s = -i j 1 = 0.424 

evaluate^: ^ s 9.81 m/s 2 1 
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Picture the Problem The block is in 
equilibrium under the influence of the 
forces shown on the free-body diagram. 
We can use Newton's 2 nd law and the 
definition of /4 to solve for / s and F n . 



(a) Apply Vi^ = ma y to the block 
and solve for f s : 




f s -mg = ma v 

or, because a y = 0, 
f s -mg = 0 



Solve for and evaluate f s : 



/ s=mg = (5kg)(9.81m/s 2 ) 



= 49.1N 



(b) Use the definition of /4 to 
express F n : 



f 

r-i J s,max 

*n = 

Ms 



Substitute numerical values and 
evaluate F n : 



F = 



49. IN 
0.4 



123N 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
book. The normal force is the net force the 
student exerts in squeezing the book. Let 
the horizontal direction be the x direction 
and upward the y direction. Note that the 
normal force is the same on either side of 
the book because it is not accelerating in 
the horizontal direction. The book could be 
accelerating downward. We can apply 
Newton's 2 nd law to relate the minimum 
force required to hold the book in place to 
its mass and to the coefficients of static 
friction. In part (b), we can proceed 
similarly to relate the acceleration of the 



1 
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book to the coefficients of kinetic friction. 
(a) Apply = ma to the book: 



Noting thatF lmin = F 2 min , solve the 
y equation for F min : 

Substitute numerical values and 
evaluate F^: 

(b) Apply F - ma y with the 

book accelerating downward, to 
obtain: 

Solve for a to obtain: 



Substitute numerical values and 
evaluate a: 



- F =0 

2, mm l.min 



and 



mg 



_ (l0.2kg)(9.81m/s 2 )_ 
0.32 + 0.16 



208 N 



ma 



X F v = Mk,i F + M K2 F-mg 



a = F-g 

m 



„ = °g^ (l9SN)-9.8W 



10.2kg 



= -4.27m/s 2 
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Picture the Problem A free-body diagram 
showing the forces acting on the car is 
shown to the right. The friction force that 
the ground exerts on the tires is the force f s 
shown acting up the incline. We can use 
the definition of the coefficient of static 
friction and Newton's 2 nd law to relate the 
angle of the incline to the forces acting on 
the car. 

Apply Z_,F = ma to the car: 




J^F x =f s -mgsm0 = O (1) 
and 

Y,F y =F a -mgcosO = 0 (2) 



Solve equation (1) for f s and 
equation (2) for F n : 



f s =mg sin 6 
and 
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F n = mg cos 6 



Use the definition of ju s to relate f s 
and F n : 



F n mg cos 6 



Solve for and evaluate 0 : 



0 = tan 1 (ju s )= tan 1 (O.OS) 



4.57° 



*32 • 

Picture the Problem The free-body 
diagrams for the two methods are shown to 
the right. Method 1 results in the box being 
pushed into the floor, increasing the normal 
force and the static friction force. Method 2 
partially lifts the box,, reducing the normal 
force and the static friction force. We can 
apply Newton's 2 nd law to obtain 
expressions that relate the maximum static 
friction force to the applied force F . 



fs 



f 

ft 



X, 



1 'mg 
Method 1 



F 



' mg 
Method 2 



(a) Method 2 is preferable as it reduces F n and, therefore, f s 



(b) Apply ^F^ = ma x to the box: 

Method 1: Apply / F v = ma Y to 
the block and solve for F n : 



F cos 6 -f s = Fcos 6 - /u s F n = 0 

F n - mg - Fsind = 0 
.". F n = mg + Fsind 



Relate/ S , max to F n : 



/ s ,max= jiisF n = /J s (mg + Fs'm0) (1) 



Method 2: Apply /]F V = ma y to 

the forces in the y direction and 
solve for F n : 



F n - mg + T^sin^ = 0 
and 

F n = mg- Fsind? 



Relate/ S , max to F n : 



/ s ,max= MsF n = nlmg- Fsind) (2) 



Express the condition that must be 
satisfied to move the box by either 
method: 



Amax= FCOS0 



(3) 



Method 1: Substitute (1) in (3) and 
solve for F: 



*1 = 



{i s mg 



cos 6* -jU s sin 0 



(4) 
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Method 2: Substitute (2) in (3) and 
solve for F: 



Fn 



/u s mg 



cos 6 + ju s sin 6 



Evaluate equations (4) and (5) with 
#=30°: 



^(30°) = 
F 2 (30°): 



520N 



252N 



Evaluate (4) and (5) with 9= 0°: 



F l (Q°) = F 2 {0°) = Ms mg = 
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Picture the Problem Draw a free-body 
diagram for each object. In the absence of 
friction, the 3 -kg box will move to the 
right, and the 2-kg box will move down. 

The friction force is indicated by / without 
subscript; it is f s for (a) and / k for (b). For 

values of /4 less than the value found in 
part (a) required for equilibrium, the system 
will accelerate and the fall time for a given 
distance can be found using a constant- 
acceleration equation. 



/ 



y 
l 



t 



n, 3 



I T 
-I 

Tm 3 i 



(a) Apply /F x — ma x to the 3 -kg 
box: 



T-f s = 0 because a x = 0 



Apply / F v = ma v to the 3-kg box, 
solve for F n j, and substitute in (1): 

Apply ^F x = ma x to the 2-kg box: 



^n,3 - ni 3 g = 0 because a y = 0 
and 

T- ju s m 3 g = 0 

ni2g - T= 0 because a x = 0 



Solve (2) and (3) simultaneously 
and solve for // s : 



/'s 



0.667 



(b) The time of fall is related to the 
acceleration, which is constant: 



Ax = v 0 At + ^a(Atf 
or, because vo =0, 
Ax = ^a(Atf 



Solve for At: 



At 



2 Ax 



Applications of Newton's Laws 283 



Apply ^jF x = ma x to each box: 



Add equations (5) and (6) and solve 
for a: 

Substitute numerical values and 
evaluate a: 



T- /j k m 3 g = m 3 a (5) 
and 

ffiig - T = m 2 a (6) 

a = (m 2 -y k m 3 )g 
m 2 +m 3 

_ [2kg-0.3(3kg)](9.81m/s 2 ) 
2kg + 3kg 



= 2.16m/s 2 



Substitute numerical values in equation (4) I 2(2 m) 

and evaluate At: A/ 2.16 m/s 2 



1.36s 
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Picture the Problem The application of Newton's 2 nd law to the block will allow us to 
express the coefficient of kinetic friction in terms of the acceleration of the block. We can 
then use a constant-acceleration equation to determine the block's acceleration. The 
pictorial representation summarizes what we know about the motion. 



>o = 0 



m 



x 0 = 0 
v 0 = v 



x x = d 



v, =0 



A free-body diagram showing the 
forces acting on the block is shown 
to the right. 



Apply ^F x = ma x to the block: 



T- 



-f k = -jU k F n = ma 



(1) 



Apply / = ma Y to the block and 
solve for F n : 



F n - mg = 0 because a y = 0 
and 

F n = mg (2) 
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Substitute (2) in (1) and solve for // k : 

Using a constant-acceleration 
equation, relate the initial and final 
velocities of the block to its 
displacement and acceleration: 

Solve for a to obtain: 



Substitute for a in equation (3) to 
obtain: 

*35 

Picture the Problem We can find the 
speed of the system when it has moved a 
given distance by using a constant- 
acceleration equation. Under the influence 
of the forces shown in the free-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton's 2 nd law to each block, followed 
by the elimination of the tension T and the 
use of the definition of f k , will allow us to 
determine the acceleration of the system. 

Using a constant-acceleration 
equation, relate the speed of the 
system to its acceleration and 
displacement; solve for its speed: 

Apply F nel = ma to the block whose 
mass is mi: 

Using/ k = /\F n , substitute (3) in (2) 
to obtain: 

Apply = ma x to the block 
whose mass is mi. 

Add the last two equations to 
eliminate T and solve for a to 



ju k = -a/g (3) 

or, because vi = 0, v 0 = v, and Ax = d, 
0 = v 2 +2ad 




v 2 = v 2 + 2aAx 

and, because v 0 = 0, 
v = ^2aAx (1) 

HF X = T-f k - wiigsin30° = m\a (2) 
and 

?F y = F n ,x - wigcos30° = 0 (3) 
T- /j k mig cos30° - m!gsin30 o = m x a 

mzg - T = m2d 

a _ ( m i ~J u k m i cos30°-m! sin30°)g 
m x +m 2 
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obtain: 



Substitute numerical values and 
evaluate a: 

Substitute numerical values in 
equation (1) and evaluate v: 



a = 1.16m/s 



v = > /2(l.l6m/s 2 )(0.3m) =0.835m/s 



and (a) is correct. 
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Picture the Problem Under the influence 
of the forces shown in the free-body 
diagrams, the blocks are in static 
equilibrium. While f s can be either up or 
down the incline, the free-body diagram 
shows the situation in which motion is 
impending up the incline. The application 
of Newton's 2 nd law to each block, 
followed by the elimination of the tension 
T and the use of the definition of f s , will 
allow us to determine the range of values 
for m 2 . 




m 2 g 



I 

x 



(a) Apply = ma to the block 
whose mass is mi: 



Using / s>max = jUsFn, substitute (2) in 
(1) to obtain: 



ZF X = T± / Sjmax - mjgsinSO 0 = 0 
and 

EF V = F n>i - wiigcos30° = 0 

T ± /u s m x g cos 30° 

- mjgsin30° = m x a 



(1) 
(2) 

(3) 



Apply / F x — ma x to the block 
whose mass is m^. 

Add equations (3) and (4) to 
eliminate T and solve for m 2 : 



wiig - T = 0 



m 2 =m 1 (±// s cos30 o + sin30°) 
= (4kg)[±(0.4)cos30° + sin30°] 



(4) 



(5) 



Evaluate (5) denoting the value of 
»i2 with the plus sign as mj,+ and the 
value of m 2 with the minus sign as 
m 2 . to determine the range of values 
of m 2 for which the system is in 
static equilibrium: 



m 2 + = 3.39kg and m 2 _ = 0.614kg 



0.614kg < m 2 < 3.39kg 
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(b) With m 2 = 1 kg, the impending 
motion is down the incline and the 
static friction force is up the incline. 
Apply ^F x = ma x to the block 

whose mass is mi: 



T+f s - migsin30° = 0 



(6) 



Apply = ma x to the block 
whose mass is m 2 : 



m-ig - T = 0 



(7) 



Add equations (6) and (7) and solve 
for and evaluate f s : 



/ s = (m 1 sin30°-m 2 )g 
= [(4 kg)sin30° - 1 kg](9.81 m/s 2 ) 
= 9.81N 
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Picture the Problem Under the influence 
of the forces shown in the free-body 
diagrams, the blocks will have a common 
acceleration a. The application of 
Newton's 2 nd law to each block, followed 
by the elimination of the tension T and the 
use of the definition of/L will allow us to 
determine the acceleration of the system. 
Finally, we can substitute for the tension in 
either of the motion equations to determine 
the acceleration of the masses. 

Apply = m & to the block 
whose mass is m\. 

Using f k = /JkF n , substitute (2) in (1) 
to obtain: 

Apply ^F x = ma x to the block 
whose mass is m 2 : 




1 'm\S 



SF Y = T-fy - migsin30 o = m\a (1) 
and 

ZF y = F n j - m !gcos30° = 0 (2) 



T-u. m,ecos30° 

(3) 

-m x g sin 30° = m x a 



m2g - T = m 2 a (4) 



Add equations (3) and (4) to 
eliminate T and solve for a to 
obtain: 

Substituting numerical values and 
evaluating a yields: 



(m 2 - ju^rriy cos 30° - m l sin 30°)g 



2.36 m/s 2 
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Substitute for a in equation (3) to 
obtain: 



T = 



37.3N 



*38 

Picture the Problem The truck will stop in 
the shortest possible distance when its 
acceleration is a maximum. The maximum 
acceleration is, in turn, determined by the 
maximum value of the static friction force. 
The free-body diagram shows the forces 
acting on the box as the truck brakes to a 
stop. Assume that the truck is moving in 
the positive x direction and apply Newton's 
2 nd law and the definition of / s , max to find 
the shortest stopping distance. 



s, max 

< o- - 



mg 



— x 



Using a constant-acceleration 
equation, relate the truck's stopping 
distance to its acceleration and 
initial velocity; solve for the 
stopping distance: 



= v n + 2aAx 




Apply F net = ma to the block: 



/s,max TT^max (1) 

and 

SF =F n -mg=0 (2) 



Using the definition of/^ max , solve 
equations (1) and (2) simultaneously 
for a: 



/s,max — LkFn 

and 

a™ = -/4g = - (0.3)(9.81 m/s 2 ) 
= -2.943 m/s 2 



Substitute numerical values and evaluate Ax min : 



Ax = 

mm 



- (80 km/h) 2 (l 000 km/m) 2 (l h/3600 s) 2 
2(- 2.943 m/s 2 ) 



9.16m 
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Picture the Problem We can find the 
coefficient of friction by applying 
Newton's 2 nd law and determining the 
acceleration from the given values of 
displacement and initial velocity. We can 
find the displacement and speed of the 
block by using constant-acceleration 
equations. During its motion up the incline, 
the sum of the kinetic friction force and a 
component of the object's weight will 
combine to bring the object to rest. When it 
is moving down the incline, the difference 
between the weight component and the 
friction force will be the net force. 




(a) Draw a free-body diagram for 
the block as it travels up the incline: 



Apply = ma to the block: 




~LF X = -f k - mgsin37°= ma 
and 

YF y = F n - mg cos37° = 0 



Substitute^ = /JkF n and F n from (2) 
in (1) and solve for jU k : 



-gsin37°-a 
gcos37° 



= -tan37° 



gcos37° 



Using a constant-acceleration 
equation, relate the final velocity of 
the block to its initial velocity, 
acceleration, and displacement: 



v 2 = Vq + 2aAx 



Solving for a yields: 



2 2 

2Ax 



Substitute numerical values and 
evaluate a: 



(5.2m/s) 2 -(l4m/s) 2 

= -, — \ — = -10. 6 

2(8 m) 



Applications of Newton's Laws 289 



Substitute for a in (3) to obtain: 



ju k = -tan37 c 



-10.6m/s 2 
(9.81m/s 2 )cos37 0 



0.599 



(b) Use the same constant- 
acceleration equation used above but 
with Vi = 0 to obtain: 



0 = v n + 2aAx 



Solve for Ax to obtain: 



Ax ■ 



2 a 



Substitute numerical values and 
evaluate Ax: 



Ax = 



-(l4m/s) 2 
2(-10.6m/s 2 )~ 



9.25m 



(c) When the block slides down the 
incline, 7k is in the positive x 
direction: 

Solve for a as in part (a): 



T.F X = f k - mgsin37°= ma 
and 

T.F y =F n - mgcos37° = 0 



= g(ju k cos 37° -sin 37°) = -1.21m/s 2 



Use the same constant-acceleration 
equation used in part (b) to obtain: 

Set v 0 = 0 and solve for v: 

Substitute numerical values and 
evaluate v: 



v 2 = vl + 2aAx 



v = V2aAx 



v = A /2(-1.21m/s 2 )(-9.25m) 



4.73 m/s 
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Picture the Problem We can find the stopping distances by applying Newton's 2 nd law 
to the automobile and then using a constant-acceleration equation. The friction force the 
road exerts on the tires and the component of the car's weight along the incline combine 
to provide the net force that stops the car. The pictorial representation summarizes what 
we know about the motion of the car. We can use Newton's 2 nd law to determine the 
acceleration of the car and a constant-acceleration equation to obtain its stopping 
distance. 
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(a) Using a constant-acceleration 
equation, relate the final speed of 
the car to its initial speed, 
acceleration, and displacement; 
solve for its displacement: 



v\ = v 0 2 +2a max Ax min 
or, because v l = 0, 



Ax • = ■ 



2a„ 



Draw the free-body diagram for the 
car going up the incline: 



Apply = ma to the car: 



Substitute / S;inax = /U s F n and F n from 
(2) in (1) and solve for a: 




ZF X = -/ s>max - wgsinl5° = ma 
and 

~LF y = F n - mgcos 1 5° = 0 

«max=-gU cosl5° + sinl5°) 
= -9.17m/s 2 



(1) 
(2) 



Substitute numerical values in the 
expression for Ax min to obtain: 



Ax • = 



-(30m/s) 2 
2(-9.17m/s 2 ) 



49.1m 



(b) Draw the free-body diagram for 
the car going down the incline: 



— . ./s. max 



5-15° 

\ 
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Apply = ma to the car: 



Proceed as in (a) to obtain a„ 



ZF X =/ s , max - mgsinl5° = ma 
and 

SF J ,= j P n -wgcosl5° = 0 

a max = g(// s cosl5°-sinl5°) = 4.09m/s 2 



Again, proceed as in (a) to obtain the 
displacement of the car: 



Ax 



2a„ 



(30 m/s) 2 
2(4.09 m/s 2 ) 



110m 
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Picture the Problem The friction force the road exerts on the tires provides the net force 
that accelerates the car. The pictorial representation summarizes what we know about the 
motion of the car. We can use Newton's 2 nd law to determine the acceleration of the car 
and a constant-acceleration equation to calculate how long it takes it to reach 1 00 km/h. 



1 1 

'0 = 0 

.v 0 = 0 
"o = 0 



',=? 



100 km /h 



(a) Because 40% of the car's weight 
is on its two drive wheels and the 
accelerating friction forces act just 
on these wheels, the free-body 
diagram shows just the forces acting 
on the drive wheels. 



I 



OAmg 



Apply = ma to the car: 



Use the definition of / s , ma x in 
equation (1) and eliminate F n 
between the two equations to obtain: 



^F x fs,mzx ma 

and 

HF y = F n - OAmg = 0 



(1) 
(2) 



a = 0Aju s g = 0.4(0.7)(9.81m/s 2 ) 



= 2.75 m/s 2 



(b) Using a constant-acceleration 
equation, relate the initial and final 



Vj = v 0 + aAt 
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velocities of the car to its 
acceleration and the elapsed time; 
solve for the time: 



or, because vo = 0 and At = ti, 

t = ^ 
a 



Substitute numerical values and evaluate t\\ 



_ (I00km/h)(lh/3600s)(l000m/km) _ 



10.1s 

2.75 m/s 2 1 
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Picture the Problem To hold the box in 
place, the acceleration of the cart and box 
must be great enough so that the static 
friction force acting on the box will equal 
the weight of the box. We can use 
Newton's 2 nd law to determine the 
minimum acceleration required. 

(a) Apply = ma to the box: 



v 

f4 



- -6 * —x 



mg 



ZF X = F a = ma^n 
and 

^Fy =fs,tmx -mg = 0 



(1) 
(2) 



Substitute /jF n for^ max in equation 
(2), eliminate F n between the two 
equations and solve for and evaluate 



juF n -mg=0, //(ma mm ) - mg = 0 
and 



a = 

min 



g 9.81m/s 2 



Ms 



0.6 



16.4 m/s 2 



(b) Solve equation (2) for/ s>max , and / S;max = mg 
substitute numerical values and 
evaluate/ s , max : 

(c) If a is twice that required to hold f s max = 
the box in place, f s will still have its 
maximum value given by: 



= (2kg)(9.81 m/s 2 ) 



19.6N 



19.6N 



(d) Because g/// s is a min , the box will not fall if a> g/ju s 
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Picture the Problem Note that the blocks have a common acceleration and that 
the tension in the string acts on both blocks in accordance with Newton's third 
law of motion. Let down the incline be the positive x direction. Draw the free- 
body diagrams for each block and apply Newton's second law of motion and the 
definition of the kinetic friction force to each block to obtain simultaneous 
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equations in a x and T. 



Draw the free-body diagram for the 
block whose mass is m.\. 




Apply — m ti to the upper block: 



T,F X = -/ kJ + Ti + wigsintf = m x a x (1) 
and 

XF y = F n , 1 -m 1 gcos0 =0 (2) 



The relationship between / kl and F n l / k l = // k ,iF n ,i 

is: 



(3) 



Eliminate / kj i and/v between (1), 
(2), and (3) to obtain: 



-/4,iWigcosd?+ Ti + migsind? = wia x (4) 



Draw the free-body diagram for the 
block whose mass is m 2 : 




Apply = ma to the block: 



HF x = -f K2 -T 2 + m 2 gs'md=m 2 a x (5) 
and 

HFy = F n>2 - W2gcos 0 = 0 (6) 



The relationship between / k;2 and 
F n ,i is: 



A,2 ~~ A,2^n,2 



(7) 



Eliminate / kj 2 and F n;2 between (5), 
(6), and (7) to obtain: 



-MK2 m 2g cos 0 - T 2 + m 2 gsmd = m 2 a x (8) 
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Noting that T 2 = T^ = T, add 
equations (4) and (8) to eliminate T 
and solve for a x : 

Substitute numerical values and 
evaluate a x to obtain: 



(b) Eliminate a x between equations 
(4) and (8) and solve for T=T X = T 2 
to obtain: 



<2, = 



a r = 



sin 0 - - cos o 



m i +m 2 



g 



- 0.965 m/s 2 



where the minus 



sign tells us that the acceleration is directed 
up the incline. 



m l + m 2 



Substitute numerical values and 
evaluate T: 



0.184N 



*44 

Picture the Problem The free-body 
diagram shows the forces acting on the 
two blocks as they slide down the 
incline. Down the incline has been 
chosen as the positive x direction. T is 
the force transmitted by the stick; it can 
be either tensile (T> 0) or compressive 
(T< 0). By applying Newton's 2 nd law 
to these blocks, we can obtain equations 
in T and a from which we can eliminate 
either by solving them simultaneously. 
Once we have expressed T, the role of 
the stick will become apparent. 

(a) Apply = ma to block 1: 



A PPly = ma to block 2: 



Letting T\ = T 2 = T, use the 
definition of the kinetic friction 
force to eliminate fi^\ and F n j 
between the equations for block 1 
and /k,2 and between the 
equations for block 2 to obtain: 




m 2 g 



X F v = T x + m \§ sin 6 ~ A,l = m i a 

and 

Z F v =F nl - mi gcos0 = O 

X F v = m 2g Sin & ~ T 2 ~ fk,2 = m 2 a 

and 

Z F v =F n2 -m 2 gcos0 = O 

m x a = ^[gsin^ + T - /u x m x gcos6 (1) 
and 

m 2 a = m 2 g sind -T - ju 2 m 2 g cosd (2) 
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Add equations (1) and (2) to 
eliminate T and solve for a: 



a = 



g 



sin 6* 



m l +m 2 j 



(b) Rewrite equations (1) and (2) by 
dividing both sides of (1) by m\ and 
both sides of (2) by w 2 to obtain. 



a = gsin6N /u x gcosO (3) 

m. 



and 

a = g sin 0 



/j 2 g cos 0 



(4) 



Subtracting (4) from (3) and 
rearranging yields: 



y/n, -m 2 j 



C"i -Mi)g cos 0 



If //[ = ju 2 , T = 0 and the blocks move down the incline with the same 
acceleration of g(sin6' - ju cos 6). Inserting a stick between them can' t 
change this; therefore, the stick must exert no force on either block. 
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Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks on the inclined surface. Draw 
the free-body diagrams for each block and 
apply Newton's 2 nd law of motion and the 
definition of the static friction force to each 
block to obtain simultaneous equations in 
9 C and T. 




(a) Draw the free-body diagram for 
the lower block: 



Apply = ma to the block: 



/ 



A 

I,F X = mxgsmdc -/ M -7=0 
and 

T.F V = F„ i - wiigcos# c = 0 



(1) 
(2) 



The relationship between f s ^ and iyi / Si i = /4,i^n,i 

is: 



(3) 
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Eliminate f % \ andF n i between (1), 
(2), and (3) to obtain: 



wigsin^ c - // S; iWigcos^ c - T= 0 (4) 



Draw the free-body diagram for the 
upper block: 




Apply = ma to the block: 



SF, =7+ m^sin^c -/ s>2 = 0 (5) 
and 

I,F y = F n>2 - W2gcos 0 C = 0 (6) 



The relationship between / s>2 and F n;2 / s ,2 = H*?Fr& 

is: 



(7) 



Eliminate / Sj2 and F n>2 between (5), 
(6), and (7) to obtain: 



T + wigsin 6 C - /^m^cos 6 C = 0 (8) 



Add equations (4) and (8) to 
eliminate Tand solve for 9 C : 



(b) Because 9 C is greater than the 
angle of repose (tan _1 (// s l ) = 
tan _1 (0.4) = 21.8°) for the lower 
block, it would slide if T= 0. Solve 
equation (4) for T: 



#„ = tan" 



= tan" 



/" s ,l W l+/"s,2 W 2 



m l +m 2 



(0.4)(0.2kg)+(0.6)(0.1kg) " 
0.1kg + 0.2kg 



= 25.0° 



r = m 1 g(sin^ c -// sl cos^ c ) 



Substitute numerical values and evaluate T: 



r = (0.2kg)(9.81m/s 2 )[sin25°-(0.4)cos25°] = 



0.118N 
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Picture the Problem The pictorial 
representation shows the orientation of the 
two blocks with a common acceleration on 
the inclined surface. Draw the free-body 
diagrams for each block and apply 
Newton's 2 nd law and the definition of the 
kinetic friction force to each block to 
obtain simultaneous equations in a and T. 




(a) Draw the free-body diagram for 
the lower block: 



Apply = ma to the lower 
block: 




XF V = m\gsm2Q° —fo - T= m\a (1) 
and 

^F y = F nA - migcos20° = 0 (2) 



Express the relationship between / k l 
andF nl : 



fk,l ~ /4,l-fn,1 



(3) 



Eliminate and between (1), 
(2), and (3) to obtain: 



m x g sin 20° - /u KX m y g cos 20° 
- T = m l a 



(4) 



Draw the free-body diagram for the 
upper block: 



Apply ^F = ma to the upper 
block: 



4,5 



-20° 



1F X = T + m2g-sin20 o -/ k>2 = m 2 a (5) 
and 

~LF y = 7y 2 - m2gcos20° = 0 (6) 



Express the relationship between^ 
and F n 2 '. 



fk,2 — /4,2^n,2 



(7) 
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Eliminate /k,2 and F^ between (5), 
(2), and (7) to obtain: 



T + m 2 g sin 20° - ju k 2 m 2 g cos 20° 



(8) 



Add equations (4) and (8) to 
eliminate T and solve for a: 

Substitute the given values and 
evaluate a: 



a = 



g 



'sin20°- W+ ^ cos20°' 



m i +m 2 



a= 0.944m/s 2 



(b) Substitute for a in either equation 
(4) or equation (8) to obtain: 



0.426N 



compression. 



; i.e., the rod is under 
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Picture the Problem The vertical 
component of F reduces the normal force; 
hence, the static friction force between the 
surface and the block. The horizontal 
component is responsible for any tendency 
to move and equals the static friction force 
until it exceeds its maximum value. We can 
apply Newton's 2 nd law to the box, under 
equilibrium conditions, to relate F to 9. 




(a) The static-frictional force opposes the motion of the object, and the maximum value 
of the static-frictional force is proportional to the normal force F N . The normal force is 
equal to the weight minus the vertical component F v of the force F. Keeping the 
magnitude F constant while increasing 9 from zero results in a decrease in F\ and thus a 
corresponding decrease in the maximum static-frictional force/ nax . The object will begin 
to move if the horizontal component F H of the force F exceeds / max . An increase in 9 
results in a decrease in F H . As 9 increases from 0, the decrease in F^ is larger than the 
decrease in Fa, so the object is more and more likely to slip. However, as 9 approaches 
90°, F H approaches zero and no movement will be initiated. If F is large enough and if 9 
increases from 0, then at some value of 9 the block will start to move. 



(b) Apply ^F = ma to the block: 



Assuming that f s =f s>mm , eliminate f s 
and F n between equations (1) and 
(2) and solve for F: 



TF x =Fcos0-f s =O (1) 
and 

ZF y =F n + Fsin9-mg = 0 (2) 



F 



ju s mg 



cos0 + ju s sin.0 
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Use this function with mg = 240 N to generate the table shown below: 



e 


(deg) 


0 


10 


20 


30 


40 


50 


60 


F 


(N) 


240 


220 


210 


206 


208 


218 


235 



The following graph of F(0) was plotted using a spreadsheet program. 



240 < i 
235 ■ 
230 ■ 
^ 225 ■ 
^ 220 ■ 
215 • 
210 ■ 

205 ■ 

0 



From the graph, we can see that the minimum value for F occurs when 6 « 32°. 

Remarks: An alternative to manually plotting F as a function of 6 or using a 
spreadsheet program is to use a graphing calculator to enter and graph the function. 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block. We can apply Newton's 2 nd law, 
under equilibrium conditions, to relate F to 
9 and then set its derivative with respect to 
0 equal to zero to find the value of 6? that 
minimizes F. 

(a) Apply £F = ma to the block: ZF X =Fcos0-f s = 0 (1) 

and 

YF y =F n + Fsin0-mg=O (2) 
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Assuming thaty^ =^, ma x, eliminate f s 
and F n between equations (1) and (2) 
and solve for F: 



F 



cos 0 + ju s sin0 



(3) 



To find 8mm, differentiate F with respect to 9 and set the derivative equal to zero for 
extrema of the function: 



dF 



(cos 0 + n % sin 0)-^- (ju a mg) fijng ^- (cos 0 + ju s sin 0) 
d0 d0 



d0 (cos^ + z^sin^) 2 

_ ju s mg(- sin 0 + ju s cos 0) 
(cos 0 + ju s sin 0f 



{cos0 + /j s sin^) 2 



0 for extrema 



Solve for 0 m[n to obtain: 



0„ 



tan 1 fi t 



(b) Use the reference triangle shown below 
to substitute for cos 9 and sind? in equation 
(3): 




F^ = 



fijng 




(c) 



The coefficient of kinetic friction is less than the coefficient of static friction. 
An analysis identical to the one above shows that the minimum force one 
should apply to keep the block moving should be applied at an angle given by 
0 min = tan 1 ju k . Therefore, once the block is moving the coefficient of friction 
will decrease, so the angle can be decreased. 
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Picture the Problem The vertical component of F increases the normal force and the 
static friction force between the surface and the block. The horizontal component is 
responsible for any tendency to move and equals the static friction force until it exceeds 
its maximum value. We can apply Newton's 2 nd law to the box, under equilibrium 
conditions, to relate F to 9. 
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(a) As 6? increases from zero, F 
increases the normal force exerted by 
the surface and the static friction force. 
As the horizontal component of F 
decreases with increasing 6, one would 
expect F to continue to increase. 



(b) Apply = ma to the block: IF X =FcosO-f s = 0 

and 

XF V = F a - Fsind- mg = 0 




Assuming that^ =f Sym!lx , eliminate f s 
and F n between equations (1) and 
(2) and solve for F; 



F 



ju s mg 



cos0 -ju s sin.0 



(3) 



Use this function with mg = 240 N to generate the table shown below. 



e 


(deg) 


0 


10 


20 


30 


40 


50 


60 


F 


(N) 


240 


273 


327 


424 


631 


1310 


very 
large 



The graph of F as a function of 9, plotted using a spreadsheet program, confirms our 
prediction that F continues to increase with 0. 




(a) From the graph we see that: 



0° 
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(b) Evaluate equation (3) for 0=0° 
to obtain: 



F 



ju s mg 



cos0°-/^ s sinO 0 



/u s mg 



(c) 



You should keep the angle at 0 C 



Remarks: An alternative to the use of a spreadsheet program is to use a graphing 
calculator to enter and graph the function. 
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Picture the Problem The forces acting on each of these masses are shown in the free- 
body diagrams below, mi represents the mass of the 20-kg mass and m 2 that of the 100-kg 
mass. As described by Newton's 3 rd law, the normal reaction force F n j and the friction 
force /k,i ( = fk,2) act on both masses but in opposite directions. Newton's 2 nd law and the 
definition of kinetic friction forces can be used to determine the various forces and the 
acceleration called for in this problem. 



(a) Draw a free-body diagram 
showing the forces acting on the 
20-kg mass: 



y 
I 

1 n 



»>\g 



Apply 2j = to this mass: 



and 

T.F y = F nA -m l g = 0 



(1) 
(2) 



Solve equation (1) fovf k y. 



/ k ,i=mia 1 = (20kg)(4m/s 2 )= 80.0 N 



(b) Draw a free-body diagram 
showing the forces acting on the 
100-kg mass: 



y 
l 

A? , 



< 



m 2 g 



A PPty = ma * t0 ^0-kg 

object and evaluate F net : 



F net = m 2 a 2 



= (l00kg)(6m/s 2 ) = 



600 N 
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Express F in terms of F net and f^'. 



F = F net +f K2 = 600 N + 80 N 



680N 



(c) When the 20-kg mass falls off, 
the 680-N force acts just on the 
1 00-kg mass and its acceleration is 
given by Newton's 2 nd law: 



F net _ 680 N 



100 kg 



6.80m/s 2 
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Picture the Problem The forces acting on 
each of these blocks are shown in the free- 
body diagrams to the right, m, represents 
the mass of the 60-kg block and m 2 that of 
the 1 00-kg block. As described by 
Newton's 3 rd law, the normal reaction force 
F n i and the friction force A,i (=fk,2) act on 
both objects but in opposite directions. 
Newton's 2 nd law and the definition of 
kinetic friction forces can be used to 
determine the coefficient of kinetic friction 
and acceleration of the 1 00-kg block. 



A, i 



y 

n F , 

' n. 1 



1 'l»lg 



F 



+ F , 

n. 2 



/k.2 

J ►-v 



"F 



n. i 



1 r '«:i 



(a) Apply = ma to the 60-kg 
block: 

Apply =ma x to the 1 00-kg 
block: 



T.F X = F -f Ki =m\a\ 
and 

2F y = F nyX -m x g = Q 
fk,2 = m 2 a 2 



(1) 
(2) 
(3) 



Using equation (2), express the 
relationship between the kinetic 
friction forces f k , and f k 2 : 



A,i =A,2 =/k = //k^n,i = /J±mig (4) 



Substitute equation (4) into equation 
(1) and solve for ju k : 



F - m x a x 



Substitute numerical values and 
evaluate jU^. 



_ 320 N- (60kg )(3m/s 2 ) _ 
Mk ~ (60kg)(9.81m/s 2 ) 



0.238 



(b) Substitute equation (4) into 
equation (3) and solve for a 2 : 
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Substitute numerical values and 
evaluate a 2 : 



a, = 



(0.238)(60kg)(9.81m/s 2 ) 
100 kg 



= 1.40m/s 2 
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Picture the Problem The accelerations of 
the truck can be found by applying 
Newton's 2 nd law of motion. The free-body 
diagram for the truck climbing the incline 
with maximum acceleration is shown to the 
right. 




(a) Apply = ma to the truck 
when it is climbing the incline: 



ZF X = / s , max - mgsin 1 2° = ma ( 1 ) 
and 

IF y = F n - mgcos 1 2° = 0 (2) 



Solve equation (2) for F D and use 
the definition of / s ,max to obtain: 

Substitute equation (3) into equation 
(1) and solve for a: 

Substitute numerical values and 
evaluate a: 



/ s ,max = /4™gC0Sl2 O 



a = g(ju s cosl2°-sinl2°) 



(3) 



a = (9.81m/s 2 )[(0.85)cosl2°-sinl2°] 



6.12m/s 2 



(b) When the truck is descending the 
incline with maximum acceleration, 
the static friction force points down 
the incline; i.e., its direction is 
reversed on the FBD. Apply 

= ma x to the truck under 

these conditions: 

Substitute equation (3) into equation 
(4) and solve for a: 

Substitute numerical values and 
evaluate a: 



-f Sy max- mgsm\2° =ma 



(4) 



a = -g(// s cosl2° + sinl2°) 



a = (-9.81m/s 2 )[(0.85)cosl2° + sinl2°] 



= -10.2m/s' 
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Picture the Problem The forces acting on 
each of the blocks are shown in the free- 
body diagrams to the right. m\ represents 
the mass of the 2-kg block and m 2 that of 
the 4-kg block. As described by Newton's 
3 rd law, the normal reaction force F n> i and 
the friction force f % \ (=/ s ,2) a ct on both 
objects but in opposite directions. Newton's 
2 nd law and the definition of the maximum 
static friction force can be used to 
determine the maximum force acting on the 
4-kg block for which the 2-kg block does 
not slide. 



y 
I 

1 n 



— 



y 

I 

1 V 



n,2 



»'2£ 



(a) Apply Vf = ma to the 2-kg 
block: 

A PPly X = ma to the 4-kg block: 



Using equation (2), express the 
relationship between the static 
friction forces f , and f s 2 

,max 



^F x fs,lfaex 'Wlflmax (1) 

and 

ZF y =F nA -mig = 0 (2) 

T,F X = F-f sa ,rmx =m 2 a max (3) 
and 

ZF y = F na -F nA - m 2 g = 0 (4) 

Al.max =fs,2,max ~ Ms m lg (5) 



Substitute (5) in (1) and solve for 



flmax = Msg = (0.3)g = 2.94 m/s 



Solve equation (3) for F = F^: 

Substitute numerical values and 
evaluate F m!lx : 



F = m,fl + u m,s 

max 2 max A*s 16 

^max=(4kg)(2.94m/s 2 )+(0.3)(2kg) 
x(9.81m/s 2 ) 



= 17.7N 



(b) Use Newton's 2 nd law to express 
the acceleration of the blocks 
moving as a unit: 

Substitute numerical values and 
evaluate a: 



F 



m l +m 2 



j(l7.7N) _ 
~ 2kg + 4kg " 



1.47 m/s 2 
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Because the friction forces are an 
action-reaction pair, the friction 
force acting on each block is given 
by: 



/ s = mia = (2kg)(1.47m/s 2 ) 



2.94 N 



(c) If F = 2F mm , then nt\ slips on m 2 
and the friction force (now kinetic) 
is given by: 



f=fk = jUkWig 



Use / i F r = ma x to relate the 

acceleration of the 2-kg block to the 
net force acting on it and solve for 



f k = ju k mig = mi«i 
and 

fli =/Ag= (0.2)g = 



1.96m/s 2 



Use / F r = ma r to relate the 

acceleration of the 4-kg block to the 
net force acting on it: 

Solve for a 2 : 



F -ju k m l g = m 2 a 2 



Substitute numerical values and 
evaluate a 2 \ 



2(l7.7N)-(0.2)(2kg)(9.81m/s 2 ) 
4kg 
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Picture the Problem Let the positive x 
direction be the direction of motion of 
these blocks. The forces acting on each of 
the blocks are shown, for the static friction 
case, on the free-body diagrams to the 
right. As described by Newton's 3 rd law, 
the normal reaction force F ntl and the 
friction force f % \ (=f s a) act on both objects 
but in opposite directions. Newton's 2 nd 
law and the definition of the maximum 
static friction force can be used to 
determine the maximum acceleration of the 
block whose mass is mi. 

(a) Apply = ma to the 2-kg 
block: 




£F X - /s,l,max - mia max (1) 

and 



Applications of Newton's Laws 307 



block: 



Using equation (2), express the 
relationship between the static 
friction forces / j and / 2 

,max ' 



T.F y = F nA -m 1 g = 0 

^■^c = T—fs,2,roan = W 2 a max 

and 

IF,, = F n , 2 - F nJ - = 0 

„/s,l,max ~fs,2,max ~ Ms m lg 



(2) 
(3) 
(4) 
(5) 



Substitute (5) in (1) and solve for 

(b) Use ^ 1 F X = ma x to express the 

acceleration of the blocks moving 
as a unit: 

Apply = ma x to the object 

whose mass is m 3 : 

Add equations (6) and (7) to 
eliminate T and then solve for and 
evaluate m 3 . 



a m ax = /4g = (0.6)g : 



T = (m\ + w 2 ) a n 



5.89m/s 2 



(6) 



mg -T = m 3 a a 



(7) 



772. 



_// s (m 1 +m 2 )_(0.6Xl0kg + 5kg) 



1-A 



22.5 kg 



1-0.6 



(c) If W3 = 30 kg, then mi will slide 
on m 2 and the friction force (now 
kinetic) is given by: 

Use = ma x to relate the 

acceleration of the 30-kg block to 
the net force acting on it: 

Noting that a 2 = a 3 and that the 
friction force on the body whose 
mass is w 2 is due to kinetic friction, 
add equations (3) and (8) and solve 
for and evaluate the common 
acceleration: 



f=fk = Mkmg 



m 3 g -T = m 3 a 3 



m 3 -{i k m 
m 2 +m i 



,) 



(8) 



_ (9.81m/s 2 )[30kg-(0.4)(5kg)] 
10kg + 30kg 



= 6.87m/s 2 



With block 1 sliding on block 2, the 



/ k = ju k mig = mm 



(!') 
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friction force acting on each is 
kinetic and equations (1) and (3) 
become: 



T-f k = T-jU k mig =m 2 a 2 



(3') 



Solve equation (!') for and evaluate 



a 1 =// k g = (0.4)(9.81m/s 2 ) 



= 3.92 m/s' 



Solve equation (3') for T: 



T = m 2 a 2 + jJ. k m x g 



Substitute numerical values and evaluate T: 



T = (l0kg)(6.87m/s 2 )+(0.4X5kg)(9.81m/s 2 ): 



88.3N 
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Picture the Problem Let the direction of 
motion be the positive x direction. The 
free-body diagrams show the forces acting 
on both the block (M) and the 

counterweight (w). While T X ^T 2 , T\ = T 2 . 

By applying Newton's 2 nd law to these 
blocks, we can obtain equations in T and a 
from which we can eliminate the tension. 
Once we know the acceleration of the 
block, we can use constant-acceleration 
equations to determine how far it moves in 
coming to a momentary stop. 

(a) Apply = ma to the block 
on the incline: 



Apply X m & t0 me 
counterweight: 

Letting T\ = T 2 = T and using the 
definition of the kinetic friction 
force, eliminate f k and F n between 
the equations for the block on the 
incline to obtain: 

Eliminate Tfrom equations (1) and 
(2) by adding them and solve for a: 




mg 



Y,F x =T x -Mgsin0-f k =Ma 
and 

Y j F v =F n -Mgcos0 = O 
= mg —T 2 = ma 



(1) 



T-Mgsin0-ju k Mgcos0 = Ma (2) 



m -M{ sin 0 + ju k cos 6) 

CI ^ 

m + M 
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Substitute numerical values and evaluate a: 

550kg- (1600kg) (sinlO° + 0.15coslO°) 



a = 



550kg + 1600kg 



(9.81m/s 2 ): 



0.163m/s 2 



(b) Using a constant-acceleration 
equation, relate the speed of the 
block at the instant the rope breaks 
to its acceleration and displacement 
as it slides to a stop. Solve for its 
displacement: 

The block had been accelerating up 
the incline for 3 s before the rope 
broke, so it has an initial speed of : 

From equation (2) we can see that, 
when the rope breaks (T= 0) and: 



Substitute in equation (3) and 
evaluate Ax: 



(c) When the block is sliding down 
the incline, the kinetic friction force 
will be up the incline. Express the 
block's acceleration: 



Vf = V; 2 + 2aAx 
or, because Vf = 0, 

Ax = ^ 
2a 



(3) 



(0.163 m/s 2 )(3 s) = 0.489 m/s 

a = -g(sin 6 + ju k cos 6) 
= -(9.81m/s 2 )[sinl0° + (0.15)cosl0°] 

= -3.15m/s 2 

where the minus sign indicates that the 
block is being accelerated down the 
incline, although it is still sliding up the 
incline. 



Ax 



_ - (0.489 m/s) 2 _ 
~ 2(-3.15m/s 2 )~ 



0.0380m 



a = -g(sin 6 - ju k cos 6) 
= -(9.81m/s 2 )[sinl0°-(0.15)cosl0°] 



-0.254m/s 2 



56 ••• 

Picture the Problem If the 1 0-kg block is 
not to slide on the bracket, the maximum 

value for F must be equal to the maximum 
value of f s and will produce the maximum 
acceleration of this block and the bracket. 
We can apply Newton's 2 nd law and the 
definition of / s>ma x to first calculate the 
maximum acceleration and then the 
maximum value of F. 



IF 



m 2 g 



y 
l 

™ 1 n. 2 



m 2 g 



(a) and (b) Apply = ma to the 

10-kg block when it is experiencing 
its maximum acceleration: 



ZF X = / s , max -F = W 2 a 2 ,max ( 1 ) 
and 

ZF, = F, a -m 2 g = 0 (2) 
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Express the static friction force 
acting on the 1 0-kg block: 

Eliminate f S;max and F n;2 from 
equations (1), (2) and (3) to obtain: 

Apply = ma x to the bracket 

to obtain: 



,/s,max /4^n,2 (3) 

J u s m 2 g -F = m 2 a 2 ,max (4) 
IF - ju s m 2 g = mia Urmx (5) 



Because ai jmax = «2,max, denote this 
acceleration by a max . Eliminate F 
from equations (4) and (5) and solve 
for a max : 

Substitute numerical values and 
evaluate a max : 



Solve equation (4) for F = F max : 

Substitute numerical values and 
evaluate F: 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it is moving up the incline. By 
applying Newton's 2 nd law, we can obtain 
expressions for the accelerations of the 
block up and down the incline. Adding and 
subtracting these equations, together with 
the data found in the notebook, will lead to 
values for g v and /4. 



Apply ^ , F j = ma to the block when 
it is moving up the incline: 



Using the definition of f±, eliminate 
F n between the two equations to 
obtain: 



m 1 + 2m 2 



(0.4)(l0kg)(9.81m/s 2 ) 
5kg + 2(l0kg) 



1.57m/s 2 



F = v s m 2 g - m 2 a max = m 2 (// s g - a max ) 
F = (l0kg)[(0.4)(9.81m/s 2 )-1.57m/s 2 ] 



23.5N 









*\ 




> 






= ma up 


= F n -mg v cos 0 = 


0 



and 



«u P =~M k gv cos 6>-g v sin# 



(1) 



Applications of Newton's Laws 311 



When the block is moving down the 
incline, / k is in the positive x 
direction, and its acceleration is: 

Add equations (1) and (2) to obtain: 
Solve equation (3) for g v : 

Determine 9 from the figure: 



«down = M k gv cos 6 - g v sin 0 (2) 



a + a. 

up down 



0 = tan 



2sin6 l 

0.73glapp 
3.82glapp 



= 10.8° 



Substitute the data from the notebook in equation (4) to obtain: 
1 .73 glapp/plipp 2 + 1 .42 glapp/plipp 2 



2sinl0.8 c 



8.41 glapp/plipp' 



Subtract equation (1) from equation 
(2) to obtain: 

Solve for // k : 



Substitute numerical values and evaluate // k : 



down up 



«un = 2 M k gy COS0 



^down ^up 

2g v cos 6 



- 1 .42 glapp/plipp 2 - 1 .73 glapp/plipp 2 
2(- 8.4 1 glapp/plipp 2 )cos 1 0.8° 



0.191 
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Picture the Problem The free-body 
diagram shows the block sliding down the 
incline under the influence of a friction 
force, its weight, and the normal force 
exerted on it by the inclined surface. We 
can find the range of values for m for the 
two situations described in the problem 
statement by applying Newton's 2 nd law of 
motion to, first, the conditions under which 
the block will not move or slide if pushed, 
and secondly, if pushed, the block will 
move up the incline. 

(a) Assume that the block is sliding 
down the incline with a constant 
velocity and with no hanging weight 

(m = 0) and apply = ma to 



y. 



\ 



(3) 
(4) 




A 





X 


\ 







Y J F x =-f k +Mgsin0 = O 
and 

Y,F y =F n -Mgcos6> = 0 
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the block: 

Using f k = jU k F n , eliminate F D 
between the two equations and solve 
for the net force acting on the block: 

If the block is moving, this net force 
must be nonnegative and: 

This condition requires that: 

Because /4 = 0.2, this condition is 
satisfied and: 

To find the maximum value, note 
that the maximum possible value for 
the tension in the rope is mg. For 
the block to move down the incline, 
the component of the block's weight 
parallel to the incline minus the 
factional force must be greater than 
or equal to the tension in the rope: 

Solve for w max : 

Substitute numerical values and 
evaluate m max : 

The range of values for m is: 

(b) If the block is being dragged up 
the incline, the frictional force will 
point down the incline, and: 

Solve for and evaluate m min : 



If the block is not to move unless 
pushed: 

Solve for and evaluate m max : 



The range of values for m is: 



F n et = ~Mk M § cos 6 + Mg sin 6 

(- /u k cos 6 + sin 0)Mg > 0 
ju k <tan6> = tanl8 0 = 0.325 

m min = 0 

Mgsind?- jUkMgcosd > mg 



m max < (I00kg)[sinl8°-(0.2)cosl8°] 
= 11.9kg 

0<m< 11.9kg 

Mg sind?+ /Li\Mg cosd< mg 

m m i n > M(sin#+ /4 cosd) 

= (100 kg)[sinl8° + (0.2)cosl8°] 
= 49.9 kg 

Mg s'md + // s Mg cosd > mg 

w max < M(sin#+ // s cosd) 

= (100 kg)[sinl8° + (0.4)cosl8°] 
= 68.9kg 

49.9kg<m< 68.9kg 
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Picture the Problem The free-body 
diagram shows the forces acting on the 0.5 
kg block when the acceleration is a 
minimum. Note the choice of coordinate 
system is consistent with the direction of 

F . Apply Newton's 2 nd law to the block 
and solve the resulting equations for a^ 
and a max . 




(a) Apply ^F = ma to the 0.5-kg 
block: 



XF Y = F n sin9-f s cos9 = ma (1) 
and 

XF V = F n cos9 + / s sin#- mg = 0 (2) 



Under minimum acceleration, 
fs = / s ,max- Express the relationship 
between / Simax and F n ; 



/s,max f^Fn 



(3) 



Substitute ^max for f s in equation (2) 
and solve for F n : 



F = 



mg 



cos^ + z^sin^ 



Substitute for F n in equation (1) and 
solve for a = a mi „: 



a = g 

mm o 



sin0 -ju s cos0 
cos 0 + /u s sin 6 



Substitute numerical values and 
evaluate a m i n : 



(9.81 m/s 2 ) 



sin35°-(0.8)cos35° 
cos35° + (0.8)sin35 o 



= -0.627 m/s 2 



Treat the block and incline as a 
single object to determine F^: 



F min = w tot a min = (2.5 kg)( -0.627 m/s 2 ) 



-1.57N 



To find the maximum acceleration, 
reverse the direction of f s and apply 

^F = ma to the block: 



HF X = F n sind + / s cos 6= ma (4) 
and 

HF V = F n cos9-f s sm9- mg = 0 (5) 



Proceed as above to obtain: 



a =2 

max o 



sin 6 + ju s cos 6 
cos 6 - /u s sin 6 



Substitute numerical values and 
evaluate a max : 



(9.81m/s 2 ) 



= 33.5 m/s' 



sin35° + (0.8)cos35° 
cos35°-(0.8)sin35 o 
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Treat the block and incline as a single 
object to determine F max : 



■Fmax = Wtotflmax = (2.5 kg)(33.5 m/s 2 ) 



83.8N 



(b) Repeat (a) with // s = 0.4 to obtain: 



5.75N 



andF „ = 



37.5N 
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Picture the Problem The kinetic friction 
force f\ is the product of the coefficient of 
sliding friction // k and the normal force F n 
the surface exerts on the sliding object. By 
applying Newton's 2 nd law in the vertical 
direction, we can see that, on a horizontal 
surface, the normal force is the weight of 
the sliding object. Note that the 
acceleration of the block is opposite its 
direction of motion. 

(a) Relate the force of kinetic 
friction to // k and the normal force 
acting on the sliding wooden object: 



Substitute v : 



10 m/s and evaluate 



A = ^ F n 



y 



f 



j: 

Jmg 



0.11 



x 



(l + 2.3xl(T 4 v 2 ) 

_ 0.1l(l00kg)(9.81m/s 2 ) _ 
(l + 2.3xl0- 4 (l0m/s) 2 ) 2 



mg 



103N 



(b) Substitute v : 
evaluate f k : 



20 m/s and 



fk 



_ 0.1l(l00kg)(9.81m/s 2 ) 
(l + 2.3xl0" 4 (20m/s) 2 ) 2 



= 90.5N 
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Picture the Problem The pictorial representation shows the block sliding from left to 
right and coming to rest when it has traveled a distance Ax. Note that the direction of the 
motion is opposite that of the block's acceleration. The acceleration and stopping 
distance of the blocks can be found from constant-acceleration equations. Let the 
direction of motion of the sliding blocks be the positive x direction. Because the surface 
is horizontal, the normal force acting on the sliding block is the block's weight. 
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(a) Using a constant-acceleration 
equation, relate the block's stopping 
distance to its initial speed and 
acceleration; solve for the stopping 
distance: 



v 2 = v 2 + 2aAx 
or, because v = 0, 

Ax - 



2 a 



(1) 



Apply = ma x t0 trie sliding 

block, introduce Konecny's 
empirical expression, and solve for 
the block's acceleration: 



a = 



0.91 



m m 
0.4{mg) 0M 

777 



777 



Evaluate a with m = 10 kg: 



(0.4)[(l0kg)(9.81m/s 2 ) 



0.91 



10kg 



= -2.60m/s 2 



Substitute in equation (1) and 
evaluate the stopping distance when 
vo = 10 m/s: 

(b) Proceed as in (a) with 
m = 100 kg to obtain: 



-(lOm/s) 2 
2{- 2.60 m/s 2 ) 



19.2m 



a 



(0.4)[(l00kg)(9.81m/s 2 ) 



11.91 



100 kg 



= -2.11m/s 2 



Find the stopping distance as in (a): 



-(10 m/s) 2 
2(-2.11m/s 2 ) 



23.7m 
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Picture the Problem The kinetic friction force fa is the product of the coefficient of 
sliding friction // k and the normal force F n the surface exerts on the sliding object. By 
applying Newton's 2 nd law in the vertical direction, we can see that, on a horizontal 
surface, the normal force is the weight of the sliding object. We can apply Newton's 2 nd 
law in the horizontal (x) direction to relate the block's acceleration to the net force acting 
on it. In the spreadsheet program, we'll find the acceleration of the block from this net 
force (which is velocity dependent), calculate the increase in the block's speed from its 
acceleration and the elapsed time and add this increase to its speed at end of the previous 
time interval, determine how far it has moved in this time interval, and add this distance 
to its previous position to find its current position. We'll also calculate the position of the 
block x 2 , under the assumption that // k = 0.1 1, using a constant-acceleration equation. 
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1 .^H 



/ = 0 

x = 0 
v 0 = 0 



/k 




X 
V 



The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


C9 


C8+$B$6 


t + At 


D9 


D8+F9*$B$6 


v + aAt 


E9 


$B$5-($B$3)*($B$2)*$B$5/ 
(1+$B$4*D9 A 2) A 2 


F fh m s 

(l + 2.34xl0" 4 v 2 ) 2 


F9 


E10/$B$5 




G9 


G9+D10*$B$6 


x + vAt 


K9 


0.5*5.922*I10 A 2 


\at 2 


L9 


J10-K10 







A 


B 


C 


D 


E 


F 


G 


H 


I 


J 


1 


g= 


9.81 


m/s A 2 
















2 


Coeffl= 


0.11 


















3 


Coeff2= 


2.30E- 
04 


















4 


Mass= 


10 


kg 
















5 


Applied 
Force= 


70 


N 
















6 


Time 
step= 


0.05 


s 








t 


X 


x2 


x-x2 


7 






















8 






















9 






Net 


















t 


V 


force 


a 


X 






mu=variable 


mu=constant 




10 


0.00 


0.00 






0.00 




0.00 


0.00 


0.00 


0.00 


11 


0.05 


0.30 


59.22 


5.92 


0.01 




0.05 


0.01 


0.01 


0.01 


12 


0.10 


0.59 


59.22 


5.92 


0.04 




0.10 


0.04 


0.03 


0.01 


13 


0.15 


0.89 


59.22 


5.92 


0.09 




0.15 


0.09 


0.07 


0.02 


14 


0.20 


1.18 


59.22 


5.92 


0.15 




0.20 


0.15 


0.12 


0.03 


15 


0.25 


1.48 


59.23 


5.92 


0.22 




0.25 


0.22 


0.19 


0.04 
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9.75 


61.06 


66.84 


6.68 


292.37 




9.75 


292.37 


281.48 


10.89 




9.80 


61.40 


66.88 


6.69 


295.44 




9.80 


295.44 


284.37 


11.07 
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207 


9.85 


61.73 


66.91 


6.69 


298.53 




9.85 


298.53 


287.28 


11.25 


208 


9.90 


62.07 


66.94 


6.69 


301.63 




9.90 


301.63 


290.21 


11.42 


209 


9.95 


62.40 


66.97 


6.70 


304.75 




9.95 


304.75 


293.15 


11.61 


210 


10.00 


62.74 


67.00 


6.70 


307.89 




10.00 


307.89 


296.10 


11.79 



The displacement of the block as a function of time, for a constant coefficient of friction 
(/4 = 0.1 1) is shown as a solid line on the graph and for a variable coefficient of friction, 
is shown as a dotted line. Because the coefficient of friction decreases with increasing 
particle speed, the particle travels slightly farther when the coefficient of friction is 
variable. 































mi i \mr\?i1n\a 










- mu = consta 


nt 















































0 2 4 6 8 10 

*(«) 



The velocity of the block, with variable coefficient of kinetic friction, is shown below. 




0 2 4 6 8 10 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it moves to the right. The kinetic 
friction force will slow the block and, 
eventually, bring it to rest. We can relate 
the coefficient of kinetic friction to the 
stopping time and distance by applying 
Newton's 2 nd law and then using constant- 
acceleration equations. 



Hp 

1 n 



x 



' mg 



(a) Apply ^ F = ma to the block 
of wood: 



ma 



and 

Y J F v =F n -mg = 0 



Using the definition of /k, eliminate 
F n between the two equations to 
obtain: 



(1) 



Use a constant-acceleration equation 
to relate the acceleration of the 
block to its displacement and its 
stopping time: 



Ax = v 0 At + \ a(At) 2 



(2) 



Relate the initial speed of the block, 
vo, to its displacement and stopping 
distance: 



v n + v a 

Ax = vAt = — At 



= \v 0 At since v = 0. 



(3) 



Use this result to eliminate vo in 
equation (2): 

Substitute equation (1) in equation 
(4) and solve for /j k : 

Substitute for Ax = 1.37 m and 
At = 0.97 s to obtain: 

(b) Use equation (3) to find v 0 : 



Ax = -\a(Atf 



V n = 



2Ac 



g 



(Atf 



2(1 .37 m) 
(9.81m/s 2 )(0.97s) 2 

2Ac _ 2(l.37m)_ 



(4) 



At 



0.97s 



0.297 



2.82 m/s 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block as it slides down an incline. We can 
apply Newton's 2 nd law to these forces to 
obtain the acceleration of the block and 
then manipulate this expression 
algebraically to show that a graph of a/cosd 
versus tan 6? will be linear with a slope 
equal to the acceleration due to gravity and 
an intercept whose absolute value is the 
coefficient of kinetic friction. 

(a) Apply ^ F = ma to the block ^ F x = mg sin 6 - f k =ma 

as it slides down the incline: and 

^_jP y = Fn -mgcos0 = 0 




Substitute /AF n for / k and eliminate a = g(sin 6 - jU k cos 6) 

F n between the two equations to 

obtain: 

Divide both sides of this equation by a 

cos 0 to obtain: = S tan 0 ~ 8M k 



Note that this equation is of the form 

y = mx + b: 



Thus, if we graph a/cosd versus tan#, we 
should get a straight line with slope g and 
j-intercept -g/4. 



(b) A spreadsheet solution is shown below. The formulas used to calculate the quantities 
in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


C7 


0 




D7 


a 




E7 


TAN(C7*PI()/180) 


tan 


V 180y 




F7 


D7/COS(C7*PI()/180) 


cos 


a 

Ox 

V 180y 







C 


D 


E 


F 


6 


theta 


a 


tan(theta) 


a/cos(theta) 


7 


25 


1.691 


0.466 


1.866 


8 


27 


2.104 


0.510 


2.362 


9 


29 


2.406 


0.554 


2.751 
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10 


31 


2.888 


0.601 


3.370 


11 


33 


3 175 


0 649 


3 786 


12 


35 


3 489 


0 700 

V/ . / \J\J 


4 259 


13 


37 


3.781 


0.754 


4.735 


14 


39 


4.149 


0.810 


5.338 


15 


41 


4.326 


0.869 


5.732 


16 


43 


4.718 


0.933 


6.451 


17 


45 


5.106 


1.000 


7.220 



A graph of a/cosd versus tand? is shown below. From the curve fit (Excel's Trendline 

, 2 , 2.62m/s 2 
was used), g = 9.77 m/s and jU k = 



= 0.268. 



9.77 m/s 2 

The percentage error ing from the commonly accepted value of 9.81 m/s 2 is 
1()0 ^9.81m/s 2 -9.77m/s 2X 



9.81m/s 2 



0.408% 



7 
6 

3 5 

ja 

V 4 

o 

o 

a 3 
2 
1 
0 



0.4 





y = 9.7681 x- 2.6154 
R 2 = 0.9981 
















































































i 






i 



0.5 



0.6 



0.7 

tan(theta) 



0.8 



0.9 



1.0 



Applications of Newton's Laws 



Motion Along a Curved Path 



65 • 

Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We'll solve the 
problem for the general case in which the 
angle with the horizontal is 6? by applying 
Newton's 2 nd law of motion to the forces 
acting on the stone. 




' mg 



Apply = ma to the stone: 



XF Y = Tcosd = ma c = mv /r (1) 
and 

HF y =Tsm0-mg = O (2) 



Use the right triangle in the diagram 
to relate r, L, and 6 : 



r = LcosO 



(3) 



Eliminate T and r between equations 
(1), (2) and (3) and solve for v 2 : 



v 2 = gZcot^cos^ 



(4) 



Express the velocity of the stone in 
terms of its period: 



27rr 



v = ■ 



(5) 



Eliminate v between equations (4) 
and (5) and solve for 6 : 



f ,2 \ 



0 = sin 



gt 



1 rev 



v 4 ^y 



Substitute numerical values and 
evaluate 0: 



6 = sin 



(9.81m/s 2 )(l.22s) 2 
47t 2 (0.85m) 



= 25. 



and (c) is correct. 
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Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We'll solve the 
problem for the general case in which the 
angle with the horizontal is 9 by applying 
Newton's 2 nd law of motion to the forces 
acting on the stone. 




Apply = tna to the stone: 



XF V = TcosO = ma c = mv /r (1) 
and 

IF y = TsmO-mg = 0 (2) 



Use the right triangle in the diagram 
to relate r, L, and &. 



r = LcosO 



(3) 



Eliminate T and r between equations 
(1), (2), and (3) and solve for v: 



■ = yjgL cot 0 cos 0 



Substitute numerical values and 
evaluate v: 



v = 7(9.81m/s 2 )(0.8m)cot20°cos20 c 



4.50m/s 
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Picture the Problem The free-body 
diagram showing the forces acting on the 
stone is superimposed on a sketch of the 
stone rotating in a horizontal circle. The 
only forces acting on the stone are the 
tension in the string and the gravitational 
force. The centripetal force required to 
maintain the circular motion is a 
component of the tension. We'll solve the 
problem for the general case in which the 
angle with the vertical is 9 by applying 
Newton's 2 nd law of motion to the forces 
acting on the stone. 




(a) Apply = ma to the stone: 



HF X = TsinO = ma c = mv /r (1) 
and 
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HF V = Jcos 6 - mg = 0 



(2) 



Eliminate J between equations (1) 
and (2) and solve for v: 

Substitute numerical values and 
evaluate v: 



v = ^jrg tan 6 

v = 7(0.35 m)(9.81m/s 2 )tan30° 



= 1.41m/s 



(b) Solve equation (2) for T; 



cos 6* 



Substitute numerical values and 
evaluate T: 



(0.75kg)(9.81m/s 2 ) 
cos30° 



8.50N 
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Picture the Problem The sketch shows the 
forces acting on the pilot when her plane is 

at the lowest point of its dive. F n is the 

force the airplane seat exerts on her. We'll 
apply Newton's 2 nd law for circular motion 
to determine F n and the radius of the 
circular path followed by the airplane. 

(a) Apply /,F V = ma Y to the pilot: 




F a - mg = ma c 



Solve for and evaluate F n : 



= tng + ma c = m(g + a c ) 
= m(g + 8.5g) = 9.5mg 
= (9.5) (50 kg) (9.81m/s 2 ) 



= 4.66kN 



(b) Relate her acceleration to her 
velocity and the radius of the 
circular arc and solve for the radius: 

Substitute numerical values and evaluate r : 



r = 



_ [(345km/h)(lh/3600s)(l000m/km)] 2 _ 
8.5(9.81m/s 2 ) " 



110m 
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Picture the Problem The diagram shows 
the forces acting on the pilot when her 
plane is at the lowest point of its dive. 

F B is the force the airplane seat exerts on 
her. We'll use the definitions of centripetal 
acceleration and centripetal force and apply 
Newton's 2 nd law to calculate these 
quantities and the normal force acting on 
her. 




(a) Her acceleration is centripetal 
and given by: 



a c = — , upward 

r 



Substitute numerical values and 
evaluate a c : 



[(I80km/h)(lh/3600s)(l0 3 /km)] 2 
300m 



8.33 m/s , upward 



(b) The net force acting on her at the 
bottom of the circle is the force 
responsible for her centripetal 
acceleration: 



^ iet =ma c =(65kg)(8.33m/s 2 ) 



54 IN, upward 



(c) Apply / 1 F V = ma y to the pilot: 



F a -mg = ma c 



Solve for F n : 



F n =mg + ma c = m(g + a c ) 



Substitute numerical values and 
evaluate F n : 



F n = (65 kg)(9.81 m/s 2 + 8.33 m/s 2 ) 



1.18kN, upward 
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Picture the Problem The free-body 
diagrams for the two objects are shown to 
the right. The hole in the table changes the 
direction the tension in the string (which 
provides the centripetal force required to 
keep the object moving in a circular path) 
acts. The application of Newton's 2 nd law 
and the definition of centripetal force will 
lead us to an expression for r as a function 
of m,\, m 2 , and the time T for one 
revolution. 



1 '»>28 

I 

X 



v-<<- 



y 



- 



1 r *lg 
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Apply y_,F x = ma x to both objects 


mjg- 


-F 2 - 


= 0 


and use the definition of centripetal 


and 






acceleration to obtain: 


Fx = 


m\a c 


= ni\v 2 /r 


Because F\ = F 2 we can eliminate 
both of them between these 


m 2 g 


— m l 


2 

= (J 

r 


equations to obtain: 








Express the speed v of the object in 


2m 

V = 




terms of the distance it travels each 




T 




revolution and the time T for one 








revolution: 








Substitute to obtain: 


m 2 g 
or 


-m i 


4;r 2 r 2 
rT 1 




m 2 g 


-m ] 


47T 2 r 
T 2 



Solve for r. 



r = 



m 2 gT 
4it 2 m x 
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Picture the Problem The free-body 
diagrams show the forces acting on each 
block. We can use Newton's 2 nd law to 
relate these forces to each other and to the 
masses and accelerations of the blocks. 



Apply ~^F X = ma x to the block 
whose mass is mi: 

Apply y^F x = ma x to the block 
whose mass is m 2 . 

Relate the speeds of each block to 
their common period and their 
distance from the center of the 



I 

f, f 2 f 2 

T "1 



T l -T 2 =m l -^ 



T 2 = m 2 



Ij +L 2 



n.2 



2?rL 

v, = and v 9 - 

1 rj-i £ rj-i 



_27v{L l+ L 2 ) 
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circle: 



Solve the first force equation for T 2 , 
substitute for v 2 , and simplify to 
obtain: 

Substitute for T 2 and V\ in the first 
force equation to obtain: 



r, = 



z = 



In 



\m 2 {L x + L 2 ) + m l L l \ 



2n 



V -* J 
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Picture the Problem The path of the 
particle and its position at 1-s intervals are 
shown. The displacement vectors are also 
shown. The velocity vectors for the 
average velocities in the first and second 
intervals are along r 01 and f n , respectively, 

and are shown in the lower diagram. 

A V points toward the center of the circle. 

Use the diagram to the right to find Ar: 




Ar = 2rsin22.5°= 2(4 cm) sin22.5° 
= 3.06 cm 



Find the average velocity of the 
particle along the chords: 

Using the lower diagram and the 
fact that the angle between 
Vj and v 2 is 45°, express Av in 

terms of vi (= v 2 ): 



v av = Ar/A? = (3.06 cm)/(l s) 
= 3.06 cm/s 

Av = 2visin22.5° 



Evaluate Av using v av as vi: 
Now we can determine a = Av/At: 



Av = 2(3.06 cm/s)sin22.5° = 2.34 cm/s 
2.34 cm/s 



a = 



Is 



2.34 cm/s 2 
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Find the speed v (= vi = vj ...) of the 
particle along its circular path: 



2w _ 27i(4 cm) 



8s 



3.14cm/s 



Calculate the radial acceleration of 
the particle: 



_ v_ _ (3.14cm/s) 2 _ 
4 cm 



2.46 cm/s 



Compare a c and a by taking their 
ratio: 



a„ 2.46cm/s 



a 2.34cm/s 
or 



1.05 



a„ = 1.05a 
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Picture the Problem The diagram to the 
right has the free-body diagram for the 
child superimposed on a pictorial 
representation of her motion. The force her 
father exerts is F and the angle it makes 
with respect to the direction we've chosen 
as the positive y direction is 9. We can 
infer her speed from the given information 
concerning the radius of her path and the 
period of her motion. Applying Newton's 
2 nd law as it describes circular motion will 
allow us to find both the direction and 
magnitude of F . 

Apply = ma to the child: 




T.F X = Fsm9= mv /r 
and 

T,F y = Fcos 0 - mg = 0 



Eliminate F between these equations 
and solve for 0 : 



0 = tan 



v 

rg 



Express v in terms of the radius and 
period of the child's motion: 



2w 



v = ■ 



Substitute for v in the expression for 
#to obtain: 



6 = tan 



An r 
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Substitute numerical values and 
evaluate 6: 



9 = tan 



47r 2 (0.75m) 
(9.81m/s 2 )(l.5s) 2 



53.3 C 



Solve the y equation for F: 



Substitute numerical values and 
evaluate F: 



F 



mg 
cos 6 



F 



_ (25kg)(9.81m/s 2 ) 
cos53.3° 



410N 
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Picture the Problem The diagram to the 
right has the free-body diagram for the bob 
of the conical pendulum superimposed on a 
pictorial representation of its motion. The 
tension in the string is F and the angle it 
makes with respect to the direction we've 
chosen as the positive x direction is 6. We 
can find 9 from they equation and the 
information provided about the tension. 
Then, by using the definition of the speed 
of the bob in its orbit and applying 
Newton's 2 nd law as it describes circular 
motion, we can find the period T of the 
motion. 




Apply = ma to the pendulum 
bob: 



Using the given information that 
F = 6mg, solve the y equation for &. 

With F = 6mg, solve the x equation 
for v: 



EF* = Fcos9= mv 2 /r 
and 

l,F y = Fsind - mg = 0 



6 = sin 



r 



= sin 



mg_ 
K omgj 



= 9.59° 



v = y[6rgcos0 



Relate the period T of the motion to 
the speed of the bob and the radius 
of the circle in which it moves: 



2nr 



2nr 



■\j6rgcos6) 



From the diagram, one can see that: 



r =Lcos 6 
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Substitute for r in the expression for 
the period to obtain: 




Substitute numerical values and 
evaluate T: 



T = 2n 



0.5m 



6(9.8 lm/s 2 ) 



0.579s 
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Picture the Problem The static friction 
force f s is responsible for keeping the coin 
from sliding on the turntable. Using 
Newton's 2 nd law of motion, the definition 
of the period of the coin's motion, and the 
definition of the maximum static friction 
force, we can find the magnitude of the 
friction force and the value of the 
coefficient of static friction for the two 
surfaces. 



fs 



JS 



y 
1 

■ n 



■6 



mg 



(a) Apply = ma to the coin: 



Z^, =/.=*- 



and 

Z F v =F n -mg = 0 



If Tis the period of the coin's 
motion, its speed is given by: 



2m~ 



Substitute for v in the force equation 
and simplify to obtain: 



An mr 



Substitute numerical values and 
evaluate f s : 



fs = 



47t 2 ((0.1kg)(0.1 m 



0.395 N 



(b) Determine F n from the y 
equation: 



mg 



If the coin is about to slide at 

r = 1 6 cm, f s =/ s , ma x- Solve for jU s in 
terms of / s , max and F n : 



fs. 



An mr 



mg 



4n 2 r 
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Substitute numerical values and 
evaluate jU s : 

76 

Picture the Problem The forces acting on 
the tetherball are shown superimposed on a 
pictorial representation of the motion. The 
horizontal component of T is the 
centripetal force. Applying Newton's 2 nd 
law of motion and solving the resulting 
equations will yield both the tension in the 
cord and the speed of the ball. 



47t 2 (0.16m) 
Ms ~ (9.81m/s 2 )(ls) 2 " 



0.644 



Lh 
y 1 


.20° 




/ — . 

) X 






'nig 





(a) Apply /F = ma to the tetherball: _ . 

^ x = ' sm 20 = m 



and 

Y,F V =rcos20°-mg = 0 



Solve the y equation for T: 



Substitute numerical values and 
evaluate T: 

(b) Eliminate T between the force 
equations and solve for v: 

Note from the diagram that: 

Substitute for r in the expression for 
v to obtain: 

Substitute numerical values and 
evaluate v: 



T = 



mg 



cos20 c 



r = (0.25kg)(9.81m/s 2 ) ^ 
cos 20° 

v = A /rgtan20° 



2.61N 



r = Lsin20° 



v = ^/gZ, sin 20° tan 20° 

v = A /(9.81m/s 2 )(l.2m)sin20 o tan20 c 



= 1.21m/s 
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Picture the Problem The diagram 
includes a pictorial representation of the 
earth in its orbit about the sun and a force 
diagram showing the force on an object at 
the equator that is due to the earth's 
rotation, F R , and the force on the object 
due to the orbital motion of the earth about 
the sun, F Q . Because these are centripetal 

forces, we can calculate the accelerations 
they require from the speeds and radii 
associated with the two circular motions. 




Express the radial acceleration due 
to the rotation of the earth: 



R R 



Express the speed of the object on 
the equator in terms of the radius of 
the earth R and the period of the 
earth's rotation T R : 



2nR 



Substitute for vr in the expression 
for a R to obtain: 



AnR 



Substitute numerical values and 
evaluate a R : 



Ak 2 (6370 km)(l 000 m/km) 



(24h) 



^3600s A 



v 



lh 



3.37 xl0~ 2 m/s 2 



3.44xl0" 3 g 



Express the radial acceleration due 
to the orbital motion of the earth: 



r 



Express the speed of the object on 
the equator in terms of the earth-sun 
distance r and the period of the 
earth's motion about the sun T 0 : 



2nr 
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Substitute for v D in the expression 
for a Q to obtain: 



An r 



a„ = ■ 



Substitute numerical values and 
evaluate a c : 



4;r 2 (l.5xlQ"m) 



(365 d) 



^24h v 



= 5.95xl0~ 3 m/s 2 



3600s 
lh 



6.07xl0~ 4 g 
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Picture the Problem The most significant 
force acting on the earth is the gravitational 
force exerted by the sun. More distant or 
less massive objects exert forces on the 
earth as well, but we can calculate the net 
force by considering the radial acceleration 
of the earth in its orbit. Similarly, we can 
calculate the net force acting on the moon 
by considering its radial acceleration in its 
orbit about the earth. 




(a) Apply / / F r = ma r to the earth: 



F* 1 = mi - 

± on earth 



Express the orbital speed of the 
earth in terms of the time it takes to 
make one trip around the sun (i.e., 
its period) and its average distance 
from the sun: 



2nr 



v = 



Substitute for v to obtain: 



An mr 



earth 



Substitute numerical values and evaluate F m earth : 



. earth 



4^- 2 (5 .98 x 1 Q 24 kg)(l .496 x 1 0 1 1 m) 

24h 3600s' " 
365.24 dx x 

d h 



3.55xl0 22 N 



(b) Proceed as in (a) to obtain: 



_ 4;r 2 (7.35xl0 22 kg)(3.844xl0 8 m)_ 

' 0 , 24h 3600s^ 
27.32dx x 



V 



h 



2.00xl0 20 N 



J 
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Picture the Problem The semicircular 
wire of radius 1 0 cm limits the motion of 
the bead in the same manner as would a 
10-cm string attached to the bead and fixed 
at the center of the semicircle. The 
horizontal component of the normal force 
the wire exerts on the bead is the 
centripetal force. The application of 
Newton's 2 nd law, the definition of the 
speed of the bead in its orbit, and the 
relationship of the frequency of a circular 
motion to its period will yield the angle at 
which the bead will remain stationary 
relative to the rotating wire. 




Apply = ma to the bead: 



in - 



and 

= F n cos0 - mg = 0 



Eliminate F n from the force 
equations to obtain: 



tan# = 



The frequency of the motion is the 
reciprocal of its period T. Express 
the speed of the bead as a function 
of the radius of its path and its 
period: 



Itvt 



v = 



Using the diagram, relate r to L and 
9: 



r = LsinO 



Substitute for r and v in the 
expression for tan#and solve for 0 : 



6 = cos 



gT 2 
4x 2 L 



Substitute numerical values and 
evaluate 0: 



9 = cos~ 



(9.81m/s 2 )(0.5s) 2 
47i 2 (0.1m) 



51.6 C 
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Picture the Problem Note that the 
acceleration of the bead has two 
components, the radial component 
perpendicular to V, and a tangential 

component due to friction that is opposite 
to v. The application of Newton's 2 nd law 
will result in a differential equation with 
separable variables. Its integration will lead 
to an expression for the speed of the bead 
as a function of time. 



Apply = ma to the bead in the 
radial and tangential directions: 



Yf = f -- 

/ j r n 

and 



m- 



ma, = m 



Express / k in terms of // k and F n : 



fk = Mk F n 



Substitute for F n and f\ in the 
tangential equation to obtain the 
differential equation: 



dv_ = _±h Lv 2 
dt r 



Separate the variables to obtain: 



dv _ ju k 



dt 



Express the integral of this equation 
with the limits of integration being 
from vo to v on the left-hand side 
and from 0 to t on the right-hand 
side: 



Evaluate these integrals to obtain: 



1 1 



v v, 



o ; 



V r ) 



Solve this equation for v: 



v = v, 



1 + 



\ r J ) 
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Picture the Problem Note that the 
acceleration of the bead has two 
components-the radial component 
perpendicular to V, and a tangential 

component due to friction that is opposite 
to V. The application of Newton's 2 nd law 
will result in a differential equation with 
separable variables. Its integration will lead 
to an expression for the speed of the bead 
as a function of time. 




(a) In Problem 81 it was shown that: 



v = v f 



1 + 



V r J J 



Express the centripetal acceleration 
of the bead: 





f 






2 






1 






r 


1 + 




t 






V 


V r j 


J 





(b) Apply Newton's 2 nd law to the 
bead: 



Y^F r =F n =m — 
r 

and 

Y. F t =_ /k = ma > = 



m- 



dv 
dt 



Eliminate F n and fy to rewrite the 
radial force equation and solve for 
a,: 

(c) Express the resultant 
acceleration in terms of its radial 
and tangential components: 



a, = "Ac 
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Concepts of Centripetal Force 
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Picture the Problem The diagram depicts 
a seat at its highest and lowest points. Let 
"t" denote the top of the loop and "b" the 
bottom of the loop. Applying Newton's 2 nd 
law to the seat at the top of the loop will 
establish the value of mv 2 /r; this can then 
be used at the bottom of the loop to 
determine F n>b . 





Apply ^ F r = ma r to the seat at the 
top of the loop: 

Apply /F r = ma r to the seat at the 
bottom of the loop: 



mg +F n f = 2mg = ma r = mv /r 



F n ,b - nig = inv /r 



Solve for F n>b and substitute for 
mv 2 /r to obtain: 



F njb = 3mg and (d) is correct. 
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Picture the Problem The speed of the 
roller coaster is imbedded in the expression 
for its radial acceleration. The radial 
acceleration is determined by the net radial 
force acting on the passenger. We can use 
Newton's 2 nd law to relate the net force on 
the passenger to the speed of the roller 
coaster. 




Apply X F rad,al = ^radial t0 the 

passenger: 
Solve for v: 

Substitute numerical values and 
evaluate v: 



mg + OAmg = mv /r 



v = J\Agr 

v = A /l.4(9.81m/s 2 )(l2.0m) 



= 12.8m/s 
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Picture the Problem The force F the 
passenger exerts on the armrest of the car 
door is the radial force required to maintain 
the passenger's speed around the curve and 
is related to that speed through Newton's 
2 nd law of motion. 



F 

r 



Apply = ma x to the forces 

acting on the passenger: 

Solve this equation for v: 



F = m — 

r 



Substitute numerical values and 
evaluate v: 



v = 



| (80m)(220Nj 
70kg 



= 15.9m/s 



and (a) is correct. 
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Picture the Problem The forces acting on 
the bicycle are shown in the force diagram. 
The static friction force is the centripetal 
force exerted by the surface on the bicycle 
that allows it to move in a circular path. 
F + f makes an angle 9 with the vertical 

n v s c 

direction. The application of Newton's 2 nd 
law will allow us to relate this angle to the 
speed of the bicycle and the coefficient of 
static friction. 

(a) Apply F = ma to the bicycle: 




X 



mv 



and 

J^F y =F n -mg = 0 



Relate F n andf s to 6 : 



mv 



tan 0 



F n mg rg 
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Solve for v: 

Substitute numerical values and 
evaluate v: 



v = y/rg tariff 

v = V(20m)(9.81m/s 2 )tanl5° 



= 7.25 m/s 



(b) Relate f s to // s and F n : 



fs 2 y"s,max 2 Ms, m & 



Solve for /4 and substitute for f s to 
obtain: 

Substitute numerical values and 
evaluate ju s 



Ms 



mg rg 



2(7.25 m/s) 2 
(20m)(9.81m/s 2 ) 



0.536 
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Picture the Problem The diagram shows 
the forces acting on the plane as it flies in a 
horizontal circle of radius R. We can apply 
Newton's 2 nd law to the plane and 
eliminate the lift force in order to obtain an 
expression for R as a function of v and 9. 




Apply = m ^ to the plane: 



777 - 



R 



and 

S F v = F m cos0-mg = O 



Eliminate F iift between these 
equations to obtain: 



tan# = 



v 

Rg 



Solve for R: 



R = 



gtanO 



Substitute numerical values and 
evaluate R: 



R = 



^. n „km lh 

480 x 

h 3600s y 

(9.81 m/s 2 )tan40° 



2.16km 
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Picture the Problem Under the conditions 
described in the problem statement, the 
only forces acting on the car are the normal 
force exerted by the road and the 
gravitational force exerted by the earth. 
The horizontal component of the normal 
force is the centripetal force. The 
application of Newton's 2 nd law will allow 
us to express 6 in terms of v, r, and g. 













V 






/ 


(8\ 


< 


'nig 



Apply = ma to the car: 



m- 



Y J F x =F n sm0 = 

r 

and 

= cosd-mg = 0 



Eliminate F n from the force 
equations to obtain: 



tan<9 = 



rg 



Solve for 0 : 



6 = tan 



v 

rg 



Substitute numerical values and evaluate &. 



6 = tan 



| [(90 km/h)(l h /3600 s)(l 000 m/km)] : 
I (l60m)(9.81m/s 2 ) 



21.7 C 
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Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton's 2 nd law to relate f s and 7^, and 
then solve these equations simultaneously 
to determine each of these quantities. 



1 



i 








'nig 
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(a) Apply = ma to the car: 



= F n sm6 + f s cos6 = m — 



and 



= cos @~f s sin^-mg = 0 



Multiply the x equation by sin# and 
the y equation by cos 0 to obtain: 



f s sin^cos^ + Fjj sin 2 6 = m — sin0 

r 

and 

F n cos 2 0 — f s sin 0 cos 0 - mg cos 6 = 0 



Add these equations to eliminate / s : 



v 2 

F n -mgcosO = m — sin^ 
r 



Solve for F a : 



v 2 

F n =mgcos0 + m — sin^ 
r 



v 2 > 



= m 



gcosO-\ sin^ 

r 



Substitute numerical values and evaluate F a : 



F n = (800kg) 



(9.81 m /s')cosl0° + < 85knl/h ) 2 < 1000m/km ) 2 <" l/3600 ^ 



150m 



sinlO 0 



= 8.25 kN 



(b) Solve the y equation for^: 



_F n cos0-mg 
sin# 



Substitute numerical values and evaluate f s : 

_ (8.25kN)cosl0°-(800kg)(9.81m/s 2 ) _ 



sinlO 0 



1.59kN 



(c) Express /4, m in in terms of f s and 

Fn. 



Ms. 



fs 



Substitute numerical values and 
evaluate // s , min : 



Ms. 



1.59 kN 
8.25 kN 



0.193 
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Picture the Problem Both the normal 
force and the static friction force contribute 
to the centripetal force in the situation 
described in this problem. We can apply 
Newton's 2 nd law to relate f s and F n and 
then solve these equations simultaneously 
to determine each of these quantities. 

(a) Apply = ma to the car: 













l 








'mg 



m- 



Y,F x =F B sin0 + f s cos0 
^_F = F n cos0 - f s sm.6 - mg = 0 



Multiply the x equation by sind? and 
the y equation by cos 6 : 



^sin^cos^ + ^sin 2 ^ = m — sin^ 

r 

F n cos 2 0 - j \sv&6 cosO - mg cosO = 0 



Add these equations to eliminate f s : 



F n -mgcosO = m — sin^ 
r 



Solve for F n : 



F n =mgcos0 + m — sin^ 
r 

( v 2 ^ 
= m gcos&-\ sin^ 

I r 



Substitute numerical values and evaluate F n : 

(3 8 km/h) 2 (l 000 m/km) 2 (l h/3600 s) 2 



F n = (800kg) 



(9.81m/s 2 )cosl0° + - 



150m 



sinl0 c 



= 7.832kN 



(b) Solve the y equation for f s : 



F n cos 6 - mg 



sin^ 



= F„ cot 6 - 



mg 
sin 6* 



Substitute numerical values and evaluate f s : 
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; = (7. 8 32kN)cotl0°-( 80Qk ^ 9 - 81m/s2 ) = 

sinlO° 



-777N 



The negative sign tells us that f s points upward along the inclined plane rather than as 
shown in the force diagram. 
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Picture the Problem The free-body diagram to the left is for the car at rest. The static 
friction force up the incline balances the downward component of the car's weight and 
prevents it from sliding. In the free-body diagram to the right, the static friction force 
points in the opposite direction as the tendency of the moving car is to slide toward the 
outside of the curve. 



v = 0 



.v 



A 












/ 






1 


hng 



v > 0 



A 






/ 








'nig 



Apply = m & to me car that is 
at rest: 



Substitute f s =/ s , max = JhFn in 
equation (2) and solve for and 
evaluate the maximum allowable 
value of &. 

Apply — m G to the car that is 
moving with speed v: 



Y^F y = F n cos0 + f s sin0-mg = O (1) 
and 

£F x =F n sin0-/ s cos0 = O (2) 



0 = tan 1 (ju s )= tan 1 (0.08) = 



4.57° 



£F y =F n cos0-/ s sin0-ms = O (3) 

„ v 2 
2^F x =F n sin0 + f s cos0 = m — (4) 



Substitute f s = /4F n in equations (3) 
and (4) and simplify to obtain: 



F n (cos 6 - ju s sin 6) = mg 

, , v 2 

F n \ju s cos 0 + sin 0 ) = m — 



(5) 
(6) 



Substitute numerical values into (5) 



0.9904F n = mg 
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and (6) to obtain: 



and 



0.1595F =m- 



Eliminate F B and solve for r: 



r = 



0.1610g 



Substitute numerical values and 
evaluate r. 



r = 



(60 km/h x 1 h/3600 s x 1 000 m/km) 2 
0.1610(9.81m/s 2 ) 



176m 
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Picture the Problem The free-body diagram to the left is for the car rounding the curve 
at the minimum (not sliding down the incline) speed. The static friction force up the 
incline balances the downward component of the car's weight and prevents it from 
sliding. In the free-body diagram to the right, the static friction force points in the 
opposite direction as the tendency of the car moving with the maximum safe speed is to 
slide toward the outside of the curve. Application of Newton's 2 nd law and the 
simultaneous solution of the force equations will yield v min and v max . 




A PPly y,^ 7 = m a t0 a car traveling ^ . n v 2 { 

rtf > F = F sin 6 1 = m - Jm - 

' ' x n 

around the curve when the 

coefficient of static friction is zero: anc ^ 

J]F y =F n cos0-mg =0 



Divide the first of these equations v 2 _,( v 2 ^ 

, . tan 6 = — or 6 = tan — 

by the second to obtain: r g y r g 

Substitute numerical values and evaluate the banking angle: 
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G = tan 



(40 km/h) 2 (l 000 m/km) 2 (lh/3600 s 2 ) 
(30m)(9.81m/s 2 ) 



= 22.8° 



Apply = ma to the car 

traveling around the curve at 
minimum speed: 



=F n sin#-/ s cos# = m — 



2 

min 



and 



^F y =F n cos# + f s sm0-mg =0 



Substitute f s =/ s , max = jU,F a in the 
force equations and simplify to 
obtain: 



F n (ju s cos 6 - sin 6) = m — 



2 

min 



and 

F n (cos # + // s sin #) = mg 



Evaluate these equations for 
6 =22.8° and ju s = 0.3: 



0.1102F n =m 



v 2 . 

min 



and 

1.038F„ = mg 



Eliminate between these two 
equations and solve for v mm : 

Substitute numerical values and 
evaluate v min : 



v mn =^0A06rg 

v mm = >.106(30m)(9.81m/s 2 ) 



= 5.59m/s = 20.1km/h 



Apply = ma to the car 

traveling around the curve at 
maximum speed: 



2_,F x = F n sind + f s cosO = m — 



2 

max 



and 



= F n cos# - f s sin.0 - mg =0 



Substitute / s =/ s , max = jU s F B in the 
force equations and simplify to 
obtain: 



F n (ju s cos 6 + sin 6) = m — 



2 

max 



and 

F n (cos 6 - ju s sin 6) = mg 



Evaluate these equations for 
6 =22.8° and // s = 0.3: 



0.664 lF n =/ra-=s- 
r 

and 

0.8056F n = mg 
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Eliminate F a between these two 
equations and solve for v max : 



v max =V0-8243rg 



Substitute numerical values and 
evaluate v max : 



A /(0.8243)(30m)(9.81m/s 2 ) 



15.6m/s = 56.1km/h 



Drag Forces 

92 • 

Picture the Problem We can apply Newton's 2 nd law to the particle to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 

Apply ^ F y = ma y to the particle: mg-bv = ma y 



When the particle reaches its mg — bv t = 0 
terminal speed v = v t and a y = 0: 

Solve for b to obtain: ^ _ mg 

Substitute numerical values and _ (l(T 13 kg)(9.81rn/s 2 ) 

evaluated: 3xl(T 4 m/s 



3.27xl(T 9 kg/s 



93 • 

Picture the Problem We can apply Newton's 2 nd law to the Ping-Pong ball to obtain its 
equation of motion. Applying terminal speed conditions will yield an expression for b 
that we can evaluate using the given numerical values. 

Apply / J F V = ma v to the Ping- mg-bv 2 = ma y 
Pong ball: 

When the Ping-Pong ball reaches its mg — bv\ = 0 
terminal speed v = v t and a y = 0: 



Solve for b to obtain: 
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Substitute numerical values and 
evaluate b: 



b _ (2.3x1 (T 3 kg)(9.81m/s 2 ) 
(9m/s) 2 



2.79xl(T 4 kg/m 



*94 • 

Picture the Problem Let the upward direction be the positive y direction and apply 
Newton's 2 nd law to the sky diver. 



(a) Apply y \F V = ma to the sky 
diver: 

Substitute numerical values and 
evaluate F d : 

(b) Substitute F d = b v\ in equation 
(1) to obtain: 



F A -mg = ma v 

or, because a y = 0, 
F d =mg 

F d =(60kg)(9.81m/s 2 ) = 



bv\ = mg 



(1) 



589N 



Solve for b: 



b = mg = F A 



Substitute numerical values and 
evaluate b: 



b = 



589N 
(25m/s) 2 



0.942 kg/m 



95 

Picture the Problem The free-body 
diagram shows the forces acting on the car 
as it descends the grade with its terminal 
velocity. The application of Newton's 2 nd 
law with a = 0 and ,F d equal to the given 
function will allow us to solve for the 
terminal velocity of the car. 




Apply Z_,F X = ma x to the car: 



mg sin 0-F d = ma x 

or, because v = v t and a x = 0, 
mgsin^-i^ = 0 



Substitute for F d to obtain: 



mgsin#-100N-(l.2N-s 2 /m 2 )v 2 =0 
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Solve for v t ; 



Ugsin6>-100N 
1.2N-s 2 /m 2 



Substitute numerical values and 
evaluate v t : 



| (800 kg)(9.8 1 m/s 2 )sin 6° - 1 00 N 
1.2N-s 2 /m 2 



= 24.5m/s= 88.2km/h 



96 ••• 

Picture the Problem Let the upward direction be the positive y direction and apply 
Newton's 2 nd law to the particle to obtain an equation from which we can find the 
particle's terminal speed. 



(a) Apply = ma y to a 

pollution particle: 



mg - (dnrpj = ma y 

or, because a y = 0, 
mg - 67rr]rv t = 0 



Solve for v t to obtain: 



mg 
67ir]r 



Express the mass of a sphere in 
terms of its volume: 



m = pV = p 



(a t>\ 



Substitute for m to obtain: 



v. = 



2r 2 pg 
9/7 



Substitute numerical values and 
evaluate v t : 



v, = 



_ 2(l0 5 m) 2 (2000kg/m 3 )(9.81m/s 2 ) 
9(1.8 xlO~ 5 N-s/m 2 ) 



= 2.42cm/s 



(b) Use distance equals average 
speed times the fall time to find the 
time to fall 100 m at 2.42 cm/s: 



10 cm . .- 3 

t = = 4.13x10 s = 

2.42cm/s 



L15h 



*97 ••• 

Picture the Problem Lhe motion of the centrifuge will cause the pollution particles to 
migrate to the end of the test tube. We can apply Newton's 2 nd law and Stokes' law to 
derive an expression for the terminal speed of the sedimentation particles. We can then 
use this terminal speed to calculate the sedimentation time. We'll use the 12 cm distance 
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from the center of the centrifuge as the average radius of the pollution particles as they 
settle in the test tube. Let R represent the radius of a particle and r the radius of the 
particle's circular path in the centrifuge. 



Express the sedimentation time in 
terms of the sedimentation speed v t : 



^^sediment 



Ax 



Apply ^F rddM = ma raAvdl to a 
pollution particle: 



67rrjRv t = ma c 



Express the mass of the particle in 
terms of its radius R and density p: 



m = pV = j7rR 3 p 



Express the acceleration of the 
pollution particles due to the motion 
of the centrifuge in terms of their 
orbital radius r and period T: 



a= — = 



V i J 



An ■ r 



Substitute for m and a c and simplify 
to obtain: 



6mjRv t =±xR 3 p 



(a 2 A 
47T r 

V 1 J 



\6np rR 3 
3T 2 



Solve for v t : 



Sx 2 prR 2 
9r/T 2 



Find the period T of the motion from 
the number of revolutions the 
centrifuge makes in 1 second: 



T = 



1 



- = 1.25x10 3 min/rev 
800 rev/ min 

= 1 .25 x 1 0 3 min/rev x 60 s/min 

= 75.0xl0" 3 s/rev 



Substitute numerical values and 
evaluate v t : 



_ 8^ 2 (2000kg/m 3 )(0.12m)(l0' 5 m) ; 

9(l .8 x 1 0~ 5 N • s/m 2 )(75 x 1 0~ 3 s) 2 
= 2.08m/s 



Find the time it takes the particles to 
move 8 cm as they settle in the test 
tube: 



At. 



Ax 



8 cm 



sediment 



v 208cm/s 



= 38.5ms 
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In Problem 96 it was shown that the 
rate of fall of the particles in air is 
2.42 cm/s. Find the time required to 
fall 8 cm in air under the influence 
of gravity: 



A* ... = 



Ax 



8 cm 



2.42 cm/s 



3.31s 



Find the ratio of the two times: 



A? a ir/A?sediment ~ 100 



Euler's Method 

98 

Picture the Problem The free-body 
diagram shows the forces acting on the 
baseball sometime after it has been thrown 
downward but before it has reached its 
terminal speed. In order to use Euler's 
method, we'll need to determine how the 
acceleration of the ball varies with its 
speed. We can do this by applying 
Newton's 2 nd law to the ball and using its 
terminal speed to express the constant in 
the acceleration equation in terms of the 
ball's terminal speed. We can then use 



= v n + a n At to find the speed of the 



ball at any given time. 



1 



bv 2 



I 

x 



mg 



Apply Newton's 2 law to the ball 
to obtain: 

Solve for dv/dt to obtain: 



mg - bv 2 = m 



dv 
dt 



dv b 2 
at m 



When the ball reaches its terminal 
speed: 



0 = g 



m 



g 



m 



Substitute to obtain: 



dv 
dt 



g 



v v «; 



Express the position of the ball to 
obtain: 



v , + v 
x n+l =x n +^-^At 



Letting a n be the acceleration of the 
ball at time t„, express its speed 
when t = t„+ 1 : 



v n+ i =v„+a„At 
where 

( v 2 l 
"„=g 1— t- 
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and At is an arbitrarily small interval of 
time. 



A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


A10 


B9+$B$1 


t + At 


BIO 


B9+0.5*(C9+C10)*$B$1 


v , +v 
x n+l =x n +^-^At 


CIO 


C9+D9*$B$1 


v„+\ = v„+ a„At 


D10 


$B$4*(1-C10 A 2/$B$5 A 2) 


( 

a n =g 





A 


B 


C 


D 


i 


At= 


0.5 


s 




2 


x0= 


0 


m 




3 


v0= 


9.722 


m/s 




4 


a0= 


9.81 


m/s A 2 




5 


vt= 


41.67 


m/s 




6 










7 


t 


X 


V 


a 


8 


(s) 


(m) 


(m/s) 


(m/s A 2) 


9 


0.0 


0 


9.7 


9.28 


10 


0.5 


6 


14.4 


8.64 


11 


1.0 


14 


18.7 


7.84 


12 


1.5 


25 


22.6 


6.92 












28 


9.5 


317 


41.3 


0.17 


29 


10.0 


337 


41.4 


0.13 


30 


10.5 


358 


41.5 


0.10 


38 


14.5 


524 


41.6 


0.01 


39 


15.0 


545 


41.7 


0.01 


40 


15.5 


566 


41.7 


0.01 


41 


16.0 


587 


41.7 


0.01 




16.5 


608 


41.7 


0.00 



From the table we can see that the speed of the ball after 1 0 s is approximately 
41 .4 m/s. We can estimate the uncertainty in this result by halving At and 



recalculating the speed of the ball at t = 10 s. Doing so yields v(10 s) « 41.3 m/s, a 



difference of about 0.02% 



The graph shows the velocity of the ball thrown straight down as a function of time. 
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Ball Thrown Straight Down 




Reset At to 0.5 s and set v 0 = 0. Ninety-nine percent of 41.67 m/s is approximately 41.3 
m/s. Note that the ball will reach this speed in about 



10.5s 



and that the distance it 



travels in this time is about 



322 m. 



The following graph shows the distance traveled by 



the ball dropped from rest as a function of time. 

Ball Dropped From Rest 




*99 

Picture the Problem The free-body 

diagram shows the forces acting on the ' 
baseball after it has left your hand. In order 
to use Euler's method, we'll need to 
determine how the acceleration of the ball 
varies with its speed. We can do this by 
applying Newton's 2 nd law to the baseball. 
We can then use v n+l = v n + a n At and 

x n+l = x n + v n At to find the speed and 



6 
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position of the ball. 

Apply / ,F V = ma y to the baseball: 



Solve for dvldt: 



- bv\J\ - mg = m 



dv 
dt 



where |v| = v for the upward part of the 

flight of the ball and |v| = -v for the 
downward part of the flight. 



dv 
dt 



-g vv 

m 



Under terminal speed conditions 
(|v| = -v t ): 



0 = -g + -v t 2 
m 

and 

A = A 

m v\ 



Substitute to obtain: 



Letting a n be the acceleration of the 
ball at time t„, express its position 
and speed when t = t„ + 1 : 



dv g I I 

-77 = -8 — FT \ = -g 

dt v ' 



f I IA 
VV 

v t j 



and 

V n + l = V n+a n At 

where 



a„ =~g 



v \v I 



v 



V. 



t J 



and A? is an arbitrarily small interval of 
time. 



A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Dll 


D10+$B$6 


t + At 


E10 


41.7 


v 0 


Ell 


E10-$B$4* 
(1+E10*ABS(E10)/($B$5 A 2))*$B$6 




F10 


0 


yo 


Fll 


F10+0.5*(E10+E11)*$B$6 




G10 


0 


yo 


Gil 


$E$10*D1 1-0.5*$B$4*D1 1 A 2 


v,t-\gt 2 
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A 


B 


c 


D 


E 


F 


G 


4 


g= 


9.81 


m/s A 2 










5 


vt= 


41.7 


m/s 










6 


At= 


0.1 


s 










7 
















8 
















9 








t 


V 


y 


y no drag 


10 








0.0 


41.70 


0.00 


0.00 


11 








0.1 


39.74 


4.07 


4.12 


12 








0.2 


37.87 


7.95 


8.14 


















40 








3.0 


3.01 


60.13 


81.00 


A 1 

41 








1 1 

3.1 


2.03 


60.39 


1 o 

82.18 


42 








3.2 


1.05 


60.54 


83.26 


43 








i i 
j.j 


0.0 / 


60.60 


QA 7£ 


AA 








1 A 

.5.4 


—0.91 


60.55 


o5. 14 


4j 








3.5 


— l.o9 


60.41 


o5.93 


46 








J.O 


7 87 
— Z.o 1 


£fi 1 7 
OU. 1 / 


8£ A7 


















78 








6.8 


-28.34 


6.26 


56.98 


79 








6.9 


-28.86 


3.41 


54.44 


80 








7.0 


-29.37 


0.49 


51.80 


81 








7.1 


-29.87 


-2.47 


49.06 



From the table we can see that, after 3.5 s, the ball reaches a height of about 
reaches its peak a little earlier-at about 
The ball hits the ground at about t = 



3.3s, 



and its height at t = 3.3 s is 



7s 



60.4 m. 



It 



60.6 m. 



-so it spends a little longer coming down than 



going up. 



The solid curve on the following graph shows y(t) when there is no drag on the baseball 
and the dotted curve shows y(t) under the conditions modeled in this problem. 
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100 

Picture the Problem The pictorial representation shows the block in its initial position 
against the compressed spring, later as the spring accelerates it to the right, and finally 
when it has reached its maximum speed at x { = 0. In order to use Euler's method, we'll 
need to determine how the acceleration of the block varies with its position. We can do 
this by applying Newton's 2 nd law to the box. We can then use v n+1 = v n + a n At and 

x n+\ = x « + v ,At to fi n d the speed and position of the block. 

x n .\f= 0.3 m 

a n = k /m (0.3 -.v n ) o f =0 

k(0.3m-x n ) = ma n 

k i 

a n =— (0.3m -xj 
m 



v„ = 0 

a 0 = */m (0.3 m) 

Apply /F x = ma x to the block: 
Solve for a„: 



Express the position and speed of 
the block when t= t n + 1 : 



X n + l= X n+ V n At 

and 
where 



a n =— (0.3m-xJ 
m 

and At is an arbitrarily small interval of 
time. 



A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 
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Cell 


Formula/Content 


Algebraic Form 


a 1 n 




t + A? 


BIO 


B9+C10*$B$1 


x n +v n At 


CIO 


C9+D9*$B$1 


v n +a n At 


D10 


($B$4/$B$5)*(0.3-B10) 


-(0.3-*J 
m 





A 


B 


C 


D 


1 


At= 


0.005 


s 




2 


x0= 


0 


m 




3 


v0= 


0 


m/s 




4 


k = 


50 


N/m 




5 


m = 


0.8 


kg 




6 










7 


t 


X 


V 


a 


8 


(s) 


(m) 


(m/s) 


(m/s A 2) 


9 


0.000 


0.00 


0.00 


18.75 


10 


0.005 


0.00 


0.09 


18.72 


11 


0.010 


0.00 


0.19 


18.69 


12 


0.015 


0.00 


0.28 


18.63 












45 


0.180 


0.25 


2.41 


2.85 


46 


0.185 


0.27 


2.42 


2.10 


47 


0.190 


0.28 


2.43 


1.34 


48 


0.195 


0.29 


2.44 


0.58 


49 


0.200 


0.30 


2.44 


-0.19 



From the table we can see that it took about 



cm and that it was traveling about 



0.200s 



for the spring to push the block 30 



2.44 m/s 



at that time. We can estimate the 



uncertainty in this result by halving At and recalculating the speed of the ball at t = 10 s. 



Doing so yields v(0.200 s) « 2.41 m/s, a difference of about 1.2% 
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General Problems 



101 • 

Picture the Problem The forces that act 
on the block as it slides down the incline 
are shown on the free-body diagram to the 
right. The acceleration of the block can be 
determined from the distance-and-time 
information given in the problem. The 
application of Newton's 2 nd law to the 
block will lead to an expression for the 
coefficient of kinetic friction as a function 
of the block's acceleration and the angle of 
the incline. 



F 



fk 







\ 












\ 








\ 


' mg 



Apply = ma to the block: 



T.F X = mgsind -fy_ = ma 
and 

HF y =F n -mg = 0 



Set/k = iU\F n , F n between the two 
equations, and solve for // k : 

Using a constant-acceleration 
equation, relate the distance the 
block slides to its sliding time: 



A = 



gsm0-a 



gcosO 

Ax = v 0 At + \a(Atf where v 0 = 0 



Solve for a: 



Substitute numerical values and 
evaluate a: 

Find jUk for a = 0. 1775 m/s 2 and 
0 =28°: 



2Ax 



(Atf 
2(2 .4 m) 



= 0.1775 m/s 2 



_ (9.81m/s 2 )sin28°-0.1775m/s 2 
Mk ~ (9.81m/s 2 )cos28° 



= 0.511 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
model airplane. The speed of the plane can 
be calculated from the data concerning the 
radius of its path and the time it takes to 
make one revolution. The application of 
Newton's 2 nd law will give us the tension F 
in the string. 



y 
I 

!4t 



F 



— x 



mg 



(a) Express the speed of the airplane 
in terms of the circumference of the 
circle in which it is flying and its 
period: 



2w 



v = - 



Substitute numerical values and 
evaluate v: 



_ 27i(5.7m) _ 
4 

— s 
1.2 



10.7m/s 



(b) Apply /_ J F x = ma x to the model 
airplane: 



F = m- 



Substitute numerical values and 
evaluate F: 



F = (0.4kg)( la7m/S > 



5.7m 



8.03N 



*103 

Picture the Problem The free-body 
diagram shows the forces acting on the 
box. If the student is pushing with a force 
of 200 N and the box is on the verge of 
moving, the static friction force must be at 
its maximum value. In part (b), the motion 
is impending up the incline; therefore the 
direction of / s ,max is down the incline. 

(a) Apply 2_,F = ma to the box: 



F \ 

\ F 





\ 

\ 


\ 


'nig 



Z F v=/ s +^-^sin^ = 0 
and 

X Fy = ~ m S cos 0 = 0 
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Substitute f s =/ s ,max = M^ n , eliminate 
F n between the two equations, and 
solve for // s : 



ju s = tan 6 - 



F 



mg cos 6 



Substitute numerical values and 
evaluate jli s \ 



ju s =tan30 c 



200 N 



(800N)cos30° 



= 0.289 



(b) Find f s ,max from the x-direction 
force equation: 

Substitute numerical values and 
evaluate/ s>max ; 



f vm =mgsm0-F 

/ s , max =(800N)sin30°-200N 
= 200N 



If the block is on the verge of 
sliding up the inc line, / s max must act 
down the incline. The x-direction 
force equation becomes: 

Solve the x-direction force equation 
for F: 

Substitute numerical values and 
evaluate F: 



fs,n^+ F -mgsm0 = O 



F = mg sin 6 + f 



F = (800N)sin30° + 200N 



600 N 



104 • 

Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components. The direction of the 
particle's motion can be determined by examining two positions of the particle at times 
that are close to each other. 



(a) and (b) Express the magnitude of 
f in terms of its components: 

Evaluate r with r x = -10 m cos cot and 
r y = 1 0 m smart: 



2 , 2 

r, + r 



r = 



1 0 m)cos cot] 2 + [(l 0 m)sin cot] * 
Vl00(cos 2 <y£ + sin 2 cot)m 



= 10.0m 
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(c) Evaluate r x and r y at t = 0 s: 



Evaluate r x and r y at ? = A?, where A? 
is small: 



r x =-(l0m)cos0° = -10m 
r v =(lOm)sinO° = 0 

r x = -(\0m)cosa>At « -(lOm)cosO c 

= -10m 
r =(lOm) sin <»A? 

= Ay where Ay is positive 



and the motion is clockwise 



(d) Differentiate f with respect to 
time to obtain v : 

Use the components of v to find its 
speed: 



(e) Relate the period of the particle's 
motion to the radius of its path and 
its speed: 



v = dr/dt 
= [(I0cosma>t)m] i + [(\0 a> cos a>t)m]j 

I 2 , 2 

= -y/[(l0«sin^)m] 2 + [(l0<ycosft#)m] 2 
= (l0m)^ = (l0m)(2s ') 



= 20.0 m/s 



_ 2nr _ 2^-(l0m) _ 
v 20m/s 



^"S 



105 » 

Picture the Problem The free-body 
diagram shows the forces acting on the 
crate of books. The kinetic friction force 
opposes the motion of the crate up the 
incline. Because the crate is moving at 
constant speed in a straight line, its 
acceleration is zero. We can determine F 
by applying Newton's 2 nd law to the crate, 
substituting for f k , eliminating the normal 
force, and solving for the required force. 

Apply = ma to the crate, with 

both a x and a y equal to zero, to the 
crate: 




^ F x = F cos 0 - f k - mg sin 6 = 0 
and 

^ F = F n -F sin 0 - mg cos 6 = 0 
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Substitute /MF n forf k and eliminate 
F B to obtain: 



F = 



mg(sin 0 + ju k cos 6) 
cos 6 - /u k sin 6 



Substitute numerical values and evaluate F: 

_ (l00kg)(9.81m/s 2 )(sin30 o + (0.5)cos30°) 
cos30°-(0.5)sin30° 



1.49kN 



106 

Picture the Problem The free-body 
diagram shows the forces acting on the 
object as it slides down the inclined plane. 
We can calculate its speed at the bottom of 
the incline from its acceleration and 
displacement and find its acceleration from 
Newton's 2 nd law. 




Using a constant-acceleration 
equation, relate the initial and final 
velocities of the object to its 
acceleration and displacement: solve 
for the final velocity: 

Apply /F = ma to the sliding 
object: 



Solve the y equation for F n and 
using f k = jU k F n , eliminate both F n 
and fk from the x equation and solve 
for a: 



v 2 = vl + 2aAx 



Because v 0 = 0, v = -JlaAx (1) 



Yj F x = -A + mgsin0 = ma 
and 

^ F y = F n - mg cos 6 = 0 

a = g(sin 6 - ju k cos 0) (2) 



Substitute equation (2) in equation 
(1) and solve for v: 



v = ^2g(sm 0-ju k cos &)Ax 



Substitute numerical values and evaluate v: 



v = A /2(9.81m/s 2 )(sin30°-(0.35)cos30°)(72m) = 16.7 m/s and I (d) is correct 
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*107 

Picture the Problem The free-body 
diagram shows the forces acting on the 
brick as it slides down the inclined plane. 
We'll apply Newton's 2 nd law to the brick 
when it is sliding down the incline with 
constant speed to derive an expression for 
/4 in terms of do. We'll apply Newton's 2 
law a second time for 0= Q\ and solve the 
equations simultaneously to obtain an 
expression for a as a function of 6q and Q\. 



nd 




Apply 2l = m ^ to trie brick 
when it is sliding with constant 
speed: 



I'. 

and 

I', 



-fk + mg sm0 o = 0 



F n - mg cos 0 0 = 0 



Solve the y equation for F n and 
using f k = /aF u , eliminate both F n 
and fk from the x equation and solve 
for /u k : 



ju k = tan 0 O 



Apply = m ® to me brick when 

e= e x : 



Y^F X =-f k +mgsin0 
and 

Yj F v =F n -mgcos6 x =0 



ma 



Solve the y equation for F n , use 
fk = /Ui.F n to eliminate both F n and f 
from the x equation, and use the 
expression for // k obtained above to 
obtain: 



a = g(sin - tan 0 O cos 6 X ) 
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Picture the Problem The fact that the object is in static equilibrium under the influence 

of the three forces means thatF ; +F 2 +F 3 = 0. Drawing the corresponding force 

triangle will allow us to relate the forces to the angles between them through the law of 
sines and the law of cosines. 
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(a) Using the fact that the object is 
in static equilibrium, redraw the 
force diagram connecting the forces 
head-to-tail: 



Apply the law of sines to the 
triangle: 




Use the trigonometric identity 
sin(;r- a) = sina to obtain: 

(b) Apply the law of cosines to the 
triangle: 

Use the trigonometric identity 
cos(tt- a) = -cos a to obtain: 





F 2 


F, 


sin #,3 


sin 0 U 


sin 6 n 



F\ = F^ + F 3 2 - 2F 2 F 3 cos(;r - # 23 ) 



Fj 2 = F 2 2 + F 3 2 + 2F 2 F 3 cos ft 
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Picture the Problem We can calculate the 
acceleration of the passenger from his/her 
speed that, in turn, is a function of the 
period of the motion. To determine the 
longest period of the motion, we focus our 
attention on the situation at the very top of 
the ride when the seat belt is exerting no 
force on the rider. We can use Newton's 
2 nd law to relate the period of the motion to 
the acceleration and speed of the rider. 

(a) Because the motion is at 
constant speed, the acceleration is 
entirely radial and is given by: 

Express the speed of the motion of 
the ride as a function of the radius 
of the circle and the period of its 
motion: 




2nr 
v = 
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Substitute in the expression for a c to 
obtain: 



An r 



Substitute numerical values and 
evaluate a c : 



47i 2 (5m) 
(2s) 2 



49.3m/s 2 



(b) Apply = ma to the 

passenger when he/she is at the top 
of the circular path and solve for a c : 



S F r = m g 
and 

«c =g 



ma„ 



Relate the acceleration of the 
motion to its radius and speed and 
solve for v: 



g = 



>v = Jgr 



Express the period of the motion as 
a function of the radius of the circle 
and the speed of the passenger and 
solve for T m : 



71= — = 2n "' 



Substitute numerical values and 
evaluate T m : 



2n 



5m 



9.81m/s 2 



4.49s 



Remarks: The rider is "weightless" under the conditions described in part (b). 
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Picture the Problem The pictorial 
representation to the right shows the cart 
and its load on the inclined plane. The load 
will not slip provided its maximum 
acceleration is not exceeded. We can find 
that maximum acceleration by applying 
Newton's 2 nd law to the load. We can then 
apply Newton's 2 nd law to the cart-plus- 
load system to determine the tension in the 
rope when the system is experiencing its 
maximum acceleration. 
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Draw the free-body diagram for the 
cart and its load: 



Apply 2^ F x = ma x to the cart plus 
its load: 



\ 



<1> 



y '(m\ + m 2 )g 



T -{m l + m 2 )gsmd = {m { + m 2 )a n 



Draw the free-body diagram for the 
load of mass m 2 on top of the cart: 



Apply = ma to the load on 
top of the cart: 



Using / s , max = jUsFnfl, eliminate F n , 2 
between the two equations and solve 
for the maximum acceleration of the 
load: 




fs 



X F . = /s,max " Wig sin 0 = m 2 a ri 
and 

Z F >' =F n,2 -m 2 gcos6 = 0 
« m ax =gfa cos6>-sin6>) 



Substitute equation (2) in equation 
(1) and solve for T : 



T = 



(m l + m 2 )gju s cos 6 
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Picture the Problem The free-body 
diagram for the sled while it is held 
stationary by the static friction force is 
shown to the right. We can solve this 
problem by repeatedly applying Newton's 
2 nd law under the conditions specified in 
each part of the problem. 




(a) Apply 2^,F y = ma y to the sled: 
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F nl -m^cosO = 0 



Solve forF n i: 



F n,i =m 1 g cos0 



Substitute numerical values and 
evaluate F D i - . 



F nl =(200N)cosl5° = 



193N 



(b) Apply Yj F x= ma x t0 the sled: fs ~ m iS sin # = 0 



Solve for f s : 

Substitute numerical values and 
evaluate / s : 



f s =m l g sinO 



f s =(200N)sinl5° = 



51.8N 



(c) Draw the free-body diagram for 
the sled when the child is pulling on 
the rope: 



A PPly ^F = m a t0 me sled to 
determine whether it moves: 



Solve thej-direction equation for 
F n y. 

Substitute numerical values and 
evaluate F D y. 



21 



»>\g 



^ F x F net 

= F cos30°- m x g sin 0 - / smax 

and 

Y,F y =F nl + Fsin30°-m 1 gcos# = 0 
F nl = -Fsm3O° + m l gcos0 

F nl =-(l00N)sin30° + (200N)cosl5° 
= 143N 



ExprC S S ^max • 



A ma x = /4F„, 1 = (0.5)(143 N) 
= 71.5N 



Use the x-direction force equation to 
evaluate F net : 



F net = (100 N)cos30° - (200 N)sinl5° 
-71.5N 
= -36.7N 
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Because the net force is negative, 
the sled does not move: 



f k is undetermined 



(d) Because the sled does not move: 



ju k is undetermined 




Express the net force F c exerted on 
the child by the incline: 

Noting that the child is stationary, 
a PPly 7,F = ™& t0 m e child: 



F c =p* 2 +fU (1) 

Z F v= An^-F cos30°-m 2 gsinl5° 
= 0 

and 

=F n2 -m 2 gsinl5°-Fsin30° = 0 



Solve the x equation for f s max and the 
y equation forF^: 



Substitute numerical values and 
evaluate F x and F n2 : 



A m ax=^cos30° + m 2 gsinl5° 
and 

F n2 =m 2 gsinl5° + Fsin30° 

/ smax = (500N)cos30° + (l00N)sinl5° 
= 459N 

and 

F a2 =(l00N)sinl5° + (500N)sin30° 
= 276N 



536N 



Substitute numerical values in p _ ^276 N) 2 + (459 N) 2 

equation (1) and evaluate F: 
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Picture the Problem Let v represent the speed of rotation of the station, and r the 
distance from the center of the station. Because the O'Neill colony is, presumably, in 
deep space, the only acceleration one would experience in it would be that due to its 
rotation. 
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(a) Express the acceleration of 



anyone who is standing inside the 
station: 

This acceleration is directed toward the axis of rotation. If someone inside the station 
drops an apple, the apple will not have any forces acting on it once released, but will 
move along a straight line at constant speed. However, from the point of view of our 
observer inside the station, if he views himself as unmoving, the apple is perceived to 
have an acceleration of mv 2 /r directed away from the axis of rotation (a "centrifugal" 



force). 



(b) Each deck must rotate the central 
axis with the same period T. Relate 
the speed of a person on a particular 
deck to his/her distance r from the 
center: 



v = 



2nr 



T 



Express the "acceleration of 
gravity" perceived by someone a 
distance r from the center: 



v 2 An 2 r 



i.e., the "acceleration due to 
gravity" decreases as r decreases. 



(c) Relate the desired acceleration 
to the radius of Babylon 5 and its 
period: 



a = 



\n 2 r 



Solve for T: 




Substitute numerical values and 
evaluate T: 




= 44.1s = 0.735 min 



Take the reciprocal of this time to 
find the number of revolutions per 
minute Babylon 5 has to make in 
order to provide this "earth- like" 
acceleration: 



T 1 = 1.36rev/ min 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
child as she slides down the incline. We'll 
first use Newton's 2 nd law to derive an 
expression for /j k in terms of her 
acceleration and then use Newton's 2 nd law 
to find her acceleration when riding the 
frictionless cart. Using a constant- 
acceleration equation, we'll relate these 
two accelerations to her descent times and 
solve for her acceleration when sliding. 
Finally, we can use this acceleration in the 
expression for // k . 








y 


\ 








\ 








30°\ 








— ^\ 


1 


r mg 



Apply = ma to the child as 
she slides down the incline: 



YF X =mgsin30°-f k =ma l 



and 



Y^F y =F n -mgcos30° = 0 



Using f k = jUyF n , eliminate f\ and F n 
between the two equations and solve 
for /j k : 

Apply 2_jF x = ma r to the child as 

she rides the frictionless cart down 
the incline and solve for her 
acceleration a 2 : 



Letting s represent the distance she 
slides down the incline, use a 
constant-acceleration equation to 
relate her sliding times to her 
accelerations and distance traveled 
down the slide : 



ju k = tan 30° 



a. 



gcos30 c 



(1) 



mgsin30° = ma 2 
and 

a 2 = gsin30° 
= 4.91m/s 2 



s = v 0 t l + \a x t\ where v 0 = 0 
and 

s = v 0 t 2 + \a 2 t\ where v 0 = 0 



Equate these expressions, substitute 
t 2 = \ U and solve for a,\\ 



a \ = } a 2 = 7gsin30° = 1.23m/s 2 
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Evaluate equation (1) with 
a\ = 1.23 m/s 2 : 



/u k = tan30 c 



1.23 m/s 2 
(9.81m/s 2 )cos30° 



= 0.433 
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Picture the Problem The path of the particle is a circle if r is a constant. Once we have 
shown that it is, we can calculate its value from its components and determine the 
particle's velocity and acceleration by differentiation. The direction of the net force 
acting on the particle can be determined from the direction of its acceleration. 



(a) Express the magnitude of r in 
terms of its components: 



, 2 2 

r = ,/r v +r y 



Evaluate r with r x = Rsincot and 
r v = Rcosa>t: 



= ^[R sin cot] 2 + [R cos cot] 2 

= R 2 (sin 2 cot + cos 2 cot) = R = 4.0 



m 



.". the path of the particle is a circle 
centered at the origin. 



(b) Differentiate f with respect to 
time to obtain v : 



v = dr I dt = [Rcocoscot] i 
+ [-Rcosmcot]j 



[(8^"cos2^-^)m/s] i 
-[(8^" sm2xt)m]s\j 



Express the ratio 



%n cos cot 



v„ -8^"sin&>^ 



= - cot cot 



y 

Express the ratio 

x 



y _ Rcoscot 
x Rsincot 



= -cotcot 





_y_ 


v y 


X 





(c) Differentiate v with respect to 
time to obtain a : 



a =dv I dt 

[(- 16^" 2 m/s 2 )sinct>?J i 
+ [(-16^" 2 m/s 2 )cos<»^|/' 
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Factor -4^/s 2 from a to obtain: 



a = {-An 2 /s 2 )(4sma)t)i + (4coscot)j 
(-4^- 2 /s 2 )F 



Because a is in the opposite direction from 
f, it is directed toward the center of the 

circle in which the particle is traveling. 



Find the ratio 



v 2 _ (8^-m/s) 2 _ 
r 4m 



\6n m/s =a 



(d) Apply = ma to the particle: 



F net = ma = (0.8kg)(l6;r 2 m/s 2 ) 



12.8;r 2 N 



Because the direction of F net is the 
same as that of a : 



F net is toward the center of the circle. 
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Picture the Problem The free-body 
diagram showing the forces acting on a 
rider being held in place by the maximum 
static friction force is shown to the right. 
The application of Newton's 2 nd law and the 
definition of the maximum static friction 
force will be used to determine the period T 
of the motion. The reciprocal of the period 
will give us the minimum number of 
revolutions required per unit time to hold 
the riders in place. 

Apply = ma to the riders 

while they are held in place by 
friction: 



y 



7s 



s, max 



-> -x 



mg 



Y j F x =F a =m — 



and 

Z F v =/s,max ~mg = 0 



Using / = n s F a and v = 



2nr 



eliminate F n between the force 
equations and solve for the period of 
the motion: 



T = 2n 
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Substitute numerical values and 
evaluate T: 



T = 2n 



I (0.4X4 m) 



v 9.81m/s 2 
= 2.54s = 0.00423 min 



The number of revolutions per 
minute is the reciprocal of the period 
in minutes: 



23.6rev/min 
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Picture the Problem The free-body 
diagrams to the right show the forces 
acting on the blocks whose masses are m\ 
and m 2 . The application of Newton's 2 nd 
law and the use of a constant-acceleration 
equation will allow us to find a relationship 
between the coefficient of kinetic friction 
and ni\. The repetition of this procedure 
with the additional object on top of the 
object whose mass is m\ will lead us to a 
second equation that, when solved 
simultaneously with the former equation, 
leads to a quadratic equation in mi. Finally, 
its solution will allow us to substitute in an 
expression for jU k and determine its value. 

Using a constant-acceleration 
equation, relate the displacement of 
the system in its first configuration 
as a function of its acceleration and 
fall time: 



1 r 



A 



n, I 



x 



fm 2 g 



Ax = v 0 At + j a^Atf 
or, because vo = 0, 
Ax = \a x (At) 2 



Solve for ah: 



Substitute numerical values and 
evaluate a\\ 

Apply = ma x t0 trie object 

whose mass is m 2 and solve for T\ : 



2Ax 



a, = 



1 ( At f 

2(L5m] = 446m/s2 
(0.82 s) 2 

m 2 g-T l =m 2 a 1 
and 

T i =m 2 (g-a) 
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Substitute numerical values and 
evaluate T\\ 



T x = (2.5kg)(9.81m/s 2 -4.46m/s 2 ) 
= 13.375N 



Apply = ma to the object 
whose mass is m\. 



and 

Y J F y =F^-m l g = 0 



Using f k = /4F n , eliminate F n 
between the two equations to obtain: 

Find the acceleration a 2 for the 
second run: 

Evaluate T 2 : 



(1) 



2Ax 2(1 .5 m) 2 

a, = t — = = 1 .775 m/s 

(A?) 2 (1.3 s) 2 

T 2 =m 2 (g-a) 

= (2.5kg)(9.81m/s 2 -1.775 m/s 2 ) 
= 20.1N 



A PPly = ma x t0 me l-2-kg 

object in place: 



^2-/"k(«i +1 -2kg)g 

= {m x +1.2kg)a 2 



(2) 



Solve equation (1) for // k : 



Ac 



(3) 



Substitute for // k in equation (2) and 
simplify to obtain the quadratic 
equation in m\. 

Solve the quadratic equation to 
obtain: 



2.685m, 2 + 9.947m, - 16.05 = 0 



m, 



= (-1.85±3.07)kg 



m, = 



1.22 kg 



Substitute numerical values in 
equation (3) and evaluate /A- 



_ 13.375N-(l.22kg)(4.66m/s 2 ) 
Mk ~ (l.22kg)(9.81m/s 2 ) 

= 0.643 
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Picture the Problem The diagram shows a 
point on the surface of the earth at latitude 
9. The distance R to the axis of rotation is 
given by R = rcos 6. We can use the 
definition of centripetal acceleration to 
express the centripetal acceleration of a 
point on the surface of the earth due to the 
rotation of the earth. 

(a) Referring to the figure, express 
a c for a point on the surface of the 
earth at latitude 6 : 

Express the speed of the point due 
to the rotation of the earth: 

Substitute for v in the expression for 
a c and simplify to obtain: 

Substitute numerical values and 




a = — where R = rcos 6 
c R 

2nR 

v = 

T 

where T is the time for one revolution. 

47r 2 rcos0 
a c = i 

C rj-il 



4;r 2 (6370km)cos# 



evaluate o c : c [(24h)(3600s/h)] 2 

(3.37cm/s 2 )cos6 ) , toward the 
earth's axis. 



(6) 

A stone dropped from a hand at a location on earth. The effective weight of 

the stone is equal to ma st surf , where a st surf is the acceleration of the falling stone 

(neglecting air resistance) relative to the local surface of the earth. The 

gravitational force on the stone is equal to ma st inei , where a st mer is the 

acceleration of the local surface of the earth relative to the inertial frame 

(the acceleration of the surface due to the rotation of the earth). Multiplying 

through this equation by m and rearranging gives ma st surf = ma A iner - ma surf mer , 

which relates the apparent weight to the acceleration due to gravity and the 

acceleration due to the earth's rotation. A vector addition diagram can be used 

to show that the magnitude of ma st surf is slightly less than that of ma st ■ . 
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(c) At the equator, the gravitational 
acceleration and the radial 
acceleration are both directed 
toward the center of the earth. 
Therefore: 



g = g e ff + a c 

= 978 cm/s 2 +(3.37 cm/s 2 )cosO c 



981.4cm/s 2 



At latitude 0 the gravitational 
acceleration points toward the 
center of the earth whereas the 
centripetal acceleration points 
toward the axis of rotation. Use the 
law of cosines to relate g eff , g, and 
a c : 

Substitute for 6, g e ff, and a c and 
simplify to obtain the quadratic 
equation: 



2 

Seff 



g 2 + a 2 -2ga c cos 6 



g 2 -(4.75 cm/s 2 )g- 962350 cm 2 /s 4 =0 



Solve for the physically meaningful 
(i.e., positive) root to obtain: 
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Picture the Problem The diagram shows 
the block in its initial position, an 
intermediate position, and as it is 
separating from the sphere. Because the 
sphere is frictionless, the only forces acting 
on the block are the normal and 
gravitational forces. We'll apply Newton's 
2 nd law and set F n equal to zero to 
determine the angle 0 C at which the block 
leaves the surface. 



g 



983cm/s z 




Taking the inward direction to be 
positive, apply ^ F l . = ma r to the 
block: 



mgcosO - F n = m 



R 



Apply the separation condition to 
obtain: 

Solve for cos ft: 



mg cos 0 C = m 



R 



cos 0 



gR 



(1) 



Apply = ma t to the block: 



mgsin^ = ma t 
or 
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Multiply the left-hand side of the 
equation by one in the form of 
dOldO and rearrange to obtain: 



Relate the arc distance s the block 
travels to the angle 6 and the radius 
R of the sphere: 

Substitute to obtain: 



Separate the variables and integrate 
from V = 0 to v and 0= 0 to 0 C : 



Substitute in equation (1) to obtain: 



Solve for and evaluate 9 C : 



dv . 
a, = — = g sin 0 

' dt 5 

Note that a is not constant and, hence, we 
cannot use constant-acceleration equations. 



dv dO 

dt dO 
and 
dO dv 

dt dO 



= gsin0 



= g sin 0 



s , dO 1 ds v 

0 = — and = = — 

R dt Rdt R 

where v is the block's instantaneous speed. 
v dv 

= g sin 0 

RdG 

v S c 

jVdv' = gR^mOdO 

0 0 

or 

v 2 =2gi?(l-cos#J 



a 2gtf(l-cos# c ) 
cos6> = v — 

= 2(\-cos0 c ) 



6 C = cos 



48.2 C 



376 Chapter 5 



Chapter 6 

Work and Energy 

Conceptual Problems 
*l . 

Determine the Concept A force does work on an object when its point of application 
moves through some distance and there is a component of the force along the line of 
motion. 

(a) False. The net force acting on an object is the vector sum of all the forces acting on 
the object and is responsible for displacing the object. Any or all of the forces 
contributing to the net force may do work. 

(b) True. The object could be at rest in one reference frame and moving in another. If we 
consider only the frame in which the object is at rest, then, because it must undergo a 
displacement in order for work to be done on it, we would conclude that the statement is 
true. 

(c) True. A force that is always perpendicular to the velocity of a particle changes neither 
it's kinetic nor potential energy and, hence, does no work on the particle. 

2 

Determine the Concept If we ignore the work that you do in initiating the horizontal 
motion of the box and the work that you do in bringing it to rest when you reach the 
second table, then neither the kinetic nor the potential energy of the system changed as 
you moved the box across the room. Neither did any forces acting on the box produce 
displacements. Hence, we must conclude that the minimum work you did on the box is 
zero. 

3 

False. While it is true that the person's kinetic energy is not changing due to the fact that 
she is moving at a constant speed, her gravitational potential energy is continuously 
changing and so we must conclude that the force exerted by the seat on which she is 
sitting is doing work on her. 

*4 . 

Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed. Because .K" = \ mv 2 , replacing v by 2v yields 

K' = -km = 4K. Thus doubling the speed of a car quadruples its kinetic 

energy. 
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5 

Determine the Concept No. The work done on any object by any force F is defined as 
dW = F -df . The direction of F m is toward the center of the circle in which the object 
is traveling and df is tangent to the circle. No work is done by the net force because 
F net and df are perpendicular so the dot product is zero. 



Determine the Concept The kinetic energy of any object is proportional to the square of 
its speed and is always positive. Because K = jtnv 2 , replacing v by 3v yields 

K' = \m{ivf = 9(|-mv 2 )= 9K. Hence tripling the speed of an object increases its 



kinetic energy by a factor of 9 and (d) is correct. 



*7 * 

Determine the Concept The work required to stretch or compress a spring a distance x is 
given by W = \ kx 2 where k is the spring's stiffness constant. Because W °c x 2 , doubling 

the distance the spring is stretched will require four times as much work. 
8 

Determine the Concept No. We know that if a net force is acting on a particle, the 
particle must be accelerated. If the net force does no work on the particle, then we must 
conclude that the kinetic energy of the particle is constant and that the net force is acting 
perpendicular to the direction of the motion and will cause a departure from straight-line 
motion. 



9 

Determine the Concept We can use the definition of power as the scalar product of 
force and velocity to express the dimension of power. 

Power is defined as: P = F v 



Express the dimension of force: [M][L/T 2 ] 



Express the dimension of velocity: [L/T] 



Express the dimension of power in 
terms of those of force and velocity: 



[M][L/T 2 ][L/T] = [M][L] 2 /[r] 
and (d) is correct. 
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10 • 

Determine the Concept The change in gravitational potential energy, over elevation 
changes that are small enough so that the gravitational field can be considered constant, is 
mgAh, where Ah is the elevation change. Because Ah is the same for both Sal and Joe, 



their gains in gravitational potential energy are the same, (c) is correct. 



11 • 

(a) False. The definition of work is not limited to displacements caused by conservative 
forces. 

(b) False. Consider the work done by the gravitational force on an object in freefall. 

(c) True. This is the definition of work done by a conservative force. 
*12 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x; i.e., F x = —dU jdx . 



(a) Examine the slopes of the curve at 
each of the lettered points, remembering 
that F x is the negative of the slope of the 
potential energy graph, to complete the 
table: 



(b) Find the point where the slope is 
steepest: 



Point 


dU/dx 


F x 


A 


+ 




B 


0 


0 


C 




+ 


D 


0 


0 


E 


+ 




F 


0 


0 



At point C F x is greatest. 



(c) If d 2 Uldx 2 < 0, then the curve is 
concave downward and the 
equilibrium is unstable. 

If d 2 U/dx 2 > 0, then the curve is 
concave upward and the equilibrium 
is stable. 



At point B the equilibrium is unstable. 






At point D the equilibrium is stable. 





Remarks: At point F, d 2 U/dx 2 = 0 and the equilibrium is neither stable nor unstable; 
it is said to be neutral. 
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(a) False. Any force acting on an object may do work depending on whether the force 
produces a displacement ... or is displaced as a consequence of the object's motion. 

(b) False. Consider an element of area under a force-versus-time graph. Its units are N-s 
whereas the units of work are N-m. 

14 • 

Determine the Concept Work dw{^ F ■ ds^j is done when a force F produces a 
displacement^. Because F -ds = Fds cos 0 = (F cos 0)ds, W will be negative if the 



value of 9is such that Fcos^is negative, (d) is correct. 



Estimation and Approximation 

*15 

Picture the Problem The diagram depicts the situation when the tightrope walker is at 
the center of rope. M represents her mass and the vertical components of tensions 

T x and T 2 , equal in magnitude, support her weight. We can apply a condition for static 

equilibrium in the vertical direction to relate the tension in the rope to the angle 9 and use 
trigonometry to find s as a function of 9. 




(a) Use trigonometry to relate the 
sag s in the rope to its length L and 
9: 



s L 
tan 6 = and s = — tan 6 

\L 2 



Apply ^jF Y ~ 0 to the tightrope 

walker when she is at the center of 
the rope to obtain: 



2T sin 6 - Mg = 0 where T is the 
magnitude of T x andT 2 . 



Solve for d?to obtain: 



Substitute numerical values and 
evaluate 9: 



6 = sin 



6 = sin 



y2T j 



(50kg)(9.81m/s 2 )" 
2(5000 N) 



= 2.81° 
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Substitute to obtain: 



10m 

s= tan 2.81° 



0.245 m 



(b) Express the change in the 
tightrope walker's gravitational 
potential energy as the rope sags: 

Substitute numerical values and 
evaluate AU: 



W=U atcenta -U end =MgAy 



AU = (50kg)(9.81m/s 2 )(- 0.245 m) 



= -120J 
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Picture the Problem You can estimate your change in potential energy due to this 
change in elevation from the definition of AU. You'll also need to estimate the height of 
one story of the Empire State building. We'll assume your mass is 70 kg and the height of 
one story to be 3.5 m. This approximation gives us a height of 1 170 ft (357 m), a height 
that agrees to within 7% with the actual height of 1250 ft from the ground floor to the 
observation deck. We'll also assume that it takes 3 min to ride non-stop to the top floor in 
one of the high-speed elevators. 



(a) Express the change in your 
gravitational potential energy as you 
ride the elevator to the 102 nd floor: 



Substitute numerical values and 
evaluate AU: 



AU =mgAh 



AU = (70kg)(9.81m/s 2 )(357m) 



= 245 kJ 



(b) Ignoring the acceleration 
intervals at the beginning and the 
end of your ride, express the work 
done on you by the elevator in terms 
of the change in your gravitational 
potential energy: 

Solve for and evaluate F: 



W = Fh = AU 



F = 



AU _ 245 kJ 
h 357 m 



686 N 



(c) Assuming a 3 minute ride to the 
top, express and evaluate the 
average power delivered to the 
elevator: 



P = 



AU 



245 kJ 



At (3min)(60s/min) 



= 1.36kW 
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Picture the Problem We can find the kinetic energy K of the spacecraft from its 
definition and compare its energy to the annual consumption in the U.S. Wby examining 
the ratio KIW. 



Using its definition, express and 
evaluate the kinetic energy of the 
spacecraft: 



K = \mv 2 = ^(I0000kg)(3xl0 7 mlsf 



= 4.50xl0 18 J 



Express this amount of energy as a 
percentage of the annual 
consumption in the United States: 

*18 



K_ 
E 



4.50xl0 18 J 



5xl0 20 J 



1% 



Picture the Problem We can find the orbital speed of the Shuttle from the radius of its 
orbit and its period and its kinetic energy from K = \ mv 2 . We'll ignore the variation in 

the acceleration due to gravity to estimate the change in the potential energy of the orbiter 
between its value at the surface of the earth and its orbital value. 



(a) Express the kinetic energy of the 
orbiter: 



K = 4-mv 



Relate the orbital speed of the 
orbiter to its radius r and period T: 



2ft r 



v = - 



Substitute and simplify to obtain: 



K 



-m 



2ft r 



O _2 2 

2ft mr 



Substitute numerical values and evaluate K: 



K = 



2ft 2 (s x 10 4 kg)[(200 mi + 3960 mi) (l .609 km/mi)] ; 
[(90min)(60s/min)] 2 



2.43 TJ 



(b) Assuming the acceleration due 
to gravity to be constant over the 
200 mi and equal to its value at the 
surface of the earth (actually, it is 
closer to 9 m/s 2 at an elevation of 
200 mi), express the change in 
gravitational potential energy of the 
orbiter, relative to the surface of the 
earth, as the Shuttle goes into orbit: 



AU = mgh 



Work and Energy 377 



Substitute numerical values and 
evaluate At/: 



AU = (8xl0 4 kg)(9.81m/s 2 ) 
x (200 mi)(l. 609 km/mi) 



= 0.253TJ 



(c) 



No, they shouldn't be equal because there is more than just the force of 
gravity to consider here. When the shuttle is resting on the surface of 
the earth, it is supported against the force of gravity by the normal force 
the earth exerts upward on it. We would need to take into consideration 
the change in potential energy of the surface of earth in its deformation 
under the weight of the shuttle to find the actual change in potential energy. 
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Picture the Problem Let's assume that the width of the driveway is 18 ft. We'll also 
assume that you lift each shovel full of snow to a height of 1 m, carry it to the edge of the 
driveway, and drop it. We'll ignore the fact that you must slightly accelerate each shovel 
full as you pick it up and as you carry it to the edge of the driveway. While the density of 
snow depends on the extent to which it has been compacted, one liter of freshly fallen 
snow is approximately equivalent to 100 mL of water. 



Express the work you do in lifting 
the snow a distance h: 

Using its definition, express the 
densities of water and snow: 

Divide the first of these equations 
by the second to obtain: 

Substitute and evaluate the /? snow : 



Calculate the volume of snow 
covering the driveway: 



Substitute numerical values in the 
expression for W to obtain an 
estimate (a lower bound) for the 
work you would do on the snow in 
removing it: 



W = AU = mgh = p mov/ V snow gh 
where pis the density of the snow. 



P snow 

P snow 
P water 

Pi 



V.. 



and P» 



V.. 



v.. 



or A, 



P. 



V... 



v.... 



= (l0 3 kg/m 3 )i^ = 100kg/m 



L 



V m = (50ft)(l8ft) 



—ft 

V 12 j 



ncnc ^ 28.32L 10 3 m 3 
750ft 3 x — x- 



ff 



= 21.2m 3 

W = (l00kg/m 3 )(21.2m 3 )(9.81m/s 2 )(lm) 



20.8 kJ 
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*20 



Picture the Problem We can use \mv 2 to find the kinetic energy of the bullet. 



(a) Use the definition of K: 



K=\mv 2 



= ^(0.015kg)(l.2xl0 3 m/s) 2 



= 10.8kJ 



(b) Because K cc v 2 : 



K' = \K 



2.70kJ 



(c) Because K cc y 



K' = 4K 



43.2kJ 



21 



Picture the Problem We can use \mv 1 to find the kinetic energy of the baseball and the 
jogger. 



(a) Use the definition of K: 



K =\mv 2 =i(0.145kg)(45m/s) 2 



= 147 J 



(b) Convert the jogger's pace of 
9 min/mi into a speed: 



^ lmi x 
v 9min j 



lmin 

v 60s j 



1609 m 
lmi 



= 2.98m/s 



Use the definition of K: 



K = \mv 2 = |(60kg)(2.98m/s) 2 



= 266 J 
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Picture the Problem The work done in raising an object a given distance is the product 
of the force producing the displacement and the displacement of the object. Because the 
weight of an object is the gravitational force acting on it and this force acts downward, 
the work done by gravity is the negative of the weight of the object multiplied by its 
displacement. The change in kinetic energy of an object is equal to the work done by the 
net force acting on it. 



(a) Use the definition of W: 



W = F ■ Ay = FA v 
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= (80N)(3m)= 240 J 



(b) Use the definition of W: 



W = F ■ Ay = -mgAy, because F and 
Ay are in opposite directions. 

.-. W = - (6 kg)(9.81 m/s 2 )(3 m) 



177 J 



(c) According to the work-kinetic 
energy theorem: 



K=W+W g = 240 J + (-177 J) 



= 63.0J 



23 • 

Picture the Problem The constant force of 80 N is the net force acting on the box and 

the work it does is equal to the change in the kinetic energy of the box. 



Using the work-kinetic energy 
theorem, relate the work done by the 
constant force to the change in the 
kinetic energy of the box: 

Substitute numerical values and 
evaluate W: 



W = K r -K, 



_ i 



m(v f 2 -vf) 



W = \ (5 kg) [(68 m/s) 2 - (20 m/s) 2 ] 



= 10.6kJ 



*24 

Picture the Problem We can use the definition of kinetic energy to find the mass of your 
friend. 



Using the definition of kinetic 
energy and letting "1" denote your 
mass and speed and "2" your 
girlfriend's, express the equality of 
your kinetic energies and solve for 
your girlfriend's mass as a function 
of both your masses and speeds: 



and 



f \ 2 
v, 



V V 2/ 



(1) 



Express the condition on your speed 
that enables you to run at the same 
speed as your girlfriend: 



v 2 - 1.25vi 



(2) 
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Substitute equation (2) in equation 
(1) to obtain: 



f \ 



= (85kg) 



f i \ 2 



1.25 



54.4kg 



Work Done by a Variable Force 

25 

Picture the Problem The pictorial representation shows the particle as it moves along 
the positive x axis. The particle's kinetic energy increases because work is done on it. We 
can calculate the work done on it from the graph of F x vs. x and relate its kinetic energy 
when it is at x = 4 m to its kinetic energy when it was at the origin and the work done on 
it by using the work-kinetic energy theorem. 



x, m 



x Q = 0 



v 0 = 2 "Vs 



jt 4 = 4m 



( 4 



= '7 



(a) Calculate the kinetic energy of 
the particle when it is at x = 0: 



K 0 =\mv 2 =|(3kg)(2m/s) 2 



= 6.00J 



(b) Because the force and 
displacement are parallel, the work 
done is the area under the curve. 
Use the formula for the area of a 
triangle to calculate the area under 
the F as a function of x graph: 



0->4 



= \ (base) (altitude) 
= i(4m)(6N) 



12.0J 



(c) Express the kinetic energy of the 
particle at x = 4 m in terms of its 
speed and mass and solve for its 
speed: 



2K A 



in 



(1) 



Using the work-kinetic energy 
theorem, relate the work done on the 
particle to its change in kinetic 
energy and solve for the particle's 
kinetic energy at x = 4 m: 



Wo_>4 - K 4 - K 0 
= K Q +\ 

= 18.0J 



K A = K 0 +W 0 ^ = 6.00J + 12.0J 



Substitute numerical values in 
equation (1) and evaluate v 4 : 
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J 2(18.0J) 
3kg 



3.46 m/s 



*26 •• 

Picture the Problem The work done by this force as it displaces the particle is the area 
under the curve of F as a function of x. Note that the constant C has units of N/m 3 . 



Because F varies with position non- 
linearly, express the work it does as 
an integral and evaluate the integral 
between the limits x=1.5m and 
x = 3 m: 



W = (cN/m 3 ) ^x°dx' 

1.5m 

= (cN/m 3 )[|x' 4 ] 



I 3m 
1.5 m 



= 19CJ 



27 

Picture the Problem The work done on the dog by the leash as it stretches is the area 
under the curve of F as a function of x. We can find this area (the work Lou does holding 
the leash) by integrating the force function. 



Because F varies with position non- 
linearly, express the work it does as 
an integral and evaluate the integral 
between the limits x = 0 and x = x\\ 



= I (- kx'-ax' 2 }dx' 
o 

= [— \kx -jax ] 0 



2 kX-^ n (XjC-y 
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Picture the Problem The work done on an object can be determined by finding the area 
bounded by its graph of F x as a function of x and the x axis. We can find the kinetic 
energy and the speed of the particle at any point by using the work-kinetic energy 
theorem. 



(a) Express W, the area under the W = nA 

curve, in terms of the area of one 
square, A squaie , and the number of 
squares n: 



Determine the work equivalent of 
one square: 



W= (0.5N)(0.25 m) = 0.125 J 
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Estimate the number of squares 
under the curve between x = 0 and 
x-2m: 



72*22 



Substitute to determine W: 



W= 22(0.125 J) = 



2.75 J 



(b) Relate the kinetic energy of the 
object at x = 2 m, K 2 , to its initial 
kinetic energy, K 0 , and the work that 
was done on it between x = 0 and 
x-2m: 



K 2 =K Q+ W (M 



= ^(3kg)(2.40m/s) 2 + 2.75J 



11.4J 



(c) Calculate the speed of the object 
at x = 2 m from its kinetic energy at 
the same location: 



v = 



2K, 



m 



)2(11.4J) 
3kg 



2.76 m/s 



(d) Estimate the number of squares 
under the curve between x = 0 and 
x-4m: 



n&26 



Substitute to determine W: 



W = 26(0. 125 J): 



3.25 J 



(e) Relate the kinetic energy of the 
object at x = 4 m, K 4 , to its initial 
kinetic energy, K 0 , and the work that 
was done on it between x = 0 and 
x-4m: 



K 4 = K 0 +W 0 ^ 



= ^(3kg)(2.40m/s) 2 +3.25J 
= 11.9J 



Calculate the speed of the object at 
x-4m from its kinetic energy at 
the same location: 



v = . 



2K A 



m 



|2(11.9J) 
3kg 



2.82 m/s 



*29 

Picture the Problem We can express the mass of the water in Margaret's bucket as the 
difference between its initial mass and the product of the rate at which it loses water and 
her position during her climb. Because Margaret must do work against gravity in lifting 
and carrying the bucket, the work she does is the integral of the product of the 
gravitational field and the mass of the bucket as a function of its position. 



(a) Express the mass of the bucket m(y) = 40kg - ry 

and the water in it as a function of 
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its initial mass, the rate at which it is 
losing water, and Margaret' s 
position, y, during her climb: 

Am Am 20 kg . 

Find the rate, r = , at which r = = = 1 kg/m 

Ay Ay 20m 

Margaret's bucket loses water: 



Substitute to obtain: 



m 



(y) = 40kg-ry 



40 kg y 
m 



(b) Integrate the force Margaret exerts on the bucket, m(y)g, between the limits of y = 0 
and y = 20 m: 



20 m / , \ 

W = g f 40kg \dy' = (9.81rr^s 2 )[(40kg)y'-j(lkg/m)y' 2 ] 



m ; 



5.89kJ 



Remarks: We could also find the work Margaret did on the bucket, at least 
approximately, by plotting a graph of m(y)g and finding the area under this curve 
between y = 0 and y = 20 m. 

Work, Energy, and Simple Machines 
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Picture the Problem The free-body 
diagram shows the forces that act on the 
block as it slides down the frictionless 
incline. We can find the work done by 
these forces as the block slides 2 m by 
finding their components in the direction 
of, or opposite to, the motion. When we 
have determined the work done on the 
block, we can use the work-kinetic energy 
theorem or a constant-acceleration equation 
to calculate its kinetic energy and its speed 
at any given location. 
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From the free - body diagram, we see that the forces acting on the block are 
(a) a gravitational force that acts downward and the normal force that the incline 
exerts perpendicularly to the incline. 



Identify the component of mg that 
acts down the incline and calculate 
the work done by it: 

Express the work done by this force: 



Substitute numerical values and 
evaluate W: 



F x = mg sin 60° 



W = F x Ax = mg A* sin 60° 

W = (6kg)(9.81m/s 2 )(2m)sin60° 



= 102 J 



Remarks: F„ and mgcos60°, being 
perpendicular to the motion, do no 
work on the block 



(b) The total work done on the block 
is the work done by the net force: 



W = F net Ax = mg Ax sin 60° 

= (6kg)(9.81m/s 2 )(2m)sin60 c 



= 102 J 



(c) Express the change in the kinetic 
energy of the block in terms of the 
distance, At, it has moved down the 
incline: 

Relate the speed of the block when it 
has moved a distance Ax: down the 
incline to its kinetic energy at that 
location: 



AK = Kf-Ki = W = (mgsin60 o )At 

or, because K { = 0, 

K f = W= (mgsm60°)Ax 



2K _ 2mgAjcsin60° 
V m V m 
= yjlgAxsm 60° 



Determine this speed when 
Ax - 1.5 m: 



= V2(9.81m/s 2 )(l.5m)sin60° 



= 5.05 m/s 



(d) As in part (c), express the AK - K { - K\ 
change in the kinetic energy of the = W 

block in terms of the distance, Ax, it = (mg sin 60°)At 

has moved down the incline and and 
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solve for K f : 



K f = (mg sin 60°)Ax + K { 



Substitute for the kinetic energy 
terms and solve for v f to obtain: 

Substitute numerical values and evaluate v f : 



^ f = sjlg sin 60° Ax + vf 



v f = ^2(9.8 lm/s 2 )(l .5m) sin60° + (2m/s) 2 = 



5.43 m/s 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
object as in moves along its circular path 
on a frictionless horizontal surface. We can 
use Newton's 2 nd law to obtain an 
expression for the tension in the string and 
the definition of work to determine the 
amount of work done by each force during 
one revolution. 




y, F g =mg 



(a) Apply ^ F t = ma r to the 2-kg 
object and solve for the tension: 



T = m— = (2kg) 
r 



(2.5 m/s) 2 
3m 



= 4.17N 



(b) From the FBD we can see that the 
forces acting on the object are: 



r,F .andF. 



Because all of these forces act 
perpendicularly to the direction 
of motion of the object, none 
of them do any work. 
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Picture the Problem The free-body 

diagram, with F representing the force 
required to move the block at constant 
speed, shows the forces acting on the 
block. We can apply Newton's 2 nd law to 
the block to relate F to its weight w and 
then use the definition of the mechanical 
advantage of an inclined plane. In the 
second part of the problem we'll use the 
definition of work. 



\ F I 




(a) Express the mechanical 
advantage M of the inclined plane: 

Apply 2^ Fx - ma x to tne block: 
Solve for F and substitute to obtain: 



w 

M 

I 

F - wsin 6 = 0 because a x = 0. 
1 



M 



w 



w sin 6 sin 6 



Refer to the figure to obtain: 



sin 6 



H_ 
L 



Substitute to obtain: 



M = 



1 


L 


sin 6 


H 



(b) Express the work done pushing 
the block up the ramp: 

Express the work done lifting the 
block into the truck: 



W mm =FL = mgLsm0 



lifting = m 8 H = mgL sin 9 
and 



W = W 

ramp lifting 
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Picture the Problem We can find the work done per revolution in lifting the weight and 
the work done in each revolution of the handle and then use the definition of mechanical 
advantage. 

Express the mechanical advantage of W 
the jack: ^ ~~p 

Express the work done by the jack in ^y ]ift . = Wp 

one complete revolution (the weight 
W is raised a distance p): 



Express the work done by the force W = In RF 

F in one complete revolution: 
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Equate these expressions to obtain: 
Solve for the ratio of W to F: 



Wp = 2xRF 



W 

M = — 
F 



2nR 



Remarks: One does the same amount of work turning as lifting; exerting a smaller 
force over a greater distance. 
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Picture the Problem The object whose weight is w is supported by two portions of the 
rope resulting in what is known as a mechanical advantage of 2. The work that is done 
in each instance is the product of the force doing the work and the displacement of the 
object on which it does the work. 



(a) If w moves through a distance h: 



F moves a distance 2h 



(b) Assuming that the kinetic energy 
of the weight does not change, relate 
the work done on the object to the 
change in its potential energy to 
obtain: 



W = AU = whcos0 



wh 



(c) Because the force you exert on the \y = F(2/j)cos 6 = F(2h) 

rope and its displacement are in the 
same direction: 



Determine the tension in the ropes 
supporting the object: 



Z^vertical =2F~W = 0 

and 

F=\w 



Substitute for F: 



W = F{2h) = \w{2h) = 



wh 



(d) The mechanical advantage of the 
inclined plane is the ratio of the 
weight that is lifted to the force 
required to lift it, i.e. : 

Remarks: Note that the mechanical advantage is also equal to the number of ropes 
supporting the load. 
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Picture the Problem Because A B = AB cos 6 we can solve for cos 9 and use the fact 
that A B = -AB to find 9 



Solve for 9 : 



6 = cos 



,A B 



AB 



Substitute for A B and evaluate 9 : 0 = cos 1 (- 1) - 



180 c 
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Picture the Problem We can use its definition to evaluate A B . 



Express the definition of A B : 

Substitute numerical values and 
evaluate A B : 



A B = ABcosO 



A- J B = (6m)(6m)cos60° 



18.0m 2 
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Picture the Problem The scalar product of two-dimensional vectors A and B is A X B X + 

AyBy. 



(a) For A = 3 i - 6 j and 
B = -4 i +2j: 



A-fl = (3)<M) + (-6)(2) = 



24 



(b) For A = 5 i +5 j and 
B = 2i-4j: 



A-B = (5)(2) + (5)(-4) = 



10 



(c) For A = 6/ + 4/ andfl = 4 i - 6j : A B - (6)(4) + (4)( -6) = 0 
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Picture the Problem The scalar product of two-dimensional vectors A and B is AB cos 0 

= A X B X + A X B X . Hence the angle between vectors A and B is given by 

.A X B X +AB V 
0 - cos : - 1 



AB 



(a) For A = 3 i — 6j and 
B = -4i +2j: 



A B - (3)( -4) + (-6)(2) = -24 
A = V(3) 2 +(-6) 2 =V^5 

fi = V(-4) 2 +(2) 2 =V20 
and 

-24 



6* = cos 



45 V 20 



143 c 



(b) For A-5i +5 j and 
B = 2i-4j: 



A-g = (5)(2) + (5 )(-4) = -10 
A = V(5) 2 + (5) 2 =V50 

5 = V(2) 2 +(-4) 2 =V20 
and 



6* = cos 



10 



50V20 



108 c 



(c) For A = 6i +4j andB = 4i - 6j : 



A-fi = (6)(4) + (4)(-6) 



0 



A = V(6) 2 + (4) 2 =V52 

5 = V(4) 2 + (-6) 2 =V52 
and 



0 = cos 



52V52 



90.0° 
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Picture the Problem The work W done by a force F during a displacement A s for 
which it is responsible is given by F -A s . 
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(a) Using the definitions of work and 
the scalar product, calculate the work 
done by the given force during the 
specified displacement: 



W = F-As 

= (2N/-1N y + lNJfe) 

•(3mi + 3 m 7'-2mt) 
= [(2)(3) + (-l)(3) + (l)(-2)]N.m 



1.00 J 



(b) Using the definition of work that 
includes the angle between the force 
and displacement vectors, solve for 
the component of F in the direction 
of As : 



W = FAs cos 0 = (F cos 6)As 
and 

w 



F cos 0 = 



As 



Substitute numerical values and 
evaluate Fcos 6 : 



F cos 6 = 



1J 



V(3m) 2 +(3m) 2 +(-2m) 2 



= 0.213N 
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Picture the Problem The component of a vector that is along another vector is the scalar 
product of the former vector and a unit vector that is parallel to the latter vector. 



(a) By definition, the unit vector 
that is parallel to the vector A is: 



u A = 



A _ AJ + A J + Ak 


A V 


'A 2 + A 2 + A 2 : 



(b) Find the unit vector parallel to B 



B 3/ +4/ 3? 4^ 

u ,, = — = , = = —1 + —j 

B 5 5 



The component of A along B is: 



A-u B =(n -j-kj- 



3? 4 1 
-1 +-j 

5 5. 



(2)g) + (-l)(f| + (-l)(0) 



= 0.400 
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Picture the Problem We can use the definitions of the magnitude of a vector and the dot 



product to show that if 



A + B 



A-B 



, then ALB . 
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Express 



A + B 



A + B 



= (a+b) 2 



Express 



A-B 



A-B 



Equate these expressions to obtain: 

Expand both sides of the equation to 
obtain: 

Simplify to obtain: 



From the definition of the dot 
product we have: 

Because neither A nor B is the zero 
vector: 

42 

Picture the Problem The diagram shows 

the unit vectors A and B arbitrarily 

located in the 1 st quadrant. We can express 
these vectors in terms of the unit vectors 

i and j and their x and y components. We 

can then form the dot product of 

A and/? to show that 

cos(#! — &z) = cosd?iCosd?2 + sin 9\ sin 9i. 



(A-sy 



(a + bJ =(a-b) 2 

a 2 + 2a-b + b 2 =a 2 -2a-b + b 2 



AA-B=Q 

or 

A B =0 



AB = ABcos0 

where #is the angle between A and B. 
cos0 = 0 => 0 = 90° and A IB. 




(a) Express A in terms of the unit 
vectors i and j : 



Proceed as above to obtain: 



(b) Evaluate A ■ B 



A=A x i+A > j 
where 

A, = cos 6, 



and A.. 



shift 



B=B x i+BJ 
where 

B = cosft, 



and B. 



sin# 0 



AB = (cos 6 x i + sin 0J j 

■ (cos 6 2 i + sin 6 2 j\ 
= cos 6 X cos 6 2 + sin 9 X sin 6 2 



From the diagram we note that: 



A-B =cos(0 x -0 2 ) 
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Substitute to obtain: 

43 • 

Picture the Problem In (a) we'll show that it does not follow that B = C by giving a 
counterexample. 



cos(#, -e 


2 ) = cos 6 X cos 0 2 




+ sin 6 X sin 9 2 



Let A = i ,B = 3i +4j and 

C = 3/ - 4/. Form A B and A C : 



A-fl=/-(3i'+4/)=3 



and 



A-C = i-(3£-4j)=3 



No. We' ve shown by a counter - 
example that B is not necessarily 
equal to C. 
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Picture the Problem We can form the dot product of A and f and require that 

A • f = 1 to show that the points at the head of all such vectors f lie on a straight line. 

We can use the equation of this line and the components of A to find the slope and 
intercept of the line. 



(a) Let A = a J, + aj . Then: 



Solve for y to obtain: 



A-r =(aj+a y j)-(xi + yj) 



a x x + a y y = 1 



y 



a r 1 

— x + — 



which is of the form y = mx + b 
and hence is the equation of a line. 



(b) Given that A = 2i - 3j : 



in 



and 



l 

3 
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(c) The equation we obtained in (a) 
specifies all vectors whose component 

parallel to A has constant magnitude; 
therefore, we can write such a vector as 

A 

+ B , where B is any vector 



perpendicular to A. This is shown 
graphically to the right. 
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Because all possible vectors B lie in a 
plane, the resultant f must lie in a plane as 
well, as is shown above. 



Picture the Problem The rules for the differentiation of vectors are the same as those for 
the differentiation of scalars and scalar multiplication is commutative. 



(a) Differentiate f f -r = constant: 



d _\ _ df df _ _ 
— [r ■r) = r 1 r = 2v • r 

dt dt dt 

= — (constant) = 0 
dt K 



Because v f = 0 : 



v _Lr 



(b) Differentiate v V = v 2 = constant 
with respect to time: 



d ^\ dv dv _^ 
— [v -v) = v 1 v =2a v 

dt dt dt 

= — (constant) = 0 

dr ' 



Because a ■ v = 0 : 



a _L v 



The results of (a) and (b) tell us that 
a is perpendicular to f and and 
parallel (or antiparallel) to r. 



(c) Differentiate v • f = 0 with 
respect to time: 



d ^\ _> dr dv 

— [v -r) = v hr 

dt dt dt 

= v 2 +F-a=— (0) = 0 
dt 
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Because v 2 + f • a = 0 : 



r ■ a = -v 



(1) 



Express a r in terms of 9, where 9 is 
the angle between f and a : 



a r = acos0 



Express f ■ a 



r a = ra cos 0 = ra. 



Substitute in equation (1) to obtain: 



ra = -v 



Solve for a. 



a,. = 



v 
r 



Power 
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Picture the Problem The power delivered by a force is defined as the rate at which the 
force does work; i.e., P = 

dt 



Calculate the rate at which force A 
does work: 



P A = — = 0.5W 
10s 



Calculate the rate at which force B 
does work: 



P R = — = 0.6 Wand 
5s 



P > P 

B A 
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Picture the Problem The power delivered by a force is defined as the rate at which the 

dW 

force does work; i.e., P = = F v. 

dt 



(a) If the box moves upward with a 
constant velocity, the net force 
acting it must be zero and the force 
that is doing work on the box is: 



F = mg 



The power input of the force is: 



P = Fv = mgv 



Substitute numerical values and 
evaluate P: 



P = (5kg)(9.81m/s 2 )(2m/s): 



98. 1W 
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(b) Express the work done by the 
force in terms of the rate at which 
energy is delivered: 



W = Pt = (98.1 W) (4 s) = 



392 J 
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Picture the Problem The power delivered by a force is defined as the rate at which the 



force does work; i.e., P = 



dW 
dt 



= Fv. 



(a) Using the definition of power, 
express Fluffy 's speed in terms of the 
rate at which he does work and the 
force he exerts in doing the work: 



v = ■ 



P 6W 



F 3N 



2m/s 



(b) Express the work done by the 
force in terms of the rate at which 
energy is delivered: 



f=Ff = (6W) (4 s) = 



24.0J 
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Picture the Problem We can use Newton's 2 nd law and the definition of acceleration to 
express the velocity of this object as a function of time. The power input of the force 
accelerating the object is defined to be the rate at which it does work; i.e., 
P = dW/dt = F -v. 



(a) Express the velocity of the object 
as a function of its acceleration and 
time: 



v - at 



Apply ^ F = ma to the object: 



a - F/m 



Substitute for a in the expression for 
v: 



F 5N 

v = —t = 1 = 

m 8 kg 



(b) Express the power input as a 
function of F and v and evaluate P: 

(c) Substitute t = 3 s: 



P = Fv = (5N)(fm/s 2 )/ 



3.13?W/s 



P = (3.13W/s)(3s) = 



9.38W 
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Picture the Problem The power delivered by a force is defined as the rate at which the 

dW 

force does work; i.e., P = = F v. 

dt 



(a)ForF= 4Ni +3N& and 
v = 6 m/s i : 



P = Fv =(4Ni+3Nt)-(6m/si) 



= 24.0 W 



(b) Forf = 6 Ni - 5 N / and 
v = - 5 m/s i+4 m/s y : 



P = Fv 

= (6Ni^-5N j)- (-5m/s/+4m/s j) 



= -50.0W 



(c)For F = 3 Ni +6N7 
and v = 2 m/s i + 3 m/s 7 : 



P = F v 
= (3N/+6N j)-(2m/si'+3m/sj) 



= 24.0 W 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find/^ n from the given information thatP out = 0.27 P in . We can express 

P oat as the product of the tension in the cable T and the constant speed v of the 

dumbwaiter. We can apply Newton's 2 nd law to the dumbwaiter to express Tin terms of 
its mass m and the gravitational field g. 



Express the relationship between the 
motor's input and output power: 



^ t =0.27^ n 



or 
P. 



3.7P, 



Express the power required to move 
the dumbwaiter at a constant speed 
v: 

Apply = ma v to the 

dumbwaiter: 

Substitute to obtain: 

Substitute numerical values and 
evaluate P in : 



T - mg = ma 

or, because a v = 0, 
T = mg 

P in = 3.77v = 3.1 mgv 

P m =3.7(35kg)(9.81m/s 2 )(0.35m/s) 



= 445 W 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can express P dias as the product of the drag force F drdg acting on the 
skydiver and her terminal velocity v t . We can apply Newton's 2 nd law to the skydiver to 
express F dmg in terms of her mass m and the gravitational field g. 



(a) Express the power due to drag 
force acting on the skydiver as she 
falls at her terminal velocity v t : 



P =F v 

drag drag t 



or, because F d and v t are antiparallel, 



drag 



"^drag^t 



Apply ^ F y = ma y to the skydiver: 



or, because a y = 0, 
F dra g = m 8 



Substitute to obtain, for the 
magnitude of Pdrag^ 

Substitute numerical values and evaluate P: 



P = 

drag 



mgv l 



(1) 



P = 

1 drag 



w „ 01 , 2x mi lh 1.609km. 
(55kg)(9.81m/s 2 )(120 — x— — x : — ) 

h 3600s mi 



2.89xl0 4 W 



(b) Evaluate equation (1) with v = 15 mi/h: 



P = 

drag 



(55kg)(9.81m/s 2 ) 



15 



mi 



lh 1.609km 



3600 s 



mi 



3.62kW 
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Picture the Problem Because, in the absence of air resistance, the acceleration of the 
cannonball is constant, we can use a constant-acceleration equation to relate its velocity 
to the time it has been in flight. We can apply Newton's 2 nd law to the cannonball to find 

the net force acting on it and then form the dot product of F and v to express the rate at 
which the gravitational field does work on the cannonball. Integrating this expression 
over the time-of-flight T of the ball will yield the desired result. 



Express the velocity of the 
cannonball as a function of time 
while it is in the air: 



v(t) = 0i+(v 0 -gt)j 



Apply = ma to the 

cannonball to express the force 
acting on it while it is in the air: 



F =-mgj 



Evaluate F ■ V : 



F v =-mgj-(v Q -gt)j 



-mgv 0 + mg t 
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Relate F • V to the rate at which 
work is being done on the 
cannonball: 



dW 
dt 



F v = -mgv Q + mg 2 t 



Separate the variables and integrate 
over the time T that the cannonball 
is in the air: 



W 



T 



mgv 0 + mg t 



)dt 



1 2t> 2 rr% 

= \mgT -mgvj 



(1) 



Using a constant-acceleration 
equation, relate the speed v of the 
cannonball when it lands at the 
bottom of the cliff to its initial speed 
v 0 and the height of the cliff H: 

Solve for v to obtain: 



v 2 = Vq + 2aAy 

or, because a - g and Ay = H, 

v 2 =v 2 Q +2gH 



jv 0 2 +2gH 



Using a constant-acceleration 
equation, relate the time-of-flight T 
to the initial and impact speeds of 
the cannonball: 



V = V n 



gT 



Solve for T to obtain: 



Substitute for Tin equation (1) and 
simplify to evaluate W: 



W = \mg 1 



v - 2w„ + v 



mgv 0 



1 2 i 2 

= \mv -jmv 0 = 



AK 
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Picture the Problem If the particle is acted on by a single force, that force is the net 
force acting on the particle and is responsible for its acceleration. The rate at which 
energy is delivered by the force is P = F v. 



Express the rate at which this force 
does work in terms of F and v : 



P = F v 



The velocity of the particle, in terms 
of its acceleration and the time that 
the force has acted is: 



at 
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Using Newton's 2 nd law, substitute 
for a : 



_ F 
v =—t 
m 



Substitute for v in the expression 
for P and simplify to obtain: 



F F F 

P = F—t = 1 



m 



m 



in 



Potential Energy 
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Picture the Problem The change in the gravitational potential energy of the earth-man 
system, near the surface of the earth, is given by AU = mgAh, where Ah is measured 
relative to an arbitrarily chosen reference position. 



Express the change in the man's 
gravitational potential energy in 
terms of his change in elevation: 



Substitute for m, g and Ah and 
evaluate AU: 



AU = mgAh 



AU = (80kg)(9.81m/s 2 )(6m) 



= 4.7 lkJ 
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Picture the Problem The water going over the falls has gravitational potential energy 
relative to the base of the falls. As the water falls, the falling water acquires kinetic 
energy until, at the base of the falls; its energy is entirely kinetic. The rate at which 
energy is delivered to the base of the falls is given by P = dW I dt = -dU I dt. 



Express the rate at which energy is 
being delivered to the base of the 
falls; remembering that half the 
potential energy of the water is 
converted to electric energy: 

Substitute numerical values and 
evaluate P: 



P = 



dW 



dt 



dU 
dt 



d 



dt 



gh 



dm 
dt 



4-(9.81m/s 2 )(-128m) 
x(l.4xl0 6 kg/s) 



= 879 MW 
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Picture the Problem In the absence of 
friction, the sum of the potential and kinetic 
energies of the box remains constant as it 
slides down the incline. We can use the 
conservation of the mechanical energy of 
the system to calculate where the box will 
be and how fast it will be moving at any 
given time. We can also use Newton's 2 nd 
law to show that the acceleration of the box 
is constant and constant-acceleration 
equations to calculate where the box will be 
and how fast it will be moving at any given 
time. 




(a) Express and evaluate the 
gravitational potential energy of the 
box, relative to the ground, at the top 
of the incline: 



Ui = mgh = (2 kg) (9.81 m/s 2 ) (20 m) 



392 J 



(b) Using a constant-acceleration 
equation, relate the displacement of 
the box to its initial speed, 
acceleration and time-of-travel: 



Ax = v Q At + \a(Atf 

or, because v 0 = 0, 
Ax = \a(Atf 



Apply = ma x to the box as it 

slides down the incline and solve for 
its acceleration: 



mg sin 0 = ma =^> a = g sin 6 



Substitute for a and evaluate 
Ax(t = 1 s): 



Ax{ls) = ±(gsm0)(At) 2 

= ^(9.81m/s 2 )(sin30°)(ls) 2 



2.45 m 



Using a constant-acceleration 
equation, relate the speed of the box 
at any time to its initial speed and 
acceleration and solve for its speed 
when t = 1 s: 



v = v 0 + at where v 0 = 0 
and 

v(ls) = a At = (g sin 0)At 

= (9.81m/s 2 )(sin30°)(ls) 



= 4.91m/s 
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(c) Calculate the kinetic energy of 
the box when it has traveled for 1 s: 



K = iffiv 2 = i(2kg)(4.91m/s) 2 



= 24.1J 



Express the potential energy of the 
box after it has traveled for 1 s in 
terms of its initial potential energy 
and its kinetic energy: 

(d) Express the kinetic energy of the 
box at the bottom of the incline in 
terms of its initial potential energy 
and solve for its speed at the bottom 
of the incline: 

Substitute numerical values and 
evaluate v: 



U=U.. -Z = 392J-24.1J 



368J 



K = U i =±mv 2 = 
and 



392 J 



v 



v = 



2U : 



m 



1 2(392 J) 
2kg 



19.8m/s 
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Picture the Problem The potential energy function U (x) is defined by the equation 

X 

U (x) — U (x 0 ) = — J Fdx. We can use the given force function to determine U(x) and then 
the conditions on U to determine the potential functions that satisfy the given conditions. 



(a) Use the definition of the potential 
energy function to find the potential 
energy function associated with F x : 



(b) Use the result obtained in (a) to 
find U (x) that satisfies the condition 
that U(4 m) = 0: 



U{x) = U(x 0 )-]F x dx 

X 

= u{x 0 )-$(6N)dx' 



(6N)(x-x 0 ) 



because U(x 0 ) = 0. 



t/(4m) = -(6N)(4m-Jc 0 ) 
= 0=>x 0 =4m 

and 

[/(jc)=-(6N)(jc-4m) 



24J-(6N)x 
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(c) Use the result obtained in (a) to 
find U that satisfies the condition that 
U(6 m) = 14 J: 



50 m 



[/(6m) = -(6N)(6m-x 0 ) 

= 14J: 

and 

f7(x) = -(6N) 



v 



25 ^ 
x m 

3 J 



50J-(6N)x 



59 • 

Picture the Problem The potential energy of a stretched or compressed ideal spring U s is 
related to its force (stiffness) constant k and stretch or compression Ax by U s = \kx 2 . 



(a) Relate the potential energy stored 
in the spring to the distance it has 
been stretched: 



U=\kx 2 



Solve for x: 



2U C 



Substitute numerical values and 
evaluate x: 



\ 2(50 J) 



10 4 N/m 



0.100 m 



(b) Proceed as in (a) with t/ s = 100 J: 



/ 2(100 J) 
10 4 N/m 



0.141m 
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Picture the Problem In a simple Atwood's machine, the only effect of the pulley is to 
connect the motions of the two objects on either side of it; i.e., it could be replaced by a 
piece of polished pipe. We can relate the kinetic energy of the rising and falling objects to 
the mass of the system and to their common speed and relate their accelerations to the 
sum and difference of their masses . . . leading to simultaneous equations in m\ and m 2 . 



Use the definition of the kinetic 
energy of the system to determine 
the total mass being accelerated: 



K = \(m x +m z )v 2 
and 

2K _ 2(80J) 



(4m/s) 2 



10.0kg (1) 



In Chapter 4, the acceleration of the 
masses was shown to be: 



m 1 +m 2 
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Because v(t) = at, we can eliminate 
a in the previous equation to obtain: 



Solve for m l -m 2 : 



Substitute numerical values and 
evaluate m 1 — m 2 : 



/ \ m, -hi, 
;{t)- 



m 1 + m 2 



gt 



{m x +m 2 )v{t) 



gt 



m x — m 2 



(iok g )(y) 3 

(9.81m/s 2 )(3s) 



Solve equations (1) and (2) 
simultaneously to obtain: 



m, = 



5.68kg 



and m 9 = 



4.32kg 
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Picture the Problem The gravitational potential energy of this system of two objects is the 
sum of their individual potential energies and is dependent on an arbitrary choice of where, 
or under what condition(s), the gravitational potential energy is zero. The best choice is 
one that simplifies the mathematical details of the expression of U. In this problem let's 
choose U = 0 where 9-0. 



(a) Express U for the 2-object system 
as the sum of their gravitational 
potential energies; noting that 
because the object whose mass is m 2 
is above the position we have chosen 
for U = 0, its potential energy is 
positive while that of the object 
whose mass is m\ is negative: 



U(0) = U l+ U 2 

= m 2 gi 2 sin 6 -m x gi x %m0 



(m 2 £ 2 -m x i^)g %\vl6 



(b) Differentiate U with respect tod? 
and set this derivative equal to zero 
to identify extreme values: 



r~ 2 



■m x l^)g cos0 = 0 



dU 
d0 



from which we can conclude that 
cos#= 0 and 6- cos~'0. 



To be physically meaningful, 

-;r/2<#<;z-/2: 



:.0 = ±ir/2 



Express the 2 n derivative of U with 
respect to 9 and evaluate this 
derivative at 6 = ± ?r/2 : 



d 2 U 
d6 2 



-{m 2 i 2 -m x i^jg sin^ 
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If we assume, in the expression for U 
that we derived in (a), that 
m 2 l2 - nii^i >0, then U(0) is a sine 
function and, in the interval of 
interest, - njl < 0 < n/1 , takes on 

its minimum value when 9 - -nil: 



d 2 U 



d6 2 
and 



>0 



-x/2 



Uis a minimum at # = — n/1 



d 2 U 



de 

and 



<0 



t/2 



U is a maximum dX0 = tt/2 



(c) If m,\l\ = m 2 ^2, then 



(m 2 ^ 2 - mi^i) = 0 
and 



U = 0 independently of 6 1 . 



Remarks: An alternative approach to establishing the £/ is a maximum at 

6= 7d2is to plot its graph and note that, in the interval of interest, U is concave 

downward with its maximum value at 6= 7d2. 

Force, Potential Energy, and Equilibrium 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F K = — dU /dx . Consequently, given U as a function of 

x, we can find F x by differentiating U with respect to x. 



(a) Evaluate F = 



dU 
dx 



F, = 



dx 



■A Ax 



(b) Set F x = 0 and solve for x: 



x = 0 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F x = — dU /dx . Consequently, given U as a function of 

x, we can find F x by differentiating U with respect to x. 



dU 

(a) Evaluate F x = : 

dx 



F= — 



d 






C 


dx 


v x j 




2 

X 



(b) Because C > 0: 



F x is positive for x ^ 0 and therefore 
F is directed away from the origin. 
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(c) Because U is inversely 
proportional to x and C > 0: 

(d) With C < 0: 

Because t/ is inversely proportional to 
x and C < 0, U(x) becomes less 
negative as x increases: 



U (x) decreases with increasing x. 

F x is negative for x ^ 0 and therefore 
F is directed toward from the origin. 

U (x) increases with increasing x. 
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Picture the Problem F y is defined to be the negative of the derivative of the potential 
function with respect to y, i.e. F = -dlf/dy . Consequently, we can obtain F y by 

examining the slopes of the graph of U as a function of y. 



The table to the right summarizes 
the information we can obtain from 
Figure 6-40: 



The graph of F as a function of y is 
shown to the right: 





Slope 




Interval 


(N) 


(N) 


A— >B 


-2 


2 




transitional 


-2 -> 1.4 




1.4 


-1.4 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = — dU / dx . Consequently, given F as a function of x, 

we can find U by integrating F x with respect to x. 



Evaluate the integral of F x with 
respect to x: 



U(x) = -j F(x)dx= -j-^jdx 



■ + U n 



where U 0 is a constant determined by 
whatever conditions apply to U. 



406 Chapter 6 



66 



Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is, F x = — dU /dx . Consequently, given U as a function 

of x, we can find F x by differentiating U with respect to x. To determine whether the 
object is in stable or unstable equilibrium at a given point, we'll evaluate d 2 U /dx 2 at 
the point of interest. 



(a) Evaluate F = 



dU 

dx 



F x = ~|-(3* 2 ~ 2x 3 )= | 6x(x~^l) 



(b) We know that, at equilibrium, 
F x = 0: 



When F x =0, 6x(x - 1) = 0. Therefore, the 
object is in equilibrium 
at x = 0andx = lm. 



(c) To decide whether the 


dU 


equilibrium at a particular point is 


dx 


stable or unstable, evaluate the 2 nd 


and 


derivative of the potential energy 


d 2 U 


function at the point of interest: 


dx 2 


d 2 U 


d 2 U 


Evaluate — at x = 0: 


dx 2 


dx 2 




=> 


r , d 2 U 


d 2 U 


Evaluate — at x = 1 m: 


dx 2 


dx 



— {ix 2 -2x 3 )= 6x-6x A 



= 6-12x 



= 6>0 



c=0 



stable equilibrium at x = 0 



6-12<0 



v=l m 



unstable equilibrium at i = lm 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = — dU /dx . Consequently, given U as a function of x, 

we can find F x by differentiating U with respect to x. To determine whether the object is 
in stable or unstable equilibrium at a given point, we'll evaluate d 2 U / dx 2 at the point of 

interest. 
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(a) Evaluate the negative of the 
derivative of U with respect to x: 



(b) The object is in equilibrium 
wherever F net = F x = 0: 



F. =■ 



dU 



dx 
d_ 
dx 



($x 2 -x A )=4x 2 -\6x 



4x(x + 2)(x-2) 



4x{x + 2)(jc - 2) = 0 => the equilibrium 
points are x = -2 m, 0, and 2 m. 



nd 



(c) To decide whether the 
equilibrium at a particular point is 
stable or unstable, evaluate the 2' 
derivative of the potential energy 
function at the point of interest: 



Evaluate 



d 2 U 
dx 2 



■ at x = -2 m: 



d 2 U d 



dx dx 



= — (i6x-4jc 3 ) = 16-12jc 2 



d 2 U 



dx 



-32 <0 



x=— 2 m 



unstable equilibrium 
at x = -2m 



Evaluate 



d 2 U 

dx 2 



-at;t = 0: 



d 2 U 



dx 



= 16>0 



stable equilibrium at x = 0 



Evaluate 



d 2 U 



dx 



-atx = 2 m: 



d 2 U 



dx 



= -32 < 0 



unstable equilibrium 
at x = 2m 



Remarks: You could also decide whether the equilibrium positions are stable or 
unstable by plotting F(x) and examining the curve at the equilibrium positions. 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F x = -dll/dx . Consequently, given F as a function of x, 

we can find U by integrating F x with respect to x. Examination of d 2 U / dx 2 at extreme 

points will determine the nature of the stability at these locations. 
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Determine the equilibrium locations 
by setting F net = Fix) = 0: 



F(x) = x - 4x = x(x 2 - 4) = 0 
.". the positions of stable and unstable 
equilibrium are at 



x = -2,0 and 2 



Evaluate the negative of the integral 
of F{x) with respect to x\ 



Differentiate U(x) twice: 



U{x) = -\F{x) 

= -\(x 3 -4x)dx 



— + 2x 2 +U„ 



where t/ 0 is a constant whose value is 
determined by conditions on U(x). 



dU _ 

dx 
and 

d 2 U 
dx 2 



-x + Ax 



-3x 2 +4 



Evaluate 



d 2 U 
dx 2 



-atx = -2: 



d 2 U 
dx 



= -8<0 



=-2 



the equilibrium is unstable at x = - 2 



Evaluate 



d 2 U 
dx 2 



at x = 0: 



d 2 U 



dx 



4>0 



the equilibrium is stable at x = 0 



Evaluate 



d 2 U 
dx 2 



■atx -2: 



d 2 U 
dx 



= -8<0 



the equilibrium is unstable at x = 2 



Thus U(x) has a local minimum at x = 0 and 
local maxima at x - ±2. 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, i.e. F K = — dU /dx . Consequently, given U as a function of x, 

we can find F x by differentiating U with respect to x. To determine whether the object is 
in stable or unstable equilibrium at a given point, we can examine the graph of U. 
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dU 

(a) Evaluate F x = for x < 3 m: 

dx 



F x =-j-(3x 2 -x 3 ) = 3x{2-x) 



Set F x = 0 to identify those values of 
x for which the 4-kg object is in 
equilibrium: 



When 7^ = 0, 3x(2-x) = 0. 
Therefore, the object is in equilibrium 



at x = 0 and x = 2m. 



dU 

Evaluate F x = for x > 3 m: 

dx 



F x =0 

because U = 0. 



Therefore, the object is in 
neutral equilibrium for x > 3 m. 



(b) A graph of U(x) in the interval 
-1 m < x < 3 m is shown to the 
right: 




0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 



(c) From the graph, U(x) is a 
minimum at x = 0: 



stable equilibrium at x = 0 



From the graph, U(x) is a maximum 
at x = 2 m: 

(d) Relate the kinetic energy of the 
object to its total energy and its 
potential energy: 



unstable equilibrium at x = 2m 



K = \mv 2 =E-U 



Solve for v: 



_ \2{E-U) 



m 



Evaluate U(x = 2 m): 



t/(x = 2m) = 3(2) 2 -(2) 3 = 4J 



Substitute in the equation for v to 
obtain: 



= / 2(12J-4J) _ 

i 4k g 



2.00 m/s 
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Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F x = —dU jdx . Consequently, given F as a function of 

x, we can find U by integrating F x with respect to x. 



(a) Evaluate the negative of the 
integral of F(x) with respect to x: 



U(x) = -\f(x) = -\Ax - 3 dx 
1 A 



2 x 



where U Q is a constant whose value is 
determined by conditions on U(x). 



For x > 0: 



U decreases as x increases 



1 A 

(b) Asx -> oo, --> 0: 

2 x 2 



:. U 0 = 0 
and 



U(x) = 



1 A _ 1 8N-m 

2^~2 x 2 



■N-m 3 



(c) The graph of U(x) is shown to the 
right: 







400 - 
350 - 
300 - 

| 250 

■ 200 - 

150 - 
100 - 
50 - 
0 - 
0 


















1 
















0 0.5 1.0 1 
x <m) 


5 2.0 
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Picture the Problem Let L be the total length of one cable and the zero of gravitational 
potential energy be at the top of the pulleys. We can find the value of y for which the 
potential energy of the system is an extremum by differentiating U(y) with respect to y 
and setting this derivative equal to zero. We can establish that this value corresponds to a 
minimum by evaluating the second derivative of U(y) at the point identified by the first 



derivative. We can apply Newton's 2 
examining the derivatives of U(y). 

(a) Express the potential energy of 
the system as the sum of the 
potential energies of the clock and 
counterweights: 



mi 



law to the clock to confirm the result we obtain by 



u(y) = u dock (y)+u weights (y) 



Substitute to obtain: 



U(y) = 



mgy 



2Mg[L-yly 2 + d : 



(b) Differentiate U(y) with respect 
to y: 



Solve for y' to obtain: 



Find 



d 2 u(y) 
dy 2 " 



d 2 U(y) 

Evaluate ^aty = y : 

dy 2 



(c) The FBD for the clock is shown to 
the right: 



A PPly X F y = 0 to the clock: 



dU(y) 
dy 



d_ 
dy 
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mgy + 2Mg(L-jy 2 +d 2 ) 



or 



mg - 2Mg 



y 



y 



Jy 2 + d' 



mg - 2Mg ; = 0 for extrema 



y' = d, 



4y' 2 +d 



I m 
4M 2 -m 2 



cTU(y)__ _J_ 
dy 



IMgd 2 



(y 2 + d 2 ) 



3/2 



d 2 u(y) 



dy 2 



IMgd' 



IMgd 



( 2 

m 

9 7 + 1 

v 4M 2 -m 2 



\3/2 



>0 

and the potential energy is a minimum at 

y- 



m 

~ 2 2 



AM - m 




2Mg sin 6 - mg = 0 
and 

m 



sin 6 1 = 



2M 
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Express sin 6 in terms of y and d: 



y 



Substitute to obtain: 



m y 



2M 



which is equivalent to the first equation in 
part (b). 



This is a point of stable equilibrium. Ifthe clock is displaced downward, 6 
increases, leading to a larger upward force on the clock. Similarly, if the 
clock is displaced upward, the net force from the cables decreases. 
Because of this, the clock will be pulled back toward the equilibrium 
point if it is displaced away from it. 

Remarks: Because we've shown that the potential energy of the system is a 
minimum aty =y '(i.e., U(y) is concave upward at that point), we can conclude that 
this point is one of stable equilibrium. 

General Problems 
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Picture the Problem 25 percent of the electrical energy generated is to be diverted to do 
the work required to change the potential energy of the American people. We can 
calculate the height to which they can be lifted by equating the change in potential energy 
to the available energy. 

Express the change in potential At/ = Nmgh 

energy of the population of the 
United States in this process: 

Letting E represent the total energy Nmgh = 0.25E 

generated in February 2002, relate 
the change in potential to the energy 
available to operate the elevator: 



Solve for h: 



Q.25E 



h = 



Nmg 
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Substitute numerical values and 
evaluate h: 



(o^o^xio'kw-h)^ 8 

(287xl0 6 )(60kg)(9.81m/s 2 ) 



= 323km 
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Picture the Problem We can use the definition of the work done in changing the 
potential energy of a system and the definition of power to solve this problem. 



(a) Find the work done by the crane 
in changing the potential energy of 
its load: 



W = mgh 

= (6xl0 6 kg) (9.81 m/s 2 ) (12 m) 



= 706 MJ 



(b) Use the definition of power to 
find the power developed by the 



crane: 
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P = 



dW 706 MJ 



dt 



60s 



11.8 MW 



Picture the Problem The power P of the engine needed to operate this ski lift is related 
to the rate at which it changes the potential energy U of the cargo of the gondolas 
according to P = AU/At. Because as many empty gondolas are descending as are 
ascending, we do not need to know their mass. 



Express the rate at which work is 
done as the cars are lifted: 



P = 



AU 
At 



Letting N represent the number of 
gondola cars and M the mass of 
each, express the change in U as 
they are lifted a vertical 
displacement Ah: 



AU= NMgAh 



Substitute to obtain: 



AU _ NMgAh 
At At 



Relate Ah to the angle of ascent 9 
and the length L of the ski lift: 



Ah = Lsind 



Substitute for Ah in the expression 
forP: 



NM gL sin 0 
At 
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Substitute numerical values and evaluate P: 

_ 12(550 kg)(9.81m/s 2 )(5.6km)sin30 c 



(60min)(60s/min) 



50.4kW 
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Picture the Problem The application of 
Newton's 2 nd law to the forces shown in 
the free-body diagram will allow us to 
relate R to T. The unknown mass and 
speed of the object can be eliminated by 
introducing its kinetic energy. 

Apply > 

^radial = mfl radial the ° b j eCt 

and solve for R: 

Express the kinetic energy of the 
object: 

Eliminate mv 2 between the two 
equations to obtain: 

Substitute numerical values and 
evaluate R: 




360 N 
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Picture the Problem We can solve this problem by equating the expression for the 
gravitational potential energy of the elevated car and its kinetic energy when it hits the 
ground. 

Express the gravitational potential ^ = m 8^ 

energy of the car when it is at a 
distance h above the ground: 

Express the kinetic energy of the car K = \ mv 2 

when it is about to hit the ground: 

Equate these two expressions 
(because at impact, all the potential 
energy has been converted to kinetic 
energy) and solve for h: 



2g 
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Substitute numerical values and 
evaluate h: 



[(l00km/h)(lh/3600s)] : 
2(9.8 lm/s 2 J 



39.3m 
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Picture the Problem The free-body 
diagram shows the forces acting on one of 
the strings at the bridge. The force whose 
magnitude is F is one-fourth of the force 
(103 N) the bridge exerts on the strings. 
We can apply the condition for equilibrium 
in the y direction to find the tension in each 
string. Repeating this procedure at the site 
of the plucking will yield the restoring 
force acting on the string. We can find the 
work done on the string as it returns to 
equilibrium from the product of the 
average force acting on it and its 
displacement. 




1 —x 



(a) Noting that, due to symmetry, 
T = T, apply =0 to the string 

at the point of contact with the 
bridge: 

Solve for and evaluate T: 



F-2T sinl8° = 0 



(103 N) 



2sinl8° 2sinl8 c 



41.7N 



(b) A free-body diagram showing 
the forces restoring the string to its 
equilibrium position just after it has 
been plucked is shown to the right: 

Express the net force acting on the 
string immediately after it is 
released: 




F net =2rcos£ 



Use trigonometry to find 9. 



6 = tan 



^16. 3cm 10mm^ 



v 4mm cm j 



= 88.6° 



Substitute and evaluate F„, 



F net =2(34.4N)cos88.6° = 



1.68 N 



416 Chapter 6 



(c) Express the work done on the 
string in displacing it a distance dx': 



dW = Fdx' 



If we pull the string out a distance 
x', the magnitude of the force 
pulling it down is approximately: 



F = (2T) 



AT 



L/2 L 



Substitute to obtain: 



AT 

dW = — x'dx' 
L 



Integrate to obtain: 



Substitute numerical values to obtain: 



w AT \ 2T 2 

W = — xdx = — x 
L J L 

where x is the final displacement of the 
string. 

2(41.7 N) /. 1A _ 3 \2 

W = — ^ r^— 4x10 m 

32.6xl0~ 2 m v ' 



= 4.09 mJ 



78 » 

Picture the Problem F x is defined to be the negative of the derivative of the potential 
function with respect to x, that is F x = —dU / dx . Consequently, given F as a function of 

x, we can find U by integrating F x with respect to x. 



Evaluate the integral of F x with 
respect to x: 



U (x) = -J F(x) dx = -| (- ax 2 jdx 



-^ax 3 + U 0 



Apply the condition that U(0) -Oto 
determine Uq: 



U(0) = 0+[/ 0 = 0^[/ 0 = 0 
:.U{x): 



■^ax 3 



The graph of U(x) is shown to the right: 
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Picture the Problem We can use the definition of work to obtain an expression for the 
position-dependent force acting on the cart. The work done on the cart can be calculated 
from its change in kinetic energy. 



(a) Express the force acting on the 
cart in terms of the work done on it: 



F( X ): 



dW 

dx 



Because U is constant: 



F(,) = f(imv 2 ) = f [±m(Cxf 
dx dx 



mC x 



(b) The work done by this force 
changes the kinetic energy of the 
cart: 



W =AK 



_ i 



mv, 



= \mv\ 



-0: 



-m 



(CxJ 



1 /~>2 2 

\mL x 1 
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Picture the Problem The work done by F depends on whether it causes a displacement 
in the direction it acts. 



(a) Because F is along *-axis and 
the displacement is along v-axis: 



(b) Calculate the work done by 
F during the displacement from 
x = 2 m to 5 m: 



W = \F ds = 



0 



W = jPds= \{2Wm 2 )x 2 dx 

2 m 

2 ~|5m 

= (2N/m 2 ) — 



78.0J 



- 2 m 
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Picture the Problem The velocity and acceleration of the particle can be found by 
differentiation. The power delivered to the particle can be expressed as the product of its 
velocity and the net force acting on it, and the work done by the force and can be found 
from the change in kinetic energy this work causes. 

In the following, if t is in seconds and m is in kilograms, then v is in m/s, a is in m/s 2 , P is 
in W, and W is in J. 
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(a) The velocity of the particle is 
given by: 

The acceleration of the particle is 
given by: 



dt dt 



a 



(6t 2 -St) 



= ^ = ±( 6 t 2 -St) 
dt dt 

= (l2f-8) 



(b) Express and evaluate the rate at P = Fv = mav 

which energy is delivered to this = m(l It - 8)(6f 2 - St) 

particle as it accelerates: 



Smt(9t 2 -\St + S) 



(c) Because the particle is moving in W = AK = K X —K Q 

such a way that its potential energy _ j_ m ^ 2 _ ( v (o)) 
is not changing, the work done by 

the force acting on the particle ~~ 2 

equals the change in its kinetic = 2mt 2 (3t l — 4) 
energy: 

Remarks: We could also find W by integrating P(t) with respect to time. 



m [(6? 2 -8?,)] 2 -0 
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Picture the Problem We can calculate the work done by the given force from its 
definition. The power can be determined from P = F v and v from the change in kinetic 
energy of the particle produced by the work done on it. 



(a) Calculate the work done from its 
definition: 



W 



3m 

= \P-ds= \(6 + 4x-3x 2 ) 



dx 



6x + 



4x z 3x 3 



i3m 



9.00J 



(b) Express the power delivered to P = F v = F K=im v 

the particle in terms of F x=3 m and its 

velocity: 

Relate the work done on the particle W = AK = K Fnrdi =\mv 2 since v 0 = 0 

to its kinetic energy and solve for its 

velocity: 
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Solve for and evaluate v: 



\ 2K 
m 



@9J) 
3 kg 



2.45 m/s 



Evaluate F, 



= 3 r 



Substitute for F x=i m and v: 



^- 3m =6 + 4(3)-3(3) 2 =-9N 
p = (-9N)(2.45m/s): 



22.1W 
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Picture the Problem We'll assume that the firing height is negligible and that the bullet 

lands at the same elevation from which it was fired. We can use the equation 

R = (yl /g)sin 20 to find the range of the bullet and constant-acceleration equations to 

find its maximum height. The bullet's initial speed can be determined from its initial 
kinetic energy. 



Express the range of the bullet as a 
function of its firing speed and angle 
of firing: 



R = ^sm20 



Rewrite the range equation using the 
trigonometric identity 
sin26?= 2sin6?cosft 



Vq sin 20 2vq sin 0 cos 0 

A = = 

g g 



Express the position coordinates of 
the projectile along its flight path in 
terms of the parameter t: 



x = (v 0 cos 6)t 
and 

y = (v Q sm6)t-±gt 2 



Eliminate the parameter t and make 
use of the fact that the maximum 
height occurs when the projectile is 
at half the range to obtain: 

Equate R and h and solve the 
resulting equation for &. 

Relate the bullet' s kinetic energy to 
its mass and speed and solve for the 
square of its speed: 

Substitute for Vq and 9 and evaluate 
R: 



_ (v 0 sin df 
2g 



tan 0 = 4 => 0 = tan 1 4 = 76.0° 



K = \mvl andv,, = 



2K 



in 



R = 



2(1200J) 
(0.02kg)(9.81m/s 2 ) 



sin2(76°) 



5.74km 
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Picture the Problem The work done on the particle is the area under the force- versus- 
displacement curve. Note that for negative displacements, F is positive, so Wis negative 
for x < 0. 



(a) Use either the formulas for the 
areas of simple geometric figures or 
counting squares and multiplying by 
the work represented by one square 
to complete the table to the right: 



(b) Choosing U(0) = 0, and using 
the definition of At/ = -W, complete 
the third column of the table to the 
right: 



X 


W 




(m) 


(J) 




-4 


-11 




-3 


-10 




-2 


-7 




-1 


-3 




0 


0 




1 


1 




2 


0 




3 


-2 




4 


-3 










X 


W 


AU 


(m) 


(J) 


(J) 


-4 


-11 


11 


-3 


-10 


10 


-2 


-7 


7 


-1 


-3 


3 


0 


0 


0 


1 


1 


-1 


2 


0 


0 


3 


-2 


2 


4 


-3 


3 



The graph of U as a function of x is 
shown to the right: 




x (m) 
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Picture the Problem The work done on the particle is the area under the force- versus- 
displacement curve. Note that for negative displacements, F is negative, so Wis positive 
for x < 0. 



(a) Use either the formulas for the 
areas of simple geometric figures or 
counting squares and multiplying by 
the work represented by one square 
to complete the table to the right: 



(b) Choosing U(0) = 0, and using 
the definition of At/ = -W, complete 
the third column of the table to the 
right: 



X 


W 




(m) 


(J) 




-4 


6 




-3 


4 




-2 


2 




-1 


0.5 




0 


0 




1 


0.5 




2 


1.5 




3 


2.5 




4 


3 










X 


W 


AU 


(m) 


(J) 


(J) 


-4 


6 


-6 


-3 


4 


-4 


-2 


2 


-2 


-1 


0.5 


-0.5 


0 


0 


0 


1 


0.5 


-0.5 


2 


1.5 


-1.5 


3 


2.5 


-2.5 


4 


3 


-3 



The graph of U as a function of x is 
shown to the right: 
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Picture the Problem The pictorial 
representation shows the box at its initial 
position 0 at the bottom of the inclined 
plane and later at position 1. We'll assume 
that the block is at position 0. Because the 
surface is frictionless, the work done by the 
tension will change both the potential and 
kinetic energy of the block. We'll use 
Newton' s 2 nd law to find the acceleration of 
the block up the incline and a constant- 
acceleration equation to express v in terms 
of T, x, M, and 9. Finally, we can express 
the power produced by the tension in terms 
of the tension and the speed of the box. 




(a) Use the definition of work to 
express the work the tension T does 
moving the box a distance x up the 
incline: 



W= Tx 



(b) Apply ^F x =Ma x to the box: 



Solve for a x : 



T-Mg$mO = Ma x 
T-Mg sin0 T 



a 



M 



M 



gs'mO 



Using a constant- acceleration 
equation, express the speed of the 
box in terms of its acceleration and 
the distance x it has moved up the 
incline: 



v = v 0 + 2a x x 
or, because v 0 = 0, 
v = ^jla x x 



Substitute for a x to obtain: 






f j > 




v = 




2 


g sin 6 


X 




11 









(c) The power produced by the 
tension in the string is given by: 



P = Tv = 







f f \ 






2 


g sin 0 


X 






K M j 
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Picture the Problem We can use the definition of the magnitude of vector to show that 
the magnitude of F is F 0 and the definition of the scalar product to show that its direction 
is perpendicular to f . The work done as the particle moves in a circular path can be found 
from its definition. 



(a) Express the magnitude of F 



Because r = ^jx 2 + y 2 : 





y 


2 

+ 


f 




\ 

X 




j 






r 


J 



x 2 +y 2 



F 

,2 , ,.2 1 0 



- — >/*' \ = — r = 



Form the scalar product of F and f : 



F r = 



fl7\ 
0 



V r J 
(F \ 
\r J 



yi-xj)-[xi+yjj 

{xy-xy) = 0 



Because F ■ f = 0, F _L f 



(b) Because F _I_F , F is tangential 
to the circle and constant. At (5 m, 
0), F points in the — j direction. If 
ds is in the — j direction, dW > 0. 
The work it does in one revolution is: 



W = F 0 (2nr) = 2n(5m)F Q 
= (lO;rm)F 0 if the rotation 
is clockwise 

and 

W = {-10nm)F 0 if the rotation is 
counterclockwise. 



W = (10;rm)F 0 if the rotation is clockwise, -(10;r m)F 0 if the rotation is 
counterclockwise. Because W ^ 0 for a complete circuit, F is not conservative. 



Picture the Problem We can substitute for r and xi + yj in F to show that the 
magnitude of the force varies as the inverse of the square of the distance to the origin, and 
that its direction is opposite to the radius vector. We can find the work done by this force 
by evaluating the integral of F with respect to x from an initial position i = 2m,p0m 
to a final position j = 5mj = 0m. Finally, we can apply Newton's 2 nd law to the particle 
to relate its speed to its radius, mass, and the constant b. 
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(a) Substitute for r and 
xi + y jinFto obtain: 



Simplify to obtain: 



I 2 , 2W2 
[x + y ) 



x 2 + y 2 r 



where f is a unit vector pointing from the 
origin toward the point of application of 



i.e., the magnitude of the force varies as the 
inverse of the square of the distance to the 
origin, and its direction is antiparallel 

(opposite) to the radius vector r = xi + yj. 



(b) Find the work done by this force 
by evaluating the integral of F with 
respect to x from an initial position 
x = 2 m, y = 0 m to a final position 
x = 5 m, y = 0 m: 



7 b 
W=-\ -^dx'=b 



2m 



= 3N-m' 



1 1 > 










-0.900 J 


v 5 m 2m j 







(c) 



No work is done as the force is perpendicular to the velocity. 



(d) Because the particle is moving in 
a circle, the force on the particle 
must be supplying the centripetal 
acceleration keeping it moving in 

the circle. Apply ^ F r = ma c to 
the particle: 

Solve for v: 



m 



v 




Substitute numerical values and 
evaluate v: 



v = . 



) 3N-m 2 
(2kg)(7m) 



0.463 m/s 
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Picture the Problem A spreadsheet program to calculate the potential is shown below. 
The constants used in the potential function and the formula used to calculate the "6-12" 
potential are as follows: 



Cell 


Content/Formula 


Algebraic Form 


B2 


1.09x10 7 


a 


B3 


6.84xl0~ 5 


b 
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D8 


$B$2/C8 A 12-$B$3/C8 A 6 


a b 

12 6 

r r 


C9 


C8+0.1 


r + Ar 



(a) 





A 


B 




1 










2 


a - 


1.09E-07 






3 


b = 


6.84E-05 






4 










5 










6 










7 






r 


U 


8 






3.00E-01 


1.11E-01 


9 






3.10E-01 


6.13E-02 


10 






3.20E-01 


3.08E-02 


11 






3.30E-01 


1.24E-02 


12 






3.40E-01 


1.40E-03 


13 






3.50E-01 


-4.95E-03 












45 






6.70E-01 


-7.43E-04 


46 






6.80E-01 


-6.81E-04 


47 






6.90E-01 


-6.24E-04 


48 






7.00E-01 


-5.74E-04 



The graph shown below was generated from the data in the table shown above. Because 
the force between the atomic nuclei is given by F = -(dU/dr) , we can conclude that the 
shape of the potential energy function supports Feynman's claim. 



"6-12" Potential 



c: o.06 

^ 0.04 
0.02 
0.00 




































































































r (nm) 



(b) The minimum value is about -0.0107 eV, occurring at a separation of approximately 
0.380 nm. Because the function is concave upward (a potential "well") at this separation, 



426 Chapter 6 



this separation is one of stable equilibrium, although very shallow. 

dU d 



(c) Relate the force of attraction 
between two argon atoms to the 
slope of the potential energy 
function: 



F = 



dr dr 
12a 6b 



a 

12 



Substitute numerical values and evaluate F(5 A): 
F 



12(l.09xl0" 7 ) 6(6.84xl0" 5 ) , 1D 1A _ 2 eV 1.6xlO" 19 J lnm 
- — i '- i ^ = -4.18x10 x ^ 



(0.5 nmf (0.5 nm) 7 



nm 



eV 



10 9 m 



-6.69xl0 12 N 



where the minus sign means that the force is attractive. 
Substitute numerical values and evaluate F(3.5 A): 

„ 12(l.09xl0" 7 ) 6(6.84xl0~ 5 ) . inl eV 1.6xlO" 19 J lnm 
& = — i '- i z - 4.68x10 x v 



(0.35 nm) 13 (0.35nm) 7 



nm 



eV 



10 9 m 



7.49xlO n N 



where the plus sign means that the force is repulsive. 
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Picture the Problem A spreadsheet program to plot the Yukawa potential is shown 
below. The constants used in the potential function and the formula used to calculate the 
Yukawa potential are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


4 


u Q 


B2 


2.5 


a 


D8 


-$B $ 1 *($B $2/C9)*EXP(-C9/$B $2) 


-U 0 - e- rla 
\rj 


C10 


C9+0.1 


r + Ar 



(a) 





A 


B 


C 


D 


1 


uo= 


4 


P J 




2 


a= 


2.5 


fm 




3 




















7 










8 






r 


U 


9 






0.5 


-16.37 


10 






0.6 


-13.11 
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11 






0.7 


-10.80 


12 






0.8 


-9.08 


13 






0.9 


-7.75 


1 A 

14 






1 


-6.70 


















6 


-0.15 


CD 






1 

6.1 


-0.14 


66 






6.2 


A 1 A 
— U.14 


67 






6.3 


-0.13 


68 






6.4 


-0.12 


69 






6.5 


-0.11 






6.6 


-0.11 



U as a function of r is shown below. 



:: 

-6 




















i ^ 


1 


> ( 
































e? -8 - 
















b -10 
















-12 - 


















-14 


















-16 




































_1 0 - 
















r (fm) 



(b) Relate the force between the 
nucleons to the slope of the potential 
energy function: 



F(r) = 



dU(r) 



dr 



d_ 
dr 



■U, 



\' J 



-rja 



-U 0 e 



-r I a 



a n 

— +- 

yr r ) 



(c) Evaluate F(2a): 



F(2a) = -U Q e- 2a,a 



a 1 

- + ■ 



= ~U 0 e- 



v 

f 3 > 



(2a) 2 2a 



yAaj 
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Evaluate F(a): 



F{a) = -U Q e 



-a I a 



a 1 
■ + — 



{of a 



-U 0 e- 



- + - 
\a a J 



= -U 0 e- 



Express the ratio F{2a)IF(a): 



F(2a) 
F{a) 



■U 0 e 



-2 



( 1 \ 



\4aj_ 



■U 0 e- 



—e 
8 



0.138 



(d) Evaluate F(5a): 



Express the ratio F(5a)/F(a): 



F(5a) = -U Q e- 5a,a 



a 1 

- + - 



v 

f ^ \ 



(5a) 2 5a 



-U 0 e- 



F(5a) _ 
F(a) ~ 



-U 0 e 



\25a j 

f 6 ' 



-5 



\25a j _ 



-4 



-U 0 e 



( 2 ) 
[a) 



25 



2.20x10 



-3 



Chapter 7 

Conservation of Energy 



Conceptual Problems 
*i * 

Determine the Concept Because the peg is frictionless, mechanical energy is conserved 
as this system evolves from one state to another. The system moves and so we know that 



AK > 0. Because AK + AU = constant, AU < 0. (a) is correct. 



2 

Determine the Concept Choose the zero of gravitational potential energy to be at ground 
level. The two stones have the same initial energy because they are thrown from the same 
height with the same initial speeds. Therefore, they will have the same total energy at all 
times during their fall. When they strike the ground, their gravitational potential energies 
will be zero and their kinetic energies will be equal. Thus, their speeds at impact will be 
equal. The stone that is thrown at an angle of 30° above the horizontal has a longer flight 
time due to its initial upward velocity and so they do not strike the ground at the same 



time. 



(c) is correct. 



3 • 

(a) False. Forces that are external to a system can do work on the system to change its 
energy. 

(b) False. In order for some object to do work, it must exert a force over some distance. 
The chemical energy stored in the muscles of your legs allows your muscles to do the 
work that launches you into the air. 

4 

Determine the Concept Your kinetic energy increases at the expense of chemical 
energy. 

*5 • 

Determine the Concept As she starts pedaling, chemical energy inside her body is 
converted into kinetic energy as the bike picks up speed. As she rides it up the hill, 
chemical energy is converted into gravitational potential and thermal energy. While 
freewheeling down the hill, potential energy is converted to kinetic energy, and while 
braking to a stop, kinetic energy is converted into thermal energy (a more random form of 
kinetic energy) by the frictional forces acting on the bike. 

*6 • 

Determine the Concept If we define the system to include the falling body and the earth, 
then no work is done by an external agent and AK + AU g + A£ t h er m= 0. Solving for the 
change in the gravitational potential energy we find AU„- -(AK + friction energy). 
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(b) is correct. 



Picture the Problem Because the constant friction force is responsible for a constant 
acceleration, we can apply the constant-acceleration equations to the analysis of these 
statements. We can also apply the work-energy theorem with friction to obtain 
expressions for the kinetic energy of the car and the rate at which it is changing. Choose 
the system to include the earth and car and assume that the car is moving on a horizontal 
surface so that AU = 0. 



(a) A constant frictional force 
causes a constant acceleration. The 
stopping distance of the car is 
related to its speed before the brakes 
were applied through a constant- 
acceleration equation. 



v = v 0 + 2aAs where v = 0. 

— v 2 

.". As = — - where a < 0. 
2a 

2 

Thus, As cc v 0 and statement (a) is false. 



(b) Apply the work-energy theorem 
with friction to obtain: 



AK = -W { = -ju k mgAs 



Express the rate at which K is 
dissipated: 



AK As 
— = ~M k mg — 
At At 



AK 

Thus, oc v and therefore not constant. 

At 

Statement (b) is false. 



(c) In part (b) we saw that: 



Kx As 



Because As oc At: 



K oc At and statement (c) is false. 



Because none of the above are correct: 



(d) is correct. 



8 

Picture the Problem We'll let the zero of potential energy be at the bottom of each ramp 
and the mass of the block be m. We can use conservation of energy to predict the speed 
of the block at the foot of each ramp. We'll consider the distance the block travels on 
each ramp, as well as its speed at the foot of the ramp, in deciding its descent times. 



Use conservation of energy to find 
the speed of the blocks at the bottom 
of each ramp: 



AK + AU = 0 
or 

* bot -*top + £A,ot-£Aop=o 
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Because K top = U hot = 0: K bot - [/ = 0 

Substitute to obtain: \ m v\ — mgH = 0 

Solve for v bot : y ^ _ ^2gH independently of the shape of 

the ramp. 

Because the block sliding down the circular arc travels a greater distance (an arc length is 
greater than the length of the chord it defines) but arrives at the bottom of the ramp with 
the same speed that it had at the bottom of the inclined plane, it will require more time to 

arrive at the bottom of the arc. (b) is correct. 



Determine the Concept No. From the work-kinetic energy theorem, no total work is 
being done on the rock, as its kinetic energy is constant. However, the rod must exert a 
tangential force on the rock to keep the speed constant. The effect of this force is to 
cancel the component of the force of gravity that is tangential to the trajectory of the 
rock. 

Estimation and Approximation 

*io 

Picture the Problem We'll use the data for the "typical male" described above and 
assume that he spends 8 hours per day sleeping, 2 hours walking, 8 hours sitting, 1 hour 
in aerobic exercise, and 5 hours doing moderate physical activity. We can approximate 
his energy utilization using E activity = AP activity A? activity , where A is the surface area of his 

body, ^activity is the rate of energy consumption in a given activity, and Af activ [ ty is the time 
spent in the given activity. His total energy consumption will be the sum of the five terms 
corresponding to his daily activities. 



(a) Express the energy consumption 
of the hypothetical male: 



E = E +E +E 

sleeping walking sitting 

+ E + E 

mod. act. aerobic act. 



Evaluate keeping 



Evaluate £„ a ikin g : 



^"sleeping ^^sleeping^^sleeping 



= (2m 2 )(40W/m 2 )(8h)(3600s/h) 
= 2.30xl0 6 J 



^"walking ^^walking^^walking 



= (2m 2 )(l60W/m 2 )(2h)(3600s/h) 
= 2.30xl0 6 J 



Evaluate E^n 



E — AP At 

sitting sitting sitting 



= (2m 2 )(60W/m 2 )(8h)(3600s/h) 
= 3.46xl0 6 J 
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Evaluate E„ 



Evaluate E aembic t 



^mod. act. ^^mod. act.^^mod. act. 



= (2m 2 )(l75W/m 2 )(5h)(3600s/h) 
= 6.30xl0 6 J 



aerobic act. — -^aerobic aet^aer obic act. 



= (2m 2 )(300W/m 2 )(lh)(3600s/h) 
= 2.16xl0 6 J 



Substitute to obtain: 



E = 2.30 xlO J + 2.30 xlO J + 3.46 x 10 6 J 
+ 6.30xl0 6 J + 2.16xl0 6 J 



= 16.5xl0 6 J 



Express the average metabolic rate 
represented by this energy 
consumption: 



(b) Express his average energy 
consumption in terms of kcal/day: 



16.5xl0 6 J 



191W 



av At (24h)(3600s/h) 
or about twice that of a 100 W light bulb. 



16.5xlQ 6 J/day 
4190J/kcal 



3940kcal/day 



3940 kcal 

(c) = 22.5kcal/lb is higher than the estimate given in the statement of the 

1751b 

problem. However, by adjusting the day's activities, the metabolic rate can vary by more 
than a factor of 2. 



11 • 

Picture the Problem The rate at which you expend energy, i.e., do work, is defined as 
power and is the ratio of the work done to the time required to do the work. 



Relate the rate at which you can 
expend energy to the work done in 
running up the four flights of stairs 
and solve for your running time: 



n AW AW 

P = => At = 

At P 



Express the work done in climbing 
the stairs: 



AW = mgh 



Substitute for AW to obtain: 



At = 



mgh 
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Assuming that your weight is 600 
N, evaluate At: 



At 



(600N)(4x3.5m) 



250W 



33.6s 



12 • 

Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein's equation E 0 = mc 2 . 



(a) Relate the rest mass consumed to 
the energy produced and solve for 
and evaluate m: 



E 0 = mc 



m = 



> m 
1J 



(1) 



(2.998 xlO 8 m/s) 2 



l.llxl(T 17 kg 



(b) Express the energy required as a 
function of the power of the light 
bulb and evaluate E: 



Substitute in equation (1) to obtain: 



E = 3Pt 
= 3(100 W)(l0y) 



( 365.24d^ 


( 24h l 


f3600s^ 


I y J 


I d J 


I h J 



m 



= 9.47xl0 10 J 

9.47x10'° J 
(2.998 xlO 8 m/s) 2 



1.05//g 



*13 • 

Picture the Problem There are about 3xl0 8 people in the United States. On the 
assumption that the average family has 4 people in it and that they own two cars, we have 
a total of 1.5x10 s automobiles on the road (excluding those used for industry). We'll 
assume that each car uses about 15 gal of fuel per week. 

Calculate, based on the assumptions identified above, the total annual consumption of 
energy derived from gasoline: 



(l.5xl0 8 auto) 



15- 



gal 



auto • week 



^2 weeks 



y J 



2.6x10 



8 J 



gal 



3.04xlO I9 J/y 



Express this rate of energy use as a 
fractioi 
the US 



fraction of the total annual energy use by 



3.04xlQ 19 J/y ^ 
5xl0 20 J/y 



6% 



Remarks: This is an average power expenditure of roughly 9xlO u watt, and a total 
cost (assuming $1.15 per gallon) of about 140 billion dollars per year. 

14 • 

Picture the Problem The energy consumption of the U.S. works out to an average power 
consumption of about 1.6xl0 13 watt. The solar constant is roug hly 10 3 W/m 2 (reaching 
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the ground), or about 120 W/m 2 of useful power with a 12% conversion efficiency. 
Letting P represent the daily rate of energy consumption, we can relate the power 
available at the surface of the earth to the required area of the solar panels using P = IA. 

Relate the required area to the P = IA 

electrical energy to be generated by where / is the solar intensity that reaches the 

the solar panels: surface of the Earth. 

Solve for and evaluate A: p 2(1 6 x 10 13 w) 

~ / ~ 120W/m 2 

= 2.67xlO n m 2 

where the factor of 2 comes from the fact that 
the sun is only up for roughly half the day. 

Find the side of a square with this _ U ~ 10 11 m 2 - 

area: * 



516km 



Remarks: A more realistic estimate that would include the variation of sunlight over 
the day and account for latitude and weather variations might very well increase the 
area required by an order of magnitude. 

15 • 

Picture the Problem We can relate the energy available from the water in terms of its 
mass, the vertical distance it has fallen, and the efficiency of the process. Differentiation 
of this expression with respect to time will yield the rate at which water must pass 
through its turbines to generate Hoover Dam' s annual energy output. 

Assuming a total efficiency 77, use E = rjmgh 

the expression for the gravitational 

potential energy near the earth's 

surface to express the energy 

available from the water when it has 

fallen a distance h: 

Differentiate this expression with J r -, dm dV 

respect to time to obtain: P = J f \n m 8 h \ = ^ h ~ d J = ^ h ~^ 

Solve for dVldt: dV P 



dt rjpgh 

Using its definition, relate the dam's AE 
annual power output to the energy ^ ~~ ^ 

produced: 

Substitute numerical values to a v 1 ft 9 VW . h 

obtain- P = 7 v S = 4 - 57 x 108 W 

(365.24d)(24h/d) 



Conservation of Energy 443 



Substitute in equation (1) and 
evaluate dVldt: 



dV _ 4.57 x 10 s W 

~dt~ 0.2(lkg/L)(9.81m/s 2 )(211m) 



= 1.10xl0°L/s 



The Conservation of Mechanical Energy 
16 • 

Picture the Problem The work done in compressing the spring is stored in the spring as 
potential energy. When the block is released, the energy stored in the spring is 
transformed into the kinetic energy of the block. Equating these energies will give us a 
relationship between the compressions of the spring and the speeds of the blocks. 



Let the numeral 1 refer to the first 
case and the numeral 2 to the second 
case. Relate the compression of the 
spring in the second case to its 
potential energy, which equals its 
initial kinetic energy when released: 



2 ^2 ~ 2 m 2 V 2 



= i(4m 1 )(3v 1 ) 2 
= lSm l vf 



Relate the compression of the spring 
in the first case to its potential 
energy, which equals its initial 
kinetic energy when released: 



2 ^1 

or 



2 I 2 



Substitute to obtain: 



2 A "*2 



18fcc, 2 



Solve for x 2 : 



6x, 



17 • 

Picture the Problem Choose the zero of gravitational potential energy to be at the foot of 
the hill. Then the kinetic energy of the woman on her bicycle at the foot of the hill is equal 
to her gravitational potential energy when she has reached her highest point on the hill. 



Equate the kinetic energy of the 
rider at the foot of the incline and 
her gravitational potential energy 
when she has reached her highest 
point on the hill and solve for h: 



\mv 2 = mgh => h = 



2g 



Relate her displacement along the 



d - hlsinO 
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incline d to h and the angle of the 
incline: 



Substitute for h to obtain: , . „ v 2 



2g 



Solve for d: v 2 

a = 



2g sin 6 



Substitute numerical values and 
evaluate d: 



(lOm/s) 2 

d = -t— * r4 = 97.4m 

2(9.81m/s 2 )sin3° 



and (c) is correct. 



*18 • 

Picture the Problem The diagram shows 
the pendulum bob in its initial position. Let 
the zero of gravitational potential energy be 
at the low point of the pendulum's swing, 
the equilibrium position. We can find the 
speed of the bob at it passes through the 
equilibrium position by equating its initial 
potential energy to its kinetic energy as it 
passes through its lowest point. 

Equate the initial gravitational 
potential energy and the kinetic 
energy of the bob as it passes 
through its lowest point and solve 
for v: 




mgAh = j mv 2 
and 

v = j2gAh 



Express Ah in terms of the length L ^, _ L 

of the pendulum: 4 



Substitute and simplify: 

v = 





[gL 




2 



19 • 

Picture the Problem Choose the zero of gravitational potential energy to be at the foot 
of the ramp. Let the system consist of the block, the earth, and the ramp. Then there are 
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no external forces acting on the system to change its energy and the kinetic energy of the 
block at the foot of the ramp is equal to its gravitational potential energy when it has 
reached its highest point. 



Relate the gravitational potential 
energy of the block when it has 
reached h, its highest point on the 
ramp, to its kinetic energy at the foot 
of the ramp: 



mgh 



-mv~ 



Solve for h: 



h = 



2g 



Relate the displacement d of the 
block along the ramp to h and the 
angle the ramp makes with the 
horizontal: 



d - h/sinO 



Substitute for h: 



dsinff = ■ 



2g 



Solve for d: 

Substitute numerical values and 
evaluate d: 



d = 



2gsin6> 

d= Nf 

2(9.8 lm/s 2 )sin40 c 



3.89m 



20 • 

Picture the Problem Let the system consist of the earth, the block, and the spring. With 
this choice there are no external forces doing work to change the energy of the system. Let 
U g = 0 at the elevation of the spring. Then the initial gravitational potential energy of the 
3-kg object is transformed into kinetic energy as it slides down the ramp and then, as it 
compresses the spring, into potential energy stored in the spring. 



(a) Apply conservation of energy to 
relate the distance the spring is 
compressed to the initial potential 
energy of the block: 



W ext =AK + AU=0 

and, because AK = 0, 
- mgh + j kx 2 = 0 



Solve for x: 



x = 



\2mgh 
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Substitute numerical values and 
evaluate x: 



x = 



| 2(3kg)(9.81m/s 2 )(5m) 
400 N/m 



0.858m 



(b) The energy stored in the 
compressed spring will accelerate 
the block, launching it back up the 
incline: 



The block will retrace its path, 
rising to a height of 5 m. 



21 • 

Picture the Problem With U g chosen to be zero at the uncompressed level of the spring, 
the ball's initial gravitational potential energy is negative. The difference between the 
initial potential energy of the spring and the gravitational potential energy of the ball is 
first converted into the kinetic energy of the ball and then into gravitational potential 
energy as the ball rises and slows . . . eventually coming momentarily to rest. 



Apply the conservation of energy to 
the system as it evolves from its 
initial to its final state: 



mgx + jkx = mgh 



Solve for h: 



, kx 2 

n = x 

2mg 



Substitute numerical values and 
evaluate h: 



(600N/m)(0.05 m 
2(0.015kg)(9.81m/s 2 ) 



0.05 m 



5.05m 



22 • 

Picture the Problem Let the system include the earth and the container. Then the work 
done by the crane is done by an external force and this work changes the energy of the 
system. Because the initial and final speeds of the container are zero, the initial and final 
kinetic energies are zero and the work done by the crane equals the change in the 
gravitational potential energy of the container. Choose U s = 0 to be at the level of the 
deck of the freighter. 



Apply conservation of energy to the 
system: 



W en =AE sys =AK + AU 



Because AK = 0: 



W ext =AU = mgAh 
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Evaluate the work done by the crane: 



W e « = m 8 Ah 

= (4000kg)(9.81m/s 2 )(-8m) 



= -314kJ 



23 • 

Picture the Problem Let the system 
consist of the earth and the child. Then 
W ext = 0. Choose C/gj = 0 at the child's 
lowest point as shown in the diagram to the 
right. Then the child's initial energy is 
entirely kinetic and its energy when it is at 
its highest point is entirely gravitational 
potential. We can determine h from energy 
conservation and then use trigonometry to 
determine 0. 




Using the diagram, relate 6? to h and 
L: 



6 = cos 



L-h 



= cos 



Apply conservation of energy to the 
system to obtain: 



-mvl -mgh = 0 



Solve for h: 



h = 



2g 



Substitute to obtain: 



f ..2 \ 



6 = cos~ 



2#L 



V "6" J 



Substitute numerical values and 
evaluate 9: 



6 = cos 



(3.4m/s) 2 
2(9.8 lm/s 2 )(6m) y 



= 25.6° 



*24 

Picture the Problem Let the system include the two objects and the earth. Then W ext = 0. 
Choose U g = 0 at the elevation at which the two objects meet. With this choice, the initial 
potential energy of the 3-kg object is positive and that of the 2-kg object is negative. 
Their sum, however, is positive. Given our choice for U g = 0, this initial potential energy 
is transformed entirely into kinetic energy. 

Apply conservation of energy: W ext = AK + A£/ g = 0 

or, because W ext = 0, 
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AK = -AU, 



Substitute for AK and solve for v f ; 
noting that m represents the sum of 
the masses of the objects as they are 
both moving in the final state: 



\mv]-\mvl 



-At/ 



or, because V\ = 0, 
l-2A£/„ 



m 



Express and evaluate AU g 



= 0-(3kg-2kg)(0.5m) 

x(9.81m/s 2 ) 
= -4.91 J 



Substitute and evaluate v f : 



-2(-4.9U) 
5kg 



1.40m/s 



25 » 

Picture the Problem The free-body 
diagram shows the forces acting on the 
block when it is about to move. F sp is the 
force exerted by the spring and, because 
the block is on the verge of sliding,/, = 
/ s ,max- We can use Newton's 2 nd law, under 
equilibrium conditions, to express the 
elongation of the spring as a function of m, 
k and 9 and then substitute in the 
expression for the potential energy stored 
in a stretched or compressed spring. 




Express the potential energy of the 
spring when the block is about to 
move: 



U =\kx 2 



Apply = ma, under equilibrium 

conditions, to the block: 



Using/ S , max = /j s F n and F sp = kx, 
eliminate / Sjmax and F sp from the x 
equation and solve for x: 



and 

Y, F y =F n -mgcosO = 0 



x = 



mg(sind + fj, s cos 0) 
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Substitute for x in the expression 
for U: 



U=\k 



mg {sin 0+ /j s cos 6) 



[mg(sin 0 + ju s cos &)] ' 
2k 
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Picture the Problem The mechanical 
energy of the system, consisting of the 
block, the spring, and the earth, is initially 
entirely gravitational potential energy. Let 
C/ g = 0 where the spring is compressed 
15 cm. Then the mechanical energy when 
the compression of the spring is 15 cm will 
be partially kinetic and partially stored in 
the spring. We can use conservation of 
energy to relate the initial potential energy 
of the system to the energy stored in the 
spring and the kinetic energy of block 
when it has compressed the spring 15 cm. 



h = 5 m 




1 HI 



x = 1 5 cm m 



T 



Apply conservation of energy to 
the system: 



AU + AK = 0 



or 



U K ,-U^+U t ,-U tX +K t -K i =Q 



Because U R i = U s i = Ki = 0: 



U.+U Sit +K f =0 



Substitute to obtain: 



mg 



(h + x) + \kx 2 +\mv 2 =0 



Solve for v: 



2 g (h+ x y 



kx 2 



Substitute numerical values and evaluate v: 



= j2(9.81rn/s 2 )(5rn + 0.15rn)-( 3955N/m X°- 15m ) 2 = 
V 2.4kg 



8.00 m/s 
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Picture the Problem The diagram 
represents the ball traveling in a circular 
path with constant energy. U g has been 
chosen to be zero at the lowest point on the 
circle and the superimposed free-body 
diagrams show the forces acting on the ball 
at the top and bottom of the circular path. 
We'll apply Newton's 2 nd law to the ball at 
the top and bottom of its path to obtain a 
relationship between T T and T B and the 
conservation of mechanical energy to 
relate the speeds of the ball at these two 
locations. 




U g = 0 



Apply X Radial = ^radial t0 the bal1 

at the bottom of the circle and solve 
for J B : 



f B -mg = m 



and 



T B = mg + m 



R 



R 



(1) 



adial = ^radial t0 the bal1 



Apply ^F r 
at the top of the circle and solve for 

r T : 



T T + mg = m 



and 



R 



-mg +m — 
R 



(2) 



Subtract equation (2) from equation 
(1) to obtain: 



T B -T T = mg + m 



R 



-mg + m 



.2\ 



R 



2 2 

= m — — m — + 2mg (3) 
R R 



Using conservation of energy, relate 
the mechanical energy of the ball at 
the bottom of its path to its 
mechanical energy at the top of the 

2 2 

circle and solve for m m — : 

R R 



mVg = \mVj + mg(2R) 



m- 



R 



m— = 4mg 
R 



Substitute in equation (3) to obtain: 



6mg 
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Picture the Problem Let U g = 0 at the 

lowest point in the girl's swing. Then we 
can equate her initial potential energy to 
her kinetic energy as she passes through 
the low point on her swing to relate her 
speed v to R. The FBD show the forces 
acting on the girl at the low point of her 
swing. Applying Newton's 2 nd law to her 
will allow us to establish the relationship 
between the tension T and her speed. 

Apply X Radial = "^radial tO the gM 

at her lowest point and solve for T: 




T - mg = m — 
R 

and 

2 

rp , V 

1 = /rif + m — 
R 



Equate the girl's initial potential R 2 v 

mg — = \mv => — 

energy to her final kinetic energy 2 R 



2 



and solve for — : 
R 



Substitute for v IR and simplify to 
obtain: 



T = mg + mg = 2mg 
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Picture the Problem The free-body 
diagram shows the forces acting on the car 
when it is upside down at the top of the 
loop. Choose U g = 0 at the bottom of the 
loop. We can express F a in terms of v and 
R by apply Newton's 2 nd law to the car and 
then obtain a second expression in these 
same variables by applying the 
conservation of mechanical energy. The 
simultaneous solution of these equations 
will yield an expression for F n in terms of 
known quantities. 



\f F 



mg 



Apply X F radial = ^radml t0 the Caf 

at the top of the circle and solve for 
F n : 



F n + mg = m 



R 



and 
F. -- 



m mg 

R 



(1) 
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Using conservation of energy, relate 
the energy of the car at the 
beginning of its motion to its energy 
when it is at the top of the loop: 



mgH = yfflv 2 + mgilR) 



Solve for m - 



R 



m - 



R 



2mg 



(2) 



Substitute equation (2) in equation 
(1) to obtain: 



F n = 2mg 



mg 



H_ 
R 
2H 
R 



-mg 



Substitute numerical values and evaluate F n : 

2(23m) 



F n = (1500kg) (9.81m/s 2 ) 



7.5m 



= 1.67xl0 4 N 



(c) is correct. 
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Picture the Problem Let the system 
include the roller coaster, the track, and the 
earth and denote the starting position with 
the numeral 0 and the top of the second hill 
with the numeral 1 . We can use the work- 
energy theorem to relate the energies of the 
coaster at its initial and final positions. 



he 




//! = 9.5 m 



(a) Use conservation of energy to 
relate the work done by external 
forces to the change in the energy of 
the system: 

Because the track is frictionless, 
W ext = 0: 



W ext =AE sys =AK + AU 



AK + AU=0 
and 

^-^+^-^=0 



Substitute to obtain: 
Solve for v 0 : 



1 raVj 2 - \mv\ + mg\ - mgh 0 = 0 



If the coaster just makes it to the top 
of the second hill, Vi = 0 and: 



V 0 = j2g{h l -K) 
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Substitute numerical values and 
evaluate v 0 : 



= 9.40 m/s 



(b) 



No. Note that the required speed depends only on the difference 
in the heights of the two hills. 



31 

Picture the Problem Let the radius of the 
loop be R and the mass of one of the riders 
be m. At the top of the loop, the centripetal 
force on her is her weight (the force of 
gravity). The two forces acting on her at 
the bottom of the loop are the normal force 
exerted by the seat of the car, pushing up, 
and the force of gravity, pulling down. We 
can apply Newton's 2 nd law to her at both 
the top and bottom of the loop to relate the 
speeds at those locations to m and R and, at 
b, to F, and then use conservation of 
energy to relate v t and v b . 




ma radml tothe 



Apply ^radial = 

rider at the bottom of the circular 
arc: 



t — mg = m— 
R 



Solve for F to obtain: 



b = mg + m— 
R 



(1) 



Apply V F n 



Radial t0 the 



radial 

rider at the top of the circular arc: 



mg = m— 
R 



Solve for v t : 



Vi :=gR 



Use conservation of energy to relate 
the energies of the rider at the top 
and bottom of the arc: 

Substitute to obtain: 
Solve for v u : 



K h -K t +U b -U t =0 
or, because U\> = 0, 
K u -K,-U=0 



\mvl-\mv\ 



2mgR = 0 



Substitute in equation (1) to obtain: 



F = mg + m 



5gR 
R 



6mg 



i.e., the rider will feel six times heavier 
than her normal weight. 
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Picture the Problem Let the system 
consist of the stone and the earth and 
ignore the influence of air resistance. Then 
W ext = 0. Choose U g = 0 as shown in the 
figure. Apply the law of the conservation 
of mechanical energy to describe the 
energy transformations as the stone rises to 
the highest point of its trajectory. 




Apply conservation of energy: 



W ext = AK + AU = 0 
and 

K X -K Q +U X -U Q =Q 



Because Uq- 0: 



K x -K 0 +U x =0 



Substitute to obtain: 



\mv 2 -\mv 2 +mgH = 0 



In the absence of air resistance, the 
horizontal component of v is 
constant and equal to v x - vcosft 
Hence: 



riniy cos 0) 2 -\mv 2 +mgH = 0 



Solve for v: 



2gH 



l-cos 2 # 



Substitute numerical values and 
evaluate v: 



v = 



( 2(9.81m/s 2 )(24m) _ 
l-cos 2 53° 



27.2m/s 
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Picture the Problem Let the system 
consist of the ball and the earth. Then 
We X t = 0. The figure shows the ball being 
thrown from the roof of a building. Choose 
U g = 0 at ground level. We can use the 
conservation of mechanical energy to 
determine the maximum height of the ball 
and its speed at impact with the ground. 
We can use the definition of the work done 
by gravity to calculate how much work was 
done by gravity as the ball rose to its 
maximum height. 



















--H \ 




12 m 








A =0 \ 



(a) Apply conservation of energy: 



W ext = AK + AU = 0 
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or 

K 2 -K 1 + U 2 -U 1 = 0 



Substitute for the energies to obtain: 

Note that, at point 2, the ball is 
moving horizontally and: 

Substitute for v 2 and h 2 : 



\mv\ -\mv\ + mgh 2 - mgh x = 0 



V 2 = Vj cosO 



jm(v x cos 0) 2 -\mv\ + mgH 
- mgh x = 0 



Solve for H: 



H =h-— (cos 2 0-l) 



Substitute numerical values and 
evaluate H: 



H = 



12m- f 30 ^ S ? (cos 2 40°-l) 
2(9.81m/s 2 ) v ' 



31.0m 



(b) Using its definition, express the 
work done by gravity: 



W g =-AU=-(U H -U k ) 

= -{mgH - mg\ ) = -mg{H -hj 



Substitute numerical values and 
evaluate W„: 



W g =-(0.17kg)(9.81m/s 2 )(31m-12m) 



-31.7 J 



(c) Relate the initial mechanical 
energy of the ball to its just-before- 
impact energy: 



\ mvf + mg\ = \ mv 2 



Solve for vf. 

Substitute numerical values and 
evaluate Vf 



" f =yjv? + 2gh i 

^ =7(30m/s) 2 + 2(9.81m/s 2 )(l2m) 



= 33.7m/s 
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Picture the Problem The figure shows the 
pendulum bob in its release position and in 
the two positions in which it is in motion 
with the given speeds. Choose U s = 0 at 
the low point of the swing. We can apply 
the conservation of mechanical energy to 
relate the two angles of interest to the 
speeds of the bob at the intermediate and 
low points of its trajectory. 

(a) Apply conservation of energy: 




W ext = AK + AU = 0 
or 

K f -K i +U f -U- = 0 
where U { and K { equal zero. 
:.K f -U, = 0 



Express t/ ; : U i = mgh = mgL(l - cos 0 O ) 

Substitute for K f and Ui\ \ mv\ - mgL(l - cos 6 Q ) = 0 



Solve for 6q\ 



.2 A 



6 Q = cos~ 



Substitute numerical values and 
evaluate 9 0 : 



0, 



cos 



(2.8 m/s) 2 
2(9.8 lm/s 2 )(0.8m) 



= 60.0° 



(b) Letting primed quantities 
describe the indicated location, use 
the law of the conservation of 
mechanical energy to relate the 
speed of the bob at this point to 6 : 

Express U { ' : 

Substitute for K/, U t ' and U i : 



K i '-K i +U f '-U 1 =0 
where K { = 0. 
:.K f ' + U { '-U { =0 

U t ' = mgh = mgL(l - cos 6) 

|m(v f ') 2 +mgL(l-cos0) 

- mgL(l - cos 0 0 ) = 0 
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Solve for 0 : 



6 = cos~ 



M 

2gL 



+ cos 6 n 



Substitute numerical values and 
evaluate 9: 



0 = cos~ 



(l.4m/s) 2 
2(9.81m/s 2 )(0.8m) 



+ cos 60° 



= 51.3 C 
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Picture the Problem Choose U s = 0 at 
the bridge, and let the system be the earth, 
the jumper and the bungee cord. Then 
We Xt = 0. Use the conservation of 
mechanical energy to relate to relate her 
initial and final gravitational potential 
energies to the energy stored in the 
stretched bungee, U s cord. In part (b), 
we'll use a similar strategy but include a 
kinetic energy term because we are 
interested in finding her maximum speed. 

(a) Express her final height h above 
the water in terms of L, d and the 
distance x the bungee cord has 
stretched: 

Use the conservation of mechanical 
energy to relate her gravitational 
potential energy as she just touches 
the water to the energy stored in the 
stretched bungee cord: 

Solve for k: 

Find the maximum distance the 
bungee cord stretches: 

Evaluate k: 




h — L — d -x (1) 



W ext = AK + AU = 0 

Because AK = 0 and AU = AU S + AU S , 
- mgL + j kx 2 = 0, 

where x is the maximum distance the 
bungee cord has stretched. 

_ 2mgL 
;c = 310m-50m = 260 m. 

_ 2(60kg)(9.81m/s 2 )(310m) 
(260 m) 2 

= 5.40N/m 
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Express the relationship between the 
forces acting on her when she has 
finally come to rest and solve for x: 



F net = kx-mg=0 
and 



Evaluate x: 



x = 



(60kg)(9.81m/s 2 ) 
5.40 N/m 



= 109m 



Substitute in equation (1) and 
evaluate h: 

(b) Using conservation of energy, 
express her total energy E: 



/z = 310m-50m-109m= 151m 



E = K + U g +U s = E i =0 



Because v is a maximum when K is 
a maximum, solve for K: : 



K = -u g -u s 

= mg(d + x)-jkx 2 



(1) 



Use the condition for an extreme 
value to obtain: 

Solve for and evaluate x: 



dK 

dx 



= mg - kx = 0 for extreme values 



_ mg _ (60kg)(9.81m/s 2 ) _ 



5. 40 N/m 



109 m 



From equation (1) we have: 



mv 2 = mg(d + x)-jkx 2 



Solve for v to obtain: 



v = J2g(d+x)- 



kx 2 



m 



Substitute numerical values and evaluate v for x = 109 m: 

v = j2(9.81m/s 2 )(50m + 109m)-^ ^X 109m ) 2 = 
V 60kg 



45.3m/s 



d 2 K 

Because — = ~k<0, x = 109 m corresponds to K max and so v is a maximum. 

dx 
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Picture the Problem Let the system be the 
earth and pendulum bob. Then W ext = 0. 
Choose U g = 0 at the low point of the bob's 
swing and apply the law of the 
conservation of mechanical energy to its 
motion. When the bob reaches the 30° 
position its energy will be partially kinetic 
and partially potential. When it reaches its 
maximum height, its energy will be 
entirely potential. Applying Newton's 2 nd 
law will allow us to express the tension in 
the string as a function of the bob's speed 
and its angular position. 




LcosO 



: U a = 0 



(a) Apply conservation of energy to 
relate the energies of the bob at 
points 1 and 2: 



CI- 



AS' + AU = 0 



K.-K.+U.-U^O 



Because U\ = 0: 
Express U 2 : 



-mv 



2 1 



2 2"" y l 



mv, + U n = 0 



U 2 = mgL(\ - cos 6) 



Substitute for U2 to obtain: 



Solve for v^. 



mv\ - \ mvf + mgL{\ - cos 6) = 0 



v, = 



- N /v 1 2 -2^L(l-cos^) 



Substitute numerical values and evaluate V2'. 



7(4.5 m/s) 2 - 2(9.8 1 m/s 2 )(3 m)(l - cos30°) 



3.52m/s 



(b) From (a) we have: 

Substitute numerical values and 
evaluate Uy. 

(C) Apply X F mdial = '"^mdial t0 the b ° b t0 

obtain: 



U 2 = mgL(l-cos6) 

U 2 = (2kg)(9.81m/s 2 )(3m)(l-cos30°) 



7.89J 



T — mecosO = m— 
L 



Solve for T: 



T — m 



.2 \ 



?cos^ + — 
L 
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Substitute numerical values and evaluate T: 



r = (2kg( (9.81m/s 2 )cos30° + ^^ 



25.3 N 



(d) When the bob reaches its greatest 
height: 



U=U mdX =m g L(l-cos0 m J 
and 



Substitute for K x and U n 



■\mv\ +mgL(l-cos0 m . dX ) = O 



Solve for 0 m 



0 m .„ = cos~ 



f 2 A 

1- v > 



2gL 



Substitute numerical values and 
evaluate # max : 



6* = cos~ 



(4.5 m/s) 2 
2(9.81m/s 2 )(3m) 



= 49.0° 
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Picture the Problem Let the system 
consist of the earth and pendulum bob. 
Then W ext = 0. Choose U„ = 0 at the bottom 
of the circle and let points 1 , 2 and 3 
represent the bob's initial point, lowest 
point and highest point, respectively. The 
bob will gain speed and kinetic energy 
until it reaches point 2 and slow down until 
it reaches point 3; so it has its maximum 
kinetic energy when it is at point 2. We can 
use Newton's 2 nd law at points 2 and 3 in 
conjunction with the law of the 
conservation of mechanical energy to find 
the maximum kinetic energy of the bob and 
the tension in the string when the bob has 
its maximum kinetic energy. 

(a) Apply £F radiaI = ma mdldl to the 

bob at the top of the circle and solve 
for vl : 




mg =m — 
L 

and 

vl = gL 
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Use conservation of energy to 
express the relationship between K 2 , 
K 3 and t/ 3 and solve for K 2 : 



K 3 -K 2 +U 3 -U 2 = 0 where U 2 = 0 
Therefore, 

K 2 =K mdX =K 3 +U 3 
= \ mv\ + mg[2L) 



Substitute for v 3 and simplify to 
obtain: 

(b) Apply > 

^radial = ^radial t0 the 

bob at the bottom of the circle and 
solve for T 2 : 



^max = i m (sL) + 2mgL = f mgL 



^net = T 2 -mg=m- 



and 



T 2 = mg + m- 



(1) 



Use conservation of energy to relate 
the energies of the bob at points 2 
and 3 and solve for K 2 : 

Substitute for v, and K 2 and solve 



for v 



2 ■ 



K 3 -K 2 +U 3 -U 2 =0 where U 2 =0 
K 2 = K 3 + U 3 

= \ mv\ +mg(2L) 



\mv\ = \mi y gL) + mg{lL) 
and 

v 2 2 =5gL 



Substitute in equation (1) to obtain: 



T = 



6mg 
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Picture the Problem Let the system 
consist of the earth and child. Then 
W ext = 0. In the figure, the child's initial 
position is designated with the numeral 1 ; 
the point at which the child releases the 
rope and begins to fall with a 2, and its 
point of impact with the water is identified 
with a 3. Choose U g = 0 at the water level. 
While one could use the law of the 
conservation of energy between points 1 
and 2 and then between points 2 and 3, it is 
more direct to consider the energy 
transformations between points 1 and 3. 
Given our choice of the zero of 
gravitational potential energy, the initial 
potential energy at point 1 is transformed 
into kinetic energy at point 3. 
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Apply conservation of energy to the 
energy transformations between 
points 1 and 3: 

Substitute for and U i ; 



W exl = AK + AU = 0 

where U 3 and ^are zero. 

\ mv\ -mg[h + L(l - cos #)] = 0 



Solve for v 3 : 



= ^2g[h + L(l-cos0)\ 



Substitute numerical values and evaluate V3: 



= A /2(9.81m/s 2 )[3.2m + (l0.6m)(l-cos23°)] = 



8.91m/s 
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Picture the Problem Let the system 
consist of you and the earth. Then there are 
no external forces to do work on the system 
and W ext = 0. In the figure, your initial 
position is designated with the numeral 1 , 
the point at which you release the rope and 
begin to fall with a 2, and your point of 
impact with the water is identified with a 3. 
Choose U„ = 0 at the water level. We can 
apply Newton's 2 n law to the forces acting 
on you at point 2 and apply conservation of 
energy between points 1 and 2 to determine 
the maximum angle at which you can begin 
your swing and then between points 1 and 
3 to determine the speed with which you 
will hit the water. 




(a) Use conservation of energy to 
relate your speed at point 2 to your 
potential energy there and at point 1 : 



W„, = AK + AU = 0 



or 

K 2 -K l + U 2 -U,=Q 



Because ^1 = 0: 



\ mv 2 + mgh 

- [mgL(l -co$d) + mgh] = 0 



Solve this equation for 0 : 



6 = cos 



1- V2 



2gL 



Apply YF radial =ma radml to 



T v 2 

1 -mg = m— 
L 
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yourself at point 2 and solve for T: 



and 



1 = mg +m — 
L 



Because you've estimated that the 
rope might break if the tension in it 
exceeds your weight by 80 N, it 
must be that: 



Let's assume your weight is 650 N. 
Then your mass is 66.3 kg and: 



m ^ = 80N 
L 



or 



_ (80N)L 



m 



_ (80N)(4.6m) _ 
66.3kg 



5.55 m z /s 



2/„2 



Substitute numerical values in 
equation (1) to obtain: 



e = cos 1 



l- 



5.55 m7s 



2/„2 



2(9.8 lm/s 2 )(4.6m) 



= 20.2° 



(b) Apply conservation of energy to 
the energy transformations between 
points 1 and 3: 

Substitute for K 3 and U\ to obtain: 



W ext = AK + AU = 0 

K 3 - K x + U 3 - U l = 0 where U 3 and 



K^re zero 



mv 3 2 -mg[h + L(l - cos &)] = 0 



Solve for v 3 : 



v 3 = A /2g|/? + L(l-cos#)J 



Substitute numerical values and evaluate V3: 



v 3 = ^2(9.8 lm/s 2 )[l .8 m + (4.6 m)(l - cos20.2°)] = 



6.39m/s 
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Picture the Problem Choose U g = 0 at 
point 2, the lowest point of the bob's 
trajectory and let the system consist of the 
bob and the earth. Given this choice, there 
are no external forces doing work on the 
system. Because 9« 1, we can use the 
trigonometric series for the sine and cosine 
functions to approximate these functions. 
The bob's initial energy is partially 
gravitational potential and partially 
potential energy stored in the stretched 
spring. As the bob swings down to point 2 
this energy is transformed into kinetic 
energy. By equating these energies, we can 
derive an expression for the speed of the 
bob at point 2. 

Apply conservation of energy to the 
system as the pendulum bob swings 
from point 1 to point 2: 

Note, from the figure, that x « Lsind? 
when 6«\: 

Also, when 6« 1: 

Substitute, simplify and solve for V2- 
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Picture the Problem Choose U g = 0 at 
point 2, the lowest point of the bob's 
trajectory and let the system consist of 
the earth, ceiling, spring, and pendulum 
bob. Given this choice, there are no 
external forces doing work to change 
the energy of the system. The bob's 
initial energy is partially gravitational 
potential and partially potential energy 
stored in the stretched spring. As the 
bob swings down to point 2 this energy 
is transformed into kinetic energy. By 
equating these energies, we can derive 
an expression for the speed of the bob 
at point 2. 

Apply conservation of energy to the 
system as the pendulum bob swings 
from point 1 to point 2: 




:invl =^kx 2 + mgL(l - cos #) (1) 



Apply the Pythagorean theorem to the lower triangle in the diagram to obtain: 
{x + \Lf =L 2 [sin 2 ^ + (|cos^) 2 J=L 2 [sin 2 ^ + |-3cos^ + cos 2 6']=L 2 (^-3cos^) 



Take the square root of both sides of 
the equation to obtain: 

Solve for x: 

Substitute for x in equation (1): 



x + \L = L^-3cosO) 
x = 4/(^-3cos0)- 



\mv 2 = \kl} 



J{$ -3cos#) - J 2 + mgL(l - cos 0) 



Solve for v 2 to obtain: 



2£L(l-cos#)+ — L 2 J^-3cos0-± 
m 

= L 2 2^-(l-cos6>)+— (jip3cos0-±) : 
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Finally, solve for v 2 : 



2^(l-cos6>) + — (j^-3cos#-iV 
L m 
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Picture the Problem The energy of the eruption is initially in the form of the kinetic 
energy of the material it thrusts into the air. This energy is then transformed into 
gravitational potential energy as the material rises. 



(a) Express the energy of the 
eruption in terms of the height A/i to 
which the debris rises: 



E = mgAh 



Relate the density of the material to 
its mass and volume: 



P 



m 
V 



Substitute for m to obtain: 



E = pVgAh 



Substitute numerical values and evaluate E: 



E = (l600kg/m 3 )(4km 3 )(9.81m/s 2 )(500m) : 



3.14xl0 16 J 



(b) Convert 3.13xl0 16 J to megatons of TNT: 



3.14xl0 16 J = 3.14xl0 16 Jx 1Mt ° n ™ T 

4.2xl0 15 J 



7.48 Mton TNT 
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Picture the Problem The work done by the student equals the change in his/her 
gravitational potential energy and is done as a result of the transformation of metabolic 
energy in the climber's muscles. 



(a) The increase in gravitational 
potential energy is: 



AU = mgAh 

= (80kg)(9.81m/s 2 )(l20m) 
= 94.2kJ 
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(b) 



The energy required to do this work comes from chemical energy stored in 
the body. 



(c) Relate the chemical energy 
expended by the student to the 
change in his/her potential energy 
and solve for E: 



0.2E = AU 
and 

E = 5AU = 5(94.2 kj): 



471kJ 



Kinetic Friction 

44 • 

Picture the Problem Let the car and the earth be the system. As the car skids to a stop on 
a horizontal road, its kinetic energy is transformed into internal (i.e., thermal) energy. 
Knowing that energy is transformed into heat by friction, we can use the definition of the 
coefficient of kinetic friction to calculate its value. 



(a) The energy dissipated by friction 
is given by: 



fAs = AE, 



therm 



Apply the work-energy theorem for 
problems with kinetic friction: 



W = AE h + AE th =AE h + fAs 

ext mech therm mech J 

or, because AE mech = AK = —K { and 
W ext = 0, 
2' 



0 = -\mv\ + fAs 



Solve for /As to obtain: 

Substitute numerical values and 
evaluate fAs: 

(b) Relate the kinetic friction force to 
the coefficient of kinetic friction and 
the weight of the car and solve for 
the coefficient of kinetic friction: 



fAs = ymV; 2 

fAs =|(2000 kg)(25m/s) 2 = 



625 kJ 



mg 



Express the relationship between the 
energy dissipated by friction and the 
kinetic friction force and solve f k : 



A£ therm = / k As 



AE 

r _ L ^ therm 

As 



Substitute to obtain: 



/'i< 



^^therm 

mgAs 
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Substitute numerical values and 
evaluate // k : 



Ac 



625 kJ 



(2000kg)(9.81m/s 2 )(60m) 



= 0.531 
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Picture the Problem Let the system be the 
sled and the earth. Then the 40-N force is 
external to the system. The free-body 
diagram shows the forces acting on the sled 
as it is pulled along a horizontal road. The 
work done by the applied force can be 
found using the definition of work. To find 
the energy dissipated by friction, we'll use 
Newton's 2 nd law to determine f k and then 
use it in the definition of work. The change 
in the kinetic energy of the sled is equal to 
the net work done on it. Finally, knowing 
the kinetic energy of the sled after it has 
traveled 3 m will allow us to solve for its 
speed at that location. 



A 



y 
I 




Jmg 



(a) Use the definition of work to 
calculate the work done by the 
applied force: 

(b) Express the energy dissipated by 
friction as the sled is dragged along 
the surface: 

Apply ^ F = ma v to the sled and 
solve for F n : 

Substitute to obtain: 

Substitute numerical values and 
evaluate AE t her m : 



104 J 



W ext = F s = Fs cos 0 
= (40N)(3m)cos30 c 



F n + F s'm0- mg = 0 
and 

F n =mg -F sin 0 

A^the,™ =// k Ax(m£-Fsin#) 

A£ therm =(0.4)(3m)[(8kg)(9.81m/s 2 ) 
-(40N>in30°] 



= 70.2 J 



(c) Apply the work-energy theorem 



W =AE h +AE,. =AE h + fAs 

ext mech therm mech J 
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for problems with kinetic friction: 



or, because AE mecb = AK + AU and 
At/ = 0, 

W = AK + AE tl 



J therm 



Solve for and evaluate AK to obtain: 



AK = W ext -A£ therm =104J-70.2J 



= 33.8J 



(d) Because K t = 0: 



K f = AK = \mv 2 i 



Solve for v f : 



2AK 



m 



Substitute numerical values and 
evaluate vf. 



| 2(33.8J) 
8kg 



2.91m/s 
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Picture the Problem Choose U g = 0 at the foot of the ramp and let the system consist of 
the block, ramp, and the earth. Then the kinetic energy of the block at the foot of the 
ramp is equal to its initial kinetic energy less the energy dissipated by friction. The 
block' s kinetic energy at the foot of the incline is partially converted to gravitational 
potential energy and partially dissipated by friction as the block slides up the incline. The 
free-body diagram shows the forces acting on the block as it slides up the incline. 
Applying Newton's 2 nd law to the block will allow us to determine / k and express the 
energy dissipated by friction. 




(a) Apply conservation of energy to 
the system while the block is 
moving horizontally: 



Wext — A^mech + ^^therm 

= AK + AU + fAs 

or, because AU - W en = 0, 

0 = AK + fAs = K f -Ki + fAs 



Solve for Kf. 



K f =K i — fAs 
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Substitute for K f , K t , and /As to 
obtain: 



\mv\ = \ mv\ - ju k mgAx 



Solving for v f yields: 

Substitute numerical values and 
evaluate v f : 



v f = ^v--2/u k gAx 



» f = A /(7m/s) 2 -2(0.3)(9.81m/s 2 )(2m) 



= 6.10m/s 



(b) Apply conservation of energy to 
the system while the block is on the 
incline: 



W t =AE h + AE, h 

= AK + AU + fAs 

or, because K f = W ext = 0, 
0 = -K i +AU + fAs 



Apply ^ F y = ma Y to the block 
when it is on the incline: 



F n - mg cos 6 = 0 => F n = mg cos 6 



Express fAs: 



f^s = f±L = jU k F n L = jU k mgLcosO 



The final potential energy 
of the block is: 



U f = mgLsinO 



Substitute for Uf, U\, and fAs to 
obtain: 



0 = -K { + mgL sin 6 + jU k mgL cos0 



Solving for L yields: 



1 2 

L= ^ 



g(sin6' + /j k cos 6) 



Substitute numerical values and 
evaluate L: 



L = 



i(6.10m/s) 2 
(9.81 m/s 2 )(sin40 o + (0.3)cos40 o ) 



= 2.17m 



47 • 

Picture the Problem Let the system include the block, the ramp and horizontal surface, 
and the earth. Given this choice, there are no external forces acting that will change the 
energy of the system. Because the curved ramp is frictionless, mechanical energy is 
conserved as the block slides down it. We can calculate its speed at the bottom of the 
ramp by using the law of the conservation of energy. The potential energy of the block at 
the top of the ramp or, equivalently, its kinetic energy at the bottom of the ramp is 
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converted into thermal energy during its slide along the horizontal surface. 



(a) Choosing U g = 0 at point 2 and 
letting the numeral 1 designate the 
initial position of the block and the 
numeral 2 its position at the foot of 
the ramp, use conservation of 
energy to relate the block's potential 
energy at the top of the ramp to its 
kinetic energy at the bottom: 

Solve for v 2 to obtain: 

Substitute numerical values and 
evaluate v 2 : 



^^ext ^ ^rnech ^ ^therm 



or, because W en = K i =U i = A£ therm = 0, 
0 = \mv\ - mgAh = 0 



V2(9.81m/s 2 )(3m) 



7.67 m/s 



(b) The energy dissipated by friction 
is responsible for changing the 
thermal energy of the system: 

Because AK = 0 for the slide: 

Substitute numerical values and 
evaluate Wf. 



W f +AK + AU= AE tha . m + AK + AU = 0 



W f = -AU = -{U 2 -U 1 ) = U 1 

W f = mgAh = (2kg)(9.81m/s 2 )(3m) 



= 58.9J 



(c) The energy dissipated by friction 
is given by: 

Solve for // k : 



Ac 



AE, t 



mgAx 



Substitute numerical values and 
evaluate // k : 



A = 



58.9J 



(2kg)(9.81m/s 2 )(9m) 



0.333 
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Picture the Problem Let the system consist of the earth, the girl, and the slide. Given 
this choice, there are no external forces doing work to change the energy of the system. 
By the time she reaches the bottom of the slide, her potential energy at the top of the slide 
has been converted into kinetic and thermal energy. Choose 

C/g = 0 at the bottom of the slide and denote the top and bottom of the slide as shown in 
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the figure. We'll use the work-energy theorem with friction to relate these quantities and 
the forces acting on her during her slide to determine the friction force that transforms 
some of her initial potential energy into thermal energy. 




(a) Express the work-energy W ext - AK + AU + AE therm — 0 

theorem: 



Because U 2 = K 1 = W exl = 0: 0 = K 2 -U t + AE therm = 0 

or 

A£ therm =U 1 ~K 2 = IflgAk -\mv\ 



Substitute numerical values and evaluate A£ the rm: 

A£ therm =(20kg)(9.81m/s 2 )(3.2m)-^(20kg)(l.3m/s) 2 =1 611J 



(b) Relate the energy dissipated by 
friction to the kinetic friction force 
and the distance over which this 
force acts and solve for // k : 

Apply ^ F y = ma y to the girl and 
solve for F n : 

Referring to the figure, relate Ah to 
As and &. 



^them, = f As = Mc^A 

and 

_ ^ therm 

F n As 

F n - mg cos 6 = 0 => F n = mg cos 6 



sin 6* 



Substitute for As and F n to obtain: AE^^ _ AE therm tan 6 

Mk ~ A/j ~ mg Ah 

mg cost' 6 

sin^ 



Substitute numerical values and evaluate // k : 
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(61U)tan20° 
Mk ~ (20kg)(9.81m/s 2 )(3.2m) 



0.354 
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Picture the Problem Let the system consist of the two blocks, the shelf, and the earth. 
Given this choice, there are no external forces doing work to change the energy of the 
system. Due to the friction between the 4-kg block and the surface on which it slides, not 
all of the energy transformed during the fall of the 2-kg block is realized in the form of 
kinetic energy. We can find the energy dissipated by friction and then use the work- 
energy theorem with kinetic friction to find the speed of either block when they have 
moved the given distance. 



(a) The energy dissipated by friction 
when the 2-kg block falls a distance 
y is given by: 

Substitute numerical values and 
evaluate AE, herm : 



A£ therm =(0.35X4kg)(9.81m/s 2 ) 3 



(13.7 N) 3 



(b) From the work-energy theorem 
with kinetic friction we have: 



W =AE h +AE,. 

ext mech therm 

or, because W ext = 0, 



^^rnech ^ ^ therm 



(13.7N) 3 



(c) Express the total mechanical 
energy of the system: 



\(m x +m 2 )v 2 -m 2 gy = -AE tt 



Solve for v to obtain: 



_ /2(m 2 gy-A£ tl ^J 



(1) 



Substitute numerical values and evaluate v: 



v = . 



(2 kg)(9.8 1 m/s 2 \l m) - (l 3.73 N)(2 m) 



4kg + 2kg 



1.98 m/s 
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Picture the Problem Let the system consist of the particle, the table, and the earth. Then 
W ext = 0 and the energy dissipated by friction during one revolution is the change in the 
thermal energy of the system. 



(a) Apply the work-energy theorem 
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with kinetic friction to obtain: 



or, because AU - W ext = 0, 
0 = AK + AE,^ 



Substitute for AK f and simplify to 
obtain: 



AE 



therm 



m {\v Q ) 2 -\m(v 0 ) 2 



fmv Q 2 



(b) Relate the energy dissipated by 
friction to the distance traveled and 
the coefficient of kinetic friction: 



Substitute for AE and solve for // k to 
obtain: 



_ A£ therm _ I ™ V l _ 

k iTongr iTWtgr 



3v, 



\6n;gr 



(c) 



Because it lost jK i in one revolution, it will only require another 1/3 
revolution to lose the remaining^ K { . 
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Picture the Problem The box will slow 
down and stop due to the dissipation of 
thermal energy. Let the system be the 
earth, the box, and the inclined plane and 
apply the work-energy theorem with 
friction. With this choice of the system, 
there are no external forces doing work to 
change the energy of the system. The free- 
body diagram shows the forces acting on 
the box when it is moving up the incline. 




Apply the work-energy theorem 
with friction to the system: 



W t = AE h + AE th 

ext m ech therm 

= AK + AU + AE tU 



Substitute for AK, AU, and A£ the rm to 
obtain: 



0 = \mv x -jtnv 0 + mgAh + /U k F n L (1) 



Referring to the FBD, relate the 
normal force to the weight of the 
box and the angle of the incline: 
Relate Ah to the distance L along the 



F n = mg cos 6 



Ah = L sin 0 
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incline: 



Substitute in equation (1) to obtain: 



Solving equation (2) for L yields: 



ju k mgL cos 0 + \ mv\ - \ mv\ 



+ mgL sin 0 = 0 



L = 



2g(ju k cos 0 + sin 0) 



(2) 



Substitute numerical values and 
evaluate L: 



L = 



(3.8 m/s) 2 
2(9.8 1 m/s 2 |(0.3)cos37° + sin37°] 



= 0.875 m 



Let v f represent the box's speed as it 
passes its starting point on the way 
down the incline. For the block' s 
descent, equation (2) becomes: 

Set vi = 0 (the block starts from rest 
at the top of the incline) and solve 
for Vf : 



ju k mgL cos 0 + \ mv f 2 - \ mv\ 
- mgL sin 0 = 0 



■sjlglism 0-ju k cos 0) 



Substitute numerical values and evaluate v f : 



v f = V2(9.81m/s 2 )(0.875m)[sin37 o -(0.3)cos37 o ]J = 



2.49m/s 
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Picture the Problem Let the system 
consist of the earth, the block, the incline, 
and the spring. With this choice of the 
system, there are no external forces doing 
work to change the energy of the system. 
The free-body diagram shows the forces 
acting on the block just before it begins to 
move. We can apply Newton's 2 nd law to 
the block to obtain an expression for the 
extension of the spring at this instant. 
We'll apply the work-energy theorem with 
friction to the second part of the problem. 

(a) Apply = ma to the block 




spring 



Z F x = Spring " /s,max " m S SU1 0 = 0 
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when it is on the verge of sliding: 



and 

X F > = F a -mg cos0 = O 



Eliminate F m / Sj]nax , and F spring 
between the two equations to 
obtain: 



kd - ju s mg cos 0 - mg sin 6 = 0 



Solve for and evaluate d: 



d = 



(sin 6 + /j s cos 6) 



(b) Begin with the work-energy 
theorem with friction and no work 
being done by an external force: 



"ext — ^^mech + ^^therm 

= A^ + A^+At/. s +A£ therm 



Because the block is at rest in both 
its initial and final states, AK = 0 
and: 



Au + Atf, + AE tem =0 



(1) 



Let U e = 0 at the initial position of 
the block. Then: 



W e =U gfima -U gMm = mgh-0 
= mgd sin 0 



Express the change in the energy 
stored in the spring as it relaxes to 
its unstretched length: 

The energy dissipated by friction is: 



W s =U^ x -U^=0-\kd 2 



— 2 kd 



A^therm = f A * = ~f>4 = -f^FJ. 

= -ju k mgd cos 6 



Substitute in equation (1) to obtain: 



mgd sin 0 - \ kd 2 - ju k mgd cos 0 = 0 



Finally, solve for // k : 



Mi = 



(tan 0-/0 



Mass and Energy 
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Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein's equation E 0 = mc 2 . 
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(a) Relate the rest mass consumed 
to the energy produced and solve 
for and evaluate nr. 



E Q = mc 



= (lxl(T 3 kg)(3xl0 8 m/s) 2 



9.00xl0 13 J 



(b) Express kW-h in joules: 



lkW-h = (lxlO 3 J/s)(lh)(3600s/h) 
= 3.60xl0 6 J 



Convert 9x10 J to kW-h: 



9xl0 13 J = (9xl0 13 j) 



' lkW-h " 
3.60xl0 6 J 



= 2.50xl0 7 kW-h 



Determine the price of the electrical 
energy: 



Price = (2.50 xl0 7 kW-h) 



v kW-h j 



= $2.5 xlO 6 



(c) Relate the energy consumed to 
its rate of consumption and the time 
and solve for the latter: 



E = Pt 
and 

E 9xl0 13 J 
t = — 



100W 



9xl0"s = 28,500y 
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Picture the Problem We can use the equation expressing the equivalence of energy and 
matter, E = mc 2 , to find the mass equivalent of the energy from the explosion. 



Solve E-mc for m: 



m 



Substitute numerical values and 
evaluate m: 



5xl0 12 J 



m = 



(2.998 xlO 8 m/s) 2 



5.56xl(T 5 kg 
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Picture the Problem The intrinsic rest energy in matter is related to the mass of matter 
through Einstein's equation E 0 = mc 2 . 



Relate the rest mass of a muon to its 
rest energy: 



m 0 = — 



E 
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Express 1 MeV in joules: 



1 MeV = 1.6x10 J 



Substitute numerical values and 
evaluate m 0 : 



_ (l05.7MeV)(l.6xl(T 13 J/Mev) 
(3xl0 8 m/s) 2 



1.88xl0~ 28 kg 
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Picture the Problem We can differentiate the mass-energy equation to obtain an 
expression for the rate at which the black hole gains energy. 



Using the mass-energy relationship, 
express the energy radiated by the 
black hole: 

Differentiate this expression to 
obtain an expression for the rate at 
which the black hole is radiating 
energy: 

Solve for dm/dt: 



Substitute numerical values and 
evaluate dm/dt: 



£ = 0.0W 



dE d 



- = ^[o.01mc 2 ] = 0.01c 2 ^ 
dt dt dt 



dm dE/dt 
~dt~ 0.0k 2 



dm 
dt 



4xl0 31 watt 



(0.0l)(2.998xl0 8 m/s) 2 



4.45xl0 16 kg/s 
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Picture the Problem The number of reactions per second is given by the ratio of the 
power generated to the energy released per reaction. The number of reactions that must 
take place to produce a given amount of energy is the ratio of the energy per second 
(power) to the energy released per second. 



In Example 7-15 it is shown that the 
energy per reaction is 17.59 MeV. 
Convert this energy to joules: 



17.59 MeV = (17.59 MeV) 

x(l.6xKT 19 J/ev) 



= 28.1x10 J 



The number of reactions per second is: 



1000 J/s 



28.1 xlO 13 J/reaction 



= 3.56 x 10 14 reactions/s 
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Picture the Problem The energy required for this reaction is the difference between the 
rest energy of 4 He and the sum of the rest energies of 3 He and a neutron. 

Express the reaction: 4 He— » 3 He + n 



The rest energy of a neutron 939.573 MeV 

(Table 7-1) is: 



The rest energy of 4 He 3727 .409 MeV 



(Example 7-15) is: 



The rest energy of 3 He is: 2808.432 MeV 



Substitute numerical values to find the difference in the rest energy of He and the sum of 
the rest energies of 3 He and n: 

E = [3727.409 -(2808.41 + 939.573)] MeV = 



20.574 MeV 
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Picture the Problem The energy required for this reaction is the difference between the 
rest energy of a neutron and the sum of the rest energies of a proton and an electron. 



The rest energy of a proton (Table 938.280 MeV 
7-1) is: 

The rest energy of an electron 0.5 1 1 MeV 
(Table 7-1) is: 

The rest energy of a neutron (Table 939.573 MeV 
7-1) is: 

Substitute numerical values to find E = [939.573 - (938.280 + 0.5 1 1)] MeV 
the difference in the rest energy of a 



neutron and the sum of the rest 
energies of a positron and an 
electron: 



0.782 MeV 
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Picture the Problem The reaction is 2 H+ 2 H— > 4 He + E . The energy released in this 
reaction is the difference between twice the rest energy of 2 H and the rest energy of 4 He. 
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The number of reactions that must take place to produce a given amount of energy is the 
ratio of the energy per second (power) to the energy released per reaction. 



(a) The rest energy of He 
(Example 7-14) is: 



3727.409 MeV 



The rest energy of a deuteron, H, 
(Table 7-1) is: 

The energy released in the reaction 
is: 



1875.628 MeV 



E = [2(l875.628)-3727.409] MeV 



= 23.847MeV = 3.816x10 ~ 12 J 



(b) The number of reactions per 
second is: 



1000 J/s 



3.816 xlO 12 J/reaction 



= 2.62 x 10 14 reactions/s 
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Picture the Problem The annual consumption of matter by the fission plant is the ratio 
of its annual energy output to the square of the speed of light. The annual consumption 
of coal in a coal-burning power plant is the ratio of its annual energy output to energy 
per unit mass of the coal. 



(a) Express m in terms of E: 



m = ■ 



Assuming an efficiency of 33 
percent, find the energy produced 
annually: 



E = 



3PAt = 3(3xl0 9 J/s)(ly) 
3(3xl0 9 J/s)(3600s/h) 
x(24h/d)(365.24d) 



= 2.84x10 J 



Substitute to obtain: 



m = 



2.84 xlQ 17 J 
(3xl0 8 m/s) 2 



3.16kg 



(b) Assuming an efficiency of 38 
percent, express the mass of coal 
required in terms of the annual 
energy production and the energy 
released per kilogram: 



m. 



^annual 



9.47 xlO 16 J 



coal 



0.38(£/m) 0.38(3. lxlO 7 J/kg) 



8.04xl0 9 kg 
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General Problems 
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Picture the Problem Let the system 
consist of the block, the earth, and the 
incline. Then the tension in the string is an 
external force that will do work to change 
the energy of the system. Because the 
incline is frictionless; the work done by 
the tension in the string as it displaces the 
block on the incline is equal to the sum of 
the changes in the kinetic and 
gravitational potential energies. 




Relate the work done by the tension 
force to the changes in the kinetic 
and gravitational potential energies 
of the block: 



W tensmaforce =W ext =AU+AK 



Referring to the figure, express the 
change in the potential energy of the 
block as it moves from position 1 to 
position 2: 



AU = mgAh = mgLs'm 9 



Because the block starts from rest: 



AK = K 



2 - 2 



L mv 2 



Substitute to obtain: 



^tension force = mgL Sin 6 + \m V 



and (c) is correct. 
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Picture the Problem Let the system 
include the earth, the block, and the 
inclined plane. Then there are no external 
forces to do work on the system and 
Wext = 0. Apply the work-energy theorem 
with friction to find an expression for the 
energy dissipated by friction. 




Express the work-energy theorem 
with friction: 



482 Chapter 7 



Because the velocity of the block is 
constant, AK = 0 and: 



A£ therm = ~AU = -mgAh 



In time At the block slides a 
distance vAt . From the figure: 



Ah = vAt sin 0 



Substitute to obtain: 



A^therm = ~mgv At sin 0 



and (b) is correct. 
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Picture the Problem Let the system include the earth and the box. Then the applied 
force is external to the system and does work on the system in compressing the spring 
This work is stored in the spring as potential energy. 



Express the work-energy theorem: 



W ext = AK + AU + AU S + AE ±erm 



Because AK = AU a = AE therm = 0 : 



W ext = AU S 



Substitute for W PX , and AU<: 



Fx — 2 fc^c 



Solve for x: 



x 



21 



Substitute numerical values and 
evaluate x: 



2(70 N) 
6800 N/m 



2.06 cm 
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Picture the Problem The solar constant is the average energy per unit area and per unit 
time reaching the upper atmosphere. This physical quantity can be thought of as the 
power per unit area and is known as intensity. 

Letting 7 sul f ace represent the intensity 
of the solar radiation at the surface 
of the earth, express / sul f aC e as a 
function of power and the area on 
which this energy is incident: 



surface 



P 

A 



AE I At 



Solve for AE: 



Substitute numerical values and 
evaluate AE: 
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AE = (lkW/m 2 )(2m 2 )(8h)(3600s/h) 



= 57.6MJ 
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Picture the Problem The luminosity of the sun (or of any other object) is the product of 
the power it radiates per unit area and its surface area. If we let L represent the sun' s 
luminosity, / the power it radiates per unit area (also known as the solar constant or the 
intensity of its radiation), and A its surface area, then 

L = IA. We can estimate the solar lifetime by dividing the number of hydrogen nuclei in 
the sun by the rate at which they are being transformed into energy. 



(a) Express the total energy the sun 
radiates every second in terms of the 
solar constant: 

Letting R represent its radius, 
express the surface area of the sun: 

Substitute to obtain: 

Substitute numerical values and 
evaluate L: 



L = IA 



A = 4ttR 2 



L = 4rft 2 I 

L = 4^-(l.5xlO n m) 2 (l.35kW/m 2 ) 



3.82 xlO 26 watt 



Note that this result is in good agreement 
with the value given in the text of 3.9xl0 26 
watt. 



(b) Express the solar lifetime in 
terms of the mass of the sun and the 
rate at which its mass is being 
converted to energy: 



Substitute numerical values to obtain: 



For each reaction, 4 hydrogen 
nuclei are "used up"; so: 



_ ^Hnucle, _ M/m 



An/ At An/ At 

where M is the mass of the sun, m the mass 
of a hydrogen nucleus, and n is the number 
of nuclei used up. 



1.99xl0 30 kg 



_ 1 .67 x!0' 27 kg/H nucleus 
An/ At 

_ 1 . 19 xlQ 57 H nuclei 
An/ At 



An _ 4(3.82 x!0 26 J/s) 
At ~ 4.27 xl(T 12 J 



= 3.57xl0 3 V 
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Because we've assumed that the sun 
will continue burning until roughly 
10% of its hydrogen fuel is used up, 
the total solar lifetime should be: 



3.57xl0 3 V I 



v 



= 3.33xl0 17 s 



1.06xl0 10 y 
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Picture the Problem Let the system include the earth and the Spirit of America. Then 
there are no external forces to do work on the car and W ext = 0. We can use the work- 
energy theorem to relate the coefficient of kinetic friction to the given information. A 
constant-acceleration equation will yield the car's velocity when 60 s have elapsed. 



(a) Apply the work-energy theorem 
with friction to relate the coefficient 
of kinetic friction /j k to the initial 
and final kinetic energies of the car: 

Solve for // k : 



\ mv z —\ mvl + ju k mgAs = 0 

or, because v = 0, 

-j mvl + Mk m gAs = 0 



2gAs 



Substitute numerical values and 
evaluate // k : 



_ [(708km/h)(lh/3600s)] 2 _ 
Mk ~ 2(9.8 lm/s 2 )(9.5km) 



0.208 



(b) Express the kinetic energy of the 
car: 



K 



\mv 2 



(1) 



Using a constant-acceleration 
equation, relate the speed of the car 
to its acceleration, initial speed, and 
the elapsed time: 



v = v 0 + aAt 



Express the braking force acting on 
the car: 



-A 



-ju k mg = ma 



Solve for a: 



Substitute for a to obtain: 



a = -ju k g 
v = v 0 - // k gAr 



Substitute in equation (1) to obtain: 



K = ^m(v Q -^ k gAtf 



Substitute numerical values and evaluate K: 
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K = |(l250kg)[708xl0 3 m/h-(0.208)(9.81m/s 2 )(60s)] 2 = 



3.45 MJ 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
skiers as they are towed up the slope at 
constant speed. Because the power 
required to move them is F v, we need to 
find F as a function of m tot , 6, and fi k . We 
can apply Newton's 2 nd law to obtain such 
a function. 




Express the power required as a 
function of force on the skiers and 
their speed: 

Apply ^FjF = mm to the skiers: 



P = Fv 



(1) 



Z F « = F ~A -m tot gsmO = 0 
and 

Z F v = F n -m tot gcosO = 0 



Eliminate f k = /u k F n and F n between 
the two equations and solve for F: 

Substitute in equation (1) to obtain: 



p = ( m tot<? sin 0 + M k m m g cos 0)v 
= m tot gv(sm6 + {i k cos0) 



Substitute numerical values and evaluate P: 



/ 5 = 80(75kg)(9.81m/s 2 )(2.5m/s)[sinl5 o + (0.06)cosl5°] = 



46.6 kW 



486 Chapter 7 



69 



Picture the Problem The free-body 
diagram for the box is superimposed on the 
pictorial representation shown to the right. 
The work done by friction slows and 
momentarily stops the box as it slides up 
the incline. The box's speed when it 
returns to bottom of the incline will be less 
than its speed when it started up the incline 
due to the energy dissipated by friction 
while it was in motion. Let the system 
include the box, the earth, and the incline. 
Then W ext = 0. We can use the work-energy 
theorem with friction to solve the several 
parts of this problem. 




(a) 



From the FBD we can see that the forces acting on the box are the 
normal force exerted by the inclined plane, a kinetic friction force, and 
the gravitational force (the weight of the box) exerted by the earth. 



(b) Apply the work-energy theorem with - j mv, + mgAh + jU k mgAx cos 0 = 0 
friction to relate the distance Ax the box 
slides up the incline to its initial kinetic 
energy, its final potential energy, and the 
work done against friction: 

Referring to the figure, relate Ah to Ax to Ah = Ax sin 6 
obtain: 

Substitute for Ah to obtain: - ^ mvf + mgAx sin 6 

+ ju k mgAx cos 6 = 0 



Solve for Ax: v, 2 



Ax = 



2g(sin0 + /j k cos 6) 



Substitute numerical values and evaluate (3m/s) 2 

Ax: ~ 2(9.81m/s 2 )[sin60 o + (0.3)cos60 o ] 

= 0.451m 
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(c) Express and evaluate the energy dissipated by friction: 

A£ therm = = M k mg Ax COS 0 

= (0.3)(2kg)(9.81m/s 2 )(0.451m)cos60 o = 



1.33J 



(d) Use the work-energy theorem with 
friction to obtain: 



Because K 2 - £A = 0 we have: 



W ext =AK + AU + AE th&im =0 



or 

K l -K 2 +U l -U 2 +AE lbam =0 

K l -U 2 +AE thNm =0 
or 

\ mvf - mgAx sin 6 

+ ju k mg Ax cos 6 = 0 



Solve for v,: 



V[ = yjlg Ax(s'm 6- ju k cos 6) 



Substitute numerical values and evaluate Vi: 



2.52m/s 
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Picture the Problem The power provided by a motor that is delivering sufficient energy 
to exert a force F on a load which it is moving at a speed v is Fv. 



The power provided by the motor is 
given by: 

Because the elevator is ascending 
with constant speed, the tension in 
the support cable(s) is: 

Substitute for F to obtain: 



P = Fv 



^=( m elev+ m ioad)s 



P = ( m elev+ m ioadV 



Substitute numerical values and 
evaluate P: 



P = (2000kg)(9.81m/s 2 )(2.3m/s) 
= 45.1kW 
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Picture the Problem The power a motor must provide to exert a force F on a load that it 
is moving at a speed v is Fv. The counterweight does negative work and the power of the 
motor is reduced from that required with no counterbalance. 

The power provided by the motor is P - Fv 

given by: 

Because the elevator is F = (m elev + m load - m cw )g 

counterbalanced and ascending with 
constant speed, the tension in the 
support cable(s) is: 

Substitute and evaluate P: P = (m elev + m load - m cw )gv 

Substitute numerical values and P = (500kg)(9.81m/s 2 )(2.3m/s) 

evaluate P: 



11.3kW 



Without a load: F = (m elev - m cw )g 

and 

= (-300kg)(9.81m/s 2 )(2.3m/s) 



= -6.77kW 
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Picture the Problem We can use the work-energy theorem with friction to describe the 
energy transformation within the dart-spring-air-earth system. With this choice of the 
system, there are no external forces to do work on the system; i.e., W ext = 0. Choose U g = 
0 at the elevation of the dart on the compressed spring. The energy initially stored in the 
spring is transformed into gravitational potential energy and thermal energy. During the 
dart's descent, its gravitational potential energy is transformed into kinetic energy and 
thermal energy. 

Apply conservation of energy W m = AK + AU + AE lha . m = 0 

during the dart' s ascent: OT) because AK = 0, 

^ g ,f-^ g .i+^, f -^,i+A£ therm =0 

Because \J. = U f = 0 : U,- U s , + AE therm = 0 
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Substitute for and f/ s> f and solve 
for A£ therm : 



A£ therm = f/ s , i -C/ g , f = ±kx t -mgh 



Substitute numerical values and 
evaluate AE therm : 



A£ therm =i(5000N/m)(0.03m) 2 

- (0.007 kg)(9.8 1 m/s 2 )(24m) 



= 0.602J 



Apply conservation of energy 
during the dart's descent: 



W en =AK + AU + AE therm 

or, because K\ = C/ gj f = 0, 
K f -U^+AE t J m =0 



Substitute for K { and £/ gji to obtain: 



1 mvf-mgh + AE lhenn =0 



Solve for v f : 



_ /2(mg/7-A£ then J 



m 



Substitute numerical values and evaluate 



(0.007 kg)(9.8 1 m/s 2 )(24m)- 0.602 J 



0.007 kg 



17.3m/s 
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Picture the Problem Let the system consist of the earth, rock and air. Given this choice, 
there are no external forces to do work on the system and W ext = 0. Choose U g = 0 to be 
where the rock begins its upward motion. The initial kinetic energy of the rock is partially 
transformed into potential energy and partially dissipated by air resistance as the rock 
ascends. During its descent, its potential energy is partially transformed into kinetic 
energy and partially dissipated by air resistance. 



(a) Using the definition of kinetic 
energy, calculate the initial kinetic 
energy of the rock: 

(b) Apply the work-energy theorem 
with friction to relate the energies of 
the system as the rock ascends: 



K. i =\mv- =|(2kg)(40m/s) 2 



1.60kJ 



AK + AU + AE aiem = 0 



Because K f - 0: 



-K i + AU + AE thenD =0 
and 

AE tha . m =K l -AU 
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Substitute numerical values and 
evaluate AZ? th ei m : 



A£ therm = 1600J-(2kg)(9.81m/s 2 )(50m) 



619J 



(c) Apply the work-energy theorem 
with friction to relate the energies of 
the system as the rock descends: 



AK + AU + 0JAE therm =0 



Because K, = Uf = 0: 



^ f -t/,+0.7A£ therm =0 



Substitute for the energies to obtain: 



±mvf-mgh + 0.7 A£ therm =0 



Solve for vf. 



v f =J2gh- 1AAEth ™ 
V m 



Substitute numerical values and 
evaluate v f : 



= 23.4m/s 
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Picture the Problem Let the distance the block slides before striking the spring be L. 
The pictorial representation shows the block at the top of the incline (1), just as it strikes 
the spring (2), and the block against the fully compressed spring (3). Let the block, 
spring, and the earth comprise the system. Then W ext = 0. Let U g = 0 where the spring is 
at maximum compression. We can apply the work-energy theorem to relate the energies 
of the system as it evolves from state 1 to state 3. 




(L + x)sin# 



h 3 = 0 



Express the work-energy theorem: 



AK + AU g +AU s =0 
or 



AK + £/ g ,3-£/ g ,,+£/ s ,3-t/ s ,i=0 
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Because AK - t/ g 3 - U s i = 0: 



Substitute for each of these energy 
terms to obtain: 



mg\ + \kx 2 = 0 



Substitute for h 3 and hi. 



mg 



(L + x)s'm0 + \kx 2 =0 



Rewrite this equation explicitly as a 
quadratic equation: 



2 2mgsin0 2mgLsin& 

JC JC — \J 



Solve this quadratic equation to obtain: 



x = 



^-sin6' + 
k 



r mg^ 



V * J 



sm 0 + — ^sin^ 



Note that the negative sign between the two terms leads to a non-physical solution. 
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Picture the Problem We can find the work done by the girder on the slab by calculating 
the change in the potential energy of the slab. 



(a) Relate the work the girder does 
on the slab to the change in 
potential energy of the slab: 

Substitute numerical values and 
evaluate W: 



W = AU = mgAh 



W = (l.5xl0 4 kg)(9.81m/s 2 )(0.001m) 



= 147 J 



(b) 



The energy is transferred to the girder from its surroundings, which are 
warmer than the girder. As the temperature of the girder rises, the atoms 
in the girder vibrate with a greater average kinetic energy, leading to a 
larger average separation, which causes the girder's expansion. 
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Picture the Problem The average power delivered by the car's engine is the rate at 
which it changes the car's energy. Because the car is slowing down as it climbs the hill, 
its potential energy increases and its kinetic energy decreases. 



Express the average power delivered 
by the car's engine: 



AE 
At 
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Express the increase in the car's 
mechanical energy: 



AE = AK + AU 



= K, 



top 



^bot +^top ~ U bot 

\mv 2 bot +mgAh 



2gMi) 



Substitute numerical values and evaluate AE: 

A£ = {(l500kg)[(l0m/s) 2 -(24m/s) 2 +2(9.81m/s 2 )(l20m) 



1.41MJ 



Assuming that the acceleration of 
the car is constant, find its average 
speed during this climb: 

Using the v av , find the time it takes 
the car to climb the hill: 



v + v, 

y top y bot 1 _ , 

v„ = — = 17 m/s 



As 2000m 110 
At = — = = 1 18s 



v„, 17 m/s 



Substitute to determine P dV : 



P„ = 



1.41MJ 
118s 



11.9kW 
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Picture the Problem Given the potential energy function as a function of y, we can find 
the net force acting on a given system from/ 7 = — dU I dy . The maximum extension of 

the spring; i.e., the lowest position of the mass on its end, can be found by applying the 
work-energy theorem. The equilibrium position of the system can be found by applying 
the work-energy theorem with friction ... as can the amount of thermal energy produced 
as the system oscillates to its equilibrium position. 

(a) The graph of U as a function of y is shown to the right. Because k and m are not 
specified, k has been set equal to 2 and mg to 1 . The spring is unstretched when y = y Q = 
0. Note that the minimum value of U (a position of stable equilibrium) occurs near y - 5 
m. 
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(b) Evaluate the negative of the 
derivative of U with respect to y: 



dU d ( 2 \ 
F = -— = -— \\ky -mgy) 

dy dy 



-ky + mg 



(c) Apply conservation of energy to 
the movement of the mass from y = 

OtOJ = Vmax: 



AK + AU + AE tbeim = 0 



Because AK = 0 (the object starts 
from rest and is momentarily at rest 
at y = Vmax) and A£ therm = 0 (no 
friction), it follows that: 



At/=*70w)-t/(0) = 0 



Because U(0) = 0: 



tfOw) = 0 => \ky 2 mm - mgy max = 0 



Solve for y„ 



y max 



2mg 



(d) Express the condition of F at 
equilibrium and solve for y eq : 



^ eq =0=>-Ay eq +mg =0 
and 



'eq 



mg 
k 



(e) Apply the conservation of energy 
to the movement of the mass from y 
= 0 to y = y eq and solve for A^therm: 



AK + AU + AE^ m =0 

or, because AK = 0. 
AE therm =-AU=U i -U { 
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Because [/. =[/(o) = 0: 



AE, 



therm 



Uf =-{\ k yl q -mgy e ^) 



Substitute for y eq and simplify to 
obtain: 
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Picture the Problem The energy stored in the compressed spring is initially transformed 
into the kinetic energy of the signal flare and then into gravitational potential energy and 
thermal energy as the flare climbs to its maximum height. Let the system contain the 
earth, the air, and the flare so that W ext = 0. We can use the work-energy theorem with 
friction in the analysis of the energy transformations during the motion of the flare. 



(a) The work done on the spring in W = K „ = -mvl 

s i, iliire 2 0 

compressing it is equal to the kinetic 
energy of the flare at launch. 
Therefore: 

(b) Ignoring changes in gravitational AK + AU S = 0 
potential energy (i.e., assume that or 

the compression of the spring is K f — K { + U s f — U i = 0 

small compared to the maximum 

elevation of the flare), apply the 

conservation of energy to the 

transformation that takes place as 

the spring decompresses and gives 

the flare its launch speed: 



Because K { = AU„ = U s f. 



K 



f 




Substitute for K i and t/ s ; : 



\mv\-\ 



\kd 2 =0 



Solve for k to obtain: 



k = 



mv. 



.2 



d 1 



(c) Apply the work-energy theorem 
with friction to the upward 
trajectory of the flare: 



AZ + At/ g +A£ therm =0 
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Solve for AEtherm^ 



Because Kf = U\ = 0: 



AE theim =-AK-AU g 



= K i -K f +U i -U f 



AE, t 



-mgh 
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Picture the Problem Let U D = 0. Choose 
the system to include the earth, the track, 
and the car. Then there are no external 
forces to do work on the system and 
change its energy and we can use 
Newton's 2 nd law and the work-energy 
theorem to describe the system's energy 
transformations to point G . . . and then the 
work-energy theorem with friction to 
determine the braking force that brings the 
car to a stop. The free-body diagram for 
point C is shown to the right. 



y 

/ 




The free-body diagram for point D is | 
shown to the right. ' v f„ 



I 



"ng 

The free-body diagram for point I 
F is shown to the right. ' k F n 



F 

■ ► 



(a) Apply the work-energy theorem 
to the system's energy 
transformations between A and B : 

If we assume that the car arrives at 
point B with vb = 0, then: 



AK + AU = 0 
or 

K B -K A +U B -U A =0 

- j mv A + mgAh = 0 

where Ah is the difference in elevation 
between A and B. 
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Solve for and evaluate Ah: 



The height above the ground is: 



M= vl = (I2m/sf =734 
2g 2(9.81m/s 2 ) 



m 



h + Ah = 10m + 7.34m = 



17.3m 



(b) If the car just makes it to point 
B; i.e., if it gets there with v B = 0, 
then the force exerted by the track 
on the car will be the normal force: 



track on car 



= F n =mg 



= (500kg )(9.81m/s 2 ) 



= 4.91kN 



(c) Apply F x = ma x to the car at 
point C (see the FBD) and solve for 



a: 



mg sin 0 = ma 
and 

a = g sin 6 = (9.81m/s 2 )in30° 



= 4.91m/s 2 



(d) Apply ^ F y = ma y to the car at 

point D (see the FBD) and solve for 
F- 



F n - mg = m 



and 



R 



17 , V D 

F n =mg + m-±- 

IV 



Apply the work-energy theorem to 
the system's energy transformations 
between B and D: 



AK + AU = 0 
or 

K D -K B +U D -U B =0 



Because K B = U D = 0: 



K D -U B =0 



Substitute to obtain: 



ymVp -mg{h + Ah) = 0 



Solve for v D : 



v 2 =2g(h + Ah) 



Substitute to find F n : 



F n =mg+m^- 



= mg +m 
= mg 



2g(h + Ah) 
R 

1 | l(h + Ah) 
R 



Substitute numerical values and 
evaluate F n : 
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F n ^500kg)(9.81m/s 2 )[l + ^^ 



13.4kN, directed upward. 



(e) F has two components at point F; 
one horizontal (the inward force that 
the track exerts) and the other 
vertical (the normal force). Apply 
^ F = ma to the car at point F: 



X F v =F n -mg=0^ F n =mg 



and 



2 
F_ 

R 



Express the resultant of these two 
forces: 



f = JfJ7f] 



( 2\ 2 

m — 



+ 



(mgf 



m ile +s 



Substitute numerical values and 
evaluate F: 



F = (5Mkg)J(||^£ + (9.81m/ S ')' 



= 5.46 kN 



Find the angle the resultant makes 
with thex axis: 



6 = tan 



= tan 



| = tan 1 


2 




V V F J 



(9.81m/s 2 )(30m) 
(l2m/s) 2 



63.9 C 



(f) Apply the work-energy theorem 
with friction to the system' s energy 
transformations between F and the 
car's stopping position: 



-^c+A£ therm =0 



and 



The work done by friction is also 
given by: 



A£ ,he„n = = ^brake^ 

where d is the stopping distance. 



Equate the two expressions for 
A£ therm and solve for F hmke : 
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Substitute numerical values and 
evaluate F brake : 



brake 



(500kgXl2m/s) 2 
2(25 m) 



1.44kN 



*80 • 

Picture the Problem The rate of 
conversion of mechanical energy can be 
determined from P = F v. The pictorial 
representation shows the elevator moving 
downward just as it goes into freefall as 
state 1. In state 2 the elevator is moving 
faster and is about to strike the relaxed 
spring. The momentarily at rest elevator on 
the compressed spring is shown as state 3. 
Let £/g = 0 where the spring has its 
maximum compression and the system 
consist of the earth, the elevator, and the 
spring. Then W ext = 0 and we can apply the 
conservation of mechanical energy to the 
analysis of the falling elevator and 
compressing spring. 



Ill 
M I 




T 

1 in 

1 Jdi 



Ay 

T 



2 



M 






n 

















(a) Express the rate of conversion of 
mechanical energy to thermal 
energy as a function of the speed of 
the elevator and braking force 
acting on it: 



P ~ ^braking V 0 



Because the elevator is moving with 
constant speed, the net force acting 
on it is zero and: 



brakine 



Mg 



Substitute for F\, a K m „ and evaluate P: 



P = Mgv 0 
= (2000kg)(9.81m/s 2 )(l.5m/s) 



29.4kW 



(b) Apply the conservation of 
energy to the falling elevator and 
compressing spring: 

Because - U„3 = U s \ = 0: 



AK + AU g +AU s =0 



or 



^3- J s: 1 +c/ g> 3-c/ ga +c/ S)3 -c/ Stl =o 

-\Mvl -Mg(d + Ay) + \k{Ay) 2 =0 
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Rewrite this equation as a quadratic 
equation in Ay, the maximum compression 
of the spring: 
Solve for Ay to obtain: 



fcrf-f^>,-£krf + v;)=o 

\ k J k 
Mg \M 2 g 2 M i n , 7\ 



Substitute numerical values and evaluate Ay: 
(2000kg)(9.81m/s 2 ) 



Ay = 



1.5 xlO 4 N/m 



+ 



(2000kg) 2 (9.8 lm/s 2 ) 2 | 2000kg 



(l.5xl0 4 N/m) 2 1.5xl0 4 N/m 



2(9.81m/s 2 )(5m) + (l.5m/s) 2 



5.19m 
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Picture the Problem We can use Newton's 2 nd law to determine the force of friction as a 
function of the angle of the hill for a given constant speed. The power output of the 
engine is given by P = F f v . 




(a) Apply 2^ F x = ma x to the car: 



Evaluate F f for the two speeds: 



mg sin 0 - F f =0^> F t = mg sin 0 



F 2Q = (I000kg)(9.81m/s 2 )sin2.87° 



491N 



and 



F 30 = (I000kg)(9.81m/s 2 )sin5.74 c 



= 981N 



(b) Express the power an engine 
must deliver on a level road in order 



P = F f v 



P 2Q =(491N)(20m/s) = 



9.82kW 
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to overcome friction loss and 
evaluate this expression for 
v = 20 m/s and 30 m/s: 



and 

P 30 =(981N)(30m/s): 



29.4kW 



(c) Apply = ma x to the car: 



y 1 \F x = F - mg sin # - F f =0 



Relate i 7 to the power output of the 
engine and the speed of the car: 



Since P = Fv, F = 



Substitute for F and solve for 0 : 



6 = sin 



— -F. 



21) 



Substitute numerical values and 
evaluate 6: 



6 = sin 



40 kW 



-491N 



20 m/s 

(l000kg)(9.81m/s 2 ) 



8.85 c 



(if) Express the equivalence of the 
work done by the engine in driving 
the car at the two speeds: 

Let A V represent the volume of fuel 
consumed by the engine driving the 
car on a level road and divide both 
sides of the work equation by AV to 
obtain: 



Solve for 



( A 4o 



W eaghie =F 20 {A S ) 20 =F 30 {As) 30 



(As) 2Q _ (As\ 0 

20 1T , — r 30 



AV 



AV 



( A 4o _ ^20 ( A 4o 



AV F i0 AV 



Substitute numerical values and 
{As\ 



evaluate 



/30 



AV 



AV 981N V ; 



= 6.36km/L 
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Picture the Problem Let the system include the earth, block, spring, and incline. Then 
Wext - 0. The pictorial representation to the left shows the block sliding down the incline 
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and compressing the spring. Choose U g = 0 at the elevation at which the spring is fully 
compressed. We can use the conservation of mechanical energy to determine the 
maximum compression of the spring. The pictorial representation to the right shows the 
block sliding up the rough incline after being accelerated by the fully compressed spring. 
We can use the work-energy theorem with friction to determine how far up the incline the 
block slides before stopping. 




(a) Apply conservation of 
mechanical energy to the system as 
it evolves from state 1 to state 3: 



Because 

^3=^=^,3=^,1=0: 



Relate Ah to L + x and 6 and 
substitute to obtain: 

Rewrite this equation in the form of 
an explicit quadratic equation: 

Substitute for k, m, g, 6 and L to 
obtain: 

Solve for the physically meaningful 
(i.e., positive) root: 

(b) Proceed as in (a) but include 
energy dissipated by friction: 



AK + AU V + AU=0 
or 

K 3 _ Ki+Ug3 _ Ugi 

+ c/ s ,3-£/ s , 1 =o 



■u gA +u s ,=o 



or 



-mgAh + \kx 2 =0 



Ah = (L + x)sin0 

\ kx 2 - mg(L + x) sin 6 = 0 



kx 2 - (mg sin 0)x - mgL sin 6 = 0 



( 

50— 



^ 2 -(9.81N)jc-39.24J=0 



x= 0.989 m 



-^,1 + ^,3 + 4^=0 



The mechanical energy transformed A^therm = F f (L + x) = ju k F n {L + x) 

to thermal energy is given by: = ju k mg cos 6(L + x) 
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Substitute for Ah and AZJtherm to 
obtain: 



— mg{L + jc)sin 6 + \kx 2 
+ ju k mg cos 6{h + x) = 0 



Substitute for k, m, g, 0, /4 and L to 
obtain: 



( 

50— 



x 2 -(6.41N)x-25.65J = 0 



Solve for the positive root: 

(c) Apply the work-energy theorem 
with friction to the system as it 
evolves from state 3 to state 4: 



x= 0.783m 



^4-^3+^ g ,4-^ g .3 

+ U,4-U, 3 +AE therm =0 



Because 

^4=^=t/ g ,3=£/ s ,4=0: 



C/ g , 4 -f/, 3 +A£ therm =0 



or 



-mgAh'+±kx 2 +AE thenn =0 



Substitute for Ah' and AZ? therm to 
obtain: 



mg(L'+ x)sin 6 + \ kx 2 
+ ju k mg cos 0(L'+x) = 0 



Solve for L' with x = 0.783 m: 



L'= 1.54m 
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Picture the Problem The work done by the engines maintains the kinetic energy of the 
cars and overcomes the work done by frictional forces. Let the system include the earth, 
track, and the cars but not the engines. Then the engines will do external work on the 
system and we can use this work to find the power output of the train's engines. 



(a) Use the definition of kinetic 
energy: 



K = \mv' 



(2xl0 6 kg|l5 



km lh 



h 3600s 



= 17.4MJ 



(b) The change in potential energy 
of the train is: 



AU =mgAh 

= (2 x 1 0 6 kg\9 . 8 1 m/s 2 \l01 m) 



1.39xl0 10 J 



(c) Express the energy dissipated by A^therm = f^s 

kinetic friction: 
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Express the frictional force: 



/ = 0.008mg 



Substitute for/ and evaluate AEtherm: 

A£ therm = O.OOSmgAs = 0.008(2xl0 6 kg)(9.81m/s 2 )(62km) = 



9.73xl0 9 J 



(d) Express the power output of the 
train' s engines in terms of the work 
done by them: 



AW 
At 



Use the work-energy theorem with 
friction to find the work done by the 
train's engines: 

Find the time during which the 
engines do this work: 

Substitute in the expression for P to 
obtain: 



W ext =AK + AU + AE therm 

or, because AK = 0, 
W^=MJ + AE, 



therm 



At = 



As 



_ (At/+A£ therm )v 
As 



Substitute numerical values and evaluate P: 



P = (l.39xl0 10 J + 9.73xl0 9 j)- 



15 



km lh 
IT ' 3600 s 
62 km 



1.59 MW 
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Picture the Problem While on a horizontal surface, the work done by an automobile 
engine changes the kinetic energy of the car and does work against friction. These 
energy transformations are described by the work-energy theorem with friction. Let the 
system include the earth, the roadway, and the car but not the car's engine. 



(a) The required energy equals the 
change in the kinetic energy of the 
car: 



AK 



1 2 



= |(1200 kg] 50 



km lh 



h 3600s 



116kJ 



(b) The required energy equals the 



A£ therm = /As 
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work done against friction: 



Substitute numerical values and 
evaluate AEtherm: 

(c) Apply the work-energy theorem 
with friction to express the required 
energy: 

Divide both sides of the equation by 
E to express the ratio of the two 
energies: 



A£ them =(300N)(300m) = 



F'=W = AK + AF 

^ vv ext ^ TUC ' therm 

= AK + 0.75E 



90.0kJ 



E AK 



E E 



+ 0.75 



Substitute numerical values and 
evaluate E'lE: 



E' 116kJ 



E 90 kJ 



+ 0.75 



2.04 
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Picture the Problem Assume that the bob 
is moving with speed v as it passes the top 
vertical point when looping around the peg. 
There are two forces acting on the bob: the 
tension in the string (if any) and the force 
of gravity, Mg; both point downward when 
the ball is in the topmost position. The 
minimum possible speed for the bob to 
pass the vertical occurs when the tension is 
0; from this, gravity must supply the 
centripetal force required to keep the ball 
moving in a circle. We can use 
conservation of energy to relate v to L and 
R. 




t/=0 



Express the condition that the bob 
swings around the peg in a full 
circle: 



M — >Mg 
R 



Simplify to obtain: 

Use conservation of energy to relate 
the kinetic energy of the bob at the 
bottom of the loop to its potential 
energy at the top of its swing: 

Solve for v 2 : 
Substitute to obtain: 



R 



> 



Mv 2 =Mg(L-2R) 



v 2 =2g(L-2R) 
2g{L-2R) 



R 



> 
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Solve for R: 



R< 



86 

Picture the Problem If the wood exerts an average force F on the bullet, the work it does 
has magnitude FD. This must be equal to the change in the kinetic energy of the bullet, 
or because the final kinetic energy of the bullet is zero, to the negative of the initial 
kinetic energy. We'll let m be the mass of the bullet and v its initial speed and apply the 
work-kinetic energy theorem to relate the penetration depth to v. 



Apply the work-kinetic energy 
theorem to relate the penetration 
depth to the change in the kinetic 
energy of the bullet: 



W total =AK = K t -K l 
or, because K { = 0, 



total 



K. 



Substitute for W tota i and K\ to obtain: 
Solve for D to obtain: 



FD = -\mv 2 



D = 



mv 
llF 



For an identical bullet with twice 
the speed we have: 



FD'=-\m(lv) 2 



Solve for D' to obtain: 



D'=4 



f 2\ 

mv 



IF 



AD 



and (c) is correct. 
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Picture the Problem For part (a), we'll let the system include the glider, track, weight, 
and the earth. The speeds of the glider and the falling weight will be the same while they 
are in motion. Let their common speed when they have moved a distance Y be v and let 
the zero of potential energy be at the elevation of the weight when it has fallen the 
distance Y. We can use conservation of energy to relate the speed of the glider (and the 
weight) to the distance the weight has fallen. In part (b), we'll let the direction of motion 
be the x direction, the tension in the connecting string be T, and apply Newton's 2 nd law 
to the glider and the weight to find their common acceleration. Because this acceleration 
is constant, we can use a constant-acceleration equation to find their common speed when 
they have moved a distance Y. 



(a) Use conservation of energy to 
relate the kinetic and potential 
energies of the system: 

Because the system starts from rest 
and U f = 0: 



AK + AU=0 
or 

K f -K i +U f -C/j=0 
K f -£/; =0 



Substitute to obtain: 



\mv 2 +\Mv 2 -mgY = 0 
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Solve for v: 






ImgY 




v = 


1 


M +m 



(b) The free-body diagrams for the 
glider and the weight are shown to 
the right: 



Apply Newton's 3 rd law to obtain: 
Apply /,F X = ma to the glider: 

Apply = ma to the weight: 

Add these equations to eliminate T 
and obtain: 

Solve for a to obtain: 



Using a constant-acceleration 
equation, relate the speed of the 
glider to its initial speed and to the 
distance that the weight has fallen: 

Substitute for a and solve for v to 
obtain: 



y 
i 

1 n 



■> -X 



mg 

= T 
T = Ma 

mg —T = ma 

mg = Ma + ma 



a = g 



in 



m + M 



v 2 = Vq + 2aY 
or, because vo = 0, 
v 2 = 2aY 



2mgY 



M +m 



mg 



I 

x 



, the same result we 



obtained in part (a). 

*88 

Picture the Problem We're given P = dW I dt and are asked to evaluate it under the 
assumed conditions. 



Express the rate of energy 
expenditure by the man: 



P = 3mv 2 =3(l0kg)(3m/s) 2 
= 270W 



Express the rate of energy 
expenditure P' assuming that his 
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muscles have an efficiency of 20%: 



Solve for and evaluate P'\ 



P' = 5P = 5(270 W) = 



1.35kW 



89 

Picture the Problem The pictorial 
representation shows the bob swinging 
through an angle # before the thread is cut 
and it is launched horizontally. Let its 
speed at position 1 be v. We can use 
conservation of energy to relate v to the 
change in the potential energy of the bob as 
it swings through the angle 9 . We can find 
its flight time At from a constant- 
acceleration equation and then express D as 
the product of v and At. 



t/=0 




Relate the distance D traveled 
horizontally by the bob to its launch 
speed v and time of flight At: 



D = vAt 



(1) 



Use conservation of energy to relate 
its launch speed v to the length of 
the pendulum L and the angle 9 : 

Substitute to obtain: 

Solving for v yields: 

In the absence of air resistance, the 
horizontal and vertical motions of 
the bob are independent of each 
other and we can use a constant- 
acceleration equation to express the 
time of flight (the time to fall a 
distance H): 



K.-K.+U.-U^O 
or, because U\ = K 0 = 0, 

\mv 2 - mgL(l - cos 0) = 0 

v = yl2gL(l - cos 0) 

Ay = v 0y At + ^a y {Atf 

or, because Ay = -H, a y = -g, and vo v = 0, 

-H = -\g{At) 2 



Solve for At to obtain: 



At = pH/g 



Substitute in equation (1) and 
simplify to obtain: 



D = pgL{l-cos0)^- 



2^HL(l-cos0) 



which shows that, while D depends on 9, it 
is independent of g. 
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Picture the Problem The pictorial representation depicts the block in its initial position 
against the compressed spring (1), as it separates from the spring with its maximum 
kinetic energy (2), and when it has come to rest after moving a distance x + d. Let the 
system consist of the earth, the block, and the surface on which the block slides. With this 
choice, Wext = 0. We can use the work-energy theorem with friction to determine how far 
the block will slide before coming to rest. 



x\ =0 



v, =0 



X-y=X 



v 2 



jc 3 = x + d 



(a) The work done by the spring on 
the block is given by: 



W = AU 

spring spring 2 



-±kx 2 



Substitute numerical values and 
evaluate W. 



spring- 



WU R =i(20N/cm)(3cm) 2 



0.900J 



(b) The energy dissipated by friction 
is given by: 



A^ttam = f As = Vv F M = M^gAx 



Substitute numerical values and 
evaluate A£ the i m : 

(c) Apply the conservation of 
energy between points 1 and 2: 



A£ therm = (0.2)(5kg)(9.81m/s 2 )(0.03m) 



0.294J 



K 2 -K 1+ U sa -U s ,+AE the[m =0 



Because ^ = £/ s2 = 0: 



K 0 -U , +AE,. =0 

2 s,l therm 



Substitute to obtain: 



\mv 2 2 -\kx 2 +AE^ m =0 



Solve for v 2 : 



\kx -2AB, 



therm 



m 



Substitute numerical values and 
evaluate vi. 



(20 N/cm)(3cm) 2 -2(0.294 j) 



5 kg 



= 0.492 m/s 
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(d) Apply the conservation of energy 
between points 1 and 3: 



AK + U^-U sd +AE the[m =0 



Because AK = U s3 = 0: 



•C/ M +A£ them =0 



or 



\kx 2 + jU k mg(x + d) = 0 



Solve for d: 



kx 2 

a = x 

2// k mg 



Substitute numerical values and 
evaluate d: 



d _ (20N/ cm X3cm)' 03m 

2(0.2)(5kg)(9.81m/s 2 ) 



= 6.17cm 
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Picture the Problem The pictorial 
representation shows the block initially at 
rest at point 1 , falling under the influence 
of gravity to point 2, partially compressing 
the spring as it continues to gain kinetic 
energy at point 3, and finally coming to 
rest at point 4 with the spring fully 
compressed. Let the system consist of the 
earth, the block, and the spring so that 
Wext = 0. Let £/ g = 0 at point 3 for part (a) 
and at point 4 for part (b). We can use the 
work-energy theorem to express the kinetic 
energy of the system as a function of the 
block's position and then use this function 
to maximize K as well as determine the 
maximum compression of the spring and 
the location of the block when the system 
has half its maximum kinetic energy. 




2 l, ; = /, 



3 f *3 = /; + * 



x 4 -h +jr max 



v, = 0 



(a) Apply conservation of 
mechanical energy to describe the 
energy transformations between 
state 1 and state 3: 



AK + AU n + AU„ = 0 



or 

^3-^+^,3-^+^,3-^.1=0 



Because K x = [/ g> 3 = t/ s ,i - 0: 



-^,1+^,3 
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and 

K 3 = K = mg(h + x)-\kx 2 



Differentiate K with respect to x and 
set this derivative equal to zero to 
identify extreme values: 



dK 

dx 



= mg - kx = 0 for extreme values. 



Solve for x: 



x = 



mg 



Evaluate the second derivative of K 
with respect to x: 



d 2 K 
dt 2 



= -k<0 



x = maximizes K . 



Evaluate K for x = mg/k: 



^max =mgh + mg 



V * J 



r mg^ 



V A, j 



mgh + 



2 2 

m g 
2k 



(b) The spring will have its 
maximum compression at point 4 
where K - 0: 



m s{h + x mzx )-\kx 2 mzx =0 
or 



2 _2ms _2mgh = 

max , max , 

k k 



Solve for x and keep the physically 
meaningful root: 



■''•max 



mg \m 2 g 2 Imgh 



(c) Apply conservation of 
mechanical energy to the system as 
it evolves from state 1 to the state in 
which K = \K max : 



AK + At/., + AC/ = 0 



or 

K-K 1+ U s ,-U g ,+U s ,-U s ,=0 



Because K\ = C/ gj 3 - U s ,\ = 0: 



^-^+^3,3=0 

and 

K = mg(h + x)-\kx 2 
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Substitute for K to obtain: 



mgh + 



2 2 A 

m g 
2k 



mg{h + x)-\kx 2 



Express this equation in quadratic form: 



2 2mg 
x -x + 



f 2 2 7 A 

m g mgh 
2k 2 k 



= 0 



Solve for the positive value of x: 



x = 



mg 

k ^ 


2m 2 g 2 Amgh 


k 2 ' k 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
pendulum bob. The application of 
Newton's 2 nd law leads directly to the 
required expression for the tangential 
acceleration. Recall that, provided 6? is in 
radian measure, s-L9. Differentiation 
with respect to time produces the result 
called for in part (b). The remaining parts 
of the problem simply require following 
the directions for each part. 




(a) Apply F x = ma x to tne ^ob: 
Solve for a tm : 



a tan ~ dv I dt = -g sin 6 



(b) Relate the arc distance s to the 
length of the pendulum L and the 
angle 6: 



s = L0 



Differentiate with respect to time: 



dsl dt = v = Ld6 1 dt 



dv d6 
(c) Multiply — by — and 
dt dO 

d6 

substitute for from part (b): 

dt 



dv _ dv dO _ dv d6 
dt dt d6 dO dt 



dvfv^ 



d6 
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(d) Equate the expressions for dv/dt 
from (a) and (c): 



dv ( 



d6 



-g sin 6 



Separate the variables to obtain: 

(e) Integrate the left side of the 
equation in part (d) from v = 0 to the 
final speed v and the right side from 
0 = 6b to 6 = 0: 



vdv = -gLs'mOdO 



jvW = j-gLsin#W 



Evaluate the limits of integration to 
obtain: 



v 2 = gL(l-cos0 o ) 



Note, from the figure, that 
h = L(l - cos 6b). Substitute and 
solve for v: 

93 ••• 

Picture the Problem The potential energy of the climber is the sum of his gravitational 
potential energy and the potential energy stored in the spring-like bungee cord. Let 6" be 
the angle which the position of the rock climber on the cliff face makes with a vertical 
axis and choose the zero of gravitational potential energy to be at the bottom of the cliff. 
We can use the definitions of U g and i7 spr i ng to express the climber' s total potential 
energy. 

(a) Express the total potential 
energy of the climber: 

Substitute to obtain: 



U(s) = U bmgeec0ld +U g 

U(s) = \k(s-Lf +Mgy 

= \k(s-Lf +MgH cos 0 

( s \ 

= \k(s- L) + MgH cos — 

\H ) 



A spreadsheet solution is shown below. The constants used in the potential energy 
function and the formulas used to calculate the potential energy are as follows: 



Cell 


Content/Formula 


Algebraic Form 


B3 


300 


H 


B4 


5 


k 


B5 


60 


L 


B6 


85 


M 


B7 


9.81 


g 


Dll 


60 


s 


D12 


Dll+1 


5+1 
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Ell 


0.5*$B$4*(D11-$B$5) A 2 
+$B$6*$B$7*$B$3*(cos(Dll/$B$3)) 


\k(s-Lf +MgH cos 






Gil 


E11-E61 


t/(60m)-t/(ll0m) 







B 


c 


D 


E 


1 












2 












3 


H = 


300 


m 






4 


k = 


5 


N/m 






5 


L = 


60 


m 






6 


m - 


85 


kg 






7 


g = 


9.81 


m/s A 2 






8 












9 












10 








s 


U(s) 


11 








60 


2.45E+05 


12 








61 


2.45E+05 


13 








62 


2.45E+05 


14 








63 


2.45E+05 


15 








64 


2.45E+05 














147 








196 


2.45E+05 


148 








197 


2.45E+05 


149 








198 


2.45E+05 


150 








199 


2.45E+05 










200 


2.46E+05 



The following graph was plotted using the data from columns D (s) and E (U(s)). 



246 n 




239 



238 -I 1 1 1 , 1 1 1 1 

50 70 90 110 130 150 170 190 210 

s (m) 
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*94 ... 

Picture the Problem The diagram shows the forces each of the springs exerts on the 
block. The change in the potential energy stored in the springs is due to the elongation of 
both springs when the block is displaced a distance x from its equilibrium position and 

we can find AU using ^fc(AL) 2 . We can find the magnitude of the force pulling the block 

back toward its equilibrium position by finding the sum of the magnitudes of the y 
components of the forces exerted by the springs. In Part (d) we can use conservation of 
energy to find the speed of the block as it passes through its equilibrium position. 



y 
i 
i 




(a) Express the change in the 
potential energy stored in the 
springs when the block is displaced 
a distance x: 



AU = 2[^k(ALf\ = k(ALf 

where AL is the change in length of a 
spring. 



Referring to the force diagram, 
express AL: 

Substitute to obtain: 



AL = a 


/l 2 


+ x 2 -L 




AU = 


k 


( i \ 

VL 2 +jc 2 -L 


2 



(b) Sum the forces acting on the 
block to express ^restoring: 



F restoring =2Fcos0 = 2MLcos0 



= 2kAL 



x 



Substitute for AL to obtain: 



restoring 



2,2 j 

+ x -L 



x 



VL 2 +x 2 




(c) A spreadsheet program to calculate U(x) is shown below. The constants used in the 
potential energy function and the formulas used to calculate the potential energy are as 
follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


1 


L 


B2 


1 


k 


B3 


1 


M 


C8 


C7+0.01 


X 


D7 


$B$2*((C7 A 2+$B$1 A 2) A 0.5-$B$1) A 2 


U(x) 
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A 


B 


c 


D 


1 


L = 


0.1 


m 




2 


k = 


1 


N/m 




3 


M = 


1 


kg 




4 










5 










6 






X 


U(x) 


1 






0 


0 


Q 
0 






A A1 

U.U1 


2Ayh— [)/ 


r\ 

y 






0.02 


3.92E-06 


10 






0.03 


1.94E-05 


1 1 






0.04 


5.93E-05 


12 






0.05 


1.39E-04 


















A 1 ^ 

U. lb 


H O^C A^2 

/.oob— U3 


24 






0.17 


9.45E-03 


25 






0.18 


1.12E-02 


26 






0.19 


1.32E-02 








0.20 


1.53E-02 



The following graph was plotted using the data from columns C (x) and D (U(x)). 



16 i 
14 - 
12 
10 - 
1 8- 

6 

4 

2 

0 J 

0.00 0.05 0.10 0.15 0.20 

x (m) 



(<f) Use conservation of energy to 
relate the kinetic energy of the block 
as it passes through the equilibrium 
position to the change in its 
potential energy as it returns to its 
equilibrium position: 




^equilibrium ^ ^ 

or 

|Mv 2 = AU 
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Solve for v to obtain: 



v = . 



2AU 



2kWL 2 +x 2 -L 



M 



L 2 +x 2 -L) s2k 



Substitute numerical values and evaluate v: 



5.86 cm/s 



Chapter 8 

Systems of Particles and Conservation of 
Momentum 

Conceptual Problems 
1 

Determine the Concept A doughnut. The definition of the center of mass of an object 
does not require that there be any matter at its location. Any hollow sphere (such as a 
basketball) or an empty container with any geometry are additional examples of three- 
dimensional objects that have no mass at their center of mass. 

*2 • 

Determine the Concept The center of mass is midway between the two balls and is in 
free-fall along with them (all forces can be thought to be concentrated at the center of 
mass.) The center of mass will initially rise, then fall. 



Because the initial velocity of the center of mass is half of the initial velocity of the ball 
thrown upwards, the mass thrown upwards will rise for twice the time that the center of 
mass rises. Also, the center of mass will rise until the velocities of the two balls are equal 

but opposite, (b) is correct. 



3 

Determine the Concept The acceleration of the center of mass of a system of particles is 
described by F netext = ~^F iext = Ma cm , where M is the total mass of the system. 



Express the acceleration of the 
center of mass of the two pucks: 



F F 

net.ext _ 1 \ 



M m 1 +m 2 



and (b) is correct. 



Determine the Concept The acceleration of the center of mass of a system of particles 
is described by F netext = ^F iext = Ma cm , where M is the total mass of the system. 



Express the acceleration of the 
center of mass of the two pucks: 



M 



because the spring force is an internal 
force. 



(b) is correct. 
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*5 

Determine the Concept No. Consider a 1-kg block with a speed of 1 m/s and a 2- kg 
block with a speed of 0.707 m/s. The blocks have equal kinetic energies but momenta of 
magnitude 1 kg-m /s and 1.414 kg-m/s, respectively. 

6 

(a) True. The momentum of an object is the product of its mass and velocity. Therefore, 
if we are considering just the magnitudes of the momenta, the momentum of a heavy 
object is greater than that of a light object moving at the same speed. 

(b) True. Consider the collision of two objects of equal mass traveling in opposite 
directions with the same speed. Assume that they collide inelastic ally. The mechanical 
energy of the system is not conserved (it is transformed into other forms of energy), but 
the momentum of the system is the same after the collision as before the collision, i.e., 
zero. Therefore, for any inelastic collision, the momentum of a system may be conserved 
even when mechanical energy is not. 

(c) True. This is a restatement of the expression for the total momentum of a system of 
particles. 

7 

Determine the Concept To the extent that the system in which the rifle is being fired is 
an isolated system, i.e., the net external force is zero, momentum is conserved during its 
firing. 

Apply conservation of momentum p iifle + P bu n et = 0 

to the firing of the rifle: or 

/'rifle = _ /'bullet 



*8 • 

Determine the Concept When she jumps from a boat to a dock, she must, in order for 
momentum to be conserved, give the boat a recoil momentum, i.e., her forward 
momentum must be the same as the boat's backward momentum. The energy she 
imparts to the boat is £ boat = p b 2 oat /2m boat . 



When she jumps from one dock to another, the mass of the dock plus the 
earth is so large that the energy she imparts to them is essentially zero. 



*9 •• 

Determine the Concept Conservation of momentum requires only that the net external 
force acting on the system be zero. It does not require the presence of a medium such as 
air. 
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10 • 

Determine the Concept The kinetic energy of the sliding ball is j mv c 2 m . The kinetic 
energy of the rolling ball is ^ mv c 2 m + K iel , where its kinetic energy relative to its center 
of mass is K rel . Because the bowling balls are identical and have the same velocity, the 
rolling ball has more energy. 

11 • 

Determine the Concept Think of someone pushing a box across a floor. Her push on 
the box is equal but opposite to the push of the box on her, but the action and reaction 
forces act on different objects. You can only add forces when they act on the same 
object. 

12 • 

Determine the Concept It's not possible for both to remain at rest after the collision, as 
that wouldn't satisfy the requirement that momentum is conserved. It is possible for one 
to remain at rest: This is what happens for a one-dimensional collision of two identical 
particles colliding elastically. 

13 • 

Determine the Concept It violates the conservation of momentum! To move forward 
requires pushing something backwards, which Superman doesn't appear to be doing 
when flying around. In a similar manner, if Superman picks up a train and throws it at 
Lex Luthor, he (Superman) ought to be tossed backwards at a pretty high speed to satisfy 
the conservation of momentum. 

*14 ** 

Determine the Concept There is only one force which can cause the car to move 
forward-the friction of the road! The car's engine causes the tires to rotate, but if the 
road were frictionless (as is closely approximated by icy conditions) the wheels would 
simply spin without the car moving anywhere. Because of friction, the car's tire pushes 
backwards against the road-from Newton's third law, the frictional force acting on the 
tire must then push it forward. This may seem odd, as we tend to think of friction as 
being a retarding force only, but true. 

15 

Determine the Concept The friction of the tire against the road causes the car to slow 
down. This is rather subtle, as the tire is in contact with the ground without slipping at all 
times, and so as you push on the brakes harder, the force of static friction of the road 
against the tires must increase. Also, of course, the brakes heat up, and not the tires. 

16 • 

Determine the Concept Because Ap = FAt is constant, a safety net reduces the force 
acting on the performer by increasing the time At during which the slowing force acts. 

17 • 

Determine the Concept Assume that the ball travels at 80 mi/h « 36 m/s. The ball stops 
in a distance of about 1 cm. So the distance traveled is about 2 cm at an average speed of 
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about 1 8 m/s. The collision time is « 1 ms . 

18m/s 

18 • 

Determine the Concept The average force on the glass is less when falling on a carpet 
because At is longer. 

19 • 

(a) False. In a perfectly inelastic collision, the colliding bodies stick together but may or 
may not continue moving, depending on the momentum each brings to the collision. 

(b) True. In a head-on elastic collision both kinetic energy and momentum are 
conserved and the relative speeds of approach and recession are equal. 

(c) True. This is the definition of an elastic collision. 
*20 » 

Determine the Concept All the initial kinetic energy of the isolated system is lost in a 
perfectly inelastic collision in which the velocity of the center of mass is zero. 

21 •• 

Determine the Concept We can find the loss of kinetic energy in these two collisions 
by finding the initial and final kinetic energies. We'll use conservation of momentum to 
find the final velocities of the two masses in each perfectly elastic collision. 

(a) Letting V represent the velocity 
of the masses after their perfectly 
inelastic collision, use conservation 
of momentum to determine V: 

Express the loss of kinetic energy 
for the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2: 

Letting V represent the velocity of 
the masses after their perfectly 
inelastic collision, use conservation 
of momentum to determine V: 



1\ 



•efore r after 



or 



mv - mv = 2m V => V = 0 



AK = K f -K-, =0-2 







2\ 








V 


v2y 


J 



mv 



^before P after 

or 

mv = 2m V => V = jV 
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Express the loss of kinetic energy 
for the case in which the one object 
is initially at rest and the other has 
an initial velocity v: 



AK = K t -K 



= |(2m) 



f \ 2 



\mv 2 = 



mv 



The loss of kinetic energy 
is the same in both cases. 



(b) Express the percentage loss for 
the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2: 



AK 



K 



before 



\mv 2 
jtnv 2 



100% 



Express the percentage loss for the 
case in which the one object is 
initially at rest and the other has an 
initial velocity v: 



AK 



K 



before 



1 2 

\mv 2 



= 50% 



The percentage loss is greatest for 
the case in which the two objects 
have oppositely directed velocities 
of magnitude v/2. 



*22 

Determine the Concept A will travel farther. Both peas are acted on by the same force, 
but pea A is acted on by that force for a longer time. By the impulse-momentum 
theorem, its momentum (and, hence, speed) will be higher than pea B's speed on leaving 
the shooter. 



23 

Determine the Concept Refer to the particles as particle 1 and particle 2. Let the 
direction particle 1 is moving before the collision be the positive x direction. We'll use 
both conservation of momentum and conservation of mechanical energy to obtain an 
expression for the velocity of particle 2 after the collision. Finally, we'll examine the 
ratio of the final kinetic energy of particle 2 to that of particle 1 to determine the 
condition under which there is maximum energy transfer from particle 1 to particle 2. 

Use conservation of momentum to m i v i,i = m i v i,f + m 2 v 2,f W 

obtain one relation for the final 

velocities: 



Use conservation of mechanical 
energy to set the velocity of 



v 2 , f -v w =-(v 2>i -v u )=v l i (2) 
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recession equal to the negative of 
the velocity of approach: 



To eliminate vij, solve equation (2) V l f — V 2f + v u 

for vi >f , and substitute the result in ^ . = m l (v 2f -V, J+ m 2 v 2 f 

equation (1): 

Solve for v 2 ,f: 2m ( 



m, + m 7 



v i,i 



Express the ratio R of ^ 2 ,f to K i;i in 

terms of mi and m 2 : v 2 " l2 



2m t 

y m l +m 1J 



m 2 4-mj 2 
mj (mj + m 2 ) 2 



2 

Differentiate this ratio with respect m 2 
to m 2 , set the derivative equal to m 2 
zero, and obtain the quadratic 
equation: 



Solve this equation for m 2 to tn 2 = m l 

determine its value for maximum 
energy transfer: 



(b) is correct because all of l's kinetic energy is transferred to 2 
when m 2 =m l . 



24 • 

Determine the Concept In the center-of-mass reference frame the two objects approach 
with equal but opposite momenta and remain at rest after the collision. 

25 • 

Determine the Concept The water is changing direction when it rounds the corner in the 
nozzle. Therefore, the nozzle must exert a force on the stream of water to change its 
direction, and, from Newton's 3' d law, the water exerts an equal but opposite force on the 
nozzle. 



26 • 

Determine the Concept The collision usually takes place in such a short period of time 
that the impulse delivered by gravity or friction is negligible. 
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27 



Determine the Concept No. F et = dp/dt defines the relationship between the net 

force acting on a system and the rate at which its momentum changes. The net external 
force acting on the pendulum bob is the sum of the force of gravity and the tension in 
the string and these forces do not add to zero. 

*28 

Determine the Concept We can apply conservation of momentum and Newton's laws of 
motion to the analysis of these questions. 

(a) Yes, the car should slow down. An easy way of seeing this is to imagine a "packet" 
of grain being dumped into the car all at once: This is a completely inelastic collision, 
with the packet having an initial horizontal velocity of 0. After the collision, it is moving 
with the same horizontal velocity that the car does, so the car must slow down. 

(b) When the packet of grain lands in the car, it initially has a horizontal velocity of 0, so 
it must be accelerated to come to the same speed as the car of the train. Therefore, the 
train must exert a force on it to accelerate it. By Newton's 3 rd law, the grain exerts an 
equal but opposite force on the car, slowing it down. In general, this is a frictional force 
which causes the grain to come to the same speed as the car. 

(c) No it doesn't speed up. Imagine a packet of grain being "dumped" out of the railroad 
car. This can be treated as a collision, too. It has the same horizontal speed as the 
railroad car when it leaks out, so the train car doesn't have to speed up or slow down to 
conserve momentum. 

*29 

Determine the Concept Think of the stream of air molecules hitting the sail. Imagine 
that they bounce off the sail elastically-their net change in momentum is then roughly 
twice the change in momentum that they experienced going through the fan. Another 
way of looking at it: Initially, the air is at rest, but after passing through the fan and 
bouncing off the sail, it is moving backward-therefore, the boat must exert a net force on 
the air pushing it backward, and there must be a force on the boat pushing it forward. 

Estimation and Approximation 

30 

Picture the Problem We can estimate the time of collision from the average speed of the 
car and the distance traveled by the center of the car during the collision. We'll assume a 
car length of 6 m. We can calculate the average force exerted by the wall on the car from 
the car's change in momentum and it's stopping time. 

(a) Relate the stopping time to the Stopping _ jCj^car) _ jjtat 




assumption that the center of the car 
travels halfway to the wall with 
constant deceleration: 



v. 



av 



V, 



av 



v. 



av 
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Express and evaluate v a 



v, +v f 



_ __km lh 1000m 

0 + 90 x x 

h 3600 s km 



= 12.5m/s 



Substitute for v av and evaluate At: 



At 



|(6m) 
12.5m/s 



0.120s 



(b) Relate the average force exerted by the wall on the car to the car's change in 
momentum: 



Ap 
At 



(2000 kg) 



'km lh 1000 m^ 

90 x 



x 



h 3600 s km 



J 



0.120s 



417kN 



31 

Picture the Problem Let the direction the railcar is moving be the positive x direction 
and the system include the earth, the pumpers, and the railcar. We'll also denote the 
railcar with the letter c and the pumpers with the letter p. We'll use conservation of 
momentum to relate the center of mass frame velocities of the car and the pumpers and 
then transform to the earth frame of reference to find the time of fall of the car. 



(a) Relate the time of fall of the 
railcar to the distance it falls and its 
velocity as it leaves the bank: 



At 



Ay 



Use conservation of momentum to 
find the speed of the car relative to 
the velocity of its center of mass: 



Pi = Pi 
or 

m c u c + m p u v = 0 



Relate u c to u n and solve for u r 



u-u n = 4m/s 

P 

.". u n = u r -4m/s 



Substitute for u v to obtain: 



m c u c + m p (w c - 4 m/s) = 0 
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Solve for and evaluate u c 



4m/s 



4m/s 



1 + 



m. 



350 kg 



1.85m/s 



1 + 



777 „ 



4(75 kg) 



Relate the speed of the car to its 
speed relative to the center of mass 
of the system: 



V = U + V 

c c cm 

, n ^m „„km lh 1000m 

= 1.85 — + 32 x x 

s h 3600s km 

= 10.74 m/s 



Substitute and evaluate At: 



At = 



25 m 



10.74m/s 



2.33s 



(b) Find the speed with which the 
pumpers hit the ground: 



v p = v c -u = 10.74m/s-4m/s 



= 6.74m/s 



Hitting the ground at this speed, they 
maybe injured. 



*32 

Picture the Problem The diagram depicts the bullet just before its collision with the 
melon and the motion of the melon-and-bullet-less-jet and the jet just after the collision. 
We'll assume that the bullet stays in the watermelon after the collision and use 
conservation of momentum to relate the mass of the bullet and its initial velocity to the 
momenta of the melon jet and the melon less the plug after the collision. 



Before the Collision 




After the Collision 




@- r -.v 



Apply conservation of momentum 
to the collision to obtain: 



7/7 



v H = (m 2 - m 3 + m, )v 2f + yj2m 3 K 3 



Solve for V2f. 



Express the kinetic energy of the jet 
of melon in terms of the initial 
kinetic energy of the bullet: 



m 2 -m 3 + m l 



K 3 = i K, = i (i m x v f. ) = JL miV f. 
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Substitute and simplify to obtain: 



'2f 









-m 3 +m l 




v n ( m i- 







m 2 - m 3 + m l 



Substitute numerical values and evaluate V2f- 



'21 



1800* x- Im 



s 3.281 ft 



(o.0104kg - p. 1(0.0104 kg)(0. 14kg)) 
2.50 kg -0.14kg + 0.0104 kg 



= -0.386 m/s 



1.27 ft/s 



Note that this result is in reasonably good agreement with experimental results. 

Finding the Center of Mass 

33 • 

Picture the Problem We can use its definition to find the center of mass of this system. 

Apply its definition to find x cm : 

x _ m l x 1 +m 2 x 2 +n h x 3 _ (2kg)(o) + (2kg)(0.2m) + (2kg)(0.5m) _ q 233 m 

2kg + 2kg + 2kg 

y cm = 0 and the center of mass of this 



m l +m 2 + m 3 



Because the point masses all lie 
along the x axis: 



system of particles is at (0.233 m, 0) 



*34 • 

Picture the Problem Let the left end of the handle be the origin of our coordinate 
system. We can disassemble the club-ax, find the center of mass of each piece, and then 
use these coordinates and the masses of the handle and stone to find the center of mass of 
the club-ax. 



Express the center of mass of the 
handle plus stone system: 

Assume that the stone is drilled and 
the stick passes through it. Use 
symmetry considerations to locate 
the center of mass of the stick: 



111 y 4- ffl X 

stick cm, stick stone cm, stone 



m s,ick + ^stone 



*cm.s tI ck = 45.0 cm 
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Use symmetry considerations to 
locate the center of mass of the 
stone: 

Substitute numerical values and 
evaluate x cm : 



^cm,stone =89.0cm 



(2.5kg)(45cm)+(8kg)(89 cm 
2.5 kg + 8 kg 



= 78.5cm 



35 • 

Picture the Problem We can treat each of balls as though they are point objects and 
apply the definition of the center of mass to find (x cm , y cm ). 



Use the definition of x c 



Use the definition of y c 



m A x A +m B x B +m c x c 
m A +m B + m c 



= (3kg)(2m) + (lkg)(lm) + (lkg)(3m) 
3kg + lkg + lkg 

= 2.00 m 



y cm 



m A y A +m B y B +m c y c 



m A +m B + m c 



(3kg)(2m) + (lkg)(lm) + (lkg)(0) 



3kg + lkg + lkg 



= 1.40m 



The center of mass of this system 
of particles is at: 



(2.00 m, 1.40 m) 



36 • 

Picture the Problem The figure shows an 
equilateral triangle with its v-axis vertex 
above the x axis. The bisectors of the 
vertex angles are also shown. We can find 
x coordinate of the center-of-mass by 
inspection and the y coordinate using 
trigonometry. 




From symmetry considerations: 
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Express the trigonometric 
relationship between all, 30°, and 

Jem- 



tan 30° = 



all 



Solve for y c 



y cm =|atan30° = 0.289a 



The center of mass of an equilateral 
triangle oriented as shown above is 
at 



(0, 0.289a) 



*37 

Picture the Problem Let the subscript 1 refer to the 3-m by 3-m sheet of plywood before 
the 2-m by 1-m piece has been cut from it. Let the subscript 2 refer to 2-m by 1-m piece 
that has been removed and let crbe the area density of the sheet. We can find the center- 
of-mass of these two regions; treating the missing region as though it had negative mass, 
and then finding the center-of-mass of the U-shaped region by applying its definition. 



Express the coordinates of the 
center of mass of the sheet of 
plywood: 



m i X aa,l m 2 X cm,2 



m x y 



l^cm.l m 2 3^01,2 



Use symmetry to find x cm _i, y cm ,i, 
and y cma : 



Determine m.\ and m 2 : 



Substitute numerical values and 
evaluate x cm : 



Substitute numerical values and 
evaluate y cm : 



and 



= l-5m, y , =1.5m 



m, = oA l = 9<j kg 
and 

m 2 = ctA 2 = 2a kg 

_(9o-kg)(l.5m)-(2o-kg)(l.5kg) 



9<j kg - 2cr kg 



= 1.50m 



(9c7kg)(l.5m)-(2akg)(2m) 



9cr kg - 2cr kg 



= 1.36m 



The center of mass of the U-shaped sheet of plywood is at (l .50 m, 1 .36 m) 
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38 

Picture the Problem We can use its definition to find the center of mass of the can plus 
water. By setting the derivative of this function equal to zero, we can find the value of x 
that corresponds to the minimum height of the center of mass of the water as it drains out 
and then use this extreme value to express the minimum height of the center of mass. 



(a) Using its definition, express the 
location of the center of mass of the 
can + water: 

Let the cross-sectional area of the 
cup be A and use the definition of 
density to relate the mass m of water 
remaining in the can at any given 
time to its depth x: 



M 











+ m 











M +m 
M m 



AH Ax 



Solve for m to obtain: 



x 

m = — M 
H 



Substitute to obtain: 



M 













+ 


— M 




I 2 j 




yH J 


a) 



M+—M 
H 



H_ 
~2 



2 \ 



1 + 



1 + 



H 



(b) Differentiate x cm with respect to x and set the derivative equal to zero for extrema: 



f x^ 2 



dx cm _H d 



dx 



2 dx 



1 + 



\Hj 



1 + 



H 



_ H 
~~ 2 



( x^ 


d 


1 + 


f x^ 


2" 




1 + 


f x^ 


2" 


d 


f x\ 


1+— 
















1 + — 




dx 




\Hj 








\Hj 




dx 


V Hj 



f x^ 

1+— 

H 



f x\ 

1 + — 
V Hj 



H 

2 



f x \( x Y 1 ^ 



1 + 



x 

\Hj 



\Hj 



1 + 


f x^ 


2" 


m 


\Hj 




kH; 



' x^ 

1+— 

V Hj 



' x^ 
1 + — 
V Hj 



Simplify this expression to obtain: 



\Hj 



+ 2 



\Hj 



1 = 0 
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Solve for xlH to obtain: 



x = tf(V2-l)«0.414# 
where we've kept the positive solution 
because a negative value for xlH would 
make no sense. 



Use your graphing calculator to convince yourself that the graph of x cm as a function of x 
is concave upward at x ~ 0.414// and that, therefore, the minimum value of x cm occurs 
atjc« 0.414//. 



Evaluate x cm at x = h{42 — lj to obtain: 



Ia-HU/2-1 



H_ 

~2 



1 + 



H 



(V2-1) 

H 
H 



2\ 



H 



Finding the Center of Mass by Integration 



*39 

Picture the Problem A semicircular disk 
and a surface element of area dA is shown 
in the diagram. Because the disk is a 
continuous object, we'll use 
Mf cm = j"r dm and symmetry to find its 

center of mass. 




Express the coordinates of the center 
of mass of the semicircular disk: 



x cm = 0 by symmetry. 
M 



y. 



Express y as a function of r and 9 : 



Express dA in terms of r and 0 : 



y = r sin 6 
dA = rd6 dr 



Express M as a function of r and 6 : 
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Substitute and evaluate y c 



R n 



crj Jr 2 sin 0 d6 dr 



o o 



M 



2a 
M 



^r 2 dr 



3M 



3tt 



R 



40 



Picture the Problem Because a solid hemisphere is a continuous object, we'll use 
Mr cm = j"r Jm to find its center of mass. The volume element for a sphere is 

dV- r 2 sin0d0d(f>dr, where dis the polar angle and ^the azimuthal angle. 



Let the base of the hemisphere be 
the xy plane and p be the mass 
density. Then: 

Express the z coordinate of the 
center of mass: 



Evaluate M = j pdV : 



Evaluate 



\rpdV: 



z = rcosO 



\rpdV 

Zcm= Jpdv 

M=\pdV = ±pV Sf 
= \p{i7rR i ) = \7rpR i 



sphere 



R JllllK 



j"r/xj?V=j" J j"r 3 sin 0 cos 6d6d(/)dr 



0 0 0 
,4 



Substitute and simplify to find z c 



7 _ \npR A 
" m \npR? 



41 ••• 

Picture the Problem Because a thin hemisphere shell is a continuous object, we'll use 
Mr cm = |r dm to find its center of mass. The element of area on the shell is dA = 2kR 2 

sinddd, where R is the radius of the hemisphere. 



Let a be the surface mass density 
and express the z coordinate of the 
center of mass: 
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Evaluate M = jadA: 



Evaluate 



^ZcrdA: 



M = JcrJA = \<t\ 



pherical shell 

2 



r/2 



j" za dA = InR^a | sin 6 cos 6 d6 



0 

«72 



= ;tf? 3 cr j"sin 2#d# 



= 7rR 3 a 



Substitute and simplify to find z c 



tzR'ct 
IxoR 1 



R 
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Picture the Problem The parabolic sheet 
is shown to the right. Because the area of 
the sheet is distributed symmetrically with 
respect to the y axis, x cm = 0. We'll 
integrate the element of area dA (= xdy) to 
obtain the total area of the sheet and yxdy 
to obtain the numerator of the definition of 
the center of mass. 




Express y c 



| xydy 



cm b 



| xdy 



Evaluate 



v 

| xydy 



b b 1/2 j b 

f xydy = f —j= ydy = -= f y m dy 
o o Va % 



54a 



Evaluate 



^xdy : 



b b 1/2 , A 

0 o V<3 V<3 o 



34a 



,3/2 
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Substitute and simplify to determine y cm : 



Z 7 5/2 

~~r b 
_ 5Va _ 3; 



3y[a 



Note that, by symmetry: 



Xcm — 0 



The center of mass of the parabolic 
sheet is at: 



Mb) 



Motion of the Center of Mass 



43 



Picture the Problem The velocity of the center of mass of a system of particles is related 
to the total momentum of the system through P = ^ m i v i = Mv cm . 



Use the expression for the total 
momentum of a system to relate the 
velocity of the center of mass of the 
two-particle system to the momenta 
of the individual particles: 

Substitute numerical values and 
evaluate v„„ : 



v = 

cm 



m l v x + m 2 v 2 



M m 1 +m 2 



(3kg)(v 1+ v 2 ) , x 
6 kg 

= j [(6 m/s)i - (3 m/s) 



(3m/s)i -(l.5m/s)y 



*44 



Picture the Problem Choose a coordinate system in which east is the positive x 

direction and use the relationship P = ^ m i v i = Mv cm to determine the velocity of the 

i 

center of mass of the system. 



Use the expression for the total 
momentum of a system to relate the 
velocity of the center of mass of the 
two-vehicle system to the momenta 
of the individual vehicles: 



V = 

cm 



m t v t +m c v c 



M m t +m c 



Express the velocity of the truck: 



v t = (l 6 m/s) i 
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Express the velocity of the car: 



v c =(-20m/s)/ 



Substitute numerical values and evaluate v 



„ _ (3000kg)(l6m/s) i + (l500kg)(- 20m/s) i _^ 
Vcm ~ 3000 kg + 1500 kg 



(4.00 m/s) 
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Picture the Problem The acceleration of the center of mass of the ball is related to the 
net external force through Newton's 2 nd law: F netext = Ma cm . 



Use Newton's 2 nd law to express the _ -^netext 



a = 



acceleration of the ball: cm y[ 



Substitute numerical values and _ (l2N)i 

evaluate <? : Ucm ~ 



3 kg + lkg + lkg 



(2.4 m/s 2 )/ 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can use Newton's 2 nd law F netext = Ma cm to find the acceleration of the 

center of mass of this two-body system. 

Yes; initially the scale reads (M + m)g; while m is in free fall, the 

(a) 

reading is Mg. 



(b) Using Newton's 2 nd law, express 
the acceleration of the center of mass 
of the system: 

Substitute to obtain: 



«cm = 



net,ext 



mg 



M +m' 



(c) Use Newton's 2 n law to express 
the net force acting on the scale while 
the object of mass m is falling: 



F net , e «=(M +m)g-(M +m)a c 



Substitute and simplify to obtain: 



F ne ^ t =(M+m)g-(M+m) 



' m g 



V 



M +m 



J 



Mg 
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as expected, given our answer to 
part (a). 



*47 

Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can use 
Newton's 2 nd law to determine the scale 
reading in part (a) and the work-energy 
theorem in conjunction with Newton's 2 nd 
law in parts (b) and (c). 



>" r g 



r b on spring 



(a) Apply 2_, F y = ma y to the 

spring when it is compressed a 
distance d: 



Z F v = F n -m p g-F { 



ball on spring 



= 0 



Solve for F n : 



T* = ffl Q -4- J? 
n po ball on spring 



= m p g + kd = m p g+k 



r m h g^ 



V 



J 



m p g + m h g = (m p +m b )g 



(b) Use conservation of mechanical 
energy, with U„ = 0 at the position at 
which the spring is fully 
compressed, to relate the 
gravitational potential energy of the 
system to the energy stored in the 
fully compressed spring: 



AK + At/ +AU=0 

§ s 

Because AK = {/ g>f - £/ Sj ; - 0, 
or 

m b gd -\kd 2 = 0 



Solve for d: 



d 



2m h g 



Evaluate our force equation in (a) 

2m. g 
with d = — : 



J? z= ffl Q 4- W 

n po ball on spring 



= m p g + kd = m p g + k 



r 2m h g^ 



m 



,g + 2m b g = (m p +2m h )g 
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(c) When the ball is in its original 
position, the spring is relaxed and 
exerts no force on the ball. 
Therefore: 



F a = scale reading 



m P g 
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Picture the Problem Assume that the object whose mass is m { is moving downward 
and take that direction to be the positive direction. We'll use Newton's 2 nd law for a 
system of particles to relate the acceleration of the center of mass to the acceleration of 
the individual particles. 



(a) Relate the acceleration of the 
center of mass to ni\, m 2 , m c and 
their accelerations: 



Ma cm =m,a, + m 2 a 2 +m c a c 



Because m, and m 2 have a common 
acceleration a and a c = 0: 



m l + m 2 + m c 



From Problem 4-81 we have: 



a = g- 



m l + m 2 



Substitute to obtain: 



— L t 

K m l +m 2 j 



m l —m 2 
ytn l +m 2 +m c j 



(m l - m 2 ) 2 



(m l + m 2 )(m l +m 2 +m c )' 



(b) Use Newton's 2 nd law for a 
system of particles to obtain: 



F-Mg = -Ma cm 

where M = m\ + m 2 + m c and F is positive 
upwards. 



Solve for F and substitute for a c 
from part (a): 



F=Mg-Ma cm 

(m, - m 2 ) 2 



Mg 



m ] + m 2 





4m, w, 






L ^ + m c 


8 




tn l + m 2 





(c) From Problem 4-81: 



m 1 + m 2 
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Substitute in our result from part (b) 
to obtain: 









2T + m c g 


2 — + m c 


g = 








g 





2 2m l m 2 
m, + m 2 



+ m„ 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can 
use Newton's 2 nd law to determine the 
scale reading in part (a) and the result of 
Problem 7-96 part (b) to obtain the scale 
reading when the ball is dropped from a 
height h above the cup. 



"i r g 



b on spring 



(a) Apply F y = ma v to the spring ^ F y = F n 

when it is compressed a distance d: 



m p g 



F =0 

ball on spring 



Solve for F a : 



~ m pg + ^ball on spring 



m p g + kd =m p g +k 



m p g + m b g = {m +m b )g 



(b) From Problem 7-96, part (b): 



m b g 



1+11 + 



2kh 
m b g 



From part (a): 



F n = m p g + F ball on spring = m p g + fc* max 




The Conservation of Momentum 
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Picture the Problem Let the system include the woman, the canoe, and the earth. Then 
the net external force is zero and linear momentum is conserved as she jumps off the 
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canoe. Let the direction she jumps be the positive x direction. 



Apply conservation of momentum to 
the system: 

Substitute to obtain: 



Z m i f i =m girl ir girl + "^cano/canoe =0 

(55kgX2.5m/s)/+(75kg)v canoe =0 



Solve for v„ 



(-1.83m/s)i 
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Picture the Problem If we include the earth in our system, then the net external force is 
zero and linear momentum is conserved as the spring delivers its energy to the two 
objects. 



Apply conservation of momentum 
to the system: 



E m ^i =m 5 j '5+Vio =0 



Substitute numerical values to obtain: (5kg )(- 8m/s)i + (l0kg)v 10 = 0 



Solve for v 



10 ■ 



"l0 = 



(4m/s)i 
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Picture the Problem This is an explosion-like event in which linear momentum is 
conserved. Thus we can equate the initial and final momenta in the x direction and the 
initial and final momenta in the y direction. Choose a coordinate system in the positive x 
direction is to the right and the positive y direction is upward. 



Equate the momenta in the y 
direction before and after the 
explosion: 



Equate the momenta in the x 
direction before and after the 
explosion: 



= m(2Vj ) - 2mV[ = 0 

We can conclude that the momentum was 
entirely in the x direction before the 
particle exploded. 

.". 4mv ; = mVn 



Solve for v 3 : 



V; ={v 3 and 



(c) is correct. 



Systems of Particles and Conservation of Momentum 539 



53 • 

Picture the Problem Choose the direction the shell is moving just before the explosion 
to be the positive x direction and apply conservation of momentum. 



Use conservation of momentum to 
relate the masses of the fragments to 
their velocities: 



P, = Pf 
or 

mvi = j mvj + \mv' 



Solve for v ' : 



2vi - vj 
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Picture the Problem Let the system include the earth and the platform, gun and block. 
Then F net ext = 0 and momentum is conserved within the system. 



(a) Apply conservation of 
momentum to the system just before 
and just after the bullet leaves the 
gun: 

Substitute for p bMet and p platform and 
solve for v platform : 



P before "after 

or 

0 = ^bullet + P v 



bullet if platform 



0 = m b v b i + m p v platform 



and 



^ platform 



m„ 



(b) Apply conservation of p beioie = p a{tei . 

momentum to the system just before or 

the bullet leaves the gun and just 0 = p 
after it comes to rest in the block: 



(c) Express the distance As traveled 
by the platform: 

Express the velocity of the bullet 
relative to the platform: 



=> v =0 

platform platform 



A ^ = v platform Ar 



in 

v Kl =v b -v Vdlform =v b +-^v b 



f \ 



m +m b 

' b = v b 

m 



Relate the time of flight At to L and 

Vrei: 



At 



rel 
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Substitute to find the distance As 
moved by the platform in time At: 



A ^ = v platform Ar = 



f \ 

m h 

— v b 
V m p J 



f T \ 



V V rel7 



f \ 



v m p J 



f \ 
L 



m v +m b 



V p J 



m 



- — L 



P b 
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Picture the Problem The pictorial representation shows the wedge and small object, 
initially at rest, to the left, and, to the right, both in motion as the small object leaves the 
wedge. Choose the direction the small object is moving when it leaves the wedge be the 
positive x direction and the zero of potential energy to be at the surface of the table. Let 
the speed of the small object be v and that of the wedge V. We can use conservation of 
momentum to express v in terms of V and conservation of energy to express v in terms of 
h. 




Apply conservation of momentum to 
the small object and the wedge: 



Pix = Pfx 

or 

0 = mvi + 2mV 



Solve for V : V=-\vi (1) 

and 

V =\v 



Use conservation of energy to 
determine the speed of the small 
object when it exits the wedge: 

Because U f = K, = 0: 



AK + AU =0 
or 

K f -K i +U f -U. =0 

j mv 2 + \ (2m)V 2 - mgh = 0 
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Substitute for V to obtain: 



-mv 2 + y(2m)(yv) 2 -mgh = 0 



Solve for v to obtain: 



v = 2. 



Substitute in equation (1) to 
determine V : 





i.e., the wedge moves in the direction 
opposite to that of the small object with a 

fgh 
3 



speed of 1 
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Picture the Problem Because no external forces act on either cart, the center of mass of 
the two-cart system can't move. We can use the data concerning the masses and 
separation of the gliders initially to calculate its location and then apply the definition of 
the center of mass a second time to relate the positions X\ and X 2 of the centers of the 
carts when they first touch. We can also use the separation of the centers of the gliders 
when they touch to obtain a second equation in X\ and X 2 that we can solve 
simultaneously with the equation obtained from the location of the center of mass. 



(a) Apply its definition to find the 
center of mass of the 2-glider system: 



_ m x x x + m 2 x 2 
m 1 +m 2 

_ (0.1kg)(0.1m)+(0.2kg)(l.6m) 
0. lkg + 0.2kg 

= 1.10m 
from the left end of the air track. 



Use the definition of the center of 
mass to relate the coordinates of the 
centers of the two gliders when they 
first touch to the location of the 
center of mass: 



Also, when they first touch, their 
centers are separated by half their 
combined lengths: 



m l X 1 + m 2 X 2 

1.10m = — — — - 

m l +m 2 



_ (0.1kg)X 1+ (0.2kg)X 2 
0. lkg + 0.2 kg 



~ 3^1 +1^2 



X 2 -X 1 =|(l0cm + 20cm) = 0.15m 



Thus we have: 



0.333X 1 +0.667X 2 
and 



1.10m 



X 1 = 0.15m 
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Solve these equations simultaneously 
to obtain: 



X l = 1.00m and X 2 = 1.15m 



(b) 



No. The initial momentum of the 
system is zero, so it must be zero 
after the collision. 



Kinetic Energy of a System of Particles 

*57 • 

Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of 
the center of mass and the definition of relative velocity to express the sum of the kinetic 
energies relative to the center of mass. 



(a) Find the sum of the kinetic energies: 



K = K 1 + K 2 

= \m x v\ + \m 2 v\ 



= ^(3kg)(5m/s) 2 +i-(3kg)(2m/s) 2 



= 43.5J 



(b) Relate the velocity of the center 
of mass of the system to its total 
momentum: 



Mv cm = m l v l + m 2 v 2 



Solve for i>„ 



v = 

cm 



m l v l + m 2 v 2 
m, +m 2 



Substitute numerical values and 
evaluate v„„ : 



_ _ (3kg)(5m/s)f-(3kg)(2m/s)f 
3kg + 3kg 



(l.50m/s)/ 



(c) The velocity of an object relative 
to the center of mass is given by: 
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Substitute numerical values to 
obtain: 



v l rel = (5m/s)/ -(l.5m/s)i 



(3.50m/s)i 



(-3.50m/s)i 



(d) Express the sum of the kinetic 
energies relative to the center of 
mass: 



Substitute numerical values and 
evaluate K ie i: 



^ re .=i(3kg)(3.5m/s) 2 



+ |(3kg)(-3.5m/s) 2 



36.75 J 



(e) Find K cm : 



^ cm =im tot vl=|(6kg)(l.5m/s) 2 
= 6.75 J 

= 43.5J-36.75J 



K-K 



rel 
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Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right. Use the expression for the total momentum of a system to find the velocity of the 
center of mass and the definition of relative velocity to express the sum of the kinetic 
energies relative to the center of mass. 

(a) Express the sum of the kinetic energies: K = K l + K 2 = \ m^}\ +|m 2 v 2 2 



Substitute numerical values and 
evaluate K: 

(b) Relate the velocity of the center of 
mass of the system to its total 
momentum: 



K = i(3kg)(5m/s) 2 +i(5kg)(3m/s) 2 



60.0 J 



Mv om =m 1 v 1 +m 2 v 2 



Solve for v„ 



v = 

cm 



m l v l + m 2 v 2 
m, + m 2 
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Substitute numerical values and 
evaluate v m : 



v = 

cm 



(3kg)(5m/s)f + (5kg)(3m/s)i 
3kg + 5kg 



(3.75 m/s)i 



(c) The velocity of an object relative 
to the center of mass is given by: 

Substitute numerical values and 
evaluate the relative velocities: 



"rel ="-"cm 



v, rel = (5m/s)i -(3.75m/s)i 



and 



(l.25m/s)i 



= (3m/s)i -(3.75m/s)i 



(- 0.750 m/s)i 



(rf) Express the sum of the kinetic 
energies relative to the center of 
mass: 

Substitute numerical values and 
evaluate K K \. 



K 



rel 2 



(3kg)(l.25m/s) 2 
+ ^(5kg)(-0.75m/s) 2 



3.75J 



(e) Find ^ cm : 



(8kg)(3.75m/s) 2 



= 56.3J = 



rel 



Impulse and Average Force 

59 • 

Picture the Problem The impulse imparted to the ball by the kicker equals the change in 
the ball' s momentum. The impulse is also the product of the average force exerted on the 
ball by the kicker and the time during which the average force acts. 
(a) Relate the impulse delivered to I = hp = p { — p { 

the ball to its change in momentum: = mv { since v- = 0 



Substitute numerical values and 
evaluate /: 



/ = (0.43kg)(25m/s): 



10.8N-S 
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(b) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F „ : 



and 

F„ 



I _ 10.8N-s 
At~ 0.008 s 



1.34kN 
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Picture the Problem The impulse exerted by the ground on the brick equals the change 
in momentum of the brick and is also the product of the average force exerted by the 
ground on the brick and the time during which the average force acts. 



(a) Express the impulse exerted by 
the ground on the brick: 

Because pf.bnck = 0: 



/= A /W \ = \Pf, 



brick ^i.biick 



1 = Pi,brick = m brick V 



(1) 



Use conservation of energy to 
determine the speed of the brick at 
impact: 



AK + AU = 0 
or 

K f -K, +U t -U i =0 



Because t/ f = K{ = 0: 



K f -U, =0 
or 

lw brick v 2 -m hnck gh = 0 



Solve for v: 



v = j2gh 



Substitute in equation (1) to obtain: 



/=m brickV2g^ 



Substitute numerical values and 
evaluate /: 



/ = (0.3kg) A /2(9.81m/s 2 )(8m) 



= 3.76N-S 



(c) Express the impulse delivered to 
the brick as a function of the 
average force acting on it and solve 
for and evaluate F . : 



' = F iV At 
and 

F 



I 3.76N-S 



At 0.0013s 



2.89kN 



*61 • 

Picture the Problem The impulse exerted by the ground on the meteorite equals the 
change in momentum of the meteorite and is also the product of the average force exerted 
by the ground on the meteorite and the time during which the average force acts. 
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Express the impulse exerted by the 
ground on the meteorite: 



1 = ^meteorite = Pt ~ Pi 



Relate the kinetic energy of the 
meteorite to its initial momentum 
and solve for its initial momentum: 



Pi 



2m 1 ^ 



Express the ratio of the initial and 
final kinetic energies of the 
meteorite: 



Pi 
2m 

2 
Pi 

2m 



Pi 



= 2 



Solve for p { : 



Pi 
42~ 



Substitute in our expression for / 
and simplify: 



^2mK { 



42 \ 



Because our interest is in its magnitude, evaluate / : 



/ = 



^(so.sxio'kgXenxio 6 ;) 



4~2 



1.81MN-S 



Express the impulse delivered to the 
meteorite as a function of the average 
force acting on it and solve for and 
evaluate F„, : 



and 

_ I _ 1.81MN-s 

av " At~ 3^ 



0.602MN 
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Picture the Problem The impulse exerted by the bat on the ball equals the change in 
momentum of the ball and is also the product of the average force exerted by the bat on 
the ball and the time during which the bat and ball were in contact. 

I =Ap b3il = Pf-Pi 

= mv f i - (— mVji J = 2mv i 
where v = v f = vj 



(a) Express the impulse exerted by 
the bat on the ball in terms of the 
change in momentum of the ball: 
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Substitute for m and v and evaluate 
/: 



(b) Express the impulse delivered to 
the ball as a function of the average 
force acting on it and solve for and 
evaluate F „ : 



7 = 2(0.15kg)(20m/s) = 



6.00N-S 



and 

_ / _ 6.00N-s 
At 1.3ms 



4.62kN 
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Picture the Problem The figure shows the 
handball just before and immediately after 
its collision with the wall. Choose a 
coordinate system in which the positive x 
direction is to the right. The wall changes 
the momentum of the ball by exerting a 
force on it during the ball's collision with 
it. The reaction to this force is the force the 
ball exerts on the wall. Because these 
action and reaction forces are equal in 
magnitude, we can find the average force 
exerted on the ball by finding the change 
in momentum of the ball. 




Using Newton's 3 1 law, relate the 
average force exerted by the ball on 
the wall to the average force exerted 
by the wall on the ball: 



F =-F 

av on wall av on ball 

and 

F = F 

av on wall av on ball 



(1) 



Relate the average force exerted by 
the wall on the ball to its change in 
momentum: 



av on ball 



Ap mAv 

At At 



Express Av r for the ball: 



Av = v f i — v- i 

X f ,X l,X 

or, because v; ,. t = vcos 9 and Vf, x = -vcos 9, 
Av\ = -vcos#i -vcos#i = -2vcos#i" 



Substitute in our expression for 



av on ball * 



mAv 2mv cosO 



av on ball 



At 



At 
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Evaluate the magnitude of F 



iball • 



2mv cos 6 



iball 



At 

_ 2(0.06 kg)(5m/s)cos40 c 
2 ms 

= 230N 



Substitute in equation (1) to obtain: 



av on wall 



230 N 
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Picture the Problem The pictorial 
representation shows the ball during the 
interval of time you are exerting a force on 
it to accelerate it upward. The average 
force you exert can be determined from the 
change in momentum of the ball. The 
change in the velocity of the ball can be 
found by applying conservation of 
mechanical energy to its rise in the air 
once it has left your hand. 



/, = At 



/, = 0 
v, = 0 



(a) Relate the average force exerted 
by your hand on the ball to the 
change in momentum of the ball: 

Letting U g = 0 at the initial elevation 
of your hand, use conservation of 
mechanical energy to relate the 
initial kinetic energy of the ball to 
its potential energy when it is at its 
highest point: 



Ap _ p 2 - p l _ mv 2 



av At At At 
because V] and, hence, p\ = 0. 

AK + AU = 0 
or 

- K { + U { = 0 
since K { = U i = 0 



Substitute for K { and Ui and solve 
for v 2 : 



-\mv\ + mgh = 0 
and 

v 2 = -jlgh 



Relate At to the average speed of the 
ball while you are throwing it 
upward: 



At = 



d_ 



2d_ 
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Substitute for At and v 2 in the 
expression for F av to obtain: 

Substitute numerical values and 
evaluate F.- 



F„ = 



mgh 

(0.15kg)(9.81m/s 2 )(40m) 
0.7 m 



84. IN 



(b) Express the ratio of the weight of 
the ball to the average force acting 
on it: 



w _ mg _ (0.15kg)(9.81m/s 2 ) 
F„ ~ F„ ~ 84. IN 



<2% 



Because the weight of the ball is less than 2% of the average force exerted 
on the ball, it is reasonable to have neglected its weight. 
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Picture the Problem Choose a coordinate system in which the direction the ball is 
moving after its collision with the wall is the positive x direction. The impulse delivered 
to the wall or received by the player equals the change in the momentum of the ball. We 
can find the average forces from the rate of change in the momentum of the ball. 



(a) Relate the impulse delivered to 
the wall to the change in momentum 
of the handball: 



I = Ap = mv f - mv i 
= (0.06kg)(8m/s)/ 
- -(0.06kg)(l0m/s)i 



(l .08 N • s)z directed into wall. 



(b) Find F. dV from the change in the 
ball's momentum: 



_ Ap _ l.Q8N-s 
av ~ At ~ 0.003 s 



= 360 N, into wall. 



(c) Find the impulse received by the 
player from the change in 
momentum of the ball: 



1 = A Pball = mAv 

= (0.06kg)(8m/s) 



0.480 N • s, away from wall. 



(d) Relate F dV to the change in the 
ball's momentum: 



Ap 



ball 



At 



Express the stopping time in terms 
of the average speed v av of the ball 



d 

At = — 

v.,„ 
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and its stopping distance d: 



Substitute to obtain: 



F... = 



Substitute numerical values and 
evaluate F,„: 



_ (4m/s)(0.480N-s) 
0.5m 



3.84 N, away from wall. 
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Picture the Problem The average force exerted on the limestone by the droplets of 
water equals the rate at which momentum is being delivered to the floor. We're given 
the number of droplets that arrive per minute and can use conservation of mechanical 
energy to determine their velocity as they reach the floor. 



(a) Letting N represent the rate at 
which droplets fall, relate F av to the 
change in the droplet 's momentum: 

Find the mass of the droplets: 



F _ A Pdi- op i ets = N mAv 
av " At " At 



m = pV = (lkg/L)(0.03mL) 



3xl0~ 5 kg 



Letting U g = 0 at the point of impact 
of the droplets, use conservation of 
mechanical energy to relate their 
speed at impact to their fall 
distance: 



AK + AU =0 
or 

K t -K, +U { -U 1 =0 



Because K^-Uf- 0: 



mv f - mgh = 0 



Solve for and evaluate v = v f : 



= Jlgh = ^2(9.8 lm/s 2 )(5m) 
= 9.90m/s 



Substitute numerical values and 
evaluate F av : 



F, = 



yAtj 

r 



mAv 



droplets lmin 

10 x 

min 60s 

x(3xl0" 5 kg)(9.90m/s) 



= 4.95xlO~ 5 N 
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(b) Calculate the ratio of the weight 
of a droplet to F av : 



W 



mg 



_ (3xlQ' 5 kg)(9.81m/s 2 ) 
4.95 x 10 5 N 



Collisions in One Dimension 

*67 • 

Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two cars. The ratio of the 
transformed kinetic energy to kinetic energy before the collision is the fraction of kinetic 
energy lost in the collision. 



(a) Letting V be the velocity of the 
two cars after their collision, apply 
conservation of momentum to their 
perfectly inelastic collision: 

Solve for and evaluate V: 



initial ~~ Pfinal 

or 

mVj + mv 2 ={m + m)V 



T7 v,+v, 30m/s + 10m/s 
y = — ! — = 



= 20.0 m/s 



(b) Express the ratio of the kinetic 
energy that is lost to the kinetic 
energy of the two cars before the 
collision and simplify: 



AK 



K 



initial 



^filial ^initial 



K 



initial 



K 



initial 



(2m)V : 



2V 



2 . 2 

V, +v 2 



Substitute numerical values to obtain: 



AK 

is 

initial 



2(20 m/s) 2 



(30 m/s) 2 + (10 m/s) 2 
= -0.200 



20% of the initial kinetic energy is transformed into heat, sound, and 
the deformation of metal. 
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Picture the Problem We can apply conservation of momentum to this perfectly 
inelastic collision to find the after-collision speed of the two players. 



Letting the subscript 1 refer to the 
running back and the subscript 2 refer 
to the linebacker, apply conservation 
of momentum to their perfectly 
inelastic collision: 



Pi ~ Pi 
or 

mjVj = (m l + m 2 )V 



Solve for V: 



V 



in. 



m l + m 2 



Substitute numerical values and 
evaluate V: 



V = 



85 kg 



85 kg + 105 kg 



(7m/s) = 



3.13m/s 
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Picture the Problem We can apply conservation of momentum to this collision to find 
the after-collision speed of the 5-kg object. Let the direction the 5-kg object is moving 
before the collision be the positive direction. We can decide whether the collision was 
elastic by examining the initial and final kinetic energies of the system. 



(a) Letting the subscript 5 refer to 
the 5-kg object and the subscript 2 
refer to the 10-kg object, apply 
conservation of momentum to 
obtain: 



Pi = Pi 
or 



m 5 v. 5 -m 10 v uo =m 5 v f5 



Solve for Vf 5: 



V f,5 = 



m 5 v. 5 -m 10 v. 10 



Substitute numerical values and 
evaluate v f 5 : 



' f.5 



(5kg)(4m/s)-(l0kg)(3m/s) 
5 kg 



2.00 m/s 



where the minus sign means that the 5-k£ 
object is moving to the left after the 
collision. 
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(b) Evaluate AK for the collision: 



AK = K f -K 1 = ^(5kg)(2m/s) 2 -[-i(5kg)(4m/s) 2 + ^(l0kg)(3m/s) 2 J= -75.0J 



Because AK ^ 0, the collision was inelastic. 
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Picture the Problem The pictorial 
representation shows the ball and bat just 
before and just after their collision. Take 
the direction the bat is moving to be the 
positive direction. Because the collision is 
elastic, we can equate the speeds of 
recession and approach, with the 
approximation that vy, a t ~ Vf,bat to find Vf,b a ii- 



<',K.II= -V 



Express the speed of approach of the 
bat and ball: 



^f.ball ( V i,bat V i,ball) 



Because the mass of the bat is much 
greater than that of the ball: 

Substitute to obtain: 

Solve for and evaluate Vfbaii: 



V i,bat ~ V f,bat 



V f,ball V f,bat ( V f,bat V i,ball 



) 



= -Vi,ball + 2v f,bat = V + 2V 



= 3v 
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Picture the Problem Let the direction the proton is moving before the collision be the 
positive x direction. We can use both conservation of momentum and conservation of 
mechanical energy to obtain an expression for velocity of the proton after the collision. 

(a) Use the expression for the total S m Fi = ^™ 

momentum of a system to find v cm : ' 

and 



mv. 



v = 

cm 



m + l2m 



— = £(300m/s)i 



(23.1m/s)i 
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(b) Use conservation of momentum 
to obtain one relation for the final 
velocities: 



m v ■ = m v f + m v f 

p p,i p p,f nuc nuc,f 



(1) 



Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 



V r —V f = — (V —V , 

nuc, i p,T V nuc,i p,i / p. 



)= v P,i ( 2 ) 



To eliminate v nuc f , solve equation 
(2) for v nuc f , and substitute the result 
in equation (1): 



V „uc,f = V P , 1 + V 
m p V p,, = m P V p,f + m „uc 



( V pa+Vf) 



Solve for and evaluate v p ,f: 



^p-^nuc 

V r = — V ■ 



W p+ m nuc 



m-YLm 
13m 



(300 m/s): 



254m/s 
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Picture the Problem We can use conservation of momentum and the definition of an 
elastic collision to obtain two equations in v 2 f and v 3f that we can solve simultaneously. 



Use conservation of momentum to 
obtain one relation for the final 
velocities: 



m 3 v 3i = m 3 v 3f +m 2 v 2f (1) 



Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 



v 2f -v 3{ =-(v 2i -v 3i ) = v 3i (2) 



Solve equation (2) for v 3f , substitute 
in equation (1) to eliminate v 3f , and 
solve for and evaluate v 2 {. 



2m 3 v 3i _ 2(3kg)(4m/s) 
m 2 +m 3 2kg + 3kg 



= 4.80m/s 



Use equation (2) to find v 3f : 



4.80m/s- 4.00 m/s 



0.800 m/s 



Evaluate K. and K f : 



^=^ 1 =i^v 3i =i(3kg)(4m/s) 2 



= 24.0 J 
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and 

K f = K 3f + K 2f 



= ^(3kg)(0.8m/s) 2 

+ ^(2kg)(4.8m/s) 2 
= 24.0 J 



Because K { = K { , we can conclude that the values obtained for v 2f and v 3f are 
consistent with the collision having been elastic. 
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Picture the Problem We can find the velocity of the center of mass from the definition 
of the total momentum of the system. We'll use conservation of energy to find the 
maximum compression of the spring and express the initial (i.e., before collision) and 
final (i.e., at separation) velocities. Finally, we'll transform the velocities from the 
center of mass frame of reference to the table frame of reference. 



(a) Use the definition of the total 
momentum of a system to relate the 
initial momenta to the velocity of 
the center of mass: 



p = Y d m i v i =Mv c 



or 
m 



iV u =(m i +m 2 )\ 



Solve for v c 



= m 1 v li +m 2 v 2i 
m 1 + m 2 



Substitute numerical values and 
evaluate v rm : 



_ (2kg)(l0m/s)+(5kg)(3m/s) 
2kg + 5kg 



= 5.00m/s 



(b) Find the kinetic energy of the 
system at maximum compression 
(Wj = u 2 = 0): 

Use conservation of energy to relate 
the kinetic energy of the system to 
the potential energy stored in the 
spring at maximum compression: 

Because K { = K cm and = 0: 



K = K cm =iMv 2 cm 

= {(7kg)(5m/s) 2 =87. 5 J 

AK + AU S =0 
or 

K f -K i+ U s{ -U si =0 
K cm -K i+ \k{Ax) 2 =0 
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Solve for Ax: 



Ax ■ 



\m x v\+\m 2 v\-K z 



Substitute numerical values and evaluate Ax: 



m 1 v ll +m 2 v 2l -2^ c 



Ax = 



|(2kg)(l0m/s) 2 +(5kg)(3m/s) 2 


2(87.5 j)~ 


1120N/m 


1120N/m 



0.250m 



(c) Find mh, U2i, and u u for this 
elastic collision: 



Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach and solve 
for u 2 f. 



Wji = v u -v cm = lOm/s -5m/s = 5m/s, 
M 2i = V a ~ v cm = 3 m/s - 5 m/s = -2 m/s, 



and 



u 2i - 
and 

M 2f ; 



0-5 m/s = -5 m/s 
"if =-(«2i-«ii) 



-u 2i +u n +u u 



-(- 2 m/s) + 5 m/s - 5 m/s 
2 m/s 



Transform M lf and w 2 f to the table 
frame of reference: 



and 



'2f 



u, f +v 

If cm 



U 2 f +v cm 



-5 m/s + 5m/s 



0 



= 2m/s + 5m/s= 7.00m/s 
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Picture the Problem Let the system include the earth, the bullet, and the sheet of 
plywood. Then W ext = 0. Choose the zero of gravitational potential energy to be where 
the bullet enters the plywood. We can apply both conservation of energy and 
conservation of momentum to obtain the various physical quantities called for in this 
problem. 



(a) Use conservation of mechanical 
energy after the bullet exits the sheet 
of plywood to relate its exit speed to 
the height to which it rises: 



AK + AU =0 

or, because Kf-U\- 0, 

-\mv 2 m +mgh = 0 
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Solve for v„ 



v„, = 



Proceed similarly to relate the initial 
velocity of the plywood to the height 
to which it rises: 



(b) Apply conservation of momentum 
to the collision of the bullet and the 
sheet of plywood: 



Pi =Pf 



or 

m v mi =mv m +Mv M 



Substitute for v m and v M and solve for 



m 



(c) Express the initial mechanical 
energy of the system (i.e., just before 
the collision): 



mg 



in 



H 



Express the final mechanical energy 
of the system (i.e., when the bullet 
and block have reached their 
maximum heights): 

(d) Use the work-energy theorem 
with W ext = 0 to find the energy 
dissipated by friction in the inelastic 
collision: 



E f = mgh + MgH = g(mh + MH) 



and 

W f . t . = E - E f 

friction 1 f 



gMH 
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Picture the Problem We can find the velocity of the center of mass from the definition 
of the total momentum of the system. We'll use conservation of energy to find the 
speeds of the particles when their separation is least and when they are far apart. 



(a) Noting that when the distance 
between the two particles is least, 
both move at the same speed, 
namely v cm , use the definition of the 
total momentum of a system to relate 
the initial momenta to the velocity of 



i 

3r 

m p v pi =(m p +m a )v 



558 Chapter 8 
the center of mass: 



Solve for and evaluate v cm : 



m P v pi + m a v m _mv 0 +0 



0.200 v„ 



m + 4m 



(b) Use conservation of momentum 
to obtain one relation for the final 
velocities: 



>Vo = m pV + m a V a( 



(1) 



Use conservation of mechanical 
energy to set the velocity of 
recession equal to the negative of 
the velocity of approach: 



-( v pi- v J=- v pi ( 2 ) 



Solve equation (2) for v pf , substitute 
in equation (1) to eliminate v p t, and 
solve for v^: 



2m P v o 
m p +m a 



2mv 0 
m + Am 



0.400 v„ 
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Picture the Problem Let the numeral 1 denote the electron and the numeral 2 the 
hydrogen atom. We can find the final velocity of the electron and, hence, the fraction of 
its initial kinetic energy that is transferred to the atom, by transforming to the center-of- 
mass reference frame, calculating the post-collision velocity of the electron, and then 
transforming back to the laboratory frame of reference. 



Express/, the fraction of the 
electron's initial kinetic energy that 
is transferred to the atom: 



_ - K f _ 1 K f 

K, K; 



= 1 



1 2 



(1) 



Find the velocity of the center of 
mass: 



v = ■ 

cm 



or, because m 2 = 1840mi, 



1 



m 1 + 1840m, 1841 



Find the initial velocity of the 
electron in the center-of-mass 
reference frame: 



1841 



1841 
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Find the post-collision velocity of 
the electron in the center-of-mass 
reference frame by reversing its 
velocity: 

To find the final velocity of the 
electron in the original frame, add 
v cm to its final velocity in the center- 
of-mass reference frame: 



Substitute in equation (1) to obtain: 



u lf - w H 



1841 



V,f = U,f +V 

If If cm 



1841 



/=!• 



1841 



v J 

-3 



= 1- 



1841 



2.17 xKT = 0.217% 
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Picture the Problem The pictorial 
representation shows the bullet about to 
imbed itself in the bob of the ballistic 
pendulum and then, later, when the bob 
plus bullet have risen to their maximum 
height. We can use conservation of 
momentum during the collision to relate 
the speed of the bullet to the initial speed 
of the bob plus bullet (V). The initial 
kinetic energy of the bob plus bullet is 
transformed into gravitational potential 
energy when they reach their maximum 
height. Hence we apply conservation of 
mechanical energy to relate V to the angle 
through which the bullet plus bob swings 
and then solve the momentum and energy 
equations simultaneously for the speed of 
the bullet. 




Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 



Solve for the speed of the bullet: 



mv h = (m + M)V 



, M ^ 
1 + — 



V 



(1) 



Use conservation of energy to relate 



AK + AU = 0 
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the initial kinetic energy of the or, because K { = Ui = 0, 

bullet to the final potential energy of — K { +U f = 0 

the system: 

Substitute for K { and U f and solve - \ (m + M )V 2 

forV: +(m + M)gL(l-cos&) = 0 

and 

V = yl2gL(l-cos0) 



Substitute for V in equation (1) to 
obtain: 

Substitute numerical values and evaluate vt,: 



v b 



1 + — 



^2gL(l-cos0) 



0.016 kg 



72(9.8 lm/s 2 )(2.3m)(l-cos60°) = 



450 m/s 
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Picture the Problem We can apply conservation of momentum and the definition of an 
elastic collision to obtain equations relating the initial and final velocities of the colliding 
objects that we can solve for v lf and v 2f . 

Apply conservation of momentum to + m 2 v 2f = m iV{ . + m^. (1) 

the elastic collision of the particles 
to obtain: 

Relate the initial and final kinetic 1 m ^ + 1 m ^ = 1 m ^ + 1 ^2 

energies of the particles in an elastic 

collision: 

Rearrange this equation and factor to ^ ^ - v 2i ) = m l (v„ - vf { ) 

obtain: 



or 

m 2(v 2 f-V 2l )(v 2f +V 2l ) 



(2) 



= m 1 (v li -v lf )(v li +v lf ) 

Rearrange equation (1) to obtain: m 2 (v 2{ -V 7i )=m 1 (v li - v lf ) (3) 

Divide equation (2) by equation (3) v 2f + v 2i = v u + v lf 
to obtain: 

Rearrange this equation to obtain v - y = y 2i - y (4) 
equation (4): 

Multiply equation (4) by m 2 and add (m, + m 2 ) v lf = (m, - m 2 ) v H + 2m 2 v 2i 
it to equation (1) to obtain: 
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Solve for v lf to obtain: 

v lf = 



Multiply equation (4) by mi and (m, + m 2 )v 2f = (m 2 - m l ) v 2i + 2m 1 v li 

subtract it from equation (1) to 
obtain: 

Solve for v 2i to obtain: 

v 2f = 



Remarks: Note that the velocities satisfy the condition that v 2f - v u = -(v 2i - v H ). 
This verifies that the speed of recession equals the speed of approach. 
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Picture the Problem As in this problem, Problem 78 involves an elastic, one- 
dimensional collision between two objects. Both solutions involve using the conservation 
of momentum equation m l v lf + m 2 v 2f = m l v n + m 2 v 2i and the elastic collision 

equation v lf — V 2f = v 2i — v H . In part (a) we can simply set the masses equal to each other 
and substitute in the equations in Problem 78 to show that the particles "swap" velocities. 
In part (b) we can divide the numerator and denominator of the equations in Problem 78 
by m 2 and use the condition that m 2 » m\ to show that vn « -vn+2v 2 \ and v 2 f~ v 2 i- 

(a) From Problem 78 we have: 

v lf 
and 

Set mi = m 2 = m to obtain: 

v lf 
and 

V 2f 



m. - m, 2m, 

— ~ v u+ — v 2i 

m l +m 2 m l + m 2 



2m, m, - m, 

— v H +— L v 2i 

m i + m 2 m l + m 2 



m, -m, 2m, 

— ~ v n + — v 2i 

m 1 +m 2 m l + m 2 



(1) 



2m, m 0 - m, 
—v n +— L v 2i (2) 



m 1 +m 2 



m l +m 2 



2m 



m + m 



2m 



m + m 



(b) Divide the numerator and 
denominator of both terms in 
equation (1) by m 2 to obtain: 



m, 



ffl. 



m , 



-v„+- 



+ 1 



m, 



m 1 



+ 1 



If m 2 » nil'. 



-v u +2v 2i 
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Divide the numerator and 
denominator of both terms in 
equation (2) by m 2 to obtain: 



2 nh 

m 0 



/;;, 



m 0 



-v u + 



m , 



+ 1 



///, 



+ 1 



in , 



If ni2 » ni{\ 



v 2f 



Remarks: Note that, in both parts of this problem, the velocities satisfy the condition 
thatv 2f — v lf = -(v 2i - v H ). This verifies that the speed of recession equals the speed 
of approach. 

Perfectly Inelastic Collisions and the Ballistic Pendulum 
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Picture the Problem Choose U g = 0 at the bob's equilibrium position. Momentum is 
conserved in the collision of the bullet with bob and the initial kinetic energy of the bob 
plus bullet is transformed into gravitational potential energy as it swings up to the top of 
the circle. If the bullet plus bob just makes it to the top of the circle with zero speed, it 
will swing through a complete circle. 



Use conservation of momentum to 
relate the speed of the bullet just 
before impact to the initial speed of 
the bob plus bullet: 



m,v = (m, + m 1 )V 



Solve for the speed of the bullet: 



v = 



f \ 

1 m 2 
1 + — 



V 



III 



V 



(1) 



Use conservation of energy to relate 
the initial kinetic energy of the bob 
plus bullet to their potential energy 
at the top of the circle: 

Substitute for K x and Uf. 



AK + AU =0 

or, because Kf = Ui = 0, 

- K { + U f = 0 



-\{m x +m 2 )V 2 +(m i +m 2 )g(2L) = 0 



Solve for V: 



Substitute for V in equation (1) and 
simplify to obtain: 
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Picture the Problem Choose U g = 0 at the equilibrium position of the ballistic 
pendulum. Momentum is conserved in the collision of the bullet with the bob and 
kinetic energy is transformed into gravitational potential energy as the bob swings up to 
its maximum height. 

Letting V represent the initial speed m x v = m l (| v) + m 2 V 

of the bob as it begins its upward 

swing, use conservation of 

momentum to relate this speed to the 

speeds of the bullet just before and 

after its collision with the bob: 



Solve for the speed of the bob: m, 

V = v (1) 

2m 2 



Use conservation of energy to relate AK + AU =0 

the initial kinetic energy of the bob or, because K t = U\- 0, 

to its potential energy at its — K { +U f = 0 
maximum height: 

Substitute for K, and U f : - \ m 2 V 2 + m 2 gh = 0 



Solve for h: 



2g 



(2) 



Substitute Vfrom equation (1) in 
equation (2) and simplify to obtain: 



2m, 



2g 





f \ 


2 


v 2 






8# 


V m 2j 
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Picture the Problem Let the mass of the bullet be m, that of the wooden block M, the 
pre-collision velocity of the bullet v, and the post-collision velocity of the block+bullet be 
V. We can use conservation of momentum to find the velocity of the block with the bullet 
imbedded in it just after their perfectly inelastic collision. We can use Newton's 2 nd law 
to find the acceleration of the sliding block and a constant-acceleration equation to find 
the distance the block slides. 
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in. 



M 



0 in + M 



D 



-Ax- 



Using a constant-acceleration 
equation, relate the velocity of the 
block+bullet just after their collision 
to their acceleration and 
displacement before stopping: 

Solve for the distance the block 
slides before coming to rest: 

Use conservation of momentum to 
relate the pre-collision velocity of 
the bullet to the post-collision 
velocity of the block+bullet: 

Solve for V: 

Substitute in equation (1) to obtain: 



A pphy = to tne 
block+bullet (see the FBD in the 
diagram): 



(m + M) £ 

0 = V 2 + 2aAx 

because the final velocity of the 
block+bullet is zero. 



Ax = 



2a 

mv = (m + M)V 



V = 



m 



m + M 



Ax = — — 
2a 



m 



m + M 



Y J F x =-f k ={m + M)a 
and 

Y J F y =F n -(m + M)g=0 



Use the definition of the coefficient f k = ju k F B = ju k (m + M)g 
of kinetic friction and equation (4) 
to obtain: 

Substitute in equation (3): - ju k (m + M)g = (m + M)a 



Solve for a to obtain: 

Substitute in equation (2) to obtain: 



Ax = — - — 



< m 



m + M 
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Substitute numerical values and evaluate Ax: 



Ax = 



2(0.22)(9.81m/s 2 ) 



0.0105 kg (75Qm/s) 
0.0105 kg + 10.5kg v \ 



0.130m 
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Picture the Problem The collision of the ball with the box is perfectly inelastic and we 
can find the speed of the box-and-ball immediately after their collision by applying 
conservation of momentum. If we assume that the kinetic friction force is constant, we 
can use a constant-acceleration equation to find the acceleration of the box and ball 
combination and the definition of /u k to find its value. 



Using its definition, express the 
coefficient of kinetic friction of the 
table: 

Use conservation of momentum to 
relate the speed of the ball just 
before the collision to the speed of 
the ball+box immediately after the 
collision: 



A 



(M +m)\a\ 



(M+m)g g 



(1) 



MV =(m+M)i 



Solve for v: 



v = 



MV 
m + M 



(2) 



Use a constant-acceleration equation 
to relate the sliding distance of the 
ball+box to its initial and final 
velocities and its acceleration: 



Vr = v 2 + 2aAx 



or, because v f = 0 and v ; = v, 
0 = v 2 + 2aAx 



Solve for a: 



2Ax 



Substitute in equation (1) to obtain: 



IgAx 



Use equation (2) to eliminate v: 



IgAx 



MV 
m + M 



J 



V 



IgAx 



+ 1 
M ) 
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Substitute numerical values and evaluate // k : 



Ac = 



2(9.81m/s 2 )(0.52m) 



1.3m/s 



0.327 kg . 

- + 1 

0.425 kg , 



0.0529 
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Picture the Problem Jane's collision with Tarzan is a perfectly inelastic collision. We 
can find her speed v\ just before she grabs Tarzan from conservation of energy and their 
speed V just after she grabs him from conservation of momentum. Their kinetic energy 
just after their collision will be transformed into gravitational potential energy when they 
have reached their greatest height h. 



0 



\ 



\ 



U g = 0- 



in . 



\ 



\ 



\2 

A' 1 ' 

h 
♦ 



Use conservation of energy to relate 
the potential energy of Jane and 
Tarzan at their highest point (2) to 
their kinetic energy immediately 
after Jane grabbed Tarzan: 



U 2 =K X 
or 

m 3+T gh = ^m 3+T V 2 



Solve for h to obtain: 



h = 



2g 



(1) 



Use conservation of momentum to 
relate Jane's velocity just before she 
collides with Tarzan to their 
velocity just after their perfectly 
inelastic collision: 



Solve for V: 



V = — — Vj 



(2) 



Apply conservation of energy to 
relate Jane's kinetic energy at 1 to 
her potential energy at 0: 



K,=U n 



or 
i 



2 m ]Vl 



m s gL 
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Solve for v { : 



Substitute in equation (2) to obtain: 



V 



m j + T 



Substitute in equation (1) and 
simplify: 



h = 



J_ 
2g 



f \ 2 

V m j+T J 



2gL = 



( \ 2 
v m J+T y 



Substitute numerical values and 
evaluate h: 



54kg 



54kg + 82kg 



(25m) = 



3.94m 



Exploding Objects and Radioactive Decay 



85 

Picture the Problem This nuclear reaction is 4 Be — > 2a + 1.5xlCT 14 J. In order to 
conserve momentum, the alpha particles will have move in opposite directions with the 
same velocities. We'll use conservation of energy to find their speeds. 



Letting E represent the energy 
released in the reaction, express 
conservation of energy for this 
process: 



2K a =2(\m a v 2 a )=E 



Solve for v a : 



v„ = 



Substitute numerical values and 
evaluate v a : 



v„ = 



1.5xlQ- 14 J 
6.68xl(T 27 kg 



1.50xl0 6 m/s 
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Picture the Problem This nuclear reaction is 5 Li — > a + p + 3. 15 x 1CT 13 J. To conserve 
momentum, the alpha particle and proton must move in opposite directions. We'll apply 
both conservation of energy and conservation of momentum to find the speeds of the 
proton and alpha particle. 



Use conservation of momentum in 
this process to express the alpha 
particle's velocity in terms of the 
proton's: 



Pi = Pf = o 
and 

0 = m p v p -m a v a 
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Solve for v a and substitute for m a to 
obtain: 

Letting E represent the energy 
released in the reaction, apply 
conservation of energy to the 
process: 

Substitute for v a : 



Solve for v p and substitute for m a to 



obtain: 



Substitute numerical values and 
evaluate v p : 



Use the relationship between v p and 
v„ to obtain v„: 



p p i 

v p = a v p =i v P 

m a 4m 



K+K=E 



or 

\m v vl+\m a v 2 a =E 



2 P P 



v„ = 



32E 



32E 



p A16m n +m„ A16m n +4m n 

V P " V P P 



I 32(3.15xl0" 13 j) 
~ \20(l.67xl0 -27 kg) 



= 1.74xl0 7 m/s 



v = 4-v 

a 4 p 



= }(l.74xl0 7 m/s) 



= 4.34 xlO 6 m/s 
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Picture the Problem The pictorial representation shows the projectile at its maximum 
elevation and is moving horizontally. It also shows the two fragments resulting from the 
explosion. We chose the system to include the projectile and the earth so that no 
external forces act to change the momentum of the system during the explosion. With 
this choice of system we can also use conservation of energy to determine the elevation 
of the projectile when it explodes. We'll also find it useful to use constant-acceleration 
equations in our description of the motion of the projectile and its fragments. 
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(a) Use conservation of momentum 
to relate the velocity of the projectile 
before its explosion to the velocities 
of its two parts after the explosion: 



Pi =Pf 



m 3 v 3 = m,v, + m 2 v 2 



m 3 v 3 i = m lV J + m x v yl j - m 2 v y2 j 



The only way this equality can hold 
is if: 



W 3 V 3 = m i V xl 

and 

m x v yX = m 2 v y2 



Express v 3 in terms of v 0 and 
substitute for the masses to obtain: 



v A = 3v 3 = 3v 0 cos 6 



= 3(l20m/s)cos30° = 312m/s 



and 

Vyl = 2V y2 



(1) 



Using a constant- acceleration 
equation with the downward 
direction positive, relate v y 2 to the 
time it takes the 2-kg fragment to hit 
the ground: 



Ay = v y2 At + ±g(Atf 



V .v2 = 



At 



(2) 



With U g = 0 at the launch site, apply 
conservation of energy to the climb 
of the projectile to its maximum 
elevation: 



AK + AU =0 

Because K { = U { = 0, - K { + U f = 0 
or 

-\m 3 v 2 y0 +m 3 gAy = 0 



Solve for Ay: 



Ay = 



v y0 

2g 



_ (v 0 sin30°) 2 
2g 



Substitute numerical values and 
evaluate Ay: 

Substitute in equation (2) and 
evaluate v y2 : 



Ay = 



V ,2 = 



[(I20m/s)sin30t =183 5m 
2(9.8 lm/s 2 ) 

183.5m-i(9.81m/s 2 )(3.6s) 2 
3.6 s 

33.3m/s 



Substitute in equation (1) and 
evaluate v yl : 



v, =2(33.3m/s) = 66.6m/s 
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Vi=v xl i +v yl j 



(312m/s)/ + (66.6m/s)y 



(b) Express the total distance d 
traveled by the 1-kg fragment: 

Relate Ax to v 0 and the time-to- 
explosion: 



d = Ax + Ax' 



Ax = (v Q cos#)(A? e J 



Using a constant- acceleration 
equation, express Af exp : 

Substitute numerical values and 



evaluate At, 



exp- 



Substitute in equation (4) and 
evaluate Ax: 



= ^> = v 0 sin# 

exp 

8 8 



(I20m/s)sin30° , .,_ 

A ^exp = " —7 = 6.12 s 

exp 9.81m/s 2 

Ax = (I20m/s)(cos30°)(6.12s) 
= 636.5 m 



Relate the distance traveled by the 
1-kg fragment after the explosion to 
the time it takes it to reach the 
ground: 

Using a constant- acceleration 
equation, relate the time At' for the 
1-kg fragment to reach the ground to 
its initial speed in the y direction and 
the distance to the ground: 

Substitute to obtain the quadratic 
equation: 



Ax' = v xl At' 



Ay = v yl At'-±g{At') 2 



(Ar') 2 -(l3.6s)A?' -37.4s 2 =0 



Solve the quadratic equation to find 
At': 



At' = 15.9 s 



Substitute in equation (3) and 
evaluate d: 



d = Ax + Ax' = Ax + v xl At' 
= 636.5m + (312m/s)(l5.9s) 

= 5.61km 
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(c) Express the energy released in 
the explosion: 



E^=Mt = K f -K, 



(5) 



Find the kinetic energy of the 
fragments after the explosion: 



K f = K { + K 2 = \ m{v\ + 2 m i v 2 

= |(lkg)[(312m/s) 2 +(66.6m/s) 2 ] 
+ ^(2kg)(33.3m/s) 2 
= 52.0kJ 



Find the kinetic energy of the 
projectile before the explosion: 



K i =\ m A =im 3 (v 0 cos6>) 2 
= j(3kg)[(l20m/s)cos30°] 5 
= 16.2kJ 



Substitute in equation (5) to 
determine the energy released in the 
explosion: 



35.8kJ 



Picture the Problem This nuclear 
reaction is 9 B -» 2a + p + 4.4x1 0 -14 J. 
Assume that the proton moves in the -x 
direction as shown in the figure. The sum 
of the kinetic energies of the decay 
products equals the energy released in the 
decay. We'll use conservation of 
momentum to find the angle between the 
velocities of the proton and the alpha 
particles. Note that v a = v a ' . 









V 

p 

~* 













Express the energy released to the 
kinetic energies of the decay 
products: 



K+2K 

p ° 

or 



4-m v + 

2 p p 



Solve for v a : 
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Substitute numerical values and evaluate v„: 



/ 4.4xl(T 14 J ^(l.67xl(T 27 kg)(6xl0 6 m/s) 2 _ 



6.68x10 27 kg 



6.68xl(T 27 kg 



1.44xl0 6 m/s 



Given that the boron isotope was at 
rest prior to the decay, use 
conservation of momentum to relate 
the momenta of the decay products: 

Solve for 0 : 



Let 9' equal the angle the velocities 
of the alpha particles make with that 
of the proton: 



P f = Pi = 0 => P xi = 0 
•'• 2 ( m a v a cos 6>)-m p v p =0 
or 

2(4m p v a cos 6>)-m p v p =0 



6 = cos 



8v„ 



cos 



6xl0 6 m/s 
8(l.44xl0 6 m/s) 



+58.7 C 



^ = ±(180° -58.7°) 



= ±121 c 
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Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which the ball was dropped and the height to which it rebounded by using 
conservation of mechanical energy. 



Use its definition to relate the 
coefficient of restitution to the 
velocities of approach and recession: 



e = 



Letting U g = 0 at the surface of the 
steel plate, apply conservation of 
energy to express the velocity of 
approach: 



AK + AU = 0 
Because K l =Uf= 0, 
K f -U t =0 

or 



^mv m -mgh m =0 



Solve for v a 



app- 
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In like manner, show that: 

Substitute in the equation for e to 
obtain: 



e = 



= fiK 

V 2 ^rec 



app 



Substitute numerical values and evaluate e: 



e = 



|2.5m _ 




0.913 


3m 
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Picture the Problem The coefficient of restitution is defined as the ratio of the velocity 
of recession to the velocity of approach. These velocities can be determined from the 
heights from which an object was dropped and the height to which it rebounded by using 
conservation of mechanical energy. 



Use its definition to relate the 
coefficient of restitution to the 
velocities of approach and 
recession: 



e = 



v. 



app 



Letting U g = 0 at the surface of the 
steel plate, apply conservation of 
energy to express the velocity of 
approach: 



AK + AU = 0 
Because Ki-Uf- 0, 
K f -U { = 0 

or 

1 - mgh m = 0 

2 app <j app 



Solve for v app : 



In like manner, show that: 



Substitute in the equation for e to 
obtain: 



e = 



fish. 



app 



Find e„ 



mm V 254 cm 



Find e„ 



fc = 0.849 
V 254 cm 
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and 0.825 < e < 0.849 



91 • 

Picture the Problem Because the rebound kinetic energy is proportional to the rebound 
height, the percentage of mechanical energy lost in one bounce can be inferred from 
knowledge of the rebound height. The coefficient of restitution is defined as the ratio of 
the velocity of recession to the velocity of approach. These velocities can be determined 
from the heights from which an object was dropped and the height to which it rebounded 
by using conservation of mechanical energy. 



(a) We know, from conservation of 
energy, that the kinetic energy of an 
object dropped from a given height 
h is proportional to h: 



K ah. 



If, for each bounce of the ball, 
h KC = 0.8/z a 



'app- 



20% of its mechanical energy is lost. 



(b) Use its definition to relate the 
coefficient of restitution to the 
velocities of approach and 



recession: 



Letting U g = 0 at the surface from 
which the ball is rebounding, apply 
conservation of energy to express 
the velocity of approach: 



e = 



v. 



app 



AK + AU = 0 
Because Ki-Uf- 0, 
Z f -[/,=0 

or 



1 m v 2 ,„ n - mgh m = 0 

2 app o app 



Solve for v app : 



In like manner, show that: 



app 



= figh 



app 



Substitute in the equation for e to 
obtain: 



= V 2 ^rec = IK 



Substitute for — — to obtain: 
K 



app 



e = J0.8= 0.894 
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Picture the Problem Let the numeral 2 refer to the 2-kg object and the numeral 4 to the 
4-kg object. Choose a coordinate system in which the direction the 2-kg object is moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the objects slide, and the objects. Then we can use conservation of 
momentum to find the velocity of the recoiling 4-kg object. We can find the energy 
transformed in the collision by calculating the difference between the kinetic energies 
before and after the collision and the coefficient of restitution from its definition. 



(a) Use conservation of momentum 
in one dimension to relate the initial 
and final momenta of the 
participants in the collision: 



Pi =Pt 
or 

m 2 v 2l =m 4 v 4f -m 2 v 2f 



Solve for and evaluate the final 
velocity of the 4-kg object: 



"4f 



m 2 v 2i +m 2 v 2f 



_ (2kg)(6m/s + lm/s) _ 
" 4kg " 



3.50m/s 



(b) Express the energy lost in terms 
of the kinetic energies before and 
after the collision: 



= lM V 2i-V2f) 



= {m 2 v 2 



J-m 2 v 2f +\m A 



v 4 2 f ) 



Substitute numerical values and evaluate Ei ost : 

= i[((2kg){(6m/s) 2 -(lm/s) 2 })-(4kg)(3.5m/s) 2 ] = ^057 



(c) Use the definition of the coefficient of restitution: 



_ v rec _ v 4 f ~ v 2f _ 3.5m/s-(-lm/s) _ 



6m/s 



0.750 
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Picture the Problem Let the numeral 2 refer to the 2-kg block and the numeral 3 to the 
3-kg block. Choose a coordinate system in which the direction the blocks are moving 
before the collision is the positive x direction and let the system consist of the earth, the 
surface on which the blocks move, and the blocks. Then we can use conservation of 
momentum find the velocity of the 2-kg block after the collision. We can find the 
coefficient of restitution from its definition. 
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(a) Use conservation of momentum in 
one dimension to relate the initial and 
final momenta of the participants in 
the collision: 



Pi =Pt 
or 



m 2 v 2l + m 3 v 3i = m 2 v 2f + m 3 v 3f 



Solve for the final velocity of the 2 -kg 
object: 



m 2 v 2l +m 3 v 3i -m 3 v 3f 
m n 



Substitute numerical values and evaluate v 2 f. 

(2kg)(5m/s)+(3kg)(2m/s-4.2m/s) 



V 2t = 



2kg 



(b) Use the definition of the coefficient 
of restitution: 



1.70m/s 



_ v iec _ v 3f ~ v ii _ 4.2m/s-1.7m/s 



app 



V 2i ~ V 3i 



5m/s-2m/s 



= 0.833 



Collisions in Three Dimensions 
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Picture the Problem We can use the definition of the magnitude of a vector and the 
definition of the dot product to establish the result called for in (a). In part (b) we can use 
the result of part (a), the conservation of momentum, and the definition of an elastic 
collision (kinetic energy is conserved) to show that the particles separate at right angles. 



(a) Find the dot product of B + C 
with itself: 



(b+c)-(b+c) 

= B 2 +C 2 +2BC 



Because A = B + C 



B + C 



(b+c)-(b+c) 



Substitute to obtain: 



A 2 =B 2 +C 2 + 2B C 



(b) Apply conservation of 
momentum to the collision of the 
particles: 

Form the dot product of each side of 
this equation with itself to obtain: 



p 1 + p 2 = P 



{p l +P2)iPi+Pi) = P-P 

or 

pf + p; + 2p r p 2 =P 2 



(1) 



Apply the definition of an elastic 
collision to obtain: 



2 2 n 2 

Pi , Pi = P 
2m 2m 2m 
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Subtract equation (1) from equation 
(2) to obtain: 



or 

2,2 n 2 
Pl+P 2 =P 



(2) 



2p r p 2 =0or p l p 2 =0 



i.e., the particles move apart along paths that 
are at right angles to each other. 
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Picture the Problem Let the initial direction of motion of the cue ball be the positive x 
direction. We can apply conservation of energy to determine the angle the cue ball makes 
with the positive x direction and the conservation of momentum to find the final 
velocities of the cue ball and the eight ball. 



(a) Use conservation of energy to \ mv 2 = \ mv 2 f + \ mv 2 

relate the velocities of the collision 

participants before and after the 2 2,2 

collision: 



2 """a 2 "" K cf 1 2 " l/y % 

or 



ci ct 8 



This Pythagorean relationship tells 0 ci + 0 S — 90° 

us that v ci , v cf , and v 8 form a right an( j 



triangle. Hence: n _ 



60° 



(b) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 

Use conservation of momentum in 
the y direction to obtain a second 
equation relating the velocities of the 
collision participants before and 
after the collision: 



= P,t 

or 

mv ci = mv cf cos 0 cf + mv 8 cos 6> f 

P yl = Pyi 

or 

0 = mv cf sin 0 cf + mv s sin 0 S 



Solve these equations 
simultaneously to obtain: 



2.50m/s 



and 



4.33 m/s 
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Picture the Problem We can find the final velocity of the object whose mass is Mj by 
using the conservation of momentum. Whether the collision was elastic can be decided 
by examining the difference between the initial and final kinetic energy of the 
interacting objects. 

(a) Use conservation of momentum to 
relate the initial and final velocities of 
the two objects: 



P, 

or 



mv 0 i + 2m(yv 0 y ) = 2m{jV 0 i )+ mv u 



Simplify to obtain: 



Solve for v lf : 



v 0 i +v 0 J=iv 0 i +Vj 



iW +v oJ 



(b) Express the difference between the kinetic energy of the system before the collision 
and its kinetic energy after the collision: 

AE = K i -K f = K u + K 2i - {K 1{ + K 2t ) = \ \m x v\ +M 2 v 2 2l -M t v* -M 2 v 2 2f ] 
= \ \nv\ + Imvli - mvff - 2mVj f ] = \ + Zv^ - vf f - 2vj f ] 

= \Ayl + 2 (i V 0 )~4 V 0 - 2 fe V 0 )] = 



Because AE ^ 0, the collision is inelastic. 



*97 .* 

Picture the Problem Let the direction of motion of the puck that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the collision 
in both the x and y directions will lead us to two equations in the unknowns vi and v 2 that 
we can solve simultaneously. We can decide whether the collision was elastic by either 
calculating the system's kinetic energy before and after the collision or by determining 
whether the angle between the final velocities is 90°. 



(a) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 



P,i = P,t 
or 

mv = mv x cos 30° + mv 2 cos 60° 
or 

v = Vj cos 30° + v 2 cos 60° 
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Use conservation of momentum in 
the y direction to obtain a second 
equation relating the velocities of 
the collision participants before and 
after the collision: 



Pyi = Pyi 

or 

0 = mv, sin 30° - mv 2 sin 60° 
or 

0 = V] sin30°-v 2 sin 60° 



Solve these equations 
simultaneously to obtain: 



1.73m/s 



andv 2 = 



l.OOm/s 



(b) 



Because the angle between v, and v 2 is 90°, the collision was elastic. 



98 

Picture the Problem Let the direction of motion of the object that is moving before the 
collision be the positive x direction. Applying conservation of momentum to the motion 
in both the x and y directions will lead us to two equations in the unknowns v 2 and ft that 
we can solve simultaneously. We can show that the collision was elastic by showing that 
the system's kinetic energy before and after the collision is the same. 



(a) Use conservation of momentum 
in the x direction to relate the 
velocities of the collision 
participants before and after the 
collision: 



or 

3mv 0 = *j5mv 0 cos ft + 2mv 2 cos G 2 
or 

3v 0 = -J5v 0 cos ft + 2v 2 cos 6 2 



Use conservation of momentum in 
the y direction to obtain a second 
equation relating the velocities of 
the collision participants before and 
after the collision: 



Pyi = Pyf 

or 

0 = V5mv 0 sin 0 X - 2mv 2 sin 6 2 
or 

0 = V5v 0 sin 0 X - 2v 2 sin 0 2 



Note that if tan ft = 2, then: 



1 2 

cos 0, = —;= and sin 0, = —= 

V5 V5 



Substitute in the momentum 
equations to obtain: 



3v 0 = V5v 0 —j= + 2v 2 cos 6 2 
V5 



or 

v 0 =v 2 cos6' 2 



and 
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0 = V5v 0 



V5 



- 2v 2 sin 6 2 



or 

0 = v, 



„ v 2 sin# 2 



Solve these equations 
simultaneously for &i : 

Substitute to find v 2 : 



6 2 = tan ' 1 = 



45.0 C 



= v o = v o = 

cos $ 2 cos 45° 



(&) To show that the collision was 
elastic, find the before-collision and 
after-collision kinetic energies: 



K { = jm(3v 0 ) 2 = 4.5mv, 



and 



K t =im(V5v 0 ) 2 +i(2m)(V2v 0 ) 2 



= 4.5mVn 



Because = K f , the collision is elastic. 
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Picture the Problem Let the direction of motion of the ball that is moving before the 
collision be the positive x direction. Let v represent the velocity of the ball that is moving 
before the collision, v\ its velocity after the collision and v 2 the velocity of the initially-at- 
rest ball after the collision. We know that because the collision is elastic and the balls 
have the same mass, vi and v 2 are 90° apart. Applying conservation of momentum to the 
collision in both the x and y directions will lead us to two equations in the unknowns Vi 
and v 2 that we can solve simultaneously. 



Noting that the angle of deflection 
for the recoiling ball is 60°, use 
conservation of momentum in the x 
direction to relate the velocities of 
the collision participants before and 
after the collision: 



or 

mv = mv 1 cos 30° + mv 2 cos 60° 
or 

v = Vj cos 30° + v 2 cos 60° 



Use conservation of momentum in 
the y direction to obtain a second 
equation relating the velocities of 
the collision participants before and 
after the collision: 



Pyi = Pyf 

or 

0 = ravj sin 30° - mv 2 sin 60° 
or 

0 = V] sin30°-v 2 sin 60° 
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Solve these equations 
simultaneously to obtain: 



8.66 m/s 



andv 2 = 



5.00 m/s 
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Picture the Problem Choose the coordinate system shown in the diagram below with the 
;e-axis the axis of initial approach of the first particle. Call V the speed of the target 
particle after the collision. In part (a) we can apply conservation of momentum in the x 
and y directions to obtain two equations that we can solve simultaneously for tan 9. In part 
(b) we can use conservation of momentum in vector form and the elastic-collision 
equation to show that v = v 0 cos^. 




(a) Apply conservation of 
momentum in the x direction to 
obtain: 



v 0 = vcos^ + Vcos^ 



(1) 



Apply conservation of momentum in 
the y direction to obtain: 

Solve equation (1) for Vcosd?: 

Divide equation (2) by equation (3) 
to obtain: 



vsin^ = Vsin6> (2) 

V cos 6 = v 0 - v cos <j> (3) 

V sin 0 v sin <fi 



V cos 0 v 0 - v cos tj> 
or 



tan 0 



vsin^ 
v 0 - v cos 0 



(b) Apply conservation of 
momentum to obtain: 



v Q =v+V 



Draw the vector diagram 
representing this equation: 



Use the definition of an elastic 



2 2 , T7 2 

v 0 =v +V 
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collision to obtain: 



If this Pythagorean condition is to 
hold, the third angle of the triangle 
must be a right angle and, using the 
definition of the cosine function: 



v = 



V Q COS <f) 



Center-of-Mass Frame 
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Picture the Problem The total kinetic energy of a system of particles is the sum of the 
kinetic energy of the center of mass and the kinetic energy relative to the center of mass. 
The kinetic energy of a particle of mass m is related to momentum according 
to^ = p 2 /2m . 



Express the total kinetic energy of 
the system: 



K = K iel +K cm 



(1) 



Relate the kinetic energy relative to 
the center of mass to the momenta 
of the two particles: 

Express the kinetic energy of the 
center of mass of the two particles: 

Substitute in equation (1) and 
simplify to obtain: 



2 2 

2m l 2m 2 



K,. 



K = 



(2p1 
2[m l +m 2 ) 

p\{m x + m 2 ) 



p 2 x {m x +m 2 ) 
2m l m 2 



2p\ 



m l +m 2 ) m x + m 2 



2m x m 2 



+ - 



2p\ 



m x + m 2 



2 



mf + 6m l m 2 + m 2 
mfm 2 + m x m\ 



In an elastic collision: 



K, = K f 



2 
Pi 


m\ + 6m l m 2 + m\ 




2 


m\m 2 + m x m\ 






Pi 


m\ + 6m l m 2 + m\ 




2 


mfm 2 + m x m\ 





Simplify to obtain: 



and 



Pi = ±Pi 



If p x = +p 1 , the particles do not collide. 
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Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 
and 1 kg respectively. We can use ^ m, V f = Mv cm to find the velocity of the center-of- 

i 

mass of the system and simply follow the directions in the problem step by step. 



(a) Express the total momentum of 
this two-particle system in terms of 
the velocity of its center of mass: 



P = Y 4 m i v i =m 1 v 1 +m 3 v 3 

i 

= Mv cm =(m 1 +m 3 )v cm 



Solve for v„ 



= m 3 v 3 +m 1 v 1 

cm 

m 3 +m, 



Substitute numerical values and 
evaluate v„„ : 



_ _ (3kg)(-5m/s)f + (lkg)(3m/s)/ 
3kg + lkg 



(-3.00m/s)i 



(b) Find the velocity of the 3 -kg 
block in the center of mass reference 
frame: 

Find the velocity of the 1-kg block 
in the center of mass reference 
frame: 



h 3 = v 3 -v cm = (-5m/s)i -(-3m/s)i 



(-2.00m/s)/ 



u l = v l -v cm = (3m/s)i -(-3m/s)i 



(6.00m/s)/ 



(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 



M 3 = 



and 



u. 



(2.00 m/s); 



(-6.00m/s)i 



(<f) Transform the after-collision 
velocity of the 3-kg block from the 
center of mass reference frame to the 
original reference frame: 

Transform the after-collision velocity 
of the 1-kg block from the center of 
mass reference frame to the original 
reference frame: 



v 3 = u 3 +v cm = (2m/s)i +(-3m/s)/ 



(-1.00m/s)/ 



v, = u l +v cm = (-6m/s)i +(-3m/s)i 



(-9.00m/s)i 



(e) Express K { in the original frame of 



K i = j m 3 v 3 + \ mjV, 2 
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reference: 

Substitute numerical values and 
evaluate K^. 



K, =i[(3kg)(5m/s) 2 +(lkg)(3m/s) 2 ] 



= 42.0J 



Express Kf in the original frame of 
reference: 

Substitute numerical values and 
evaluate K{. 



ts 1 '2,i i2 



K t =i[(3kg)(lm/s) 2 +(lkg)(9m/s) 2 ] 



= 42.0J 
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Picture the Problem Let the numerals 3 and 1 denote the blocks whose masses are 3 kg 
and 1 kg respectively. We can use ^ m ; v ; = Mv cm to find the velocity of the center-of- 

i 

mass of the system and simply follow the directions in the problem step by step. 



(a) Express the total momentum of 
this two-particle system in terms of 
the velocity of its center of mass: 



P = ^ i m i v i = m i v i + m 5 v 5 

i 

= Mv cm =(m 3 +m 5 )v cm 



Solve for v„ 



= m 3 v 3 +m 5 v 5 

cm 

m 3 +m 5 



Substitute numerical values and 
evaluate v„„ : 



(3kg)(- 5 m/s)f + (5 kg) (3 m/s)i 
3kg + 5kg 



= 0 



(b) Find the velocity of the 3 -kg 
block in the center of mass reference 
frame: 



«3=v 3 -v cm = (-5m/s)i-0 



(-5m/s) i 



Find the velocity of the 5 -kg block in 
the center of mass reference frame: 



" 5 =v 5 -v cm = (3m/s)i-0 



(3m/s)i 



(c) Express the after-collision 
velocities of both blocks in the 
center of mass reference frame: 



H 3 = 



and 



(5m/s)i 
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u 5 = 0.75 m/s 



(d) Transform the after-collision 
velocity of the 3-kg block from the 
center of mass reference frame to the 
original reference frame: 

Transform the after-collision 
velocity of the 5-kg block from the 
center of mass reference frame to the 
original reference frame: 

(<?) Express K\ in the original frame 
of reference: 

Substitute numerical values and 
evaluate Kr. 



v 3 =« 3 +v cm =(5m/s)*+0 



(5 m/s) i 



v 5 =u 5 +v cm ={-3m/s)i+0 



(-3m/s)i 



K i =im 3 v 3 2 +{m 5 v 5 2 



K, =i[(3kg)(5m/s) 2 +(5kg)(3m/s) 2 ] 



= 60.0 J 



Express Kf in the original frame of 
reference: 



Substitute numerical values and evaluate Kf. 

K f = |[(3kg)(5m/s) 2 + (5kg)(3m/s) 2 



60.0 J 



Systems With Continuously Varying Mass: Rocket Propulsion 
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Picture the Problem The thrust of a rocket F th depends on the burn rate of its fuel dm/dt 
and the relative speed of its exhaust gases w ex according to F th = \dm/dt\u ex . 



Using its definition, relate the 
rocket's thrust to the relative speed 
of its exhaust gases: 

Substitute numerical values and 
evaluate F th : 



dm 



dt 



F lh =(200kg/s)(6km/s): 



1.20MN 
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Picture the Problem The thrust of a rocket F th depends on the burn rate of its fuel dm/dt 
and the relative speed of its exhaust gases w ex according to F th = \dm/dt\u ex . The final 

velocity v f of a rocket depends on the relative speed of its exhaust gases u ex , its payload 
to initial mass ratio mf/m 0 and its burn time according tov f = -u ex ln(m f /w 0 )- gt h . 



(a) Using its definition, relate the 
rocket's thrust to the relative speed 
of its exhaust gases: 

Substitute numerical values and 
evaluate F th : 



dm 



dt 



F th =(200kg/s)(l.8km/s) = 



360 kN 



(b) Relate the time to burnout to the 
mass of the fuel and its burn rate: 



m fuel _ 0 - 8m 0 



dm I dt dm I dt 



Substitute numerical values and 
evaluate t b : 



0.8(30,000kg) 
200kg/s 



120 s 



(c) Relate the final velocity of a 
rocket to its initial mass, exhaust 
velocity, and burn time: 



-u„ In 



f \ 
m, 



v m oy 



8h 



Substitute numerical values and evaluate Vf: 



t t =-(l.8km/s)lnf-V(9.81m/s 2 )(l20s): 

y5J 



1.72km/s 



*106 

Picture the Problem We can use the dimensions of thrust, burn rate, and acceleration to 
show that the dimension of specific impulse is time. Combining the definitions of rocket 
thrust and specific impulse will lead us to u ex = gl . 



(a) Express the dimension of 
specific impulse in terms of the 
dimensions of F th , R, and g: 



ML 



[R][g] M L 

T T 2 



(b) From the definition of rocket 
thrust we have: 



Solve for w ex : 



R 
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Substitute for F th to obtain: Rgl s 



R 



(1) 



(c) Solve equation (1) for 7 sp and p 

substitute for u„ to obtain: ^s P — D 

Kg 

From Example 8-21 we have: R = 1.384xl0 4 kg/s and F th = 3.4xl0 6 N 



Substitute numerical values and 3 4 x 10 6 N 

(l.384xl0 4 kg/sX9.81m/s 2 ) 



evaluate Z sp : ^ sp 



25.0s 



*107 ••• 

Picture the Problem We can use the rocket equation and the definition of rocket thrust 
to show that r 0 = 1 + a 0 I g . In part (b) we can express the burn time t b in terms of the 

initial and final masses of the rocket and the rate at which the fuel burns, and then use 
this equation to express the rocket's final velocity in terms of / sp , To, and the mass ratio 
nio/nif. In part (d) we'll need to use trial-and-error methods or a graphing calculator to 
solve the transcendental equation giving v f as a function of mo/m f . 

(a) Express the rocket equation: -mg+ Ru ex = ma 

From the definition of rocket thrust F = Tin 

1 th ll "ei 

we have: 

Substitute to obtain: -mg + F lh = ma 

Solve for F th at takeoff: F th = m Q g + m () a () 



Divide both sides of this equation by 
m Q g to obtain: 

Because r 0 = F th /(m 0 g) : 



(b) Use equation 8-42 to express the 
final speed of a rocket that starts 
from rest with mass m Q : 



Express the burn time in terms of the 
burn rate R (assumed constant): 



-^th _ ^ | a 0 
™ 0 g g 



1 + ^ 



lit 



HI 



where t b is the burn time. 



(1) 



_ m 0 - m f _ m 0 



R 



R 



f \ 
l _m L 



v 



in, 



a J 
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Multiply t h by one in the form gT/gT 
and simplify to obtain: 



L = 



l _m L 



F th gR 



1- 



m 



sp 



l _m L 



v ""oy 



m. 



Substitute in equation (1): 



v f = Mex ln" l °- — 



in, 



From Problem 32 we have: 



"ex = gh P > 

where u ex is the exhaust velocity of the 
propellant. 



Substitute and factor to obtain: 



m rL _ gl 
m 



r \ 
l _m L 



0 



V 



m. 



gl 



sp 



In 



f \ 
m. 



m. 



(c) A spreadsheet program to calculate the final velocity of the rocket as a function of the 
mass ratio m 0 /m f is shown below. The constants used in the velocity function and the 
formulas used to calculate the final velocity are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


250 




B2 


9.81 


8 


B3 


2 


T 


D9 


D8 + 0.25 


m(Jm { 


E8 


$B$2*$B$l*(LOG(D8)- 
(1/$B$3)*(1/D8)) 


^R-V-f 1 --]! 





A 


B 


C 


D 


E 


i 


Isp = 


250 


s 






2 


g = 


9.81 


m/s A 2 






3 


tau - 


2 








4 












5 












6 












7 








mass ratio 


vf 


8 








2.00 


1.252E+02 










2.25 


3.187E+02 
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10 








2.50 


4.854E+02 


11 








2.75 


6.316E+02 


12 








3.00 


7.614E+02 














36 








9.00 


2.204E+03 


37 








9.25 


2.237E+03 


38 








9.50 


2.269E+03 


39 








9.75 


2.300E+03 


40 








10.00 


2.330E+03 


41 








725.00 


7.013E+03 



A graph of final ve 



ocity as a function of mass ratio is shown below. 




on 

M 



6 

m (,1m f 



10 



(d) Substitute the data given in part (c) in the equation derived in part (b) to obtain: 



7km/s = (9.81m/s 2 )(250s) 



ln m ° 1 



m f 2 



or 



0.5 



2.854 = In x — 0.5 H — — where x = mo/m f . 
x 



Use trial-and-error methods or a 
graphing calculator to solve this 
transcendental equation for the root 
greater than 1 : 



28.1 



a value considerably larger than the 
practical limit of 10 for single-stage 
rockets. 
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Picture the Problem We can use the velocity-at-burnout equation from Problem 106 to 
find v f and constant-acceleration equations to approximate the maximum height the 
rocket will reach and its total flight time. 



(a) Assuming constant acceleration, 
relate the maximum height reached 



h 



1 t 2 

2 8* top 



(1) 
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by the model rocket to its time-to- 
top-of-trajectory: 

From Problem 106 we have: 



Evaluate the velocity at burnout v f 
for / sp = 100 s, mo/tiif - 1.2, and 
t=5: 



f 


( \ 


1 


f 






In 


m 0 


1- 


m f 








V 


K m fJ 


T 






J 



v f =(9.81m/s 2 )(l00s) 
ln(l.2)-l 
= 146m/s 



1.2 



Assuming that the time for the fuel 
to burn up is short compared to the 
total flight time, find the time to the 
top of the trajectory: 

Substitute in equation (1) and 
evaluate h; 

(b) Find the total flight time from 
the time it took the rocket to reach 
its maximum height: 

(c) Express and evaluate the fuel 
burn time t b : 



v f 146m/s 
top g 9.81m/s 2 



/* = i(9.81m/s 2 )(l4.9s) 2 = 
W.t= 2? t o P = 2(14.9 s) 



1.09 km 



29.8 s 



/ ( m,^ 
1 L 



sp 



T 

= 3.33s 



100 s ( \2 

5 { 'I!; 



Because this burn time is approximately 1/5 of the total flight time, we can't 
expect the answer we obtained in Part (b) to be very accurate.lt should, 
however, be good to about 30% accuracy, as the maximum distance 
the model rocket could possibly move in this time is j vt b = 243 m, assuming 
constant acceleration until burnout. 



General Problems 
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Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car, the numeral 2 refer to 
the 400-kg car, and V represent the velocity of the linked cars. Let the system include 
the earth and the cars. We can use conservation of momentum to find their speed after 
they have linked together and the definition of kinetic energy to find their initial and 
final kinetic energies. 
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Use conservation of momentum to p ix — p fK 

relate the speeds of the cars or 

immediately before and immediately mv = ( m j rm ^y t / 
after their collision: 



Solve for V: 



V 



m l + m 2 



Substitute numerical values and 
evaluate V: 



V 



_ (0.250kg)(0.50m/s) _ 
~ 0.250kg + 0.400kg ~ 



0.192m/s 



Find the initial kinetic energy of the 
cars: 



K { =|m 1 v 1 2 =^(0.250kg)(0.50m/s) 2 



= 31.3mJ 



Find the final kinetic energy of the 
coupled cars: 



K f =\{m l + m 1 )v 2 

= i(0.250kg + 0.400 kg)(0. 192 m/s) 2 



12.0mJ 
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Picture the Problem Let the direction of motion of the 250-g car before the collision be 
the positive x direction. Let the numeral 1 refer to the 250-kg car and the numeral 2 refer 
to the 400-g car and the system include the earth and the cars. We can use conservation 
of momentum to find their speed after they have linked together and the definition of 
kinetic energy to find their initial and final kinetic energies. 



(a) Express and evaluate the initial 
kinetic energy of the cars: 



K { =\m x v\ =i(0.250kg)(0.50m/s) 2 



= 31.3mJ 



(b) Relate the velocity of the center 
of mass to the total momentum of 
the system: 



Solve for v c 



m l v l + m 2 v 2 



m i + m 2 



Substitute numerical values and 
evaluate v cm : 



v _(aaonX<m>-*)_ 0 . 192m/s 

cm 0.250kg + 0.400 kg 
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Find the initial velocity of the 250-g 
car relative to the velocity of the 
center of mass: 

Find the initial velocity of the 400-g 
car relative to the velocity of the 
center of mass: 



Express the initial kinetic energy of 
the system relative to the center of 
mass: 



u i = v i~ v cm =0.50m/s-0.192m/s 



0.308 m/s 



u 2 = v 2 - v cm = Om/s -0.192m/s 



-0.192 m/s 



Substitute numerical values and 
evaluate K^ei: 



(c) Express the kinetic energy of the 
center of mass: 



Substitute numerical values and 
evaluate K cm : 



r(0.250kg)(0.308m/s) 2 
+ \ (0.400 kg)(- 0.1 92 m/s) 2 



19.2mJ 



^ cm =i(0.650kg)(0.192m/s) 2 



12.0mJ 



(d) Relate the initial kinetic energy of K i = K i rel + K cm 

the system to its initial kinetic energy = 19.2mJ + 12.0mJ 

relative to the center of mass and the =31 2 mJ 

kinetic energy of the center of mass: 

•'■ K \ = K \M + K cm 
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Picture the Problem Let the direction the 4-kg fish is swimming be the positive x 
direction and the system include the fish, the water, and the earth. The velocity of the 
larger fish immediately after its lunch is the velocity of the center of mass in this 
perfectly inelastic collision. 

Relate the velocity of the center of 
mass to the total momentum of the 
system: 



P = V my- = mv, 

1 1 ( 
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Solve for v c 



Substitute numerical values and 
evaluate v cm : 



m 4 +m l2 



(4kg)(l .5 m/s) - (1 .2kg) (3 m/s) 
4kg + 1.2kg 



= 0.462 m/s 
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Picture the Problem Let the direction the 3 -kg block is moving be the positive x 
direction and include both blocks and the earth in the system. The total kinetic energy of 
the two-block system is the sum of the kinetic energies of the blocks. We can relate the 
momentum of the system to the velocity of its center of mass and use this relationship to 
find v cm . Finally, we can use the definition of kinetic energy to find the kinetic energy 
relative to the center of mass. 



(a) Express the total kinetic energy ^f tot = \ + \ m 6 Vg 

of the system in terms of the kinetic 
energy of the blocks: 



Substitute numerical values and 
evaluate K, n ,: 



K tot =i(3kg)(6m/s) 2 +l(6kg)(3m/s) 2 



= 81.0J 



(b) Relate the velocity of the center 
of mass to the total momentum of 
the system: 

Solve for v cm : 



Substitute numerical values and 
evaluate v cm : 



m 3 v 3 + m 6 v 6 
m x + m 7 



_ (3kg)(6m/s)+(6kg)(3m/s) 
3kg + 6kg 



= 4.00 m/s 



(c) Find the center of mass kinetic K cm = \Mv 2 cm = y(9kg)(4m/s) 2 

energy from the velocity of the _ ^ qj 

center of mass: < — — — — 
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(<f) Relate the initial kinetic energy K kX = K tot — K cm 

of the system to its initial kinetic = 8 1 .0 J — 72.0 J 

energy relative to the center of mass 
and the kinetic energy of the center 
of mass: 



9.00 J 
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Picture the Problem Let east be the positive x direction and north the positive y 
direction. Include both cars and the earth in the system and let the numeral 1 denote the 
1500-kg car and the numeral 2 the 2000-kg car. Because the net external force acting on 
the system is zero, momentum is conserved in this perfectly inelastic collision. 

(a) Express the total momentum of the P = Pi+ P 2 = m P\ + m 2^2 

system: _ m ^yJ _ m 2 v 2 i 



Substitute numerical values and evaluate p 



p = (l500kg)(70km/h)j - (2000 kg ) (5 5 km/h )i 



- (l . 10 x 10 5 kg • km/h) i + (l .05 x 10 5 kg ■ km/h)/ 



(b) Express the velocity of the 
wreckage in terms of the total 
momentum of the system: 



M 



Substitute numerical values and evaluate v f : 



Vf = 



s -(l.l0xlQ 5 kg-km/h)/ (l.05xlQ 5 kg-km/h)j 
1500 kg + 2000 kg + 1500 kg + 2000 kg 

= -(31.4km/h)f + (30.0km/h)j 



Find the magnitude of the velocity 
of the wreckage: 



v f = ^(3l.4km/h) 2 +(30.0km/h) 2 



= 43.4km/h 



Find the direction of the velocity of 
the wreckage: 



0 = tan 



30.0 km/h 
-31.4km/h 



-43.7 C 



The direction of the wreckage is 
46.3° west of north. 
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Picture the Problem Take the origin to be at the initial position of the right-hand end of 
raft and let the positive x direction be to the left. Let "w" denote the woman and "r" the 
raft, d be the distance of the end of the raft from the pier after the woman has walked to 
its front. The raft moves to the left as the woman moves to the right; with the center of 
mass of the woman-raft system remaining fixed (because F exUnet = 0). The diagram shows 
the initial (x^) and final (jc Wjf ) positions of the woman as well as the initial (je r _ cmi i) and 
final (x r _ cm>f ) positions of the center of mass of the raft both before and after the woman 
has walked to the front of the raft. 



CM 
J— 



-JC W i =6 m- 



xc 

Mn 



H -*r_cm,f 



0.5 m 



0 
d 



P 
I 
E 
R 



(a) Express the distance of the raft 
from the pier after the woman has 
walked to the front of the raft: 



J=0.5m + i fv 



(1) 



Express x cm before the woman has 
walked to the front of the raft: 



m x + m x 

w w.i r r_cm,i 

m„, + m r 



Express x cm after the woman has 
walked to the front of the raft: 



Because F ext>net = 0, the center of 
mass remains fixed and we can 
equate these two expressions for x c 
to obtain: 



m x + m x = m x t + m x f 

w w,i r r_cm,i w w,f 1 r_cm,f 



Solve for x„f. 



("^r_cm,f "^r_cm,i ) 



From the figure it can be seen that 
Xr cm.f X T cm i — X w . f. Substitute 
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for x r cm ,f - * r _cm,i and to obtain: 

Substitute numerical values and 
evaluate x Wjf : 

Substitute in equation (1) to obtain: 



(60kg)(6m) 



x wf = ; _ / = 2.00m 



60 kg + 120 kg 



d = 2.00 m + 0.5 m = 2.50m 



(b) Express the total kinetic energy 
of the system: 

Noting that the elapsed time is 2 s, 
find v w and v r : 



Substitute numerical values and 
evaluate K tot : 



x w,f -x w,i 2m-6m 
v.„ = — ' = = -2m/s 



At 



2s 



relative to the dock, and 

* rf --x ri 2.50 m -0.5 m 

v r = — = 

At 2s 

also relative to the dock. 

^ tot =i(60kg)(-2m/s) 2 
+ 1(120 kg)(lm/s) 2 



= lm/s , 



= 180J 



Evaluate K with the raft tied to the 
pier: 



K tot =im w vl =|(60kg)(3m/s) 2 



= 270 J 



All the kinetic energy derives from the chemical energy of the woman and, 
assuming she stops via static friction, the kinetic energy is transformed into 
her internal energy. 



{d) 



After the shot leaves the woman's hand, the raft - woman system constitutes 
an inertial reference frame. In that frame the shot has the same initial 
velocity as did the shot that had a range of 6 m in the reference frame of 
the land. Thus, in the raft - woman frame, the shot also has a range of 6 m 
and lands at the front of the raft. 



Systems of Particles and Conservation of Momentum 597 



115 » 

Picture the Problem Let the zero of gravitational potential energy be at the elevation of 
the 1-kg block. We can use conservation of energy to find the speed of the bob just 
before its perfectly elastic collision with the block and conservation of momentum to 
find the speed of the block immediately after the collision. We'll apply Newton's 2 nd law 
to find the acceleration of the sliding block and use a constant-acceleration equation to 
find how far it slides before coming to rest. 



(a) Use conservation of energy to 
find the speed of the bob just before 
its collision with the block: 



AK + AU 
or 



0 



Because K, = £/ f = 0: 



l m ball V ball+ m b a ll<? A ^= 0 

and 



Substitute numerical values and 
evaluate Vbaii: 



'ball 



= ^(9.8 lm/s 2 )(2m)= 6.26 m/s 



Because the collision is perfectly 
elastic and the ball and block have 
the same mass: 



Vbiock = v baU = 6.26 m/s 



(b) Using a constant-acceleration 
equation, relate the displacement of 
the block to its acceleration and 
initial speed and solve for its 
displacement: 

Apply V F = ma to the sliding 
block: 



Vf = v? + 2a block Ax 
Since v f = 0, 



Ax = 



■ vf 



^^block 2<2 block 



ma 



block 



T,F x =-f k = 
and 

Y^F y =F a -m Hock g=Q 



Using the definition of/ k ipj 7 ^) 
eliminate f k and F n between the two 
equations and solve for Obiock: 



'block 



Substitute for a D iock to obtain: 



Ax 



'block 



'block 
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Substitute numerical values and 
evaluate Ax: 



Ax 



(6.26 m/s) 2 
~ 2(0.l)(9.81m/s 2 ) 



20.0 m 
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Picture the Problem We can use conservation of momentum in the horizontal direction 
to find the recoil velocity of the car along the track after the firing. Because the shell will 
neither rise as high nor be moving as fast at the top of its trajectory as it would be in the 
absence of air friction, we can apply the work-energy theorem to find the amount of 
thermal energy produced by the air friction. 



(a) 



No. The vertical reaction force of the rails is an external force and so 
the momentum of the system will not be conserved. 



(b) Use conservation of momentum 
in the horizontal (x) direction to 
obtain: 



Ap x =0 



or 

mvcos30°-Mv recoil =0 



Solve for and evaluate v recoi i: 



mv cos30 c 
M 



Substitute numerical values and 
evaluate v recoU : 



recoil 



(200kg)(l25m/s)cos30° 
5000 kg 



= 4.33m/s 



(c) Using the work-energy theorem, 
relate the thermal energy produced 
by air friction to the change in the 
energy of the system: 



W ext =W t =AE sys =AU + AK 



Substitute for AU and AK to obtain: 



W ext = m §yf ~ m Syi + 1 mvf - \ mv] 
= mg{y f -y^ + \m{y 2 f -v, 2 ) 



Substitute numerical values and evaluate W„ 



W ext = (200kg)(9.81m/s 2 )(l80m)+ j (200 kg) [(80 m/s) 2 -(l25m/s) 



-569kJ 
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Picture the Problem Because this is a perfectly inelastic collision, the velocity of the 
block after the collision is the same as the velocity of the center of mass before the 
collision. The distance the block travels before hitting the floor is the product of its 
velocity and the time required to fall 0.8 m; which we can find using a constant- 
acceleration equation. 



Relate the distance D to the velocity 
of the center of mass and the time for 
the block to fall to the floor: 



D = v cm At 



Relate the velocity of the center of 
mass to the total momentum of the 
system and solve for v cm : 



P = ^ my- = Mv c 

i 

and 



m bullet V bullet ~*~ m block V block 
m bullet + m block 



Substitute numerical values and 
evaluate v cm : 

Using a constant- acceleration 
equation, find the time for the block 
to fall to the floor: 



_ (0.015kg)(500m/s) _ 
Vcm ~ 0.015kg + 0.8kg 

Ay = v 0 At + \a(Atf 



9.20m/s 



Because v n = 0,At = 



2 Ay 



Substitute to obtain: 



D = v„ 



2 Ay 



Substitute numerical values and 
evaluate D: 



D = (9.20m/s)^4 
V I9.81m/s 2 



3.72m 
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Picture the Problem Let the direction the particle whose mass is m is moving initially 
be the positive x direction and the direction the particle whose mass is 4m is moving 
initially be the negative y direction. We can determine the impulse delivered by F and, 
hence, the change in the momentum of the system from the change in the momentum of 
the particle whose mass is m. Knowing Ap , we can express the final momentum of the 

particle whose mass is 4m and solve for its final velocity. 

Express the impulse delivered by the / = FT = Ap = p { —p { 

force F : = m(4v)i -mvi= 3mv i 
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Express p' 



4 m 



p' 4m =4mv'=p 4m (0)+4p 
= -4mv j + 3mv i 



Solve for v ' : 



v = 



;VI ~VJ 
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Picture the Problem Let the numeral 1 
refer to the basketball and the numeral 2 to 
the baseball. The left-hand side of the 
diagram shows the balls after the 
basketball' s elastic collision with the floor 
and just before they collide. The right-hand 
side of the diagram shows the balls just 
after their collision. We can apply 
conservation of momentum and the 
definition of an elastic collision to obtain 
equations relating the initial and final 
velocities of the masses of the colliding 
objects that we can solve for v lf and v 2 f. 

(a) Because both balls are in free- 
fall, and both are in the air for the 
same amount of time, they have the 
same velocity just before the 
basketball rebounds. After the 
basketball rebounds elastically, its 
velocity will have the same 
magnitude, but the opposite 
direction than just before it hit the 
ground. 

(b) Apply conservation of 
momentum to the collision of the 
balls to obtain: 

Relate the initial and final kinetic 
energies of the balls in their elastic 
collision: 

Rearrange this equation and factor 
to obtain: 






The velocity of the basketball will 
be equal in magnitude but opposite 
in direction to the velocity of the 
baseball. 



mjV lf +m 2 v 2f =m l v u +m 2 v 2i (1) 



™ 2 (y 2 2f -V2 i )=m 1 (v 1 2 i -v 1 2 f ) 



or 



/// 



:( V 2f- V 2,)( V 2f + V 2.) 



Rearrange equation (1) to obtain: 



= m 1 (v li -v lf )(v ll +v lf ) 
m 2 (v 2f -v 2i ) = m l (v u -v„) 



(2) 
(3) 



Divide equation (2) by equation (3) 
to obtain: 



V 2i + V 2i = v n + v u 



Rearrange this equation to obtain 
equation (4): 

Multiply equation (4) by m 2 and add 
it to equation (1) to obtain: 

Solve for v if to obtain: 
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(4) 



(m, + m 2 )v lf = {m l - m 2 )v H + 2m 2 v 2i 
2m, 



m, -m, 

v lf = 

mj + m 2 



mj + m 2 



or, because v 2i = -vn, 

m, - m, 2m 9 

v lf = ^v u 2 — 

m 1 + m 2 m t + m 2 

m, -3m, 



mj +m 2 



For mi - 3m 2 and vn - v: 



3m 2 - 3m 2 
3m 2 + m 2 



v = 



0 



(c) Multiply equation (4) by ni\ and 
subtract it from equation (1) to 
obtain: 



(m, + m 2 )v 2f = (m 2 - m l )v 2i + 2m 1 v li 



Solve for v 2 f to obtain: 



For m\ - 3m 2 and v\\ - v: 



2m 



V 2f =" 



m, + m 2 



m, - m, 
— v u + 2 _ l - v 2i 



m, + m 2 



or, because v 2i = -Vh, 

2m, m, - m, 

v 2f = v u v u 

mj + m 2 m t + m 2 

3m, - m 9 

= — L v u 

mj +m 2 



3(3m 2 )- 



m 0 



3m 2 + m 2 



-v = 



2v 
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Picture the Problem In Problem 119 
only two balls are dropped. They collide 
head on, each moving at speed v, and the 
collision is elastic. In this problem, as it 
did in Problem 119, the solution 
involves using the conservation of 
momentum equation 
m x v u + m 2 v 2f = m x v Vl + m 2 v 2l 
and the elastic collision equation 

v !f ~ v 2f = v n- v r^ 
where the numeral 1 refers to the 
baseball, and the numeral 2 to the top 
ball. The diagram shows the balls just 
before and just after their collision. From 
Problem 1 19 we know that that vu = 2v 
and v 2i = -v. 



m 7 ) 




v 



2f 




(a) Express the final speed v lf of the 
baseball as a function of its initial 
speed Vh and the initial speed of the 
top ball v 2i (see Problem 78): 



m, - m 7 2m 7 

V lf=— ~ V li + ~ V 2i 

m l + m 2 m 1 + m 2 



Substitute for v n and , v 2i to obtain: 

Divide the numerator and 
denominator of each term by m 2 to 
introduce the mass ratio of the upper 
ball to the lower ball: 



(2v) + ^M-v) 



m l +m 2 n\ + m 2 



m. 



\\ f =— (2v)+ 



m. 



nu 



+ 1 



m 



-(-v) 



Set the final speed of the baseball vu 
equal to zero, let x represent the 
mass ratio m\/ni 2 , and solve for x: 



0 = £zl(2v)+-A_(- v ) 
jc + 1 v ; x+V ; 

and 



(b) Apply the second of the two 
equations in Problem 78 to the 
collision between the top ball and 
the baseball: 



2m, m 9 - m, 

V 2f = !— V u +^ L V 2l 

m x +m 2 m x + m 2 



Substitute Vu = 2v and are given that 
v 2i = -v to obtain: 



2m, 



-(2v)+- 



m l + m 2 m 1 + m 2 



■(-») 
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In part (a) we showed that 

m 2 = 2m\. Substitute and simplify: 



_ 2 ( 2rr h) fc v ) 2/,/ ' 



1 3f 



m 1 + 2m l 



4m, 



-m, 



3m, 



(2v). 



mj 
3m, 
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Picture the Problem Let the direction the probe is moving after its elastic collision with 
Saturn be the positive direction. The probe gains kinetic energy at the expense of the 
kinetic energy of Saturn. We'll relate the velocity of approach relative to the center of 
mass to w rec and then to v. 



(a) Relate the velocity of recession 
to the velocity of recession relative 
to the center of mass: 



v = u [ec + v cm 



Find the velocity of approach: 



w app =-9.6km/s-10.4km/s 



= -20.0km/s 



Relate the relative velocity of 
approach to the relative velocity of 
recession for an elastic collision: 



"rec =-"app =20.0km/S 



Because Saturn is so much more 
massive than the space probe: 



v =v c „, =9.6km/s 

cm Saturn 



Substitute and evaluate v: 



v = u„ „+v,™ = 20km/s + 9.6km/s 



rec cm 



29.6km/s 



(b) Express the ratio of the final 
kinetic energy to the initial kinetic 
energy: 



K. J 



Mv. 



Mv 



V v i J 



^ 29.6km/s ^ 2 
10.4km/s 



8.10 



The energy comes from an immeasurably small slowing of Saturn. 
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Picture the Problem We can use the relationships P = cAm and AE = Amc 2 to show 
that P = AE/c . We can then equate this expression with the change in momentum of the 
flashlight to find the latter' s final velocity. 



(a) Express the momentum of the 
mass lost (i.e., carried away by the 
light) by the flashlight: 

Relate the energy carried away by the 
light to the mass lost by the 
flashlight: 

Substitute to obtain: 



P = cAm 



Am = 



AE 



AE 



AE 

c 



(b) Relate the final momentum of the 
flashlight to AE: 



Solve for v: 

Substitute numerical values and 
evaluate v: 



AE 



Ap = mv 



because the flashlight is initially at rest. 
AE 



v = ■ 



mc 



15xlQ 3 J 
(l.5kg)(2.998x 10 8 m/s) 



= 3.33xlCT 6 m/s 



3.33 /jm/s 
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Picture the Problem We can equate the change in momentum of the block to the 
momentum of the beam of light and relate the momentum of the beam of light to the 
mass converted to produce the beam. Combining these expressions will allow us to find 
the speed attained by the block. 



Relate the change in momentum of 
the block to the momentum of the 
beam: 



(M - m)\ 
because the block is initially at rest. 



beam 



Express the momentum of the mass 
converted into a well-collimated 
beam of light: 

Substitute to obtain: 



^beam = mC 



(M — m)v = mc 



Solve for v: 



v = 



mc 
M -m 



Substitute numerical values and 
evaluate v: 
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_ (0.001kg)(2.998 x 10 s m/s) 
lkg -0.001kg 



3.00 x 10 5 m/s 
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Picture the Problem Let the origin of the coordinate system be at the end of the boat at 
which your friend is sitting prior to changing places. If we let the system include you and 
your friend, the boat, the water and the earth, then F ext net = 0 and the center of mass is at 
the same location after you change places as it was before you shifted. 



Express the center of mass of the 
system prior to changing places: 



OT boat*boat + OT you*you + ^friend 

^boat+^you+^fnend 
* y ou( m boat+ m you)+ ^friend 

m boat + ™ yoa + m 



Substitute numerical values and 
simplify to obtain an expression for 
x cm in terms of m: 



Izm )(60kg + 80kg)+(0) m 
60 kg + 80kg + m 
_ 280kg -m 
140 kg + m 



Find the center of mass of the system after changing places: 



t^boat + ™ yoa x yoa + m *friend = (m boat +ffl)(2mi 0.2 m) | m you (+0.2m) 



"W+^you+^fnend 



m boat+ m you+ m 



m boat+ m you+ m 



Substitute numerical values and simplify to obtain: 

, _ (60kg + m)(2m + 0.2m) | (80kg)(+0.2m) _ 120kg -m + 12kg-m 
ig + 80kg + m 60 kg- 

(2m)m + 0.2mm + 16kg-m 



Xcm 60 kg + 80kg + m 60 kg + 80kg + m 140 kg + m 



+ - 



1 40 kg + tn 



Because F ext , net = 0, x ' cm = x cm . m= (160 + 28) Rg 



Equate the two expressions and 
solve for m to obtain: 



(2 ±0.2) 



Calculate the largest possible mass m _ (l60 + 28) ^ _ ^ Q^j^g 
for your friend: (2-0.2) 5 1 
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Calculate the smallest possible mass 
for your friend: 



m = 



(160-28), 
(2 + 0.2) 



kg= 60.0kg 
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Picture the Problem Let the system include the woman, both vehicles, and the earth. 
Then F ext net = 0 and a cm = 0. Include the mass of the man in the mass of the truck. We 
can use Newton's 2 nd and 3 rd laws to find the acceleration of the truck and net force 
acting on both the car and the truck. 



(a) Relate the action and reaction forces 
acting on the car and truck: 



F = F 

car truck 



or 



Solve for the acceleration of the truck: 



'truck 



in 



truck+woman 



Substitute numerical values and 
evaluate a truck : 



(800kg)(l.2m/s 2 ) 
1600kg 



0.600 m/s 2 



(b) Apply Newton's 2 law to F net = m car a 

either vehicle to obtain: 



960 N 



Substitute numerical values and = (800kg)(l.2m/s 2 ) = 

evaluate F net : 
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Picture the Problem Let the system include the block, the putty, and the earth. Then 
^ext,net = 0 and momentum is conserved in this perfectly inelastic collision. We'll use 
conservation of momentum to relate the after-collision velocity of the block plus blob 
and conservation of energy to find their after-collision velocity. 

Noting that, because this is a p± = p f 

perfectly elastic collision, the final or 

velocity of the block plus blob is the m v = Mv 
velocity of the center of mass, use 



conservation of momentum to relate 
the velocity of the center of mass to 
the velocity of the glob before the 
collision: 



where M - m„\ + m b \. 
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Solve for v B i to obtain: M 



m 



gi 



(1) 



Use conservation of energy to find 
the initial energy of the block plus 
glob: 

Use/ k = [hjvlg to eliminate f k and 
solve for v cm : 

Substitute numerical values and 
evaluate v cm : 



AK + AU +W { =0 
Because AU - K f = 0, 
-\Mvl m + f k Ax = Q 



v cm = V2(0.4)(9.81m/s 2 )(0.15m) 
= 1.08m/s 



Substitute numerical values in 
equation (1) and evaluate v g \. 



V„, = 



13kg + 0.4kg 
0.4 kg 



(l.08m/s) 



= 36.2 m/s 
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Picture the Problem Let the direction the moving car was traveling before the collision 
be the positive x direction. Let the numeral 1 denote this car and the numeral 2 the car 
that is stopped at the stop sign and the system include both cars and the earth. We can 
use conservation of momentum to relate the speed of the initially-moving car to the 
speed of the meshed cars immediately after their perfectly inelastic collision and 
conservation of energy to find the initial speed of the meshed cars. 



Using conservation of momentum, p { = p { 

relate the before-collision velocity to or 

the after-collision velocity of the mv = ( m + m )y 

meshed cars: 



Solve for vi: m,+m 9T , 

Vj = — -V = 



( \ 

1 + ^- 

v m iy 



V 



Using conservation of energy, relate 
the initial kinetic energy of the 
meshed cars to the work done by 
friction in bringing them to a stop: 



A^ + A£ thermal =0 

or, because K f = 0 and AZ? t heimai -fAs, 
-K 1+ f k As = 0 



Substitute for Ki and, using 

/ k = /AF n = jL&Mg, eliminate / k to 



-\MV 2 +^MgAx = 0 
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obtain: 



Solve for V: V = ^2{i k gAx 



Substitute to obtain: (_ m 



v i = 



1 + - 

v m w 



Substitute numerical values and evaluate vi: 



' 900 kg A 
1 + 



1200kg 



72(0.92)(9.8 1 m/s 2 )(0.76 m) = 6.48 m/s = 23.3km/h 



The driver was not telling the truth. He was traveling at 23.3 km/h. 
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Picture the Problem Let the zero of gravitational potential energy be at the lowest point 
of the bob's swing and note that the bob can swing either forward or backward after the 
collision. We'll use both conservation of momentum and conservation of energy to 
relate the velocities of the bob and the block before and after their collision. 

Express the kinetic energy of the p 2 m 
block in terms of its after-collision m 2m 

momentum: 

Solve for m to obtain: p 2 

m = J ^ L - (1) 
2K 



Use conservation of energy to relate AK + AU = 0 

K m to the change in the potential or, because Ki = 0, 

energy of the bob: K m + U f —U i =0 

Solve for K m : K m = -U f + U t 

= m bo b S W 1 - cos 0i ) - L ( l - cos Of )] 



= m bob gL[cos0 t -cos6>i] 



Substitute numerical values and evaluate K m : 



K m = (0.4kg)(9.81m/s 2 )(l.6m)[cos5.73 o -cos53°] = 2.47 J 
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Use conservation of energy to find AK + AU = 0 

the velocity of the bob just before its or, because K^ = U f = 0, 

collision with the block: K f — U i =0 



Substitute numerical values and 
evaluate v: 

Use conservation of energy to find 
the velocity of the bob just after its 
collision with the block: 

Substitute for K { and U f to obtain: 
Solve for V: 

Substitute numerical values and 
evaluate v': 



•"• l m bob v 2 ~ m bob sL(l - cos 6- ) = 0 
or 

v = yl2gL(l -cos 0j 

v = A /2(9.81m/s 2 )(l.6m)(l-cos53°) 
= 3.544 m/s 

AK + AU = 0 

or, because K f = Ui = 0, 

- K, + U f = 0 

" 2 m bo y 2 +m bob gL(l - cos 0 { ) = 0 
v'= 72^(1 - cos # f ) 

v'= V2(9.81m/s 2 )(l.6m)(l-cos5.73°) 
= 0.396 m/s 



Use conservation of momentum to 
relate p m after the collision to the 
momentum of the bob just before 
and just after the collision: 

Solve for and evaluate p m : 



Pi = Pf 
or 

Pm = m bob v±m hoh v' 

= (0.4kg)(3.544 m/s ±0.396 m/s) 
= 1.418kg- m/s ±0.158kg- m/s 



Find the larger value for p n 



p m = 1.418kg- m/s + 0.158kg -m/s 
= 1.576 kg • m/s 



Find the smaller value for p n 



p m = 1.418kg -m/s -0.158kg -m/s 
= 1.260 kg -m/s 



Substitute in equation (1) to 
determine the two values for m: 



m = 



(1.576 kg -m/s) 2 
2(2.47 J) 



0.503kg 
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or 



m 



_ (l .260kg -m/s) ; 
2(2.47 J) 



0.321kg 
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Picture the Problem Choose the zero of gravitational potential energy at the location 
of the spring's maximum compression. Let the system include the spring, the blocks, 
and the earth. Then the net external force is zero as is work done against friction. We 
can use conservation of energy to relate the energy transformations taking place during 
the evolution of this system. 

Apply conservation of energy: AK + AU + AU S =0 

Because = 0: AU g + AU S = 0 

Express the change in the AU g = -mgAh - Mgx sin 0 
gravitational potential energy: 

Express the change in the potential AU S = \kx 2 
energy of the spring: 

Substitute to obtain: - mgAh - Mgx sin 6 + \ kx 2 = 0 
Solve for M: _ \kx 2 - mgAh _ kx 2m Ah 



gjcsin30 o g 



Relate Ah to the initial and rebound Ah = (4m - 2.56 m)sin 30° = 0.720m 

positions of the block whose mass is 



m: 



Substitute numerical values and evaluate M: 



M 



(llxlQ 3 N/m)(0.04m) 2(lkg)(0.72m) 



9.81m/s 2 



0.04 m 



8.85kg 
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Picture the Problem By symmetry, x cm = 0. Let crbe the mass per unit area of the disk. 
The mass of the modified disk is the difference between the mass of the whole disk and 
the mass that has been removed. 
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Start with the definition of y c 



M -m u 



hole 

^diskJdisk _ ^ole^hole 



M -m 



hole 



Express the mass of the complete disk: M = oA = an r 2 



Express the mass of the material removed: 



-anr =}M 



Substitute and simplify to obtain: 



_M(0)-(|M)(-jr)_ 



M-\M 
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Picture the Problem Let the horizontal axis by the y axis and the vertical axis the z 
axis. By symmetry, x cm = y cm = 0. Let p be the mass per unit volume of the sphere. The 
mass of the modified sphere is the difference between the mass of the whole sphere and 
the mass that has been removed. 



Start with the definition of y c 



i 

M-^hole 

ffl V — ffl V 

_ sphere J sphere hole J hole 

M-^hole 



Express the mass of the complete sphere: M = pV = 4 pn r 3 



Express the mass of the material removed: 



in 



hole 3 



pn 



Substitute and simplify to obtain: 



_M(0)-(|M)(-jr)_ 



M-\M 



14 ' 
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Picture the Problem In this elastic head-on collision, the kinetic energy of recoiling 
nucleus is the difference between the initial and final kinetic energies of the neutron. We 
can derive the indicated results by using both conservation of energy and conservation 
of momentum and writing the kinetic energies in terms of the momenta of the particles 
before and after the collision. 
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(a) Use conservation of energy to 
relate the kinetic energies of the 
particles before and after the 
collision: 



2 2 2 

Pni Pnf _|_ /^nucleus 



2m 2m 2M 



(1) 



Apply conservation of momentum to 
obtain a second relationship between 
the initial and final momenta: 



Pni + P nucleus 



(2) 



Eliminate p n{ in equation (1) using 
equation (2): 

Use equation (3) to write p 2 ni /2m in 
terms of/? nucleus : 



/^nucleus _j_ /^nucleus P ni Q 



2M 2m 

.2 _2 

2m 



m 



5 (M +mf 



SMm 



(3) 



(4) 



Use equation (4) to express 

^nucleus = ^nucleus / ' 2M in termS ° f 

K n : 



K 



nucleus 



K. 



4Mm 
(M + mf 



(5) 



(b) Relate the change in the kinetic 
energy of the neutron to the after- 
collision kinetic energy of the 
nucleus: 



* 17 _ _V 

n nucleus 



Using equation (5), express the 






4 — 




fraction of the energy lost in the 




4Mm 


M 




collision: 


^n 


(M + mf 


' m^ 
1 + — 
v Mj 


2 
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Picture the Problem Problem 132 (b) provides an expression for the fractional loss of 
energy per collision. 



(a) Using the result of Problem 132 

(b) , express the fractional loss of 
energy per collision: 

Evaluate this fraction to obtain: 



_ K m -AK n _ (M-m) 
E 0 (M+m) 



K nf _ (l2m - mf 



E () (l2m + mf 



0.716 



Express the kinetic energy of one 



K 



nf 



0.716"E n 
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neutron after N collisions: 



(b) Substitute for K ni and E 0 to 
obtain: 



0.7 16 w =1(T 8 



Take the logarithm of both sides of 
the equation and solve for N: 



N 



■8 



log 0.7 16 



55 
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Picture the Problem We can relate the number of collisions needed to reduce the 
energy of a neutron from 2 MeV to 0.02 eV to the fractional energy loss per collision 
and solve the resulting exponential equation for N. 



(a) Using the result of Problem 132 

(b) , express the fractional loss of 
energy per collision: 



K 



nf 



K„ ; -AK„ K„,-0.63K„ 



= 0.37 



Express the kinetic energy of one 
neutron after N collisions: 



0.37 N E n 



Substitute for K nf and E Q to obtain: 



0.37" =10~ 8 



Take the logarithm of both sides of 
the equation and solve for N: 



N = - 



8 



log 0.37 



19 



(b) Proceed as in (a) to obtain: 



K ni _K ni -AK„ K„ : -0.11K„ 



n ni 



K., 



0.89 



Express the kinetic energy of one 
neutron after N collisions: 



K., 



O.S9 N E„ 



Substitute for K nf and E 0 to obtain: 



0.89" =10~ s 



Take the logarithm of both sides of 
the equation and solve for N: 



N 



•8 



log 0.89 



158 
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Picture the Problem Let X = MIL be the mass per unit length of the rope, the subscript 
1 refer to the portion of the rope that is being supported by the force F at any given time, 
and the subscript 2 refer to the rope that is still on the table at any given time. We can 
find the height h cm of the center of mass as a function of time and then differentiate this 
expression twice to find the acceleration of the center of mass. 



(a) Apply the definition of the 
center of mass to obtain: 



M 



(1) 



From the definition of X we have: 



M _m l 
L vt 



M 



m. 



-vt 



h^ cm and /z 2 ,cm are given by : 



fy.cm =-V?and /l 2 ,cm = 0 



Substitute for m\, h\ fim , and h 2 , C m in 
equation (1) and simplify to obtain: 



M 



vt 



M 



2L 



(b) Differentiate h cm twice to obtain 



dh 



dt 
and 



f 2 A 
v 



2L 



v 

t = — t 
L 



d\ 
dt 2 



v 
L 



(c) Letting Af represent the normal 
force that the table exerts on the 
rope, apply = ma cm to the 

rope to obtain: 



F + N-Mg =Ma c 



Solve for F, substitute for a cm and 
to obtain: 



F = Mg + Ma cm - N 



cm 

2 



= Mg+M m 2 g 

Li 



Use the definition of X again to 
obtain: 



m 1 



_M_ 

L-vt L 



m 2 =M 
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Substitute for m 2 and simplify: 



F = Mg + M M 

L 



vt 



= M 



vt 



= Mg 



( 2 . \ 
V Vt 



J 



vt 
L 



+ 1 



gt 



Mg 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
platform when the spring is partially 
compressed. The scale reading is the force 
the scale exerts on the platform and is 
represented on the FBD by F n . We can use 
Newton's 2 nd law to determine the scale 
reading in part (a). We'll use both 
conservation of energy and momentum to 
obtain the scale reading when the ball 
collides inelastically with the cup. 



"< r s 



b on spring 



(a) Apply ^ F = ma y to the 

spring when it is compressed a 
distance d: 



m p 8 



F =0 

ball on spring 



Solve for F a : 



tfl Q -r- F 

p o ball on spring 

m p g + kd 



= m p g + k 



r m b g^ 



(m p +m b )s 



m p g + m b i 



(b) Letting the zero of gravitational 
energy be at the initial elevation of 
the cup and v bi represent the velocity 
of the ball just before it hits the cup, 
use conservation of energy to find 
this velocity: 



AK + AU g = 0 where^ = U gf = 0 

:.\m h v 2 hi -mgh = 0 

and 



Use conservation of momentum to 



Pi=Pf 
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find the velocity of the center of 
mass: 



+m ( 



m b +m c 



Apply conservation of energy to the 
collision to obtain: 



AK cm +AU s =0 
or, with K f = U si = 0, 



Substitute for v cm and solve for kx : 



2 

cm 



kx 2 =(m b +m c )v 
= 2gh(m b +m c ) 
2ghm 2 h 



m b +m c 



m b +m c 



Solve for x: 



x = m. 



2gh 



k(m b +m c ) 



From part (a): 



F n = m„s + kx 



= m g+km — r 

Vk{m b +m c ) 



P b 



2kh 



g(m b +m c ) 



(c) Because the collision is inelastic, the ball never returns to its original height. 
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Picture the Problem Let the direction that astronaut 1 first throws the ball be the 
positive direction and let v b be the initial speed of the ball in the laboratory frame. Note 
that each collision is perfectly inelastic. We can apply conservation of momentum and 
the definition of the speed of the ball relative to the thrower to each of the perfectly 
inelastic collisions to express the final speeds of each astronaut after one throw and one 
catch. 



Use conservation of momentum to m 1 v 1 +m b v b =0 (1) 

relate the speeds of astronaut 1 and 
the ball after the first throw: 



Relate the speed of the ball in the v = v b - v l (2) 

laboratory frame to its speed relative 
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b 



(3) 



to astronaut 1 : 

Eliminate v b between equations (1) / 
and (2) and solve for vi: m,+m 

Substitute equation (3) in equation y _ m i v ^ 

(2) and solve for v b : b m l +m b 

Apply conservation of momentum to 0 = m b v b = (m 2 + m b )v 2 (5) 

express the speed of astronaut 2 and 
the ball after the first catch: 

Solve for v 2 : m b 

v 2 = v b (6) 

m 2 + m b 



Express v 2 in terms of v by 
substituting equation (4) in equation 

(6): 



m. 



m 2 +m h m x + m b 



m b m, 



(m 2 +m b )(m 1 + m b )_ 



(7) 



Use conservation of momentum to 
express the speed of astronaut 2 and 
the ball after she throws the ball: 



(m 2 +m b )v 2 =m b v bf +m 2 v 2f 



(8) 



Relate the speed of the ball in the 
laboratory frame to its speed relative 
to astronaut 2: 



v=v 2f -v bf 



(9) 



Eliminate v b f between equations (8) 
and (9) and solve for V2{. 



K m 2 +m bJ 



1 + 



m, 



m, +m b 



(10) 



Substitute equation (10) in equation 
(9) and solve for vu- 



m 2 + m h 



1 + 



m, 



(11) 



Apply conservation of momentum to 
express the speed of astronaut 1 and 
the ball after she catches the ball: 



(m x +m b )v lf =m b v bf +m l v l 



(12) 
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Using equations (3) and (1 1), 
eliminate v bf and Vi in equation (12) 
and solve for vu- 



m 2 m b (2m l +m b ) 
(m, +m b ) 2 (m 2 +m b ) 
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Picture the Problem We can use the definition of the center of mass of a system 
containing multiple objects to locate the center of mass of the earth-moon system. Any 
object external to the system will exert accelerating forces on the system. 



(a) Express the center of mass of the 
earth-moon system relative to the 
center of the earth: 



Mr. 



or 



i 

M „+m„ M +m„ 



m„ 



+ 1 



Substitute numerical values and 
evaluate r cm : 



3.84xlQ 5 km 
81.3 + 1 



4670 km 



Because this distance is less than the radius of the earth, the position of the 
center of mass of the earth - moon system is below the surface of the earth. 



(b) 



Any object not in the earth - moon system exerts forces on the system, 
e.g., the sun and other planets. 



(c) 



Because the sun exerts the dominant external force on the earth - moon 
system, the acceleration of the system is toward the sun. 



(d) Because the center of mass is at 
a fixed distance from the sun, the 
distance d moved by the earth in 
this time interval is: 



d = 2r em =2(4670 km): 



9340 km 
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Picture the Problem Let the numeral 2 refer to you and the numeral 1 to the water 
leaving the hose. Apply conservation of momentum to the system consisting of yourself, 
the water, and the earth and then differentiate this expression to relate your recoil 
acceleration to your mass, the speed of the water, and the rate at which the water is 
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leaving the hose. 

Use conservation of momentum to 
relate your recoil velocity to the 
velocity of the water leaving the 
hose: 

Differentiate this expression with 
respect to t: 



p x +p 2 =0 
or 

m x v x + m 2 v 2 = 0 



dv, dm, dv 0 dm 7 
m, — - + v, — - + ra„ — - + v„ — - = 0 



iq 1 K 1 1 " l 2 2 

dt dt dt dt 



or 

dm, dm ? 

m x a x + Vj 1- ma 2 + v 2 = 0 

dt dt 



Because the acceleration of the 
water leaving the hose, a h is zero . . . 
dm 2 

as is , the rate at which you are 

dt 

losing mass: 



dm. 



dt 



and 



+ m 2 a 2 = 0 



Vj dm x 



m 2 dt 



Substitute numerical values and 
evaluate a 2 : 



30m/s ._ . . 
a, = : — (2.4kg/s) 



75 kg 



= -0.960m/s 2 
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Picture the Problem Take the zero of gravitational potential energy to be at the elevation 
of the pan and let the system include the balance, the beads, and the earth. We can use 
conservation of energy to find the vertical component of the velocity of the beads as they 
hit the pan and then calculate the net downward force on the pan from Newton's 2 nd law. 



Use conservation of energy to relate 
the y component of the bead's 
velocity as it hits the pan to its height 
of fall: 

Solve for v v : 

Substitute numerical values and 
evaluate v y : 

Express the change in momentum in the y 
direction per bead: 



AK + AU = 0 

or, because K i -Uf = 0, 

\mv 2 y - mgh = 0 

v y = ^2(9.8 lm/s 2 )(0.5m) = 3.13m/s 

A Py = Pyf ~ Pyi = MV y ~ (~ MV y ) = 2mV y 
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Use Newton's 2 nd law to express the 
net force in the y direction exerted 
on the pan by the beads: 



F = N 

net,v " 



4Py 

At 



Letting M represent the mass to be 
placed on the other pan, equate its 
weight to the net force exerted by 
the beads, substitute for Ap y , and 
solve for M: 

Substitute numerical values and 
evaluate M: 



Mg=N 



At 



and 



M 



N_ 
At 



1 2mv, ^ 



V s J 



M = (ioo/s)[ 2 < 00005kg )' 3 : 13m/s >] 

V ; 9.81m/s 2 



31.9g 
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Picture the Problem Assume that the connecting rod goes halfway through both balls, 
i.e., the centers of mass of the balls are separated by L. Let the system include the 
dumbbell, the wall and floor, and the earth. Let the zero of gravitational potential be at 
the center of mass of the lower ball and use conservation of energy to relate the speeds of 
the balls to the potential energy of the system. By symmetry, the speeds will be equal 
when the angle with the vertical is 45°. 



Use conservation of energy to 
express the relationship between the 
initial and final energies of the 
system: 



E 1 = E f 



Express the initial energy of the 
system: 

Express the energy of the system 
when the angle with the vertical is 
45°: 



E i = mgL 



E f = mgL sin 45° + ^(2m)v 2 



Substitute to obtain: 



f 1 A 



gL = gL 



vV2y 



+ v 



Solve for v: 



V2 y 
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Substitute numerical values and 
evaluate v: 



v= (9.81m/s 2 )L 



(l.70m x /s)VL 



V2 
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Chapter 9 
Rotation 



Conceptual Problems 



Determine the Concept Because r is greater for the point on the rim, it moves the 
greater distance. Both turn through the same angle. Because r is greater for the point on 
the rim, it has the greater speed. Both have the same angular velocity. Both have zero 
tangential acceleration. Both have zero angular acceleration. Because r is greater for the 
point on the rim, it has the greater centripetal acceleration. 



(a) False. Angular velocity has the dimensions 
dimensions 

T 



whereas linear velocity has 



(b) True. The angular velocity of all points on the wheel is dOldt. 

(c) True. The angular acceleration of all points on the wheel is dca/dt. 



3 

Picture the Problem The constant-acceleration equation that relates the given variables 
is a> 2 = a>l + 2aA6 . We can set up a proportion to determine the number of revolutions 

required to double co and then subtract to find the number of additional revolutions to 
accelerate the disk to an angular speed of loo. 

Using a constant-acceleration 
equation, relate the initial and final 
angular velocities to the angular 
acceleration: 

Let A dio represent the number of 
revolutions required to reach an 
angular velocity co: 



co 2 =a>Q + 2aA6 
or, because w\ = 0, 
co 2 = 2a AO 

co 2 = 2aA9 l0 (1) 



Let A02m represent the number of (2co) 2 = 2aA6 2co (2) 
revolutions required to reach an 
angular velocity co: 

Divide equation (2) by equation (1) _(2cof 

and solve for A6»> f0 : lo > ~ ~^ 2 ~ 10 ~ 10 



623 



624 Chapter 9 



The number of additional revolutions is: 4A# 10 - A6 l0 = 3A6 l0 = 3(l0 rev) = 30 rev 

and (c) is correct. 



*4 . 

Determine the Concept Torque has the dimension 

ML 



T 

ML 2 



(a) Impulse has the dimension 

(b) Energy has the dimension 

(c) Momentum has the dimension 



ML 



ML 2 



(b) is correct. 



Determine the Concept The moment of inertia of an object is the product of a constant 
that is characteristic of the object's distribution of matter, the mass of the object, and the 
square of the distance from the object's center of mass to the axis about which the object 



is rotating. Because both (b) and (c) are correct (d) is correct 



*6 • 

Determine the Concept Yes. A net torque is required to change the rotational state of an 
object. In the absence of a net torque an object continues in whatever state of rotational 
motion it was at the instant the net torque became zero. 



7 • 

Determine the Concept No. A net torque is required to change the rotational state of an 
object. A net torque may decrease the angular speed of an object. All we can say for sure 
is that a net torque will change the angular speed of an object. 

8 • 

(a) False. The net torque acting on an object determines the angular acceleration of the 
object. At any given instant, the angular velocity may have any value including zero. 



(b) True. The moment of inertia of a body is always dependent on one's choice of an axis 
of rotation. 



(c) False. The moment of inertia of an object is the product of a constant that is 
characteristic of the object's distribution of matter, the mass of the object, and the square 
of the distance from the object's center of mass to the axis about which the object is 
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rotating. 



Determine the Concept The angular acceleration of a rotating object is proportional to 
the net torque acting on it. The net torque is the product of the tangential force and its 
lever arm. 



Express the angular acceleration of 
the disk as a function of the net 
torque acting on it: 



a = 



Fd F j 
= — d 



III 

i.e., a gc d 



Because a oc d , doubling d will 
double the angular acceleration. 



(b) is correct. 



*10 • 

Determine the Concept From the parallel-axis theorem we know that 

/ = I cm + Mh 2 , where I cm is the moment of inertia of the object with respect to an axis 

through its center of mass, Mis the mass of the object, and h is the distance between the 



parallel axes. Therefore, / is always greater than I cm by Mh . (d) is correct. 



11 • 

Determine the Concept The power delivered by the constant torque is the product of the 
torque and the angular velocity of the merry-go-round. Because the constant torque 
causes the merry-go-round to accelerate, neither the power input nor the angular velocity 



of the merry-go-round is constant, (b) is correct. 



12 • 

Determine the Concept Let's make the simplifying assumption that the object and the 
surface do not deform when they come into contact, i.e., we'll assume that the system is 
rigid. A force does no work if and only if it is perpendicular to the velocity of an object, 
and exerts no torque on an extended object if and only if it's directed toward the center of 
the object. Because neither of these conditions is satisfied, the statement is false. 

13 • 

Determine the Concept For a given applied force, this increases the torque about the 
hinges of the door, which increases the door's angular acceleration, leading to the door 
being opened more quickly. It is clear that putting the knob far from the hinges means 
that the door can be opened with less effort (force). However, it also means that the hand 
on the knob must move through the greatest distance to open the door, so it may not be 
the quickest way to open the door. Also, if the knob were at the center of the door, you 
would have to walk around the door after opening it, assuming the door is opening 
toward you. 
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*14 • 

Determine the Concept If the wheel is rolling without slipping, a point at the top of the 

wheel moves with a speed twice that of the center of mass of the wheel, but the bottom of 



the wheel is momentarily at rest, (c) is correct. 



15 

Picture the Problem The kinetic energies of both objects is the sum of their translational 
and rotational kinetic energies. Their speed dependence will differ due to the differences 
in their moments of inertia. We can express the total kinetic of both objects and equate 
them to decide which of their translational speeds is greater. 



Express the kinetic energy of the 
cylinder: 



2 \ V cyl , 

= j[jmr )— + jmv i 



2 

cyl 



= J mV cyl 



Express the kinetic energy of the 
sphere: 



^ sP h =Kph<hi+i mv s 2 P h 



\ it l\ ^sph i 

= \\^mr ) — — + \mv. 



^sph 



Equate the kinetic energies and 
simplify to obtain: 



"cyl 

and 



15 V sph 



< V, 



sph 



(b) is correct. 



*16 • 

Determine the Concept You could spin the pipes about their center. The one which is 
easier to spin has its mass concentrated closer to the center of mass and, hence, has a 
smaller moment of inertia. 



17 

Picture the Problem Because the coin and the ring begin from the same elevation, they 
will have the same kinetic energy at the bottom of the incline. The kinetic energies of 
both objects is the sum of their translational and rotational kinetic energies. Their speed 
dependence will differ due to the differences in their moments of inertia. We can express 
the total kinetic of both objects and equate them to their common potential energy loss to 
decide which of their translational speeds is greater at the bottom of the incline. 
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Express the kinetic energy of the 
coin at the bottom of the incline: 



^com 2 ^cyl^coin 2 ^coin^coin 



= ifl m . r 2 )2™in_ + l m v 
2 \2 '"com' / 2 2 '"coin v t 



2 

coin 



3 2 

= — tn v 

4 com coin 



Express the kinetic energy of the 
ring at the bottom of the incline: 



^S"ing 2 "^ring^ring 2 ^ring^ring 



1 { 2 \^ring , i 

= lKmg r J^ + i W ringV, 



ring 

= m v 2 

"ring 'ring 



2 

g ' ring 



Equate the kinetic of the coin to its 
change in potential energy as it 
rolled down the incline and solve for 

^coin- 

Equate the kinetic of the ring to its 
change in potential energy as it 
rolled down the incline and solve for 

^ring ■ 



\m v 2 = m eh 

4 coin com como 

and 

V com =jgk 
™r,„g V nng = ™r,ng<^ 

and 

V nng = gh 



Therefore, v com > v nng and (b) is 
correct. 



18 

Picture the Problem We can use the definitions of the translational and rotational kinetic 
energies of the hoop and the moment of inertia of a hoop (ring) to express and compare 
the kinetic energies. 

Express the translational kinetic ^ trans = \m vl 

energy of the hoop: 



Express the rotational kinetic energy 
of the hoop: 



r 

Therefore, the translational and rotational 
kinetic energies are the same and 
(c) is correct. 
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Picture the Problem We can use the definitions of the translational and rotational kinetic 
energies of the disk and the moment of inertia of a disk (cylinder) to express and compare 
the kinetic energies. 



Express the translational kinetic 
energy of the disk: 



Express the rotational kinetic energy 
of the disk: 



^rot = 2 7 hoop^ 



2 _ I 
2 



. \mv 2 



Therefore, the translational kinetic energy is 



greater and (a) is correct. 



20 

Picture the Problem Let us assume that f ^ 0 and acts along the direction of motion. 
Now consider the acceleration of the center of mass and the angular acceleration about 
the point of contact with the plane. Because F net ^ 0, a cm ^ 0. However, r = 0 because k 
= 0, so a = 0. But a = 0 is not consistent with a cm ^ 0. Consequently,/^ 0. 

21 • 

Determine the Concept True. If the sphere is slipping, then there is kinetic friction 
which dissipates the mechanical energy of the sphere. 



22 • 

Determine the Concept Because the ball is struck high enough to have topspin, the 
frictional force is forward; reducing co until the nonslip condition is satisfied. 



(a) is correct. 



Estimation and Approximation 

23 

Picture the Problem Assume the wheels are hoops, i.e., neglect the mass of the spokes, 
and express the total kinetic energy of the bicycle and rider. Let M represent the mass of 
the rider, m the mass of the bicycle, m w the mass of each bicycle wheel, and r the radius 
of the wheels. 



Express the ratio of the kinetic 
energy associated with the rotation 
of the wheels to that associated with 
the total kinetic energy of the 
bicycle and rider: 



K. 



^trans + ^rot 



(1) 
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Express the translational kinetic 
energy of the bicycle and rider: 



Express the rotational kinetic energy 
of the bicycle wheels: 



trans bicycle rider 

= \mv 2 + \Mv 2 
K mt =2K mUlwheel =2(^I w co 2 ) 



Substitute in equation (1) to obtain: 



mv 



m„ 



K tot \mv 2 + \Mv 2 +m w v 2 \m + \M + m v 



2 + 



m + M 



Substitute numerical values and 
evaluate K r JK tnt : 



K „ 14kg + 38kg 

•"-tot 2 H — — 

3kg 



10.3% 



24 •• 

Picture the Problem We can apply the definition of angular velocity to find the angular 
orientation of the slice of toast when it has fallen a distance of 0.5 m from the edge of the 
table. We can then interpret the orientation of the toast to decide whether it lands jelly- 
side up or down. 

Relate the angular orientation 6 of 0 = # 0 + CO At (1) 

the toast to its initial angular 
orientation, its angular velocity a>, 
and time of fall At: 



Use the equation given in the 
problem statement to find the 
angular velocity corresponding to 
this length of toast: 

Using a constant-acceleration 
equation, relate the distance the 
toast falls Ay to its time of fall At: 



Solve for At: 



Substitute numerical values and 
evaluate At: 



co = 0.956J 9 - 81m/s2 = 9.47 rad/s 
V 0.1m 



Ay = v 0y At + \a y {Atf 

or, because v Q) , = 0 and a v = g, 

Ay = \g{At) 2 



At 



|2Ay 



At= S = 0.319s 
V9.81m/s 2 
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yy + cos ^Substitute in equation (1) to 0 = ^ + (9.47rad/s)(0.319s) 
find 9: 



1 80° 

= 3.54radx^^ = 203° 
;rrad 



The orientation of the slice of toast will therefore be at an angle of 203° 
with respect to the ground, i.e. with the jelly - side down. 



*25 •• 

Picture the Problem Assume that the mass of an average adult male is about 80 kg, and 
that we can model his body when he is standing straight up with his arms at his sides as a 
cylinder. From experience in men's clothing stores, a man's average waist circumference 
seems to be about 34 inches, and the average chest circumference about 42 inches. We'll 
also assume that about 20% of the body's mass is in the two arms, and each has a length 
L = 1 m, so that each arm has a mass of about m = 8 kg. 



Letting 7 0ut represent his moment of 
inertia with his arms straight out and 
I m his moment of inertia with his 
arms at his side, the ratio of these 
two moments of inertia is: 



"^body ^arms 



(1) 



Express the moment of inertia of the 
"man as a cylinder": 



L m =\MR< 



Express the moment of inertia of his 
arms: 



I m = 2(i)mL 2 



Express the moment of inertia of his 
body-less-arms: 



I hoAy =\{M-m)R 2 



Substitute in equation (1) to obtain: 



J out _ J2 



{M -m)R 2 +2{\)mL 2 
\MR 2 



Assume the circumference of the 
cylinder to be the average of the 
average waist circumference and the 
average chest circumference: 



34in + 42in „„. 
C„ = = 38 in 



Find the radius of a circle whose 
circumference is 38 in: 



R = 



„„. 2.54cm lm 
38inx x 

c in 100 cm 



2tt 
= 0.154m 



271 



Substitute numerical values and evaluate I Q J Im- 
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'out _ i(80kg-16kg)(0.154m) 2 +|(8kg)(lm) 2 



(80kg)(0.154m) 2 



6.42 



Angular Velocity and Angular Acceleration 

26 • 

Picture the Problem The tangential and angular velocities of a particle moving in a 
circle are directly proportional. The number of revolutions made by the particle in a given 
time interval is proportional to both the time interval and its angular speed. 



(a) Relate the angular velocity of 
the particle to its speed along the 
circumference of the circle: 



v = rco 



Solve for and evaluate ay. 



v 25 m/s 

co = — = 

r 90m 



0.278 rad/s 



(b) Using a constant-acceleration 
equation, relate the number of 
revolutions made by the particle in a 
given time interval to its angular 
velocity: 



f 



A6 = coAt = 



0.278^j(30s) 



lrev 



1.33 rev 



In rad 
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Picture the Problem Because the angular acceleration is constant; we can find the 
various physical quantities called for in this problem by using constant-acceleration 
equations. 



(a) Using a constant-acceleration 
equation, relate the angular velocity 
of the wheel to its angular 
acceleration and the time it has been 
accelerating: 



co = co 0 + aAt 

or, when coq = 0, 
co = aAt 



Evaluate co when At - 6 s: 



« = (2.6rad/s 2 ](6s) = 



15. 6 rad/s 



(b) Using another constant- 
acceleration equation, relate the 
angular displacement to the wheel's 
angular acceleration and the time it 



A6 = co 0 At + \a(Atf 
or, when coq = 0, 
A6 = \a(Atf 
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has been accelerating: 



Evaluate AO when At = 6 s: 



A#(6s) = ^(2.6rad/s 2 )(6s) 2 = 



46.8 rad 



(c) Convert A6'(6s)from rad to 
revolutions: 



A#(6s) = 46.8 rad; 



lrev 
In rad 



7.45 rev 



(d) Relate the angular velocity of the 
particle to its tangential speed and 
evaluate the latter when 
A? = 6s: 



v = rco = (0.3m)(l5.6rad/s) = 



4.68m/s 



Relate the resultant acceleration of 
the point to its tangential and 
centripetal accelerations when 
A? = 6s: 



= -y/ fl t 2 + a l = V( r<2 ) 2 + {rco 2 J 



= r4 



2 4 

a +a> 



Substitute numerical values and 
evaluate a: 



a = (0.3m)v(2.6rad/s 2 ) 2 + (l5.6rad/s) 4 



= 73.0m/s 2 



*28 • 

Picture the Problem Because we're assuming constant angular acceleration; we can find 
the various physical quantities called for in this problem by using constant-acceleration 
equations. 

(a) Using its definition, express the _ Acq _ a> — co 0 

angular acceleration of the A£ A£ 

turntable: 



Substitute numerical values and 
evaluate a: 



0-33- 



rev 2n rad 1 min 



a = 



mm 



rev 



60s 



26 s 



= 0.134rad/s 2 
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(b) Because the angular acceleration 
is constant, the average angular 
velocity is the average of its initial 
and final values: 



(c) Using the definition of a> av , find 
the number or revolutions the 
turntable makes before stopping: 



CO,.., = 



co 0 +co 



, rev 2;rrad lmin 

33} x x 

min rev 60 s 



1.75rad/s 



AO = co^At = (l.75rad/s)(26s) 
lrev 



= 45.5radx- 



2n rad 



7.24 rev 



29 • 

Picture the Problem Because the angular acceleration of the disk is constant, we can use 
a constant-acceleration equation to relate its angular velocity to its acceleration and the 
time it has been accelerating. We can find the tangential and centripetal accelerations 
from their relationships to the angular velocity and angular acceleration of the disk. 



(a) Using a constant-acceleration 
equation, relate the angular velocity 
of the disk to its angular 
acceleration and time during which 
it has been accelerating: 

Evaluate a> when t = 5 s: 

(b) Express a t in terms of a: 
Evaluate a, when t = 5 s: 



Express a c in terms of or. 



Evaluate a c when t = 5 s: 



a> = a> 0 + a At 

or, because coq = 0, 
co = a At 



«(5s) = (8rad/s 2 )(5s): 



40.0rad/s 



a t = ra 



a t (5s) = (0.12m)(8rad/s 2 ) 



= 0.960 m/s 2 



a n = rco 



a c (5s) = (0.12m)(40.0rad/s) 2 



= 192 m/s 2 



30 • 

Picture the Problem We can find the angular velocity of the Ferris wheel from its 
definition and the linear speed and centripetal acceleration of the passenger from the 
relationships between those quantities and the angular velocity of the Ferris wheel. 
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(a) Find co from its definition: 



co- 



AO Ixvad 



At 



27 s 



0.233 rad/s 



(b) Find the linear speed of the 
passenger from his/her angular speed: 

Find the passenger's centripetal 
acceleration from his/her angular 
velocity: 



= rco = (12 m)(0.233 rad/s) 



2.79 m/s 



a c =rco 2 =(l2m)(0.233rad/s) 2 



0.651m/s 2 



31 • 

Picture the Problem Because the angular acceleration of the wheels is constant, we can 
use constant-acceleration equations in rotational form to find their angular acceleration 
and their angular velocity at any given time. 



(a) Using a constant-acceleration 
equation, relate the angular 
displacement of the wheel to its 
angular acceleration and the time it 
has been accelerating: 

Solve for a: 



A6 = co G At + \a(At) 2 

or, because co 0 = 0, 
A6 = \a{At) 2 



a = 



2A6 

w 



Substitute numerical values and 
evaluate a: 



2(3 rev) 



a ■ 



V rev ; 



(8s) 2 



0.589rad/s 2 



(b) Using a constant-acceleration 
equation, relate the angular velocity 
of the wheel to its angular 
acceleration and the time it has been 
accelerating: 

Evaluate co when At = 8 s: 



co = co 0 + aAt 

or, when coq = 0, 
co = aAt 



co(8s)= (0.589 rad/s 2 )(8s) = 



4.71 rad/s 
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32 • 

Picture the Problem The earth rotates through 2;zradians every 24 hours. 



Find co using its definition: 



co = 



A6_ 
At 



2kxsl& 



24hx 



3600s 
h 



= 7.27xl0~ 5 rad/s 



33 • 

Picture the Problem When the angular acceleration of a wheel is constant, its average 
angular velocity is the average of its initial and final angular velocities. We can combine 
this relationship with the always applicable definition of angular velocity to find the 
initial angular velocity of the wheel. 



Express the average angular velocity 
of the wheel in terms of its initial and 
final angular speeds: 



co. 



co 0 +CO 



or, because a = 0, 



Express the definition of the average 
angular velocity of the wheel: 



co„„ = 



A0_ 
At 



Equate these two expressions and 
solve for a>o: 



co 0 = 



_ 2A6 _ 2(5 rad) _ 



At 



2.8s 



3.57 s and 



id) is correct. 



34 • 

Picture the Problem The tangential and angular accelerations of the wheel are directly 
proportional to each other with the radius of the wheel as the proportionality constant. 
Provided there is no slippage, the acceleration of a point on the rim of the wheel is the 
same as the acceleration of the bicycle. We can use its defining equation to determine the 
acceleration of the bicycle. 



Relate the tangential acceleration of 
a point on the wheel (equal to the 
acceleration of the bicycle) to the 
wheel's angular acceleration and 
solve for its angular acceleration: 
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Use its definition to express the 
acceleration of the wheel: 



a = 



Av 



V-V n 



At At 
or, because v 0 = 0, 
v 



a 



At 



Substitute in the expression for a to 
obtain: 



a 



rAt 



Substitute numerical values and 
evaluate a: 



a = 



' \ „ km 
24 

I h j 



lh 



v 3600s y 



1000 m 
km 



(0.6m)(l4.0s) 



= 0.794 rad/s 2 



*35 

Picture the Problem The two tapes will have the same tangential and angular velocities 
when the two reels are the same size, i.e., have the same area. We can calculate the 
tangential speed of the tape from its length and running time and relate the angular 
velocity to the constant tangential speed and the radius of the reels when they are turning 
with the same angular velocity. 



Relate the angular velocity of the 
tape to its tangential speed: 

Letting R f represent the outer radius 
of the reel when the reels have the 
same area, express the condition 
that they have the same speed: 



co = 



(1) 



nR] -nr 1 =\{nR 2 -nr 1 ) 



Solve for Rf. 



D 2 . 2 

R +r 



Substitute numerical values and 
evaluate Rf. 



Rr 



(45 mm) 2 + (12 mm) 2 



32.9 mm 



Find the tangential speed of the tape 
from its length and running time: 



_I L _ 

V ~A~t~ 



246 mx 



100 cm 
^— = 3.42cm/s 



2hx 



3600 s 
h 
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Substitute in equation (1) and 
evaluate co: 



co ■ 



3.42 cm/s 



R { 



32.9 mm x 



lcm 
10mm 



= 1.04rad/s 



Convert 1.04 rad/s to rev/min: 



1 1 nA ra d lrev 60s 
l. 04 rad/s = 1.04 x x 

s 2 n rad min 



= 9.93 rev/min 



Torque, Moment of Inertia, and Newton's Second Law for 
Rotation 

36 • 

Picture the Problem The force that the woman exerts through her axe, because it does 
not act at the axis of rotation, produces a net torque that changes (decreases) the angular 
velocity of the grindstone. 



(a) From the definition of angular 
acceleration we have: 



Aco co-co n 



a 

At At 
or, because co = 0, 



a 



co n 



At 



Substitute numerical values and 
evaluate a: 



rev 2k rad lmin 

730 x x 



a 



min 



rev 



60s 



9s 



8.49 rad/s 2 



where the minus sign means that the 
grindstone is slowing down. 



(b) Use Newton's 2 nd law in r net = la 

rotational form to relate the angular 
acceleration of the grindstone to the 
net torque slowing it: 

Express the moment of inertia of / = \ MR 2 

disk with respect to its axis of 

rotation: 
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Substitute to obtain: 



=\MRa 



Substitute numerical values and 
evaluate r net : 



^(l.7kg)(0.08m) 2 (8.49rad/s 2 ) 



0.0462N-m 



*37 • 

Picture the Problem We can find the torque exerted by the 17-N force from the 
definition of torque. The angular acceleration resulting from this torque is related to the 
torque through Newton's 2 nd law in rotational form. Once we know the angular 
acceleration, we can find the angular velocity of the cylinder as a function of time. 



(a) Calculate the torque from its 
definition: 

(b) Use Newton's 2 nd law in 
rotational form to relate the 
acceleration resulting from this 
torque to the torque: 



r = F£ = (l7N)(0.11m): 



a = 



1.87N-m 



Express the moment of inertia of the 
cylinder with respect to its axis of 
rotation: 



I = \MR 2 



Substitute to obtain: 



a 



It 
MR 2 



Substitute numerical values and 
evaluate a. 



a = 



2(l.87N-m) 
(2.5kg)(0.11m) 2 



124rad/s 2 



(c) Using a constant-acceleration 
equation, express the angular 
velocity of the cylinder as a function 
of time: 



co = 



co Q +at 



or, because a>o = 0, 
co = at 



Evaluate ffl(5s): 



«(5s) = (l24rad/s 2 )(5s) : 



620rad/s 



38 •• 

Picture the Problem We can find the angular acceleration of the wheel from its 
definition and the moment of inertia of the wheel from Newton's 2 nd law. 
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(a) Express the moment of inertia of 
the wheel in terms of the angular 
acceleration produced by the applied 
torque: 



a 



Find the angular acceleration of the 
wheel: 



a = ■ 



rev 2;rrad lmin 

600 x x 

Aco min rev 60s 



At 

3.14rad/s 2 



20s 



Substitute and evaluate /: 



50N-m 
3.14rad/s 2 



15.9kg -m 2 



(b) Because the wheel takes 120 s to 
slow to a stop (it took 20 s to 
acquire an angular velocity of 600 
rev/min) and its angular acceleration 
is directly proportional to the 
accelerating torque: 



(50N-m) = 



8.33N-m 



39 •• 

Picture the Problem The pendulum and 
the forces acting on it are shown in the 
free-body diagram. Note that the tension in 
the string is radial, and so exerts no 
tangential force on the ball. We can use 
Newton's 2 nd law in both translational and 
rotational form to find the tangential 
component of the acceleration of the bob. 



////// 




(a) Referring to the FBD, express 
the component of mg that is tangent 

to the circular path of the bob: 



F t = mg sin 6 



Use Newton's 2 nd law to express the 
tangential acceleration of the bob: 



m 



gsin^ 



(b) Noting that, because the line-of- 
action of the tension passes through 
the pendulum's pivot point, its lever 
arm is zero and the net torque is due 



pivot point 



mgL sin 6 
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to the weight of the bob, sum the 
torques about the pivot point to 
obtain: 

(c) Use Newton's 2 nd law in r net = mgL sin 6 = la 

rotational form to relate the angular 
acceleration of the pendulum to the 
net torque acting on it: 



Solve for a to obtain: mgL sin 6 

a = — 



Express the moment of inertia of the / = mL 2 

bob with respect to the pivot point: 



Substitute to obtain: _ mgL sin 6 _ gsinfl 

cc 

mL 2 L 



Relate a to a t : 



a t =ra = L 



f gsm.6^ 
V L j 



gsm6 



*40 ... 

Picture the Problem We can express the velocity of the center of mass of the rod in 
terms of its distance from the pivot point and the angular velocity of the rod. We can find 
the angular velocity of the rod by using Newton's 2 nd law to find its angular acceleration 
and then a constant-acceleration equation that relates a> to a. We'll use the impulse- 
momentum relationship to derive the expression for the force delivered to the rod by the 
pivot. Finally, the location of the center of percussion of the rod will be verified by 
setting the force exerted by the pivot to zero. 

(a) Relate the velocity of the center _ L_ , . . 

of mass to its distance from the 2 
pivot point: 

Express the torque due to F 0 : t = F 0 x = I vivot oc 

Solve for a: _ Fq x 



"^pivot 



Express the moment of inertia of the 7 pivot = j ML 

rod with respect to an axis through 
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its pivot point: 
Substitute to obtain: 



Express the angular velocity of the 
rod in terms of its angular 
acceleration: 



Substitute in equation (1) to obtain: 



(b) Let I P be the impulse exerted by 
the pivot on the rod. Then the total 
impulse (equal to the change in 
momentum of the rod) exerted on 
the rod is: 

Substitute our result from (a) to 
obtain: 



Because I p = F ? At : 



In order for F P to be zero: 



41 ••• 

Picture the Problem We'll first express the torque exerted by the force of friction on the 
elemental disk and then integrate this expression to find the torque on the entire disk. 
We'll use Newton's 2 nd law to relate this torque to the angular acceleration of the disk 
and then to the stopping time for the disk. 

(a) Express the torque exerted on dr f =rdf k (1) 

the elemental disk in terms of the 
friction force and the distance to the 
elemental disk: 

Using the definition of the df k = ju k gdm (2) 

coefficient of friction, relate the 



a = 



ML 2 



3F n xAt 
co = aAt = — ^— — 
ML 



3F 0 xAt 
2ML 



I p +F 0 At=Mv cm 
and 

T =Mv„„ -F n At 



3F 0 xAt 
2L 



■ F 0 At = F Q At 



3x 
2L 



F n 



3x 
2L 



3x 2L 

1 = 0 =>x = — 

2L 3 



642 Chapter 9 



force of friction to f\ and the weight 
of the circular element: 



Letting a represent the mass per unit 
area of the disk, express the mass of 
the circular element: 



dm = 2k rtj dr 



(3) 



Substitute equations (2) and (3) in 
(1) to obtain: 



dr f =2n /u k a gr 2 dr (4) 



Because a 



M 



nR 



2 " 



dr { 



g_ 2 



R 1 



r dr 



(b) Integrate d r f to obtain the total 
torque on the elemental disk: 



2ju k M g K r,_ 



R- 



\r 2 dr = \lMR^g~ 



(c) Relate the disk's stopping time 
to its angular velocity and 
acceleration: 



At = 



CO 



a 



Using Newton's 2 nd law, express a 
in terms of the net torque acting on 
the disk: 



a = 



The moment of inertia of the disk, 
with respect to its axis of rotation, 
is: 



I = \MR 2 



Substitute and simplify to obtain: 



At = 



3Ra> 



Calculating the Moment of Inertia 

42 • 

Picture the Problem One can find the formula for the moment of inertia of a thin 
spherical shell in Table 9- 1 . 



The moment of inertia of a thin 
spherical shell about its diameter is: 
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Substitute numerical values and 
evaluate I: 



/ = f(0.057kg)(0.035m) 2 



4.66 xl(T 5 kg-m 2 



*43 • 

Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 
distance from the given axis. 



Use the definition of the moment of 
inertia of a system of particles to 
obtain: 



= m x r 2 + m 2 r 2 2 + m 3 r 3 2 + m 4 r 4 2 



Substitute numerical values and 
evaluate I: 



7 = (3kg)(2m) 2 +(4kg)(2V2m) 2 
+ (4kg)(0) 2 +(3kg)(2m) 2 



56.0kg -m 2 



44 • 

Picture the Problem Note, from symmetry considerations, that the center of mass of the 
system is at the intersection of the diagonals connecting the four masses. Thus the 
distance of each particle from the axis through the center of mass is m . According to 
the parallel-axis theorem, I = I cm + Mh 2 , where I cm is the moment of inertia of the 

object with respect to an axis through its center of mass, Mis the mass of the object, and 
h is the distance between the parallel axes. 



Express the parallel axis theorem: 



I=J +Mh z 



Solve for I cm and substitute from 
Problem 44: 



■ I-Mh' 



56.0kg ■m 2 -(l4kg)(V2m) 2 



28.0kg -m 2 



Use the definition of the moment of 
inertia of a system of particles to 
express I cm : 

Substitute numerical values and 
evaluate I cm : 



4n =Z' 



= m^r 2 + m 2 r 2 2 + m 3 r 3 2 + m 4 r 4 2 



7 cm =(3kg)(V2m) 2 +(4kg)(V2m) 2 

+ (4 kg)(V2 m) 2 + (3 kg)(V2 m) 2 
= 28.0kg -m 2 
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Picture the Problem The moment of inertia of a system of particles with respect to a 
given axis is the sum of the products of the mass of each particle and the square of its 
distance from the given axis. 



(a) Apply the definition of the 
moment of inertia of a system of 
particles to express I x : 



+ m 2 r 2 2 + m 3 r 2 + m 4 r 4 2 



Substitute numerical values and 
evaluate L: 



(3kg)(2m) 2 +(4kg)(2m) 2 
+ (4kg)(0) + (3kg)(0) 



28.0kg -m 2 



(b) Apply the definition of the 
moment of inertia of a system of 
particles to express I y : 



m x r 2 + m 2 rl + m 3 r 2 + m A r^ 



Substitute numerical values and 
evaluate I y : 



/ v =(3kg)(0) + (4kg)(2m) 2 

+ (4kg)(0) + (3kg)(2m) 2 



28.0kg -m 2 



Remarks: We could also use a symmetry argument to conclude that/^, =I X . 



46 • 

Picture the Problem According to the parallel-axis theorem, / = I cm +Mh , where 7 cm 

is the moment of inertia of the object with respect to an axis through its center of mass, M 
is the mass of the object, and h is the distance between the parallel axes. 



Use Table 9-1 to find the moment of 
inertia of a sphere with respect to an 
axis through its center of mass: 



Express the parallel axis theorem: 



I = I w +Mh' 



Substitute for I cm and simplify to 
obtain: 



I = \MR 2 +MR 



tMR 2 
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Picture the Problem The moment of inertia of the wagon wheel is the sum of the 

moments of inertia of the rim and the six spokes. 



Express the moment of inertia of the 
wagon wheel as the sum of the 
moments of inertia of the rim and 
the spokes: 



^wheel rim ^spokes 



Using Table 9- 1 , find formulas for 
the moments of inertia of the rim 
and spokes: 



I nm =M nm R 2 



and 



spoke 3 spoke 



M^Jf 



Substitute to obtain: 



^heel=^ rim ^+6(lM spoke L 2 ) 

= M nm R 2 +2M spoke L 2 



Substitute numerical values and 
evaluate I w h ee \: 



^ he e 1 = (8kg)(0.5m) 2 +2(l.2kg)(0.5m) 2 



2.60 kg -m 2 



*48 

Picture the Problem The moment of inertia of a system of particles depends on the axis 
with respect to which it is calculated. Once this choice is made, the moment of inertia is 
the sum of the products of the mass of each particle and the square of its distance from 
the chosen axis. 



(a) Apply the definition of the 7 = X m ^ = ^ +m i{ L ~ X Y 
moment of inertia of a system of i 

particles: 

(b) Set the derivative of / with dl_ _ r^ m x + ^ m h _ X V_ A 
respect to x equal to zero in order to dx 

identify values for x that correspond = 2{m x x + m 2 x — m 2 L) 

to either maxima or minima: = q f or extrema 

T „ dl m,x + m 1 x - m 7 L = 0 

If — = 0 , then: 

dx 
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Solve for x: 



x ■ 



m 2 L 
m l + m 2 



Convince yourself that you've found 

d 2 I 

a minimum by showing that ——^ is 



dx 



positive at this point. 



x = ■ 



m l + m 2 



is, by definition, the 



distance of the center of mass from m. 



49 

Picture the Problem Let crbe the mass 
per unit area of the uniform rectangular 
plate. Then the elemental unit has mass 
dm = adxdy. Let the corner of the plate 
through which the axis runs be the 
origin. The distance of the element 
whose mass is dm from the corner r is 
related to the coordinates of dm through 
the Pythagorean relationship r 2 = x 2 + y 2 . 

(a) Express the moment of inertia of 
the element whose mass is dm with 
respect to an axis perpendicular to it 
and passing through one of the 
corners of the uniform rectangular 
plate: 

Integrate this expression to find /: 




(0, b/2)-- 



(0,0) 



(<?/2,0) 



dl = a{x 2 + y 2 )dxdy 



a h 



(a,0) 



I = <y\\(x 2 + y 2 )dxdy 

0 0 

= \a{a 3 b + ab 3 )= jm[a 2 + b ) 



(b) Letting d represent the distance 
from the origin to the center of mass 
of the plate, use the parallel axis 
theorem to relate the moment of 
inertia found in (a) to the moment of 
inertia with respect to an axis 
through the center of mass: 

Using the Pythagorean theorem, 
relate the distance d to the center of 



/ = / +md 



or 



I cm = I -md 2 = \m{a 2 +b 2 )-md" 



d 2 ={\ a ) 2 +(\bf =\{a 2 +b 2 ) 
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mass to the lengths of the sides of 
the plate: 

Substitute for d 2 in the expression 
for I cm and simplify to obtain: 



m(a 2 +b 2 )-}m(a 2 +b 2 ) 2 



^50 



Picture the Problem Corey will use the point-particle relationship 

7 app = V m x r 2 = m x r 2 + m 2 r 2 for his calculation whereas Tracey's calculation will take 

i 

into account not only the rod but also the fact that the spheres are not point particles. 



(a) Using the point-mass 
approximation and the definition of 
the moment of inertia of a system of 
particles, express I app : 

Substitute numerical values and 
evaluate / app : 



7 a PP =Z m . r i 2 =m ] r 2 +m 2 r 2 



: (0.5kg)(0.2m) 2 +(0.5kg)(0.2m) 2 



0.0400 kg -m 2 



Express the moment of inertia of the 
two spheres and connecting rod 
system: 



^spheres A'od 



Use Table 9- 1 to find the moments 
of inertia of a sphere (with respect 
to its center of mass) and a rod (with 
respect to an axis through its center 
of mass): 



/ = 1 M R 2 

A sphere 5 sphere iv 

and 

I mA =iiM mA L 2 



Because the spheres are not on the 
axis of rotation, use the parallel axis 
theorem to express their moment of 
inertia with respect to the axis of 
rotation: 

Substitute to obtain: 



-^sphere — 5 ^sphere^ + ^sphere^ 

where h is the distance from the center 
of mass of a sphere to the axis of 
rotation. 

I = 2{|M sphere i? 2 +M sphe J 2 }+±M md L 2 



Substitute numerical values and evaluate /: 
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/ = 2lf(0.5 kg)(0.05 m) 2 + (0.5 kg)(0.2 m) 2 }+ £ (o.06kg)(0.3 m) 2 



0.0415kg -m 2 



Compare / and 7 app by taking their ratio: 



f app = 0.0400 kg -m 2 
I 0.0415kg-m 2 



0.964 



(b) 



The rotational inertia would increase because I cm of a hollow sphere is 
greater than 7 cm of a solid sphere. 
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Picture the Problem The axis of rotation 
passes through the center of the base of the 
tetrahedron. The carbon atom and the 
hydrogen atom at the apex of the 
tetrahedron do not contribute to / because 
the distance of their nuclei from the axis of 
rotation is zero. From the geometry, the 
distance of the three H nuclei from the 
rotation axis is a I V3 , where a is the 
length of a side of the tetrahedron. 

Apply the definition of the moment of 
inertia for a system of particles to 
obtain: 



Substitute numerical values and 
evaluate /: 




1 = Z m i r . 2 = m n r i 2 + m n r i + m H r 3 2 

i 

= 3m, 



( \ 2 
a 



I = (l .67 x 1 0~ 27 kg)(0. 1 8 x 1 0~ 9 m) 2 



5.41x10 47 kg-m 2 



52 

Picture the Problem Let the mass of 
the element of volume dVbe 
dm = pdV= Inphrdr where h is the 
height of the cylinder. We'll begin by 
expressing the moment of inertia dl for 
the element of volume and then 
integrating it between R\ and Rj. 




— I — - J <l I 



I — 
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Express the moment of inertia of the 
element of mass dm: 



dl = r 2 dm = Inphr^dr 



Integrate dl from R\ to R2 to obtain: 



/ = 2frph \r*dr = \nph{R A 2 -R*) 
= \nph{Rl-Rt){R 2 2 +Rt) 



The mass of the hollow cylinder 
ism = n phyR^ - R 2 ), so: 



P 



m 



7uh{Rl-Rl) 



Substitute for p and simplify to obtain: 



m 



71 



h(R 2 - R 2 )(R 2 +R 2 ) = \\m(Rl+R 2 ) 



53 — 

Picture the Problem We can derive the given expression for the moment of inertia of a 
spherical shell by following the procedure outlined in the problem statement. 



Find the moment of inertia of a 
sphere, with respect to an axis 
through a diameter, in Table 9- 1 : 



I = ±mR A 



Express the mass of the sphere as a 
function of its density and radius: 



m = \n pR 



Substitute to obtain: 

Express the differential of this 
expression: 

Express the increase in mass dm as 
the radius of the sphere increases by 
dR: 



I = l 5 npR~ 



dl = \x pR 4 dR 



dm = An pR 2 dR 



(1) 
(2) 



Eliminate dR between equations (1) 
and (2) to obtain: 



dl = \R 2 dm 



Therefore, the moment of inertia of 
the spherical shell of mass m is f mR A 
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Picture the Problem We can find C in terms of M and R by integrating a spherical shell 
of mass dm with the given density function to find the mass of the earth as a function of 
Mand then solving for C. In part (b), we'll start with the moment of inertia of the same 
spherical shell, substitute the earth's density function, and integrate from 0 to R. 



(a) Express the mass of the earth 
using the given density function: 



M 



= ^dm = j*4;r pr 2 dr 



= \nC\\22r 1 dr-^^\r z dr 



R 



An 



1.22CR 3 -tcCR- 



Solve for C as a function of M and R 
to obtain: 



(b) From Problem 9-40 we have: dl = \n p r A dr 



0.508 



M_ 



Integrate to obtain: 



l = \n 



| p r 4 dr 



_ 8;r(0.508)M 



3R 
4.26M 


"1.22 


R 3 


5 


0.329MR 2 



R j R 

j"l.22rVr |r 5 t/r 

o 



f--R 5 
6 
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Picture the Problem Let the origin be at 
the apex of the cone, with the z axis along 
the cone's symmetry axis. Then the radius 
of the elemental ring, at a distance z from 
the apex, can be obtained from the 
r R 

proportion — = — . The mass dm of the 
z H 

elemental disk is pdV = pm 2 dz. We'll 
integrate r 2 dm to find the moment of inertia 
of the disk in terms of R and H and then 
integrate dm to obtain a second equation in 
R and H that we can use to eliminate H in 
our expression for /. 

Express the moment of inertia of the 
cone in terms of the moment of 
inertia of the elemental disk: 




/ = \^r 2 dm 



1 f R 2| K 



R 1 



dz 



npR A "r 4 _ 7rpR 4 H 



2H 4 



| z 4 dz = 



10 



Express the total mass of the cone in 
terms of the mass of the elemental 
disk: 



M = np^r 2 dz = 7ip^ z 2 dz 



-npR 2 H 



Divide / by M, simplify, and solve 
for / to obtain: 
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Picture the Problem Let the axis of 
rotation be the x axis. The radius r of the 



elemental area is 4r 2 -z 2 and its mass, 

dm, is a dA = 2a^R 2 - z 2 dz . We'll 

integrate z 2 dm to determine / in terms of a 
and then divide this result by M in order to 
eliminate cr and express / in terms of M 
and/?. 
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Express the moment of inertia about 
the x axis: 



7 = J z 2 dm = J z 2 cr dA 

R I 

= \z 2 {2ajl 



IR Z -z z dz 



gkR 



The mass of the thin uniform disk 
is: 

Divide I by M, simplify, and solve 
for I to obtain: 



M = onR' 



1 = 



-MR 1 



, a result in agreement with 

the expression given in Table 9- 1 for a 
cylinder of length L = 0. 
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Picture the Problem Let the origin be at 
the apex of the cone, with the z axis along 
the cone's symmetry axis, and the axis of 
rotation be the x rotation. Then the radius 
of the elemental disk, at a distance z from 
the apex, can be obtained from the 
r R 

proportion — = — . The mass dm of the 
z H 

elemental disk is pdV = pm 2 dz. Each 
elemental disk rotates about an axis that is 
parallel to its diameter but removed from it 
by a distance z. We can use the result from 
Problem 9-57 for the moment of inertia of 
the elemental disk with respect to a 
diameter and then use the parallel axis 
theorem to express the moment of inertia 
of the cone with respect to the x axis. 




Using the parallel axis theorem, 
express the moment of inertia of the 
elemental disk with respect to the x 
axis: 

In Problem 9-57 it was established 
that the moment of inertia of a thin 
uniform disk of mass M and radius 
R rotating about a diameter 
is j MR 2 . Express this result in 



dl x = dl disk +dmz (1) 
where 

dm = pdV = pnr 2 dz 



= \pn 



f R 2 ^ 



dz 
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terms of our elemental disk: 



Substitute in equation (1) to obtain: 



Integrate from 0 to H to obtain: 



Express the total mass of the cone in 
terms of the mass of the elemental 
disk: 



dl x = np 



f n2 \ 

2 



R 2 
— 
H 



dz 



+ 



np 



\H J 



dz 



I x =7tp\ 



If R 



2 A 



4/7' 



+ ■ 



dz 



(r a h r 2 h^ 

np\ + 

{ 20 5 



H R 2 



M = np^r 2 dz = np^—^z 2 dz 



_ i 



npR 2 H 



Divide I x by M, simplify, and solve 
for L to obtain: 



3M 



r H 2 



_ R_ 
5~ + 20 



2 N 



Remarks: Because both H and R appear in the numerator, the larger the cones are, 
the greater their moment of inertia and the greater the energy consumption 
required to set them into motion. 



Rotational Kinetic Energy 
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Picture the Problem The kinetic energy of this rotating system of particles can be 
calculated either by finding the tangential velocities of the particles and using these 
values to find the kinetic energy or by finding the moment of inertia of the system and 
using the expression for the rotational kinetic energy of a system. 



(a) Use the relationship between v 
and co to find the speed of each 
particle: 



v 3 = r 3 (i> = (0.2m)(2rad/s) = 0.4 m/s 
and 

V j = r x a = (0.4m)(2rad/s) = 0.8m/s 
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Find the kinetic energy of the 
system: 



K = 2K 3 + 2K l = m 3 v 3 2 + m x v\ 

= (3kg)(0.4m/s) 2 +(lkg)(0.8m/s) 2 



1.12 J 



(b) Use the definition of the moment 
of inertia of a system of particles to 
obtain: 



j = Y j m i r l 2 



= m x r 2 + m 2 rl + m 3 r 2 + m A rl 



Substitute numerical values and 
evaluate /: 



/ = (lkg)(0.4m) 2 +(3kg)(0.2m) 2 
+ (lkg)(0.4m) 2 +(3kg)(0.2m) 2 
= 0.560 kg -m 2 



Calculate the kinetic energy of the 
system of particles: 



K =\Ico 2 =^(o.560kg-m 2 )(2rad/s) 2 



= 1.12 J 
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Picture the Problem We can find the kinetic energy of this rotating ball from its angular 
speed and its moment of inertia. We can use the same relationship to find the new angular 
speed of the ball when it is supplied with additional energy. 



(a) Express the kinetic energy of the 
ball: 

Express the moment of inertia of 
ball with respect to its diameter: 



K = \Ico 2 



I = ±MR : 



Substitute for /: 



K = \MR 2 a) 2 



Substitute numerical values and 
evaluate K: 



^=i(l.4kg)(0.075m) 2 



rev 2?rrad lmin 

70 x x 

min rev 60s 



= 84.6mJ 



(b) Express the new kinetic energy 
with ^' = 2.0846 J: 



Express the ratio of K to K'\ 



K' _ \Ico' 1 
K ~ \Icd 2 
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Solve for co': 



co = CO, 



— 
K 



Substitute numerical values and 
evaluate co': 



co' = (70rev/min) 



J 2.0846J 
0.0846J 



= 347rev/min 



60 • 

Picture the Problem The power delivered by an engine is the product of the torque it 
develops and the angular speed at which it delivers the torque. 



Express the power delivered by the 
engine as a function of the torque it 
develops and the angular speed at 
which it delivers this torque: 



P = TO) 



Substitute numerical values and evaluate P: 



P = (400N-m) 



^.„„ rev 2?rrad lmin^ 
3700 x x 



min rev 



60s 



155kW 
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Picture the Problem Let r x and r 2 be the distances of m x and m 2 from the center of mass. 
We can use the definition of rotational kinetic energy and the definition of the center of 
mass of the two point masses to show that K\IK 2 = m 2 /m l . 



Use the definition of rotational 
kinetic energy to express the ratio of 
the rotational kinetic energies: 

Use the definition of the center of 
mass to relate m h m 2 , r h and r 2 : 



\lco\ 



m 2 r^co 2 



m 2 r 2 



Solve for — , substitute and 



simplify to obtain: 



777, 



777-, 



m 1 



m. 
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Picture the Problem The earth's rotational kinetic energy is given by 

K mt = ^Ico 2 where / is its moment of inertia with respect to its axis of rotation. The 
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center of mass of the earth-sun system is so close to the center of the sun and the earth- 
sun distance so large that we can use the earth-sun distance as the separation of their 
centers of mass and assume each to be point mass. 



Express the rotational kinetic energy 
of the earth: 



(1) 



Find the angular speed of the earth's 
rotation using the definition of ox 



co = 



A0_ 
At 



2n rad 



24hx 



3600s 



= 7.27 xl0~ 5 rad/s 



From Table 9- 1 , for the moment of 
inertia of a homogeneous sphere, we 
find: 



/ = }MR 2 



(6.0xl0 24 kg)(6.4xl0 6 m) 2 
= 9.83xl0 37 kg-m 2 



_ 2 

5 



Substitute numerical values in 
equation (1) to obtain: 



^ rot =|(9.83xl0 37 kg-m 2 ) 
x(7.27xl0~ 5 rad/s) 2 



= 2.60xl0 29 J 



Express the earth's orbital kinetic 
energy: 



(2) 



Find the angular speed of the center 
of mass of the earth-sun system: 



co = 



A0_ 
At 



2n rad 



^rr^rl ^ A h 3600s 

365.25 days x 24 x 

day h 



= 1. 99 xl0~ 7 rad/s 



Express and evaluate the orbital 
moment of inertia of the earth: 



= (6.0xl0 24 kg)(l.50xlO n m) 2 
= 1.35 xlO 47 kg-m 2 



Substitute in equation (2) to obtain: 



^ orb =l(l.35xl0 47 kg-m 2 ) 

x(l.99xl0~ 7 rad/s) 2 
= 2.67xl0 33 J 
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Evaluate the ratio 



K 



orb 



K 



2.67 xlQ 33 J 
2.60 xlO 29 J 



orb 



K r , 



10 4 



*63 

Picture the Problem Because the load is not being accelerated, the tension in the cable 
equals the weight of the load. The role of the massless pulley is to change the direction 
the force (tension) in the cable acts. 



(a) Because the block is lifted at 
constant speed: 



T = mg = (2000kg)(9.81m/s 2 ) 



= 19.6kN 



(b) Apply the definition of torque at 
the winch drum: 

(c) Relate the angular speed of the 
winch drum to the rate at which the 
load is being lifted (the tangential 
speed of the cable on the drum): 

(d) Express the power developed by 
the motor in terms of the tension in 
the cable and the speed with which 
the load is being lifted: 



Tr = (l9.6kN)(0.30m) 



5.89kN-m 



0.267 rad/s 



v 0.08 m/s 

co = — = 

r 0.30m 



P = Tv = (l9.6kN)(0.08m/s) 



1.57kW 
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Picture the Problem Let the zero of gravitational potential energy be at the lowest point 
of the small particle. We can use conservation of energy to find the angular velocity of 
the disk when the particle is at its lowest point and Newton's 2 nd law to find the force the 
disk will have to exert on the particle to keep it from falling off. 



(a) Use conservation of energy to 
relate the initial potential energy of 
the system to its rotational kinetic 
energy when the small particle is at 
its lowest point: 



AK + AU = 0 

or, because U f = K\ = 0, 

i tic + Vt-ie H 2 -mgAh 



Solve for a> f : 



2mgAh 

^disk ^particle 
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Substitute for 7 disk , /panicle, and Ah 
and simplify to obtain: 



CO, 



[ 2mg{2R) 
\MR 2 +mR 2 



Smg 



\R(2m + M) 



(b) The mass is in uniform circular 
motion at the bottom of the disk, so 
the sum of the force F exerted by 
the disk and the gravitational force 
must be the centripetal force: 



F -mg = mRco f 



Solve for F and simplify to obtain: 



F = mg + mRco { 
= mg + mR 



Smg 
R(2mM) 



mg 



1 + 



Sm 



2m + M 
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Picture the Problem Let the zero of gravitational potential energy be at the center of 
mass of the ring when it is directly below the point of support. We'll use conservation of 
energy to relate the maximum angular velocity and the initial angular velocity required 
for a complete revolution to the changes in the potential energy of the ring. 



(a) Use conservation of energy to 
relate the initial potential energy of 
the ring to its rotational kinetic 
energy when its center of mass is 
directly below the point of support: 



AK + AU = 0 

or, because U{ = Ki = 0, 

lI P ®L-mgAh = 0 



(1) 



Use the parallel axis theorem and 
Table 9- 1 to express the moment of 
inertia of the ring with respect to its 
pivot point P: 

Substitute in equation (1) to obtain: 



/™ +mR z 



(mR 2 +mR 2 )col ax -mgR = 0 



Solve for a> m 



Substitute numerical values and 
evaluate a> ma x' 



9.81m/s 2 
0.75 m 



3.62rad/s 
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(b) Use conservation of energy to 
relate the final potential energy of 
the ring to its initial rotational 
kinetic energy: 

Noting that the center of mass must 
rise a distance R if the ring is to 
make a complete revolution, 
substitute for I P and Ah to obtain: 

Solve for o>i. 



Substitute numerical values and 
evaluate ox. 



A^ + A£/ = 0 

or, because U\ = K { = 0, 



-jl p a>? +mgAh = 


0 


-\{mR 2 +mR 2 )cof 


+ mgR = 0 


' \R 






|9.81m/s 2 

<°i = J = 

' V 0.75 m 




3.62rad/s 
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Picture the Problem We can find the energy that must be stored in the flywheel and 
relate this energy to the radius of the wheel and use the definition of rotational kinetic 
energy to find the wheel's radius. 



Relate the kinetic energy of the 
flywheel to the energy it must 
deliver: 



K mt = Kyi» 2 = (2MJ/km)(300km) 



cyl 

= 600MJ 



Express the moment of inertia of the 
flywheel: 



I^=WR 2 



Substitute for 7 cy i and solve for or. 



co\M 



Substitute numerical values and 
evaluate R: 



R = 



rev 
400 — x 



2tt rad ^ 



600 MJx 



10 6 J 
MJ 



100 kg 



rev 



1.95 m 



67 

Picture the Problem We'll solve this problem for the general case of a ladder of length 
L, mass M, and person of mass m. Let the zero of gravitational potential energy be at 
floor level and include you, the ladder, and the earth in the system. We'll use 
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conservation of energy to relate your impact speed falling freely to your impact speed 
riding the ladder to the ground. 



Use conservation of energy to relate 
the speed with which a person will 
strike the ground to the fall distance 
L: 



AK + AU = 0 

or, because K 1 =U { = 0, 

\mv\ -mgL = 0 



Solve for v r 



Vf = 2gL 



Letting ox represent the angular 
velocity of the ladder+person 
system as it strikes the ground, use 
conservation of energy to relate the 
initial and final momenta of the 
system: 



AK + AU = 0 

or, because K 1 =U{ = 0, 



2 (person + 1 ladder )®r " ™g L + M S ^ 

V 1 J 



= 0 



Substitute for the moments of inertia 
to obtain: 



( 1 ^ 
m + -M 

I 3 J 



L a> { — 



mgL + Mg — 



= 0 



Substitute v r for Lox and solve for 



2gL 



2 

V, = 



m + 



M 



m + 



M 



Express the ratio — \ 



M 

2 tn H 

V r 2 



v f 2 , M 
1 m H 



Solve for v r to obtain: 



6m + 3M 



^ \6m + 2M 



Unless M, the mass of the ladder, is zero, v r > v f . It is better to let go and 
fall to the ground. 
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Pulleys, Yo-Yos, and Hanging Things 

*68 

Picture the Problem We'll solve this problem for the general case in which the mass of 
the block on the ledge is M, the mass of the hanging block is m, and the mass of the 
pulley is M p , and R is the radius of the pulley. Let the zero of gravitational potential 
energy be 2.5 m below the initial position of the 2-kg block and R represent the radius of 
the pulley. Let the system include both blocks, the shelf and pulley, and the earth. The 
initial potential energy of the 2-kg block will be transformed into the translational kinetic 
energy of both blocks plus rotational kinetic energy of the pulley. 

(a) Use energy conservation to AK + AU = 0 

relate the speed of the 2 kg block or, because K l =U{ = 0, 

when it has fallen a distance Ah to \(m + M)v 2 + jI vulley co 2 -mgh = 0 

its initial potential energy and the 

kinetic energy of the system: 



Substitute for /, 



and co to obtain; 




2 



pulley 



Solve for v: 




Substitute numerical values and 
evaluate v: 




3.95 m/s 



(b) Find the angular velocity of the 
pulley from its tangential speed: 



v 



3.95 m/s 



= 49.3rad/s 



co 



R 



0.08m 
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Picture the Problem The diagrams show 
the forces acting on each of the masses and 
the pulley. We can apply Newton's 2 nd law 
to the two blocks and the pulley to obtain 
three equations in the unknowns T u T 2 , and 



r 



■x 




a. 



X 



X 
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Apply Newton's 2 nd law to the two 
blocks and the pulley: 



^F x = T l =m 4 a, (1) 

Z r P = ( r 2-?;>=v*' ( 2 ) 

and 

Y J F x =m 2 g-T 2 =m 2 a (3) 



Eliminate a in equation (2) to 
obtain: 

Eliminate T\ and T 2 between 
equations (1), (3) and (4) and solve 
for a: 

Substitute numerical values and 
evaluate a: 



T 2 -T,=\M p a 



(4) 



a = 



m 2 g 



m 2 +m 4 +\M p 



a = 



(2kg)(9.81m/s 2 ) 
2kg + 4kg + i(0.6kg) 



3.11m/s 2 



Using equation (1), evaluate T\. 

Solve equation (3) for T 2 : 

Substitute numerical values and 
evaluate T 2 : 



T x =(4kg)(3.11m/s 2 ) = 



12.5N 



T i =™ 2 {g-a) 

T 2 =(2kg)(9.81m/s 2 -3.11m/s 2 ) 



= 13.4N 
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Picture the Problem We'll solve this problem for the general case in which the mass of 
the block on the ledge is M, the mass of the hanging block is m, the mass of the pulley is 
M p , and R is the radius of the pulley. Let the zero of gravitational potential energy be 2.5 
m below the initial position of the 2-kg block. The initial potential energy of the 2-kg 
block will be transformed into the translational kinetic energy of both blocks plus 
rotational kinetic energy of the pulley plus work done against friction. 



(a) Use energy conservation to 
relate the speed of the 2 kg block 
when it has fallen a distance Ah to 
its initial potential energy, the 
kinetic energy of the system and the 
work done against friction: 

Substitute for 7p U iiey and a> to obtain: 



AK + AU + W f =0 
or, because Ki=U{ = 0, 

i( m+M y +i j pune y 

- mgh + ju k Mgh = 0 

x( m+M y + ±(x Mp )L_ 

- mgh + ju k Mgh = 0 
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Solve for v. 



\ 2gh{m-n k M) 
M + m + \M p 



Substitute numerical values and evaluate v: 



/ 2(9.81m/s 2 )(2.5m)[2kg-(0.25)(4kg)] 
"V 4kg + 2kg + i(0.6kg) 



2.79m/s 



(b) Find the angular velocity of the pulley _ v _ 2.79 m/s 



from its tangential speed: 



R 0.08m 



34.9rad/s 
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Picture the Problem Let the zero of gravitational potential energy be at the water's 
surface and let the system include the winch, the car, and the earth. We'll apply energy 
conservation to relate the car's speed as it hits the water to its initial potential energy. 
Note that some of the car's initial potential energy will be transformed into rotational 
kinetic energy of the winch and pulley. 



Use energy conservation to relate 
the car's speed as it hits the water to 
its initial potential energy: 



AK + AU = 0 

or, because Ki=U{ = 0, 



\mv 2 + y 



L /„, col +\Lcol 



mgAh = 0 



Express ow and a>p in terms of the 
speed v of the rope, which is the 
same throughout the system: 



2 2 

V A V 

r r 

w p 



Substitute to obtain: 



\mv 2 + j 



r r 

w p 



Solve for v. 



2mgAh 



r. 



r r 

w p 



Substitute numerical values and 
evaluate v: 



v = 



2(1200 kg)(9.81 m/s 2 )(5m) 



1200kg + 



320 kg -m 2 4 kg -m 



+ - 



(0.8 m) 2 (0.3 m) 



8.21 m/s 
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Picture the Problem Let the system 
include the blocks, the pulley and the earth. 
Choose the zero of gravitational potential 
energy to be at the ledge and apply energy 
conservation to relate the impact speed of 
the 30-kg block to the initial potential 
energy of the system. We can use a 
constant-acceleration equations and 
Newton's 2 nd law to find the tensions in the 
strings and the descent time. 



"log 



"hog 



(a) Use conservation of energy to 
relate the impact speed of the 30-kg 
block to the initial potential energy 
of the system: 



AK + AU = 0 

or, because Ki=U{ = 0, 



^-m 30 v 2 + \ m 



30" 1 2 '"20 * ' 2 -p~p 

+ m 20 gAh - m i0 gAh = 0 



Substitute for co p and I v to obtain: 



j™ 30 v 2 + \m 20 v 2 +\ 



f 2\ 
V 



v r 2 , 
v J 



+ m 20 gAh - m^gAh = 0 



Solve for v. 



= 1 2gAh(m i0 - t^J 
Vm 20 +m 30 +\M p 



Substitute numerical values and 
evaluate v: 



v = 



2(9.8 lm/s 2 )(2m)(30 kg -20 kg) 
20kg + 30kg + i(5kg) 



2.73 m/s 



(b) Find the angular speed at impact 
from the tangential speed at impact 
and the radius of the pulley: 



v 2.73 m/s 

co = — = 

r 0.1m 



27.3rad/s 



(c) Apply Newton's 2 nd law to the 
blocks: 



Y J F x =T l -m 2Q g = m 2Q a (1) 
Yj F ^ =m ^S-T 2 =m m a (2) 



Using a constant-acceleration 
equation, relate the speed at impact 
to the fall distance and the 



v = v 2 + 2aAh 
or, because vo = 0, 
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acceleration and solve for and 
evaluate a: 

Substitute in equation (1) to find T\. 



Substitute in equation (2) to find T 2 : 



(2.73 m/s) 2 



2Ah 2(2 m) 



87 m/s 2 



T i =m 20 (g + a) 

= (20 kg)(9.8 1 m/s 2 + 1 .87 m/s 2 ) 



234 N 



T i =m 30 (g-a) 

= (30kg)(9.81m/s 2 -1.87 m/s 2 ) 



= 238N 



(d) Noting that the initial speed of 
the 30-kg block is zero, express the 
time-of-fall in terms of the fall 
distance and the block's average 
speed: 

Substitute numerical values and 
evaluate At: 



At 



Ah Ah 2Ah 



At 



2(2 m) 
~ 2.73 m/s ~ 



1.47 s 
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Picture the Problem The force diagram 
shows the forces acting on the sphere and 
the hanging object. The tension in the 
string is responsible for the angular 
acceleration of the sphere and the 
difference between the weight of the object 
and the tension is the net force acting on 
the hanging object. We can use Newton's 
2 nd law to obtain two equations in a and T 
that we can solve simultaneously. 

(a)Apply Newton's 2 nd law to the 
sphere and the hanging object: 




Y j t 0 =TR = 7 sphere a 
and 

^ F x = mg - T = ma 



mg 



I 

x 
(1) 
(2) 



Substitute for 7 sp here and a in 
equation (1) to obtain: 



TR = (f Mi? 2 ) 



R 



(3) 
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Eliminate T between equations (2) 
and (3) and solve for a to obtain: 




(b) Substitute for a in equation (2) 
and solve for T to obtain: 



T = 



2mMg 
5m + 2M 
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Picture the Problem The diagram shows 
the forces acting on both objects and the 
pulley. By applying Newton's 2 nd law of 
motion, we can obtain a system of three 
equations in the unknowns T u T 2 , and a 
that we can solve simultaneously. 



»>\g 




'"ig 



(a) Apply Newton's 2 nd law to the 
pulley and the two objects: 



Y,F X =T l -m l g = m l a, (1) 

Xr 0 =(r 2 -r i )r = / 0 a, (2) 
and 

Y J F x =m 2 g-T 2 =m 2 a (3) 



Substitute for I 0 = / pu iiey and a in 
equation (2) to obtain: 

Eliminate T\ and T 2 between 
equations (1), (3) and (4) and solve 
for a to obtain: 

Substitute numerical values and 
evaluate a: 



(b) Substitute for a in equation (1) 
and solve for T\ to obtain: 



{T 2 -T x )r = {\mr 2 )- 



_ ( 



nil 



m l +m 2 + J 2 -m 



(4) 



_ (510g-500g)(981cm/s 2 ) 
500g + 510g + i(50g) 



= 9.478 cm/s- 



T x = mi (g + a) 

= (0.500 kg)(9.81m/s 2 + 0.09478 m/s 2 ) 



= 4.9524N 
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Substitute for a in equation (3) and 
solve for T 2 to obtain: 



T 2 = m 2 (g-a) 



= (0.510kg)(9.81m/s 2 -0.09478m/s 2 ) 



= 4.9548N 



Find AT: 



(c) If we ignore the mass of the 
pulley, our acceleration equation is: 

Substitute numerical values and 
evaluate a: 



Substitute for a in equation (1) and 
solve for T\ to obtain: 



M = T 2 -T X =4.9548N-4.9524N 



= 0.0024 N 



_ {m 2 -m x )g 



m l + m 2 



_ (510g-500g)(981cm/s 2 ) 
500g + 510g 



= 9.713cm/s 2 



T x = m l (g + a) 



Substitute numerical values and evaluate T\ : 

7] = (0.500 kg)(9.8 1 m/s 2 + 0.097 1 3 m/s 2 ) = 



4.9536N 



From equation (4), if m = 0: 
*75 

Picture the Problem The diagram shows 
the forces acting on both objects and the 
pulley. By applying Newton's 2 nd law of 
motion, we can obtain a system of three 
equations in the unknowns T u T 2 , and a 
that we can solve simultaneously. 



T = T 




(a) Express the condition that the 
system does not accelerate: 



r net = m ig R i ~m 2 gR 2 =0 



668 Chapter 9 



Solve for m 2 : 



m 2 = m x 



Substitute numerical values and 
evaluate m 2 : 

(b) Apply Newton's 2 nd law to the 
objects and the pulley: 



m 2 =(24kg) 



1.2m 
0.4 m 



72.0 kg 



Y j F x =m 1 g-T l =m l a, (1) 

^r 0 =T x R x -T 2 R 2 =i 0 a, (2) 

and 

Y J F x =T 2 -m 2 g = m 2 a (3) 



Eliminate a in favor of a in equations 
(1) and (3) and solve for T x and T 2 : 



Substitute for T\ and T 2 in equation 
(2) and solve for a to obtain: 

Substitute numerical values and evaluate a: 



T x =m l (g-R 1 a) 
and 

T 2 =m 2 (g + R 2 a) 



(4) 
(5) 



a = 



(m x R x -m 2 R 2 )g 
m x R\ + m 2 R 2 + 1 0 



a = 



[(36kg)(l.2m)-(72kg)(0.4m)](9.81m/s 2 ) 
(36kg)(l.2m) 2 +(72kg)(0.4m) 2 +40kg-m 2 



1.37rad/s 2 



Substitute in equation (4) to find T\ : 

T x = (36kg)[9.8 lm/s 2 - (l .2 m)(l .37 rad/s 2 )] = 

Substitute in equation (5) to find T 2 : 

T 2 = (72 kg)[9.8 1 m/s 2 + (0.4 m)(l .37 rad/s 2 )] = 



294 N 



746 N 
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Picture the Problem Choose the 
coordinate system shown in the diagram. 
By applying Newton's 2 nd law of motion, 
we can obtain a system of two equations in 
the unknowns T and a. In (b) we can use 
the torque equation from (a) and our value 
for J to find a. In (c) we use the condition 
that the acceleration of a point on the rim 
of the cylinder is the same as the 
acceleration of the hand, together with the 
angular acceleration of the cylinder, to find 
the acceleration of the hand. 




(a) Apply Newton's 2 nd law to the 
cylinder about an axis through its 
center of mass: 



5> 0 =7R = / 0 ^ 
and 

Y j F x =Mg-T = 0 



Solve for T to obtain: 



T = 



Mg 



(b) Rewrite equation (1) in terms of 
or. 



TR = I 0 a 



Solve for a: 



a = 



TR 



Substitute for T and In to obtain: 



a ■ 



MgR 

\MR 2 



2g 
R 



(c) Relate the acceleration a of the 
hand to the angular acceleration of 
the cylinder: 



a = Ra 



Substitute for a to obtain: 



a = R 



kRj 



2g 
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Picture the Problem Let the zero of 
gravitational potential energy be at the 
bottom of the incline. By applying 
Newton's 2 nd law to the cylinder and the 
block we can obtain simultaneous 
equations in a, T, and a from which we 
can express a and T. By applying the 
conservation of energy, we can derive 
an expression for the speed of the block 
when it reaches the bottom of the 
incline. 




(a) Apply Newton's 2 nd law to the 
cylinder and the block: 



Y j r 0 =TR = I 0 a (1) 
and 

~^F X = m 2 gsm6 -T = m 2 a (2) 



Substitute for a in equation (1), 
solve for T, and substitute in 
equation (2) and solve for a to 
obtain: 



a = 



gsin0 



2m n 



(b) Substitute for a in equation (2) 
and solve for T: 



T = 



2m, 



(c) Noting that the block is released E = U + K = m 2 gh 
from rest, express the total energy of 

the system when the block is at 
height h: 

(d) Use the fact that this system is bottom = m 2§h 
conservative to express the total 

energy at the bottom of the incline: 



(e) Express the total energy of the bottom = ^tmn + ^ rot 

system when the block is at the - i m ^y 2 + i i m 1 

bottom of the incline in terms of its 
kinetic energies: 
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Substitute for a> and In to obtain: 



z 

m 2 v 2 m x r 2 y-^ = m 2 gh 



Solve for v to obtain: 



v = 



2gh 



1 + ^L 



2m, 



(/)For (9=0: 



a=T = 0 



For 0= 90°: 



a = 



2m 0 



m x g 



2 " l l 



1+ m, 



and 



v = 



2m, 



1 + ^L 
2m, 



fm l a 



For mi = 0: 



a = 



gsin^ 



, and 
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Picture the Problem Let r be the radius of 
the concentric drum (10 cm) and let In be 
the moment of inertia of the drum plus 
platform. We can use Newton's 2 nd law in 
both translational and rotational forms to 
express I 0 in terms of a and a constant- 
acceleration equation to express a and then 
find In. We can use the same equation to 
find the total moment of inertia when the 
object is placed on the platform and then 
subtract to find its moment of inertia. 




1 1 f 



I 

I 

x 



(a) Apply Newton's 2 nd law to the 
platform and the weight: 



^r 0 =Tr = I 0 a (1) 
Y J F x =Mg-T = Ma (2) 
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Substitute air for a in equation (1) 
and solve for T: 

Substitute for Tin equation (2) and 
solve for a to obtain: 



_ Mr 2 (g~a) 

1 A 



a 



(3) 



Using a constant-acceleration 
equation, relate the distance of fall 
to the acceleration of the weight and 
the time of fall and solve for the 
acceleration: 



Ax = v 0 At + \a(&tf 

or, because v 0 = 0 and Ax = D, 
2D 

a = 



(Atf 



Substitute for a in equation (3) to 
obtain: 



I 0 = Mr' 



J 



= Mr 



2D 



Substitute numerical values and 
evaluate I 0 : 



7 0 =(2.5kg)(0.1m) 2 

" (9.81m/s 2 )(4.2s) 2 " 
2(1. 8 m) ' 



1.177kg-m 2 



(b) Relate the moments of inertia of 
the platform, drum, shaft, and pulley 
(To) to the moment of inertia of the 
object and the total moment of 
inertia: 

Substitute numerical values and 
evaluate I tot : 



I tot =I Q +I=Mr< 



g 



1 



\a ) 

2 A 



2D 



7 tot =(2.5kg)(0.1m) 2 

(9.81m/s 2 )(6.8s) 2 1 
2(1. 8 m) ' ' 



3.125kg-m 2 



Solve for and evaluate I: 



7 = 7 tot -7 0 =3.125kg-m 2 
- 1. 177kg -m 2 



1.948 kg -m 2 
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Objects Rolling Without Slipping 
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Picture the Problem The forces acting on 
the yo-yo are shown in the figure. We can 
use a constant-acceleration equation to 
relate the velocity of descent at the end of 
the fall to the yo-yo's acceleration and 
Newton's 2 nd law in both trans lational and 
rotational form to find the yo-yo's 
acceleration. 




Using a constant-acceleration 
equation, relate the yo-yo's final 
speed to its acceleration and fall 
distance: 

Use Newton's 2 nd law to relate the 
forces that act on the yo-yo to its 
acceleration: 



v = v Q + 2aAh 

or, because vo = 0, 
v = -JlaAh 



IX =mg-T = 
and 

Z r o = Tr = I 0 a 



ma 



(1) 
(2) 

(3) 



Use a = ra to eliminate a in 
equation (3) 



Tr = L 



(4) 



Eliminate T between equations (2) 
and (4) to obtain: 



mg — -a = ma 
r 



(5) 



Substitute \ mR 2 for I 0 in equation 
(5): 



mR' 



mg 



-a = ma 



Solve for a: 



a = 



g 



1 + 



3L 

2r 7 



Substitute numerical values and 
evaluate a: 



9.81m/s 2 
2(0. lm) 2 



0.0864 m/s 2 



Substitute in equation (1) and 
evaluate v: 



v = A /2(0.0864m/s 2 )(57m) 
= 3.14m/s 
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Picture the Problem The diagram shows 
the forces acting on the cylinder. By 
applying Newton's 2 nd law of motion, we 
can obtain a system of two equations in the 
unknowns T, a, and a that we can solve 
simultaneously. 




(a) Apply Newton's 2 nd law to the 
cylinder: 



Y d r 0 =TR = I 0 a 
and 

Y j F x = Mg -T = Ma 



Substitute for a and Iq in equation 
(1) to obtain: 



TR = {\MR 2 ) 



kRj 



Solve for T: 



T = \Ma 



Substitute for T in equation (2) and 
solve for a to obtain: 



a = 



(b) Substitute for a in equation (3) 
to obtain: 



T = \M(ig)= \Mg 



81 

Picture the Problem The forces acting on 
the yo-yo are shown in the figure. Apply 
Newton's 2 nd law in both trans lational and 
rotational form to obtain simultaneous 
equations in J, a, and a from which we can 
eliminate a and solve for T and a. 




Apply Newton's 2 nd law to the yo-yo: 



X F v =mg-T = 
and 

Y jTo =Tr = I 0 a 



ma 



Use a = ra to eliminate a in 
equation (2) 



Tr = L 
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Eliminate T between equations (1) I 0 
and (3) to obtain: r 



mg — -a = ma (4) 



Substitute \ mR 2 for I 0 in equation i mR 2 

mg — a = ma 

(4): ' r 2 



Solve for a: g 

a = t- 

1 R 

2r 2 



Substitute numerical values and 
evaluate a: 



9.81m/s 2 



1 + 



(0.1m) 2 
2(0.0 lm) 2 



0.192m/s 2 



Use equation (1) to solve for and 
evaluate T: 



T = m(g-a) 
= (0.1kg)(9.81m/s 2 -0.192m/s 2 ) 



0.962 N 
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Picture the Problem We can determine the kinetic energy of the cylinder that is due to 
its rotation about its center of mass by examining the ratio K rot IK . 



Express the rotational kinetic energy of „ . T , . /, 2 \v 2 

IC = —J a) ——\—mv I — 
the homogeneous solid cylinder: rot 2 cyl 2 V2 ' r 2 



\mv 2 



Express the total kinetic energy of the K = K mX + ^ trans = \ mv 2 + \ mv 2 = | mv 2 

homogeneous solid cylinder: 

K ' K \mv 2 3 



Express the ratio — — : = 4 MV = 1 and (b) is correct. 
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Picture the Problem Any work done on the cylinder by a net force will change its 
kinetic energy. Therefore, the work needed to give the cylinder this motion is equal to its 
kinetic energy. 

Express the relationship between the \W"\ = AK1 = \ mv 2 +jIco 2 

work needed to stop the cylinder and 
its kinetic energy: 
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Because the cylinder is rolling without 
slipping, its translational and angular 
speeds are related according to: 



v = rco 



Substitute for I (see Table 9-1) and co 
and simplify to obtain: 



W\ = \mv A +\I(o' 



1 2,i 

= \mv 



= \mv 2 



Substitute for m and v to obtain: 



|^| = f(60kg)(5m/s) 2 = 



1.13kJ 
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Picture the Problem The total kinetic energy of any object that is rolling without 
slipping is given by K = K tmns + K m{ . We can find the percentages associated with each 

motion by expressing the moment of inertia of the objects as kmr 2 and deriving a general 
expression for the ratios of rotational kinetic energy to total kinetic energy and 
translational kinetic energy to total kinetic energy and substituting the appropriate values 
oik. 



Express the total kinetic energy 
associated with a rotating and 
translating object: 



K = K txws +K mX =\mv 2 +\I^ 

2 



1 2,i 



(kmr 2 )- 



= \mv 2 +\kmv 2 = \mv 2 



(1 + *) 



Express the ratio 



K 



Express the ratio 



K 



\kmv 



K 



\mv 2 



(l + k) l + k 1 + i 



1 2 



K 



\mv 2 



(\ + k) l + k 



(a) Substitute k = 2/5 for a uniform 
sphere to obtain: 



1 



K 
and 



1 + 



1 



= 0.286 = 



28.6% 



K 1 + 0.4 



0.714: 



71.4% 



Rotation 677 



(b) Substitute k= 1/2 for a uniform 
cylinder to obtain: 



K 
and 
K 



1 



1 + 



1 



33.3% 



0.5 
1 

1 + 0.5 



66.7% 



(c) Substitute k = 1 for a hoop to obtain: 



K 
and 
K 



1 

1 



1 + 1 



50.0% 



50.0% 
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Picture the Problem Let the zero of gravitational potential energy be at the bottom of the 
incline. As the hoop rolls up the incline its translational and rotational kinetic energies are 
transformed into gravitational potential energy. We can use energy conservation to relate 
the distance the hoop rolls up the incline to its total kinetic energy at the bottom of the 
incline. 



Using energy conservation, relate 
the distance the hoop will roll up the 
incline to its kinetic energy at the 
bottom of the incline: 

Express K\ as the sum of the 
translational and rotational kinetic 
energies of the hoop: 

When a rolling object moves with 
speed v, its outer surface turns with 
a speed v also. Hence co = v/r. 
Substitute for / and oo to obtain: 

Letting Ah be the change in 
elevation of the hoop as it rolls up 
the incline and AL the distance it 
rolls along the incline, express U{. 

Substitute in equation (1) to obtain: 



AK + AU = 0 

or, because Kf=U{ = 0, 

-K i+ U { =0 (1) 

^=^ r a„ S +^ot=i«V 2 +}/« 2 

2 

K i = \ mv 2 + \ {mr 1 j^j = mv 2 
U { = mgAh = mgAL sin 0 

- mv 2 + mgAL sin 6 = 0 
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Solve for AL: 



AL 



gsin.0 



Substitute numerical values and 
evaluate AL: 



AL = 



(l5m/s) 2 
(9.81m/s 2 )sin30° 



45.9m 
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Picture the Problem From Newton's 2 nd law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the sphere are its weight 

mg downward, the normal force F a that balances the normal component of the weight, 

and the force of friction / acting up the incline. As the sphere accelerates down the 
incline, the angular velocity of rotation must increase to maintain the nonslip condition. 
We can apply Newton's 2 nd law for rotation about a horizontal axis through the center of 
mass of the sphere to find a, which is related to the acceleration by the nonslip condition. 
The only torque about the center of mass is due to / because both mg and F n act through 

the center of mass. Choose the positive direction to be down the incline. 

v 

/ 




Apply = ma to the sphere : mg sin 6 - f = ma cm ( 1 ) 

Apply X T = 7 cm« t0 the sphere: fr = I cm a 



cm 

cm 



Use the nonslip condition to a 

fr = I 

r 
and 

f = L^L a 

J 2 cm 

r 

Substitute this result for/in / 
equation ( 1 ) to obtain: mg smO -^a cm = ma c 



From Table 9-1 we have, for a solid j =1 mr ^ 

, * cm 5 '"' 

sphere: 
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Substitute in equation (1) and simplify 
to obtain: 



mg sin 6 - f a cm = ma c 



Solve for and evaluate 9 : 



6 = sin 



= sin 



7a„ 



5g 



7(0-2g) " 
5g 



16.3 C 
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Picture the Problem From Newton's 2 nd law, the acceleration of the center of mass 
equals the net force divided by the mass. The forces acting on the thin spherical shell are 

its weight mg downward, the normal force F n that balances the normal component of the 

weight, and the force of friction / acting up the incline. As the spherical shell accelerates 
down the incline, the angular velocity of rotation must increase to maintain the nonslip 
condition. We can apply Newton's 2 nd law for rotation about a horizontal axis through the 
center of mass of the sphere to find a, which is related to the acceleration by the nonslip 

condition. The only torque about the center of mass is due to / because both mg and 

F n act through the center of mass. Choose the positive direction to be down the incline. 

y 

/ 




Apply F = m ^ to me tmn 
spherical shell: 

Apply ^ t = I cm a to the thin 
spherical shell: 

Use the nonslip condition to 
eliminate a and solve for f. 

Substitute this result for / in 
equation (1) to obtain: 

From Table 9- 1 we have, for a thin 



mgsm0-f = ma cm (1) 

fr = I aa — and/ = %a cm 
r r 

mgsm8- I ^a cm =ma cm 
r 

J 2 2 
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spherical shell: 



Substitute in equation (1) and 
simplify to obtain: 

Solve for and evaluate 0 : 



mg sin 6 - f a cm = ma 



6 = sin 



-i 5a c 



= sin 



3g 

5(0-2g) _ 
3g 



19.5° 



Remarks: This larger angle makes sense, as the moment of inertia for a given mass 
is larger for a hollow sphere than for a solid one. 
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Picture the Problem The three forces 
acting on the basketball are the weight of 
the ball, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton's 2 n 
law to find a system of simultaneous 
equations that we can solve for the 
quantities called for in the problem 
statement. 



/ 




(a) Apply Newton's 2 nd law in both 
translational and rotational form to the 
ball: 



X F v =mgsmO-f s =ma, (1) 

Y J F y =F a -mgcos0 = O (2) 
and 

Z r o = /s r = / o« ( 3 ) 



Because the basketball is rolling 
without slipping we know that: 



a 



Substitute in equation (3) to obtain: 



fjr = h 



(4) 



From Table 9-1 we have: 



/„ = \mr 



Substitute for I Q and a in equation 
(4) and solve for f s : 



f s r = (±mr 2 )-^f s 



-ma 



(5) 
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Substitute for f s in equation (1) and 
solve for a: 

(b) Find f s using equation (5): 



a = 



gsin# 



/ s = fm(f gsin 6)= ^mgsmO 



(c) Solve equation (2) for F n : 



F B = mg cos 6 



Use the definition of / s , max to obtain: 



f = a F = u mg cos 6 

J s,max r*s n r*s o 



Use the result of part (b) to obtain: 



Solve for # m 



6>„„„ = 
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Picture the Problem The three forces 
acting on the cylinder are the weight of the 
cylinder, the normal force, and the force of 
friction. Because the weight can be 
assumed to be acting at the center of mass, 
and the normal force acts through the 
center of mass, the only force which exerts 
a torque about the center of mass is the 
frictional force. We can use Newton's 2 n 
law to find a system of simultaneous 
equations that we can solve for the 
quantities called for in the problem 
statement. 



Mid 




(a) Apply Newton's 2 nd law in both 
translational and rotational form to 
the cylinder: 



^ F x = mg sin 0 - f s =ma , 
Y,F y =F a -mgcos6> = 0 
and 



fir 



I 0 a 



(1) 
(2) 

(3) 



Because the cylinder is rolling 
without slipping we know that: 



a 

a = — 
r 



Substitute in equation (3) to obtain: 



fir = h 



(4) 



From Table 9-1 we have: 



I 0 = \mr 
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Substitute for I 0 and a in equation 
(4) and solve for f s : 



f s r = {\mr 2 )-^fs=\ma (5) 



Substitute for f s in equation (1) and 
solve for a: 

(b) Find f s using equation (5): 



_ 2 



gsin^ 



f s = jm(jgsm0) = \mgsm0 



(c) Solve equation (2) for F n : 



F B = mg cos 0 



Use the definition of / s , max to obtain: 



Amax =M,F n ={i s mg cos 0 n 



Use the result of part (b) to obtain: 



-™gsin# max =fi s mg cos 0„ 



Solve for 0 m 



0— = 



tan _1 (3/i s ) 
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Picture the Problem Let the zero of gravitational potential energy be at the elevation 
where the spheres leave the ramp. The distances the spheres will travel are directly 
proportional to their speeds when they leave the ramp. 



Express the ratio of the distances 
traveled by the two spheres in terms 
of their speeds when they leave the 
ramp: 



V _ v'At _ v' 
L vAt v 



(1) 



Use conservation of mechanical 
energy to find the speed of the 
spheres when they leave the ramp: 



AK + AU = 0 

or, because K t = Uf= 0, 

K t -t/j =0 



(2) 



Express K f for the spheres: 



^trans + ^rot 

\mv 1 +\Tco 2 



l mv +2 



\mv 2 +\kmv I 
= {\ + k)\mv 2 

where k is 2/3 for the spherical shell and 2/5 
for the uniform sphere. 



2 cm 
1 



(kmR 2 ) 



R- 



Substitute in equation (2) to obtain: 



(l + k)^mv 2 = mgH 
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Solve for v. 



\ 2gH 
l+k 



Substitute in equation (1) to obtain: 



V l + k 



L \l + k' 



M.i.09 



or 



L'= 1.091 
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Picture the Problem Let the subscripts u and h refer to the uniform and thin-walled 
spheres, respectively. Because the cylinders climb to the same height, their kinetic 
energies at the bottom of the incline must be equal. 



Express the total kinetic energy of 
the thin-walled cylinder at the 
bottom of the inclined plane: 

Express the total kinetic energy of 
the solid cylinder at the bottom of 
the inclined plane: 



K h =K x ^+K mX =\ m y+\I h co 2 

1 2 , i( l\V 2 2 

= |V + iK r )— = m h v 
r 

K u =K aans +K mt =^my 2 + ^iy 
= \m u v +\%m a r J— = > u v 



Because the cylinders climb to the j m u v ' =m uS^ 

same height: an( j 

m h v2 = m h§ h 

Divide the first of these equations j m u v ' 2 m u §h 

by the second: m h v 2 m h gh 

Simplify to obtain: 3v' 2 



4v 2 



1 



Solve for V: 



4 
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Picture the Problem Let the subscripts s 
and c refer to the solid sphere and thin- 
walled cylinder, respectively. Because the 
cylinder and sphere descend from the same 
height, their kinetic energies at the bottom 
of the incline must be equal. The force 
diagram shows the forces acting on the 
solid sphere. We'll use Newton's 2 nd law to 
relate the accelerations to the angle of the 
incline and use a constant acceleration to 
relate the accelerations to the distances 
traveled down the incline. 

Apply Newton's 2 nd law to the sphere: 



y 

/ 




J^F X =wgsin0-/ s =ma s , (1) 

Y J F y =F n -mgcos6 = Q, (2) 
and 

Z r o = -/> = / o« ( 3 ) 



Substitute for I 0 and a in equation 
(3) and solve for f s : 



/ s r = (fw 2 )-=>/ s =fma s 



Substitute for f s in equation (1) and 
solve for a: 



a s = ygsin^ 



Proceed as above for the thin-walled 
cylinder to obtain: 

Using a constant-acceleration 
equation, relate the distance traveled 
down the incline to its acceleration 
and the elapsed time: 

Because As is the same for both objects: 



gsin^ 



As = v 0 At + \a(At) 2 

or, because v 0 = 0, 
As = \a{At) 2 



2 2 

at —at 

s s cc 



(4) 



where 

t 2 c = (f, + 2.4 ) 2 =t 2 s +4.8^+5.76 
provided t c and t s are in seconds. 



Substitute for a s and a c to obtain the 
quadratic equation: 



^+4.8; s +5.76 = ^ s 2 
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Solve for the positive root to obtain: 



t. = 12.3s 



Substitute in equation (4), simplify, 
and solve for 0 : 



6 = sin 



14Ay 



Substitute numerical values and 
evaluate 9: 



6 = sin" 1 



14(3 m) 
5(9.8 lm/s 2 )(l2.3s) 2 



0.324° 
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Picture the Problem The kinetic energy of the wheel is the sum of its translational and 
rotational kinetic energies. Because the wheel is a composite object, we can model its 
moment of inertia by treating the rim as a cylindrical shell and the spokes as rods. 
Express the kinetic energy of the 
wheel: 



K = ^trans + ^rot 



=\M t y+\i cm co 2 



= LM v 2 +±I — 

2 1V1 tot v T 2 1 cm ^2 



where M ot = M A 



AM, 



spoke 



Express the moment of inertia of 
the wheel: 



cm rim "^spokes 



= M nm R 2 +4(\M spoke R 2 ) 
= (M nm +jM spoke )R 2 



Substitute for I cm in the equation 
forK: 



K = W to y+l[(M nm +iM spoke )R 2 ] 
= [|(M tot +M nm ) + fM spoke ]v 2 



Substitute numerical values and 
evaluate K: 



i: = [i(7.8kg + 3kg) + f(l.2kg)](6m/s) 2 



223 J 
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Picture the Problem Let M represent the 
combined mass of the two disks and their 
connecting rod and / their moment of 
inertia. The object's initial potential energy 
is transformed into translational and 
rotational kinetic energy as it rolls down 
the incline. The force diagram shows the 
forces acting on this composite object as it 
rolls down the incline. Application of 
Newton's 2 nd law will allow us to derive an 
expression for the acceleration of the 
object. 



/ 




(a) Apply Newton's 2 m law to the 
disks and rod: 



Eliminate f s and a between 
equations (1) and (3) and solve for a 
to obtain: 



Y J F X = Mgsin0-f s =Ma 
Y J F y =F n -Mgcos0 = O, 
and 

Z r o =f s r = Ia 



a = 



Mg sin 6 



M + - 



(1) 
(2) 

(3) 
(4) 



Express the moment of inertia of the 
two disks plus connecting rod: 



' = 2/ dlsk +/ rod 



= 2 (i m d, S k^ 2 )+i m rod>" 2 



Substitute numerical values and 
evaluate /: 



/ = (20kg)(0.3m) 2 + j(lkg)(0.02m) 2 
= 1.80kg-m 2 



Substitute in equation (4) and 
evaluate a: 



a = 



(41kg)(9.81m/s 2 )sin30° 



41kg + 



1.80kg-iri 
(0.02 m) 2 



= 0.0443 m/s 2 



(b) Find a from a: 



a 



a _ 0.0443 m/s z 
r~ 0.02 m 



2.21rad/s 2 
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(c) Express the kinetic energy of 
translation of the disks-plus-rod 
when it has rolled a distance As 
down the incline: 



Using a constant-acceleration 
equation, relate the speed of the 
disks-plus-rod to their acceleration 
and the distance moved: 



v = v 0 + 2aAs 

or, because vo = 0, 
v 2 = 2a As 



Substitute to obtain: 



K t _„ = Ma As 



= (41kg)(0.0443m/s 2 )(2m) 



3.63J 



(d) Express the rotational kinetic 
energy of the disks after rolling 2 m 
in terms of their initial potential 
energy and their translational kinetic 
energy: 

Substitute numerical values and 
evaluate K rot : 



K rot = U, - K trm& = Mgh - K u 



K rot =(41kg)(9.81m/s 2 )(2m)sin30 c 
-3.63J 



= 399J 
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Picture the Problem We can express the coordinates of point P as the sum of the 

coordinates of the center of the wheel and the coordinates, relative to the center of the 
wheel, of the tip of the vector F 0 . Differentiation of these expressions with respect to time 

will give us the x and y components of the velocity of point P. 



(a) Express the coordinates of point 
P relative to the center of the wheel: 



x = r 0 cos 6 
and 

y = r 0 sin 6 



Because the coordinates of the 
center of the circle are X and R: 



(x P ,y P )= (X + r 0 cosd,R + r 0 smd) 
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(b) Differentiate xp to obtain: 



v p, = —{X + r Q cos0) 
at 



dX 
dt 



- r n sin 0 



d6_ 
dt 



Note that 

dX , d6 

= V and — = -co = 

dt dt 

Differentiate y P to obtain: 



V 

so: 

R 



v p, = 



R 



v Pv =^-(R + r o smd) = r o cos0-^- 
dt dt 



dO V 

Because = —CD = 

dt R 



V Py = 



r V 
R 



(c) Calculate v f : 



v r =v Px r x +v Py r y 



F + ^-sin# 



v 



R 



(r 0 cos 6) 



J 



\ 



v R 



(R + r 0 sin 6) 



0 



(d) Express v in terms of its components: 



Express r in terms of its components: 



V + ^-sin0 | + 
R 



r_l_ 
R 



COS& 



V R R 2 



r = Jr? + rl 



= yj(r Q cos0f +(R + r 0 sintf) 2 



= *Jl + 2^-sin0 + r ° 



R 



R' 



Divide v by r to obtain: 



v 

00 = — = 
r 



V_ 
R 
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Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. We can find the accelerations of 
the block and cylinder by applying 
Newton's 2 nd law and solving the resulting 
equations simultaneously. 

Apply 2^F X = ma v to the block: 
Apply ^ F x = ma x to the cylinder: 
Apply ^r CM = I CM cc to the cylinder: 

Substitute for/ C M in equation (3) 
and solve for /=/' to obtain: 




F —f'= ma B 
f=Ma c , 
JR = I CM a 
f = \MRa 



1 


7 


111 










F 








L 







(1) 

(2) 
(3) 
(4) 



Relate the acceleration of the block 
to the acceleration of the cylinder: 



Equate equations (2) and (4) and 
substitute from (5) to obtain: 

Substitute equation (4) in equation (1) 
and substitute for a c to obtain: 



CI £ I 



or, because a C B = —Ra is the acceleration 
of the cylinder relative to the block, 



a. 



a B - Ra 



and 

Ra = a. 



F -\Ma u = ma. 



(5) 



Solve for a B : 



3F 



M + 3m 
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Picture the Problem Let the letter B 
identify the block and the letter C the 
cylinder. In this problem, as in Problem 97, 
we can find the accelerations of the block 
and cylinder by applying Newton's 2 nd law 
and solving the resulting equations 
simultaneously. 








7 


in 










F 


1 


»'g 
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Apply ^ F x = ma x to the block: 



F-f = ma B 



(1) 



Apply 2_ l F x = ma x t0 tne cylinder: / = Ma c , 

A PPly X r cM = ^cm" t0 the cylinder: fR = I CM a 

Substitute for 7 CM in equation (3) / = \MRa 
and solve for f. 



(2) 
(3) 
(4) 



Relate the acceleration of the block 
to the acceleration of the cylinder: 



or, because acb = -Ra, 
a c = a B - Ra 

and 

Ra = a B -a c 



(5) 



(a) Solve for a and substitute for a B 
to obtain: 



a = 



7? 



7? 



7? 



2F 



i?(M + 3m) 



From the force diagram it is evident 
that the torque and, therefore, a is in 
the counterclockwise direction. 



(b) Equate equations (2) and (4) and 
substitute (5) to obtain: 



From equations (1) and (4) we 
obtain: 



F -\Ma B = ma B 



Solve for a B : 



3F 



M + 3m 



Substitute to obtain the linear 
acceleration of the cylinder relative 
to the table: 



a c ~ 3 a B ~ 



F 



M + 3m 



(c) Express the acceleration of the 
cylinder relative to the block: 
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Picture the Problem Let the system 
include the earth, the cylinder, and the 
block. Then F is an external force that 
changes the energy of the system by doing 
work on it. We can find the kinetic energy 
of the block from its speed when it has 
traveled a distance d. We can find the 
kinetic energy of the cylinder from the sum 
of its translational and rotational kinetic 
energies. In part (c) we can add the kinetic 
energies of the block and the cylinder to 
show that their sum is the work done by 
F in displacing the system a distance d. 

(a) Express the kinetic energy of the block: 

Using a constant-acceleration 
equation, relate the velocity of the 
block to its acceleration and the 
distance traveled: 

Substitute to obtain: 

Apply = wa r to trie block: 

Apply 2^, F% = ma x t° me cylinder: 

Apply Ys T cm =I C M atothe 
cylinder: 

Substitute for 7 CM in equation (4) 
and solve for /: 
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- 2F 

M +3m 



y 




= ^oa block =\ mV l 

v b = v o + 2a B d 

or, because the block starts from rest, 



Vg = 2a B d 

K B = \m{2a B d) = ma B d (1) 

F-f = ma B (2) 

f=Ma c , (3) 

JR = I CM a (4) 

f = \MRa (5) 



Relate the acceleration of the block a c — a B + a CB 

to the acceleration of the cylinder: OT) because a CB = -Ra, 
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a c = a B - Ra 



and 

Ra = a B -a c 



(6) 



Equate equations (3) and (5) and 
substitute in (6) to obtain: 



a B = 3a c 



Substitute equation (5) in equation 
(2) and use a B = 3a c to obtain: 



F - Ma c = ma B 



or 

F -\Ma B = ma B 



Solve for a B : 



F 



m + \M 



Substitute in equation (1) to obtain: 



mFd 
m + \M 



(b) Express the total kinetic energy of 
the cylinder: 



^ yl =^ ra „ S +^o t =l^+{/ CM « 2 



= ±Mv 2 + 1 I 

2 1V1V C ^ 2 J CM ^2 

where v CB = v c - v B . 



(7) 



In part (a) it was established that: 



a B = 3a c 



Integrate both sides of the equation 
with respect to time to obtain: 



v B = 3v c + constant 

where the constant of integration is 
determined by the initial conditions that v c 
= 0 when v B = 0. 



Substitute the initial conditions to obtain: 



constant = 0 
and 

v B = 3v c 



Substitute in our expression for v C b 
to obtain: 



v CB =v c -v B =v c - 3v c = -2v c 



Substitute for 7 C m and vcb in 
equation (7) to obtain: 



(8) 
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Because v c = }v B : 



2 i 2 
V C =i V B 



It part (a) it was established that: 



v B = 2a B d 
and 



Substitute to obtain: 



m + \M 
2Fd 



F 



K m + \M j 



9{m + \M) 



Substitute in equation (8) to obtain: 



2Fd 



9(m + \M) 



MFd 



3(m + }M) 



(c) Express the total kinetic energy 
of the system and simplify to obtain: 



^tot = K B + K cyl 

mFd 



MFd 



m + \M 3(m + ^M) 
(3m +M) 
3(m + \M) 



Fd = 



Fd 
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Picture the Problem The forces 
responsible for the rotation of the gears are 
shown in the diagram to the right. The 
forces acting through the centers of mass of 
the two gears have been omitted because 
they produce no torque. We can apply 
Newton's 2 nd law in rotational form to 
obtain the equations of motion of the gears 
and the not slipping condition to relate 
their angular accelerations. 

(a) Apply ^ r = la to the gears to 
obtain their equations of motion: 




2N-m- 
and 



FR 2 = I 2 a 2 



FR t = I x a x 



(1) 



(2) 



where F is the force keeping the gears from 
slipping with respect to each other. 



Because the gears do not slip 



R l a l = R 2 a 2 
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relative to each other, the tangential 
accelerations of the points where 
they are in contact must be the 
same: 



or 



R 



Ct 'i CC-\ -l CC\ 

2 R 2 1 21 



(3) 



Divide equation (1) by R\ to obtain: 



2N-m /, 

— F = —a. 



R, 



R 



Divide equation (2) by R 2 to obtain: 



F = — or, 



Add these equations to obtain: 



2 N • m /, /, 
= —a 1 + — a 2 

R l i?j i?2 



Use equation (3) to eliminate a 2 : 



2 N • m L /, 

= —a x H — —or, 

Ry 2i?2 



Solve for ai to obtain: 



2N-m 
1 27?, 2 



Substitute numerical values and 
evaluate a,\. 



2N-m 



lkg.m 2 + ^(l6kg.m 2 ) 
21m 



= 0.400 rad/s 2 



Use equation (3) to evaluate a 2 : 



a 2 = |(o.400 rad/s 2 ) = 



0.200 rad/s 2 



(6) To counterbalance the 2-N-m 
torque, a counter torque of 2 N-m 
must be applied to the first gear. Use 
equation (2) with a.\ = 0 to find F: 



2N-m-Fi? 1 =0 
and 



F = 



2N-m 2N-m 



R, 



0.5 m 



4.00N 
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Picture the Problem Let r be the radius of 
the marble, m its mass, R the radius of the 
large sphere, and v the speed of the marble 
when it breaks contact with the sphere. The 
numeral 1 denotes the initial configuration 
of the sphere-marble system and the 
numeral 2 is configuration as the marble 
separates from the sphere. We can use 
conservation of energy to relate the initial 
potential energy of the marble to the sum 
of its translational and rotational kinetic 
energies as it leaves the sphere. Our choice 
of the zero of potential energy is shown on 
the diagram. 




(a) Apply conservation of energy: 



AU + AK = 0 
or 



Because U 2 ^K l = 0: 



mg[R + r-(R + r)cos 6>] 



+ \mv 2 +\Ico 2 = 0 



or 



mg[(R + r)(l-cos0)] 

+ \mv 2 +\Ico 2 = 0 



Use the rolling-without-slipping 
condition to eliminate ax. 



mg[(R + r)(l-cos0)] 



+ \mv 2 +{/— = 0 
r 



From Table 9-1 we have: 



_ 2 - 



Substitute to obtain: 



-mg[(R + r)(l-cas0)] 

+ \mv 2 +j(jmr 2 )^j = 0 



or 



mg[(R + r)(\- cos &)] 
+ \mv 2 +\mv 2 = 0 



Solve for v to obtain: 



v 2 = l^- g(R + r )(\- cos 0) 



Apply ^ F r = ma r to the marble as 
it separates from the sphere: 



mg cos 6 = m 



R + r 



or 
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COS0 



g 



{R + r) 



Substitute for v : 



COS0 = 



g(R + r) 



yg(i? + r)(l-cos#) 



y(l-cos^) 



Solve for and evaluate 0 : 



6 = cos~ 



rio^ 








54.0° 


U7; 







(b) 



The force of friction is always less than ju s multiplied by the normal 
force on the marble. However, the normal force decreases to 0 at the 
point where the ball leaves the sphere, meaning that the force of 
friction must be less than the force needed to keep the ball rolling 
without slipping before it leaves the sphere. 



Rolling With Slipping 
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Picture the Problem Part (a) of this problem is identical to Example 9-16. In part (b) we 
can use the definitions of translational and rotational kinetic energy to find the ratio of the 
final and initial kinetic energies. 



(a) From Example 9-16: 



12 Vp 
49 // k g 

2 v 0 
7 M k g 



, and 



Mi 



(b) When the ball rolls without K f = K tnns + K 

slipping, vi = ra>. Express 
kinetic energy of the ball: 



rot 



slipping, vi = rco. Express the final = \Mv\ +\Ia> 1 



= \Mvt+\{\Mr 2 )\ 
r 
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Express the ratio of the final and 
initial kinetic energies: 



K t \Mvl 



(c) Substitute in the expressions in 
(a) to obtain: 



_ 12 (8m/s) 2 

~ 49 (0.06)(9.81m/s 2 ) 



26.6m 



8m/s 



7 (0.06)(9.81m/s 2 ) 



3.88s 



Vi =-(8m/s) = 



5.71 m/s 
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Picture the Problem The cue stick's blow delivers a rotational impulse as well as a 
translational impulse to the cue ball. The rotational impulse changes the angular 
momentum of the ball and the translational impulse changes its linear momentum. 



Express the rotational impulse P mX 
as the product of the average torque 
and the time during which the 
rotational impulse acts: 

Express the average torque it 
produces about an axis through the 
center of the ball: 

Substitute in the expression for P rot 
to obtain: 



T av =P 0 {h-r)sm6> = P () {h-r) 

where 6 (= 90°) is the angle between F 
and the lever arm h — r. 

P rot =P 0 (h-r)At = (P 0 At){h-r) 
= P^{h-r) = AL=Ico 0 



The translational impulse is also 
given by: 

Substitute to obtain: 



mv 0 (h - r) = jmr 2 a> 0 



Solve for coo'- 



Q) 0 = 



2r' 
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Picture the Problem The angular velocity 
of the rotating sphere will decrease until 
the condition for rolling without slipping is 
satisfied and then it will begin to roll. The 
force diagram shows the forces acting on 
the sphere. We can apply Newton's 2 nd law 
to the sphere and use the condition for 
rolling without slipping to find the speed of 
the center of mass when the sphere begins 
to roll without slipping. 




Relate the velocity of the sphere 
when it begins to roll to its 
acceleration and the elapsed time: 



v = aAt 



0 



Apply Newton's 2 nd law to the 
sphere: 



= A = ma . 
Z F ; =F n ~mg = 0, 
and 

Z r o = f k r = I 0 a 



(3 



Using the definition off k and F n 
from equation (3), substitute in 
equation (2) and solve for a: 



Substitute in equation (1) to obtain: 



v = aAt = ju k gAt 



(5 



Solve for a in equation (4): 



a = 



f k r mar = 5 f\g 
I 0 jinr 2 2 r 



Express the angular speed of the 
sphere when it has been moving for 
a time At: 



co = co 0 - a At = a> 0 - ~^ k ^ At 

2r 



Express the condition that the 
sphere rolls without slipping: 



rco 



Substitute from equations (5) and 
(6) and solve for the elapsed time 
until the sphere begins to roll: 



At 



2 rco 0 
7 M^g 
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Use equation (4) to find v when the 
sphere begins to roll: 



Might 



2 ra> 0 ^ k g 
7 Acg 



2ro n 
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Picture the Problem The sharp force 
delivers a rotational impulse as well as a 
translational impulse to the ball. The 
rotational impulse changes the angular 
momentum of the ball and the translational 
impulse changes its linear momentum. In 
parts (c) and (d) we can apply Newton's 2 nd 
law to the ball to obtain equations 
describing both the translational and 
rotational motion of the ball. We can then 
solve these equations to find the constant 
accelerations that allow us to apply 
constant-acceleration equations to find the 
velocity of the ball when it begins to roll 
and its sliding time. 




/ I I I I I I I I T 



(a) Relate the translational impulse 
delivered to the ball to its change in 
its momentum: 



Solve for v 0 : 



F At 



m 



Substitute numerical values and 
evaluate v 0 : 



_ (20kN)(2xl(T 4 s)_ 
" 0.02kg " 



200 m/s 



(b) Express the rotational impulse 
P rot as the product of the average 
torque and the time during which 
the rotational impulse acts: 



Letting h be the height at which the 
impulsive force is delivered, express 
the average torque it produces about 
an axis through the center of the ball: 

Substitute h - r for t and 90° for 9 



r av = Fi sin 0 

where 9 is the angle between F and the 
lever arm I . 
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to obtain: 

Substitute in the expression for P rot 
to obtain: 

Because iV™ = FAt: 



P tot =F(h-r)At 



P mt =P« am (h-r) = AL = Ico 0 
= jmr 2 co 0 



Express the translational impulse 
delivered to the cue ball: 



^trans = P 0^ = Ap = mV Q 



Substitute for A™, to obtain: 



Solve for coq. 



jmr 2 a> 0 = mv 0 



COr 



_5v 0 (h-r) 



2r 2 



Substitute numerical values and 
evaluate a>o' 



(Or 



_ 5(200 m/s)(0.09m- 0.05m) 
2(.05m) 2 



= 8000rad/s 



(c) and (d) Relate the velocity of the 
ball when it begins to roll to its 
acceleration and the elapsed time: 



v = aAt 



(1) 



Apply Newton's 2 nd law to the ball: 



= a = ma > 

X F > -= F n -mg = 0, 
and 

Z r o =Ar = I 0 a 



(2) 
(3) 

(4) 



Using the definition off k and F n 
from equation (3), substitute in 
equation (2) and solve for a: 



Substitute in equation (1) to obtain: 



v = aAt = /J k gAt 



(5) 



Solve for a in equation (4): 



= 7k r = mar = 5 // k g 
I 0 jinr 2 2 r 
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Express the angular speed of the ball 
when it has been moving for a time 
At: 



5 LLP 

co = co 0 - a At = co 0 — At (6) 

2r 



Express the speed of the ball when it 
has been moving for a time At: 



v = v Q +^gAt 



(7) 



Express the condition that the ball 
rolls without slipping: 



v = rco 



Substitute from equations (6) and 
(7) and solve for the elapsed time 
until the ball begins to roll: 



7 M^g 



Substitute numerical values and 
evaluate At: 



At = 



(0.05 m)(8000 rad/s) - 200 m/s 
(0.5)(9.81m/s 2 ) 



11.6s 



Use equation (4) to express v when 
the ball begins to roll: 

Substitute numerical values and 
evaluate v: 



v = v o + 



= 200 m/s + (0.5)(9.8 1 m/s 2 )(l 1 .6 s) 



= 257 m/s 
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Picture the Problem Because the impulse is applied through the center of mass, 
coq = 0. We can use the results of Example 9-16 to find the rolling time without slipping, 
the distance traveled to rolling without slipping, and the velocity of the ball once it begins 
to roll without slipping. 



(a) From Example 9-16 we have: 



2 v 0 
7 fJ k g 



Substitute numerical values and 
evaluate t\ : 



U = 



4 m/s 



1 7 (0.6)(9.81m/s 2 ) 



0.194s 



(b) From Example 9-16 we have: 



s i = 



12 

49 Mkg 
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Substitute numerical values and 
evaluate si - . 

(c) From Example 9-16 we have: 



12 (4m/s) 2 
49 (0.6)(9.81m/s 2 ) 



0.666m 



Substitute numerical values and 
evaluate vi: 



Vl =-(4m/s) = 



2.86m/s 
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Picture the Problem Because the 
impulsive force is applied below the center 
line, the spin is backward, i.e., the ball will 
slow down. We'll use the impulse- 
momentum theorem and Newton's 2 nd law 
to find the linear and rotational velocities 
and accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the elapsed 
time to rolling without slipping. 




(a) Express the rotational impulse 
delivered to the ball: 



P 2R T 

p m t = mv Q r = mv 0 — = I cm o 0 



= (jmR% 



Solve for a>o- 



Q) 0 = 



5 

3 R 



(b) Apply Newton's 2 nd law to the 
ball to obtain: 



IX = F n ~mg = 0, 
and 

Z F v =-A = ma 



(1) 
(2) 

(3) 



Using the definition of/k and F n 
from equation (2), solve for a: 



a = 



M k mgR _ /^mgR _ 5ju k g 



L 



mR z 



2R 



Using a constant-acceleration 
equation, relate the angular speed of 
the ball to its acceleration: 



5/Uvg 

co = co 0 + aAt = co 0 + At 
2R 
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Using the definition of/k and F n 
from equation (2), solve equation 
(3) for a: 



Using a constant-acceleration 
equation, relate the speed of the ball 
to its acceleration: 



v = v 0 + aAt = v 0 - jU k gAt 



(4) 



Impose the condition for rolling 
without slipping to obtain: 



R 



G) 0 + 



2R 



At 



Solve for At: 



16 v 0 

At = 



21 Mtg 



Substitute in equation (4) to obtain: 



v = v 0 ~M k g 



16 

21 A 



g 



5 

= Ti v ° 



0.238v ft 



(c) Express the initial kinetic energy 
of the ball: 



(d) Express the work done by friction 
in terms of the initial and final kinetic 
energies of the ball: 



_ i 



mv„ +\Ico n 



trans ' "rot 2 " lK 0 1 2 ± ^0 



3R 



19 



18 0 



1.056mv 2 



W fr =K l -K f 



Express the final kinetic energy of the 
ball: 



K r =\mv 2 +\I cm (o 



= \ mv 2 + \ (f mR 2 = ± mv 2 
= ^m(0.238v 0 ) 2 =0.0397mv 2 



Substitute to find W&: 



W 6 = 1.056mv 2 -0.0397mv 2 



\.0\6mv 2 
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Picture the Problem The figure shows the 
forces acting on the bowling during the 
sliding phase of its motion. Because the 
ball has a forward spin, the friction force is 
in the direction of motion and will cause 
the ball's translational speed to increase. 
We'll apply Newton's 2 nd law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the elapsed 
time to rolling without slipping. 




(a) and (b) Relate the velocity of the 
ball when it begins to roll to its 
acceleration and the elapsed time: 



v = v n + aAt 



(1) 



Apply Newton's 2 nd law to the ball: 



Z F v =A=ma, 
Y. F y =F n ~mg = 0, 
and 



(2) 
(3) 

(4) 



Using the definition of fy and F n 
from equation (3), substitute in 
equation (2) and solve for a: 



Substitute in equation (1) to obtain: 



v 0 + aAt = v 0 +jU k gAt 



(5) 



Solve for a in equation (4): 



a = 



f k R maR 5 // k g 



2 R 



Relate the angular speed of the ball 
to its acceleration: 



CO = CO 



0 



5 ajt 

2 R 



At 



Apply the condition for rolling 
without slipping: 



v = Rco = R 



OL>n 



2 R 



= R 



^L-^A? 
R 2 R 



Rotation 705 



3v n 



-Might 



(6) 



Equate equations (5) and (6) and 
solve At: 



At 



4 v 0 
7 M k g 



Substitute for At in equation (6) to 
obtain: 

(c) Relate Ax to the average speed of 
the ball and the time it moves before 
beginning to roll without slipping: 



11 

7 ° 



1.57v„ 



&c = v m At = ±{v 0 +v)At 



_ j_ 

2 



11 Y 4v (> N 



v o+— v o 



36 

49 Mk g 



1 ^g 



0.735- 
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Picture the Problem The figure shows the 
forces acting on the cylinder during the 
sliding phase of its motion. The friction 
force will cause the cylinder's translational 
speed to decrease and eventually satisfy the 
condition for rolling without slipping. 
We'll use Newton's 2 nd law to find the 
linear and rotational velocities and 
accelerations of the ball and constant- 
acceleration equations to relate these 
quantities to each other and to the distance 
traveled and the elapsed time until the 
satisfaction of the condition for rolling 
without slipping. 

(a) Apply Newton's 2 nd law to the 
cylinder: 




Y i F x =-f k =Ma, (1) 

Y J F y =F n -Mg = 0, (2) 
and 

2> 0 =/ k i? = / 0 a (3) 



Use f\ = /LiyFa to eliminate F a 
between equations (1) and (2) and 
solve for a: 



a = ~^g 
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Using a constant-acceleration 
equation, relate the speed of the 
cylinder to its acceleration and the 
elapsed time: 



v = v 0 + aAt = v 0 - ju k gAt 



Similarly, eliminate fk between 
equations (2) and (3) and solve for 
a: 



a = 



R 



Using a constant-acceleration 
equation, relate the angular speed of 
the cylinder to its acceleration and 
the elapsed time: 



2// a 

€0 = 60,+ aAt = k At 
R 



Apply the condition for rolling 
without slipping: 



v = v 0 - /u k gAt = Rco = R 



R 



Solve for At: 



At= V ° 



Substitute for At in the expression 
for v: 



(b) Relate the distance the cylinder 
travels to its average speed and the 
elapsed time: 



A* = v av A? = i(v 0 +fv 0 ) 



5 


2 


18 





(c) Express the ratio of the energy 
dissipated in friction to the cylinder's 
initial mechanical energy: 



W ft _ K i -K t 

K : K; 



Express the kinetic energy of the 
cylinder as it begins to roll without 
slipping: 



K f =\Mv 2 +\I cm G> 



MS + \{\MR^ 



-Mv 2 =-M\ -v n I =-Mvl 



3 
4 



1 

3 



Substitute for K\ and Kf and simplify 
to obtain: 
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Picture the Problem The forces acting on 
the ball as it slides across the floor are its 

weight mg, the normal force F n exerted by 

the floor, and the friction force / . Because 
the weight and normal force act through 
the center of mass of the ball and are equal 
in magnitude, the friction force is the net 
(decelerating) force. We can apply 
Newton's 2 nd law in both trans lational and 
rotational form to obtain a set of equations 
that we can solve for the acceleration of the 
ball. Once we have determined the ball's 
acceleration, we can use constant- 
acceleration equations to obtain its velocity 
when it begins to roll without slipping. 




(a) Apply = ma to the ball: 



From the definition of the 
coefficient of kinetic friction we 
have: 

Solve equation (2) for F n : 
Substitute in equation (3) to obtain: 
Substitute in equation (1) to obtain: 



Apply y] t = la to the ball: 
Solve for a to obtain: 



ma 



and 

Z F v = F n ~mg = 0 
f = M k F a 



F B =mg 
f = M^mg 



ju k mg = ma 



or 



a = ~ju k g 
fr = la 



a 



_ fr _ M k mgr 



Assuming that the coefficient of 
kinetic friction is constant*, we 
can use constant-acceleration 
equations to describe how long 
it will take the ball to begin 



"f 

and 



•v = a At = -/j k gAt 
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rolling without slipping: 



Once rolling without slipping 
has been established, we also 
have: 

Equate equations (5) and (6): 



CO, 



_ v f 



v f = fi k gmr 
r I 



At 



(6) 



Solve for At: 



At = 



H k gmr 



Substitute in equation (4) to obtain: 



I 



mr 



.2 "f 



Solve for v f : 




(b) Express the total kinetic 
energy of the ball: 



TS 1 2 1 T 2 

2 f 2 f 



Because the ball is now rolling without slipping, v = rco f and: 



r 1 f 
K = — m 

2 I 



1 



1 + 1/ mr 



1 



^ 2 v 2 



1 + 1/ mr 1 



1 2 

— mv 
2 



(l + //mr 2 ) 



>2A 



+ mr 2 j 



1 



1 



\ + I I mr 



* Remarks: This assumption is not necessary. One can use the impulse-momentum 
theorem and the related theorem for torque and change in angular momentum to 
prove that the result holds for an arbitrary frictional force acting on the ball, so long 
as the ball moves along a straight line and the force is directed opposite to the 
direction of motion of the ball. 



General Problems 
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Picture the Problem The angular velocity of an object is the ratio of the number of 
revolutions it makes in a given period of time to the elapsed time. 
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The moon's angular velocity is: 



co = 



lrev 



27.3 days 
lrev 



27rrad lday lh 
■x x — x- 



27.3days rev 24h 3600s 



= 2.66xl0~ 6 rad/s 
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Picture the Problem The moment of inertia of the hoop, about an axis perpendicular to 
the plane of the hoop and through its edge, is related to its moment of inertia with respect 
to an axis through its center of mass by the parallel axis theorem. 



Apply the parallel axis theorem: 



/ = / + Mh 2 = MR 2 + MR 2 = 



2mR z 
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Picture the Problem The force you exert on the rope results in a net torque that 
accelerates the merry-go-round. The moment of inertia of the merry-go-round, its angular 
acceleration, and the torque you apply are related through Newton's 2 nd law. 

(a) Using a constant-acceleration Ad = co 0 At + \a{Atf 

equation, relate the angular Qr> because ^ = 0> 

displacement of the merry-go-round AO — -a{Atf 
to its angular acceleration and 
acceleration time: 

Solve for and evaluate a; _ 2Aff _ 2(2^ rad) 

a ~(Atf- (12s) 2 



0.0873 rad/s 2 



(b) Use the definition of torque to obtain: T -p r - (260 N)(2.2 m) = 



572N-m 



(c) Use Newton's 2 nd law to find the 
moment of inertia of the merry-go- 
round: 



I= r mt _ 572N-m 



a 0.0873 rad/s 2 



6.55 xlO 3 kg-m 2 
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Picture the Problem Because there are no 
horizontal forces acting on the stick, the 
center of mass of the stick will not move in 
the horizontal direction. Choose a 
coordinate system in which the origin is at 
the horizontal position of the center of 
mass. The diagram shows the stick in its 
initial raised position and when it has fallen 
to the ice. 




— - v,m 



Express the displacement of the right 
end of the stick Ax as the difference 
between the position coordinates x 2 
and X2- 

Using trigonometry, find the initial 
coordinate of the right end of the 
stick: 



x x = tcos0 = (lm)cos30° = 0.866m 



Because the center of mass has not 
moved horizontally: 

Substitute to find the displacement of 
the right end of the stick: 



x 2 = £ = 1 m 



Ax = lm-0.866m= 0.134m 
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Picture the Problem The force applied to the string results in a torque about the center 
of mass of the disk that accelerates it. We can relate these quantities to the moment of 
inertia of the disk through Newton's 2 nd law and then use constant-acceleration equations 
to find the disk's angular velocity the angle through which it has rotated in a given period 
of time. The disk's rotational kinetic energy can be found from its definition. 



(a) Use the definition of torque to 
obtain: 



(b) Use Newton's 2 nd law to express 
the angular acceleration of the disk 
in terms of the net torque acting on 
it and its moment of inertia: 



t = Fi? = (20N)(0.12m) : 



2.40N-m 



a 



Substitute numerical values and 
evaluate a: 



a 



2(2.40 N-m) 
"(5kg)(0.12m) 2 



66.7rad/s 2 



(c) Using a constant-acceleration 
equation, relate the angular velocity 
of the disk to its angular 



a> = a> 0 + aAt 

or, because a> 0 = 0, 
co = aAt 
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acceleration and the elapsed time: 



Substitute numerical values and 
evaluate a>: 

(d) Use the definition of rotational 
kinetic energy to obtain: 

Substitute numerical values and 
evaluate K rot : 



» = (66.7rad/s 2 )(5s) = 



333rad/s 



K mt = \Ioo 2 = \{\MR 2 )cd 2 



K mt = j(5kg)(0.12m) 2 (333rad/s) 2 



2.00 kJ 



(e) Using a constant-acceleration 
equation, relate the angle through 
which the disk turns to its angular 
acceleration and the elapsed time: 

Substitute numerical values and 
evaluate A 0 : 



AO = co (s At + \a(Atf 

or, because coq = 0, 
A0 = ±a(Atf 

A# = |(66.7rad/s 2 )(5s) 2 



834 rad 



(/) Express K in terms of r and 0 : 



K = \Ioo 2 =\ 



(-) 
[a) 



(aAtf = jaT(At) 2 



= xA6 



115 

Picture the Problem The diagram shows 
the rod in its initial horizontal position and 
then, later, as it swings through its vertical 
position. The center of mass is denoted by 
the numerals 0 and 1 . Let the length of the 
rod be represented by L and its mass by m. 
We can use Newton's 2 nd law in rotational 
form to find, first, the angular acceleration 
of the rod and then, from 
a, the acceleration of any point on the rod. 
We can use conservation of energy to find 
the angular velocity of the center of mass 
of the rod when it is vertical and then use 
this value to find its linear velocity. 



r 



/ 



/ 



L/ = 0 



(a) Relate the acceleration of the 
center of the rod to the angular 



L 



la 



-a 



712 Chapter 9 



acceleration of the rod: 



Use Newton's 2 nd law to relate the 
torque about the suspension point of 
the rod (exerted by the weight of the 
rod) to the rod's angular 
acceleration: 



Mg- , 
a _ T _ 2 _ 3g 

/ |MZ 2 2Z 



Substitute numerical values and 
evaluate a: 



3(9.81m/s 2 ) 2 

a = ^ = 1 8.4 rad/s 

2(0.8 m) 



Substitute numerical values and 
evaluate a: 

(b) Relate the acceleration of the 
end of the rod to a: 



a=^(0.8m)(l8.4rad/s 2 ) = 



7.36m/s 2 



a end =La = (0.8m)(l8.4rad/s 2 ) 



= 14.7 m/s 2 



(c) Relate the linear velocity of the v = caAh = \coL 

center of mass of the rod to its 
angular velocity as it passes through 
the vertical: 



Use conservation of energy to relate 
the changes in the kinetic and 
potential energies of the rod as it 
swings from its initial horizontal 
orientation through its vertical 
orientation: 



AK + AU = K i -K 0 +U l -U Q =0 

or, because K 0 =Ui = 0, 
K x -U 0 =0 



Substitute to obtain: \I p 6) 2 =mgAh 



Substitute for Ah and solve for or. 3 e 

co - J— 
V L 



Substitute to obtain: 



Substitute numerical values and evaluate v: v = i ^3^9.8 1 m/s 2 )(0.8 m) = 



2.43 m/s 
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Picture the Problem Let the zero of gravitational potential energy be at the bottom of 
the track. The initial potential energy of the marble is transformed into translational and 
rotational kinetic energy as it rolls down the track to its lowest point and then, because 
the portion of the track to the right is frictionless, into translational kinetic energy and, 
eventually, into gravitational potential energy. 

Using conservation of energy, relate 
h 2 to the kinetic energy of the 
marble at the bottom of the track: 

Substitute for K\ and Uf to obtain: 
Solve for h 2 : 



Using conservation of energy, relate 
hi to the kinetic energy of the 
marble at the bottom of the track: 

Substitute for K f and C7; to obtain: 

Substitute for I and solve for v 2 to 
obtain: 

Substitute in equation (1) to obtain: 
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Picture the Problem To stop the wheel, the tangential force will have to do an amount of 
work equal to the initial rotational kinetic energy of the wheel. We can find the stopping 
torque and the force from the average power delivered by the force during the slowing of 
the wheel. The number of revolutions made by the wheel as it stops can be found from a 
constant-acceleration equation. 

(a) Relate the work that must be W = \Ia> 2 = j{jinr 2 )co 2 = jinr 2 co 2 

done to stop the wheel to its kinetic 

energy: 



AK + AU = 0 

or, because K { =U\ = 0, 

-Ki +U { = 0 

-\Mv 2 -Mgh 2 =0 




(1) 



AK + AU = 0 

or, because K l =U{ = 0, 

K f -U i =0 

\Mv 2 +\Ico 2 -Mgh x =0 

h =i^ = m 
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Substitute numerical values and 
evaluate W: 



W = |(l20kg)(l.4m) 2 



1 1™ rev 27rrad lmin 
llOO x x 

min rev 60s 



780kJ 



(b) Express the stopping torque is 
terms of the average power 
required: 



Solve for x : 



r = ■ 



Substitute numerical values and 
evaluate r: 



780kJ 



(2.5min)(60s/min) 
(ll00rev/min)(27r rad/rev)(lmin/60s) 



90.3N-m 



Relate the stopping torque to the 
magnitude of the required force and 
solve for F: 



F 



x 90.3N-m 



R 0.6m 



I5l N 



(c) Using a constant- acceleration 
equation, relate the angular 
displacement of the wheel to its 
average angular velocity and the 
stopping time: 

Substitute numerical values and 
evaluate Aft 



A0 = co At 



AO 



l I00rev/min^| 



(2.5 min) 



= I380rev 
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Picture the Problem The work done by the four children on the merry-go-round will 
change its kinetic energy. We can use the work-energy theorem to relate the work done 
by the children to the distance they ran and Newton's 2 nd law to find the angular 
acceleration of the merry-go-round. 
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(a) Use the work-kinetic energy 
theorem to relate the work done by 
the children to the kinetic energy of 
the merry-go-round: 



W 1Kt force =AK 



= K { 



or 

AFAs=\Ico 2 



Substitute for / and solve for As to obtain: Ia> 2 \mr 2 a) 2 mr 2 a> 2 

As = 



8F 8F 16F 



Substitute numerical values and 
evaluate As: 



(240kg)(2m) : 



As 



lrev 27rrad 

x 

2.8 s rev 



16(26N) 



= 11.6m 



(b) Apply Newton's 2 nd law to 
express the angular acceleration of 
the merry-go-round: 

Substitute numerical values and 
evaluate a: 



a = 



4Fr 

~i 2 



8F 
mr 



a 



8(26 N) 



(240kg)(2m) 



0.433 rad/s 2 



(c) Use the definition of work to 
relate the force exerted by each 
child to the distance over which that 
force is exerted: 



^ = FA5 = (26N)(ll.6m) : 



302 J 



(d) Relate the kinetic energy of the 
merry-go-round to the work that 
was done on it: 



net force 



= A£ = i: f -0 = 4FAs 



Substitute numerical values and 
evaluate W nAi0Ke : 



W m forC e =4(26N)(ll.6m) = 



1.21kJ 
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Picture the Problem Because the center of mass of the hoop is at its center, we can use 
Newton's second law to relate the acceleration of the hoop to the net force acting on it. 
The distance moved by the center of the hoop can be determined using a constant- 
acceleration equation, as can the angular velocity of the hoop. 



(a) Using a constant-acceleration 
equation, relate the distance the 



As 



2 a cm 



(At) 2 
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center of the travels in 3 s to the 
acceleration of its center of mass: 



Relate the acceleration of the center 
of mass of the hoop to the net force 
acting on it: 

Substitute to obtain: 



Substitute numerical values and 
evaluate As: 

(b) Relate the angular velocity of the 
hoop to its angular acceleration and 
the elapsed time: 



Use Newton's 2 nd law to relate the 
angular acceleration of the hoop to 
the net torque acting on it: 



Substitute to obtain: 



Substitute numerical values and 
evaluate co: 



As 



2m 



As 



(5N)(3s) 2 
2(1 .5 kg) 



15.0m 



co = a At 



a 



net 
I 



FR 
mR 2 



F 
mR 



co = 



FAt 
mR 



co = 



(5N)(3s) 



(l.5kg)(0.65m) 



15.4rad/s 
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Picture the Problem Let R represent the radius of the grinding wheel, M its mass, r the 
radius of the handle, and m the mass of the load attached to the handle. In the absence of 
information to the contrary, we'll treat the 25-kg load as though it were concentrated at a 
point. Let the zero of gravitational potential energy be where the 25-kg load is at its 
lowest point. We'll apply Newton's 2 nd law and the conservation of mechanical energy to 
determine the initial angular acceleration and the maximum angular velocity of the 
wheel. 



(a) Use Newton' s 2 nd law to relate _ _ mgr 

i 2 2 

the acceleration of the wheel to the / ^MR +mr 

net torque acting on it: 
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Substitute numerical values and 
evaluate a: 



a = 



(25kg)(9.81m/s 2 )(0.65m) 
i(60kg)(0.45m) 2 +(25kg)(0.65m) 2 



9.58rad/s 2 



(b) Use the conservation of 
mechanical energy to relate the 
initial potential energy of the load to 
its kinetic energy and the rotational 
kinetic energy of the wheel when 
the load is directly below the center 
of mass of the wheel: 

Substitute and solve for co: 



AK + AU = 0 

or, because Ki=Uf= 0, 



K 



f, trans 



+ ^ rot -[/,=0. 



\mv 2 +\(±MR 2 )o) 2 -mgr = 0, 
\mr 2 co 2 + \MR 2 co 2 - mgr = 0 , 
and 



co ■ 



Amgr 



2mr 2 +MR 



Substitute numerical values and 
evaluate co: 



co ■ 



I 4(25kg)(9.81m/s 2 )(0.65m) 
2(25kg)(0.65m) 2 +(60kg)(0.45m) 2 



4.38rad/s 
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Picture the Problem Let the smaller block 
have the dimensions shown in the diagram. 
Then the length, height, and width of the 
larger block are Si, Sh, and Sw, 
respectively. Let the numeral 1 denote the 
smaller block and the numeral 2 the larger 
block and express the ratios of the surface 
areas, masses, and moments of inertia of 
the two blocks. 

(a) Express the ratio of the surface 
areas of the two blocks: 




A 2 _ 2(Sw)(Sl)+2(Sl)(Sft) + 2(Sw)(S/t) 

4 2w£ + 2£h + 2wh 

_ S 2 (2wl + 2th + 2wh) 



2w£ + 2£h + 2wh 
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(b) Express the ratio of the masses 
of the two blocks: 



(c) Express the ratio of the moments 
of inertia, about the axis shown in 
the diagram, of the two blocks: 



In part (b) we showed that: 



M 2 _ pV 2 _V 2 _ (Sw)(St)(Sh) 
M l ~ pV\ ~ V x ~ wih 

_ S 3 (w£h) 
wih 



hM 2 



_{Sif+(Shf 
M 2 S 2 [i 2 +h 2 

Mj [e+h 2 ] 



(s 2 ) 



M^ = S 3 
M, 



Substitute to obtain: 



i.(s>)(s^ 



122 

Picture the Problem We can derive the perpendicular-axis theorem for planar objects by 
following the step-by-step procedure outlined in the problem. 



(a) and (b) 



^r 2 dm = | (x 2 + y 1 )dm 
| x 2 dm + J y 2 dm 



(c) Let the z axis be the axis of 
rotation of the disk. By symmetry: 



Express I z in terms of I x : 

Letting M represent the mass of the 
disk, solve for I x : 



L =21 



I X =\I Z =\{\MR 2 ) = 



\MR 2 
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Picture the Problem Let the zero of gravitational potential energy be at the center of the 
disk when it is directly below the pivot. The initial gravitational potential energy of the 
disk is transformed into rotational kinetic energy when its center of mass is directly 
below the pivot. We can use Newton's 2 nd law to relate the force exerted by the pivot to 
the weight of the disk and the centripetal force acting on it at its lowest point. 
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(a) Use the conservation of 
mechanical energy to relate the 
initial potential energy of the disk to 
its kinetic energy when its center of 
mass is directly below the pivot: 



AK + AU = 0 

or, because K l =U{ = 0, 



Substitute forK frot andU i : 



\Ioo 2 -Mgr = 0 



(1) 



Use the parallel-axis theorem to 
relate the moment of inertia of the 
disk about the pivot to its moment of 
inertia with respect to an axis 
through its center of mass: 



I = I cm +Mh 
or 

~~ 2 



I = \Mr 2 + Mr 2 = \Mr 2 



Solve equation (1) for co and 
substitute for / to obtain: 



CO 




(b) Letting F represent the force 
exerted by the pivot, use Newton's 
2 nd law to express the net force 
acting on the swinging disk as it 
passes through its lowest point: 



^net =F-Mg = Mroo z 



Solve for F and simplify to obtain: 



F = Mg + Mr oo 1 =Mg + Mr^- 

3r 



= Mg + ±Mg= }Mg 



124 

Picture the Problem The diagram shows a 
vertical cross-piece. Because we'll need to 
take moments about the point of rotation 
(point P), we'll need to use the parallel- 
axis theorem to find the moments of inertia 
of the two parts of this composite structure. 
Let the numeral 1 denote the vertical 
member and the numeral 2 the horizontal 
member. We can apply Newton's 2 nd law 
in rotational form to the structure to 
express its angular acceleration in terms of 
the net torque causing it to fall and its 
moment of inertia with respect to point P. 
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(a) Taking clockwise rotation to be 
positive (this is the direction the 
structure is going to rotate), apply 



T = I P a 



m 2 g 



to \ 

'A 

K2j 



-m x g 



= I P a 



Solve for a to obtain: 



a = 



m 2 g£ 2 -m x gw 



2L 



or 



a = 



g(m 2 £ 2 -m l w) 
2{I 1P +I 2P ) 



(1) 



Convert £ x ,£ 2 , and w to SI units: 



L = 12ftx- 



lm 



3.281ft 



= 3.66m, 



=6ftx- 



lm 



3.281ft 



= 1.83 m, and 



w = 2ftx 



lm 



3.281ft 



= 0.610m 



Using Table 9- 1 and the parallel- 
axis theorem, express the moment of 
inertia of the vertical member about 
an axis through point P: 

Substitute numerical values and 
evaluate I\ P : 



I XP =\m x £ x +m \^ j 
= Wl (i^+> 2 ) 



1 VP 



= (350kg)[}(3.66m) 2 +|(0.610r 



= 1.60xl0 3 kg-m 2 



Using the parallel-axis theorem, 
express the moment of inertia of the 
horizontal member about an axis 
through point P: 



I 2P= I 2,cm +m 2 d 



(2) 



where 

d 2 ={£ x+ \wf+{\£ 2 -wf 



Solve for d: 



d = 4{l l +\wf+{\l 2 -wf 



Substitute numerical values and evaluate d: 



d = A /[3.66m + |(0.610m)] 2 +[i(l.83m)-0.610m] 2 = 3.86m 



From Table 9-1 we have: 



/ =J- m f 2 

1 2,cm 12 m 2* 2 



Substitute in equation (2) to obtain: 



I 2P = j 2 -m 2 £ 2 + m 2 d 
= m 2 (±£\ + d 2 ) 
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Evaluate hp. 



Substitute in equation (1) and evaluate a: 



I 2P =(l75kg)[i(l.83m) 2 +(3. 86m) 2 ] 
= 2.66xl0 3 kg-m 2 



a = 



(9.81m/s 2 )[(l75kg)(l.83m)-(350kg)(0.61m)] 
2(l.60 + 2.66)xl0 3 kg-m 2 



0.123rad/s 2 



(b) Express the magnitude of the 
acceleration of the sparrow: 



Solve for R: 



Substitute numerical values and evaluate R: 



a = aR 

where R is the distance of the sparrow from 
the point of rotation and 
R 2 =(i i+w f +[£ 2 - w f 

R = ^{t l +wf+{t 2 -wf 



R = ^^m + O.eiOmf+^.SSm-O.eiOm) 2 = 4.44n 
Substitute numerical values and evaluate a: a — (o.l23rad/s 2 )(4.44m) 



= 0.546m/s 2 



(c) Refer to the diagram to express a x 
in terms of a: 

Substitute numerical values and 
evaluate a x : 



a r = acosa = a — 



a x =(0.546m/s 2 ) 



R 

3.66m + 0.61m 
4.44 m 



= 0.525 m/s 2 
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Picture the Problem Let the zero of 
gravitational potential energy be at the 
bottom of the incline. The initial potential 
energy of the spool is transformed into 
rotational and translational kinetic energy 
when the spool reaches the bottom of the 
incline. We can apply the conservation of 
mechanical energy to find an expression 
for its speed at that location. The force 
diagram shows the forces acting on the 
spool when there is enough friction to keep 
it from slipping. We'll use Newton's 2 nd 
law in both translational and rotational 
form to derive an expression for the static 
friction force. 

(a) In the absence of friction, the 
forces acting on the spool will be its 
weight, the normal force exerted by 
the incline, and the tension in the 
string. A component of its weight will 
cause the spool to accelerate down the 
incline and the tension in the string 
will exert a torque that will cause 
counterclockwise rotation of the 
spool. 

Use the conservation of mechanical 
energy to relate the speed of the center 
of mass of the spool at the bottom of 
the slope to its initial potential energy: 

Substitute for K { tI3DS , K f mt and U { : 

Substitute for co and solve for v to 
obtain: 




The spool will move down the plane 
at constant acceleration, spinning in 
a counterclockwise direction as string 
unwinds. 



A£ + AL/ = 0 

or, because K l =U{ = 0, 

\Mv 2 +{ Ico 2 -MgD sin 0 = 0 (1) 

2 

\Mv 2 +\I^j-MgDsm0 = O 
r 

and 
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(b) Apply Newton's 2 nd law to the spool: 



Eliminate T between these equations to 
obtain: 



^F x =Mgsm0-T-f s =O 
^r 0 =Tr-f s R = 0 



Mg sin 0 



1 + 



R 



, up the incline. 
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Picture the Problem While the angular acceleration of the rod is the same at each point 
along its length, the linear acceleration and, hence, the force exerted on each coin by the 
rod, varies along its length. We can relate this force the linear acceleration of the rod 
through Newton's 2 nd law and the angular acceleration of the rod. 



Letting x be the distance from the 
pivot, use Newton's 2 nd law to 
express the force F acting on a coin: 

Use Newton's 2 nd law to relate the 
angular acceleration of the system to 
the net torque acting on it: 

Relate a{x) and a: 



Substitute in equation (1) to obtain: 



Evaluate F(0.25 m): 



^net =mg-F(x) = ma{x) 
or 

F(x) = m(g-a{x)) (1) 



a 



\Ml} 



3£ 
2L 



i(x) = 



a\x = xa = x 



3g 



2(1.5 m) 



F(x) = m(g - gx) = mg{\ - x) 



F(0.25m) = mg(l-0.25m)= 0.75mg 



F(0.5m) = mg(l-0.5m)= 0.5mg 



F(0.75m) = mg(l-0.75m)= 0.25mg 



Evaluate 7^(0. 5 m): 

Evaluate 7^(0. 75 m): 

Evaluate F(\ m): 
*\21 

Picture the Problem The diagram shows the force the hand supporting the meterstick 
exerts at the pivot point and the force the earth exerts on the meterstick acting at the 
center of mass. We can relate the angular acceleration to the acceleration of the end of the 
meterstick using a = La and use Newton's 2 nd law in rotational form to relate a to the 
moment of inertia of the meterstick. 



F(l m) = F(l .25 m) = F(l.5m) = 
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f hand 


L/2 


cm 




i 







(a) Relate the acceleration of the far 
end of the meterstick to the angular 
acceleration of the meterstick: 



a = La 



(1) 



meterstick: 
Solve for a: 



Mg 



L 



a = 



v2y 

MgL 
21 D 



= I P a 



From Table 9- 1 , for a rod pivoted at 
one end, we have: 



I P =-ML 2 
P 3 



Substitute to obtain: 



Substitute in equation (1) to obtain: 



a = 



a = 



3MgL = 3g 
2ML 2 2L 

3g 



Substitute numerical values and 
evaluate a: 



_ 3(9.81m/s 2 ) _ 
2 



14.7m/s 2 



(b) Express the acceleration of a 
point on the meterstick a distance x 
from the pivot point: 

Express the condition that the 
meterstick leaves the penny behind: 

Substitute to obtain: 



Solve for and evaluate x: 



3g 

a = ax = — —x 
2L 



a>g 



2L 



2L 2(1 m) 

3 3 



66.7 cm 
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Picture the Problem Let m represent the 0.2-kg mass, Mine 0.8-kg mass of the cylinder, 
L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 
m. We can use Newton's 2 nd law to relate the radial forces on the masses to the spring's 
stiffness constant and use the work-energy theorem to find the work done as the system 
accelerates to its final angular speed. 



(a) Express the net inward force ^ Radial = = m i x + ^ x ) 0} 

acting on each of the 0.2-kg masses: 



Solvefor£: m(x + Ax)d) 2 

K — 

Ax 



Substitute numerical values and (0.2kg)(0.8m)(24rad/s) 2 

K = ■ 



evaluated: 0.4 m 



= 230 N/m 



(b) Using the work-energy theorem, W — K mt + A{7 spring 

relate the work done to the change = l/^ 2 + 1 k(Ax) 2 ' ' ^ 



in energy of the system: 



Express / as the sum of the moments 
of inertia of the cylinder and the 
masses: 

From Table 9- 1 we have, for a solid 
cylinder about a diameter through 
its center: 

For a disk (thin cylinder), L is small 
and: 

Apply the parallel-axis theorem to obtain: 
Substitute to obtain: 



= \Mr 2 +±ML 2 +2I m 

I = \ mr 2 +j^ml} 

where L is the length of the cylinder. 

I = \ mr 2 

T l 2 2 

I m =jmr +mx 

I = LMr 1 + ±ML 2 + l{\mr 2 + mx 2 ) 
= \Mr 2 +±ML 2 +2m{\r 2 +x 2 ) 



Substitute numerical values and evaluate /: 
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/ ={(0.8kg)(0.2m) 2 + iL(0.8kg)(l.8m) 2 +2(0.2kg)[}(0.2m) 2 +(0.8m) 2 ] 
= 0.492 N-m 2 



Substitute in equation (1) to obtain: 

W = |(0.492N-m 2 )(24rad/s) 2 +i(230N/m)(0.4m) 2 = I 160J 
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Picture the Problem Let m represent the 0.2-kg mass, Mthe 0.8-kg mass of the cylinder, 
L the 1.8-m length, and x + Ax the distance from the center of the objects whose mass is 
m. We can use Newton's 2 nd law to relate the radial forces on the masses to the spring's 
stiffness constant and use the work-energy theorem to find the work done as the system 
accelerates to its final angular speed. 



Using the work-energy theorem, 
relate the work done to the change 
in energy of the system: 

Express / as the sum of the moments 
of inertia of the cylinder and the 
masses: 

From Table 9- 1 we have, for a solid 
cylinder about a diameter through 
its center: 



W = K mt + AU spnng 

(1) 

= \Ico 2 +±k(Axf 

= \Mr 2 +±ML 2 +2I m 

I = \mr 2 +j2tnL 2 

where L is the length of the cylinder. 



For a disk (thin cylinder), L is small / = \mr 2 

and: 



Apply the parallel-axis theorem to 
obtain: 

Substitute to obtain: 



T 1 2 . 2 

l m = \mr +mx 

I = \Mr 2 + ±ML 2 + l{\mr 2 + mx 2 ) 
= \Mr 2 +±ML 2 +2m{\r 2 +x 2 ) 



Substitute numerical values and evaluate /: 



/ = ^(0.8kg)(0.2m) 2 + iL(0.8kg)(l.8m) 2 +2(0.2kg)[i(0.2m) 2 +(0.8m) 2 ] 
= 0.492 N-m 2 
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Express the net inward force acting 
on each of the 0.2-kg masses: 



Z F radial = kAx = m(x + Ax) 



ICO 



Solve for co: 



co = 



kAx 



m(x + Ax) 



Substitute numerical values and 
evaluate co: 

Substitute numerical values in 
equation (1) to obtain: 



co ■ 



)(60N/m)(0.4 m 
(0.2kg)(0.8m) 



12.2rad/s 



W = ^-(o.492N-m 2 )(l 2.2 rad/s) 2 
+ i(60N/m)(0.4m) 2 



= 41.4J 
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Picture the Problem The force diagram 
shows the forces acting on the cylinder. 
Because F causes the cylinder to rotate 
clockwise,/ which opposes this motion, is 
to the right. We can use Newton's 2 nd law 
in both translational and rotational forms to 
relate the linear and angular accelerations 
to the forces acting on the cylinder. 




(a) Use Newton's 2 nd law to relate the 
angular acceleration of the center of 
mass of the cylinder to F: 



a 



net 

I 



FR 



IF 



\MR Z MR 



Use Newton's 2 nd law to relate the 
acceleration of the center of mass of 
the cylinder to F: 



M 



F 
M 



Express the rolling-without-slipping 
condition to the accelerations: 



a' 



cm 

R 



F 

MR 



2a 



(b) Take the point of contact with the 
floor as the "pivot" point, express the 
net torque about that point, and solve 
for a: 



^ et =2FR=Ia 



and 



a 



2FR 
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Express the moment of inertia of the 
cylinder with respect to the pivot 
point: 



I = \MR 2 +MR 2 = \MR 2 



Substitute to obtain: 



a = 



2FR 

\MR 2 



4F 
3MR 



Express the linear acceleration of the 
cylinder: 



«cm =Ra = 



AF 
3M 



Apply Newton's 2 nd law to the forces 
acting on the cylinder: 



Y J F x =F + f = Ma c 



Solve for f. 



4F 

f = Ma Qm — F = — F 



F in the positive x direction. 
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Picture the Problem As the load falls, mechanical energy is conserved. As in Example 
9-7, choose the initial potential energy to be zero. Apply conservation of mechanical 
energy to obtain an expression for the speed of the bucket as a function of its position and 
use the given expression for t to determine the time required for the bucket to travel a 
distance y. 

Apply conservation of mechanical energy: U { +K f =U 1 +K i =0 + 0 = 0 (1) 



Express the total potential energy 
when the bucket has fallen a 
distance y; 



U f =U M +U c{ +U w{ 
= -mgy-m c 'g 



where mj is the mass of the hanging part 
of the cable. 



Assume the cable is uniform and 
express m c ' in terms of m c , y, and L: 



— — = or m' = — - y 
y L L ' 



Substitute to obtain: 
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Noting that bucket, cable, and rim of 
the winch have the same speed v, 
express the total kinetic energy when 
the bucket is falling with speed v: 



Substitute in equation (1) to obtain: 



Solve for v: 



= ^bf + ^cf + K vtf 

= \ mv 2 + \ m c v 2 + \ Ico 2 

2 

K 

= \ mv 2 + \ m c v 2 + \Mv 2 



m cSy i 2 

mgy ^— + \mv 



2L 

+ \m c v 2 +\Mv 2 =0 



v = 



4mgy + 



L 



M + 2m + 2m„ 



A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


D9 


0 


yo 


D10 


D9+$B$8 


y + Ay 


E9 


0 


v 0 


E10 


((4*$B$3 *$B$7*D 1 0+2*$B$7*D 1 0 A 2/(2*$B$5))/ 
($B$1+2*$B$3+2*$B$4)) A 0.5 




. 2m r gy 2 
4mgy+ ^ 

M + 2m + 2m c 


F10 


F9+$B$8/((E10+E9)/2) 


fv , + V ^ 
t n _ x + -^-^ Ay 

V 1 J 


J9 


0.5*$B$7*H9 A 2 


w 





A 


B 


C 


D 


E 


F 


G 


H 


I 




1 


M= 


10 


kg 
















2 


R= 


0.5 


m 
















3 


m= 


5 


kg 
















4 


mc= 


3.5 


kg 
















5 


L= 


10 


m 
















6 






















7 


g= 


9.81 


m/s A 2 
















8 


dy= 


0.1 


m 


y 


v(y) 


t(y) 




t(y) 


y 


l/2gt A 2 


9 








0.0 


0.00 


0.00 




0.00 


0.0 


0.00 


10 








0.1 


0.85 


0.23 




0.23 


0.1 


0.27 


11 








0.2 


1.21 


0.33 




0.33 


0.2 


0.54 


12 








0.3 


1.48 


0.41 




0.41 


0.3 


0.81 


13 








0.4 


1.71 


0.47 




0.47 


0.4 


1.08 










0.5 


1.91 


0.52 




0.52 


0.5 


1.35 
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9.6 


9.03 


2.24 




2.24 


9.6 


24.61 


106 








9.7 


9.08 


2.25 




2.25 


9.7 


24.85 


107 








9.8 


9.13 


2.26 




2.26 


9.8 


25.09 


108 








9.9 


9.19 


2.27 




2.27 


9.9 


25.34 


109 








10.0 


9.24 


2.28 




2.28 


10.0 


25.58 



The solid line on the graph shown below shows the position y of the bucket when it is in 
free fall and the dashed line shows y under the conditions modeled in this problem. 




t (s) 
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Picture the Problem The pictorial 
representation shows the forces acting on 
the cylinder when it is stationary. First, we 
note that if the tension is small, then there 
can be no slipping, and the system must 
roll. Now consider the point of contact of 
the cylinder with the surface as the "pivot" 
point. If r about that point is zero, the 
system will not roll. This will occur if the 
line of action of the tension passes through 
the pivot point. 

From the diagram we see that: 
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Picture the Problem Free-body diagrams 
for the pulley and the two blocks are shown 
to the right. Choose a coordinate system in 
which the direction of motion of the block 
whose mass is M (downward) is the 
positive y direction. We can use the given 

relationship T' max = Te M ' A0 to relate the 

tensions in the rope on either side of the 
pulley and apply Newton's 2 nd law in both 
rotational form (to the pulley) and 
translational form (to the blocks) to obtain 
a system of equations that we can solve 
simultaneously for a, T u T 2 , and M. 




mg 



M 



Mg 



(a) Use r' max = Te M ' A0 to evaluate 

the maximum tension required to 
prevent the rope from slipping on 
the pulley: 



^ max = (lON)e 



(0.3)2- 



25.7N 



(c) Given that the angle of wrap is n 
radians, express T 2 in terms of T\ : 

Because the rope doesn't slip, we 
can relate the angular acceleration, 
a, of the pulley to the acceleration, 
a, of the hanging masses by: 



T 2 = T/ 3 * =2.577; 



a = ■ 



(1) 



Apply ^ F y = ma y to the two 
blocks to obtain: 



7| - mg = ma 
and 

Mg-T 2 =Ma 



(2) 
(3) 



Apply ^ r = 7a to the pulley to 
obtain: 

Substitute for T 2 from equation (1) 
in equation (4) to obtain: 



(2.577; -r> = 7- 



(4) 



Solve for T\ and substitute 
numerical values to obtain: 



-a = 



0.35 kg -m 2 



1.57r 2 1.57(0. 15 m) 2 (5) 
= (9.91kg)a 



Substitute in equation (2) to obtain: 



(9.91 kg )a - mg = ma 
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Solve for and evaluate a: 



(b) Solve equation (3) for M: 

Substitute in equation (5) to find 7\: 
Substitute in equation (1) to find T 2 : 
Evaluate M: 



mg 



g 



m 



M 



9.91kg-m 9.91kg 1 

9.81m/s 2 
9.91kg 
lkg 



1 



1.10m/s 2 



M = 



71 



g-a 

T x =(9.91kg)(l.l0m/s 2 )=10.9N 
T 2 =(2.57)(10.9N) = 28.0N 
28.0N 



9.81m/s 2 -1.10m/s 2 



3.21kg 
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Picture the Problem When the tension is horizontal, the cylinder will roll forward and 
the friction force will be in the direction of T. We can use Newton's 2 nd law to obtain 
equations that we can solve simultaneously for a and / 



(a) Apply Newton's 2 nd law to the 
cylinder: 



Substitute for / and a in equation (2) 
to obtain: 

Solve equation (3) for f. 



Substitute equation (4) in equation 
(1) and solve for a: 

Substitute equation (5) in equation 
(4) to obtain: 

(b) Equation (4) gives the 
acceleration of the center of mass: 



ma 



and 

Y J T = Tr-fR = Ia 



(1) 
(2) 



Tr- fR = \mR 2 — = \mRa (3) 
R 



f = 



Tr 
R 



-ma 



2T(. 



a = 



3m 



1 + - 

v Rj 



(4) 



(5) 



a = 



T( 
~3\ 


--'] 

.R ) 






2T 
3m 
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(c) Express the condition that a > 



m 



IT 
3m 
or 

r > 



1 + 



R 



> 



m 



\R 



2(, ^ 
- 1 + — 
3{ Rj 



>1 



(d)lf r> \R: 



f > 0, i.e., in the direction of T. 
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Picture the Problem The system is shown 
in the drawing in two positions, with angles 
9 0 and 9 with the vertical. The drawing also 
shows all the forces that act on the stick. 
These forces result in a rotation of the 
stick — and its center of mass — about the 
pivot, and a tangential acceleration of the 
center of mass. We'll apply the 
conservation of mechanical energy and 
Newton's 2 nd law to relate the radial and 
tangential forces acting on the stick. 




Use the conservation of mechanical 
energy to relate the kinetic energy of 
the stick when it makes an angle 9 
with the vertical and its initial 
potential energy: 



K f -K i +U f -U l =0 

or, because K { = 0, 
L 



L 



Ico +Mg — cos0-Mg — cos0 o = 0 



Substitute for / and solve for of 



co 2 = — (cos 0 - cos 6 Q ) 
L 



Express the centripetal force acting 
on the center of mass: 



F. =M-co 2 
2 



= M-^(cos#-cos# 0 ) 



2 L 



3Mg t \ 
= - (cos 6 - cos 0 0 ) 



Express the radial component of Mg : 



(AfeLiai =Mg cos0 



Express the total radial force at the 
hinge: 



F ]} = F c + (Mg) 



radial 
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= ~~" ( cos # ~ cos #o ) + Mg cos 6 



Mg(5 cos 0 - 3 cos 6> 0 ) 



Relate the tangential acceleration of 
the center of mass to its angular 
acceleration: 



a±=\La 



Use Newton's 2 nd law to relate the 
angular acceleration of the stick to the 
net torque acting on it: 



a 



Mg — sin 0 ~ . n 
_ T net _ 2 _ 3gsin# 



ML 2 



2L 



Express a± in terms of a: 



a i = \La = \ gsm.6= gsm6+ FJM 



Solve for F ± to obtain: 



F± = 



\ Mg sin 6 where the minus sign 



indicates that the force is directed 
oppositely to the tangential component of 
Mg. 
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Conservation of Angular Momentum 

Conceptual Problems 
*l • 

(a) True. The cross product of the vectors A and B is defined to be AxB = AB sin <fi h. 
If A and B are parallel, sin^ = 0. 

(b) True. By definition, cb is along the axis. 

(c) True. The direction of a torque exerted by a force is determined by the definition of 
the cross product. 



Determine the Concept The cross product of the vectors A and B is defined to be 
Ax B = AB sin (j>h. Hence, the cross product is a maximum when sin^ = 1. This 



condition is satisfied provided A and B are perpendicular, (c) is correct 



Determine the Concept L and p are related according to L = f xp. From this 
definition of the cross product, L and p are perpendicular; i.e., the angle between them 
is 90°. 



Determine the Concept L and p are related according to L = r xp. Because the 



motion is along a line that passes through point P,r = 0 and so is L. (b) is correct 



*5 

Determine the Concept L and p are related according to L = rxp. 



(a) Because L is directly proportional 
to p : 



Doubling p doubles L. 



(b) Because L is directly proportional 
to r : 



Doubling r doubles L. 
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Determine the Concept The figure shows 
a particle moving with constant speed in a 
straight line (i.e., with constant velocity 
and constant linear momentum). The 
magnitude of L is given by rpsmcj) = 
mv{rsm<fi). 



r sin <t> 




Referring to the diagram, note that the distance rsin^ from P to the line along which the 
particle is moving is constant. Hence, mv(rsm$) is constant and so L is constant. 



7 

False. The net torque acting on a rotating system equals the change in the system's 
angular momentum; i.e., r net = dL/dt , where L = Ico. Hence, if r net is zero, all we can say 

for sure is that the angular momentum (the product of / and a>) is constant. If / changes, 
so must<y. 

*8 

Determine the Concept Yes, you can. Imagine rotating the top half of your body with 
arms flat at sides through a (roughly) 90° angle. Because the net angular momentum of 
the system is 0, the bottom half of your body rotates in the opposite direction. Now 
extend your arms out and rotate the top half of your body back. Because the moment of 
inertia of the top half of your body is larger than it was previously, the angle which the 
bottom half of your body rotates through will be smaller, leading to a net rotation. You 
can repeat this process as necessary to rotate through any arbitrary angle. 

9 

Determine the Concept If L is constant, we know that the net torque acting on 

the system is zero. There may be multiple constant or time-dependent torques acting on 



the system as long as the net torque is zero, (e) is correct 



10 

Determine the Concept No. In order to do work, a force must act over some distance. In 
each "inelastic collision" the force of static friction does not act through any distance. 

11 » 

Determine the Concept It is easier to crawl radially outward. In fact, a radially inward 
force is required just to prevent you from sliding outward. 

*12 

Determine the Concept The pull that the student exerts on the block is at right angles to 
its motion and exerts no torque (recall that T = f x F and T = rF sin 6 ). Therefore, we 
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can conclude that the angular momentum of the block is conserved. The student does, 
however, do work in displacing the block in the direction of the radial force and so the 



block's energy increases, (b) is correct 



*13 » 

Determine the Concept The hardboiled egg is solid inside, so everything rotates with a 
uniform velocity. By contrast, it is difficult to get the viscous fluid inside a raw egg to 
start rotating; however, once it is rotating, stopping the shell will not stop the motion of 
the interior fluid, and the egg may start rotating again after momentarily stopping for this 
reason. 



14 • 

False. The relationship f = dL/dt describes the motion of a gyroscope independently of 
whether it is spinning. 

15 • 

Picture the Problem We can divide the expression for the kinetic energy of the object by 
the expression for its angular momentum to obtain an expression for K as a function of / 
and L. 



Express the rotational kinetic 
energy of the object: 



K = \Ioo 2 



Relate the angular momentum of 
the object to its moment of inertia 
and angular velocity: 



L = I co 



Divide the first of these equations 
by the second and solve for K to 
obtain: 



K = — and so 
21 



(b) is correct. 



16 • 

Determine the Concept The purpose of the second smaller rotor is to prevent the body 
of the helicopter from rotating. If the rear rotor fails, the body of the helicopter will tend 
to rotate on the main axis due to angular momentum being conserved. 



17 » 

Determine the Concept One can use a right-hand rule to determine the direction of the 
torque required to turn the angular momentum vector from east to south. Letting the 
fingers of your right hand point east, rotate your wrist until your fingers point south. Note 



that your thumb points downward, (b) is correct 
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18 

Determine the Concept In turning east, the man redirects the angular momentum vector 
from north to east by exerting a clockwise torque (viewed from above) on the gyroscope. 
As a consequence of this torque, the front end of the suitcase will dip downward. 
(d) is correct. 



19 

(a) The lifting of the nose of the plane rotates the angular momentum vector upward. It 
veers to the right in response to the torque associated with the lifting of the nose. 

(b) The angular momentum vector is rotated to the right when the plane turns to the right. 
In turning to the right, the torque points down. The nose will move downward. 

20 

Determine the Concept If L points up and the car travels over a hill or through a 
valley, the force on the wheels on one side (or the other) will increase and car will tend to 
tip. If L points forward and car turns left or right, the front (or rear) of the car will tend 
to lift. These problems can be averted by having two identical flywheels that rotate on the 
same shaft in opposite directions. 

21 « 

Determine the Concept The rotational kinetic energy of the woman-plus-stool system is 
given by K mt = \ Icq 2 = L 2 /2I. Because L is constant (angular momentum is conserved) 



and her moment of inertia is greater with her arms extended, (b) is correct 



*22 

Determine the Concept Consider the 
overhead view of a tether pole and ball 
shown in the adjoining figure. The ball 
rotates counterclockwise. The torque 
about the center of the pole is clockwise 
and of magnitude RT, where R is the 
pole's radius and T is the tension. So L 



must decrease and (e) is correct 




23 

Determine the Concept The center of mass of the rod-and-putty system moves in a 
straight line, and the system rotates about its center of mass. 
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24 • 

(a) True. The net external torque acting a system equals the rate of change of the angular 

v - dL 
momentum ot the system; i.e., > T i ext = — . 

i dt 

(b) False. If the net torque on a body is zero, its angular momentum is constant but not 
necessarily zero. 

Estimation and Approximation 

*25 

Picture the Problem Because we have no information regarding the mass of the skater, 
we'll assume that her body mass (not including her arms) is 50 kg and that each arm has a 
mass of 4 kg. Let's also assume that her arms are 1 m long and that her body is 
cylindrical with a radius of 20 cm. Because the net external torque acting on her is zero, 
her angular momentum will remain constant during her pirouette. 

Express the conservation of her angular L { = L f 
momentum during her pirouette: or 

^armsout^armsout ^armsin^armsin (^) 



Express her total moment of inertia 
with her arms out: 

Treating her body as though it is 
cylindrical, calculate its moment of 
inertia of her body, minus her arms: 

Modeling her arms as though they 
are rods, calculate their moment of 
inertia when she has them out: 

Substitute to determine her total 
moment of inertia with her arms out: 

Express her total moment of inertia 
with her arms in: 



arms out body arms 

/ body =lmr 2 =l(50kg)(0.2m) 2 
= 1.00 kg -m 2 

/arms=2[l(4kg)(lm) 2 ] 

= 2.67kg -m 2 

^armso Ut =l-00k g .m 2 +2.67k g .m 2 
= 3.67kg -m 2 

"^arrns m ^bo&y ^arms 

= 1 .00 kg • m 2 + 2 [(4 kg)(0.2 m) 2 
= 1.32kg -m 2 



740 Chapter 10 



Solve equation (1) for co a 
substitute to obtain: 



, and 



CO., 



-co, 



1.32 kg • m 



= 4.17rev/s 



26 

Picture the Problem We can express the period of the earth's rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to / and then use differentials to approximate the changes in / and 
T. 



Express the period of the earth's j, _ 2n 

rotation in terms of its angular CO 
velocity of rotation: 



Relate the earth's angular velocity of co — — 

rotation to its angular momentum / 
and moment of inertia: 



Substitute to obtain: j, _ 2k 1 

L 



Find dTldl: dT = In = T 

dl L I 



Solve for dT/T and approximate AT: 

T I ° r ~ I 



Substitute for A/ and / to obtain: 



Substitute numerical values and 
evaluate AT: 



-mr 1 



3M B 



Ar = 5(2.3x 1 Q»kg) ( } 
3(6xl0 24 kg) V ! 



= 6.39xl0" 6 d 



= 6.39xl0" 6 dx 



24h 3600s 



0.552s 
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Picture the Problem We can use L = mvr to find the angular momentum of the particle. 
In (b) we can solve the equation L = + \)h for l{l + 1) and the approximate value of 

i. 



(a) Use the definition of angular 
momentum to obtain: 



L = mvr 

= (2xl (T 3 kg)(3 x 1 (T 3 m/s)(4 x 1 (T 3 m) 



2.40xl(T 8 kg-m 2 /s 



(b) Solve the equation 

L = ^jl{l + \)h for l(£ + l): 



?(£ + !) = 



L 



Substitute numerical values and 
evaluate i(i + 1) : 



+ 



0= 



2.40x10^ kg -m 2 /s 
1.05x0r 34 J-s 



= 5.22x10 



52 



Because t»l, approximate its 
value with the square root of 
£(£+!): 



2.29x10 



20 



(c) 



The quantization of angular momentum is not noticed in macroscopic 
physics because no experiment can differentiate between i = 2 x 1 0 26 and 
£ = 2xl0 26 +l. 



*28 

Picture the Problem We can use conservation of angular momentum in part (a) to relate 
the before-and-after collapse rotation rates of the sun. In part (b), we can express the 
fractional change in the rotational kinetic energy of the sun as it collapses into a neutron 
star to decide whether its rotational kinetic energy is greater initially or after the collapse. 



(a) Use conservation of angular 
momentum to relate the angular 
momenta of the sun before and after 
its collapse: 

Using the given formula, 
approximate the moment of inertia 
lb of the sun before collapse: 



I b co b = / a « a 



(1) 



I b = 0.059Mi? 2 m 



= 0.059(l.99xl0 30 kg)(6.96xl0 5 km) 2 
= 5.69xl0 46 kg-m 2 
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Find the moment of inertia 7 a of the 
sun when it has collapsed into a 
spherical neutron star of radius 1 0 
km and uniform mass distribution: 

Substitute in equation (1) and solve 
for co a to obtain: 



/. = f MR 2 



= f(l.99xl0 30 kg)(l0km) 2 
= 7.96 xlO 37 kg-m 2 



L 

m = —QJ. = 



5.69 xl(P kg-m 
7.96x10" kg-m 2 



= 7.15x10* ex. 



Given that o% = 1 rev/25 d, evaluate 



CO-/. 



m =7.15x10' 



lrev 
25d 



= 2.86xl0 7 rev/d 



The additional rotational kinetic energy comes at the expense of 
gravitational potential energy, which decreases as the sun gets smaller. 



Note that the rotational period decreases by the same factor of Ib/h and becomes: 

In 



2.86x10 x x x 



= 3.02xlO J s 



rev 24h 3600s 



(b) Express the fractional change in 
the sun's rotational kinetic energy as 
a consequence of its collapse and 
simplify to obtain: 



AK K-K h 



Substitute numerical values and evaluate AK/K h : 



AK 



1 



7.15xl0 8 



2.86xl_0_rey/d 
1 rev/25 d 



1 = 



7.15x10 s 



(i.e., the rotational kinetic 



energy increases by a factor of approximately 7x10 .) 
29 » 

Picture the Problem We can solve I = CMR 2 for C and substitute numerical values in 
order to determine an experimental value of C for the earth. We can then compare this 
value to those for a spherical shell and a sphere in which the mass is uniformly 
distributed to decide whether the earth's mass density is greatest near its core or near its 
crust. 
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(a) Express the moment of inertia of 
the earth in terms of the constant C: 



/ = CMR 1 



Solve for C to obtain: 



c 



MR 2 



Substitute numerical values and 
evaluate C: 



C = 



8.03xlCT kg-m' 
(5.98xl0 24 kg)(6370km) 2 



= 0.331 



(b) If all of the mass were in the 
crust, the moment of inertia of the 
earth would be that of a thin 
spherical shell: 

If the mass of the earth were 
uniformly distributed throughout its 
volume, its moment of inertia would 
be: 



J _ 2_ ji/fD 2 

-'spherical shell 3 



J _ 2_ J[/fp2 

i solid sphere ~~ 5 



Because experimentally C < 2/5 = 0.4, the mass density must be greater 
near the center of the earth. 



*30 » 

Picture the Problem Let's estimate that the diver with arms extended over head is about 
2.5 m long and has a mass M- 80 kg. We'll also assume that it is reasonable to model 
the diver as a uniform stick rotating about its center of mass. From the photo, it appears 
that he sprang about 3 m in the air, and that the diving board was about 3 m high. We can 
use these assumptions and estimated quantities, together with their definitions, to 
estimate co and L. 



Express the diver's angular velocity 
co and angular momentum L: 



Using a constant-acceleration At = At ■ , + At c „, 

D I -*"'rise3m fall6m 

equation, express his time in the air: 





AO 


CO = 






At 


and 




L = 


Ico 


At - 


= At- , 

rise .3 m 











(1) 

(2) 



+ 



2Ay d0 



g 



Substitute numerical values and 



, 2(3 m) I 2(6 m) , on 
evaluate Af: & = J n 1 ' , + , L 1 , 2 = 1.89s 



9.81m/s 2 V9.81m/s 2 



Estimate the angle through which he 
rotated in 1.89 s: 



A#«0.5rev = /rrad 
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Substitute in equation (1) and evaluate 



k rad 



= 1.66rad/s 



1.89s 



Use the "stick rotating about an axis 
through its center of mass" model to 
approximate the moment of inertia 
of the diver: 



I = ±ML 2 



Substitute in equation (2) to obtain: 



L = ±ML 2 co 

L = iL(80kg)(2.5m) 2 (l.66rad/s) 



Substitute numerical values and 
evaluate L: 



= 69.2kg-m 2 /s~ 70kg-m 2 /s 



Remarks: We can check the reasonableness of this estimation in another way. 
Because he rose about 3 m in the air, the initial impulse acting on him must be about 
600 kgm/s (i.e., 1= Ap = Mv{). If we estimate that the lever arm of the force is 
roughly i = 1.5 m, and the angle between the force exerted by the board and a line 
running from his feet to the center of mass is about 5°, we obtain L = I£sin5° w 78 
kg m 2 /s, which is not too bad considering the approximations made here. 



Picture the Problem First we assume a spherical diver whose mass M= 80 kg and 
whose diameter, when curled into a ball, is 1 m. We can estimate his angular velocity 
when he has curled himself into a ball from the ratio of his angular momentum to his 
moment of inertia. To estimate his angular momentum, we'll guess that the lever arm £ of 
the force that launches him from the diving board is about 1.5 m and that the angle 
between the force exerted by the board and a line running from his feet to the center of 
mass is about 5°. 

Express the diver's angular velocity L 

a when he curls himself into aball a ~ ~J ^ 

in mid-dive: 
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Using a constant-acceleration 
equation, relate the speed with 



where 



0 



v 2 0y + 2a y Ay 



which he left the diving board v 0 to 
his maximum height Ay and our 



v 0 =v 0 cos5° 



estimate of his angle with the 
vertical direction: 



Solve for v 0 : 




Substitute numerical values and 
evaluate vq: 



cos5° 
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Approximate the impulse acting on 
the diver to launch him with the 
speed v 0 : 

Letting I represent the lever arm of 
the force acting on the diver as he 
leaves the diving board, express his 
angular momentum: 



I = Ap= Mv 0 



L=I£sm5° = Mv 0 £sm5° 



Use the "uniform sphere" model to 
approximate the moment of inertia 
of the diver: 



l = \MR 2 



Substitute in equation (1) to obtain: 



Substitute numerical values and 
evaluate a>: 



00 = 



co ■ 



Mv/sin5° 



5v/sin5° 



| Mi? 2 



2R 2 

5(7.70m/s)(l.5m)sin5° 
2(0.5 m) 2 



lO.lrad/s 



*32 

Picture the Problem We'll assume that he launches himself at an angle of 45° with the 
horizontal with his arms spread wide, and then pulls them in to increase his rotational 
speed during the jump. We'll also assume that we can model him as a 2-m long cylinder 
with an average radius of 0. 15 m and a mass of 60 kg. We can then find his take-off 
speed and "air time" using constant-acceleration equations, and use the latter, together 
with the definition of rotational velocity, to find his initial rotational velocity. Finally, we 
can apply conservation of angular momentum to find his initial angular momentum. 



Using a constant-acceleration 
equation, relate his takeoff speed vo to 
his maximum elevation Ay: 



v =v 2 0y + 2a y Ay 

or, because vo y = vosin45°, v = 0, and 
0 = v 2 sin 2 45°-2gAy 



Solve for v 0 to obtain: 



= I 2gAy = A /2gAy" 
V sin 2 45° sin 45° 



Substitute numerical values and 
evaluate vq: 



yl2(9Mm/s 2 )(0.6m) 



sin45 c 



4.85m/s 



Use its definition to express 
Goebel's angular velocity: 

Use a constant-acceleration 
equation to express Goebel's "air 
time" At: 



co- 



Ad 
At 



At = 2 At- nfi =2 

rise 0.6 m i 



|2Ay 
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Substitute numerical values and 
evaluate At: 



A, = 2p^4=0.699s 
A 9.81m/s 2 



Substitute numerical values and 
evaluate co: 



4 rev 27i rad 

co = x 

0.699s rev 



36.0rad/s 



Use conservation of angular 
momentum to relate his take-off 
angular velocity coq to his average 
angular velocity co as he performs a 
quadruple Lutz: 

Assuming that he can change his 
angular momentum by a factor of 2 
by pulling his arms in, solve for and 
evaluate coq: 



I 0 co 0 = Ico 



co 0 = — co = — (36 rad/s) = 



18.0rad/s 



Express his take-off angular 
momentum: 

Assuming that we can model him as 
a solid cylinder of length I with an 
average radius r and mass m, 
express his moment of inertia with 
arms drawn in (his take-off 
configuration): 

Substitute to obtain: 

Substitute numerical values and 
evaluate L 0 : 



L 0 = I Q co 0 



■ mr 



2(\mr 2 ) = , 

where the factor of 2 represents our 
assumption that he can double his moment 
of inertia by extending his arms. 



L 0 = mr co 0 



L 0 = (60kg)(0.15m) 2 (l8rad/s) 



24.3 kg -m7s 



Vector Nature of Rotation 
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Picture the Problem We can express F and r in terms of the unit vectors i and j and 
then use the definition of the cross product to find f . 



Express F in terms of F and the unit 
vector i : 



-Fi 



Express r in terms of R and the unit 
vector j : 



7 = Rj 
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Calculate the cross product of r and 
F : 



f = rxF = FR 
= FR(ixj) = 



\J*-i) 



FRk 
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Picture the Problem We can find the torque is the cross product of f andT 7 . 

Compute the cross product of r and F : f = r x F = {xi + yj){— mgj) 

= -mgx(i x jj- mgy(j x jj 



mgxk 
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Picture the Problem The cross product of the vectors A = A x i + A y j 
and B = BJ + B y j is given by 

A x B = A x B x (i x i)+ A x B y (i x j)+ A y B x (j x /)+ A y B y (j x /) 

= A x B x {o) + A x B y (k)+ 4A(-*) + A y B >(°) 
= A x B v (k)+A y B x (-k) 



(a) Find AxB for A = Ai and 
B =6/ + 6j: 



(b) Find AxB for A = Ai and 
B =6i + 6k : 



A x B = Ai x (6/ + 6 j) 

= 24(/ x /)+ 2A[1 x j) 
= 24(0) + 24^ 



24£ 



A x B = Ai x (6/ + 6k) 

= 24(/ x /)+ 24(/ x k) 

= 24(0) + 24(-j)=|-24j 



(c)Find AxB forA = 2i + 3j 
and B=3i +2j: 



AxB = (li+3 j)x (3/ + 2j) 

= 6(i x 1 )+ 4(1 x jj+ 9(7* x / ) 

+ 6(jxj) 
= 6(0)+4(fe)+9(-*)+6(0) 



748 Chapter 10 



*36 



Picture the Problem The magnitude of A x B is given by \AB sin^ 



Equate the magnitudes of A x B 
andA-B: 



\AB sin 0\ =\AB cos 0\ 
:. \smO\ = jcos^j 
or 

tan6> = +l 



Solve for Qto obtain: 



6> = tan _1 ±l= ±45° or ±135° 
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Picture the Problem Let r be in the xy 

plane. Then (b points in the positive z 
direction. We can establish the results 
called for in this problem by forming the 
appropriate cross products and by 
differentiating v. 




(a) Express (b using unit vectors: 



OJ = cok 



Express r using unit vectors: 



Form the cross product of (b and r 



r = ri 

co xr = cok x r i = rco{kxi^J = rco j 
= vj 



v = coxr 



(b) Differentiate v with respect to t to 
express a : 



civ d i ^ ^\ 
a = — = — [coxr) 
dt dt 

dco _> df 
= — xr +cox — 

dt dt 

dco - 
= — xr +coxv 
dt 

= a t +cdx(cbxr) 
= a t +a„ 



where a„ = 



co x 



(coxr) 



and a t and a c are the tangential and 
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Picture the Problem Because B z = 0, we can express B as B = BJ + B y j and form its 
cross product with A to determine B x and B y . 

Express B in terms of its components: B = BJ+B y j (1) 

Express A x B : Ax B = 4i x (bJ + Bj) = AB y k = 1 2k 

Solve for B y : B y ,= 3 

Relate B to B x and B y : B 2 = B 2 x + B 2 y 



Solve for and evaluate B x : g = \b 2 - B 2 = ^5 2 — 3 2 = 4 

x y y 

Substitute in equation (1): B = 4i + 3j 
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Picture the Problem We can write B in the form B = BJ + B v j + B z k and use the dot 

product of A and B to find B v and their cross product to find B x and B z . 

Express B in terms of its components: B = BJ + B v j + B z k (1) 



Evaluate A B: A-B = 3B y =\2 

and 

B y = 4 

Evaluate AxB : AxB = 3jx [BJ + 4j + B z k) 

= -35 i + 3B j 



Because A xB = 9i : B x = 0 and£ z = 3 

Substitute in equation (1) to obtain: ft = 4j + 2k 
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Picture the Problem The dot product of A with the cross product of B and C is a scalar 

. We can expand this 



x y z 

K b y b z 



quantity and can be expressed in determinant form as 

c r c„ c. 

x y z 

determinant by minors to show that it is equivalent to A-(BxC) , C • (Ax B) , and 
B-{CxA). 



The dot product of A with the cross 

product of B and C is a scalar 
quantity and can be expressed in 
determinant form as: 

Expand the determinant by minors 
to obtain: 



Evaluate the cross product of B and 
C to obtain: 

Form the dot product of A with 
B x C to obtain: 



Because (1) and (2) are the same, 
we can conclude that: 



Proceed as above to establish that: 



A-(BxC)- 



a r a v a. 

x y 

K K b. 



C x C y C > 



a x a v a z 
b b b 

x y z 



c c c 

x y z 



a xb y c z ~a x b z c y 



+ a y b z c x -a y b x c z (1) 
+ a,b r c„ -a,b„c r 



BxC = {b y c z -b z c y )i 

+ {b z c x -b x c z )j + (b x c Y -b y c x )k 



A-(Bxc)=a x b y c z -a x b z c y 



+ a y b z c x -a y b x c z 
+ a z b x c y -a z b y c x 



(2) 



A-(BxC) = 


a x a a, 
b x K b z 
c c c 

x y z 




C-(AxB) = 


a x a a, 
b x K b z 
c c c 

x y z 



and 
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a x a 




B-(CxA) = 




K 




C * C y 





41 » 

Picture the Problem Let, without loss of generality, the vector C lie along the x axis and 

the vector B lie in the xy plane as shown below to the left. The diagram to the right 
shows the parallelepiped spanned by the three vectors. We can apply the definitions of 

the cross- and dot-products to show that A ■ (b x c) is the volume of the parallelepiped. 




B sin « 



Express the cross-product of B and C : 



Form the dot-product of A with the 
cross-product of B and C to obtain: 




BxC = (BC sin #)(-£) 
and 



BxC 



= {Bsm6)C 

= area of the parallelogram 



A ■ (b x c) = A(B sin #)C cos (/> 
= (BC sm0)(Acos<p) 
= (area of base)(height) 



V, 



parallelepiped 
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Picture the Problem Draw the triangle 
using the three vectors as shown below. 

Note that A + B = C. We can find the 

magnitude of the cross product of A and 

B and of A and C and then use the cross 

product of A and C, using A + B = C, to 

show that AC sin b = ABsmc or 
B/sin b = CI sin c. Proceeding similarly, we 
can extend the law of sines to the third side 
of the triangle and the angle opposite it. 
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Express the magnitude of the cross 
product of A and B : 

Express the magnitude of the cross 
product of A and C : 

Form the cross product of A with 
C to obtain: 



AxB 



AxC 



= AB sine 



= AC sin b 



AxC = Ax(a + b) 
=AxA+AxB 

= AxB 

because AxA = 0. 



Because AxC = AxB : 



Simplify and rewrite this expression 
to obtain: 



AxC 



= AxB 



and 

ACsinb = AS sine 



B 


C 


sin b 


sine 



Proceed similarly to extend this 
result to the law of sines: 



A 


B 


C 


sin a 


sin b 


sine 



Angular Momentum 
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Picture the Problem L and p are related according to L = r x p. If L = 0, then 
examination of the magnitude of r x p will allow us to conclude that sin (j) = 0 and that 
the particle is moving either directly toward the point, directly away from the point, or 
through the point. 



Because L = 0: 



fx p = r x mv = mi" x v = 0 
or 

Fx v = 0 



Express the magnitude of r x v 



\f x v\ = rvsin^ = 0 



Because neither r nor v is zero: 



sin <p = 0 

where <f> is the angle between f and v. 



Solve for 



</) = sin 1 0 = 



0° or 180° 
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Picture the Problem We can use their definitions to calculate the angular momentum 
and moment of inertia of the particle and the relationship between L, I, and a> to 
determine its angular speed. 



(a) Express and evaluate the 
magnitude of L : 



L = mvr = (2kg)(3.5m/s)(4m) 



28.0 kg -hiVs 



(b) Express the moment of inertia of 
the particle with respect to an axis 
through the center of the circle in 
which it is moving: 



I = mr 2 = (2kg)(4m) 2 = I 32kg -m 



(c) Relate the angular speed of the 
particle to its angular momentum 
and solve for and evaluate a>: 



CO ■ 



L 28.0kg -m7s 



I 



32kg-m 2 



0.875 rad/s 2 
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Picture the Problem We can use the definition of angular momentum to calculate the 
angular momentum of this particle and the relationship between its angular momentum 
and angular speed to describe the variation in its angular speed with time. 



(a) Express the angular momentum 
of the particle as a function of its 
mass, speed, and distance of its path 
from the reference point: 



(b) Because L 



2 

mr or. 



L = rmvsin^ 
= (6m)(2kg)(4.5m/s)sin90 c 



54.0 kg -m7s 



1 



ffloc— and 
r 



oo increases as the particle 
approaches the point and decreases 
as it recedes. 
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Picture the Problem We can use the formula for the area of a triangle to find the area 
swept out att = t\, add this area to the area swept out in time dt, and then differentiate this 
expression with respect to time to obtain the given expression for dA/dt. 

Express the area swept out at t = t\. A x = \ br x cos 0 X = \ bx x 

where 6\ is the angle between r x and v and 
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x\ is the component of r x in the direction of 
v . 



Express the area swept out at 
t = h + dt: 



A = A x + dA = \b{x i + dx) 
= jb(x l +vdt) 



Differentiate with respect to t: 



— = \b — = \bv = constant 
dt dt 



Because rsm6= b: 



bv = \{rsm6)v = — — {rpsmO) 
2m 



L 

2m 
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Picture the Problem We can find the total angular momentum of the coin from the sum 

of its spin and orbital angular momenta. 

(a) Express the spin angular L spm = 7 cm « spin 

momentum of the coin: 



From Problem 9-44: 



I = \MR 2 



Substitute for I to obtain: 



Substitute numerical values and 
evaluate L sp i n : 



A pin ={(0.015kg)(0.0075m) 2 



,^rev 2?rrad 
10 x 

v s rev J 



1.33xl0^kg-m7s 



(b) Express and evaluate the total 
angular momentum of the coin: 



L=L rWt + L- =0 + L , 

orbit spin spin 



1.33 xlO 5 kg-m7s 



(c) From Problem 10-14: 



L 0 m = o 
and 



L = 



1.33 xlO 5 kg-m7s 



(d) Express the total angular 
momentum of the coin: 



L = L Wt +L . 

orbit spin 
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Find the orbital momentum of the 
coin: 



L mm =±MvR 

= ±(0.015kg)(0.05m/s)(0.1 m 

= ±7.50xl(T 5 kg-m 2 /s 

where the ± is a consequence of the fact 
that the coin's direction is not specified. 



Substitute to obtain: 



Z = ±7.50xl(T 5 kg-m 2 /s 



+ 1.33xl(T 5 kg-m 2 /s 



The possible values forL are: 



L = 

or 
L = 



8.83xl(r 5 kg-m7s 



6.17 xl(T 5 kg-m 2 /s 
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Picture the Problem Both the forces acting on the particles exert torques with respect to 
an axis perpendicular to the page and through point O and the net torque about this axis is 
their vector sum. 



Express the net torque about an axis 
perpendicular to the page and 
through point O: 



i 

= (r 1 -r 2 )xF 1 



because F 2 = —F l 



Because r 1 — r 2 points along - F i : 



(>• -r 2 )xF 1= 0 



Torque and Angular Momentum 
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Picture the Problem The angular momentum of the particle changes because a net 
torque acts on it. Because we know how the angular momentum depends on time, we can 
find the net torque acting on the particle by differentiating its angular momentum. We 
can use a constant-acceleration equation and Newton's 2 nd law to relate the angular speed 
of the particle to its angular acceleration. 



(a) Relate the magnitude of the 
torque acting on the particle to the 
rate at which its angular momentum 
changes: 



dL 
dt 



dt 



[(4N-m)?] 



4.00N-m 
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(b) Using a constant-acceleration 
equation, relate the angular speed of 
the particle to its acceleration and 
time-in-motion: 



co = co 0 + a t 
where a>o = 0 



Use Newton's 2 nd law to relate the 
angular acceleration of the particle 
to 

the net torque acting on it: 



a 



_ ^"net _ ^"net 



mr 



Substitute to obtain: 



Substitute numerical values and 
evaluate co: 



co = 



CO ■ 



mr 



(4 N-m)f 
(l.8kg)(3.4m) 2 

(0.192rad/s 2 )? 



provided t is in seconds. 
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Picture the Problem The angular momentum of the cylinder changes because a net 
torque acts on it. We can find the angular momentum at t = 25 s from its definition and 
the net torque acting on the cylinder from the rate at which the angular momentum is 
changing. The magnitude of the frictional force acting on the rim can be found using the 
definition of torque. 



(a) Use its definition to express the 
angular momentum of the cylinder: 



L = Ico = \ mr co 



Substitute numerical values and 
evaluated: 



I = |(90kg)(0.4m) 2 



r rr ^^ rev 2?rrad lmin^ 

500 x x 

min rev 60s 



377kg-m7s 



(b) Express and evaluate 



dL 
dt 



dL _ (377 kg -m 2 /s) 
dt 25 s 



15.1kg -m 2 /s' 



(c) Because the torque acting on the 
uniform cylinder is constant, the rate 



T = ■ 



dL 
dt 



15.1kg-m7s 2 
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of change of the angular momentum 
is constant and hence the 
instantaneous rate of change of the 
angular momentum at any instant is 
equal to the average rate of change 
over the time during which the 
torque acts: 

(d) Using the definition of torque 
that relates the applied force to its 
lever arm, express the magnitude of 
the frictional force / acting on the 
rim: 

*51 

Picture the Problem Let the system include the pulley, string, and the blocks and 
assume that the mass of the string is negligible. The angular momentum of this system 
changes because a net torque acts on it. 



f 



t _ 15.1kg -m7s 2 
I ~~ 0.4m 



37.7N 



(a) Express the net torque about the 
center of mass of the pulley: 



Rm 2 g sin0 - Rm^g 



Rg(m 2 sin 



where we have taken clockwise to be 
positive to be consistent with a positive 
upward velocity of the block whose mass is 
m\ as indicated in the figure. 



(b) Express the total angular 
momentum of the system about an 
axis through the center of the 
pulley: 

(c) Express r as the time derivative 
of the angular momentum: 



L = Ia> + m x vR + m 2 vR 



vR 



R 



Y + m l +m 2 



dL d 



T = ■ 



dt dt 



vR 



I 

— r + m, +m 7 

R 2 2 j 



= aR 



R 



j + m l +m 2 



Equate this result to that of part (a) 
and solve for a to obtain: 



a = 



g(m 2 sin^-ntj) 



R 



2 + m 1 +m 2 
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Picture the Problem The forces resulting from the release of gas from the jets will exert 
a torque on the spaceship that will slow and eventually stop its rotation. We can relate 
this net torque to the angular momentum of the spaceship and to the time the jets must 
fire. 

Relate the firing time of the jets to ^ _ _ I Acq 

the desired change in angular r net r net 

momentum: 

Express the magnitude of the net r net = 2FR 

torque exerted by the jets: 

Letting Am/ At' represent the mass of p = —v 

gas per unit time exhausted from the At 
jets, relate the force exerted by the 
gas on the spaceship to the rate at 
which the gas escapes: 

Substitute and solve for At to obtain: ^ _ IAco 



2^vR 
At' 



Substitute numerical values and evaluate At: 

rev 2?rrad lmin^ 



(4000 kg -m 2 ) 
Al ~ 2(10 2 kg/s)(800m/s)(3m) 



v min rev 60s y 



52.4s 
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Picture the Problem We can use constant-acceleration equations to express the 
projectile's position and velocity coordinates as functions of time. We can use these 
coordinates to express the particle's position and velocity vectors f and v. Using its 

definition, we can express the projectile's angular momentum L as a function of time and 
then differentiate this expression to obtain di/dt . Finally, we can use the definition of 
the torque, relative to an origin located at the launch position, the gravitational force 
exerts on the projectile to express f and complete the demonstration that dLj 1 dt = f . 

Using its definition, express the L = rx mv (1) 

angular momentum vector L of the 

projectile: 

Using constant-acceleration x = Vq j = (y CO s 6)t 
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equations, express the position 
coordinates of the projectile as a 
function of time: 



Express the projectile's position 
vector f : 

Using constant-acceleration 
equations, express the velocity of 
the projectile as a function of time: 



Express the projectile's velocity 
vector v : 

Substitute in equation (1) to obtain: 



and 

y = y 0 +v 0v t+ia/ 

= (V sin 6)t-\gt 2 
r = [(V cos 0}]i + [{V sin 6)t-\gt 2 \j 

v , =v Ox = Vcos0 
and 

v y =v 0y + a y t 
= VsinO- gt 

v = [V cos 0\i + [V sin 6 - gt]j 

L = {(Vcos0)t]i + \vsin0)t-\gt 2 ]j\ 
x m |F cos 0\i + [Vsin 6 - gt]j) 
= {-\mgt 2 Vcos6)k 



Differentiate L with respect to t to obtain: 



Using its definition, express the 
torque acting on the projectile: 



Comparing equations (2) and (3) we 
see that: 



dt dr ' 

= (-mgtV cos 0)k 



(2) 



f = rx(-mg)j 
= [(V cos 6)t]i + [{V sin 6)t - \ gt 2 ]j 
x{-mg)j 



or 



f = {-mgtV cos 6)k 



(3) 



dL_ 
dt 



= T 
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Picture the Problem Let m represent the mass of the planet and apply the definition of 
torque to find the torque produced by the gravitational force of attraction. We can use 
Newton's 2 nd law of motion in the form f = dL/dt to show that L is constant and apply 
conservation of angular momentum to the motion of the planet at points A and B. 
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(a) Express the torque produced by 
the gravitational force of attraction 
of the sun for the planet: 



t = f x F = I 0 | because F acts along 
the direction of r. 



(b) Because f = 0 : 



dL 

dt 



= 0 => L = rx «iv = constant 



Noting that at points A and B 
\r x v = rv , express the 

relationship between the distances 
from the sun and the speeds of the 
planets: 



r i v i = r 2 V 2 



or 
v, 
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Picture the Problem Let the system consist of you, the extended weights, and the 
platform. Because the net external torque acting on this system is zero, its angular 
momentum remains constant during the pulling in of the weights. 



(a) Using conservation of angular 
momentum, relate the initial and 
final angular speeds of the system to 
its initial and final moments of 
inertia: 



=I t a> { 



Solve for co r : 



co f = -co, 
I 



Substitute numerical values and 
evaluate oo { : 



1.8kg-m 



5.00rev/s 



(b) Express the change in the kinetic 
energy of the system: 



AK=K { -K i =$I t aZ-±I l af 



Substitute numerical values and 
evaluate AK: 



A£ = i(l.8kg-m 2 ) 
-i(6kg-m 2 ) 



rev 27rrad v 

— x 

V s rev J 



. ^rev 27rrad 
1.5 x 

v s rev J 



= 622 J 
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Because no external agent does work on the system, the energy comes 
from the internal energy of the man. 



*56 

Picture the Problem Let the system consist of the blob of putty and the turntable. 
Because the net external torque acting on this system is zero, its angular momentum 
remains constant when the blob of putty falls onto the turntable. 



(a) Using conservation of angular I 0 co i = I f co { 

momentum, relate the initial and an( j 

final angular speeds of the turntable /, 

co f =—co, 



to its initial and final moments of 
inertia and solve for (Of. 



Express the final rotational inertia of 
the turntable-plus-blob: 



Substitute and simplify to obtain: 



7 f =h +/ biob =h+ mR 



CO, 



f - T°>i 

L+mR 2 




(b) If the blob flies off tangentially to the turntable, its angular momentum doesn't 
change (with respect to an axis through the center of turntable). Because there is no 
external torque acting on the blob-turntable system, the total angular momentum of the 
system will remain constant and the angular momentum of the turntable will not change. 
Because the moment of inertia of the table hasn't changed either, the turntable will 
continue to spin at co' = co i 
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Picture the Problem Because the net external torque acting on the Lazy Susan- 
cockroach system is zero, the net angular momentum of the system is constant (equal to 
zero because the Lazy Susan is initially at rest) and we can use conservation of angular 
momentum to find the angular velocity co of the Lazy Susan. The speed of the cockroach 
relative to the floor Vf is the difference between its speed with respect to the Lazy Susan 
and the speed of the Lazy Susan at the location of the cockroach with respect to the floor. 

Relate the speed of the cockroach Vf = v - cor (1) 

with respect to the floor Vf to the 
speed of the Lazy Susan at the 
location of the cockroach: 

Use conservation of angular £ Lg -L c =0 

momentum to obtain: 
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Express the angular momentum of 
the Lazy Susan: 

Express the angular momentum of 
the cockroach: 



Substitute to obtain: 



Solve for coto obtain: 



Substitute in equation (1): 



Lls = 4s» = jMR co 



L c = I c co c = mr' 



CO 

\r J 



-MR co-mr' 



fv \ 

CO 

\r J 



= 0 



co = 



2mrv 



MR 2 +2mr 2 
2mr 2 v 



MR 2 + 2mr 2 

Substitute numerical values and evaluate Vf. 

2(0.015kg)(0.08m) 2 (0.01m/s) 



v f =0.01m/s 



(0.25m)(0.15m) 2 +2(0.015kg)(0.08m) 2 



9.67mm/s 
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Picture the Problem The net external torque acting on this system is zero and so we 
know that angular momentum is conserved as these disks are brought together. Let the 
numeral 1 refer to the disk to the left and the numeral 2 to the disk to the right. Let the 
angular momentum of the disk with the larger radius be positive. 



Using conservation of angular 
momentum, relate the initial angular 
speeds of the disks to their common 
final speed and to their moments of 
inertia: 



or 



I x co Q -I 2 co 0 =(l l +I 2 )co { 



Solve for a> { : 



CO f = COr, 

I +1 



Express I\ and h'- 



/j =^m(2r) 2 = 2mr z 



and 

T 1 ^ 

1 2 = \mr 



Substitute and simplify to obtain: 



2mr 2 - \mr 2 

= « YT 1 Y^o 

2mr +j-mr 
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Picture the Problem We can express the angular momentum and kinetic energy of the 
block directly from their definitions. The tension in the string provides the centripetal 
force required for the uniform circular motion and can be expressed using Newton's 2 nd 
law. Finally, we can use the work-kinetic energy theorem to express the work required to 
reduce the radius of the circle by a factor of two. 



(a) Express the initial angular 
momentum of the block: 



(b) Express the initial kinetic energy 
of the block: 



(c) Using Newton's 2" law, relate the 
tension in the string to the centripetal 
force required for the circular motion: 

Use the work-kinetic energy theorem 
to relate the required work to the 
change in the kinetic energy of the 
block: 



Substitute the result from part (a) and 
simplify to obtain: 

*60 

Picture the Problem Because the force exerted by the rubber band is parallel to the 
position vector of the point mass, the net external torque acting on it is zero and we can 
use the conservation of angular momentum to determine the speeds of the ball at points B 
and C. We'll use mechanical energy conservation to find b by relating the kinetic and 
elastic potential energies at A and B. 

(a) Use conservation of momentum 
to relate the angular momenta at 
points A, B and C: 

Solve for v B in terms of v A : 



L 0 = r 0 mv 0 



K 0 = 



\mv 2 0 



T = F = 



777 - 



W = AK = K f -K a =-^--^ 
2/ f 2/ 0 



2L 2L 



Li 



1 



Li 



-mr, 



o J 



2_% 
3 mrl 



W 



La — b 



L r 



or 



mv A r A = mv B r B = mv c r c 
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Substitute numerical values and 
evaluate v B : 



(4m/s) 



0.6m 
lm 



2.40 m/s 



Solve for v c in terms of v A : 



Substitute numerical values and 
evaluate vc- 



= (4 m/s) 



0.6m 
0.6m 



4.00 m/s 



(b) Use conservation of mechanical 
energy between points A and B to 
relate the kinetic energy of the point 
mass and the energy stored in the 
stretched rubber band: 

Solve for b: 



E A =E b 



or 



I 2 , 1 l 2 | 2 , 1 7 2 

\mv A +\br A =\mv B + \br B 



b = 



m ( V l- V A) 



Substitute numerical values and evaluate b: 



_ (0.2kg)[(2.4m/s) 2 -(4 m/s) 2 j 
(0.6m) 2 -(lm) 2 



= 3.20 N/m 



Quantization of Angular Momentum 
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Picture the Problem The electron's spin 
angular momentum vector is related to its z 
component as shown in the diagram. 



4-ffb- 




Using trigonometry, relate the 
magnitude of s to its z component: 



6 = cos 



V0J5/z 



54.7° 
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Picture the Problem Equation 1 0-27 a describes the quantization of rotational energy. 
We can show that the energy difference between a given state and the next higher state is 
proportional to i + lby using Equation 10-27a to express the energy difference. 
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From Equation 10-27a we have: 



K t =l(l + \)E 0r 



Using this equation, express the 
difference between one rotational 
state and the next higher state: 



AE = (i + + 2)E 0r - £(£ + \)E 0i . 



2{£ + l)E 0 
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Picture the Problem The rotational energies of HBr molecule are related to i and 
E 0l according to K ( = £[£ + l)E 0t where E 0r =fr 2 /2I. 



(a) Express and evaluate the moment 
of inertia of the H atom: 



I = m p r' 



= (l.67xl(T 27 kg)(0.144xl(T 9 m) 2 



3.46xl(T 47 kg-m 2 



(b) Relate the rotational energies to 
£ and E 0r : 



K e =£{£ + \)E 0I 



Evaluate E nr : 



_fi^^ (l.05xl(T 34 J-s) 2 
01 " 21 ~ 2(3.46xl(T 47 kg-m 2 ) 



= 1.59xlO" 22 Jx 



leV 



1.60x10 19 J 



= 0.996meV 



Evaluate E for £ = 1 : 



E i =(l + l)(0.996meV) = 



1.99meV 



Evaluate £ for £ = 2: 



E 2 =2(2 + l)(0.996meV) 



= 5.98meV 



Evaluate £ for £ = 3: 



E i =3(3 + l)(0.996meV) 



= 12.0meV 
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Picture the Problem We can use the definition of the moment of inertia of point 
particles to calculate the rotational inertia of the nitrogen molecule. The rotational 
energies of nitrogen molecule are related to £ and E 0t according 

to K ,=£(£ + l)E 0l where E 0r = h 2 /2I . 
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(a) Using a rigid dumbbell model, 
express and evaluate the moment of 
inertia of the nitrogen molecule 
about its center of mass: 



/ = ^ m . r 2 = m N r 2 + m^r 2 



= 2m n r 



Substitute numerical values and evaluate /: / = 2(l4)(l .66x 1(T 27 kg)(5.5 x 10~ n m) 



1.41xl(T 46 kg-m 



(b) Relate the rotational energies to 
I and E Qr : 



E e =t{t + \)E 0 



Evaluate E nr : 



_ fi 2 _^ (l.05xlQ- 34 J-s) 2 
01 " 21 ~ 2(1.41x10 46 kg-m 2 ) 



= 3.91xlO" 23 Jx 



leV 



1.60xlO" 19 J 



= 0.244 meV 



Substitute to obtain: 



0.244^ + l)meV 
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Picture the Problem We can obtain an expression for the speed of the nitrogen molecule 
by equating its translational and rotational kinetic energies and solving for v. Because this 
expression includes the moment of inertia / of the nitrogen molecule, we can use the 
definition of the moment of inertia to express / for a dumbbell model of the nitrogen 
molecule. The rotational energies of a nitrogen molecule depend on the quantum number 
£ according to E ( =L 2 /2I = t(£ + \)h 2 /2I. 



Equate the rotational kinetic energy 
of the nitrogen molecule in its £ = 1 
quantum state and its translational 
kinetic energy: 



17 1 2 



(1) 



Express the rotational energy levels 
of the nitrogen molecule: 



L 2 _l(l + \)h 2 



21 21 



¥ot£= 1: 



E, = 



l(l + l)/z 2 _ h 2 



21 
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Substitute in equation (1): h , 2 

Y = 2 m * v 



Solve for v to obtain: 2h 2 

v = J— (2) 



m N I 



Using a rigid dumbbell model, 
express the moment of inertia of the 
nitrogen molecule about its center of 
mass: 



m i r i = m u r + m N r = 2w N r 

i 

and 



Substitute in equation (2): 



2h 2 h 



2m\r 2 m N r 



Substitute numerical values and evaluate v: 



v = 



1.055 xl(T 34 J -s 
14(l.66xlO" 27 kg)(5.5xlO" n m) 



= 82.5 m/s 



Collision Problems 
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Picture the Problem Let the zero of gravitational potential energy be at the elevation of 
the rod. Because the net external torque acting on this system is zero, we know that 
angular momentum is conserved in the collision. We'll use the definition of angular 
momentum to express the angular momentum just after the collision and conservation of 
mechanical energy to determine the speed of the ball just before it makes its perfectly 
inelastic collision with the rod. 



Use conservation of angular 
momentum to relate the angular 
momentum before the collision to 
the angular momentum just after the 
perfectly inelastic collision: 



L t =L, 



= mvr 



Use conservation of mechanical 
energy to relate the kinetic energy of 
the ball just before impact to its 
initial potential energy: 



K f -K l +U i -U l =0 

or, because Ki=U{ = 0, 
K f -U, =0 



Letting h represent the distance the 
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ball falls, substitute for 

K f and U { and solve for v to 

obtain: 



Substitute for v to obtain: 



L f = mr-yjlgh 



Substitute numerical values and 
evaluate L { : 



L { = (3.2kg)(0.9m) A /2(9.81m/s 2 )(l.2m) 



= 14.0J-S 
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Picture the Problem Because there are no external forces or torques acting on the 
system defined in the problem statement, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Let the direction the blob of putty is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive y 
direction. 



Using its definition, express the 
location of the center of mass relative 
to the center of the bar: 



md 



M + m 



below the center of the bar. 



Using its definition, express the 
velocity of the center of mass: 



mv 



M + m 



Using the definition of L in terms of I 
and co, express or. 



L. 



I. 



(1) 



Express the angular momentum about 
the center of mass: 



L = mv(d — v ) 

cm V /cm/ 

md i mMvd 



= mv 



M + m 



M + m 



Using the parallel axis theorem, 
express the moment of inertia of the 
system relative to its center of mass: 



I cm =±ML 2 +My 2 cm+ m{d-yJ 2 



Substitute for y cm and simplify to obtain: 
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md ^ 
2,2 



+ m 



d- 



md 



M + mJ 
d{M + m)-md^\ 



M + 



m 



, ? Mm d 

= i2 ML +~ zr +m 

[M +m) 

2 2 2 2 ( \ 2 

, ? Mm d mM d , 2 \M + m imMd 

= ^ML l + - -2+- ~ TlML + ; 2 

[M + m) [M + m) [M + m) 

2 

, , 1 mMd 

= Y2.MI7 + 

M + m 



Substitute for / cm and L cm in equation 
(1) and simplify to obtain: 



co = 



mMvd 



±ML 2 (M + m) + Mmd : 



Remarks: You can verify the expression for I cm by letting m — > 0 to obtain 



_ i 



jLML and letting M 0 to obtain I cm = 0. 
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Picture the Problem Because there are no external forces or torques acting on the 
system defined in the statement of Problem 67, both linear and angular momentum are 
conserved in the collision and the velocity of the center of mass after the collision is the 
same as before the collision. Kinetic energy is also conserved as the collision of the hard 
sphere with the bar is elastic. Let the direction the sphere is moving initially be the 
positive x direction and toward the top of the page in the figure be the positive y direction 
and V and V be the final velocities of the objects whose masses are m and M, 
respectively. 



Apply conservation of linear 
momentum to obtain: 



Pi =Pt 
or 

mv = mv'+MV 



(1) 



Apply conservation of angular 
momentum to obtain: 



or 

mvd = mVd + ^Ml}oo 



(2) 



Set v' = 0 in equation (1) and solve 
for V'\ 



V 



mv 
M 



(3) 



Use conservation of mechanical 
energy to relate the kinetic energies 
of translation and rotation before 



K,=K t 



or 

1 

2 



mv 2 =\MV a + \{±ML 2 )a) 2 (4) 
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and after the elastic collision: 



Substitute (2) and (3) in (4) and 
simplify to obtain: 



m \2m 
1 = — + 



( J2 \ 



M M 



Solve for d: 



d = 



L 1 


M -m 


\2m 
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Picture the Problem Let the zero of 
gravitational potential energy be a distance 
x below the pivot as shown in the diagram. 
Because the net external torque acting on 
the system is zero, angular momentum is 
conserved in this perfectly inelastic 
collision. We can also use conservation of 
mechanical energy to relate the initial 
kinetic energy of the system after the 
collision to its potential energy at the top of 
its swing. 



at c»s t) 




Using conservation of mechanical 
energy, relate the rotational kinetic 
energy of the system just after the 
collision to its gravitational potential 
energy when it has swung through 
an angle &. 



AK + AU = 0 

or, because Xf = Ui= 0, 

-K, +U r =0 



and 

\Ioo 2 



Mg — + mgx (l-cos#) (1) 

2 J 



Apply conservation of momentum to 
the collision: 



or 

O.Sdmv = Ico = 



Md 2 +(0.Sd) 2 m\co 



Solve for co to obtain: 



co = 



O.Sdmv 



rMd 2 +0.64md 2 



(2) 



Express the moment of inertia of the 
system about the pivot: 



/ = m(0.8df +\Md 2 
= 0.64md 2 +\Md 2 



(3) 
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Substitute equations (2) and (3) in 
equation (1) and simplify to obtain: 



Mg — + mgd (l-cos6>) 
2 ) 



0.32(dmvf 



\Md 2 + 0.64md 2 



Solve for v: 



| (0.5 M + O.Sm) [\Md 2 +0.6W 2 )g(l-cos#) 
~ V 0.32 dm 2 



Evaluate v for 9= 90° to obtain: 



1 (0.5 M + §.%m%Md 2 + 0.64md 2 )g 
0.32dm 2 



70 

Picture the Problem Let the zero of 
gravitational potential energy be a distance 
x below the pivot as shown in the diagram. 
Because the net external torque acting on 
the system is zero, angular momentum is 
conserved in this perfectly inelastic 
collision. We can also use conservation of 
mechanical energy to relate the initial 
kinetic energy of the system after the 
collision to its potential energy at the top of 
its swing. 



.r cos 0 



Ug=_Q f 




x (1 - cos 0) 



Using conservation of mechanical 
energy, relate the rotational kinetic 
energy of the system just after the 
collision to its gravitational potential 
energy when it has swung through an 
angle 9: 

Apply conservation of momentum to 
the collision: 



Kt-Ki+Uf-U^O 
or, because Xf = Ui= 0, 
-Ki+Uf =0 

and 



-I co z 



L. =L r 



Mg — + mgx (l-cos#) (1) 
2 ) 



or 

O.Sdmv = I co 



:Md 2 + 



(0.Sdfm\oo 
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Solve for co to obtain: 



O.Sdmv 



co ■ 



Md 2 + 0.6W 



(2) 



Express the moment of inertia of the 
system about the pivot: 



/ = m(0.Sdf + \Md 2 
= (0.64m + ±M)d 2 
= [0.64(0.3kg)+}(0.8kg)](l.2m) 2 
= 0.660 kg -m 2 



Substitute equation (2) in equation (1) 
and simplify to obtain: 



d ^ 
Mg- + 0.Sdmg (l-cos0) 
2 J 



0.32(dmvf 



Solve for v: 



v = 



g(0.5M + 0.8m)(l-cos#)/ 



0.32(/m z 



Substitute numerical values and evaluate v for #= 60° to obtain: 



/ (9.81m/s 2 )[0.5(0.8kg)+0.8(0.3kg)](0.5)(0.660kg-m 2 ) _ 
~V 0.32(l.2m)(0.3kg) 2 



7.74 m/s 
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Picture the Problem Let the length of the uniform stick be £. We can use the impulse- 
change in momentum theorem to express the velocity of the center of mass of the stick. 
By expressing the velocity V of the end of the stick in terms of the velocity of the center 
of mass and applying the angular impulse-change in angular momentum theorem we can 
find the angular velocity of the stick and, hence, the velocity of the end of the stick. 



(a) Apply the impulse-change in 
momentum theorem to obtain: 



K = Ap = p-p 0 =p 

or, because po = 0 and p = Mv c , 

K=Mv_ 



Solve for v cm to obtain: 



(b) Relate the velocity V of the end 
of the stick to the velocity of the 
center of mass v cm : 

Relate the angular impulse to the 
change in the angular momentum of 
the stick: 



v = 

cm 



K 
M 



V = v + v u - 

cm rel to c 01 1 



=v cm +4^) (i) 



K&)=AL = L-L 0 =I a 
or, because L 0 = 0, 



,00 
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Refer to Table 9-1 to find the 
moment of inertia of the stick with 
respect to its center of mass: 

Substitute to obtain: 
Solve for ccr. 

Substitute in equation (1) to obtain: 



I = —Mi 

'cm n I "<- 



K(\l) = ±Ml 2 6) 
6K 



CO 



Mi 



M 



(6K^ 


i 


4K 


{Ml j 


2 ~ 


M 



(c) Relate the velocity V of the other 
end of the stick to the velocity of the 
center of mass v cm : 



= v — 

cm 


V , = 

rel to c or m 




K 




i _ 


2K 


~ M 


yMi, 


2 ~ 


M 



(d) Letting x be the distance from the 
center of mass toward the end not 
struck, express the condition that the 
point at x is at rest: 

Solve for x to obtain: 



K 6K 

M Mi 



jc = 0 



Solve forx to obtain: 



x - 



K_ 

M 
6K 

Mi 



Note that for a meter stick struck at the 
1 00-cm mark, the stationary point would 
be at the 33.3-cm mark. 

Remarks: You can easily check this result by placing a meterstick on the floor and 
giving it a sharp blow at the 1 00-cm mark. 
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Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. 



(a) Use its definition to express the 
total angular momentum of the disk 
and projectile just before impact: 



m p v 0 b 
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(b) Use conservation of angular T T T . L 0 

L 0 = L = I a> and co = — 
momentum to relate the angular I 

momenta just before and just after 

the collision: 



Express the moment of inertia of the 
disk + projectile: 



\MR 2 + m p fr 



Substitute for / in the expression for 
co to obtain: 



co = 



2m p v 0 b 



MR 2 +2m v b 2 



(c) Express the kinetic energy of the 
system after impact in terms of its 
angular momentum: 



21 



( m P v ob) 2 
2{\MR 2 +mJb 2 ) 



MR 1 +2m v b l 



(d) Express the difference between 
the initial and final kinetic energies, 
substitute, and simplify to obtain: 



AE = K i -K f 



= \ m v v l 



MR z +2m p b 2 



2 m p V 0 



m v b 



MR 2 +2m p b 2 j 
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Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the perfectly inelastic collision with the particle and the rotational kinetic of the after- 
collision system is then transformed into gravitational potential energy as the rod-plus- 
particle swing upward. Let the zero of gravitational potential energy be at a distance L\ 
below the pivot and use both angular momentum and mechanical energy conservation to 
relate the distances L\ and L 2 and the masses Mand m. 



Use conservation of energy to relate K f — K- t + U f — U- 1 — 0 

the initial and final potential energy or, because K x = 0, 

of the rod to its rotational kinetic K f +U { —U l =0 

energy just before it collides with the 
particle: 
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Substitute for K f , Uf, and U\ to 
obtain: 



- [\ML] )co 2 +Mg^-- MgL x = 0 



Solve for ay. 



co = 



Letting ^/represent the angular 
speed of the rod-and-particle system 
just after impact, use conservation of 
angular momentum to relate the 
angular momenta before and after 
the collision: 



L i= L { 



or 



[\ML\ )oo = (\ML\ + mL\ )oo' 



Solve for co': 



\ML\ 
co'=- v co 



Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle 6> max : 



or, because K { = 0, 
-i/^+MgdzJl-cosO 

+ mgL 2 (l-cos0 n J = 0 



(1) 



Express the moment of inertia of the 
system with respect to the pivot: 



I = \ML\ +mL 2 2 



Substitute for d? max , / and ft/ in 
equation (1): 



3f(lM^) 2 



L 



\ML\+mL\ 



= Mg(\L x ) + mgL 2 



Simplify to obtain: 



L]=2-^ 7 L 2 L 2 + 3L\L X +6 — L\ (2) 



M 



M 



Simplify equation (2) by letting 
a = m/M and f3 = L 2 IL\ to obtain: 



6« 2 /? 3 +3 J3 Z +2aj3 -1 = 0 



Substitute for a and simplify to 
obtain the cubic equation in ft. 



12/? 3 +9/? 2 +4/?-3 = 0 



Use the solver function* of your 
calculator to find the only real value 



0.349 
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of p. 



*Remarks: Most graphing calculators have a "solver" feature. One can solve the 
cubic equation using either the "graph" and "trace" capabilities or the "solver" 
feature. The root given above was found using SOLVER on a TI-85. 



Picture the Problem Because the net external torque acting on the system is zero, 
angular momentum is conserved in this perfectly inelastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the perfectly inelastic collision with the particle and the rotational kinetic energy of the 
after-collision system is then transformed into gravitational potential energy as the rod- 
plus-particle swing upward. Let the zero of gravitational potential energy be at a distance 
L\ below the pivot and use both angular momentum and mechanical energy conservation 
to relate the distances L\ and L 2 and the mass Mto m. 

(a) Use conservation of energy to K { — K { + U t — U i = 0 

relate the initial and final potential or, because Ki = 0, 

energy of the rod to its rotational K t +U { —U i = 0 

kinetic energy just before it collides 
with the particle: 
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Substitute for K f , Uf, and U\ to 
obtain: 




Solve for a>: 



CO 




Letting ^'represent the angular 
speed of the system after impact, 
use conservation of angular 



L, 



or 




(1) 



momentum to relate the angular 
momenta before and after the 



collision: 



Solve for a'; 



co' = 




\ML]+mL\ 
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Substitute numerical values to obtain: 



(2kg)(l.2m) 2 



i(2kg)(l.2m) 2 +m(0.8m) 2 

| 3(9.81m/s 2 ) 
X \ 1.2m 

4.75 kg -m 2 /s 
0.960kg -m 2 + (0.64 m 2 )m 
4.75kg/s 



0.960kg + 0.64m 



Use conservation of energy to relate 
the rotational kinetic energy of the 
rod-plus-particle just after their 
collision to their potential energy 
when they have swung through an 
angle # max : 

Substitute forK» U{, and U\ to 
obtain: 



Kf-Ki+Uf-U^O 

or, because K { = 0, 
-Ki+Uf-U^O 



-i/^+MgfeZ^l-cos^) 
+ mgL 2 (\ -cos0 m J = O 



Express the moment of inertia of the 
system with respect to the pivot: 



I = \ML +mLi 



Substitute for 9 max , I and ft/ in 
equation (1) and simplify to obtain: 



i(4.75kg/s) 2 no , T \ 

— — — = 0.2g(ML, + mL 7 

0.960kg + 0.64m v ' 



Substitute for M, L\ and L 2 and 
simplify to obtain: 



m 2 +3.00m-8.901 = 0 



Solve the quadratic equation for its 
positive root: 



m= 1.84kg 



(b) The energy dissipated in the 
inelastic collision is: 



AE = U i -U { (2) 



Express [/;: 



t/j =Mg 



Express Uf. 



U f = {l-cosO m Jg 



M — + mL, 
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Substitute in equation (2) to obtain: 



AE=Mg^- 



(l- cos 0 m Jg 



M — + mL^ 



v 



Substitute numerical values and evaluate AE: 



U { = 



(2kg)(9.81m/s 2 )(l.2m) 
2 

- (1 - cos37°)(9.8 1 m/s 2 )f ( 2k g)( L2m ) + (i .85 kg)(0.8 m) 



= 6.51J 



75 

Picture the Problem Let and a>f be the angular velocities of the rod immediately 
before and immediately after the inelastic collision with the mass m. Let a>o be the initial 
angular velocity of the rod. Choose the zero of gravitational potential energy be at a 
distance L\ below the pivot. We apply energy conservation to determine a>f and 
conservation of angular momentum to determine 0%. We'll apply energy conservation to 
determine a>o. Finally, we'll find the energies of the system immediately before and after 
the collision and the energy dissipated. 



Express the energy dissipated in the 
inelastic collision: 



AE = U i -U t 



(1) 



Use energy conservation to relate 
the kinetic energy of the system 
immediately after the collision to its 
potential energy after a 180° 
rotation: 



Kf-Ki + Uf-U^O 

or, because K { = K top = 0 and K { = K Mom , 



' ^bottom ^top ^bottom ^ 



Substitute for bottom, U top , and 
Cbottom to obtain: 

Simplify to obtain: 

Express /: 



\Ico] + \MgL x + mg{L x + L 2 ) 
-±MgL l -mg(L 1 -L 2 )=0 

\ loo] + MgL { + 2mgL 2 = 0 (2) 



I = \ML] +mL\ 



Substitute for / in equation (2) and 
solve for ojf to obtain: 



(Or 



| 2g(M£ 1 +2mZJ 
\ML]+mLl 
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Substitute numerical values and evaluate ax- 



/ 2(9.81m/s 2 ) [(0.75kg)(l.2m)+2(0.4kg)(0.8m)] _ 
af ~\ i(0.75kg)(l.2m) 2 +(0.4kg)(0.8m) 2 



OOrad/s 



Use conservation of angular 
momentum to relate the angular 
momentum of the system just before 
the collision to its angular 
momentum just after the collision: 

Substitute for 7 ; and If and solve for 



A=A 
or 

I i co i = I f co f 



(iMZ 2 )^ = [\ML\+mL\)co f 
and 



co, = 



1 + 



3m 
M 



L 



v A j 



0) t 



Substitute numerical values and 
evaluate ox. 



co. 



1 | 3(0.4kg) T 0.8m 
+ 0.75kg I 1.2m 



(7.00rad/s) 



= 12.0rad/s 



Apply conservation of mechanical 
energy to relate the initial rotational 
kinetic energy of the rod to its 
rotational kinetic energy just before 
its collision with the particle: 



Kf-Ki+Uf-U^O 



Substitute to obtain: 



[\ML\)oo> -\{\ML\)ool+Mg 



-MgL,=0 



Solve for a>o: 



3g 



Substitute numerical values and 
evaluate a>o'- 



y 1.2 m 



= 10.9rad/s 



780 Chapter 10 

Substitute in equation (1) to express 
the energy dissipated in the collision: 



M = ± (}MZ 2 )co- - MgL l + 2mgL 2 



Substitute numerical values and evaluate AE: 



AE = \ (0 .75 kg)(l .2 m) 2 (l2 rad/s) 2 - (9.8 1 m/s 2 ) [(0 .75 kg)(l .2 m) + 2(0.4kg)(0.8 m)] 



= 10.8J 
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Picture the Problem Let v be the speed of the particle immediately after the collision 
and 0% and 0% be the angular velocities of the rod immediately before and immediately 
after the elastic collision with the mass m. Choose the zero of gravitational potential 
energy be at a distance L\ below the pivot. Because the net external torque acting on the 
system is zero, angular momentum is conserved in this elastic collision. The rod, on its 
downward swing, acquires rotational kinetic energy. Angular momentum is conserved in 
the elastic collision with the particle and the kinetic energy of the after-collision system is 
then transformed into gravitational potential energy as the rod-plus-particle swing 
upward. Let the zero of gravitational potential energy be at a distance L\ below the pivot 
and use both angular momentum and mechanical energy conservation to relate the 
distances L\ and L 2 and the mass M to m. 



Use energy conservation to relate the 
energies of the system immediately 
before and after the elastic collision: 



Kf-Ki + Ut-U^O 

or, because K\ = 0, 
Kf+Uf-U^O 



Substitute for K f , Uf, and U to obtain: 



1 2 



+ Mg ^(l-cos0 m J- Mg^ = 0 



Solve for mv : 



mv 2 = MgL^ cos 6 n 



(1) 



Apply conservation of energy to 
express the angular speed of the rod 
just before the collision: 



K f -K 1 +U { -U l =0 

or, because K\ = 0, 
K t +U { -Ui=0 



Substitute for K f , U f , and U\ to obtain: 



(^ML^+Mg^-MgL^O 



Solve for a>i. 
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Apply conservation of energy to the 
rod after the collision: 



(}M^ f 2 - Mg ^ (1 - cos O = 0 



Solve for co{. 



0.6g 



L 



Apply conservation of angular 
momentum to the collision: 



Solve for mv: 



L i= L { 
or 

(jMZ 2 )^ = (\ML\)a) f +mvL 2 



mv 



_ \ML\(w i -co i ) 
L, 



Substitute for co f and o\ to obtain: 



ML, 



mv = 



3g 06g 
\ L, 



3L n 



(2) 



Divide equation (1) by equation (2) 
to eliminate m and solve for v: 



v = ■ 



MgZ, cos e mwi 



ML] 



V 



3g 



0.6g 



L 



i J 



3L 2 
3gL 2 cos6> max 



Substitute numerical values and evaluate v: 

3(9.81m/s 2 )(0.8m)cos37° 



v = 



^3(9.81 m/s 2 ) (l .2 m) - ^0.6 (9.8 1 m/s 2 )(l .2 m) 



= 5.72m/s 



Solve equation (1) for m: 



m = 



MgZ lC os^ max 



Substitute for v in the expression for 
mv and solve for m: 



m = 



(2 kg)(9.8 1 m/s 2 )(l .2 m)cos 37° 
(5.72 m/s) 2 



0.575kg 



Because the collision was elastic: 



AE= 0 
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Picture the Problem We can determine the angular momentum of the wheel and the 
angular velocity of its precession from their definitions. The period of the precessional 
motion can be found from its angular velocity and the angular momentum associated with 
the motion of the center of mass from its definition. 



(a) Using the definition of angular 
momentum, express the angular 
momentum of the spinning wheel: 



L = Io) = MR 2 o) = —R 2 co 
g 



Substitute numerical values and 
evaluated: 



L = 



' 30N x 



9.81m/s^ 



(0.28 m) 2 



,„rev 2?rrad 
12 x 

v s rev J 



= 18.1 J-s 



(b) Using its definition, express the 
angular velocity of precession: 



a>„ 



d(/> _ MgD 
dt L 



Substitute numerical values and 
evaluate co^. 



(30N)(0.25m) 



p 18.1J-S 



0.414rad/s 



(c) Express the period of the 
precessional motion as a function of 
the angular velocity of precession: 



T = 



In In 



co v 0.414rad/s 



15.2s 



(d) Express the angular momentum 
of the center of mass due to the 
precession: 



L p =I cm co p =MD\ 



Substitute numerical values and 
evaluate L p : 



' 30 N x 
9.81m/s 2 



(0.25m) 2 (0.414rad/s) 



0.0791J-S 



The direction of L p is either up or down, 
depending on the direction of L. 
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Picture the Problem The angular velocity of precession can be found from its definition. 
Both the speed and acceleration of the center of mass during precession are related to the 
angular velocity of precession. We can use Newton's 2 nd law to find the vertical and 



Conservation of Angular Momentum 783 



horizontal components of the force exerted by the pivot. 



(a) Using its definition, express the angular velocity of precession: 



dtp _ MgD _ MgD _ 2gD 

dt ~~ I s co s ~ \MR 2 co s ~ R 2 co s 



Substitute numerical values and evaluate (Op\ 

2(9.8 lm/s 2 ) (0.05 m) 



rev 27i rad lmin 

700 x x 



(0.064m)' 



mm rev 



60s 



3.27rad/s 



, m = Dco v = (0.05m)(3.27rad/s) 



0.164m/s 



a cm = Deo 2 = (0.05m)(3.27rad/s) 2 



0.535m/s 2 



F v =Mg = (2.5kg)(9.81m/s 2 ) 



= 24.5 N 



(b) Express the speed of the center 
of mass in terms of its angular 
velocity of precession: 

(c) Relate the acceleration of the 
center of mass to its angular velocity 
of precession: 

(d) Use Newton's 2 nd law to relate 
the vertical component of the force 
exerted by the pivot to the weight of 
the disk: 

Relate the horizontal component of 
the force exerted by the pivot to the 
acceleration of the center of mass: 

General Problems 
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Picture the Problem While the 3-kg particle is moving in a straight line, it has angular 
momentum given by L = r x p where r is its position vector and p is its linear 

momentum. The torque due to the applied force is given by f = r x F. 



F v =Ma cm ={2.5kg)(0.535m/s 2 ) 



= 1.34N 



(a) Express the angular momentum 
of the particle: 



L = r x p 



Express the vectors r and p : 



F = (l2m)/ + (5.3m)j 
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Substitute and simplify to find L : 



and 

p = mvi = (3kg)(3m/s)i 
= (9kg-m/s)i 



L = 



[(l 2m)/ + (5.3 m)j\x (9 kg • m/s)< 
(47.7 kg -m 2 /s)(jx/) 



(47.7kg-m 2 /s)A 



(6) Using its definition, express the 
torque due to the force: 

Substitute and simplify to find f : 



f = f x F 



T = 



[(l 2 m)/ + (5.3 m)y]x (- 3 N)i 
-(l5.9N-m)(/x/) 



(l5.9N-m)* 
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Picture the Problem The angular momentum of the particle is given by 

L = r x p where f is its position vector and p is its linear momentum. The torque acting 

on the particle is given by f = dLj dt . 



Express the angular momentum of 
the particle: 



L = rxp = rxmv=mrxv 

_ df 
= mr x — 

dt 



Evaluate 



df 
dt 



Substitute and simplify to find L 



Find the torque due to the force: 



df 
dt 



6tj 



Z = [(3kg){(4m)/ + (3^ 2 m/s 2 )y 
x(6tm/s)j 



T = 



(72.0tJ 


s)k 


dL d 1 

dt dt L 


(72.0? J 


(72.0N 


m)^ 
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Picture the Problem The ice skaters rotate about their center of mass; a point we can 
locate using its definition. Knowing the location of the center of mass we can determine 
their moment of inertia with respect to an axis through this point. The angular momentum 
of the system is then given by L = I cm co and its kinetic energy can be found 

fromK = L 2 /2I cm . 



(a) Express the angular momentum 
of the system about the center of 
mass of the skaters: 



L = 7 cm« 



Using its definition, locate the center 
of mass, relative to the 85-kg skater, 
of the system: 



•"-cm — 



(55kg)(l.7m) + (85kg)(0) 
55kg + 85kg 
= 0.668m 



Calculate / 



/ cm =(55 kg)(l.7m- 0.668 m) 2 
+ (85kg)(0.668m) 2 
= 96.5 kg -m 2 



Substitute to determine L: 



L = (96.5 kg -m 2 ) 



^lrev 2n rad^ 



2.5 s rev 



= 243J-S 



(b) Relate the total kinetic energy of 
the system to its angular momentum 
and evaluate K: 



K = 



L 2 



2/ 



Substitute numerical values and 
evaluate K: 



K = 



(243 J -s) 2 
2(96.5 kg -m 2 ) 



306J 
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Picture the Problem Let the origin of the 
coordinate system be at the pivot (point P). 
The diagram shows the forces acting on the 
ball. We'll apply Newton's 2 nd law to the 
ball to determine its speed. We'll then use 
the derivative of its position vector to 
express its velocity and the definition of 
angular momentum to show that L has 
both horizontal and vertical components. 
We can use the derivative of L with 
respect to time to show that the rate at 
which the angular momentum of the ball 
changes is equal to the torque, relative to 
the pivot point, acting on it. 




-x 



(a) Express the angular momentum 
of the ball about the point of support: 



L = r x p = mf x v 



(1) 



Apply Newton's 2 nd law to the ball: 



m 



YF x = Tsm6 

r sin 0 
and 

^ F z = T cos 6 - mg = 0 



Eliminate T between these equations 
and solve for v: 



= -Jrg sin 0 tan 0 



Substitute numerical values and 
evaluate v: 

Express the position vector of the 
ball: 



v = 7(1 .5 m)(9.8 1 m/s 2 ) sin30°tan30° 
= 2.06m/s 

r = (l .5 m)sin 30°(cos cot i + sin cotj) 

-(l.5m)cos30°* 
where co = cok. 



Find the velocity of the ball: 



dr 

dt 



(O J 5 co m/s){^ sin cot i + cos cot jj 



Evaluate ax. 



Substitute for co to obtain: 
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v = (2. 06 m/s)(- sin cot i + cos catj) 



Substitute in equation (1) and evaluate L : 

L = (2kg)[(l.5m)sin30 o (cose*/ +sinert j)-(l.5m)cos30°*J 
x [(2. 06 m/s)(- sin cot i + cos cot jj 
= 5.36{coscoti + sincot y)+3.09& 



Js 



The horizontal component of L is: 
The vertical component of L is: 



5 .3 6(cos cot i + sin cot 7) J • s 



3.09A:J-s 



(b) Evaluate 



dL 

dt 



dL 

Evaluate the magnitude of — : 

dt 



dL 

dt 

dL 



>(-si 



dt 



5 .3 6co I- sin cot i + cos cotj 



(5.36N-m-s)(2.75rad/s) 



= 14.7N-m 



Express the magnitude of the torque 
exerted by gravity about the point of 
support: 

Substitute numerical values and 
evaluate r: 



r = mgr sin 6 



t = (2kg)(9.81m/s 2 )(l.5m)sin30 c 



= 14.7N-m 
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Picture the Problem In part (a) we need to decide whether a net torque acts on the 
object. In part (b) the issue is whether any external forces act on the object. In part (c) we 
can apply the definition of kinetic energy to find the speed of the object when the 
unwrapped length has shortened to r/2. 



(a) Consider the overhead view of the 
cylindrical post and the object shown in 
the adjoining figure. The object rotates 
counterclockwise. The torque about the 
center of the cylinder is clockwise and 
of magnitude RT, where R is the radius 
of the cylinder and T is the tension. So 
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L must decrease. 

(b) Because, in this frictionless 
environment, no net external forces 
act on the object: 



No, L decreases. 



Its kinetic energy is constant. 



(c) Express the kinetic energy of the 
object as it spirals inward: 




v 0 . (The kinetic energy remains 
constant.) 
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Picture the Problem Because the net torque acting on the system is zero; we can use 
conservation of angular momentum to relate the initial and final angular velocities of the 
system. 



Using conservation of angular L 1 = L f 

momentum, relate the initial and or 

final angular velocities to the initial I i co i = I f co { 
and final moments of inertia: 



Solve for a>i. 



Express I\. 



Express If. 



Substitute to express co f in terms of co : 



Express the initial kinetic energy of 
the system: 



h 
If 



— O)- = —0) 



±ML 2 +2{\me) 
±ML 2 +l{\mL 2 ) 



ML 2 +2(\m£ 2 ) 
ML 2 +2(\mL 2 ) 



CO 



M + 5m- 



L 2 



M + 5m 



CO 



K { = \I.co 2 = \\^ML 2 +2(}mt 2 )]co 2 
-(ML 2 +5m£ 2 )co 2 



20 ' 
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Express the final kinetic energy of the system and simplify to obtain: 

K f = \I { co 2 = \[±ML 2 +2(\mL 2 )\co 2 = ±(ML 2 + 5mL 2 )co 2 



= ^{ML 2 + 5mL 2 ) 



M + 5m- 



V 



M + 5m 



CO 



ML + 5m 



e_ 



M + 5m 



1 


(ML 2 + 5ml 2 ) 2 


(O 2 


20 


ML 2 + 5mL 2 



CO 
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Determine the Concept Yes. The net external torque is zero and angular momentum is 
conserved as the system evolves from its initial to its final state. Because the disks come 
to the same final position, the initial and final configurations are the same as in Problem 
84. Therefore, the answers are the same as for Problem 84. 
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Picture the Problem Because the net torque acting on the system is zero; we can use 
conservation of angular momentum to relate the initial and final angular velocities of the 
system. 



Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 



L i= L f 
or 



Solve for 0^: 



COr 



I, 



-CO- 



CO 



(1) 



Relate the tension in the string to the 
angular speed of the system and 
solve for and evaluate or. 



rp 2^2 

1 = mrco =m — co 



and 



co = 




2(1 08 N) 
(0.4kg)(0.6m) 



= 30.0rad/s 
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Express and evaluate 



Express and evaluate If. 



/ i=1 LMZ 2 +2(im£ 2 ) 

= 1 V(0.8kg)(2m) 2 +l(0.4kg)(0.6m) 2 
= 0.392 kg -m 2 



7 f = ^ML 2 +l{\mL 2 ) 

= 1 L(0.8kg)(2m) 2 +i(0.4kg)(2m) 2 
= 1.12kg-m 2 



Substitute in equation (1) and solve 
for co f : 



0), 



I I 0.392kg -m 2 , \ 

■ f = —a> = - — ^-(30.0rad/sj 

I t 1.12kg-m 



= 10.5rad/s 



Express and evaluate the initial 
kinetic energy of the system: 



= \ (0.392 kg • m 2 )(30.0 rad/s) 2 



= 176J 



Express and evaluate the final kinetic 
energy of the system: 



K f = \I f co 2 



= i(l.l2kg-m 2 )(l0.5rad/s) 2 



= 61.7J 
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Picture the Problem Until the inelastic collision of the cylindrical objects at the ends of 
the cylinder, both angular momentum and energy are conserved. Let K' represent the 
kinetic energy of the system just before the disks reach the end of the cylinder and use 
conservation of energy to relate the initial and final kinetic energies to the final radial 
velocity. 



Using conservation of mechanical 
energy, relate the initial and final 
kinetic energies of the disks: 



K ; = K' 



or 
1 

2 



I^ 2 =\lf(0 2 +\{lmv 2 ) 



Solve for v r : 



\I x co 2 -I f co 2 
2m 



(1) 



Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 



or 
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and final moments of inertia: 



Solve for co f : 



Express h: 



Express If. 



A 7 ' 
it h 



I I =±ML 2 +2(}m£ 2 ) 

7 f = ^MZ 2 + 2(i-mZ 2 ) 



Substitute to obtain co f in terms of co : 



ft). 



±ML 2 +l(\mL 2 



ML 2 + 5m^ 2 
ML 2 + 5mL 2 



co 



Substitute in equation (1) and 
simplify to obtain: 



~2L 
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Picture the Problem Because the net torque acting on the system is zero, we can use 
conservation of angular momentum to relate the initial and final angular velocities and 
the initial and final kinetic energy of the system. 



Using conservation of angular 
momentum, relate the initial and 
final angular velocities to the initial 
and final moments of inertia: 



or 



Solve for co f : 



co f = —CO: = —co 
I I 



(1) 



Relate the tension in the string to the 
angular speed of the system: 



rji 2^2 

1 = mrco =m — co 



Solve for ay. 



co = 




Substitute numerical values and 
evaluate or. 



co = 



| 2(1 08 N) 
(0.4kg)(0.6m) ~ 



30.0rad/s 
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Express and evaluate 



Letting L' represent the final 
separation of the disks, express and 
evaluate If. 



/ i=1 LMZ 2 +2(im£ 2 ) 

= 1 L(0.8kg)(2m) 2 +i(0.4kg)(0.6m) 2 
= 0.392 kg -m 2 



I f =±ML 2 +2(imL' 2 ) 

= 1 L(0.8kg)(2m) 2 +i(0.4kg)(l.6m) 2 
= 0.832kg -m 2 



Substitute in equation (1) and solve 
for co { : 



L 0.392 kg • m 2 , n ,. s 

co f =—o) = — T (30.0 rad/s) 

f I t 0.832kg -m 2V ' 

= 14.1 rad/s 



Express and evaluate the initial 
kinetic energy of the system: 



= i(o.392kg-m 2 )(30.0rad/s) 2 



= 176J 



Express and evaluate the final 
kinetic energy of the system: 



K f = y/ f ct> 2 



= i(0.832kg-m 2 )(l4.1rad/s) 2 



= 82.7J 



The energy dissipated in friction is: 



AE = K i -K f =176J-82.7J 



= 93.3J 
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Picture the Problem The drawing shows 
an elliptical orbit. The triangular element 
of the area is dA = \r\rdO) = \r 2 dO. 




Differentiate dA with respect to t to 
obtain: 



dA j 2 dO 

dt 2 dt 



\r 2 co 



Because the gravitational force acts 
along the line joining the two 
objects, t = 0 and: 



L = mr 2 co 
= constant 
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Eliminate r co between the two 
equations to obtain: 



dA 
dt 



L 

2m 



constant 
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Picture the Problem Let x be the radial distance each disk moves outward. Because the 
net torque acting on the system is zero, we can use conservation of angular momentum to 
relate the initial and final angular velocities to the initial and final moments of inertia. 
We'll assume that the disks are thin enough so that we can ignore their lengths in 
expressing their moments of inertia. 



Use conservation of angular 
momentum to relate the initial and 
final angular velocities of the disks: 



or 

/jffli =I t a> f 



Solve for e# 



co f = -co- 
L 



(1) 



Express the initial moment of inertia 
of the system: 



A ^cy! + 2^disk 



Express the moment of inertia of the 
cylinder: 



I cyX =i- 2 ML 2 +\MV 



= ±m(l 2 +6R 2 ) 

= i(0.8kg)(l. 8m) 2 +6(0.2 m 

= 0.232kg -m 2 



Letting I represent the distance of 
the clamped disks from the center of 
rotation and ignoring the thickness 
of each disk (we're told they are 
thin), use the parallel-axis theorem 
to express the moment of inertia of 
each disk: 



7 di S k =\ mr +mi 



= ±m(r 2 +4£ 2 ) 

= |(0.2kg)[(0.2m) 2 +4(0.4m) 2 
= 0.0340kg -m 2 



With the disks clamped: 



A I cyl + ^disk 



= 0.232kg • m 2 + 2(0.0340 kg- m 2 ) 
= 0.300kg -m 2 
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With the disks undamped, £ = 0.6 m 
and: 



Express and evaluate the final 
moment of inertia of the system: 



disk 4 



m(r 2 +4f 2 ) 



= {(0.2kg)[(0.2m) 2 +4(0.6m) 2 
= 0.0740 kg -m 2 



= 0.232kg • m 2 + 2(0.0740 kg- m 2 ) 
= 0.380kg -m 2 



Substitute in equation (1) to 
determine ax. 



0.300kg -m 2 
0.380kg-m 2 



(8rad/s) 



= 6.32rad/s 



Express the energy dissipated in 
friction: 

Apply Newton's 2 nd law to each 
disk when they are in their final 
positions: 

Solve for k: 



AE = E : -E t 



I l co 2 -{\I f ay 2 +\kx 2 ) 



Ya F ^ =kx = mrC ° 2 



mrco 



Substitute numerical values and 
evaluate k: 



(0.2kg)(0.6m)(6.32rad/s) 2 



0.2m 



24.0 N/m 



Express the energy dissipated in friction: W b = E i —E { 

= \I,co 2 -(\I,co 2 +\kx 2 ) 

Substitute numerical values and evaluate W&\ 

W b = ^(o.300kg -m 2 )(8rad/s) 2 -^(o.380kg -m 2 )(6.32rad/s) 2 -i(24N/m)(0.2m) 2 



= 1.53J 
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Picture the Problem Let the letters d, m, and r denote the disk and the letters t, M, and R 
the turntable. We can use conservation of angular momentum to relate the final angular 
speed of the turntable to the initial angular speed of the Euler disk and the moments of 
inertia of the turntable and the disk. In part (b) we'll need to use the parallel-axis theorem 
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to express the moment of inertia of the disk with respect to the rotational axis of the 
turntable. You can find the moments of inertia of the disk in its two orientations and that 
of the turntable in Table 9- 1 . 



(a) Use conservation of angular 
momentum to relate the initial and 
final angular momenta of the 
system: 



V% =/ df«df + / ,f«,f 



Because (y df : 
Solve for Q\ f : 



7 di^di =/ df^tf +/ tf^tf 



co tT =■ 



(Da, 



(1) 



Ignoring the negligible thickness of 
the disk, express its initial moment 
of inertia: 



\mr 2 

4 



Express the final moment of inertia 
of the disk: 



\mr 2 



Express the final moment of inertia 
of the turntable: 



\MR 



Substitute in equation (1) to obtain: 



co tf = 



\mr 2 



\mr + \MR 2 



0) A 



2 + 2 



MR 



2^ 



mr 



(2) 



Express «di in rad/s: 



rev 2^-rad lmin 
co di = 30 — — x x = ^-rad/s 



mm 



rev 



60s 



Substitute numerical values in 
equation (2) and evaluate ahf. 



(b) Use the parallel-axis theorem to 
express the final moment of inertia 
of the disk when it is a distance L 
from the center of the turntable: 



n rad/s 



2 + 2 



(0.735kg)(0.25m) 2 
(0.5 kg)(0. 125 m) 2 



0.228 rad/s 



I df = j mr 2 + mil = m(| r 2 + L 2 ) 
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Substitute in equation (1) to obtain: 



oo, r = 



\mr 2 



Substitute numerical values and evaluate a\f. 



f — T ^ 

m(\r 2 +L 2 )+\MR 
1 



2 + 4^+2 



MR 



2 ®di 



mr 



;rrad/s 



(0.1m) 2 +2 (0.735 kg)(0.25m) 2 



2 + 4 



(0.125m) 2 (0.5kg)(0.125m) 2 



0.192rad/s 
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Picture the Problem We can express the period of the earth's rotation in terms of its 
angular velocity of rotation and relate its angular velocity to its angular momentum and 
moment of inertia with respect to an axis through its center. We can differentiate this 
expression with respect to T and then use differentials to approximate the changes in r 
and T. 



(a) Express the period of the earth's 
rotation in terms of its angular 
velocity of rotation: 



T = 



In 



CO 



Relate the earth's angular velocity 
of rotation to its angular momentum 
and moment of inertia: 

Substitute and simplify to obtain: 



a> - 



L L 



T 2 2 



2^"(|mr 2 ) 
L 



5L 



(b) Find dTldr. 



dr 



5L 



f T \ 



2 

yr J 



2T 

r 



Solve for dTIT: 



dT dr 

= 2 — or 

T r 



AT ^Ar 

»2 — 

T r 



(c) Using the equation we just 
derived, substitute for the change in 
the period of the earth: 



AT 



_ 4 ' 



iy 



l 



y 365.24d 1460 



= 2 



Ar 



Solve for and evaluate Ar: 
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r 6.37xl0 3 km 



Ar = 



2(1 460) 2(1 460) 



= 2.18km 
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Picture the Problem Let co? be the angular velocity of precession of the earth-as- 
gyroscope, its angular velocity about its spin axis, and / its moment of inertia with 
respect to an axis through its poles, and relate cop to a> s and / using its definition. 



Use its definition to express the 

precession rate of the earth as a giant a v ~ 

gyroscope: 



Substitute for / and solve for v. 

Express the angular velocity a> s of 
the earth about its spin axis: 



Substitute to obtain: 



r 
L 



v = Lco P = IcOCOp 



CO ■ 



In 



T 

the earth. 



where T is the period of rotation of 



2nIco B 



T = 



Substitute numerical values and evaluate v. 



In (8 .03 x 1 Q 37 kg • m 2 ) (7.66 x 1 Q~ 12 s' 1 ) 



tJ 24h 3600s 

ldx x 



4.47xl0 22 N-m 
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Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton's 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 
torque is removed, angular momentum is conserved. 

Express the work done before the W = AK = K f = \I i co\ (1) 

string breaks: 



Express the moment of inertia of the 
system (see Table 9-1): 



I = 1^ + 2I m = I(x) = ^M cyl L 2 cyl + 2mx 2 
= 1 L(l.2kg)(l.6m) 2 +2(0.4kg)x 2 
= 0.256kg ■m 2 +(0.8kg)x 2 
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Evaluate I f = 1(0.4 m): 



7 f =/(0.4m) 

= 0.256kg •m 2 +(0.8kg)(0.4m) 2 
= 0.384kg -m 2 



Using Newton's 2 nd law, relate the 
forces acting on a disk to its angular 
velocity: 



Z F radM =T = mrco 1 f 

where T is the tension in the string at which 

it breaks. 



Solve for a> f : 



COr 




Substitute numerical values and 
evaluate a>f\ 



CO, 



100N 



f "V(0.4kg)(0.4m) 



25.0rad/s 



Substitute in equation (1) to express 
the work done before the string 
breaks: 

Substitute numerical values and 
evaluate W: 



W = \I f a> 2 f 



W = ^(o.384kg • m 2 )(25 rad/s) 2 



= 120J 



With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x: 

Solve for co{x) : 



Substitute numerical values to obtain: 



L = I f co { 
= l(x)ca{x) 



a>(x )- 



7(x) 



/ n_ (0.384kg-m 2 )(25rad/s) 
C °^ X '~ 0.256kg -m 2 +(0.8kg)x 2 



9.60J-S 



0.256kg -m 2 +(0.8kg)x 2 
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Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton's 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 



Conservation of Angular Momentum 799 



torque is removed, angular momentum is conserved. 

Express the work done before the W = AK = K { = \I t co\ (1) 

string breaks: 



Express the moment of inertia of the 
system (see Table 9-1): 

Substitute numerical values to 
obtain: 

Evaluate I f = /(0.4 m): 



Using Newton's 2 n law, relate the 
forces acting on a disk to its angular 
velocity: 

Solve for ox. 



I = I cyl + 2/ m = I(x) = ^M cyl L 2 cyl + 2mx 2 

I = £(l .2kg)(l .6 m) 2 + 2(0.4kg)x 2 
= 0.256kg -m 2 +(0.8kg)x 2 

I { =/(0.4m) 

= 0.256kg •m 2 + (0.8kg)(0.4m) 2 
= 0.384kg -m 2 

Z F rad =T = mrta\ 

where T is the tension in the string at which 
it breaks. 




Substitute numerical values and 1 00 N 

(Or = 7 r=25.0rad/s 

evaluate^: ^ (0.4kg)(0.4m) 

With the applied torque removed, L = I f a> { 

angular momentum is conserved and = l{x)a>{x) 

we can express the angular 
momentum as a function of x: 

Solve for co(x) : , \ I f co f 

coyx)- 



I(x) 



Substitute numerical values and simplify to obtain: 

/ n_ (0.384kg-m 2 )(25rad/s) _ 9.60J-S 
0) ^ X '~ 0.256kg -m 2 +(0.8kg)x 2 ~ 0.256kg • m 2 +(0.8kg)x 2 



Evaluate ffl(0.8m): 
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•(0.8 m) 



9.60J-S 



y= 12.5rad/s 



co\ 



0.256kg •m 2 + (0.8kg)(0.8m) : 



Remarks: Note that this is the angular velocity in both instances. Because the disks 
leave the cylinder with a tangential velocity of \Lco, the angular momentum of the 

system remains constant. 



Picture the Problem The applied torque accelerates the system and increases the tension 
in the string until it breaks. The work done before the string breaks is the change in the 
kinetic energy of the system. We can use Newton's 2 nd law to relate the breaking tension 
to the angular velocity of the system at the instant the string breaks. Once the applied 
torque is removed, angular momentum is conserved. 

Express the work done before the W = AK = K f =^I f cof (1) 

string breaks: 

Using the parallel axis theorem and I[x) = 7 cyl + 2I m 
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treating the disks as thin disks, 
express the moment of inertia of the 
system (see Table 9-1): 




Substitute numerical values to 
obtain: 




+ 2(0.4kg)[{(0.4m) 2 +x 2 ] 
= 0.384kg -m 2 +(0.8kg)x 2 



Evaluate I f = 7(0.4 m): 



I { =/(0.4m) 



= 0.384kg •m 2 +(0.8kg)(0.4m) 2 



= 0.512kg-m 2 



Using Newton's 2 n law, relate the 
forces acting on a disk to its angular 
velocity: 




where T is the tension in the string at which 
it breaks. 



Solve for atf. 




Substitute numerical values and 
evaluate 0%: 
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Substitute in equation (1) to express 
the work done before the string 
breaks: 

Substitute numerical values and 
evaluate W: 



With the applied torque removed, 
angular momentum is conserved and 
we can express the angular 
momentum as a function of x: 



Solve for co(x) : 



Substitute numerical values to obtain: 



W = \ (0.5 12 kg • m 2 )(25 rad/s) 2 



160J 



L = I f co f 
= l(x)co(x) 



coyx ) - — — L 



w 



7(x) 

_ (0.512kg-m 2 )(25rad/s) 
~ 0.384kg -m 2 +(0.8kg)x 2 



12.8J-S 



0.384kg -m 2 +(0.8kg)x 2 



*97 ... 

Picture the Problem Let the origin of the coordinate system be at the center of the pulley 
with the upward direction positive. Let A, be the linear density (mass per unit length) of 
the rope and L\ and L 2 the lengths of the hanging parts of the rope. We can use 
conservation of mechanical energy to find the angular velocity of the pulley when the 
difference in height between the two ends of the rope is 
7.2 m. 



(a) Apply conservation of energy to 
relate the final kinetic energy of the 
system to the change in potential 
energy: 

Express the change in potential 
energy of the system: 



AK + AU = 0 
or, because K\ = 0, 

K + AU = 0 (1) 

AU = U f -U i 

-[-iAi(AA-iAi(VOs] 
= -i^g[fe+4)-(4+4)] 
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Because L\ + L 2 = 7.4 m, 
L 2 i - Lh = 0.6 m, and 
Lit-L\t= 7.2 m, we obtain: 

Substitute numerical values and 
evaluate AJ7: 



L H =3.4 m, L 2 i = 4.0m, 
L\f= 0.1 m, and^2f = 7.3 m. 



AU = -4 / (0.6kg/m)(9.81m/s 2 ) 
x[(0.1m) 2 +(7.3m) 2 
-(3.4m) 2 -(4m) 2 ] 
= -75.75 J 



Express the kinetic energy of the 
system when the difference in 
height between the two ends of the 
rope is 7.2 m: 

Substitute numerical values and 
simplify: 



Substitute in equation (1) and solve 
for ay. 



K=\I v oo l +\Mv A 



= \{\M v R 2 )o) 2 +\MR 2 Q) 2 
= \(\M v +M)R 2 a) 2 



^ = i[i(2.2kg) + 4.8kg] 
= (0.1076kg-m 2 )^ 2 



0.2m^ 2 



In 



CO' 



(0.1076kg-m 2 )to 2 -75.75 J = 0 
and 



co = 



75.75J 



0.1076 kg -m 2 



26.5rad/s 



(b) Noting that the moment arm of 
each portion of the rope is the same, 
express the total angular momentum 
of the system: 

Letting Obe the angle through which 
the pulley has turned, express U{9): 

Express AJ7 and simplify to obtain: 



L = L p +L r = I p co + M r R z co 
= {\M V R 2 +M r R 2 )co 
= ({M p +M> 2 « 



(2) 



U{e) = -\[{L Vl -R6) 2 +{L 2l+ R0) 2 \lg 

AU = U { -U i =U{0)-U{o) 

= -i[(L u -R0f + (L 2l+ RO) 2 ]lg 

= -R 2 0 2 Ag + {L ii -L 2i )R0Ag 



Assuming that, at t = 0, L n « L 2 i. 



AU~-R 2 0 2 Ag 



Substitute for K and /S.U in equation 
(1) to obtain: 

Solve for co\ 



Conservation of Angular Momentum 803 
(0. 1 076kg • m 2 )co 2 - R 2 6 2 X g = 0 



a> = 



R 2 0 z Ag 



' 0.1076kg -m 2 



Substitute numerical values to 
obtain: 



1.2m 



= (l.41s 1 )6> 



— (0.6kg/m)(9.81m/s 2 ) 



Express co as the rate of change of 
0: 

Integrate 6 from 0 to 6 to obtain: 

Transform from logarithmic to 
exponential form to obtain: 

Differentiate to express co as a 
function of time: 

Substitute for co in equation (2) to 
obtain: 

Substitute numerical values and evaluate L: 



0. 1076kg -m 2 



0 



^ = (l.41s>=> ™ = (1.41s- 1 to 

dt v ; e v r 

ln0 = (1.41s -1 )t 

e{t)=e^ 

fl<0 = — = (1-41S- 1 W 1 - 418 " 1 )' 
dt 

Z = (iM p +M r )i? 2 (l.41s- i y i ' 41s ^' 



I = [i(2.2kg) + (4.8kg)]f^T[(l.41s- 1 )e( L41s ")'J=| (o.303kg-m 2 /s)^ 41 ^' 



V 2n j 
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Chapter 11 
Gravity 



Conceptual Problems 
*i * 

(a) False. Kepler's law of equal areas is a consequence of the fact that the 
gravitational force acts along the line joining two bodies but is independent 
of the manner in which the force varies with distance. 



(b) True. The periods of the planets vary with the three-halves power of their distances 
from the sun. So the shorter the distance from the sun, the shorter the period of the 
planet's motion. 

2 

Determine the Concept We can apply Newton's 2 nd law and the law of gravity to the 
satellite to obtain an expression for its speed as a function of the radius of its orbit. 

Apply Newton's 2 nd law to the 
satellite to obtain: 



V T7 - GMm _ v 

7 j ^radial = 2 = M 

r r 
where M is the mass of the object the 
satellite is orbiting and m is the mass of the 
satellite. 



Solve for v to obtain: GM 

v = J 



Thus the speed of the satellite is 

independent of its mass and: (c) is correct. 



3 

Picture the Problem The acceleration due to gravity varies inversely with the square of 
the distance from the center of the moon. 



Express the dependence of the , x 1 

acceleration due to the gravity of the r 2 
moon on the distance from its 
center: 



Express the dependence of the x _j_ 

acceleration due to the gravity of the 
moon at its surface on its radius: 



837 
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Divide the first of these expressions 
by the second to obtain: 



a 
a 



R 



Solve for a': 



R 



R 



a = 



-a = 



(4* M ) : 



2 a jg a 



and (d) is correct. 



Determine the Concept Measurement of G is difficult because masses accessible in the 
laboratory are very small compared to the mass of the earth. 



Determine the Concept The escape speed for a planet is given by v e 
Between v e depends on the square root of M, doubling M increases the escape speed by a 
factor of and 



(a) is correct. 



6 

Determine the Concept We can take careful measurements of its position in order to 
determine whether its trajectory is an ellipse, a hyperbola, or a parabola. If the path is an 
ellipse, it will return; if its path is hyperbolic or parabolic, it will not return. 

7 

Determine the Concept The gravitational field is proportional to the mass within the 
sphere of radius r and inversely proportional to the square of r, i.e., proportional 
to r 3 /r 2 = r. 

*8 • 

Determine the Concept Let m represent the mass of Mercury, M s the mass of the sun, v 
the orbital speed of Mercury, and R the mean orbital radius of Mercury. We can use 
Newton's 2 nd law of motion to relate the gravitational force acting on the Mercury to its 
orbital speed. 



Use Newton's 2" law to relate the 
gravitational force acting on 
Mercury to its orbital speed: 



GM^rn v 2 
F„„ t = ^— = m- 



R 1 



R 



Simplify to obtain: 



, 2 , GM„m 

\mv =4r 2_ = 

2 R 



GM s m 
R 
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or 



K 



Picture the Problem We can use the definition of the gravitational field to express the 
ratio of the student's weight at an elevation of two earth radii to her weight at the surface 
of the earth. 



Express the weight of the student at 
the surface of the earth: 



w = mg 



GM E m 



Express the weight of the student at 
an elevation of two earth radii: 



w = mg = 



GM E m 



Express the ratio of w' to w: 



GM E m 



w 



' _ (3* E ) 2 _ 1 



w 



GM E m 



and 



(d) is correct. 



10 •• 

Determine the Concept One such machine would be a balance wheel with weights 
attached to the rim with half of them shielded using Cavourite. The weights on one side 
would be pulled down by the force of gravity, while the other side would not, leading to 
rotation, which can be converted into useful work, in violation of the law of the 
conservation of energy. 

Estimation and Approximation 



n 

Picture the Problem To approximate the mass of the galaxy we'll assume the galactic 
center to be a point mass with the sun in orbit about it and apply Kepler's 3 rd law. 



Using Kepler's 3 rd law, relate the 
period of the sun Tto its mean 
distance r from the center of the 
galaxy: 



4tt 2 



GM 



galaxy 



An 

M, 



M 

q _ galaxy 



Solve for — -to obtain: 



M 

Q galaxy 

4tt 2 



M 



galaxy 



4tt 2 



M. 



GM, 
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If we measure distances in AU and 
times in years: 



An 2 r 3 M x 
= 1 and — r = — - — - 

GM, T 2 M, 



Substitute numerical values and 
evaluate M ga i axy /M s : 



M. 



alaxy 



3xl0 4 LYx 



6.3xl0 4 AU A 
LY 



M s (250xl0 6 y) 2 
= 1.08x10" 



or 

M. 



alaxy 



1.08xl0"M. 



*12 ••• 

Picture the Problem We can use Kepler's 3 rd law to find the size of the semi-major axis 
of the planet's orbit and the conservation of momentum to find its mass. 

An 1 



(a) Using Kepler's 3 ld law, relate the 
period of this planet T to the length r 
of its semi-major axis: 



GM 



Iota Draconis 

2 



An 1 



M 

Q Iota Draconis 

M. 



An 

GM. 



M 



lota Draconis 

M. 



If we measure time in years, 
distances in AU, and masses in 
terms of the mass of the sun: 



An 

MG. 



= 1 and T 1 = 



1 



M 



lota Draconis 

M, 



Solve for r to obtain: 



r = 3 



M 



lota Draconis 



M, 



Substitute numerical values and 
evaluate r: 



r = 3 



r \.05M, ^ 



(i-5y) 2 



1.33AU 



s J 



(b) Apply conservation of 
momentum to the planet (mass m 
and speed v) and the star (mass M Iota 
Draconis and speed V) to obtain: 



«v = M IotaDracoms K 
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Solve for m to obtain: 



m=M 



V 



Iota Draconis 



Use its definition to find the speed 
of the orbiting planet: 



Substitute numerical values and 
evaluate v: 



Ad 2tw 



At 



2k 



1.33AUx 



1.5xlQ n m^ 
AU 



, CA 365.25d 24h 3600s 
1.50yx x x 

y d h 



2.65xl0 4 m/s 



m=M 



Iota Draconis 



296 m/s 



2.65 xlO 4 m/s 



= 0.0112M 



Iota Draconis 



= 0.0112(l.05M s J 

= 0.0112(l.05)(l.99xl0 30 kg) 

= 2.34xl0 28 kg 



Express m in terms of the mass Mj 
of Jupiter: 



m 



2.34 xlO 28 kg 



Mj 1.90xl0 27 kg 



= 12.3 



or 

m = 



12.3Mj 



Remarks: A more sophisticated analysis, using the eccentricity of the orbit, leads to 
a lower bound of 8.7 Jovian masses. (Only a lower bound can be established, as the 
plane of the orbit is not known.) 

13 ••• 

Picture the Problem We can apply Newton's law of gravity to estimate the maximum 
angular velocity which the sun can have if it is to stay together and use the definition of 
angular momentum to find the orbital angular momenta of Jupiter and Saturn. In part (c) 
we can relate the final angular velocity of the sun to its initial angular velocity, its 
moment of inertia, and the orbital angular momenta of Jupiter and Saturn. 



(a) Gravity must supply the 
centripetal force which keeps an 
element of the sun's mass m rotating 
around it. Letting the radius of the 
sun be R, apply Newton's law of 
gravity to an element of mass m to 
obtain: 



mco R < 



GMm 



or 

2„ GM 
co R < — j- 

R 2 

where we've used the inequality because 
we're estimating the maximum angular 
velocity which the sun can have if it is to 
stay together. 
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Solve for or. 



a> < 



\GM 



Substitute numerical values and evaluate ay. 



co < 



i 



(6.673xl0'"N-m 2 /kg 2 )(l.99xlQ 30 kg) _ 
(6.96 xlO 8 m) 3 



6.28xl(T 4 rad/s 



Calculate the period of this motion 
from its angular velocity: 



T = — = 



2n 



a) 6.28x10 ; rad s 
lh 



= 1.00xl0 4 sx 



3600 s 



2.78h 



(b) Express the orbital angular 
momenta of Jupiter and Saturn: 

Express the orbital speeds of Jupiter 
and Saturn in terms of their periods 
and distances from the sun: 

Substitute to obtain: 



L ) = ™ s r 5 v 5 and L s = m s r s v s 



2nr, , 2nr„ 
Vj = and v s = 



L s = — and L s = — 



Substitute numerical values and evaluate Lj and Ls: 

_ 2;r(318M E )r J 2 _ 2^(318)(5.98xl0 24 kg)(778x!0 9 m) 2 



and 



L 3 



1in 365.25d 24h 3600s 
11.9yx x x 

y d h 



1.93xl0 43 kg-mVs 



_ 2;r(95.1M E )r s 2 _ 2^(95.l)(5.98xl0 24 kg)(l430xl0 9 m) ; 



onc 365.25d 24h 3600s 
29.5 yx x x 

y d h 



7.85xl0 42 kg-m7s 



Express the angular momentum of 
the sun as a fraction of the sum of 
the angular momenta of Jupiter and 
Saturn: 



/= 4u " 



1.91xlQ 4l kg-m 2 /s 
(l9.3 + 7.85)xl0 42 kg-m 2 /s 



= 0.703% 
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(c) Relate the final angular L { = L { +Z ; + L s 

momentum of the sun to its initial Qr 

angular momentum and the angular _ 

momenta of Jupiter and Saturn: 1 sun<J>f = ^un 6 *. + L J + L s 

Solve for ax to obtain: L. + 



7 



sun 



Substitute for a\ and 7 sun : 2;r Z. +Z C 

= 1 

f T sun 0.059M sun Rl 

Substitute numerical values and evaluate ax. 

In (l9.3 + 7.85)xl0 42 kg-m 2 /s 



CO, 



' 30dx 24h x 36008 0.059(l. 99 xl0 30 kg)(6.96xl0 8 m) 2 
d h 



4.80xl0" 4 rad/s 



Note that this result is about 76% of the maximum possible rotation allowed by gravity 
that we calculated in part (a). 

Kepler's Laws 

14 • 

Picture the Problem We can use the relationship between the semi-major axis and the 
distances of closest approach and greatest separation, together with Kepler's 3 rd law, to 
find the greatest separation of Alex-Casey from the sun. 

Letting x represent the greatest x + 0 . 1 AU 

distance from the sun, express the — ^ 
relationship between x, the distance 
of closest approach, and its semi- 
major axis R: 

Solve for x to obtain: x = 2i?-0.1AU (1) 



Apply Kepler's 3 r law, with the f 2 = R 

period T measured in years and R in 
AU to obtain: 



Solve fori?: 

Substitute numerical values and 
evaluate R: 



R = \jT 2 



R = ^{\27Ayf =25.3AU 



Substitute in equation (1) and _ 2(25 3 AU)- 0 1 AU = 

evaluate R: 



50.5 AU 



844 Chapter 11 



15 • 

Picture the Problem We can use Kepler's 3 rd law to relate the period of Uranus to its 
mean distance from the sun. 



Using Kepler's 3 r law, relate the 
period of Uranus to its mean 
distance from the sun: 



T 2 = Cr 
where C ■ 



An 2 
GM., 



2.973 xlO-'V/m 3 



Solve for T: 



t = 4c? 



Substitute numerical values and evaluate T: 



T = 7(2.973 x 1(T 19 s 2 /m 3 ) (2.87 x 10 12 mf 
= 2.651xl0 9 sx^ ll -xi^x- ^ 



3600s 24h 365.25d 



84.0 y 
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Picture the Problem We can use Kepler's 3 rd law to relate the period of Hektor to its 
mean distance from the sun. 



Using Kepler's 3 r law, relate the 
period of Hektor to its mean 
distance from the sun: 



T 2 = Cr 
where C ■ 



4tt 2 
GM. 



2.973 xl0" 19 s 2 /m 3 



Solve for T: 



t = 4c? 



Substitute numerical values and evaluate T: 



T = 



(2.973 xlO-'V/m 3 ) 



5.16AUx 



1.50xlO n m^ 



AU 



3.713xl0 8 sx- 



lh Id 



■X X ■ 



ly 



3600s 24h 365.25d 



11. 8y 
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Picture the Problem Kepler's 3 rd law relates the period of Icarus to the length of its 
semimajor axis. The aphelion distance r a is related to the perihelion distance r p and the 
semimajor axis byr a +r p = 2a. 
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(a) Using Kepler's 3 rd law, relate the T=Ca" 

period of Icarus to the length of its An 1 _ ___ ,„_ 19 2/ 3 

where C = = 2.973x10 s /m . 

semimajor axis: 



Solve for a: 




Substitute numerical values and 
evaluate a: 



a = 



, , 365.25d 24h 3600s 

l.ly x X X 

y d h 



\ 2 



2.973 xlO^V/m 



= 1.59x10" m 



(b) Use the definition of the 
eccentricity of an ellipse to 
determine the perihelion distance of 
Icarus: 



r p =a(\-e) 

= (l.59xlO n m)(l-0.83) 



2.71xl0 10 m 



Express the relationship between r p 
and r a for an ellipse: 



r + r = 2a 

a P 



Solve for and evaluate r a 



r =2a- 



2(l.59xl0 11 m)-2.71xl0 10 m 



= 2.91xlO n m 



18 •• 

Picture the Problem The Hohmann transfer orbit is shown in the diagram. We can apply 
Kepler's 3 ld law to relate the time-in-orbit to the period of the spacecraft in its Hohmann 
Earth-to-Mars orbit. The period of this orbit is, in turn, a function of its semi-major axis 
which we can find from the average of the lengths of the semi-major axes of the Earth 
and Mars orbits. 
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Using Kepler's 3 rd law, relate the 
period T of the spacecraft to the 
semi-major axis of its orbit: 



T 2 = R 3 



Solve for Tto obtain: 

Relate the transit time to the period 
of this orbit: 



Express the semi-major axis of the 
Hohmann transfer orbit in terms of 
the mean sun-Mars and sun-Earth 
distances: 



1.52AU + UWAU 



Substitute numerical values and 
evaluate ?, np : 



trip 



= |V(1-26AU) 3 

365.24d 



= 0.707yx. 



iy 



258 d 



*19 ** 

Picture the Problem We can use a property of lines tangent to a circle and radii drawn to 
the point of contact to show that b = 90°. Once we've established that b is a right angle 
we can use the definition of the sine function to relate the distance from the sun to Venus 
to the distance from the sun to the earth. 



(a) The line from earth to Venus ' 
orbit is tangent to the orbit of Venus 
at the point of maximum extension. 
Venus will appear closer to the sun 
in earth's sky when it passes the line 
drawn from earth and tangent to its 
orbit. Hence: 



90 c 



(b) Using trigonometry, relate the 
distance from the sun to Venus dsv 
to the angle a: 



sin a 



_ ^sv 



"SE 



Solve for (/ sv : 



d sv = d 5E sin a 



0.73 1AU 



Substitute numerical values and j _ A AU)sin47 c 

evaluate dsv- 

Remarks: The correct distance from the sun to Venus is closer to 0.723 AU. 
20 

Picture the Problem Because the gravitational force the Earth exerts on the moon is 
along the line joining their centers, the net torque acting on the moon is zero and its 
angular momentum is conserved in its orbit about the Earth. Because energy is also 
conserved, we can combine these two expressions to solve for either v p or v a initially and 
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then substitute in the conservation of angular momentum equation to find the other. 



Letting m be the mass of the moon, 
apply conservation of angular 
momentum to the moon at apogee 
and perigee to obtain: 

Solve for v a : 



mv p r p = mv a r a 
or 

v r = v r 

p p a a 



■ —v. 



(1) 



Apply conservation of energy to the 
moon-earth system to obtain: 



1 2 GMm 1 2 GMm 
—mv n = — mv n 

2 P r 2 a r 



or 

2 p 



GM 1 2 
= —v 

2 a 



GM 



Substitute for v a to obtain: 



1 2 

2 V ' 



GM _ 1 

r p =2 

_ 1 

~2 



\ r a J 



GM 
GM 



Solve for v„ to obtain: 



2GM 


f 1 1 




1 + T If 

\ P 1 a J 



Substitute numerical values and evaluate v p : 



2(6.673x10"" N-m 2 /kg 2 )(5.98xl0 24 kg) 


f \ 
1 




= 1.09 km/s 


3.576xl0 8 m 


1 | 3.576xl0 8 m 
v 4.064xl0 8 m y 





Substitute numerical values in 
equation (1) and evaluate v a : 



3.576xl0'm (l09km/s) 
" 4.064xl0 8 m v ' 



= 0.959 km/s 



Newton's Law of Gravity 

*2l 

Picture the Problem We can use Kepler's 3 rd law to find the mass of Jupiter in part (a). 
In part (b) we can express the centripetal accelerations of Europa and Callisto and 
compare their ratio to the square of the ratio of their distances from the center of Jupiter 
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to show that the given data is consistent with an inverse square law for gravity. 



(a) Assuming a circular orbit, apply 
Kepler's 3 rd law to the motion of 
Europa to obtain: 

Solve for the mass of Jupiter: 



GM, 



Substitute numerical values and 
evaluate Mf. 



An 2 



Mj (6.673x10 11 N-m 2 /kg 2 ) 

(6.71 xlO 8 m) 3 

x i '- 

f OCCJ 24h 3600s A 
3.55dx x 

I d h j 



1.90xl0 27 kg , a result in 



excellent agreement with the 
accepted value of 1 .902 x 10 27 kg. 



(b) Express the centripetal 
acceleration of both of the moons to 
obtain: 



_ V 



2aft Y 

^T) _An 2 R 



R R T 2 
where R and T are the radii and periods of 
their motion. 



Using this result, express the 
centripetal accelerations of Europa 
and Callisto: 

Substitute numerical values and 
evaluate a E \ 



Substitute numerical values and 
evaluate ac- 



a c = 



47r 2 R F , 4tt 2 R c 

7w2 and a C = -^2^- 



4^- 2 (6.71xl0 8 m) 
[(3.55d)(24h/d)(3600s/h)] 2 



0.282 m/s 2 



a r = 



4^- 2 (l8.8xlQ 8 m) 
[(l6.7d)(24h/d)(3600s/h)] 2 



0.0356m/s 2 



Evaluate the ratio of these 
accelerations: 



0.282m/s 2 



a n 0.0356 m/s 2 



= 7.91 
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Evaluate the square of the ratio of 
the distance of Callisto divided by 
the distance of Europa to obtain: 



K R EJ 



18.8xlQ 8 m 
6.71xl0 8 m 



= 7.85 



The close agreement (within 1%) of our last two calculations strongly supports 
the conclusion that the gravitational force varies inversely with the square of 
the distance. 



*22 • 

Determine the Concept The weight of anything, including astronauts, is the reading of a 
scale from which the object is suspended or on which it rests. If the scale reads zero, then 
we say the object is "weightless." The pull of the earth's gravity, on the other hand, 
depends on the local value of the acceleration of gravity and we can use Newton's law of 
gravity to find this acceleration at the elevation of the shuttle. 



(a) Apply Newton's law of 
gravitation to an astronaut of mass 
min a shuttle at a distance h above 
the surface of the earth: 

Solve for g shuttle : 



shuttle 



g 



shuttle 



GmM E 
(h + Rj 



{h + Rj 



Substitute numerical values and evaluate gshuttle: 



g 



shuttle 



(6.673 x 10 " N • m 2 /kg 2 )(5.98 x 10 24 kg) 
(400 km + 6370 km) 2 



8.71m/s 2 



(b) 



Because they are in "free fall" everything on the shuttle is falling toward 
the center of the earth with exactly the same acceleration, so the astronauts 
will seem to be "weightless." 



23 • 

Picture the Problem We can use Kepler's 3 rd law to relate the periods of the moons of 
Saturn to their mean distances from its center. 



(a) Using Kepler's 3 1 law, relate the 2 4;r 

period of Mimas to its mean M GM S 

distance from the center of Saturn: 



Solve for T M : 4^- 



GM S 
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(b) Using Kepler's 3 rd law, relate the ^ 2 _ An 2 

period of Titan to its mean distance T GM S 

from the center of Saturn: 



Substitute numerical values and evaluate T t 



M- 



, 4^(l.86xlQ 8 m)f 
M ~~ 1 ' (5.69 x 10 26 kgj(6.6726x 10 -11 N • m 2 /kg 2 J 



8.18xl0 4 s 



Solve for r T : 



jTjGM s 



An 2 



Substitute numerical values and evaluate r T : 



f(l.38xl0 6 s) 2 (6.6726xl0"N-m 2 /kg 2 )(5.69xl0 26 kg) 

An 1 



1.22xl(fm 
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Picture the Problem We can use Kepler's 3 rd law to relate the period of the moon to the 
mass of the earth and the mean earth-moon distance. 



(a) Using Kepler's 3 ld law, relate the 2 4;r 2 3 

T = r„ 

period of the moon to its mean orbital m GM 

radius: 



E 



Solve for M E : _ An 3 

GT 2 r ™ 



Substitute numerical values and evaluate M E : 



M E =- 



4tt 2 (3.84x10 8 m) 3 



6.02xl0 24 kg 



(6.6726xl0" 11 N-m 2 /kg 2 )f : 

v 



f . n . A 24h 3600 
27.3 dx x 



J 



Remarks: This analysis neglects the mass of the moon; consequently the mass 
calculated here is slightly too great. 
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Picture the Problem We can use Kepler's 3 rd law to relate the period of the earth to the 
mass of the sun and the mean earth-sun distance. 
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(a) Using Kepler's 3 rd law, relate the 
period of the earth to its mean 
orbital radius: 

Solve for M s : 



1 p = r P 



4n' 



GT, 



2 E 



Substitute numerical values and evaluate M s : 



47r 2 (l.496xl0"m) 3 



(6.6726 xlO"N-m 2 /kg 2 ) fly: 



365.25d 24h 3600s 



y 



X X 

d 



1.99xl0 30 kg 



*26 • 

Picture the Problem We can relate the acceleration of an object at any elevation to its 
acceleration at the surface of the earth through the law of gravity and Newton's 2 nd law of 
motion. 



Letting a represent the acceleration 
due to gravity at this altitude (R E ) 
and m the mass of the object, apply 
Newton's 2 nd law and the law of 
gravity to obtain: 



L radm '"(2i? E ) 2 



ma 



and 



a = 



GM E 

(2RJ 



(1) 



Apply Newton's 2 nd law to the same 
object when it is at the surface of the 
earth: 



y = GmM E 

/ i radial 



mg 



and 



g 



GM E 
IT 



(2) 



Divide equation (1) by equation (2) 
and solve for a: 



a = R e 
g 4i? 2 

and 

« = |g = |(9.81m/s 2 ) = 



2.45 m/s 2 



27 • 

Picture the Problem Your weight is the local gravitational force exerted on you. We can 
use the definition of density to relate the mass of the planet to the mass of earth and the 
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law of gravity to relate your weight on the planet to your weight on earth. 



Using the definition of density, 
relate the mass of the earth to its 
radius: 



Relate the mass of the planet to its 
radius: 



M P = pV P =ipnRl 

= ±p4\orJ 



Divide the second of these equations 
by the first to express M P in terms of 
M E : 



Letting w' represent your weight on 
the planet, use the law of gravity to 
relate w' to your weight on earth: 



M 



M 



pnRi 



and 

M P = 10 3 M E 



,_ GmM p _ Gm(lQ 3 M E ) 



w = 



R 



= 10 



p 

GmM E 



(lORj 



I0w 



where w is your weight on earth. 

28 • 

Picture the Problem We can relate the acceleration due to gravity of a test object at the 
surface of the new planet to the acceleration due to gravity at the surface of the earth 
through use of the law of gravity and Newton's 2 nd law of motion. 



Letting a represent the acceleration 
due to gravity at the surface of this 
new planet and m the mass of a test 
object, apply Newton's 2 nd law and 
the law of gravity to obtain: 



I* 

and 



radial 



GmM E 



= ma 



Simplify this expression to obtain: 



A GM E A 

a = 4 — j^ = 4g = 
Rl 



39.2 mis' 



29 • 

Picture the Problem We can use conservation of angular momentum to relate the 
planet's speeds at aphelion and perihelion. 



Using conservation of angular 
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momentum, relate the angular 
momenta of the planet at aphelion 
and perihelion: 

Solve for the planet's speed at 
aphelion: 



Substitute numerical values and 
evaluate v a : 



or 



mVp r p = mv a r a 



v, = 



p p 



v„ = 



(5xlQ 4 m/s)(l.0xlQ 15 m) 



2.2xl0 15 m 



= 2.27xl0 4 m/s 



30 • 

Picture the Problem We can use Newton's law of gravity to express the gravitational 
force acting on an object at the surface of the neutron star in terms of the weight of the 
object. We can then simplify this expression be dividing out the mass of the object . . . 
leaving an expression for the acceleration due to gravity at the surface of the neutron star. 



Apply Newton's law of gravity to an 
object of mass m at the surface of 
the neutron star to obtain: 

Solve for g and substitute for the 
mass of the neutron star: 



G M NeutronStar ffl = „,„ 
2 m & 
-^Neutron Star 

where g represents the acceleration due to 
gravity at the surface of the neutron star. 
r _ GM NeMa[ _ G{\.60M S J 
R 2 R 2 

Neutron Star Neutron Star 



Substitute numerical values and evaluate g: 



g 



_ 1 .60(6.673 x 1 Q-' 1 N • m 2 /kg 2 \l .99 x 1 0 30 kg) _ 
(10.5 km) 2 



1.93xl0 12 m/s 2 



*31 •• 

Picture the Problem We can use conservation of angular momentum to relate the 
asteroid's aphelion and perihelion distances. 



Using conservation of angular L z = L p 

momentum, relate the angular or 

momenta of the asteroid at aphelion mv r = mv r 
and perihelion: 



Solve for and evaluate the ratio of r a v p 20km/s i 

the asteroid's aphelion and r v 14km/s ' — — — 

p a 

perihelion distances: 
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32 •• 

Picture the Problem We'll use the law of gravity to find the gravitational force acting on 
the satellite. The application of Newton's 2 nd law will lead us to the speed of the satellite 
and its period can be found from its definition. 



(a) Letting m represent the mass of 
the satellite and h its elevation, use 
the law of gravity to express the 
gravitational force acting on it: 



GmM E 

g / r, . r\2 



mR 2 E g 
{R E +hf (R E+ hf 
mg 



1 + 



h 



R 



E J 



Substitute numerical values and 
evaluate F g : 



F *=7 



mg _ (300kg)(9.81N/kg) 



1 + 



R 



E J 



f | 5xlQ 7 m ^ 
v + 6.37xl0 6 m y 



= 37.6N 



(b) Using Newton's 2 n law, relate 
the gravitational force acting on the 
satellite to its centripetal 
acceleration: 



Solve for v: 




F g =m- 



Substitute numerical values and 
evaluate v: 



v = 



( (37.6N)(6.37xl0 6 m + 5xl0 7 m) 
300 kg 



2.66 km/s 



(c) Express the period of the 
satellite: 



Substitute numerical values and 
evaluate T: 



2nr 



,_ 2;r(6.37xl0 6 m + 5xl0 7 m) 



= 1.33xl0 :, sx 



2.66 xlO 3 m/s 
lh 



3600s 



36.9h 
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*33 » 

Picture the Problem We can determine the maximum range at which an object with a 
given mass can be detected by substituting the equation for the gravitational field in the 
expression for the resolution of the meter and solving for the distance. Differentiating 
g(r) with respect to r, separating variables to obtain dglg, and approximating Ar with dr 
will allow us to determine the vertical change in the position of the gravity meter in the 
earth's gravitational field is detectable. 



(a) Express the gravitational field of 
the earth: 



GM l 



Express the gravitational field due 
to the mass m (assumed to be a point 
mass) of your friend and relate it to 
the resolution of the meter: 



g 



(r) = 



Gm 



= 10% =10" 



GM E 
Rl 



Solve for r: 



r = R C 



10 n m 



Substitute numerical values and 
evaluate r. 



r = (6.37x10' ml 

V ; V5.98xl0 24 kg 



7.37m 



(b) Differentiate g(r) and simplify to 
obtain: 



dg_ 
dr 



2Gm 



2(Gm^ 
r{r 2 J 



g 



Separate variables to obtain: 



^ = -2^ = 10- 
g r 



Approximating dr with Ar, evaluate 
Ar with r = R E : 



Ar = |-j(l0" n )(6.37xl0 6 m 
= 3.19xl0- 5 m 



= 0.0319mm 



34 

Picture the Problem We can use the law of gravity and Newton's 2 nd law to relate the 
force exerted on the planet by the star to its orbital speed and the definition of the period 
to relate it to the radius of the orbit. 
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Using the law of gravity and 
Newton's 2 nd law, relate the force 
exerted on the planet by the star to 
its centripetal acceleration: 



KMm v 

F net = = m ~ 

r r 



Solve for v to obtain: 



v = KM 



Express the period of the planet: 



2nr 2k r In 
T = = , = , r 



v 4km 4km 



or 



T oc r 



*35 » 

Picture the Problem We can use the definitions of the gravitational fields at the surfaces 
of the earth and the moon to express the accelerations due to gravity at these locations in 
terms of the average densities of the earth and the moon. Expressing the ratio of these 
accelerations will lead us to the ratio of the densities. 



Express the acceleration due to 
gravity at the surface of the earth in 
terms of the earth's average density: 



_ GM E _ Gp E V E 

r>2 

E 

= jGp E xR E 



Rl 



Express the acceleration due to 
gravity at the surface of the moon in 
terms of the moon's average 
density: 



Divide the second of these equations 
by the first to obtain: 



Sm _ Pm 
Se 



Pe R e 



Solve for 



Pm 
Pe 



Pm _ §m^e 
Pe g E R M 



Substitute numerical values and 
Pm . 



evaluate 



Pt 



Pm 
Pe 



(l.62m/s 2 )(6.37xl0 6 m) 
(9.81m/s 2 )(l.738xl0 6 m) 



0.605 
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36 



Picture the Problem We can use the law of gravity to find the forces of attraction 
between the two masses and the definition of torque to determine the balancing torque 
required. 



(a) Use the law of gravity to express 
the force of attraction between the 
two masses: 



p = Gm i™2 



Substitute numerical values and evaluate F: 



_ (6.6726x10 " N-m 2 /kg 2 )(l0kg)(0.01kg) _ 
(0.06 m) 2 



1.85xlO~ 9 N 



(b) Use its definition to find the T = 2Fr = l(\ .85 x 10~ 9 n)(0. lm) 

torque exerted by the suspension to 
balance these forces: 



3.70xlO~ 10 N-m 



Gravitational and Inertial Mass 
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Picture the Problem Newton's 2 nd law of motion relates the masses and accelerations of 
these objects to their common accelerating force. 



(a) Apply Newton's 2 nd law to the 
standard object: 



F = m ] a ] 



Apply Newton's 2 nd law to the 
object of unknown mass: 



F = m 2 a 2 



Eliminate F between these two 
equations and solve for m^. 



772, 



a. 



■7ft, 



Substitute numerical values and 
evaluate m^. 



2.6587 m/s 2 / x | z — 
/», = — (lkg)= 2.27kg 



1.1705 m/s 2 



(b) 



It is the inertial mass of m~ 
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38 • 

Picture the Problem Newton's 2 nd law of motion relates the weights of these two objects 
to their masses and the acceleration due to gravity. 

(a) Apply Newton's 2 nd law to the F net =w 1 =m Y g 
standard object: 

Apply Newton's 2 nd law to the F net =w 2 = m 2 g 
object of unknown mass: 



Eliminate g between these two 
equations and solve for m 2 : 



Substitute numerical values and 
evaluate m 2 : 



m 2 = 



-m. 



^=^(lkg) = [5J7k^ 



9.81N 



Since this result is determined by the effect on m 2 of the earth's 
gravitational field, it is the gravitational mass of m 2 . 



*39 • 

Picture the Problem Noting that g\ ~ g 2 ~ g, let the acceleration of gravity on the first 
object be g\, and on the second be gj. We can use a constant-acceleration equation to 
express the difference in the distances fallen by each object and then relate the average 
distance fallen by the two objects to obtain an expression from which we can 
approximate the distance they would have to fall before we might measure a difference in 
their fall distances greater than 1 mm. 



Express the difference Ad in the Ad = d x -d 2 

distances fallen by the two objects in 
time t: 



Express the distances fallen by each j = Lg f 2 

of the objects in time t: , 

and 

d = ±-e t 2 

u 2 2 62' 



Substitute to obtain: 

Relate the average distance d fallen 
by the two objects to their time of 
fall: 



Ad = \ gl t 2 -\g 2 t 2 =\{ gl -g 2 )t 2 

d = \gt 2 
or 
, 2d 
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Substitute to obtain: 



Solve for d to obtain: 



2d ^Ag 



Ad «|Ag — = d 



g g 



d = Ad 



g_ 



Substitute numerical values and evaluate d: d = (l0~ 3 m)(l 0 12 ) - 



10 9 m 



Gravitational Potential Energy 

40 • 

Picture the Problem Choosing the zero of gravitational potential energy to be at infinite 
separation yields, as the potential energy of a two-body system in which the objects are 
separated by a distance r, U{r) = — GMm/r , where M and m are the masses of the two 

bodies. In order for an object to just escape a gravitational field from a particular 
location, it must have enough kinetic energy so that its total energy is zero. 



(a) Letting {/(go) = 0, express the 
gravitational potential energy of the 
earth-object system: 

Substitute for GM E and simplify to 
obtain: 



u{r) = _GM 1 m 



(1) 



GM E m 



gR^m 



-mgR E 



Substitute numerical values and evaluate U(R E ): 

[/(i? E ) = -(l00kg)(9.81N/kg)(6.37xl0 6 m): 



-6.25xl0 9 J 



(b) Evaluate equation (1) with r = 2R E : 



U{2R E )-. 



GM E m 



2R. 



_ _ i 



E 

2 mgR E 



gR E m 
2R B 



Substitute numerical values and evaluate U(2R E ): 

C/(2i? E ) = -i(l00kg)(9.81N/kg)(6.37xl0 6 m) = 



-3.12xl0 9 J 



(c) Express the condition that an 
object must satisfy in order to 
escape from the earth's gravitational 



K esc {2R E ) + U{2R E ) = 0 
or 

}mv e 2 sc +[/(2i? E ) = 0 
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field from a height R E above its 
surface: 

Solve for v esc : 



_ \-2U{2R E ) 



m 



Substitute numerical values and 
evaluate v esc : 



2(-3.12xlQ 9 7) 
100 kg 



7.90 km/s 



41 • 

Picture the Problem In order for an object to just escape a gravitational field from a 
particular location, an amount of work must be done on it that is equal to its potential 
energy in its initial position. 



Express the work needed to remove 
the point mass from the surface of 
the sphere to a point a very large 
distance away: 



W = LU = U t -U i 

or, because U f = 0, 
W = AU = -U, 



(1) 



Express the initial potential energy 
of the system: 



v = GMm 0 



R 



Substitute in equation (1) to obtain: 



W 



GMm 0 
R 



42 • 

Picture the Problem Let the zero of gravitational potential energy be at infinity and let 
m represent the mass of the spacecraft. We'll use conservation of energy to relate the 
initial kinetic and potential energies to the final potential energy of the earth-spacecraft 
system. 



Use conservation of energy to relate 
the initial kinetic and potential 
energies of the system to its final 
energy when the spacecraft is one 
earth radius above the surface of the 
planet: 



Kt-Ki+Uf-U^O 

or, because K { = 0, 

-K{R E ) + U{2R E )-U{R E ) = 0 



(1) 
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Express the potential energy of the 
spacecraft-and-earth system when 
the spacecraft is at a distance r from 
the surface of the earth: 



u{r) = _GM 1 m 



Substitute in equation (1) to obtain: 



\mv 2 



GM^m GM E m 
■ + - 



2R C 



Solve for v: 



v = 



\ GM E _ gRl 
R, V R, 



Substitute numerical values and evaluate v: v — ^9.81m/s 2 )(6.37 x 10 6 m) 



= 7.91km/s 



*43 

Picture the Problem Let the zero of gravitational potential energy be at infinity and let 
m represent the mass of the object. We'll use conservation of energy to relate the initial 
potential energy of the object-earth system to the final potential and kinetic energies. 



Use conservation of energy to relate 
the initial potential energy of the 
system to its energy as the object is 
about to strike the earth: 



K { -K 1 +U { -U { =0 
or, because Kj = 0, 

K{R E ) + U{R E )-U{R E +h) = 0 (1) 
where h is the initial height above the 
earth's surface. 



Express the potential energy of the 
object-earth system when the object 
is at a distance r from the surface of 
the earth: 



u{r) = _GM 3 m 



Substitute in equation (1) to obtain: 



2 GM P m GM E m n 
mv — + — = 0 



R, 



R E +h 



Solve for v. 



v = 



r GM E GM E A 
v Re R E +hj 



K R E +h 
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Substitute numerical values and evaluate v: 



| 2(9.81m/s 2 )(6.37xl0 6 m)(4xl0 6 m) _ 
V 6.37xl0 6 m + 4xl0 6 m 



6.94 km/s 



44 » 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the object, and h the maximum height reached by the object. We'll 
use conservation of energy to relate the initial potential and kinetic energies of the object- 
earth system to the final potential energy. 



Use conservation of energy to relate 
the initial potential energy of the 
system to its energy as the object is 
about to strike the earth: 



K f -K l +U { -£/; =0 
or, because K { = 0, 

K{R E ) + U{R E )-U{R E +h) = 0 (1) 

where h is the initial height above the 
earth's surface. 



Express the potential energy of the 
object-earth system when the object 
is at a distance r from the surface of 
the earth: 

Substitute in equation (1) to obtain: 



u{r) = _GM E m 



, GM P m GM P m 
R E R E +h 



Solve for h: 



h = 



R,, 



Substitute numerical values and evaluate h: 



6.37xl0 6 m 
2(9.81m/s 2 j(6.37xl0 6 m) ~ 

(4xl0 3 mf 



= 935km 



45 » 

Picture the Problem When the point mass is inside the spherical shell, there is no mass 
between it and the center of the shell. On the other hand, when the point mass is outside 
the spherical shell we can use the law of gravity to express the force acting on it. In (b) 
we can derive U(r) from F(r). 
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(a) The force exerted by the shell on 
a point mass m 0 when mo is inside 
the shell is: 



^inside _ 0 



The force exerted by the shell on a 
point mass m 0 when m 0 is outside 
the shell is: 



■^outside ~~ m oS — 



GMm n „ 
^-r 



where f is radially outward from the center 
of the spherical shell. 



(b) Use its definition to express U(r) 
for r>R: 



r r 

U(r) = -^F r dr = GMm 0 \r 2 dr 



GMm a 



When r = R: 



U(R)= 



GMm 0 
R 



(c) For r<R,F = 0 and: 



dU 
dr 



= 0: 



U = constant 



(d) Because U is continuous, then for 
r <R: 



U{r) = U{R) = 



GMm 0 
R 



(e) A sketch of U as a function of rlR (with GMm 0 = 1) is shown below: 



o.o 
-0.2 

-0.4 
U -0.6 
-0.8 
-1.0 



















GMm 0 = 1 







































2 

rlR 
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46 • 

Picture the Problem The escape speed from a planet is related to its mass according to 
v e = yj2GM/R , where M and R represent the mass and radius of the planet, 
respectively. 



Express the escape speed from Saturn: 



2GM„ 



(1) 



Express the escape speed from Earth: 



e.E 



2GM. 



Rr 



(2) 



Divide equation (1) by equation (2) 
to obtain: 



"e.S 



2GM Q 



R, 



2GM C 



R, 



R E M s 



Substitute numerical values and 
evaluate : 



"e.S _ 



1 95.2 



v e . E V 9.47 1 



= 3.17 



Solve for and evaluate v. 



e.S- 



v e.s = 3 - 17v ,e =3.17(11. 2 km/s) 



= 35.5km/s 



47 • 

Picture the Problem The escape speed from the moon or the earth is given by 

v e = tJ2GM/R , where M and R represent the masses and radii of the moon or the earth. 



Express the escape speed from the moon: 2GM i 

'" =Pg m R m (!) 



Express the escape speed from earth: 2GM 



V e.E 



E 



*E 



V 2 Se^e (2) 



R m _ g m R n 



toobtain: v e , U E R E 
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Solve for v e 



gjnK 



*e.E 



= 7(0.166X0.273)(l 1 .2 km/s) 



= 2.38 km/s 



Substitute numerical values and 
evaluate v e , m : 

*48 • 

Picture the Problem We'll consider a rocket of mass m which is initially on the surface 
of the earth (mass M and radius R) and compare the kinetic energy needed to get the 
rocket to its escape velocity with its kinetic energy in a low circular orbit around the 
earth. We can use conservation of energy to find the escape kinetic energy and Newton's 
law of gravity to derive an expression for the low earth-orbit kinetic energy. 



Apply conservation of energy to 
relate the initial energy of the rocket 
to its escape kinetic energy: 

Letting the zero of gravitational 
potential energy be at infinity we 
have Uf = K f = 0 and: 



K t -K { +U { -U { =0 



K, -U, = 0 



1 1 



or 



GMm 
R 



Apply Newton's law of gravity to 
the rocket in orbit at the surface of 
the earth to obtain: 



GMm v 2 



R 2 



m 



R 



Rewrite this equation to express the 
low-orbit kinetic energy E Q of the 
rocket: 

Express the ratio of K 0 to K e : 



K o =\mv 2 = 



GMm 
2R 



GMm 

K _ ~2R~ _ 1 
K GMm 2 

e 

R 

asserted by Heinlein. 



=> K = 



2K„ 



, as 



49 » 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the particle, and the subscript E refer to the earth. When the particle 
is very far from the earth, the gravitational potential energy of the earth-particle system 
will be zero. We'll use conservation of energy to relate the initial potential and kinetic 
energies of the particle-earth system to the final kinetic energy of the particle. 



Use conservation of energy to relate 
the initial energy of the system to its 
energy when the particle is very 



K f -K { +U f -U i =0 

or, because Uf= 0, 
K{co)-K(R E )-U(R E ) = 0 



(1) 
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from the earth: 



Substitute in equation (1) to obtain: 




im(2v e ) 2 + 



GM E m 



= 0 



or, because GM E = gR E 



E ' 




-\mv 2 + mgR E = 0 



Solve for v^: 



4l{2vl-gR E ) 



Substitute numerical values and evaluate v„: 



v„ = 



72 2(ll.2xl0 3 m/s) 2 -(9.81m/s 2 )(6.37xl0 6 m) = | 19.4 km/s 



50 « 

Picture the Problem Let the zero of gravitational potential energy be at infinity, m 
represent the mass of the particle, and the subscript E refer to the earth. When the particle 
is very far from the earth, the gravitational potential energy of the earth-particle system 
will be zero. We'll use conservation of energy to relate the initial potential and kinetic 
energies of the particle-earth system to the final kinetic energy of the particle. 

Use conservation of energy to relate K { —K i + U { —U i =Q 

the initial energy of the system to its or, because Uf = 0, 

energy when the particle is very far K(co^ — K(R E ) — U{R e ) = 0 (1) 



away: 



Substitute in equation (1) to obtain: 




0 



or, because GM E = gR E , 




\mv\ + mgR E = 0 



Solve for vf. 




Substitute numerical values and evaluate V;: 



Vj = 7(l 1 .2 x 10 3 m/sf + 2(9.8 1 m/s 2 )(6.37 x 10 5 m) = | 15.8km/s 



51 •• 

Picture the Problem We can use the definition of kinetic energy to find the energy 
necessary to launch a 1-kg object from the earth at escape speed. 
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(a) Using the definition of kinetic 
energy, find the energy required to 
launch a 1-kg object from the 
surface of the earth at escape speed: 



K = \mv 2 e 



= |(lkg)(ll.2xl0 3 m/s) 2 



62.7 MJ 



(b) Using the conversion factor 
1 kW-h = 3.6 MJ, convert 62.7 MJ 
to kW-h: 



i: = 62.7MJx 



lkW-h 
3.6 MJ 



= 17.4kW-h 



(c) Express the cost of this project in 
terms of the mass of the astronaut: 



required energy 
Cost = rate x — — x mass 

kg 



Substitute numerical values and find 
the cost: 



Cost = i ai^ xlZd kwj 1(80kg) 



kW-h 



= $139 



kg 



52 « 

Picture the Problem Let m represent the mass of the body that is projected vertically 
from the surface of the earth. We'll begin by using conservation of energy under the 
assumption that the gravitational field is constant to determine 
H'. We'll apply conservation of energy a second time, with the zero of gravitational 
potential energy at infinity, to express H. Finally, we'll solve these two equations 
simultaneously to express H in terms of H '. 



Assuming the gravitational field to 
be constant and letting the zero of 
potential energy be at the surface of 
the earth, apply conservation of 
energy to relate the initial kinetic 
energy and the final potential energy 
of the object-earth system: 



or, because K { = 
-K { +U f = 0 



= 0 
o, 



Substitute for K\ and Ut and solve 
for//': 



- j mv + mgH' = 0 
and 



H' 



v 



2g 



(1) 



Letting the zero of gravitational 
potential energy be at infinity, use 
conservation of energy to relate the 
initial kinetic energy and the final 



K f -K t +U S -C/j =0 

or, because K f = 0, 
-K { +U f -U 1 =0 
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potential energy of the object-earth 
system: 

Substitute to obtain: 



. , GMm GMm n 

\mv + = 0 

R E +H R E 



or 



R E +H R E 



Solve for v : 



v 2 =2gR; 



= 2gR l 



K R E R E +H 



f H ^ 



y R E +H 



Substitute in equation (1) to obtain: 



H' = R t 



1 H x 
K R E +H j 



Solve for H: 

Orbits 



H = 



HR E 
R E -H' 



53 » 

Picture the Problem We can use its definition to express the period of the spacecraft's 
motion and apply Newton's 2 nd law to the spacecraft to determine its orbital velocity. We 
can then use this orbital velocity to calculate the kinetic energy of the spacecraft. We can 
relate the spacecraft's angular momentum to its kinetic energy and moment of inertia. 



(a) Express the period of the 
spacecraft's orbit about the earth: 



2k R _ 2x(3R E ) _ 6xR E 



T = 

V V V 

where v is the orbital speed of the 
spacecraft. 



Use Newton's 2 nd law to relate the 
gravitational force acting on the 
spacecraft to its orbital speed: 



F = 

radial 



GM K m v 2 



= m- 



3R t 



Solve for v to obtain: 



v = 



gR* 
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Substitute for v in our expression for 
T to obtain: 



T = 6Sk P- 
V s 



Substitute numerical values and 
evaluate T: 



T = 6Sn. 



6.37xlQ 6 m 
9.81m/s 2 
lh 



= 2.631xl0 4 sx 



3600s 



7.31h 



(b) Using its definition, express the 
spacecraft's kinetic energy: 

Substitute numerical values and 
evaluate K: 



K = \mv 2 = \m(\gR E ) 



K = |(100 kg)(9.81m/s 2 )(6.37xl0 6 m) 



1.04 GJ 



(c) Express the kinetic energy of the 
spacecraft in terms of its angular 
momentum: 



K = 



21 



Solve for L: 



Express the moment of inertia of the 
spacecraft with respect to an axis 
through the center of the earth: 

Substitute and solve forL: 



I = m{3R E f 
= 9mRl 



L = ^J\SmR 2 E K = 3R E ^2mK 



Substitute numerical values and evaluate L: 



L = 3(6.37 x 10 6 my2(l00kg)(l.04xl0 9 j) = I 8.72xl0 12 J-s 
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Picture the Problem Let the origin of our coordinate system be at the center of the earth 
and let the positive x direction be toward the moon. We can apply the definition of center 
of mass to find the center of mass of the earth-moon system and find the "orbital" speed 
of the earth using x cm as the radius of its motion and the period of the moon as the period 
of this motion of the earth. 



(a) Using its definition, express the 
x coordinate of the center of mass of 
the earth-moon system: 



_ M E x E +m moon x moon 
M E + m moon 
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Substitute numerical values and evaluate x c 



M E (0)+ (7.36x 10 22 kg)(3.82x!0 8 m) 
5.98xl0 24 kg + 7.36xl0 22 kg 



4.64xl0°m 



Note that, because the radius of the earth is 6.37x10 m, the center of mass is actually 
located about 1 700 km below the surface of the earth. 



(b) Express the "orbital" speed of 
the earth in terms of the radius of its 
circular orbit and its period of 
rotation: 



v = 



2;zx 



Substitute numerical values and 
evaluate v: 



2^(4.64 xlQ 6 m) 

24h 3600s " 

27.3 d x x 

d h 



12.4 m/s 
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Picture the Problem We can express the energy difference between these two orbits in 
terms of the total energy of a satellite at each elevation. The application of Newton's 2 nd 
law to the force acting on a satellite will allow us to express the total energy of each 
satellite as function of its mass, the radius of the earth, and its orbital radius. 



Express the energy difference: 



AF - F - F 

L * Ej ~ ^geo ^1000 



(1) 



Express the total energy of an 
orbiting satellite: 



E M =K + U 

. 2 GM E m 

= \mv — 

R 

where R is the orbital radius. 



(2) 



Apply Newton's 2 nd law to a 
satellite to relate the gravitational 
force to the orbital speed: 



GM E m v 

^radial = ~ 2 =m ~^ 



or 



R 2 



v 
R 



Simplify and solve for v 2 : 



R 



Substitute in equation (2) to obtain: 



E *t = 2 m 



gRl gRlm _ mgRl 



R 



R 



2R 
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Substitute in equation (1) and 
simplify to obtain: 



AE= mgR 2 E | mgR 2 E 



2R 



mgR t 



geo 
f 



2R 



1000 



y^lOOO ^geo J 



Substitute numerical values and evaluate AE: 



AE = j(500kg)(9.81N/kg)(6.37xl0 6 m) 2 



1 _ 1 
7.37xl0 6 m~4.22xl0 7 m 



11.1GJ 
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Picture the Problem We can use Kepler's 3 rd law to relate the periods of the moon and 
Earth, in their orbits about the earth and the sun, to their mean distances from the objects 
about which they are in orbit. We can solve these equations for the masses of the sun and 
the earth and then divide one by the other to establish a value for the ratio of the mass of 
the sun to the mass of the earth. 



Using Kepler's 3 r law, relate the 
period of the moon to its mean 
distance from the earth: 



An 2 
GM C 



(1) 



where r m is the distance between the 
centers of the earth and the moon. 



Using Kepler's 3 rd law, relate the 
period of the earth to its mean 
distance from the sun: 



1 E 



An 

GM, 



(2) 



where r E is the distance between the 
centers of the earth and the sun. 



Solve equation (1) for M E : 



_ An 1 3 
GT 2 r ™ 



(3) 



Solve equation (2) for M s : 



AT = rr„ 



GT, 



2 E 



(4) 



Divide equation (4) by equation (3) 
and simplify to obtain: 



Ms 



T 



Substitute numerical values and 
evaluate MJM E : 



1.5xlQ"m 
v 3.82xl0 8 m y 



27.3 d 
v 365.24d y 



= 3.38xl0 5 
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Express the difference between this 
value and the measured value of 
3.33xl0 5 : 



The Gravitational Field 



%diff 



3.38xl0 5 -3.33xl0 5 
3.33xl0 5 



= 1.50% 
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Picture the Problem The gravitational field at any point is defined byg=F jm . 



Using its definition, express the 
gravitational field at a point in space: 



g _ j _ (12N)/ _ 
m 3kg 



(4N/kg)/ 
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Picture the Problem The gravitational field at any point is defined by g = F jm . 

„ F 



Using its definition, express the 
gravitational field at a point in 
space: 

Solve for F and substitute for m and 
g to obtain: 



g 



m 



F = mg 

= (0.004 kg)(2.5 xl(T 6 N/kg)j 



(io s iv);- 
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Picture the Problem We can use the definition of the gravitational field due to a point 
mass to find the x and y components of the field at the origin and then add these 
components to find the resultant field. We can find the magnitude of the field from its 
components using the Pythagorean theorem. 



(a) Express the gravitational field 
due to the point mass at x = L: 


g x 


Gm r 




Express the gravitational field due 
to the point mass at y = L: 


gy 


Gm -. 




Add the two fields to obtain: 


g = 


--ix+iy = 


Gm : Gm - 

— +—rJ 

L 2 L 2 
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(b) Find the magnitude of g : 



\g\ = y[gf+g~y 



Gm Gm 

■ + ■ 



V 



4i 



Gm 

If 
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Picture the Problem We can find the net force acting on m by superposition of the 
forces due to each of the objects arrayed on the circular arc. Once we have expressed the 
net force, we can find the gravitational field at the center of curvature from its definition. 



(a) Express the net force acting on m: 



Express F x : 



Express F Y : 



Substitute numerical values and 
evaluate F y ; 



F=FJ+FJ (1) 
GMm GMm GMm 



F. 



R 2 R 2 
GMm 



R 2 



cos45 c 



R 1 



cos45° 



= 0 



F 



GMm GMm . .„ 
■ + ^sin45° 



R 2 R 2 
GMm . 



+ ■ 



R 2 
GMm 



sin 45° 



R 2 



(2 sin 45° + l) 



F„ = 



(6.673x10 " N-m 2 /kg 2 ) 

(0.1m) 2 
x(3kg)(2kg)(2sin45° + l) 



= 9.67xlO _8 N 



Substitute in equation (1) to obtain: 



F = 



0/ +(9.67x1 N)j 



(b) Using its definition, express g at 
the center of curvature of the arc: 



_ F 
g = — 
m 



Of +(9.67x1 Q- 8 N)j 



2 kg 



(4.83xlO" 8 N/kg)j 
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Picture the Problem The configuration of 
point masses is shown to the right. The 
gravitational field at any point can be 
found by superimposing the fields due to 
each of the point masses. 



0 2 



12 



(a) Express the gravitational field at 
x = 2 m as the sum of the fields due to 
the point masses m\ and m 2 : 



g = gi +g 2 



(1) 



Express g { and g 2 



Gm, 7 



x, 



i and g 2 = 



Gm, r 



Substitute in equation (1) to obtain: 



Gm, ? Gm 0 7 
g = r-» 



X 



Gm, r Gffl, 

ir-l + 



(2x,f 



X, 



-\m x -\m 2 )i 



Substitute numerical values and 
evaluate g : 



g 



6.6726 x 10" N-m 2 /kg 2 
(2m) 2 

<[2kg-|(4kg)]/ 



(-1.67xlO" n N/kg)/ 



(b) Express g l and g 2 : 



£1 



Gm, 7 



x, 



-1 and g 2 



Gm-, 7 



Substitute in equation (1) to obtain: 



Gm, 7 Gm, 7 

g = — ^1 M 



x; 



Gm, 7 Gm*, 7 

l ir-l 



(2x 2 ) 
G 



-(■ 



2 V4 1 



m, + m, )i 
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Substitute numerical values and 
evaluate g : 



6.6726 x 10 " N - m 2 /kg 2 

(6m) 2 
«[{(2kg) + 4kg]i 



g 



(-8.34xlO" 12 N/kg)/ 



(c) Express the condition thatg = 0: 



Gm x Gm 2 



(6- X f 



or 

2 4_ 

x 2 



(6-x) 2 



Express this quadratic equation in 
standard form: 



x 2 +12x — 36 = 0, where x is in meters. 



Solve the equation to obtain: 



x = 2.48m and x = -14.5m 



From the diagram it is clear that the 
physically meaningful root is the 
positive one at: 



x = 



2.48m 
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Picture the Problem To show that the maximum value of \g x \ for the field of Example 

11-7 occurs at the points x = +a , we can differentiate g x with respect to x and set 
the derivative equal to zero. 



From Example 11-7: 



S x = 



2GMx 



( 2 , 2V /2 

[x + a ) 



Differentiate g x with respect to x and set the derivative equal to zero to find extreme 
values: 



dg x 
dx 



-2GM 



( 2 , 2V3/2 2 ( 2 , 2V 

[x + a ) - 3x [x + a ) 



5/2 



0 for extrema. 



Solve forx to obtain: 



x = 
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Remarks: To establish that this value for x corresponds to a relative maximum, we 
need to either evaluate the second derivative of g x at x = ± al or examine the 
graph of \g x I at x = + al V2 for concavity downward. 
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Picture the Problem We can find the mass of the rod by integrating dm over its length. 
The gravitational field at x 0 > L can be found by integrating dg at x 0 over the length of the 

rod. 



(a) Express the total mass of the 
stick: 

(b) Express the gravitational field 
due to an element of the stick of 
mass dm: 



M = | Adx = C| xdx = 
dg 



0 0 

Gdm : 



GXdx 



(x 0 x) (x 0 x) 

GCxdx r 
(x 0 -x) 2 



Integrate this expression over the 
length of the stick to obtain: 



g = -GC\ 



xdx 



0 { x o x ) 



2GM 



L 



In 



L 



L 



L 
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Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements produce a gravitational field at a point P located a 
distance x 0 > \ L from the origin. We can calculate the total field by integrating the 

magnitude of the field produced by dm from x = -LI2 to x = +L/2. 



(a) Express the gravitational field at 
P due to the element dm: 



Gdm 7 



Relate dm to dx: 



dm = —dx 
L 



Express the distance r between dm 
and point P in terms of x and xq: 



Substitute these results to express 
dg in terms of x and xq: 



dg x = 
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(b) Integrate to find the total field: 



8, 



GM 



LI2 



dx 



L -L/2\ X 0 X ) 



GM 



L 



L/2 



-1/2 



GM 



2 _lr 2 

X 0 4 Ll 



(c) Use the definition of g to 
express F : 



F =m 0 g 



GMm 0 

x 2 _if 2 



(d) Factor x 0 from the denominator 
of our expression for ^ v to obtain: 



8 X 



GM 



f T 2 \ 



1- 



L 1 



4x' 



For xo » L the second term in 
parentheses is very small and: 



g due to Spherical Objects 



8 X ~ 



GM r 
— - — i 



which is the gravitational field of a point 
mass M located at the origin. 
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Picture the Problem The gravitational field inside a spherical shell is zero and the field 
at the surface of and outside the shell is given by g = GM Jr 1 . 



(a) Because 0.5 m < R: 



g = 



0 



(b) Because 1.9m<ii: 



g= o 



(c) Because 2.5 m > R: 



g 



GM 



(6.6726 x 1Q-" N • m 2 /kg 2 ) (300kg) 
(2.5m) 2 



3.20xlO~ 9 N/kg 
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Determine the Concept The gravitational attraction is zero. The gravitational field inside 
the 2 m shell due to that shell is zero; therefore, it exerts no force on the 1 m shell, and, 
by Newton's 3 rd law, that shell exerts no force on the larger shell. 

*67 • 

Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given byg = GM/R 2 , where R is the radius of the sphere and Mis its mass. 

Express the acceleration of gravity _ GM 

on the surface of S\. 1 R 2 

Express the acceleration of gravity _ GM 

gl 2 

on the surface of S 2 : R 

Divide the second of these equations GM 
by the first to obtain: 8i_ _ R 1 _ i 

ft GM " 



ft =g 2 



R 2 
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Picture the Problem The gravitational field and acceleration of gravity at the surface of 
a sphere given byg = GM/R 2 , where R is the radius of the sphere and Mis its mass. 
Express the acceleration of gravity on _ GM 

the surface of Si: ^ R 2 

Express the acceleration of gravity on _ GM 

the surface of 5 2 : 2 R 2 

Divide the second of these equations GM 

by the first to obtain: g 2 _ R 2 _ R 2 



Solve for g 2 : 



R 



Remarks: The accelerations depend only on the masses and radii because the points 
of interest are outside spherically symmetric distributions of mass. 
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Picture the Problem The magnitude of the gravitational force is F = mg where g inside a 
spherical shell is zero and outside is given by g = GM/r 2 . 



(a) At r = 3a, the masses of both 
spheres contribute to g: 



t-i G{M l+ M 2 ) 
t = mg = m — v — — 

(3a) 



Gm(M l +M 2 ) 



9a z 



(b) Atr=l.9a,g due to M 2 = 0: 



t-i CM, 
r = mg = m - 



(1.9a) 2 



GmM l 
3.61a 2 



(c) At r = 0.9a, g = 0: 



F= 0 
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Picture the Problem The configuration is 
shown on the right. The centers of the 
spheres are indicated by the center-lines. 
The x coordinates of the mass m for parts 
(a), (b), and (c) are indicated along the x 
axis. The magnitude of the gravitational 
force is F = mg where g inside a spherical 
shell is zero and outside is given 
GM 

byg = —5-. 




(a) Express the force acting on the 
object whose mass is m: 



F = m(g lx +g 2x ) 



Find g\ x atx = 3a: 



Six = 



GM, _ GM, 



(3a) 2 9a 2 



Find g2x at x = 3a: 



g 2x = 



GM, 



GM, 



(3a -0.8a) 2 4.84a 2 



Substitute to obtain: 



F = m 



GM, GM, 
■ + - 



V 



9a 2 4.84a^ 
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(b) Find gz x at x = 1 .9a: 



g 2x 



GM 2 GM 2 



(l.9a-0.8a) 2 1.21a 2 



Findgu atx = 1.9a: 
Substitute to obtain: 



8u = 0 



F = mg = 



GmM 2 
1.21a 2 



(c) At x = 0.9a, g Lv = g 2x = 0: 



F= 0 



g Inside Solid Spheres 
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Picture the Problem The "weight" as measured by a spring scale will be the normal 
force which the spring scale presses up against you. There are two forces acting on you 
as you stand at a distance r from the center of the planet: the normal force (F N ) and the 
force of gravity (mg). Because you are in equilibrium under the influence of these forces, 
your weight (the scale reading or normal force) will be equal to the gravitational force 
acting on you. We can use Newton's law of gravity to express this force. 



(a) Express the force of gravity 
acting on you when you are a 
distance r from the center of the 
earth: 



F = 



GM{r)m 



(1) 



Using the definition of density, 
express the density of the earth 
between you and the center of the 
earth and the density of the earth as 
a whole: 



P 



_ M(r) _ M(r) 



and 



p = — - = — ±v 



Because we're assuming the earth to 
of uniform-density and perfectly 
spherical: 



M(r) _ M E 



or 



%fcR 3 



M(r) = M l 



R 



Substitute in equation (1) and 
simplify to obtain: 



GM Z 



m 



GM E m r 
R 2 R 
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Apply Newton's law of gravity to 
yourself at the surface of the earth to 
obtain: 



Substitute to obtain: 



mg = 



GM E m 
R~ 2 



or 



g = 



GM, 



R 2 



where g is the magnitude of free-fall 
acceleration at the surface of the earth. 



F = 



mg_ 
R 



i.e., the force of gravity on you is 
proportional to your distance from the 
center of the earth. 



(b) Apply Newton's 2 nd law to your 
body to obtain: 

Solve for your "effective weight" 
(i.e., what a spring scale will 
measure) F N : 



F N - mg — = -mrco 
R 



F =^r 
R 



mrco = 



mg 
R 



moo 



Note that this equation tells us that your 
effective weight increases linearly with 
distance from the center of the earth. The 
second term can be interpreted as a 
"centrifugal force" pushing out, which 
increases the farther you get from the 
center of the earth. 



(c) We can decide whether the 
change in mass with distance from 
the center of the earth or the 
rotational effect is more important 
by examining the ratio of the two 
terms in the expression for your 
effective weight: 

Substitute numerical values and 
evaluate this ratio: 



mg r 
R 

mrco 1 



gT 2 
4ft 2 R 



_R_ 
oo 2 



g 



R 



2n 



V i J 



gT 2 
4ft 2 R 



(9.81m/s 2 )|24hx 



3600s 



4k 2 (6370km) 



= 291 



The change in the mass between you and the center of the earth as 
you move away from the center is 291 times more important than 
the rotational effect. 
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Picture the Problem We can find the loss in weight at this depth by taking the difference 
between the weight of the student at the surface of the earth and her weight at a depth d = 
15 km. To find the gravitational field at depth d, we'll use its definition and the mass of 
the earth that is between the bottom of the shaft and the center of the earth. We'll assume 
(incorrectly) that the density of the earth is constant. 



Express the loss in weight: 



Aw = w(R e )-w(r) 



(1) 



Express the mass M inside 
R =R E - d: 



M = pV = | ptt(R e - df 



Express the mass of the earth: 



M E =pV E =±pnRZ 



Divide the first of these equations 
by the second to obtain: 



M _^p7i{R E -dj _ {R E -df 



-pidl E 



Rl 



Solve for M: 



M =M, 



(R E ~df 
Rl 



Express the gravitational field at 
R =R E - d: 



g 



GM _ GM E (R E -df 



R 2 {R E — d) 2 R 



(2) 



Express the gravitational field at 
R =R E : 



~rJ 



(3) 



Divide equation (2) by equation (3) 
to obtain: 



GM E (R E -df 
g (R E -d) 2 R 2 E _ R E — d 



GM E 
Rl 



R, 



Solve for g: 



_R E -d 
g ~ Z £e 



Express the weight of the student at 
R =R E - d: 



w(r) = mg{R) = R \ ^ mg E 



R r 



mg E 
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Substitute in equation (1) to obtain: 



Substitute numerical values and 
evaluate Aw: 



Aw = mg E 



R 



m gl 



c J 



mg E d 



An ,_ (800N)(l5km) _ 
6370km 



1.88N 
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Picture the Problem We can use the hint to find the gravitational field along the x axis. 



Using the hint, express g{x) : 



S\ X ) S'solid sphere + S 



hollow sphere 



Substitute for g solld sphei -e and 
ghoiiow sphere and simplify to obtain: 



( \_ GM soljd sphere GM hollow sphere 
8[X) ~ x 1 (x-^Rf 





* 


[x-\Rf 


G 


r 47rp 0 R 3 ^ 


1 1 






V 3 J 


x 1 %{x-\R)\ 
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Picture the Problem The diagram shows 
the portion of the solid sphere in which the 
hollow sphere is embedded. g l is the field 

due to the solid sphere of radius R and 
density po and g 2 is the field due to the 

sphere of radius VzR and negative density 
po centered at ViR. We can find the 
resultant field by adding the x and y 
components of g l andg 2 . 




Use its definition to express \g 1 : 



\Si 



GM _ Gp 0 V _ 4np 0 r 3 G 



r r 
Anp^rG 



3r 2 



Find the x andy components of g^ 



Su=Si cos0 = - g] 
and 
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Use its definition to express \g 2 : 



Express the x and y components of g 2 



giv =Si sin6' = -g- 



\r) 



4np G Gy 



where the negative signs indicate that the 
field points inward. 



£2 



GM 2 Gp 0 V 2 4ap 0 r 2 3 G 



3r, 



Anp 0 r 2 G 



where r 2 = ^{x-\Rf + y 2 

A7tp Q G(x-\R) 



Six S: 



Sly Si 



\ '2 J 
f \ 

y_ 



4npfiy 



Add the x components to obtain the 
x component of the resultant field: 



Add the y components to obtain the 
y component of the resultant field: 



S x =Su+S 



2.v 



47tp 0 Gx 4np Q G(x-\R) 

3 + 3 
Inp^GR 



where the negative sign indicates that the 
field points inward. 



Sy Sly + Sly 

47ip 0 Gy 47ip 0 Gy 



■ + - 



= 0 



Express g in vector form and 
evaluate \g\ : 



g = gj + GJ = 
and 





f InpfiR^ 


i 




V 3 j 





Inp^GR 
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Picture the Problem The gravitational field will exert an inward radial force on the 
objects in the tunnel. We can relate this force to the angular velocity of the planet by 
using Newton's 2 nd law of motion. 



Gravity 



Letting r be the distance from the 
objects to the center of the planet, 
use Newton's 2 nd law to relate the 
gravitational force acting on the 
objects to their angular velocity: 



^ne, = F g = mro}' 



or 



mg = mrco 



Solve for coto obtain: 




(1) 



Use its definition to express g: 



g 



GM _ Gp 0 V _ % 3 G 



r r 
Anp^rG 



3r 2 



Substitute in equation (1) and simplify: 



co ■ 



47rp 0 rG 
3 



4np 0 G 
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Picture the Problem Because we're given the mass of the sphere, we can find C by 
expressing the mass of the sphere in terms of C. We can use its definition to find the 
gravitational field of the sphere both inside and outside its surface. 



(a) Express the mass of a differential 
element of the sphere: 



dm = pdV = p{Anr 2 dr) 



Integrate to express the mass of the 
sphere in terms of C: 



3m 

M = 4ttC \rdr = (50 m 2 }rC 



Solve for C: 



C 



M 



(50 m 2 )r 



Substitute numerical values and 
evaluate C: 



C = 



1011kg 
(50m 2 )r 



6.436 kg/m 2 



(b) Use its definition to express the 
gravitational field of the sphere at a 
distance from its center greater than 
its radius: 



g 



GM 
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(1) For r > 5 m: 



8 = 



(6.6726 x 1 0 1 1 N • m 2 /kg 2 ) (l 0 1 1 kg) 



6.75xl(T 8 N/kg 



Use its definition to express the 
gravitational field of the sphere at a 
distance from its center less than its 
radius: 



8 



= G±- 



= G 



^Akt 2 pdr ^Anr 2 —dr 



AttC^ rdr 
G % = 2xGC 



(2) For r < 5 m: 



g = 2^6.6726 x 10~ n N • mVkg 2 ) 
x (6.436 kg/m 2 ) 



2.70xl(T 9 N/kg 



Remarks: Note that g is continuous at r = 5 m. 
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Picture the Problem We can use conservation of energy to relate the work done by the 
gravitational field to the speed of the small object as it strikes the bottom of the hole. 
Because we're given the mass of the sphere, we can find C by expressing the mass of the 
sphere in terms of C. We can then use its definition to find the gravitational field of the 
sphere inside its surface. The work done by the field equals the negative of the change in 
the potential energy of the system as the small object falls in the hole. 



Use conservation of energy to relate 
the work done by the gravitational 
field to the speed of the small object 
as it strikes the bottom of the hole: 



Solve for v: 



^ f -^ + Ai7 = 0 

or, because K\ = 0 and W= -AC/, 



W 



_ i 



mv 



where v is the speed with which the object 
strikes the bottom of the hole and W is the 
work done by the gravitational field. 



v = 



2W 



in 



(1) 



Express the mass of a differential dm = p dV = p\4n r 2 dr 

element of the sphere: 
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Integrate to express the mass of the 
sphere in terms of C: 



M =\nC\rdr = (50m 2 )^C 



Solve for and evaluate C: 



C 



M 1011kg 
(50 m 2 )7T ~ (50 m 2 )x 

6.436 kg/m 2 



Use its definition to express the 
gravitational field of the sphere at a 
distance from its center less than its 
radius: 



= G 



4^"C| rdr 



= G- 



^Anr 2 pdr ^Arcr 1 — dr 



2nGC 



Express the work done on the small 
object by the gravitational force 
acting on it: 

Substitute in equation (1) and 
simplify to obtain: 



W = — | mgdr = (2 m)mg 



5 m 



l 2(2mM2*gc T = j^^ 
V m 



Substitute numerical values and evaluate v: 



v = 7(8 mV(6.6726 x 10" 11 N-m 2 /kg 2 )(6.436 kg/m 2 ): 



0.104mm/s 
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Picture the Problem The spherical deposit of heavy metals will increase the 
gravitational field at the surface of the earth. We can express this increase in terms of the 
difference in densities of the deposit and the earth and then form the quotient Ag/g. 



Express Ag due to the spherical deposit: 



Ag = 



GAM 



(1) 



Express the mass of the spherical deposit: M = ApV = A/?(|-;ri? 3 ) = \n ApR 2 



Substitute in equation (1): 



Ag = 



GnApR" 
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Express Ag/g: 



g 



g 



GxApR 3 
gr 2 



Substitute numerical values and evaluate Ag/g: 

Ag _ ^(6.6726 x 10'"N-m 2 /kg 2 ) (5000 kg/m 3 )(l 000 m) 3 
g ~ (9.81N/kg)(2000m) 2 



3.56x10" 
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Picture the Problem The force of attraction of the small sphere of mass m to the lead 
sphere is the sum of the forces due to the solid sphere (F s ) and the cavities (F c ) of 

negative mass. 



(a) Express the force of attraction: 



F=F S +F C 



(1) 



Use the law of gravity to express the 
force due to the solid sphere: 



- GMm 7 
F s = T2 1 



Express the magnitude of the force 
acting on the small sphere due to 
one cavity: 



GM'm 



d 2 + 



where M is the negative mass of a cavity. 



Relate the negative mass of a cavity 
to the mass of the sphere before 
hollowing: 



M' = -pV = -p 



=-{(^* 3 )= 



rM 



Letting #be the angle between the x 
axis and the line joining the center 
of the small sphere to the center of 
either cavity, use the law of gravity 
to express the force due to the two 
cavities: 



GMm ~ 
Fr = 2— —cos&i 



8 



d + 



R 



2 A 



because, by symmetry, the y components 
add to zero. 



Express cos#: 



COS0 



d 2 + 



R- 
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Substitute to obtain: 



GMm 



d 2 + 



R 



2 A 



4 

GMmd 



d 2 + 



d 2 + 



R 



2 \ 



3/2 



R- 



Substitute in equation (1) and simplify: 



F =• 



GMm : GMmd 
-i +■ 



d 2 f n: ^ 

4 



d + — 



3/2 



J 





(b) Evaluate F &td = R: 



F(R) = 



GMm 



R' 



R 3 



R 2 + 



GMm 7 
0.821 — - — i 

R 2 



R- 



3/2 
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Picture the Problem Let R be the size of the cluster, and TV the total number of stars in it. 
We can apply Newton's law of gravity and the 2 nd law of motion to relate the net force 
(which depends on the number of stars N(r) in a sphere whose radius is equal to the 
distance between the star of interest and the center of the cluster) acting on a star at a 
distance r from the center of the cluster to its speed. We can use the definition of density, 
in conjunction with the assumption of uniform distribution of the starts within the cluster, 
to find N(r) and, ultimately, express the orbital speed v of a star in terms of the total mass 
of the cluster. 



Using Newton's law of gravity and 
2 nd law, express the force acting on 
a star at a distance r from the center 
of the cluster: 



_, , , GN(r)M 2 A/f v 2 

F(r) = ±f = M — 

r r 

where N(r) is the number of stars within a 

distance r of the center of the cluster and M 

is the mass of an individual star. 
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Using the uniform distribution 
assumption and the definition of 
density, relate the number of stars 
N(r) within a distance r of the center 
of the cluster to the total number N 
of stars in the cluster: 

Substitute to obtain: 



P 
or 



N(r)M _ NM 

\tu- 3 ~ ±ttR 3 



N(r) = N 



R 3 



GNM 2 r 3 ,,v 
M — 
r 



r 2 R 3 



or 



GNM— = v 2 
R 3 



Solve for v to obtain: 



v = r, 



IGNM 



R 3 



v oc r 



The mean velocity v of a star in a circular orbit around the center 
of the cluster increases linearly with distance r from the center. 



General Problems 



5=81 



Picture the Problem We can use Kepler's 3 rd law to relate Pluto's period to its mean 
distance from the sun. 



Using Kepler's 3 rd law, relate the 
period of Pluto to its mean distance 
from the sun: 



T 2 = Cr 3 



where C = 



An 2 



= 2.973 xKT'V/m 3 



Solve for T: 



t = 4c? 



Substitute numerical values and evaluate T: 



T = 



(2.973 xl(r 19 s 2 /m 3 ) 



39.5 AUx 



1.50xlO n m A 



AU 



rrnsA ,^9 lh Id ly 
= 7.864x10 sx x x- 



3600s 24h 365.25d 



249 y 
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Picture the Problem Consider an object of mass m at the surface of the earth. We can 
relate the weight of this object to the gravitational field of the earth and to the mass of the 
earth. 



Using Newton's 2 nd law, relate the 
weight of an object at the surface of 
the earth to the gravitational force 
acting on it: 



w = mg 



GM E m 



Solve for M E : 



gRl 



Substitute numerical values and 
evaluate M E : 



M, 



_ (9.81N/kg)(6.37xl0 6 m) 2 
6.6726 xlO _11 N-m 2 /kg 2 



5.97xl0 24 kg 
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Picture the Problem The work you must do against gravity to move the particle from a 
distance r\ to r 2 is the negative of the change in the particle's gravitational potential 
energy. 



(a) Relate the work you must do to 
the change in the gravitational 
potential energy of the earth-particle 
system: 



'2 '1 

W = -AU = -J F s dr = GM E m$ 



f dr 

2 




(b) Substitute gR E for GM E , R E for 
r\, and R E + h for r 2 to obtain: 



W = 




(1) 



892 Chapter 11 



(c) Rewrite equation (1) with a 
common denominator and simplify 
to obtain: 



W = mgR{ 



= mgh 



' R E +h-R E ^ 
y R E {R E +h) 

( R ) 

„ F , =mgh 
{R E +h) 



f \ 
1 



1 + 



h 



mgh 



when h « R E . 



84 



Picture the Problem The gravitational field outside a uniform sphere is given by 
g = — GM I r 2 and the field inside the sphere by g = —{(jM/R 3 )r. 



(a) Express g outside the sphere: 



Find the mass of the sphere: 



Substitute and simplify to obtain: 



g 



GM 



M =pV = p(±xR i ) 

Gp(jxR 3 )_ 4 GpR 2 



g 



3 2 

r 



Substitute numerical values and evaluate g: 

(6.673 x 1 0 " N • m 2 / kg 2 ) (2000 kg/m 3 ) (l 00 m) 3 



g = ~l- 



(b) Express the gravitational field 
inside the uniform sphere: 



0.559N-m7kg 



g 



_ GM _ Gp(UR 3 ), 



r = 



R' 
\n pGr 



R 3 



Substitute numerical values and evaluate g: 

g = -^( 2000k g /m3 )( 6 - 6726x 10-11 N-m 2 /kg 2 )r = I -(5.59xlO" 7 N/kg-m)r 
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Picture the Problem We can use Kepler's 3 rd law to relate the period of the satellite to 
its mean distance from the center of Jupiter. 
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Use Kepler's 3 rd law to relate the 
period of the satellite to its mean 
distance from the center of Jupiter: 



T 2 =^(R 1+ hf 
GM S V J ; 



Solve for h: 



V 4x 2 1 



(1) 



Express the mass of Jupiter in terms 
of the mass of the earth: 



Mj = 320M E 



Express the volume of Jupiter in 
terms of the mass of the earth: 



^=1320F E 



Express the volumes of Jupiter and 
Earth in terms of their radii and 
solve for Rf. 



Substitute in equation (1) to obtain: 



h = l 



T 2 G\320M. 



4tt 2 



-Vl320i? F 



Express the period of the satellite in 
seconds: 



r = 9h + 50min 

3600s „ . 60s 
= 9nx 1- 50 minx 



mm 



= 3.54xl0 4 s 



Substitute numerical values and evaluate h: 



3|(3.S4 x!0 4 s) 2 (6.6726 x 10 " N-m 2 /kg 2 ){320(5.98xl0 24 kg)} 
-Vl320(6.37xl0 6 m) 



= 8.96xl0 7 m 
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Picture the Problem Let m represent the mass of the spacecraft. From Kepler's 3 rd law 
we know that its period will be a minimum when it is in orbit just above the surface of 
the moon. We'll use Newton's 2 nd law to relate the angular velocity of the spacecraft to 
the gravitational force acting on it. 
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Relate the period of the spacecraft to 
its angular velocity: 



In 



CO 



(1) 



Using Newton's 2 nd law of motion, 
relate the gravitational force acting 
on the spacecraft when it is in orbit 
at the surface of the moon to the 
angular velocity of the spacecraft: 



v GM M m 2 

L Radial = ~ ^ = mR M® 



R 



M 



Solve for ay. 



co = 



GM 



M _ 



R li) 



R 



R 



Substitute in equation (1) and 
simplify to obtain: 



mm ^Gn~p i P G 



Substitute numerical values and evaluate T m 



3tt 



Tmm (6.6726 xlO n N-mVkg 2 )(3340kg/m 3 ) 65 ° 3S 



lh48min 
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Picture the Problem We can use conservation of energy to establish a relationship 
between the height h to which the projectile will rise and its initial speed. The application 
of Newton's 2 nd law will relate the orbital speed, which is equal to the initial speed of the 
projectile, to the mass and radius of the moon. 



Use conservation of energy to relate 
the initial energies of the projectile 
to its final energy: 



K f +U { -U 

or, because K { = 0, 
r 

■ M 



0 



. 2 GM u m GM u m 
kmv 



R M +h 



+ - 



R, 



= 0 



Solve for h: 



h = R 



1 



2GM,. 



(1) 



Use Newton's 2 nd law to relate 
velocity of the satellite to the 



y _ GM M m _ v 
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gravitational force acting on it: 



Solve for v : 



.2 GM M 



Substitute for v 2 in equation (1) and 
simplify to obtain: 



h = R 



= R = 



1.70 Mm 
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Picture the Problem If we assume the astronauts experience a constant acceleration in 
the barrel of the cannon, we can use a constant-acceleration equation to relate their exit 
speed (the escape speed from the earth) to the acceleration they would need to undergo in 
order to reach that speed. We can use conservation of energy to express their escape 
speed in terms of the mass and radius of the earth and then substitute in the constant- 
acceleration equation to find their acceleration. To find the balance point between the 
earth and the moon we can equate the gravitational forces exerted by the earth and the 
moon at that point. 



(a) Assuming constant acceleration 
down the cannon barrel, relate the 
ship's speed as it exits the barrel to 
the length of the barrel and the 
acceleration required to get the ship 
to escape speed: 

Solve for the acceleration: 



v e 2 = 2aM 

where I is the length of the cannon. 



a = 



2A£ 



(1) 



Use conservation of energy to relate 
the initial energy of astronaut's ship 
to its energy when it has escaped the 
earth's gravitational field: 

When the ship has escaped the 
earth's gravitational field: 



Solve for v to obtain: 



AK + AU = 0 
or 

Kf-K.^Uf-U, = 0 

K { = U { = 0 
and 

or 



i 2 

±mv e 



GM E m 
R 



0 



where m is the mass of the spaceship. 
2 2GM E 

V e = 

R 



896 Chapter 11 



Substitute in equation (1) to obtain: 



Substitute numerical values and 
evaluate a: 



a = 



GM E 
MR 



a = 



(6.673xKT n N-m 2 /kg 2 ) 

(5.98xlQ 24 kg) 
X (274m)(6370km) 
2.29xl0 5 m/s 2 
23,300g 



Survival is extremely unlikely! 



(b) Let the distance from the center 
of the earth to the center of the 
moon be R, and the distance from 
the center of the spaceship to the 
earth be x. If M is the mass of the 
earth and m the mass of the moon, 
the forces will balance out when: 



GM 
x 
or 

x 



Gm 



(R-x) 1 



R 



IM -4m 
where we've ignored the negative solution, 
as it doesn't indicate a point between the 
two bodies. 



Solve for x to obtain: 



R 



x = 




Substitute numerical values and 
evaluate x: 



3.84xl0 8 m 



x = 



17.36 xlO 22 kg 



1 + 



5.98xl0 24 kg 



= 3.46xlO s m 



(c) 



No it is not. During the entire trip, the astronauts would be in free - fall, 
and so would not seem to weigh anything. 
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Picture the Problem Let the origin of our coordinate system be at the center of mass of 
the binary star system and let the distances of the stars from their center of mass be r x and 
r 2 . The period of rotation is related to the angular velocity of the star system and we can 
use Newton's 2 nd law of motion to relate this velocity to the separation of the stars. 



Relate the square of the period of the 
motion of the stars to their angular 
velocity: 



(1) 



Gravity 897 



Using Newton's 2 nd law of motion, 
relate the gravitational force acting 
on the star whose mass is m 2 to the 
angular velocity of the system: 



„ Gm x m 2 2 



Solve for a> : 



, Gm, 
co = 



r 2 (r x +r 2 f 



(2) 



From the definition of the center of 
mass we have: 



m x r x = m 2 r 2 
where r = r x +r 2 



(3) 
(4) 



Eliminate r\ from equations (3) and 

(4) and solve for r 2 : m x + m 2 



Eliminate r 2 from equations (3) and rm 2 
(4) and solve for r\. m x + m 2 

Substitute for r\ and r 2 in equation ^ 2 _ G{m x +m 2 ) 
(2) to obtain: r 3 



Finally, substitute in equation (1) 
and simplify: 



T 2 = 



An 2 
G(m x +m 2 ) 



2 ..3 



An r 
G{m x +m 2 ) 
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Picture the Problem Because the two-particle system has zero initial energy and zero 
initial linear momentum; we can use energy and momentum conservation to obtain 
simultaneous equations in the variables r, Vi and v 2 . We'll assume that initial separation 
distance of the particles and their final separation r is large compared to the size of the 
particles so that we can treat them as though they are point particles. 



Use conservation of energy to relate E x =E f 
the speeds of the particles when or 

their separation distance is r. , , Gm,m^ 

0 = \m x v\ +\m 2 v 2 2 (1) 



Use conservation of linear p x = p { 

momentum to obtain a second or 

relationship between the speeds of 0 = m x v x + m 2 v 2 (2) 
the particles and their masses: 
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Solve equation (2) for vi and 
substitute in equation (1) to obtain: 



.2 A 



m 2 + 



in 



2Gm l m 2 



i J 



(3) 



Solve equation (3) for v 2 : 



i 



2Gmt 



r\m x +m 2 ) 



Solve equation (2) for vi and 
substitute for v 2 to obtain: 



v i = 



2Gmt. 



r(m l + m 2 ) 
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Picture the Problem We can find the orbital speeds of the planets from their distance 
from the center of mass of the system and the period of their motion. Application of 
Kepler's 3 rd law will allow us to express the period of their motion T in terms of the 
effective mass of the system . . . which we can find from its definition. 



Express the orbital speeds of the 
planets in terms of their period T: 



Apply Kepler's 3 rd law to express 
the period of the planets: 



2nR 



v = 



where R is the distance to the center of 
mass of the four-planet system. 



T = 



4tt 2 



GM 



-R 3 



eff 



where M eff is the effective mass of the four 
planets. 



Substitute to obtain: 



2tA 



GM 



eff 



| An 2 
GM 



R 3 



R 



eff 



The distance of each planet from the 
effective mass is: 

Find M e ff from its definition: 



R = 



42~ 



1 J_ J_ J_ J_ 
M eff ~ M M M M 
and 

M eff =\M 



Substitute for R and M eff to obtain: 



v = 



42GM 



4a 



Gravity 899 



92 

Picture the Problem Let r represent the separation of the particle from the center of the 
earth and assume a uniform density for the earth. The work required to lift the particle 
from the center of the earth to its surface is the integral of the gravitational force function. 
This function can be found from the law of gravity and by relating the mass of the earth 
between the particle and the center of the earth to the earth's mass. We can use the work- 
kinetic energy theorem to find the speed with which the particle, when released from the 
surface of the earth, will strike the center of the earth. Finally, the energy required for the 
particle to escape the earth from the center of the earth is the sum of the energy required 
to get it to the surface of the earth and the kinetic energy it must have to escape from the 
surface of the earth. 



(a) Express the work required to lift 
the particle from the center of the 
earth to the earth's surface: 



W 



\Fdr 



(1) 



where F is the gravitational force acting on 
the particle. 



Using the law of gravity, express the 
force acting on the particle as a 
function of its distance from the 
center of the earth: 



F = 



GmM 



(2) 



where M is the mass of a sphere whose 
radius is r. 



Express the ratio of M to M E : 



M p 



M = M 



E Rl 



Substitute for M in equation (2) to obtain: 



p = GmM B r = mgR E r= ™g r 



r; 



R, 



Substitute for F in equation (1) and 
evaluate the integral: 



W = 



mg_ 
R 



E 0 



jVt/r = 



gmR E 



(b) Use the work-kinetic energy 
theorem to relate the kinetic energy 
of the particle as it reaches the 
center of the earth to the work done 
on it in moving it to the surface of 
the earth: 



W = AK = ±mv 2 



Substitute for W and solve for v: 



v = 
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(c) Express the total energy required 
for the particle to escape when 
projected from the center of the 
earth: 



E ms =W + \mvi 

where v e is the escape speed from the 
surface of the earth. 



Substitute for W and solve for v e 



V esc = fig^E 



Substitute numerical values and 
evaluate v esc : 



v esc = V3(9.81N/kg)(6.37xl0 6 m) 



= 13.7km/s 
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Picture the Problem We need to find the gravitational field in three regions: 
r < R u Ri<r< R 2 , and r > R 2 . 



For r<Ru 



g 



0 



For r > i?2, g(r) is the field of a mass 
M centered at the origin: 



GM 



For R\<r<R 2 , g(r) is determined 
by the mass within the shell of 
radius r. 



r 

where m = } np (r 3 - ) (2) 



Express the density of the spherical 
shell: 

Substitute for p in equation (2) and 
simplify to obtain: 



M 



M 



m = 



M(r 3 -Rf) 
R\ - Rl 



Substitute for m in equation (1) to 
obtain: 



g 



ir) = 



GM(r 3 -Rl) 
r 2 {Rl-Rt) 
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Picture the Problem A ring of radius R is 
shown to the right. Choose a coordinate 
system in which the origin is at the center 
of the ring and x axis is as shown. An 
element of length dL and mass dm is 
responsible for the field dg at a distance x 
from the center of the ring. We can express 
the x component of dg and then integrate 
over the circumference of the ring to find 
the total field as a function of x. 

(a) Express the differential 
gravitational field at a distance x 
from the center of the ring in terms 
of the mass of elemental length dL: 
Relate the mass of the element to its 
length: 

Substitute to obtain: 

By symmetry, the y and z 
components of g vanish. Express the 
x component of dg: 




dm = XdL 

where X is the linear density of the ring 
, GAdL 

dg x = dg cos 6 

GXdL . 
= —z ^cos6> 

R 2 +x 2 
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Referring to the figure, express 
cos#: 



cosO = 



Substitute to obtain: 



, GX dL x 



GAxdL 

Ji 



R 2 +x 2 VFT^ 1 (r 2 + x 2 J 



Because X = 



M 
2nR 



Integrate to find g{x): 



dg x = 



*to = 



GMxdL 



2nR{R 2 +x 2 


|3/2 


GMx 




2kr{r 2 +x 2 


J/2 


GM 


X 


(R 2 + x 2 f 2 



2jtR 



A plot of g x is shown below. The curve is normalized for R - 1 and GM - 1 . 



0.40 
0.35 
0.30 
0.25 
gx 0.20 
0.15 
0.10 
0.05 
0.00 




































































2 

x 



(b) Differentiate g(x) with respect to x and set the derivative equal to zero to identify 
extreme values: 



dg 



= GM 



dx 

Simplify to obtain: 



(R 2 +x 2 y v 7 



= 0 for extrema 



(x 2 + R 2 y 2 -3x 2 (x 2 + R 2 ) ll2 =0 
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Solve for x to obtain: 



x = 



R 



Because the curve is concave downward, 
we can conclude that this result 
corresponds to a maximum. Note that this 
result agrees with our graphical maximum. 
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Picture the Problem The diagram shows a 
segment of the wire of length dx and mass 
dm = Mx at a distance x from the origin of 
our coordinate system. We can find the 
magnitude of the gravitational field at a 
distance r from the wire from the resultant 
gravitational force acting on a particle of 
mass m' located at point P and then 
integrating over the length of the wire. 

Express the gravitational force 
acting on a particle of mass m' at a 
distance r from the wire due to the 
segment of the wire of length dx: 

Using Newton's law of gravity, 
express dF: 




dF = m 'dg 
or 

j dF 
dg = — 
m 

lr , Gm'Mx 



or, because R 2 = x 2 + r 2 , 
„_, Gm'Mx 



Substitute and simplify to express 
the gravitational field due to the 
segment of the wire of length dx: 



dg = 



GMx 

2 2 

x +r 



By symmetry, the segment on the 
opposite side of the origin at the 
same distance from the origin will 
cancel out all but the radial 
component of the field, so the 
gravitational field will be given by: 



dg 



GMx 

2 2 

x +r 
GMx 



COS0 



x 2 +r 2 V x 2 + r 2 
GXr 



(x 2 +r 2 ) 



3/2 



dx 



Integrate dg from x' = -co to x' = +<x> to obtain: 



g 



= J 7^7 2 \^ dx ' =2GA \ ( 2V /2 



dx' = 



2GA 



2GA 



4x a +r 2 
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Picture the Problem We can use the relationship between the angular velocity of an 
orbiting object and its tangential velocity to express the speeds v in and v out of the 
innermost and outermost portions of the ring. In part (b) we can use Newton's law of 
gravity, in conjunction with the 2 nd law of motion, to relate the tangential speed of a 
chunk of the ring to the gravitational force acting on it. As in part (a), once we know v v 
and v out , we can express the difference between them to obtain the desired results. 



(a) Express the speed of a point in v (^') = 

the ring at a distance R' from the 
center of the planet under the 
assumption that the ring is solid and 
rotates with an angular velocity or. 



Express the speeds v in and v out of the 
innermost and outermost portions of 
the ring: 



Express the difference between v 0 
and v in : 



v ta = 
and 

v out ={R + \r)o) 



(R + \r)(a-{R-\r)co 



= cor = — r = 
R 



R 



(b) Assume that a chunk of the ring 
is moving in a circular orbit around 
the center of the planet under the 
force of gravity. Then, we can find 
its velocity by equating the force of 
gravity to the centripetal force 
needed to keep it in orbit: 



GMm mv 



R' 



R' 



or 



\ GM 
R' 



where M is the mass of the planet and R' 
the distance from the center. 



Substitute for R' to express v 0 



GM 
R + ±r 



GM 



\GM 



R 



1 + 







r 




R 


1 + 


\ 






1 


r 


-1/2 


2R y 


/ 



2Rj 



Expand binomially to obtain: 



GM ( . 1 1 r 



R 



+ higher order terms) 

1M~( 1 
R { 4R 
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Proceed similarly to obtain, for v in : 



[GM ( . 1 r\ 
1 + 

I 4RJ 



R 



Express the difference between v out and Vi n : 



\GM ( x _}_r} 
4 



R 



V 



GM ( , 1 r^\ 
1 + 

I 4RJ 



R 



GM 



R 



2~R 



and, because v = 



\GM_ 



2~R 
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Picture the Problem Let U = 0 at x = oo. The potential energy of an element of the stick 
dm and the point mass m 0 is given by the definition of gravitational potential energy: 
dU = — Gm 0 dm / r where r is the separation of dm and m 0 . 



(a) Express the potential energy of 
the masses m 0 and dm: 



dU 



Gm 0 dm 



The mass dm is proportional to the 
size of the element dx: 



dm = Xdx 
where X = 



M_ 
L 



Substitute these results to express 
dU in terms of x: 



Gm n A dx 
dU = 



GMm 0 dx 
L(x 0 -x) 



(b) Integrate to find the total potential energy for the system: 



U = 



GMm, 



1/2 



dx GMm n 



L _ L/2 X 0 X 



L 



In 



GMm 0 Jx 0 +L/2 



L 



-L2 



- 
2) 



In 



x 0 +- 



L 



(c) Because xq is a general point along the x axis: 



dU Gmm n 



L 



x 0 +- 



L 



L 
2 
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Simplify this expression to obtain: 



Gmm n 



■L 4 



in agreement with the result of Example 
11-8. 
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Picture the Problem Choose a mass element dm of the rod of thickness dx at a distance x 
from the origin. All such elements of the rod experience a gravitational force dF due to 
presence of the sphere centered at the origin. We can find the total gravitational force of 
attraction experienced by the rod by integrating dF from x = a to x = a + L. 

Express the gravitational force dF _ GMdm 

acting on the element of the rod of x 1 
mass dm: 



Express dm in terms of the mass m , ni 

r dm = — dx 

and length L of the rod: L 



Substitute to obtain: , r GMm dx 

dF = j 

L x 



Integrate dF from x = atox = a + 
L to find the total gravitational force 
acting on the rod: 



F = 



GMm a } L _ 2 , 

\x dx - 



L 



GMm 
L 



GMm 
z(a +L) 
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Picture the Problem The semicircular rod 
is shown in the figure. We'll use an 

element of length RdO = — dO whose 

n 

M 

mass dM is — dO . By symmetry, F = 0 . 
n 

We'll first find dF x and then integrate over 
#from -kI2 to nil. 




Express dF x : 



dF„ = 



GmdM GMm 



R 1 



71 



ddcosd 
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Integrate dF x over 6? from -nil to nil: 



F= ^GMm^ 2 cos0dO = 

-Till 



L 1 



2nGMm 
L 2 



Substitute numerical values and evaluate F x : 



_ 2^(6.6726x10 " N-m 2 /kg 2 )(20kg)(0. lkg) _ 
(5 m) 2 



33.5pN 
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Picture the Problem We can begin by expressing the forces exerted by the sun and the 
moon on a body of water of mass m and taking the ratio of these forces. In (b) we'll 
simply follow the given directions and in (c) we can approximate differential quantities 
with finite quantities to establish the given ratio. 



(a) Express the force exerted by the 
sun on a body of water of mass m: 



GM„m 
F 0 = ^- 



Express the force exerted by the 
moon on a body of water of mass m: 



F = 



GMm 



Divide the first of these equations 
by the second and simplify to 
obtain: 

Substitute numerical values and 
evaluate this ratio: 



M m r s 2 



(l.99xl0 30 kg)(3.84xl0 8 m) 2 
F m (7.36xl0 22 kg)(l.50xl0 11 m) 2 



177 



(b) Find 



dF_ 
dr 



dF_ 
dr 



2Gm { m 2 



= -2 



F 



Solve for the ratio 



dF 
F 



dF_ 
F 



dr 



(c) Express the change in force AF 
for a small change in distance Ar: 



AF = -2 — Ar 
r 
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Express AF S : 



AF C 



GmM, 



-Ar c 



Express AF m : 



AF = 



„ GmM„ , 
-2 ^Ar s 



„ GmM m „ 
-2 ^-Ar 



Divide the first of these equations 
by the second and simplify: 



AF S 
AF„ 



3 A ^S 



- Ar 



M m 4 Ar m 



Ar s 

because = 1 . 

Ar 



Substitute numerical values and 
evaluate this ratio: 
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AF S _ (l.99xl0 30 kg)(3.84xl0 8 m) 3 
AF m (7.36xl0 22 kg)(l.50xl0 n m) 3 



= 0.454 



Picture the Problem Let M NS be the mass of the Neutron Star and m the mass of each 
robot. We can use Newton's law of gravity to express the difference in the tidal-like 
forces acting on the coupled robots. Expanding the expression for the force on the robot 
further from the Neutron Star binomially will lead us to an expression for the distance at 
which the breaking tension in the connecting cord will be exceeded. 



(a) 



The gravitational force is greater on the lower robot, so if it were not for 
the cable its acceleration would be greater than that of the upper robot, and 
they would separate. In opposing this separation the cable is stressed. 
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(b) Letting the separation of the two 
robots be Ar, and the distance from 
the center of the star to the lower 
robot be r, use Newton's law of 
gravity to express the difference in 
the forces acting on the robots: 



_ GM NS m GM 

NS m 

^tide ~ 2 7 a \2~ 



(r + Ar) 2 



= GM NS m 



GM NS m 



1 



f ArV 



1- 



1 + 

V r 

1 + — 

r J 



Expand the expression in the square 
brackets binomially to obtain: 



i+ — 

V r J 



«1 

= 2 



Ar 



1-2 

V 

Ar 



Substitute to obtain: 



2GM NS m 

r tide ~ 3 ^ r 



Letting T^b be the breaking tension 
of the cord, substitute for F tide and 
solve for the value of r 
corresponding to the breaking strain 
being exceeded: 



r = 3 



\2GM^m Ar 



Substitute numerical values and evaluate r. 



_ j 2(6.673xl0 11 N-m 2 /kg 2 )(l.99xl0 30 kg)(lkg) , 1 , 
~\ 25kN ^ m ' 



220 km 
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Chapter 12 

Static Equilibrium and Elasticity 



Conceptual Problems 
l 

(a) False. The conditions ^.i^ =0 and ^T, = 0 must be satisfied. 

(b) True. The necessary and sufficient conditions for static equilibrium are / \,F i =0 and 

(c) True. The conditions / \P t = 0 and / \r. = Omust be satisfied. 

(d) False. An object is in equilibrium provided the conditions /^F- = 0 and ^T, = Oare 
satisfied. 

2 

False. The location of the center of gravity depends on the mass distribution. 
3 

No. The definition of the center of gravity does not require that there be any material at its 
location. 

4 

Determine the Concept When the acceleration of gravity is not constant over an object, 
the center of gravity is the pivot point for balance. 

5 

Determine the Concept This technique works because the center of mass must be 
directly under the balance point. Thus, a line drawn straight downward will pass through 
the center of mass, and another line drawn straight downward when the figure is hanging 
from another point will also pass through the center of mass. The center of mass is where 
the lines cross. 



Determine the Concept No. Because the floor can exert no horizontal force, neither can 
the wall. Consequently, the friction force between the wall and the ladder is zero 
regardless of the coefficient of friction between the wall and the ladder. 
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Determine the Concept We know that equal lengths of aluminum and steel wire of the 
same diameter will stretch different amounts when subjected to the same tension. Also, 
because we are neglecting the mass of the wires, the tension in them is independent of 



which one is closer to the roof and depends only on W. (b) is correct. 



8 

Determine the Concept Yes; if it were otherwise, angular momentum conservation 
would depend on the choice of coordinates. 



*9 • 

Determine the Concept The condition that the bar is in rotational equilibrium is that the 
net torque acting on it be zero; i.e., R\M\ = R 2 M 2 . This condition is satisfied provided Ri 
= R 2 and M\ = M 2 . (c) is correct. 



10 

Determine the Concept You cannot stand up because your body's center of gravity must 
be above your feet. 

*11 

Determine the Concept The tensile strengths of stone and concrete are at least an order 
of magnitude lower than their compressive strengths, so you want to build compressive 
structures to match their properties. 



Estimation and Approximation 
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Picture the Problem The diagram to the 
right shows the forces acting on the crate 
as it is being lifted at its left end. Note that 
when the crowbar lifts the crate, only half 
the weight of the crate is supported by the 
bar. Choose the coordinate system shown 
and let the subscript "pb" refer to the pry 
bar. The diagram below shows the forces 
acting on the pry bar as it is being used to 
lift the end of the crate. 
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L-e 



— — X 



Assume that the maximum force F ' you can apply is 500 N (about 1 10 lb). Let i be the 
distance between the points of contact of the steel bar with the floor and the crate, and let L 
be the total length of the bar. Lacking information regarding the bend in pry bar at the 
fulcrum, we'll assume that it is small enough to be negligible. We can apply the condition 
for rotational equilibrium to the pry bar and a condition for translational equilibrium to the 
crate when its left end is on the verge of lifting. 



Apply / ,F v = 0 to the crate: 



F pb -W + F n =0 



(1) 



Apply ^ T = 0 to the crate about 

an axis through point B and 
perpendicular to the plane of the 
page to obtain: 



±wW = 0 



Solve for F n : 



n z 

as noted in Picture the Problem. 



Solve equation (1) for F pb and 
substitute for F n to obtain: 



F vh =W-\W = \W 



Apply ^ f = 0 to the pry bar about 

an axis through point A and 
perpendicular to the plane of the 
page to obtain: 



F(L-t)-tF pb =0 



Solve for L: 



L = £ 



FA 



1 + ^ 
F 



Substitute for F pb to obtain: 



L = £ 



1 + 

I 2Fj 
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Substitute numerical values and 
evaluate L: 



Z = (0.1m) 



1 + 



4500 N 
2(500 N) 



55.0cm 



*13 

Picture the Problem We can derive this expression by imagining that we pull on an area A 
of the given material, expressing the force each spring will experience, finding the 
fractional change in length of the springs, and substituting in the definition of Young's 
modulus. 



(a) Express Young's modulus: 



Y 



F/A 
AL/L 



(1) 



Express the elongation AL of each spring: 

Express the force F s each spring will 
experience as a result of a force F 
acting on the area A: 

Express the number of springs N in 
the area A: 



AL 



F = 



N ■ 



k 

F_ 
N 



(2) 



Substitute to obtain: 



F. = 



Fa 1 



Substitute in equation (2) to obtain, 
for the extension of one spring: 



AL = 



Fa 
kA 



Assuming that the springs 
extend/compress linearly, express 
the fractional extension of the 
springs: 

Substitute in equation (1) and simplify: 



AL , AL 1 Fa 2 Fa 



L 



a a kA kA 



Y 



F 

A 
Fa 

JcA 



(b) From our result in part (a): 
From Table 12-1: 



k = Ya 



Y = 200GN/m 2 = 2x 10 11 N/m 2 



Assuming that a ~ 1 nm, evaluate k: 



£ = (2xl0 n N/m 2 )(l0- 9 m): 



200 N/m 
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Conditions for Equilibrium 



14 • 

Picture the Problem Let Wj represent the 
weight of the 28-kg child sitting at the left 
end of the board, w 2 the weight of the 40- 
kg child, and d the distance of the 40-kg 
child from the pivot point. We can apply 
the condition for rotational equilibrium to 
find d. 

Apply / T = 0 about an axis through 
the pivot point P: 

Solve for and evaluate d: 



2 m 





A 

P 




r H>, 




<w 2 



w, 



1 (2m)-w 2 d = 0 



w,(2m) _ (28kg)g(2m) 



(40kg), 



1.4m 
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Picture the Problem Let F\ represent the 
force exerted by the floor on Misako's feet, 
F 2 the force exerted on her hands, and m 
her mass. We can apply the condition for 
rotational equilibrium to find F 2 . 











0.9 m 


0.6 m 




'mg 



Apply / t = 0 about an axis 
through point 0: 

Solve for F 2 - 



F 2 (l.5m)-mg(0.9m) = 0 



_ mg(0.9m) 
1.5m 



Substitute numerical values and 
evaluate F 2 : 



(54kg)(9.81m/s 2 )(0.9m) 
1.5m 



= 318N 
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Picture the Problem Let F represent the force exerted by Misako's biceps. To find F we 
apply the condition for rotational equilibrium about a pivot chosen at the tip of her elbow. 



Apply ^ T = 0 about an axis 



(5 cm)F - (28cm)(l8N) = 0 



916 Chapter 12 



101N 



through the pivot: 

Solve for F: f = (28cm)(l8N) 

5 cm 
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Picture the Problem Choose a coordinate system in which upward is the positive y 
direction and to the right is the positive x direction and use the conditions for translational 
equilibrium. 

(a) Apply = 0 to the forces J^F x = - f s + F c sin 0 = 0 (1) 

acting on the tip of the crutch: and 

Y J F y =F n -F c cos0 = O (2) 

Solve equation (2) for F n and f s = / s , max = MsK = cos 0 

assuming that f s = / Sjmax , obtain: 



Substitute in equation (1) and solve jj, 
for pi s : 



tan 6 



(b) 



Taking long strides requires a large coefficient of static friction because 
6 is large for long strides. 



(c) If n % is small, i.e., there is ice on the surface, 6 must be small to avoid slipping. 



The Center of Gravity 

18 • 

Picture the Problem Let the weight of the automobile be w. Choose a coordinate system in 
which the origin is at the point of contact of the front wheels with the ground and the 
positive x axis includes the point of contact of the rear wheels with the ground. Apply the 
definition of the center of gravity to find its location. 

Use the definition of the center of gravity: x c JV = w i X i 

= 0.58w(0) + 0.42w(2m) 
= (0.84m)w 
or, because W = w, x cg (w) = (0.84m)w 
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Solve for x c; 



0.84m 



*19 • 

Picture the Problem The figures are 
shown on the right. The center of mass for 
each is indicated by a small +. At static 
equilibrium, the center of gravity is 
directly below the point of support. 
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Picture the Problem Using the coordinate system indicated in the figure, we can apply 
the definition of the center of gravity to determine x cg and y cs . 



Apply the definition of the center of 
gravity to find x cg : 



i 

= (40N)(^fl)+(60N)(|fl) 

+ (30N)(fa)+(50N)(fa) 

= (l70N)a 

or, because W = 180 N, 
x (l80N) = (l70N)a 



Solve for x cg : 



170N 

x ra = a = 0.944a 

cg 180N 



Apply the definition of the center of 
gravity to find y cg : 



i 

= (40N)(ia)+(60N)(fa) 

+ (30N)(ffl)+(50N)fea) 

= (180N)a 

or, because W = 180 N, 
y (180N) = (180N)a 



Solve for j> cg : 



v = a 

SCR 



The coordinates of the center of 
gravity are: 



k g >yj=\ (0.944a, a) 
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Picture the Problem Let the origin of the coordinate system be at the lower left corner of 
the plate and the positive x direction be to the right. Let a and b be the length and width of 
the plate. Let crbe the mass per unit area of the plate. Then the weight of the plate is given 
by w = abag and that of the matter missing from the hole is — nR 2 og. Noting that, by 

symmetry, j cg = b/2, we can apply the definition of the center of gravity to find x cg . 



Apply the definition of the center of 
gravity to find x cg : 



Solve for x c , 



i 

= (abog){ja)—\7tf{ 2 og)(a — R) 
or, because 

W = Opiate " W hole = ^Og ~ ^Og, 

x cs (abog-7rR 2 og)= (abog){\a) 

-(7tR 2 cr)(a-R) 



i „ 2 



_ 2 



a b-mR + nR 



eg 



ab-7tR 



The coordinates of the center of gravity 
are: 



teg, Jog ) : 



\a b-naR +nR^ 
ab-nR 2 



,\b 



Some Examples of Static Equilibrium 
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Picture the Problem We can use the given definition of the mechanical advantage of a 
lever and the condition for rotational equilibrium to show that M = xlX. 



(a) Express the definition of 
mechanical advantage for a lever: 

Apply the condition for rotational 
equilibrium to the lever: 

Solve for the ratio of F tof to 
obtain: 



Substitute to obtain: 



M = 



F_ 

7 

xf-XF = 0 



F__x_ 

f~ X 



M 



x 
X 



(b) 



A shorter moment arm for the applied force is useful when one wishes to 
move the load over a large distance using a short movement of the applied 
force. 
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Picture the Problem The force diagram 
shows the tension in the forestay, T F , the 
tension in the backstay, T B , the 
gravitational 

force on the mast mg, and the force exerted 
by the deck, F D . Let the origin of the 
coordinate system be at the foot of the mast 
with the positive x direction to the right and 
the positive y direction upward. Because the 
mast is in equilibrium, we can apply the 
conditions for both translational and 
rotational equilibrium to find the tension in 
the backstay and the force that the deck 
exerts on the mast. 




mg 




Apply ^ t = 0 to the mast about an axis 
through its foot and solve for T B : 



(4.88 m)(l 000 N)sin# F 

-(4.88m)r B sin45° = 0 

and 

_ (l000N)sin6> F 
B ~ sin 45° 



Find dp, the angle of the forestay with the 
vertical: 



# F = tan 



^2.74m A 
4.88m 



= 29.3° 



Substitute to obtain: 



(l000N)sin29.3° 



sin 45° 



692 N 



Apply the condition for translational 
equilibrium in the x direction to the mast: 



Y,F X =i 7 D cos^ + r B sin45 c 
- F sin Or, = 0 



or 



F D cos# = (l000N)sin29.3° 
-(692N)sin45° 
«0 



Apply the condition for translational 
equilibrium in the y direction to the mast: 



^ F = F D sin 0-T F cos8 F 

-r B cos45°-mg = 0 

or 
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F D sin# = (l000N)cos29.3° 
+ (692N)cos45° 
+ (l20kg)(9.81m/s 2 ) 
= 2539N 



Because ,F D cosd?= 0: 



0 = \ 90° , F D = | 2.54kN 
and 



no block is required to prevent the 
mast from moving. 
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Picture the Problem The diagram shows 
Mg, the weight of the beam, mg, the 

weight of the student, and the force the 
ledge exerts F , acting on the beam. 
Because the beam is in equilibrium, we can 
apply the condition for rotational 
equilibrium to the beam to find the location 
of the pivot point P that will allow the 
student to walk to the end of the beam. 

Apply T = 0 about an axis 
through the pivot point P: 

Solve for x: 



i 

— ta-x 


if 




P 

\ 

'Mg 



mg 



Mg(5m-x)-mgx = 0 



x = 



5M 5(300kg) 



M + m 300kg + 60 kg 



4.17m 
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Picture the Problem The diagram shows 
w, the weight of the student, F p , the 
force exerted by the board at the pivot, and 
F s , the force exerted by the scale, acting 

on the student. Because the student is in 
equilibrium, we can apply the condition for 
rotational equilibrium to the student to find 
the location of his center of gravity. 

Apply / \ f = 0 about an axis 



2 m -x 



w 



F s (2m)- wx = 0 
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through the pivot point P; 
Solve for x: 



Substitute numerical values and 
evaluate x: 



_(2m)F s 



w 



(2m)(250N) 
~ (70kg)(9.81m/s 2 ) 



0.728 m 
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Picture the Problem The diagram shows 
mg, the weight of the board, F H , the force 
exerted by the hinge, Mg, the weight of 

the block, and F, the force acting 
vertically at the right end of the board. 
Because the board is in equilibrium, we can 
apply the condition for rotational 
equilibrium to it to find the magnitude of 



(a) Apply = 0 about an axis 
through the hinge: 

Solve for F: 



Substitute numerical values and 
evaluate F: 



(b) Apply ^F v = 0 to the board: 



Solve for and evaluate Fh: 




F[(3 m)cos 30°] - mg[(l .5 m)cos 30°] 
-Mg[(0.8m)cos30°] = 0 



_ m(l.5m) + M(0.8m) 



3m 



g 



F 



_ (5kg)(l.5m)+(60kg)(0.8m) 



3m 



:(9.81m/s 2 ) 



181N 



F H -Mg-mg + F =0 

F H =Mg + mg-F = (M + m)g-F 
= (60kg + 5kg)(9.81m/s 2 )-181N 
= 457 N 
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(c) The force diagram showing the 
force F acting at right angles to the 
board is shown to the right: 



Apply = 0 about the hinge: 




F(3 m) - mg[(l .5 m)cos 30°] 

-Mg[(0.8m)cos30°] = 0 



Solve for F: 



_ m(l.5m)+M(0.8m) 



3m 



g cos 30° 



Substitute numerical values and 
evaluate F: 



F = (5kg)(l.5m)+(60kg)(0.8m) 
3m 

x(9.81m/s 2 )cos30° 



= 157 N 



A PPhy = 0 to the board: 



F H sin 6> - Mg - mg + F cos 30° = 0 



or 



F H sm6 = (M + m)g-F cos30° (1) 



A PPhy ^jF x = 0 to the board: 



F H cos#-Fsin30° = 0 
or 

F H cos6' = Fsin30 o 



(2) 



Divide the first of these equations by 
the second to obtain: 



F H sin6> _ (M + m)g-F cos 30° 



F H cos 0 



F sin 30° 



Solve for &. 



e = tan 1 



(M + m)g-Fcos30 c 
F sin 30° 



Substitute numerical values and evaluate 6 : 
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0 = tan 



(65kg)(9.81m/s 2 )-(l57N)cos30 c 
(l57N)sin30° 



= 81.1° 



Substitute numerical values in 
equation (2) and evaluate F H : 



(l57N)sin30° 
cos81.1° 



507 N 
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Picture the Problem The planes are 
frictionless; therefore, the force exerted by 
each plane must be perpendicular to that 
plane. Let F ] be the force exerted by the 30° 

plane, and let F 2 be the force exerted by the 
60° plane. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can use the conditions for translational 
equilibrium to find the magnitudes of F x and 

F 2 . 

Apply ^ F x = 0 to the cylinder: 

Apply / ,F V =0 to the cylinder: 

Solve equation (1) for Fi; 
Substitute in equation (2) to obtain: 
Solve for F 2 : 




F 1 sin30°-F 2 sin60° = 0 



(1) 



FjeosSCr + ^cosbO 0 -^ = 0 (2) 

F x = SF 2 (3) 

V3> 2 cos 30° + F 2 cos 60° - W = 0 

(V3 cos 30° + cos 60°)f 2 = W 
or 

p - K : 

2 V3 cos 30° + cos 60° 



W 



Substitute in equation (3): 



F X =S(W)- 



4w 
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Picture the Problem The force diagram 
shows the forces F H , T 2 , and T x acting 
on the strut. Choose a coordinate system 
in which the positive x direction is to the 
right and the positive y direction is 
upward. Because the strut is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 





(a) 



The forces acting on the strut are the tensions Tj and T 2 and F H , the 
force exerted on the strut by the hinge. 



{b) Apply / t = 0 about an axis 
through the hinge: 



7/ sin 30°- 7/ = 0 



Solve for T\ : 



T 2v =T 2 sin30° = T l 
or, because T\ = 80 N, 



T = 



80 N 



(c) Apply ^ F x = 0 to the beam: 



F H cos#-r 2 cos30° = 0 
or 

F H cos 6 = T 2 cos 30° 



(1) 



Apply =0 to the beam: 



F H sin^ + r 2 sin30°-7; =0 
or 

F H sin6' = r i -r 2 sin30 o 

= 80N-7 2 sin30° 



(2) 



Divide equation (2) by equation (1) 
to obtain: 



. 80N-7:sin30 o 

tand = 

r 2 cos30° 



Solve for 9 : 



6 = tan 



80N-:r 2 sin30 o 
r 2 cos30° 



Express T 2 in terms of T- x 



2v 



^ = _80N_ = 16QN 
sin 30° sin 30° 
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Evaluate &. 

Substitute numerical values in equation 
(1) and evaluate F H : 



29 

Picture the Problem The force diagram 
shows the weight of the pirate, Mg, the 
weight of the victim, mg, and the force 
the deck exerts at the edge of the 
ship, F acting at the fulcrum P. The 
diagram also shows, for part (b), the 
weight of the plank acting through the 
plank's center of gravity. 

(a) Apply ^ t = 0 at the pivot point P: 



Solve for x: 



(b) Apply / t = 0 about an axis 
through the pivot point P: 



Solve for x: 



Substitute numerical values and 
evaluate x: 



6 = tan 



80N-(l60N)sin30 c 



right. 



(160N)cos30° 
(160N)cos30° 



cosO c 



139N 



= 0° 



to the 



4 m 



mg 



Mg 



Mg(&m-x)-mgx = 0 
□r 

M(Sm-x)-mx = 0 

8M 8(105 kg) 



x 



M + m 105 kg + 63kg 



5.00 m 



Mg(Sm- x)+m p g(4m-x)-mgx = 0 
or 

M(8m-x) + m Um-x)-mx = 0 



x = 



8M + 4m v 
M + m + m„ 



8(l05kg)+4(25kg) 
~ 105kg + 63 kg + 25kg ~ 



4.87 m 
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Picture the Problem The drawing shows 
the door and its two supports. The center of 
gravity of the door is 0.8 m above (and 
below) the hinge, and 0.4 m from the hinges 
horizontally. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Denote the horizontal and vertical 
components of the hinge force by T^Hh and 
F Hv . Because the door is in equilibrium, we 
can use the conditions for translational and 
rotational equilibrium to determine the 
horizontal forces exerted by the hinges. 

Apply /,r = 0 about an axis through 
the lower hinge: 

Solve for F Mh : 



n F n- 




0.4 m — »-| 

F Hh (l.6m)-mg(0.4m) = 0 



F u 



mg 



(0.4 m) 



1.6m 



Substitute numerical values and 
evaluate F m : 



Hh 



_ (l8kg)(9.81m/s 2 )(0.4m) 
1.6m 



= 44.1N 



Apply ^ F x = o to tne d° or an( i 

solve for F\ 



Hh • 



F' -F 



Hh 



Hh 



and 
F' 



Hh ' 



44. IN 



Note that the upper hinge pulls on the door 
and the lower hinge pushes on it. 
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Picture the Problem The figure shows the 
wheel on the verge of rolling over the edge 
of the step. Note that, under this condition, 
the normal force the floor exerts on the 
wheel is zero. Choose the coordinate system 
shown in the figure and apply the conditions 
for translational equilibrium and the result 
for F from Example 12-4 to the wheel. 











F 














t 






h 

1 



Apply = 0 to the wheel: 



Tf s =f-f Xx =q 

and 

^F y =F ly -Mg = 0 



Write F, in vector form: 



F X =-FJ+FJ 
= -Fi + Mgj 



From Example 12-4 we have: 



F 



Mg^h(lR-h) 



R-h 



Substitute to obtain: 



F> = 



Mg^h{2R - h) 



R-h 



i + Mgj 



Mg^jh(2R - h) 



h-R 



i + Mgj 



32 

Picture the Problem The diagram shows 
the forces F l andi^ acting at the supports, 
the weight of the board mg, acting at its 

center of gravity, and the weight of the 
diver Mg acting at the end of the diving 

board. Because the board is in 
equilibrium, we can apply the condition 
for rotational equilibrium to find the 
forces at the supports. 



1 

1.2 m 


0.9 m 2.1 m 


P 


f . 

nig 



A PPly X ^ = 0 about an axis tnrou g h - 2m )^2 ~~ (2. lm)mg - (4.2m)Mg = 0 

the left support: 
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Solve for F 2 : 



(2.1m)m + (4.2m)M 
(l.2m) 



g 



Substitute numerical values and evaluate F 2 : 



_, (2.1m)(30kg)+(4.2m)(70kg)/ noi , 2 \ i onoiXT — 

F 2 = ± ^ J2) — (9.81m/s )= | 2.92 kN, compression 



(l.2m) 

Apply 2j ? = 0 about an axis through 
the right support: 

Solve for F<: 



(l .2111)^ - (0.9 m)mg - (3 m)Mg = 0 



„ (0.9m)m + (3m)M 

=- ? \ — - — g 



(l.2m) 



Substitute numerical values and evaluate F\\ 
(0.9m)(30kg)+(3m)(70kg) 



(l.2m) 



(9.81m/s 2 ): 



1. 94 kN, tension 
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Picture the Problem Let T be the tension in 
the line attached to the wall and L be the 
length of the strut. The figure includes w, 
the weight of the strut, for part (b). Because 
the strut is in equilibrium, we can use the 
conditions for both rotational and 
translational equilibrium to find the force 
exerted on the strut by the hinge. 




(a) Express the force exerted on the 
strut at the hinge: 

Ignoring the weight of the strut, 
a PPhy ^ ? = 0 at the hinge: 

Solve for the tension in the line: 



f = fJ+fj a) 

LT-(L cos 45°)W = 0 

T = W cos 45° = (60N)cos45° 
= 42.43 N 



A PPly \F = 0 to the strut: 



Y,F X =F h -rcos45° = 0 
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Solve for F b : 



and 



J^F y =F V +Tcos45°-Mg = 0 



T h = T cos 45° = (42.43 N)cos45 c 
= 30.0N 



Solve for F v : 



F v =Mg -7 cos 45° 

= 60 N- (42.43 N)cos45 c 
= 30.0N 



Substitute in equation (1) to obtain: 



F = 



(30.0 N)/ + (30.0 N)j 



(b) Including the weight of the strut, 
a PPly ^ T = 0 at the hinge: 

Solve for the tension in the line: 



LT-(Lcos45°)W- 



L 



cos 45 

2 j 



w = 0 



T = (cos45°)W + 



1 



cos45 c 



w 



= (cos45°)(60N)+ 
= 49.5N 



j 

r 



1 



cos 45° 

v2 j 



(20 N) 



A PPly = 0 to the strut: 



Solve for F b : 



Y^F x =F h -rcos45° = 0 
and 

Y J F y =F v +Tcos45°-W-w = 0 

T h =T cos 45° = (49.5 N)cos 45° 
= 35.0N 



Solve for F v : 



F v =W + w-Tcos45° 

= 60 N + 20 N - (49.5 N)cos45° 
= 45.0N 



Substitute in equation (1) to obtain: 



F = 



(35.0 N)i + (45.0 N)j 
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Picture the Problem Note that if the 60-kg mass is at the far left end of the plank, T\ and 
T 2 are less than 1 kN. Let x be the distance of the 60-kg mass from T x . Because the plank is 
in equilibrium, we can apply the condition for rotational equilibrium to relate the distance x 
to the other distances and forces. 



i 



1.5 m 



1 m 



>" P S 



Apply ^ T = 0 about an axis 
through the left end of the plank: 



Solve for x: 



Substitute numerical values and 
simplify to obtain: 

Set T 2 = 1 kN and evaluate x: 



(5 m)r 2 - (4 m)m h g - (2.5 m)m p g 
-m s gx = 0 



x = 



(5 m)T 2 - (4m)m b g - (2 m)m p g 



m jg 



_ (5m)r 2 -3.63kN-m 
~ 0.5886kN 

_ (5m)(lkN)-3.63kN-m 
0.5886kN 



2.33m 



and Julie is safe for 0 < x < 2.33 m. 
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Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the cylinder is in equilibrium, we 
can apply the conditions for translational 
and 

rotational equilibrium to find F n and the 
horizontal and vertical components of the 
force the corner of the step exerts on the 
cylinder. 

(a) Apply = 0 to the cylinder 
about the step's corner: 

Solve for F a : 










* Cv- 


/ 1 

/ 1 

1 


ll 



Mg£-FJ-F(2R-h) = 0 



F a =Mg 



F(2R-h) 



Express £ as a function of R and h: 



(c) Apply / \ F V = 0 to the cylinder: 
Solve for F c y. 



= ^R 2 -{R-hf =yjlRh-h 2 
F(2R - h) 



F n =Mg 



4lRh-h 1 







Mg-F^ 


2R-h 






h 


(b) Apply ^F x = 0 to the cylinder: 




+ F = 0 




Solve for F Cth : 




=E 





F a -Mg + F cv =0 
F c =Mg-F n 
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Substitute the result from part (a): 
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Picture the Problem The figure to the 
right shows the forces acting on the 
cylinder. Because the cylinder is in 
equilibrium, we can use the condition for 
rotational equilibrium to express F D in 
terms of F. Because, to roll over the step, 
the cylinder must lift off the floor, we can 
set F a = 0 in our expression relating F n 
and F and solve for F. 

Apply / ,T = 0 about the step's corner: 
Solve for F„: 



Express £ as a function of R and h: 



Substitute to obtain: 



To roll over the step, the cylinder 
must lift off the floor, i.e., F a = 0: 



F a =Mg- \Mg-F, 



\ 2R-h 
h 





2R-h 


h 




Mg£-FJ-F(2R-h) = 0 

_, F(2R-h) 
F n =Mg — 

£ = ^R 2 -{R-hf =yj2Rh-h 2 

_, F(2R-h) 
42Rh-h 2 

= Mg-F y 



\2R-h 



h 



0 = Mg-F, 



2R-h 



h 



Solve for F: 



F = 



h 



2R-h 



*37 

Picture the Problem The diagram shows the forces F\ and F 2 that the fencer's hand 
exerts on the epee. We can use a condition for translational equilibrium to find the 
upward force the fencer must exert on the epee when it is in equilibrium and the 
definition of torque to determine the total torque exerted. In part (c) we can use the 
conditions for translational and rotational equilibrium to obtain two equations in F\ and 
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F 2 that we can solve simultaneously. In part (d) we can apply Newton's 2 nd law in 
rotational form and the condition for translational equilibrium to obtain two equations in 
F\ and F 2 that, again, we can solve simultaneously. 



1 - n . — 


If: 






2 cm 

/ 




W 



- 24 cm - 



(a) Letting the upward force 
exerted by the fencer' s hand be F, 

a PPly /.P v ~ 0 to the e P ee to 
obtain: 

Solve for and evaluate F: 



(b) Express the torque due to the 
weight about the left end of the 
epee: 

(c) Apply = Oto the epee to 
obtain: 

Apply ^j T 0 = Oto obtain: 



F-W = 0 



F = mg = (0.7kg)(9.81m/s 2 ) 
r = ^w = (0.24m)(6.87N) = 



6.87 N 



1.65N-m 



-F 1 +F 2 -6.87N = 0 



(1) 



(O.Olmfc + (0. 12m)F 2 - 1 .65 N • m = 0 



Solve these equations 
simultaneously to obtain: 



8.26 N 



and/ 7 . 



15. IN 



Note that the force nearest the butt of the 
epee is directed downward and the force 
nearest the hand guard is directed upward. 
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Picture the Problem In the force diagram, the forces exerted by the hinges 

are F 2 , F yl , and F x x where the subscript 1 refers to the lower hinge. Because the gate 

is in equilibrium, we can apply the conditions for translational and rotational equilibrium 
to find the tension in the wire and the forces at the hinges. 
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(a) Apply / T = 0 about an axis 

through the lower hinge and 
perpendicular to the plane of the page: 



I X T sm6 + 1 2 T cos0 - 1 x mg =0 



Solve for T: 



Substitute numerical values and 
evaluate T: 



T = 



x mg 



\ sin^ + i'jcos^ 



(l.5m)(200N) 



(l .5 m)sin 45° + (l .5 m)cos 45° 



= 141N 



(b) Apply =0 to the gate: 



Solve for and evaluate F x y. 



F xi -rcos45° = 0 



F xl = rcos45° = (l41N)cos45 c 



99.7 N 



(c) Apply ^F y = Oto the gate: 



F vl + F ya + T sin 45° - mg = 0 



Because F y ,i and F yr2 cannot be 
determined independently, solve for 
and evaluate their sum: 



F vl +F y2 =mg-Tsm45° 
= 200 N- 99.7 N 



= 100 N 
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Picture the Problem Let T- the tension in the wire; F n = the normal force of the 
surface; and f Stmax = fisF n the maximum force of static friction. Letting the point at which 
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the wire is attached to the log be the origin, the center of mass of the log is at (-1.838 m, 
-0.797 m) and the point of contact with the floor is at (-3.676 m, -1.594 m). Because the 
log is in equilibrium, we can apply the conditions for translational and rotational 
equilibrium. 



y 




L 



Apply £ F x = 0 to the log: T sin 6 - f s max = 0 

or 

T ^ = f vsm =fi s F n (1) 

A PPly =0tothelog: Tcosd + F n -mg = 0 

or 

Tcos0 = mg-F n (2) 

Divide equation (1) by equation (2) TsinO _ fjj\ 

to obtain : TcosO mg - F n 

or 

6 = tan 1 Ms (3) 



A PPly X ^ = 0 ab ° Ut ^ aXiS ^ ~ A^n ~ ^ 3/"s^n = 0 

through the origin: 



Solve for 7v p = z 2 mg 
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Substitute numerical values and 1.838(l00kg)(9.81m/s 2 ) 
evaluate 7v n 3.676 + 1.594(0.6) 



Substitute in equation (3) and 
evaluate &. 



Substitute numerical values in 
equation (1) and evaluate T: 



6 = tan 



0.6 

(l00kg)(9.81m/s 2 ) 1 
389N 



21.5 C 



(0.6)(389N) 
sin21.5° 



636 N 
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Picture the Problem Consider what 
happens just as # increases beyond 
6? max- Because the top of the block is fixed 
by the cord, the block will in fact rotate 
with only the lower right edge of the block 
remaining in contact with the plane. It 
follows that just prior to this slipping, F n 
and f s = fisF D act at the lower right edge of 
the block. Choose a coordinate system in 
which up the incline is the positive x 
direction and the direction of F n is the 
positive y direction. Because the block is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 

A PPhy X F* ■= 0 to the block: 
A PPhy ^jF y = 0 to the block: 

Apply T = 0 about an axis 

through the lower right edge of the 
block: 




r + / u s F n -mgsin6' = 0 (1) 
F n -mgcos6> = 0 (2) 
\a{mg cos 6) + \b{mg sin 0)-bT = O (3) 



Eliminate F n between equations (1) T = mg(sin 6 - ju s cos 6) 

and (2) and solve for T: 



Static Equilibrium and Elasticity 937 



Substitute for Tin equation (3): 



Substitute 4a for b: 



Simplify to obtain: 



a(mg cos 6)+\b(mg sin 6) 
- b\mg{sm 6 - /j s cos #)] = 0 



ja(mg cos 6) + \ (4a)(mg sin 6) 

- (4a)[mg(sin 0 - ju s cos &)] = 0 

(l + 8// s )cos#-4sin# = 0 



Solve for 9. 



0 = tan 



4 1 + 8//. 



(9 = tan 



1 + 8(0.8) 



61.6 C 



Substitute numerical values and 
evaluate 0: 

*41 

Picture the Problem The free-body diagram shown to the left below is for the weight 
and the diagram to the right is for the boat. Because both are in equilibrium under the 
influences of the forces acting on them, we can apply a condition for translational 
equilibrium to find the tension in the chain. 




100N 

(a) Apply =0to the boat: 

Solve for T: 

Apply ^jF y = 0 to the weight: 
Substitute for J to obtain: 
Solve for 9 : 




F A -rcos6> = 0 



F 

f — d 



mg 



COS 0 

2rsin#-100N = 0 
2F„tan0-lOON = O 



<9 = tan 



4IOON 

2F A 



(1) 
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Substitute for F d and evaluate 0 : 



, 100N .„ 
9 = tan 1 r- = 45 c 



2(50 N) 



Solve equation (1) for T: 



T = 



100 N 

2 sin 6 



Substitute for d?and evaluate T: 



T = 



100 N 

2 sin 45° 



70.7 N 



(b) Use the diagram to the right to 
relate the sag Ay in the chain to the 
angle 9 the chain makes with the 
horizontal: 



Solve for Ay: 

Because the horizontal and vertical 
forces in the chain are equal, 6= 
45° and: 




sin 6 = 

where L is the length of the chain. 
Ay = \Lsm0 
Ay = {(5m)sin45° = 



1.77 m 



(c) Relate the distance d of the boat 
from the dock to the angle 9 the 
chain makes with the horizontal: 



\d d 



cos 6 = - — = 



L L 



Solve for and evaluate d: 



d =L cos 6 = (5 m)cos 45 c 



3.54 m 



(d) Relate the resultant tension in 
the chain to the vertical component 
of the tension F v and the maximum 
drag force exerted on the boat by the 
water F djmax : 

Solve for ,F d ,max: 



Because the vertical component of the 
tension is 50 N: 



^v 2 +^ max =(500N) 2 



^, ma x = V(500N) 2 -F v 2 

= V(500N) 2 -(50N) 2 



497 N 



42 

Picture the Problem Choose a coordinate system in which the positive x axis is along 
the rod and the positive y direction is normal to the rod. The rod and the forces acting on 
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it are shown in the free-body diagram. The forces acting at the supports are denoted by 
the numerals 1 and 2. The resultant forces at the supports are shown as dashed lines. 
We'll assume that the rod is on the verge of sliding. Because the x components of the 
forces at the supports are friction forces, they are proportional to the normal, i.e., y, 
components of the forces at the supports. Because the rod is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium. 



.Y,m 




Apply = 0 about an axis 
through the support at x = 2 m: 

Solve for F 2 y : 



1 2 F 2 - 1 x mg cos 0 = 0 



F 2, y = 



I x mg cos 6 



Substitute numerical values and 
evaluate F 2 y. 



7 _ (3m)(20kg)(9.81m/s 2 )cos30° 
4m 

= 127.4N 



Apply = 0 about an axis 
through the support at x = 6 m: 

Solve for F\y. 



(£ 2 -£ 1 )mgcos0-£ 2 F 1 =0 



_ (i 2 -l^mgcosO 



Substitute numerical values and 
evaluate Fi/. 



^ _ (4m-3m)(20kg)(9.81m/s 2 ) 
Xy ~ 4 m 

x cos 30° 
= 42.48 N 
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A PPly X F x = 0 to the rail: 



F u + F 2>I -/ng sin 30° = 0 



(1) 



Assuming that the rod is on the 
verge of sliding and that the 
coefficient of static friction is the 
same for both supports: 



and 

F 2,x = Ms F 2,y 



Divide the first of these equations 
by the second and evaluate this ratio 
to obtain: 



F u _ F hy _ 42.48 N _ 1 
^~F 2 ^~127.4N~3 



Solve for F 2 y. 



F 2,x=^ F U 



Substitute in equation (1): 



F u + 3F lx - mg sin 6> = 0 



Solve for F ljc : 

Substitute numerical values and 
evaluate F t y. 



F u =} mg sin 0 

F lx = j(20kg)(9.81m/s 2 )sin30° 
= 24.53 N 



Evaluate F 2 y. 



F 2, x = 3(24.53 N) = 73.58 N 



Find the angle 9\ the force at 
support 1 (x = 2 m) makes with the 
rod: 



p 

6> = tan 1 = tan 



F, 



l,x 



_t 42.48 N 
24.53 N 



60.0° 



Find the angle &i the force at 
support 2 makes with the rod: 



2,x 



73.58N 



Find the magnitude of F 1 : 



F = 



7(24.53 N) 2 + (42.48 N) 2 



49. IN 
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Find the magnitude of F 2 : 



-2 

2,y 



^2 y^2,x + ^2, 

= 7(73.58 N) 2 +(127.4N) 2 



= 147 N 



43 • 

Picture the Problem The forces shown in the figure constitute a couple and will cause 
the plate to experience a counterclockwise angular acceleration. We can find this net 
torque by expressing the torque about either of the corners of the plate. 



Sum the torques about an axis 
through the upper left corner of the 
plate to obtain: 



r „et = &[(80 N)cos 30°] - a[(80 N)sin 30°] 



(69.3 N)b- (40.0 N)a 



44 • 

Picture the Problem We can use the condition for translational equilibrium and the 
definition of a couple to show that the force of static friction exerted by the surface and 
the applied force constitute a couple. We can use the definition of torque to find the 
torque exerted by the couple. We can use our result from (b) to find the effective point of 
application of the normal force when F = Mg/3 and the condition for rotational 
equilibrium to find the greatest magnitude of F for which the cube will not tip. 

(a) Apply ^ F x = 0 to the stationary F + f s = 0 

cube: 



The torque of the couple is: 



(b) Let x = the distance from the 
point of application of F a to the 
center of the cube. Now, F n = Mg, 
so applying ^ f = 0 to the cube 

yields: 

Substitute for F = Mg/3 to obtain: 



:.F = -f s and this pair of equal, 
parallel, and oppositely directed 
forces constitute a couple. 



^couple — 



Mgx-Fa=0 
or 



.r - 



Fa 
Mg 



(1) 



Mg a 

x = ^ = 
Mg 
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(c) Solve equation (1) for F: 



F 



Mgx 



Noting that x max = a/2, substitute to 
express the condition that the cube 
will tip: 



F> 



Mgx n 



Mg 



Mg 



45 

Picture the Problem We can find the perpendicular distance between the lines of action 
of the two forces by following the outline given in the problem statement. 



Express the vertical components of 
the forces: 



V3 

Fcos30° = — F 
2 



Express the horizontal components 
of the forces: 

Express the net torque acting on the 
plate: 



Fsin30 c 



F_ 
~2 



= —Fb--Fa = -F(Sb-a) 

i 1 i V / 



Letting D be the moment arm of the 
couple, express the net torque acting 
on the plate: 

Equate these two expressions for r ne t: 
Solve for D: 



*46 

Picture the Problem Choose the 
coordinate system shown in the diagram 
and let x be the coordinate of the thrust 
point. The diagram to the right shows the 
forces acting on the wall. The normal force 
must balance out the weight of the wall and 
the vertical component of the thrust from 
the arch and the frictional force must 
balance out the horizontal component of 
the thrust. We can apply the conditions for 
translational equilibrium to find / and F n 
and the condition for rotational equilibrium 
to find the distance x from the origin of our 
coordinate system at which F n acts. 



FD = ±F(fib-a) 



D 







F arch 


mg 










' F„ 


7 
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(a) Apply the conditions for 
translational equilibrium to the wall 
to obtain: 



Solve equation (1) for and evaluate f: 



Solve equation (2) for F a : 

Substitute numerical values and 
evaluate F„: 



Apply ^z\ ax i s = 0 to the to the wall: 
Solve for x: 



Y J F x =-f + F aichC os6 = 0 (1) 
and 

T F y= F n- m S-F arch sm0 = O (2) 

/ = ^arch COS 0 = ( 2 X N ) COS 30 ° 



= 17.3kN 



F n =mg + F uA sinO 

F n =(3xl0 4 kg)(9.81m/s 2 ) 
+ (2xl0 4 N)sin30° 



= 304kN 



xF n - \ wmg - hF arch cos 0 = 0 
_ ±wmg + hF mch cos & 



x 



Substitute numerical values and evaluate x: 



_ \ (l .25 m)(3 x 10 4 kg)(9.8 1 m/s 2 )+ (10 m)(2 x 10 4 n)cos 30° _ 

304kN 



0.570m 



(b) 



If there were no thrust on the side of the wall, the normal force would act 
through the center of mass, so making the weight larger compared to the 
thrust must move the point of action of the normal force closer to the center. 



47 

Picture the Problem Let h be the height of 
the structure, The the thrust, #the angle 
from the horizontal of the thrust, m'g the 
weight of the wall above height y, N(x) the 
normal force,/ the friction force the lower 
part of the wall exerts on the upper part, 
and w the width of the structure. We can 
apply the conditions for translational and 
rotational equilibrium to the portion of the 
wall above the point at which the thrust is 
applied to obtain two equations that we can 
solve simultaneously for x. 




x m 
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Apply J\F y = 0 to that fraction of the 
wall above height y: 

Assuming the wall is of uniform 
density, express m'g in terms of mg: 



N(x)- T sin 0- m'g = 0 



Substitute to obtain: 



Solve for N(x): 



Apply X! * = ^ a b° ut an ax ^ s 
through (0,y) and perpendicular to 
the xy plane to obtain: 

Solve for x to obtain: 



Substitute for N(x) to obtain: 



mg _ mg 
h-y h 
and 

m'g = mg 



V hj 
N(x)-T sin G-mg 



\ hj 



= 0 



N(x) = Tsin$ + mg 1-- 

V h) 

xN(x)-(h- y)T cos 6 



-\mgw 



V hj 



= 0 



x = 



\mgw + hTcosO 



V hj 



N{x) 

(\mgw + hT cos ej^l-^ 

TsinO + mg 1-- 

V h) 

Substitute numerical values and simplify to obtain: 

[\ (3 x 10 4 kg)(9.8 1 m/s 2 )(l .25 m) + (10 m)(2 x 10 4 n)cos 30°] 1 - 



y 



10m 



x = ■ 



(2 x 10 4 N)sin 30° + (3 x 10 4 kg)(9.8 1 m/s 2 ) 1 - 



35.71m-3.571j; 
30.43- (2.943 m l )y 



Solve for y: 



y = 



35.71m-30.43x 
3.571- (2.943 m ')x 
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Ladder Problems 
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Picture the Problem The ladder and the 
forces acting on it at the critical moment of 
slipping are shown in the diagram. Use the 
coordinate system shown. Because the 
ladder is in equilibrium, we can apply the 
conditions for translational and rotational 
equilibrium. 




Using its definition, express ju s : max / a \ 



A PPly X ^ = 0 about the bottom of K 9 m ) cos # WS + [( 5 m)cos 0\mg 

the ladder: " [(10 m)sin 6>]F W = 0 

Solve for F w : F _ (9m)M + (5m)m 

w " (l0m)sin# g 

Find the angle 0. ff = ^ ^Sm = ^ ^ 

10m 
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Evaluate F w : 



p _ (9m)(70kg) + (5m)(22kg) 
w (lOm)sin 73.74° 

x(9.81m/s 2 )cos73.74° 
= 211.7N 



Apply ^ F x =0 to the ladder and 
solve for/ s , max : 



F - f =0 
and 

A max =^w=211.7N 



Apply 2^ Fy - 0 to the ladder: 



Solve for F n : 



F n -Mg-mg = 0 

F n =(M + m)g 

= (70kg + 22kg)(9.81m/s 2 ) 
= 902.5 N 



Substitute numerical values in 
equation (1) and evaluate fi s : 



Ms 



211.7N 
902.5 N 



0.235 
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Picture the Problem The ladder and the 
forces acting on it are shown in the 
diagram. Because the wall is smooth, the 
force the wall exerts on the ladder must be 
horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to it. 

Apply ^ F y = 0 to the ladder and 
solve for F n : 

Apply y^,F x = 0 to the ladder and 
solve for/ s , max : 

Apply ^ T = 0 about the bottom of 
the ladder: 




F n -Mg = 0=> F n =Mg 



F - f =0=> f = F 



Mgx cos 0 - F W L sin 0 = 0 
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Solve for x: 



x = 



F w Zsin6> _ f s 

,max 

Mg cos 0 Mg 



tanO 



Mg 



- tan 0 = ju s L tan 0 



Referring to the figure, relate x to h and 
solve for h: 



sin 6 = — 

x 

and 

h=xs'm0 



ju s L tan 6 sin 6 
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Picture the Problem The ladder and the 
forces acting on it are shown in the 
drawing. Choose a coordinate system in 
which the positive x direction is to the right 
and the positive y direction is upward. 
Because the wall is smooth, the force the 
wall exerts on the ladder must be 
horizontal. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 

Apply ^ F y =0 to the ladder and 
solve for F n : 

Apply ^jF x =0 to the ladder and 
solve for/ s>max : 

Apply / T = 0 about an axis 
through the bottom of the ladder: 

Substitute for F w and then / Sjmax and 
solve for t. 




f-i.XViAX 



F n - mg - 4mg = 0 
and 

F n = 5mg 

Fyj ~ /" s ,max = 0 

and 

/s.max — 

mg ~ cos ^ + 4mgl cos 6-F w L sin 6 = 0 

^ _ 5 njngL sin 6 - \ mgL cos 6 
4mg cos 0 
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Simplify to obtain: 



5jU s 



tan0- 



V 4 
A 5(0.45) 
v 4 



Z 



tan60 c 



Z 



0.8491 



i.e., you can climb about 85% of the way to 
the top of the ladder. 
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Picture the Problem The ladder and the 
forces acting on it are shown in the figure. 
Because the ladder is separating from the 
wall, the force the wall exerts on the ladder 
is zero. Because the ladder is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium. 




To find the force required to pull the 
ladder away from the wall, apply 
^ T = 0 about an axis through the 

bottom of the ladder: 



mg — cos 0 - — F sin 0 = 0 
2 tan 6 



mgh L 
tan# 2 



J Fsin6' = 0 



Solve for F: 



F = 



2mgh 



L tan 0 sin 9 



(1) 



A PPhy ^ F Y = 0 to the ladder: 



F-f s , mM =0^F = f s ^= Ms F n (2) 



A PPhy J) Fy =0 to the ladder: 



F n -mg=0^F n =mg 



Equate equations (1) and (2) and 
substitute for F„ to obtain: 



^mg = 



2mgh 



L tan 6 sin 6 



Solve for // s : 



2/? 



L tan 6 sin 0 
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Picture the Problem Assume that half the 
man's weight acts on each side of the 
ladder. The force exerted by the frictionless 
floor must be vertical. D is the separation 
between the legs at the bottom and x is the 
distance of the cross brace from the apex. 
Because each leg of the ladder is in 
equilibrium, we can apply the condition for 
rotational equilibrium the right leg to relate 
the tension in the cross brace to its distance 
from the apex. 




(a) By symmetry, each leg carries 
half the total weight. So the force on 
each leg is: 



450 N 



(b) Consider one of the ladder' s 
legs and apply ^ f = 0 about the 



apex: 

Solve for T: 



F n —-Tx = 0 
° 2 



FD 



2x 



Using trigonometry, relate h and 9 
through the tangent function: 



tan^ 



D/2 



Solve for D to obtain: 



D = 2h tan|6> 



Substitute and simplify to obtain: 



T _ 2F n htzn\6 _ F n htan\0 
2x x 



Substitute numerical values and 
evaluate T: 



T _ FJitoi\0 

x 



Apply ^jF v = 0 to tne l a dder and 
solve for F n : 



F n -jW = 0 and F n =\w 



Substitute to obtain: 
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Substitute numerical values and 
evaluate T: 

(c) From equation (1) we can see 
that, if x is increased, i.e., the brace 
moved lower: 



T = 



(900N)(4m)tanl5° 
2(2 m) 



241N 



T will decrease. 
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Picture the Problem The figure shows the 
forces acting on the ladder. Because the 
wall is frictionless, the force the wall exerts 
on the ladder is perpendicular to the wall. 
Because the ladder is on the verge of 
slipping, the static friction force is^ >max . 
Because the ladder is in equilibrium, we 
can apply the conditions for translational 
and rotational equilibrium. 

A PPly ^ F x = 0 to the ladder: F w - / s max = 0 => F w = f s max = // s F n 

A PPly X = 0 to the l adder: F n ~ m S = 0 => F a = mg 

Apply Vr=0 about an axis L n . n 

mg— cos 0-LF w sm0 = 0 

through the bottom of the ladder: 




Substitute for F w and F n and \ cos 6 - // s sin 6 = 0 

simplify to obtain: 

Solve for and evaluate &. n -1 1 * -1 



0 = tan -i = tan -1 ^ — 59.0° 

2 Ms 2(0.3) I 



Stress and Strain 
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Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire AL is related to Young's modulus by 
Y = [F I A)/(AL/L). We can use Table 12-1 to find the numerical value of Young's 

modulus for steel. 



Find the amount the wire is 
stretched from Young's modulus: 
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Solve for AL: 



AL = 



FL 

~YA 



Substitute for F and A to obtain: 



AL = 



mgL 

Ynr 1 



Substitute numerical values and 
evaluate AL: 



AL 



(50kg)(9.81m/s 2 )(5m) 
27rxlO n N/m 2 (2xlO" 3 m) 2 



0.976 mm 
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Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire AL is related to Young's modulus by 
Y = stress/strain =(F/A)/(AL/L). 



(a) Express the maximum load in 
terms of the wire's breaking stress: 

Substitute numerical values and 
evaluate F max : 

(b) Using the definition of Young's 
modulus, express the fractional 
change in length of the copper wire: 



F max = breaking stress x A 
= breaking stress x nr 1 

F max = (3xl0 8 N/m 2 )7r(0.21xl(T 3 m) 2 



41.6N 



AL/L 



F/A 1.5xl0 8 N/m 2 



Y l.lxlO n N/m 2 
= 1.36x10 3 = I 0.136% 



56 • 

Picture the Problem L is the unstretched length of the wire, F is the force acting on it, and 
A is its cross-sectional area. The stretch in the wire AL is related to Young's modulus by 
Y = {F I A)/(aL/ L). We can use Table 12-1 to find the numerical value of Young's 

modulus for steel. 



Find the amount the wire is stretched 
from Young's modulus: 



Y = 



F/A 
AL/L 



Solve for AL: 
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Substitute for F and A to obtain: 

Substitute numerical values and 
evaluate AL: 



AL 



AL 



mgL 

Ynr 1 

(4kg)(9.81m/s 2 )(l.2m) 
27rxlO n N/m 2 (o.3xlCr 3 m) : 



= 0.833mm 
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Picture the Problem The shear stress, defined as the ratio of the shearing force to the area 
over which it is applied, is related to the shear strain through the definition of the shear 
shear stress FjA 



modulus; M s = 



shear strain tan 6 



Using the definition of shear 
modulus, relate the angle of shear, 6 
to the shear force and shear modulus: 



tan6>: 



F 



MA 



Solve for 0 : 



0 = tan 1 

MA 



Substitute numerical values and 
evaluate 0: 



6 = tan 



25 N 



(l.9xl0 5 N/m 2 )(l5xl(T 4 m 2 ) 



= 5.01° 
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Picture the Problem The stretch in the wire AL is related to Young' s modulus 

by Y = (F/ A)/(AL/L), where L is the unstretched length of the wire, Fis the force acting 

on it, and A is its cross-sectional area. For a composite wire, the length under stress is the 
unstressed length plus the sum of the elongations of the components of the wire. 



Express the length of the composite wire 
when it is supporting a mass of 
5 kg: 

Express the change in length of the 
composite wire: 



L= 3.00m + AL 



A£ = A4 teel +AZ 



F L 



'steel 



'M 

F L 



A F 



+ — : 



'Al 



steel 



F_ 
~A 



L 



'steel 



AY, 
L 



+ - 



Y Y 

V steel 1 • 



Al 

Al J 



(1) 
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Find the stress in each wire: 



F _ (5kg)(9.81m/s 2 ) 
A 7r(0.5xlCT 3 m) 2 
= 6.245 xl0 7 N/m 2 



Substitute numerical values and evaluate AL: 



AL = (6.245 xl0 7 N/m 2 ) 



1.5m 1.5m 
- + ■ 



2x10" N/m 2 0.7x10" N/m 2 



= 1.81xl0~ 3 m 



Substitute in equation (1) and evaluate!: L = 3. 00m + 1.8 1x10 3 m 



= 3.0018m 
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Picture the Problem We can use Hooke's law and Young's modulus to show that, if the 
wire is considered to be a spring, the force constant k is given by 

k = AY/L. By treating the wire as a spring we can show the energy stored in the wire is U ■ 
VzFAL. 



Express the relationship between the 
stretching force, the stiffness 
constant, and the elongation of a 
spring: 



F = kAL 
or 



k = 



F_ 
AL 



Using the definition of Young's 
modulus, express the ratio of the 
stretching force to the elongation of 
the wire: 



F _ AY 
AL ~ L 



(1) 



Equate these two expressions for 
F/AL to obtain: 



k = 



AY 
L 



Treating the wire as a spring, 
express its stored energy: 



t/ = l*(Al) 2 =ff(Al) : 



Solve equation (1) for F: 



F = 



AYAL 



L 



Substitute in our expression for U to obtain: jj _ x AYAL ^ 



L 



\FAL 
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Picture the Problem Let L' represent the stretched and L the unstretched length of the wire. 
The stretch in the wire AL is related to Young's modulus by Y = [F/ A)/(AL/L), where F is 

the force acting on it, and A is its cross-sectional area. In problem 58 we showed that the 
energy stored in the wire is U = ViFAL, where 7 is Young's modulus and AL is the amount 
the wire has stretched. 



(a) Express the stretched length of the L ' = L + AL 



wire: 



Using the definition of Young's ^ — 

modulus, express AL: AY 

Substitute and simplify: , _ LF _ 

Li — Li H — Li 

AY 



V AY) 



Solve for L: j_L 



AY 



Substitute numerical values and 
evaluate L: 



L = 



0.35m 



1 + 



53N 



tt(0. 1 x 10" 3 m) 2 (2 x 10 1 1 N/m 2 ) 



0.347 m 



(b) Using the expression from 
Problem 59, express the work done 
in stretching the wire: 



W = AU = ±FAL 



= i(53N)(0.35m-0.347m) 



= 0.0795 J 
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Picture the Problem The table to the right 


Load 


F 


AL 


AL/F 


summarizes the ratios AL/F for the 


(g) 


(N) 


(m) 


(m/N 


student's data. Note that this ratio is 


100 


0.981 


0.006 


6.12xl0~ 3 


constant, to three significant figures, for 


200 


1.962 


0.012 


6.12xl0~ 3 


loads less than or equal to 200 g. We can 


300 


2.943 


0.019 


6.46xl0~ 3 


use this ratio to calculate Young's modulus 


400 


3.924 


0.028 


7.14x10 3 


for the rubber strip. 


500 


4.905 


0.05 


10.2xl0~ 3 
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(a) Referring to the table, we see 
that for loads < 200 g: 



— = 6.12xlCT 3 m/N 
F 



Use the definition of Young's 
modulus to express Y: 



Y = 



FL L 



AAL A &L 
F 



Substitute numerical values and evaluate Y: 



Y = 



5xl(T 2 m 



(3xl(T 3 m)(l.5xl0~ 3 m)(6.12xl(T 3 m/N) 



1.82xl0 6 N/m 2 



(b) Interpolate to determine the 
stretch when the load is 150 g, and 
use the expression from Problem 58, 
to express the energy stored in the 
strip: 



U = \FAL 



= i(0.15kg)(9.81m/s 2 )(9xl(T 3 m) 



6.62 mJ 
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Picture the Problem The figure shows 
the forces acting on the wire where it 
passes over the nail, m represents the mass 
of the mirror and T is the tension in the 
supporting wires. The figure also shows 
the geometry of the right triangle defined 
by the support wires and the top of the 
mirror frame. The distance a is fixed by 
the geometry while h and L will change as 
the mirror is suspended from the nail. 

Express the distance between the 
nail and the top of the frame when 
the wire is under tension: 




h' = h + Ah 
= 0.4m + Ah 



(1) 



Apply ^ F Y = 0 to the wire where it 
passes over the supporting nail: 



mg -ITcosO = 0 



Solve for the tension in the wire: 



mg 
2COS6 1 
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Substitute numerical values and 
evaluate T: 



Using its definition, find the stress 
in the wire: 



_ (2.4kg)(9.81m/s 2 )_ 



f 0.4m ^ 
0.85m 



25.0 N 



stress 



25.0 N 



A ;r(0.1xl0~ 3 m) 2 
= 7.96xl0 8 N/m 2 



Using the definition of Young's 
modulus, find the strain in the 
hypotenuse of the right triangle 
shown in the figure: 



strain 



AL stress 



L Y 
7.96xlQ 8 N/m 2 
2x10" N/m 2 



3.98x10 



-3 



Using the Pythagorean theorem, a 2 + h 2 =L 2 

express the relationship between the 
sides of the right triangle in the 
figure: 



Express the differential of this 
equation: 



2aAa + 2hAh = 2LAL 
or, because Aa = 0, 
hAh = LAL 



Solve for and evaluate Ah: 



Substitute numerical values and 
evaluate Ah: 

Substitute in equation (1) to obtain: 



Ah 



Ah 



LAL L AL 



h 



h L 



(°- 85m ) 2 (3.98xl0i = 7.19mm 



0.4m 
/j' = 0.4m + 7.19mm 



= 40.72 cm 
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Picture the Problem Let the numeral 1 denote the aluminum wire and the numeral 2 the 
steel wire. Because their initial lengths and amount they stretch are the same, we can use 
the definition of Young's modulus to express the change in the lengths of each wire and 
then equate these expressions to obtain an equation solvable for the ratio M\IM 2 . 



Using the definition of Young's 
modulus, express the change in 
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length of the aluminum wire: 

Using the definition of Young's 
modulus, express the change in 
length of the steel wire: 

Because the two wires stretch by the 
same amount, equate AL\ and AL 2 
and simplify: 

Solve for the ratio MJM 2 : 



M, 



M 2 gL 2 
A Y 

^2 J steel 



M 0 



A^A\ ^2^ S teel 



M, _ A,Y M 



M 2 A 2 Y sleA 



Substitute numerical values and 
evaluate M\IM 2 : 



M 



^ (0.7 mm) 2 (0.7 x 10 1 1 N/m 2 ) 



2 5 



(0.5 mm) 2 (2x10' 'N/m 2 ) 
t 

(0.7mm) 2 (0.7xl0 11 N/m 2 ) 
(0.5 mm) 2 (2x10' 'N/m 2 ) 



= 0.686 
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Picture the Problem The free-body 
diagram shows the forces acting on the ball 
as it rotates around the post in a horizontal 
plane. We can apply Newton's 2 nd law to 
find the tension in the wire and use the 
definition of Young's modulus to find the 
amount by which the aluminum wire 
stretches. 




Express the length of the wire under 
tension to its unstretched length: 

A PPly X F y = 0 to the ball: 
Solve for the tension in the wire: 



L =L Q + AL =0.7m + AI (1) 

T sin 9 - mg = 0 
mg 



T = 



sin^ 
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Substitute numerical values and 
evaluate T: 



_ (0.5kg)(9.81m/s 2 )_ 
sin5° 



56.3N 



Using the definition of Young's 
modulus, express AL: 

Substitute numerical values and 
evaluate AL: 



AL = 



FL 
~AY 



AL = 



(56.3N)(0.7m) 



^(l.6xl0" 3 m) 2 (0.7xl0 11 N/m 2 ) 
= 0.280 mm 



Substitute in equation (1) to obtain: 



Z = 0.7m + 0.280mm = 



70.03 cm 
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Picture the Problem We can use the definition of stress to calculate the failing stress of 
the cable and the stress on the elevator cable. Note that the failing stress of the composite 
cable is the same as the failing stress of the test sample. 



Express the stress on the elevator cable: 



Stress cable 



F 
A 



20 kN 



1.2xl0~ 6 m 2 
= 1.67xlO'°N/m 2 



Express the failing stress of the sample: 



Stress 



failing 



F 
A 



lkN 



0.2x10"° m 2 



= 0.500 xl0 10 N/m 2 



Because Stress failing < Stress cable , it will not support the elevator. 
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Picture the Problem Let the length of the sides of the rectangle be x, y and z. Then the 
volume of the rectangle will be V = xyz and we can express the new volume V ' resulting 
from the pulling in the x direction and the change in volume A Fin terms of Ax, Ay, and 
Az. Discarding the higher order terms in AFand dividing our equation by Fand using the 
given condition that Ay/y = Aziz will lead us to the given expression for Ay/y. 



Express the new volume of the rectangular box when its sides change in length by Ax, Ay, 
and Az: 

V = (x + Ax\y + Ay\z + Az) = xyz + Ax(yz) + A_y(xz) + Az(xy) 
+ {zAxAy + yAxAz + xAyAz + AxA_yAz} 
where the terms in brackets are very small (i.e., second order or higher). 
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Discard the second order and higher 
terms to obtain: 



Because AV = 0: 



V = V + Ax(yz) + Ay(xz) + Az(xy) 
or 

AV = V -V = Ax(yz) + Ay(xz)+ Az(xy) 
Ax(yz) = -[Ay(xz)+ Az(xy)] 



Divide both sides of this equation by 
V-xyz to obtain: 



Ax 

x 



Ay Az 
— + — 

y z 



Because Ayly = Aziz, our equation 
becomes: 



Ax 
x 



„ Ay Ay 

-2— or 



y 



y 



l_Ax 

~i~x~ 



67 

Picture the Problem We can evaluate the differential of the volume of the wire and, 
using the assumptions that the volume of the wire does not change under stretching and 
that the change in its length is small compared to its length, show that Ar/r = -(1/2) AL/L. 



Express the volume of the wire: 

Evaluate the differential of Vto 
obtain: 



V = nr L 

dV = 7tr 2 dL + 2n rLdr 



Because dV - 0: 



Q = rdL + 2Ldr . 



dr _ 1 dL 
r ~ 2 L 



Because AL « L, we can 
approximate the differential changes 
dr and dL with small changes Ar 
and AL to obtain: 



Ar 
r 



1 AL 

2 L 
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Picture the Problem Because the volume of the thread remains constant during the 
stretching process, we can equate the initial and final volumes to express r 0 in terms of r. 
We can also use Young's modulus to express the tension needed to break the thread in 
terms of Y and r 0 . 



(a) Express the conservation of 
volume during the stretching of the 
spider' s silk: 

Solve for r: 



7tr 2 L = 7vr^L Q 



Substitute for L to obtain: 



r = r n 



\ A, 




0.316r 0 


10L. 
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(b) Express Young's modulus in 
terms of the breaking tension T: 

Solve for Tto obtain: 



Y _ T/A _ T/xr 2 _ 107' jrr 2 



AL/L AL/L 

7TK, Y 

10 0 L 



AL L 



Because AL/L = 9: 



T = 



9xr 2 Y 
10 



General Problems 



69 



Picture the Problem Because the board is in equilibrium, we can apply the conditions for 
translational and rotational equilibrium to determine the forces exerted by the supports. 

Apply £ ?, = 0 about the right support: (2m)(360N) + (5m)(90N)-(l0m)F L = 0 



Solve for and evaluate F L : 



Izm )(360N)+(5m)(90N) 
~ 10m 



= 117N 



A PPly = 0 to tne b oar d: 



F L +F R -90N-360N = 0 



Solve for and evaluate F R : 



F R = —F L + 90 N + 360 N 
= -117N + 90N + 360N 



= 333N 



Remarks: We could just as easily found F R by applying ) f = 0 about the left 
support. 

70 • 

Picture the Problem Because the man-and-board system is in equilibrium, we can apply 
the conditions for translational and rotational equilibrium to determine the forces exerted 
by the supports. Let d represent the distance from the man's feet to his center of gravity. 

Apply / \ t = 0 about an axis (845 N)d- (l .88 m)(445 N) = 0 

through the man's feet and 
perpendicular to the page: 
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Solve for and evaluate d: 



_ (l.88m)(445N)_ 



845 N 



0.990 m 



= 99.0cm 



No. Holding his head slightly above the board would not change the location of 
his center of mass and so the scale readings would not change. 
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Picture the Problem We can apply the balance condition ^ t = 0 successively, starting 
with the lowest part of the mobile, to find the value of each of the unknown weights. 



Apply / f = 0 about an axis 

through the point of suspension of 
the lowest part of the mobile: 

Solve for and evaluate W\. 



(3cm)(2N)-(4cm)w 1 =0 



_ (3cm)(2N) _ 
4 cm 



1.50N 



Apply y,r = 0 about an axis 

through the point of suspension of 
the middle part of the mobile: 



Solve for and evaluate W2' 



(2cm)w 2 - (4cm)(2 N + 1 .5 N) = 0 



(4cm)(2N + 1.5N) 



2cm 



7.00 N 



Apply ^ t = 0 about an axis 

through the point of suspension of 
the top part of the mobile: 

Solve for and evaluate w^. 



(2cm)(l0.5N)-(6cm)w 3 =0 



w-. 



_ (2cm)(l0.5N)_ 



6 cm 



3.50N 



72 • 

Picture the Problem We can determine the ratio of L to h by noting the number of ropes 
supporting the load whose mass is M. 



(a) Noting that three ropes support 
the pulley to which the object whose 
mass is M is fastened we can 



3 
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conclude that: 



(b) Apply the work-energy principle 
to the block-tackle object to obtain: 



W - AF -ATI 

rv ext — L ^ system — AAL/ block-tackle 



or 



FL = Mgh 



73 » 

Picture the Problem The figure shows the 
equilateral triangle without the mass m, and 
then the same triangle with the mass m and 
rotated through an angle 9. Let the side 
length of the triangle to be 2a. Then the 
center of mass of the triangle is at a 
2a 

distance of — j= from each vertex. As the 
V3 

triangle rotates, its center of mass shifts 
2a 

by —j= 0, for 9 « 1 . Also, the vertex to 
V3 

which m is attached moves toward the 
plumb line by the distance d-2a0 cos30° 
= 4?>a6 (see the drawing). 




1 


r 

i — ► 






111 



Apply ^ t = 0 about an axis through 
the point of suspension: 



mg(a - V3a6>)- Mg 0 = 0 



Solve for mIM: 



m _ 26 

M ~ V3(l-V36>) 



Substitute numerical values and 
evaluate m/M: 



m 
M 



2(6°) 



^rad 



180 c 



V3 



1-V3(6°) 



^rad 
180° 



= 0.148 
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Picture the Problem If the hexagon is to 
roll rather than slide, the incline's angle 
must be such that the center of mass falls 
just beyond the support base. From the 
geometry of the hexagon, one can see that 
the critical angle is 30°. The free-body 
diagram shows the forces acting on the 
hexagonal pencil when it is on the verge of 
sliding. We can use Newton's 2 nd law to 
relate the coefficient of static friction to the 
angle of the incline for which rolling rather 
than sliding occurs. 




Apply = Oto the pencil: 



^F x =mgsm0-f smdx =O (1) 
and 

^F y =F a -mgcos0 = O (2) 



Substitute /^ max = ^ s F n in equation (1): 



mg sin 6 - jU s F n = 0 



(3) 



Divide equation (3) by equation (2) 
to obtain: 



tan 6 = ju s 



Thus, if the pencil is to roll rather 
than slide when the pad is inclined: 



// s > tan 30° = 



0.577 



75 « 

Picture the Problem The box and the 

forces acting on it are shown in the figure. 
When the box is about to tip, F n acts at its 
edge, as indicated in the drawing. We can 
use the definition of fi s and apply the 
condition for rotational equilibrium in an 
accelerated frame to relate f s to the weight 
of the box and, hence, to the normal force. 




Using its definition, express ju s 



> 



A 

F. 
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Apply ^ * = 0 about an axis through 
the box's center of mass: 



Solve for the ratio 



F. 



w/ s -j w F n =0 



F„ 2 



Substitute to obtain the condition for 
tipping: 

Therefore, if the box is to slide: 



H % > 0.500 



0.500 



76 

Picture the Problem Because the balance is in equilibrium, we can use the condition for 
rotational equilibrium to relate the masses of the blocks to the lever arms of the balance 
in the two configurations described in the problem statement. 



Apply ^ ^ = 0 about an axis 
through the fulcrum: 

Solve for the ratio L\IL%. 

Apply y,ir = 0 about an axis 
through the fulcrum with 1.5 kg at 

Solve for and evaluate M: 



(l.5kg)A=(l.95kg)Z 2 



A = 1.95kg 
L 2 1.5 kg 



1.30 



(l.5kg)Z 2 =ML l 



M 



(l.5kg)£ 2 _ 1.5kg _ 1.5kg 
1.15kg 



LJL 2 



1.30 
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*77 

Picture the Problem The figure shows the 
location of the cube's center of mass and 
the forces acting on the cube. The opposing 
couple is formed by the friction force /j >max 
and the force exerted by the wall. Because 
the cube is in equilibrium, we can use the 
condition for translational equilibrium to 
establish that / s max = F w and F a = Mg 

and the condition for rotational equilibrium 
to relate the opposing couples. 



J, 















a / 






a sin 0 








X 



Apply = 0 to the cube: 



^F y = F n -Mg = 0^F n =Mg 
and 



Noting that f s max and F w form a 

couple, as do F and Mg, apply 

T = 0 about an axis though the 
center of mass of the cube: 



/ s ,max«sin0-MgJ = O 



Referring to the diagram to the 
right, note 

thatd=-^Lsin(45° + #). 



Substitute for d and/ s max to obtain: 




ju s Mga sin G-Mg^= sin (45° + G) = 0 
v2 



or 



Ms sm0 — ^sin(45° + #) = 0 



Solve for pi s and simplify to obtain: 
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1 



1 



sin(45° + #): 



(sin 45° cos 6 + cos 45° sin 0) 



1 1 ^ 

!— -^=cos6 , + -^sin6 l 
V2sin#vv2 v2 



-(cot0 + l) 



78 

Picture the Problem Because the meter stick is in equilibrium, we can apply the condition 
for rotational equilibrium to find the maximum distance from the hinge at which the block 
can be suspended. 

Apply = 0 about an axis through the hinge to obtain: 

(lm)(75N)-(0.5m)(5kg)(9.81m/s 2 )cos45 o -i(l0kg)(9.81m/s 2 )cos45° = 0 



Solve for and evaluate d: 



d = (lm)(75N)-(0.5m)(5kg)(9.8lm/s 2 ) co:;15O 
(l0kg)(9.81m/s 2 )cos45° 



0.831m 



79 

Picture the Problem Let m represent the 
mass of the ladder and M the mass of the 
person. The force diagram shows the forces 
acting on the ladder for part (b). From the 
condition for translational equilibrium, we 
can conclude that T-F w , a result we'll 
need in part (b). Because the ladder is also 
in rotational equilibrium, summing the 
torques about the bottom of the ladder will 
eliminate both F n and T. 

(a) Apply ^ f , = 0 about an axis 

through the bottom of the ladder: 
Solve for and evaluate F w : 




5 m 



(5m)F w -(0.75m)(20kg)(9.81m/s 2 ) 
-(0.75m)(80kg)(9.81m/s 2 )=0 
_ (0.75m)(20kg)(9.81m/s 2 ) 
5m 

(0.75m)(80kg)(9.81m/s 2 ) 
5m 



+ - 



= 147 N 
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(b) Solve for and evaluate / : 



= (5m)(200N)-(0.75m)(20kg)(9 81m/s 2 ) = Q m 
(l.5m)(80kg)(9.81m/s 2 ) 



Find the distance the 80-kg person can 
climb the ladder: 



d = f(5 m) = (0.724X5 m) = 



3.62m 



*80 » 

Picture the Problem To "roll" the cube 
one must raise its center of mass from y = 
a/2 toy = yfla/l , where a is the cube 
length. During this process the work done 
is the change in the gravitational potential 
energy of the cube. No additional work is 
done on the cube as it "flops" down. We 
can also use the definition of work to 
express the work done in sliding the cube a 
distance a along a horizontal surface and 
then equate the two expressions to 
determine ju k . 




Express the work done in moving 
the cube a distance a by raising its 
center of mass from y = all 
toy = yfla/l and then letting the 
cube flop down: 



W = mg 



V2a 



mga 



(V2-1) 



= 0.207 mga 



Letting / k represent the kinetic 
friction force, express the work done 
in dragging the cube a distance a 
along the surface at constant speed: 

Equate these two expressions to obtain: 



W = f k a = ju^mga 



0.207 
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Picture the Problem The free-body 
diagram shows the forces acting on the 
block when it is on the verge of sliding. 
Because the block is in equilibrium, we can 
use the conditions for translational 
equilibrium to determine the minimum 
angle for which the block will slide. The 
diagram to the right of the FBD shows that 
the condition for tipping is that the plumb 
line from the center of mass pass outside of 
the base. We can determine the tipping 
angle from the geometry of the block under 
this condition. 

A PPhy = 0 to the block: 




X F , = m S sin 6> sliding - / s , max > 0 
if the block is to slide, and 
^F y =F n -mgcos0 amv =O 



Substitute for / s max and eliminate F n 
between these equations to obtain: 

Solve for the condition for sliding: 



M s ^tan# slidmg 

0 sMm >tan- 1 U) = tan- I (0.4)=21.8 c 



Using the geometry of the block, 
express the condition on d?that must 
be satisfied if the block is to tip: 



dipping ^ taI1 ~ 











= tan 1 




K 1.5a j 




v3j 



= 18.4° 



Because # ti i < # slidinE , the block will tip before it slides. 
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Picture the Problem Let m represent the 
mass of the bar, M the mass of the 
suspended object, F v the vertical component 
of the force the wall exerts on the bar, F h the 
horizontal component of the force exerted 
the wall exerts on the bar, and T the tension 
in the cable. The free-body diagrams show 
these forces and their points of application 
on the bar for parts (a) and (b) of the 
problem. Because the bar is in equilibrium, 
we can apply the conditions for translational 
and rotational equilibrium to relate the 
various forces and distances. 




W 




(M 



(a) Apply ^ ,f i = 0 about an axis 
through the hinge: 



Solve for T: 



Substitute numerical values and 
evaluate T: 



(5m)r-(7.5m)mgcos30° 
-(l5m)Mgcos30° = 0 

_ [(7.5m)m + (l5m)M]gcos30° 
5m 

)(85kg)+(l5m)(360kg) 
5m 

x(9.81m/s 2 )cos30° 



= 10.3kN 



Apply 'YjF i = 0 to the bar: 



Solve the y equation for F v : 



^F y =F v +Tsm60°-mg-Mg = 0 
and 

2X=F h -rcos60 o = 0 

F v = -T sin 60° + (m + M)g 
= -(l0.3kN)sin60° 

+ (85kg + 360kg)(9.81m/s 2 ) 
= -4.55kN 



Solve the x equation for F h : 



F h = rcos60° = (l0.3kN)cos60° 
= 5.15kN 
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Find the magnitude of the force 
exerted by the wall on the bar: 



Find the direction of the force 
exerted by the wall on the bar: 



(b) Apply = 0 about the hinge: 



Solve for T: 



Substitute numerical values and 
evaluate T: 



A PPhy = 0 to the bar: 



Solve the y equation for F v 



Solve the x equation for F h : 



Find the magnitude of the force 
exerted by the wall on the bar: 



= A /(-4.55kN) 2 +(5.15kN) 2 



6.87kN 



6 = tan 







^-4.55kN^ 




= tan 1 








v 5.15kN , 



-41.5 C 



i.e., 41.5° below the horizontal. 

[(lOm)sin 60°]r - (7.5 m)mgcos 30 c 
-(l5m)Mgcos30° = 0 



g cos 30° 



_ (7.5m)m + (l5m)M 
(l0m)sin60° 

(7.5m)(85kg)+(l5m)(360kg) 
(I0m)sin60° 

x(9.81m/s 2 )cos30° 



T = 



= 5.92kN 



X^=i 7 v +7 1 cos60°-(85kg)g 
-(360kg)g=0 

and 

J]F x =F h -rsin60° = 0 

F v =-(5.92kN)cos60° 

+ (85kg + 360kg)(9.81m/s 2 ) 
= 1.41kN 

F h =T sin 60° = (5.92kN)sin 60° 
= 5.13kN 



f = JfJ7f] 



= v(l-41kN) 2 +(5.13kN) 2 



= 5.32kN 



Static Equilibrium and Elasticity 97 1 



Find the direction of the force 
exerted by the wall on the bar: 



6 = tan 



= tan 



'l^lkN^ 



5.13kN 



) 



15.4 C 



i.e., 15.4° above the horizontal. 



83 » 

Picture the Problem The box and the 

forces acting on it are shown in the figure. 
When the box is about to tip, F a acts at its 
edge, as indicated in the drawing. We can 
use the definition of ju s and apply the 
condition for rotational equilibrium in an 
accelerated frame to relate f s to the weight 
of the box and, hence, to the normal force. 

Using its definition, express n & : 

Apply = 0 about an axis 
through the box's center of mass: 

/ 

Solve for the ratio — - : 

F. 




K 2 



Substitute to obtain the condition for 
tipping: 



ju s > 0.500 



Therefore, if the box is to slide: 



0.500 



, as in Problem 75. 



Remarks: The difference between problems 75 and 83 is that in 75 the maximum 
acceleration before slipping is 0.5g, whereas in 88 it is 
(0.5 cos9°- sin9°) = 0.337g. 

*84 

Picture the Problem Let the mass of the rod be represented by M. Because the rod is in 
equilibrium, we can apply the condition for rotational equilibrium to relate the masses of 
the objects placed on it to its mass. 
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Apply ^ t = 0 about an axis 

through the pivot for the initial 
condition: 



(20 cm) (2m + 2g)- (40cm)m 
-(lOcm)M = 0 



Solve for and evaluate M: 



M 



_ (20cm)(2m + 2g)-(40cm)m 
10cm 



4.00g 



Apply = 0 about an axis 

through the pivot for the second 
condition: 



Solve for and evaluate m: 



(20cm)m-(l0cm)M = 0 



m 



(lOcm)M 
20cm 



-M 



2.00g 



*85 

Picture the Problem Let the distance from the center of the meterstick of either finger be 
x\ and %2 and f^the weight of the stick. Because the meterstick is in equilibrium, we can 
apply the condition for rotational equilibrium to obtain expressions for the forces one's 
fingers exert on the meterstick as functions of the distances x\ and x 2 and the weight of the 
meterstick W. We can then explain the stop-and-start motion of one's fingers as they are 
brought closer together by considering the magnitudes of these forces in relationship the 
coefficients of static and kinetic friction. 




* IV 

The stick remains balanced as long as the center of mass is between the 
two fingers. For a balanced stick the normal force exerted by the finger 
nearest the center of mass is greater than that exerted by the other 
finger. Consequently, a larger static - frictional force can be exerted by 
the finger closer to the center of mass, which means the slipping occurs 
at the other finger. 
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(b) Apply / T = 0 about an axis 
point 1 to obtain: 



through F 2 (x l + x 2 ) - ^ = 0 



Solve for F 2 to obtain: 



A', 



Apply / T = 0 about an axis 
through point 2 to obtain: 



F x (x x +x 2 )+Wx 2 =0 



Solve for F x to obtain: 



=W 



The finger farthest from the center of mass will slide inward until the normal 
force it exerts on the stick is sufficiently large to produce a kinetic - factional 
force exceeding the maximum static - frictional force exerted by the other 
finger. At that point the finger that was not sliding begins to slide, the finger 
that was sliding stops sliding, and the process is reversed. When one finger is 
is slipping the other is not. 



(a) Because the center of gravity of the picture is in front of the wall, the torque due to mg 
about the nail must be balanced by an opposing torque due to the force of the wall on the 
picture, acting horizontally. So that^i^ = 0 , the tension in the wire must have a 

horizontal component, and the picture must therefore tilt forward. 



86 

Picture the Problem The drawing shows a 
side view of the wall-and-picture system. 
Because the frame's width is not specified, 
we assume it to be negligible. Note that 
0.75, 0.4, and 0.85 form a Pythagorean 
triad. Thus, the nail will be at the same 
level as the top of the frame. We can apply 
the condition for rotational equilibrium to 
determine the force exerted by the wall. 



(1.2 m)cos5 




/ 
/ 



w 



/ 



(b) Apply =0 about an axis 
through the nail and parallel to the 




+ [(l.2m)cos5°]F w =0 
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wall to obtain: 



Solve for and evaluate F» 



F. 



_ [(0.6m)sin5°](8kg)(9.81m/s 2 ) 
(l.2m)cos5° 



= 3.43 N 



87 « 

Picture the Problem The box car and rail 
are shown in the drawing. At the critical 
speed, the normal force is entirely on the 
outside rail. The center of gravity is 0.775 
m from that rail and 2.15 m above it. 
Choose the coordinate system shown in the 
figure. To find the speed at which this 
situation prevails, we can apply the 
conditions for static equilibrium in an 
accelerated frame. 




Apply / \ t = 0 about an axis 

through the center of gravity of the 
box car: 



(0.775m)F n -(2.15m)/ s =0 (1) 



Apply ^ F , = 0 to the box car and 
solve for F n : 



F n -mg = 0^F n =mg 



Apply ' S ^F x = ma cm to the box: 



/. = m 



R 



Substitute in equation (1) to obtain: 



z 

(0.775 m)mg - (2. 15 m)m — = 0 

R 



Solve for v: 



v = 70.360i?g 



(a) Evaluate v for R = 150 m: 



v = A /0.360(l50m)(9.81m/s 2 ) 
= 23.0m/s 
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(b) Evaluate v for R = 240 m: 



v = A /0.360(240m)(9.81m/s 2 ) 



29.1m/s 



88 

Picture the Problem For neutral 
equilibrium, the center of mass of the 
system must be at the same height as the 
feet of the tightrope walker. The system is 
shown in the drawing. Let the origin of the 
coordinate system be at the rope. We'll 
determine the distance d such that y cm = 0. 
We'll then determine the angle 9 
subtended by one half the long rod. 



20 kg 




Express the y coordinate of the 
center of mass of the system: 



(58kg)(0.9m)-2(20kg)j 
58kg + 40 kg 



Set y cm = 0 and solve for d: 



d = 1.305 m 



Relate the distances s and d and 
solve for s: 



5 = 0.65m + d= 1.955 m 



Relate s to R and &. 



s = R(l-cos0) 



(1) 



Relate R and 6>to the halfdength of 
the rod: 



R0 = 4m 



(2) 



Substitute in equation (1) to obtain: 



1.955m = (4 m) 



1-COS6 1 
6 



or 

1-COS6 1 
6 



= 0.489 



Use graphical or trial-and-error 
methods to solve for 6 : 



6> = 1.08rad 



Substitute in equation (2) to obtain: 



R = 



4m 



1.08rad 



3.70m 
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Picture the Problem Let the mass of each brick be m and number them as shown in the 
diagrams for 3 bricks and 4 bricks below. Let I denote the maximum offset of the nth 
brick. Choose the coordinate system shown and apply the condition for rotational 
equilibrium about an axis parallel to the z axis and passing through the point P at the 
supporting edge of the nth brick. 







1 

+ 




+ 

P 


k- 


3 1 
+ 1 
4 . 


■i 



L+f L L+t 



+ e j l t + i 

\L + « L + l 



(a) Apply ^ r = 0 about an axis 

through P and parallel to the z axis to 
bricks 1 and 2 for the 3 -brick 
arrangement shown above on the left: 



mg[L-(±L + l)]-mge = 0 



Solve for I to obtain: 

(b) Apply ^ f = 0 about an axis 

through P and parallel to the z axis 
to bricks 1 and 2 for the 4-brick 
arrangement shown above on the 
right: 



mg[L-{±L + t)]+mg[L-(iL + t)] 
-mg(iL + l-L) = 0 



Solve for I to obtain: 


t = 


\L 








Continuing in this manner we 


L 


L 


L 


L 


L 


obtain, as the successive offsets, the 


2 


'4' 


6* 


8" 


"2n 



sec l uence: where n = 1,2,3, ... N. 



(c) Express the offset of the (n +l)st 
brick in terms of the offset of the nth 
brick: 
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A spreadsheet program to calculate the sum of the offsets as a function of n is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


B5 


B4+1 


n + l 


C5 


C4+$B$1/(2*B5) 


2n 





A 


B 


C 


D 


1 


L= 


1 


m 




2 










3 




n 


offset 




4 




1 


0.500 




5 




2 


0.750 




6 




3 


0.917 




7 




4 


1.042 




8 




5 


1.142 




9 




6 


1.225 




10 




7 


1.296 




11 




8 


1.359 




12 




9 


1.414 




13 




10 


1.464 














98 




95 


2.568 




99 




96 


2.573 




100 




97 


2.579 




101 




98 


2.584 




102 




99 


2.589 








100 


2.594 





From the table we see that l 5 = 



1.142 m, 



^ 1(1 n= 2.594 m. 



-io - 



1.464 m, 



and 



(d) Increasing TV in the spreadsheet solution suggests that the sum of the individual offsets 
continues to grow as N increases without bound. The series is, in fact, divergent and the 
stack of bricks has no maximum offset or length. 
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Offset as a function of n 



3.0 -i 




n 



90 ••• 

Picture the Problem The four forces 
acting on the sphere: its weight, mg; the 
normal force of the plane, F n ; the frictional 
force,/ acting parallel to the plane; and the 
tension in the string, T, are shown in the 
figure. Choose the coordinate system 
shown. Because the sphere is in 
equilibrium, we can apply the conditions 
for translational and rotational equilibrium 
to find f, F n , and T. 

(a) Apply ^ i = 0 about an axis fR-TR = 0^>T = f 

through the center of the sphere: 

Apply F x = 0 to the sphere: / + T cos 6 - Mg sin 6 = 0 




Substitute for / and solve for T: 



T = 



Mg sin 0 
1 + COS6 1 



Substitute numerical values and 
evaluate T: 



_ (3kg)(9.81m/s 2 )sin 30° _ 
l + cos30° 



7.89 N 



(b) Apply = 0 to the sphere: 



F n -Tsin0-Mgcos0 = O 
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Solve for F n : 

Substitute numerical values and 
evaluate F„: 



F n = T sin 6 + Mg cos 6 

F n =(7.89N)sin30° 

+ (3kg)(9.81m/s 2 )cos30 c 



= 29.4N 



(c) In part (a) we showed that f=T: 



f 



7.89 N 
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Picture the Problem Let L be the length of 
each leg of the tripod. Applying the 
Pythagorean theorem leads us to conclude 
that the distance a shown in the figure is 

[3 

J—L and the distance b, the distance to the 



centroid of the triangle ABC is — A—L , and 

3 V 2 

L 

the distance c is — j= . These results allow 
V3 

us to conclude that cos 0 = — j= . Because 

V3 

the tripod is in equilibrium, we can apply 
the condition for translational equilibrium 
to find the compressional forces in each 
leg. 




Letting F c represent the compressional 
force in a leg of the tripod, apply 
= 0 to the apex of the tripod: 



3F C cos 6 - mg = 0 



Solve for F c : 
Solve for F c : 



mg 
3cos# 
mg V3 



3x 



1 



mg 



Substitute numerical values and 
evaluate F c : 



— (l00kg)(9.81m/s 2 ): 



566 N 
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Picture the Problem The forces that act 
on the beam are its weight, mg; the force of 
the cylinder, F c , acting along the radius of 
the cylinder; the normal force of the 
ground, F n ; and the friction force f s = ju s F a . 
The forces acting on the cylinder are its 
weight, Mg; the force of the beam on the 
cylinder, F cb = F c in magnitude, acting 
radially inward; the normal force of the 
ground on the cylinder, F nc ; and the force 
of friction, / sc = fJ, sc F BC . Choose the 
coordinate system shown in the figure and 
apply the conditions for rotational and 
translational equilibrium. 




Express // s ,beam-fioor in terms of f s and F n : 



Ms 



beam-floor 



(1) 



Express /i s , C yiinder-fioor in terms of / sc 
and F„ c - 



/^s,cylinder-flo 



(2) 



Apply ^ t = 0 about an axis 
through the right end of the beam: 

Solve for and evaluate F c : 



[(l0cm)cos#]mg-(l5cm)F c =0 



K = 



[(l0cm)cos6']mg 



15cm 

_ [l0cos30°](5kg)(9.81m/s 2 ) 
15 

= 28.3N 



Apply / F v = 0 to the beam: 



F n +F c cos(9O°-0)-mg = O 



Solve for F n : 



F n = mg -F c cos 0 

= (5kg)(9.81m/s 2 )-(28.3N)cos30 c 
= 24.5N 



Apply ^ F v = 0 to the beam: 



-/ s +F c cos(90 o -6>) = 0 
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Solve for and evaluate f s : 



f s = F c cos(90° -0)= (28.3 N)cos60° 
= 14.2N 



F cb is the reaction force to F c : 



Apply ^ = 0 to the cylinder: 



Solve for and evaluate F a 



Apply ^ F x = 0 to the cylinder: 



Solve for and evaluate / sc 



F cb = F c = 28.3 N radially inward. 
F m -F cb cos0-Mg = O 

F nc =F ch cos0 + Mg 

= (28.3N)cos30° + (8kg)(9.81m/s 2 ) 
= 103N 

/ sc -F cb cos(9O°-0) = O 

/so = F cb cos(90° - 6) = (28.3 N)cos60° 
= 14.2N 



Substitute numerical values in 
equations (1) and (2) and evaluate 

/^s,beam-floor and /^s.cylinder-floor* 



beam-floor 



14.2N 
24.5 N 



0.580 



and 

_ 14.2N 

Ms, cylinder- floor ^03 N 



0.138 
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Picture the Problem The geometry of the 
system is shown in the drawing. Let 
upward be the positive y direction and to 
the right be the positive x direction. Let the 
angle between the vertical center line and 
the line joining the two centers be 0. Then 



sin 6 = 



R 



- and tan 6 = 



R-r 



The force exerted by the bottom of the 
cylinder is just 2mg. Let F be the force that 
the top sphere exerts on the lower sphere. 
Because the spheres are in equilibrium, we 
can apply the condition for translational 
equilibrium. 




Apply =0 to the spheres: 



F n - mg - mg = 0 
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Solve for F n : 



F. 



2mg 



Because the cylinder wall is smooth, 
Fcosd- mg, and: 



F = 



mg 

COS 6 



Express the x component of F: 



F x = F sin 6 = mg tan 6 



Express the force that the wall of the 
cylinder exerts: 



mg 



R-r 



jR{2r-R) 



Remarks: Note that as r approaches R/2, F w -»oo. 
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Picture the Problem Consider a small rotational displacement, 86 of the cube from 
equilibrium. This shifts the point of contact between cube and cylinder by R86, where R - 
d/2. As a result of that motion, the cube itself is rotated through the same angle 86, and so 
its center is shifted in the same direction by the amount (a/2) 86, neglecting higher order 
terms in 86. 




If the displacement of the cube's center of mass is less than that of the point of contact, the 
torque about the point of contact is a restoring torque, and the cube will return to its 
equilibrium position. If, on the other hand, (a/2) 86 > (d/2) 86, then the torque about the 
point of contact due to mg is in the direction of 86, and will cause the displacement from 
equilibrium to increase. We see that the minimum value of dla for stable equilibrium is 
dla = 1. 



Chapter 13 
Fluids 



Conceptual Problems 
1 

Determine the Concept The absolute pressure is related to the gauge pressure according 
to P = -Pgauge + -Pat- While doubling the gauge pressure will increase the absolute pressure, 
we do not have enough information to say what the resulting absolute pressure will be. 



(e) is correct. 



*2 • 

v 2 

Determine the Concept No. In an environment where g ef{ = F g —m — = 0 , there is no 

r 

buoyant force; there is no "up" or "down." 
3 

Determine the Concept As you lower the rock into the water, the upward force you 
exert on the rock plus the upward buoyant force on the rock balance its weight. When the 
thread breaks, there will be an additional downward force on the scale equal to the 
buoyant force on the rock (the water exerts the upward buoyant force on the rock and the 
reaction force is the force the rock exerts on the water . . . and hence on the scale). Let p 
represent the density of the water, Fthe volume of the rock, and Wf the weight of the 
displaced water. Then the density of the rock is 3 p. We can use Archimedes' principle to 
find the additional force on the scale. 

Apply Archimedes' principle to the rock: B = w f = m f g = p { V f g 

Because V { = V mck : D M M 

B = p g = p — g = \Mg 

A-ock 3p 



and (d) is correct. 



Determine the Concept The density of water increases with depth and the buoyant force 
on the rock equals the weight of the displaced water. Because the weight of the displaced 
water depends on the density of the water, it follows that the buoyant force on the rock 
increases as it sinks, (b) is correct. 



5 

Determine the Concept Nothing. The fish is in neutral buoyancy (that is, its density 
equals that water), so the upward acceleration of the fish is balanced by the downward 
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acceleration of the displaced water. 



*6 

Determine the Concept Yes. Because the volumes of the two objects are equal, the 
downward force on each side is reduced by the same amount when they are submerged, 
not in proportion to their masses. That is, if m\L x = m 2 L 2 and L\ ^ L 2 , then (m, - c)L\ ^ 
(m 2 - c)L 2 . 



7 

Determine the Concept The buoyant forces acting on these submerged objects are equal 
to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because yen > Pcu, the 
volume of the copper must be greater than that of the lead and, hence, the buoyant force 



on the copper is greater than that on the lead, (b) is correct. 



8 

Determine the Concept The buoyant forces acting on these submerged objects are equal 
to the weight of the water each displaces. The weight of the displaced water, in turn, is 
directly proportional to the volume of the submerged object. Because their volumes are 



the same, the buoyant forces on them must be the same, (c) is correct. 



9 

Determine the Concept It blows over the ball, reducing the pressure above the ball to 
below atmospheric pressure. 



10 • 

Determine the Concept From the equation of continuity (I v = Av = constant), we can 
conclude that, as the pipe narrows, the velocity of the fluid must increase. Using 
Bernoulli's equation for constant elevation (P + j pv 2 = constant ), we can conclude 



that as the velocity of the fluid increases, the pressure must decrease, (b) is correct. 



*11 • 

Determine the Concept False. The buoyant force on a submerged object depends on the 
weight of the displaced fluid which, in turn, depends on the volume of the displaced fluid. 

12 • 

Determine the Concept When the bottle is squeezed, the force is transmitted equally 
through the fluid, leading to a pressure increase on the air bubble in the diver. The air 
bubble shrinks, and the loss in buoyancy is enough to sink the diver. 
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Determine the Concept The buoyant force acting on the ice cubes equals the weight of 
the water they displace, i.e., B = w f = p f V { g. When the ice melts the volume of water 

displaced by the ice cubes will occupy the space previously occupied by the submerged 
part of the ice cubes. Therefore, the water level remains constant. 

14 • 

Determine the Concept The density of salt water is greater than that of fresh water and 
so the buoyant force exerted on one in salt water is greater than in fresh water. 

15 

Determine the Concept Because the pressure increases with depth, the object will be 
compressed and its density will increase. Its volume will decrease. Thus, it will sink to 
the bottom. 

16 

Determine the Concept The force acting on the fluid is the difference in pressure 
between the wide and narrow parts times the area of the narrow part. 

17 

Determine the Concept The drawing 
shows the beaker and a strip within the 
water. As is readily established by a simple 
demonstration, the surface of the water is 
not level while the beaker is accelerated, 
showing that there is a pressure gradient. 
That pressure gradient results in a net force 
on the small element shown in the figure. 

*18 

Determine the Concept The water level in the pond will drop slightly. When the anchor 
is in the boat, the boat displaces enough water so that the buoyant force on it equals the 
sum of the weight of the boat, your weight, and the weight of the anchor. When you put 
the anchor overboard, it will displace its volume and the volume of water displaced by 
the boat will decrease. 

19 

Determine the Concept From Bernoulli's principle, the opening above which the air 
flows faster will be at a lower pressure than the other one, which will cause a circulation 
of air in the tunnel from opening 1 toward opening 2. It has been shown that enough air 
will circulate inside the tunnel even with the slightest breeze outside. 
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Determine the Concept The diagram that follows shows the forces exerted by the 
pressure of the liquid on the two cups to the left. 




TTT 





Because the force is normal to the surface of the cup, there is a larger downward 
component to the net force on the cup on the left. Similarly, there will be less total force 
exerted by the fluid in the cup on the far right in the diagram in the problem statement. 

Density 



21 • 

Picture the Problem The mass of the cylinder is the product of its density and volume. 
The density of copper can be found in Figure 13-1. 



Using the definition of density, 
express the mass of the cylinder: 

Substitute numerical values and 
evaluate m: 



m 



= pV = p(xR 2 h) 



m = tt(s .93 x 1 0 3 kg/m 3 )(2 x 1 (T 2 m) 2 
x(6xl(T 2 m) 



0.673kg 



22 • 

Picture the Problem The mass of the sphere is the product of its density and volume. 
The density of lead can be found in Figure 13-1. 

Using the definition of density, m = pV = p{j7rR 3 ) 
express the mass of the sphere: 

Substitute numerical values and m = f ;r(l 1 .3 x 1 0 3 kg/m 3 )(2 x 1 (T 2 m) 3 
evaluate m: 



0.379kg 
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Picture the Problem The mass of the air in the room is the product of its density and 
volume. The density of air can be found in Figure 13-1. 

Using the definition of density, m = pV = pLWH 
express the mass of the air: 

Substitute numerical values and m = (l .293 kg/m 3 )(4 m)(5 m)(4 m) 
evaluate nr. 



103 kg 



*24 • 

Picture the Problem Let p 0 represent the density of mercury at 0°C and p' its density at 
80°C, and let m represent the mass of our sample at 0°C and m' its mass at 80°C. We can 
use the definition of density to relate its value at the higher temperature to its value at the 
lower temperature and the amount spilled. 

Using its definition, express the , _ m 

density of the mercury at 80°C: V 

Express the mass of the mercury at , _ m- Am _m L _ Am 

80°C in terms of its mass at 0°C and P V V V 

the amount spilled at the higher Am 
temperature: Po V 

Substitute numerical values and , ,„,„,. ,„ 4 , , 1.47xlCT 3 kg 

p =1.3645x10 kg/m — f- 

evaluate//: H b 60xl0~ 6 m 3 



1.3621xl0 4 kg/m 3 



Pressure 

25 • 

Picture the Problem The pressure due to a column of height h of a liquid of density p is 
given by P = pgh. 

Letting h represent the height of the Pn g gh = 101 kPa 

column of mercury, express the 
pressure at its base: 

Solve for h: h = IQlkPa 
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Substitute numerical values and 
evaluate h: 



h = 



1.01xl0 5 N/m 2 
(l3.6xl0 3 kg/m 3 )(9.81m/s 2 ) 
lin 



0.757mx- 



2.54xlCT 2 m 



29.8 in of Hg 



26 • 

Picture the Problem The pressure due to a column of height h of a liquid of density p is 
given by P = pgh. 



(a) Express the pressure as a 
function of depth in the lake: 



Solve for and evaluate h: 



P-P, 2R-P. 



P water § P water § P water S 



Substitute numerical values and 
evaluate h: 



h = 



1.01xl0 5 N/m 2 
(l0 3 kg/m 3 )(9.81m/s 2 ) 



10.3m 



(b) Proceed as in (a) with p^ 
replaced by pn g to obtain: 



h = 



2P -p p 

z - 1 at 1 at _ 1 at 



PlisS P UR g 



Substitute numerical values and 
evaluate h: 



h = 



1.01xl0 5 N/m 2 



(l3.6xl0 3 kg/m 3 )(9.81m/s 2 ) 



75.7cm 



*27 • 

Picture the Problem The pressure applied to an enclosed liquid is transmitted 
undiminished to every point in the fluid and to the walls of the container. Hence we can 
equate the pressure produced by the force applied to the piston to the pressure due to the 
weight of the automobile and solve for F. 



Express the pressure the weight of 
the automobile exerts on the shaft of 
the lift: 



w 

p auto 

auto 



A. 



shaft 



Express the pressure the force 
applied to the piston produces: 



F 



A 

piston 
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Because the pressures are the same, 
we can equate them to obtain: 



w... 



A A 

shaft piston 



Solve for F: 



A A 

F piston piston 
= w - - - 



YYl Q 
'auto a autoo i 

Ahaft A 



shaft 



Substitute numerical values and 
evaluate F: 



F = (l500kg)(9.81m/s 2 ) 



^lcm^ 2 



v 8cm y 



= 230N 



28 

Picture the Problem The pressure exerted by the woman's heel on the floor is her 
weight divided by the area of her heel. 



Using its definition, express the 
pressure exerted on the floor by the 
woman's heel: 

Substitute numerical values and 
evaluate P: 



P = 



F _ w _ mg 



(56kg)(9.81m/s 2 ) 
l(T 4 m 2 



= 5.49xl0 6 N/m 2 x- 



latm 



101.3kPa 



= 54.2 atm 



*29 • 

Picture the Problem The required pressure AP is related to the change in volume AFand 

AP 

the initial volume V through the definition of the bulk modulus B: B = . 

AV/V 



Using the definition of the bulk 
modulus, relate the change in 
volume to the initial volume and the 
required pressure: 



B = 



AP 

AVIV 



Solve for AP: 



AP = -B 



AV 
V 
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Substitute numerical values and 
evaluate AP: 



AP = -2.0xl0 9 Pax 



f -O.OlO 



= 2.00xl0 7 Pax- 



1L 
latm 



101.325kPa 



= 198 atm 



30 • 

Picture the Problem The area of contact of each tire with the road is related to the 
weight on each tire and the pressure in the tire through the definition of pressure. 



Using the definition of gauge 
pressure, relate the area of contact to 
the pressure and the weight of the 
car: 

Substitute numerical values and 
evaluated: 



A 



w 



A 



(l500kg)(9.81m/s 2 ) 



200 kPa 
(l500kg)(9.81m/s 2 ) 



200 xl0 3 N/m 2 
1.84 x 10~ 2 m 2 



184 cm 2 



31 

Picture the Problem The force on the lid is related to pressure exerted by the water and 
the cross-sectional area of the column of water through the definition of density. We can 
find the mass of the water from the product of its density and volume. 



(a) Using the definition of pressure, 
express the force exerted on the lid: 

Express the pressure due to a column 
of water of height h: 

Substitute for P and A to obtain: 

Substitute numerical values: 



F = PA 



F =P^ghnr 2 

F = (l0 3 kg/m 3 )(9.81m/s 2 ) 
x(l2m)7r(0.2m) 2 



= 14.8kN 
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(b) Relate the mass of the water to its 
density and volume: 



Substitute numerical values and 
evaluate m: 



m = P^J = P^hxr 2 



m = (l 0 3 kg/m 3 )(l 2 m)n (3 x 1 (T 3 m) 2 



0.339kg 



32 

Picture the Problem The minimum elevation of the bag h that will produce a pressure of 
at least 12 mmHg is related to this pressure and the density of the blood plasma 
through/ 5 = p blooA gh. 



Using the definition of the pressure 
due to a column of liquid, relate the 
pressure at its base to its height: 

Solve for h: 



Substitute numerical values and 
evaluate h: 



A>lood£ 



12 mmHg x 



h = 



133.32Pa 
ImmHg 



(l.03xl0 3 kg/m 3 )(9.81m/s 2 ) 



= 0.158m= 15.8cm 



33 « 

Picture the Problem The depth h below the surface at which you would be able to breath 
is related to the pressure at that depth and the density of water p w through/ 5 = p w gh . 



Express the pressure at a depth h P — P^gh 

and solve for h; an( j 

P w g 



Express the pressure at depth h in P - — 

terms of the weight on your chest: A 

Substitute to obtain: ^ _ F 
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Substitute numerical values and 
evaluate h: 



h = 



400 N 



(0.09m 2 Xl0 3 kg/m 3 X9.81m/s 2 ) 



= 0.453m 



34 



Picture the Problem Let A \ and A 2 represent the cross-sectional areas of the large piston 
and the small piston, and F\ and F 2 the forces exerted by the large and on the small 
piston, respectively. The work done by the large piston is W\ = F x h\ and that done on the 
small piston is W 2 = F 2 h 2 . We'll use Pascal's principle and the equality of the volume of 
the displaced liquid in both pistons to show that W\ and W 2 are equal. 

Express the work done in lifting the W l = Ffa 

car a distance h: where F is the weight of the car. 

Using the definition of pressure, F\_ _ F\_ 

relate the forces F\ (= w) and F 2 to A x A 2 

the areas A \ and A 2 : 



Solve for F\. 



F = 




Equate the volumes of the displaced 
fluid in the two pistons: 




Solve for hi. 



K = 




Substitute in the expression for W\ 
and simplify to obtain: 



m = 




35 



integrate from h = 0 to h = all. The water 
pressure at depth h is P at + pgh. We can 



multiply the pressure times the half-area of 
a side of the cube to find the force exerted 
by the water. We therefore consider the 



Picture the Problem Because the pressure 
varies with depth, we cannot simply 



force exerted on a strip of width a, height 
dh, and area dA = adh at a depth h and 
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omit the atmospheric pressure because it is 
exerted on both sides of the wall of the 
cube. 



Express the force dF on the element 
of length a and height dh in terms of 
the net pressure pgh: 



dF = PdA = pghadh 



Integrate from h = 0 to h = all: 



a/2 a/2 ^ 

F = | dF = pga | hdh = — pga 



a 



v4y 



pga 



*36 ••• 

Picture the Problem The weight of the water in the vessel is the product of its mass and 
the gravitational field. Its mass, in turn, is related to its volume through the definition of 
density. The force the water exerts on the base of the container can be determined from 
the product of the pressure it creates and the area of the base. 



(a) Using the definition of density, 
relate the weight of the water to the 
volume it occupies: 



w = mg = pVg 



Substitute for V to obtain: 



w 



_ 1 



npr hg 



Substitute numerical values and evaluate w. 



w 



= };z-(l0 3 kg/m 3 )(l5xl(r 2 m^xlCT 2 m) (9.81m/s 2 ) = 



57.8N 



(b) Using the definition of pressure, 
relate the force exerted by the water 
on the base of the vessel to the 
pressure it exerts and the area of the 
base: 



F = PA = pghnr 1 



Substitute numerical values and evaluate F: 



F = (l 0 3 kg/m 3 ) (9. 8 1 m/s 2 )(25 x 1 (T 2 m) tt (l 5 x 1 (T 2 m) 2 



173N 
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This occurs in the same way that the force on Pascals barrel is much greater 
than the weight of the water in the tube. The downward force on the base is 
also the result of the downward component of the force exerted by the 
slanting walls of the cone on the water. 



Buoyancy 

*37 • 

Picture the Problem The scale's reading will be the difference between the weight of the 
piece of copper in air and the buoyant force acting on it. 

Express the apparent weight w' of w' = w- B 
the piece of copper: 

Using the definition of density and W ' = p Cu Vg — P w Vg 
Archimedes' principle, substitute for = (p c - p w )Vg 

w and B to obtain: 



Express w in terms of p Cu and V and T ^ _^ Jr W 

solve lor Vg: p Cu 

Substitute to obtain: 



w 



' = (P C U-Pj- 



f \ 

w 



PCu 



1_ As 



PCu 



w 



Substitute numerical values and 
evaluate w'\ 



w = 



v 9j 



(0.5kg)(9.81m/s 2 ) 



= 4.36N 



38 • 

Picture the Problem We can use the definition of density and Archimedes' principle to 
find the density of the stone. The difference between the weight of the stone in air and in 
water is the buoyant force acting on the stone. 

Using its definition, express the _ ra stone ( , , 

. . ^ . /^stone Ti r \ ) 

density oi the stone: ( / stone 



Apply Archimedes' principle to 
obtain: 



B = w { = m f g = p f V f g 
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Solve for Vf. 



B 

Pfg 



Because V f = V ston e and p f = p watei : 



B 



P water S 



Substitute in equation (1) and 
simplify to obtain: 



tn v w 

~. _ stone o ~. _ stone ~. 
r stone jy r water j-. ' water 

£> £> 



Substitute numerical values and 
evaluate p stme : 



Ai 



60N 



60N-20N 



(l0 3 kg/m 3 ) 



3.00xl0 3 kg/m 3 
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Picture the Problem We can use the definition of density and Archimedes' principle to 
find the density of the unknown object. The difference between the weight of the object 
in air and in water is the buoyant force acting on the object. 



(a) Using its definition, express the 
density of the object: 

Apply Archimedes' principle to 
obtain: 



Pobje 



^object 



object 

B = w { = m f g = p f V f g 



(1) 



Solve for Vf. 



B 

Pfg 



Because V f = V ob]ecX and p f = p^: 



object 



B 



P water § 



Substitute in equation (1) and 
simplify to obtain: 



_ ffl objeetg = ^bjeet y 

/^object Pwatev P water 



Substitute numerical values and 
evaluate p 0 hj ec f- 



Pobj ect 



5N 



5N-4.55N 



(l0 3 kg/m 3 ) 



11.1 x 10 3 kg/m 3 



(b) 



From Figure 13 - 1, we see that the unknown material has a density close to 
that of lead. 
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Picture the Problem We can use the definition of density and Archimedes' principle to 
find the density of the unknown object. The difference between the weight of the object 
in air and in water is the buoyant force acting on it. 



Using its definition, express the 
density of the metal: 



P 



m 



metal 



metal 



(l) 



metal 



Apply Archimedes' principle to 
obtain: 



B = w f = m f g = p f V f g 



Solve for Vf. 



V { = 



B 

Pfg 



Because V f = F met ai and p { = p water : 



V = 

metal 



B 



P 'water g 



Substitute in equation (1) and 
simplify to obtain: 



P 



^metalg 



11' 



metal 



metal 



jj Pwater r-, Pwater 



Substitute numerical values and 
evaluate p met!li : 



P 



90N 



metal 



90N-56.6N 



(l0 3 kg/m 3 ) 



2.69xl0 3 kg/m 3 
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Picture the Problem Let Vbe the volume of the object and V be the volume that is 
submerged when it floats. The weight of the object is pVg and the buoyant force due to 
the water is p w Vg. Because the floating object is translational equilibrium, we can use 
2_jF y = 0 to relate the buoyant forces acting on the object in the two liquids to its 

weight. 



A PPly Xl^v = 0 t0 trie object 
floating in water: 



Pj'g ~mg = Pj'g ~pVg = 0 (1) 



Solve for p: 



P = P* 



YL 
v 



Substitute numerical values and 
evaluate p. 



p = (lO 3 kg/m 3 = I 800kg/m 
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A PPly = 0 10 tne object mg = 0J2Vp L g 

floating in the second liquid and 
solve for mg: 

Solve equation ( 1 ) for mg: mg = 0.Sp w Vg 

Equate these two expressions to obtain: 0.72/? L = 0.8/? w 

Substitute in the definition of • r •, p L 0.8 

specific gravity = - 



1.11 



specific gravity to obtain: " p w 0.72 

*42 •• 

Picture the Problem We can use Archimedes' principle to find the density of the 
unknown object. The difference between the weight of the block in air and in the fluid is 
the buoyant force acting on the block. 

Apply Archimedes' principle to obtain: B = w { = m f g = p f V f g 

Solve for p f : B 

Pi = 

Vtg 

Because V f = F Fe block: _ B _ B 

Pi — Tr - Pfe 



deblock.? W Fe blocks' 



Substitute numerical values and evaluate p { : 



Pi 



(5kg)(9.81rn/s 2 )-6.16N/ 3 3 \ 

- — — — r\ (7.96x10 kg/m I- 

(5kg)(9.81m/s 2 ) V 5 ' 



6.96 xlO 3 kg/m 3 
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Picture the Problem The forces acting on the cork are B, the upward force due to the 
displacement of water, mg, the weight of the piece of cork, and F s , the force exerted by 
the spring. The piece of cork is in equilibrium under the influence of these forces. 

A Pp!y =0to the piece of cork: B-w-F s =0 (1) 

or 

B-p cork Vg-F s =0 (2) 

Express the buoyant force as a function B = w f = p w Vg 
of the density of water: 
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Solve for Vg: 



Vg 



B_ 



Substitute for Vg in equation (2): 



B-p 



cork 



B_ 

Ay 



F=0 



(3) 



Solve equation (1) for B: 



B = w+F 



Substitute in equation (3) to obtain: 



w + F 

w + F s -p CO[k S —F s =0 



or 



W+F s A 



Solve for p C0Tk : 



Pcork — 



W 



w+ F 



Substitute numerical values and 
evaluate p cork : 



A ork =(l0 3 kg/m 3 ) 



0.285N 



0.285N + 0.855N 



250kg/m J 



44 

Picture the Problem Under minimum-volume conditions, the balloon will be in 
equilibrium. Let B represent the buoyant force acting on the balloon, w to t represent its 
total weight, and V its volume. The total weight is the sum of the weights of its basket, 
cargo, and helium in its balloon. 



A PPly = 0 to the balloon: 



B-w tot =0 



Express the total weight of the balloon: w tot = 2000 N + p He Vg 



Express the buoyant force due to the 
displaced air: 



B = w { = p an Vg 



Substitute to obtain: 



p MI Vg-2000N-p He Vg = 0 



Solve for V: 



V = 



2000 N 

(A* -Pu e )g 
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Substitute numerical values and evaluate V: 



V = 



2000 N 



(l.29kg/m 3 -0.178kg/m 3 )(9.81m/s 2 ) 



183 m 3 



*45 « 

Picture the Problem Let V = volume of diver, the density of the diver, V Pb the volume 
of added lead, and m Pb the mass of lead. The diver is in equilibrium under the influence of 
his weight, the weight of the lead, and the buoyant force of the water. 



Apply ^jF Y =0 to the diver: 



B-w D -w Pb =0 



Substitute to obtain: 



or 



Av^d + Av^Pb - PdK -m Pb =0 



Rewrite this expression in terms of 
masses and densities: 



m, 



Av — + A 
Pd Pn 



Pd — -"in =0 
Pd 



Solve for the mass of the lead: 



777 



Pb 



Po(Ppb-Av) 



Substitute numerical values and evaluate m Pb : 



777 



Pb 



(l 1 .3 x 1 Q 3 kg/m 3 )(l 0 3 kg/m 3 - 0.96 x 1 0 3 kg/m 3 )(85 kg) 
(0.96 x 1 0 3 kg/m 3 )(l 1 .3 x 1 0 3 kg/m 3 - 1 0 3 kg/m 3 ) 



3.89kg 
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Picture the Problem The scale's reading w' is the difference between the weight of the 
aluminum block in air w and the buoyant force acting on it. The buoyant force is equal to 
the weight of the displaced fluid, which, in turn, is the product of its density and mass. 
We can apply a condition for equilibrium to relate the reading of the bottom scale to the 
weight of the beaker and its contents and the buoyant force acting on the block. 



Express the apparent weight w' of the 
aluminum block: 



w' = w — B 



(1) 



Letting F be the reading of the bottom 
scale and choosing upward to be the 
positive y direction, apply 



F + w'-M tot g = 0 



(2) 
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If, 
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= 0 to the scale to obtain: 



Using the definition of density and 
Archimedes' principle, substitute for 
w and B in equation (1) to obtain: 

Express w in terms of pm and V and 
solve for Vg: 

Substitute to obtain: 



w'=p M Vg-p w Vg 

={pM-p v ,y g 



w 



"(PaI-Pw) 



w 



p. 



Al 



w 
Pm 

f 

1 

V 



1- 



Av 

Pa\ 



w 



Substitute numerical values and 
evaluate w': 



10 3 kg/m 3 
2.7 xlO 3 kg/m 3 

:(2kg)(9.81m/s 2 ) 



12.4N 



Solve equation (2) for F: 

Substitute numerical values and 
evaluate the reading of the bottom 
scale: 



F=M toX g-W 

F = (5kg)(9.81m/s 2 )-12.4N 



36.7N 
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Picture the Problem Let V= displacement of ship in the two cases, m be the mass of 
ship without load, and Am be the load. The ship is in equilibrium under the influence of 
the buoyant force exerted by the water and its weight. We'll apply the condition for 
floating in the two cases and solve the equations simultaneously to determine the loaded 
mass of the ship. 



A PPly X F y = 0 to the ship in fresh water: p w Vg - mg = 0 



Apply ]T F = 0 to the ship in salt water: p sw Vg - (m + Am)g = 0 



(1) 



(2) 



Solve equation (1) for Vg: 



Vg 



mg 



Substitute in equation (2) to obtain: 



Aw— -(m + Am)g = 0 
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Solve for nr. 



Add Am to both sides of the 
equation and simplify to obtain: 



Substitute numerical values and 
evaluate m + Am: 



m 



Aw -P 



m + Am = 



Aw - A 

r 

Am 



+ Am 



A 



- + 1 

„ Aw — Av j 
Am Aw 



Aw - A 



m + Am = 



(6xlQ 5 kg)(l.025p w ) 
1.025 p w -p m 

(6xlQ 5 kg)(l.Q25) 
1.025-1 



2.46xl0 7 kg 
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Picture the Problem For minimum liquid density, the bulb and its stem will be 
submerged. For maximum liquid density, only the bulb is submerged. In both cases the 
hydrometer will be in equilibrium under the influence of its weight and the buoyant force 
exerted by the liquids. 

(a) Apply = 0 to the hydrometer: B - w = 0 



Using Archimedes' principle to express PmiJ^S ~ m totS = 0 
B, substitute to obtain: or 

An 1 „(^ulb+^tem)= m glas S + W 



Pb 



Solve for mpy,: 

Substitute numerical values and evaluate m Pb : 
m Pb =(0.9kg/L) 



m Pb =Ani„(^bulb+^tem)- m ; 



glass 



0.020 L + ^(0. 15 m)(0.005m) : 



1L 



v 10" 3 m 3 y 



(6xl0~ 3 kg) 



14.7g 



(b) Apply £ F y = 0 to the hydrometer: P^Jg ~ m M g = 0 



or 
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Anax'bulb ~~ W glass + m Pb 



Solve for p max : 



Pn 



W glass+ W Pb 



bulb 



Pn 



6g + 14.7g 
20 mL 



1.04kg/L 



Substitute numerical values and 
evaluate /w 

49 • 

Picture the Problem We can relate the upward force exerted on the dam wall to the area 
over which it acts using F = P g A and express P g in terms of the depth of the water 

using P = pgh. 



Using the definition of pressure, 
express the upward force exerted on 
the dam wall: 

Express the gauge pressure P g of the 
water 5 m below the surface of the 
dam: 

Substitute to obtain: 

Substitute numerical values and 
evaluate F: 



F = P s A 



P. =pgh 



F = pgh A 

F = (lO 3 kg/m 3 )(9. 8 1 m/s 2 )(5 m)(l 0 m 2 ) 



= 491kN 
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Picture the Problem The forces acting on 
the balloon are the buoyant force B, its 
weight mg, and a drag force F D . We can 
find the initial upward acceleration of the 
balloon by applying Newton's 2 nd law at 
the instant it is released. We can find the 
terminal velocity of the balloon by 
recognizing that when 
a y = 0, the net force acting on the balloon 
will be zero. 

(a) Apply ^F v = ma v to the 

balloon at the instant of its release to 
obtain: 



mg 



B ->n hanQoa g = m hMoon a y 



Solve for a v : 



B 



w 



balloon 



g 



balloon 
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Using Archimedes principle, 
express the buoyant force B acting 
on the balloon: 



B = w { = m f g = p f V f g 

= A^balloon-^j^/g 



Substitute to obtain: 



jxp^r'g - m balloon g = m UUoon a 



Solve for a y : 



3 "A"air 

m 



3 > 
1 



g 



V balloon J 



Substitute numerical values and 
evaluate a y : 



;r(l.29kg/m 3 )(2.5m) 3 1 
15kg 

x (9.81 m/s 2 ) 



= 45.4 m/s 2 



(b) Apply = ma v to the 

balloon under terminal-speed 
conditions to obtain: 



B-mg-^nr 1 pv\ =0 



Substitute for B: 
Solve for v t : 



^Air r 3 8 -mg-\7t r 2 pv 2 t = 0 




w p 



Substitute numerical values and evaluate v: 



v t = 



n (l .29kg/m 3 )(2.5 m) 3 - 1 5 kg j(9.8 1 m/s 2 ) 



^-(2.5m) 2 (l.29kg/m 3 ) 



7.33m/s 



(c) Relate the time required for the 
balloon to rise to 1 0 km to its 
terminal speed: 



h 10km .„ rA 

At = — = = 1364s 

v, 7.33m/s 



= 22.7 min 



Continuity and Bernoulli's Equation 



*51 

Picture the Problem Let J represent the flow rate of the water. Then we can use J = Av 

to relate the flow rate to the cross-sectional area of the circular tap and the velocity of the 
water. In (b) we can use the equation of continuity to express the diameter of the stream 
7.5 cm below the tap and a constant-acceleration equation to find the velocity of the 
water at this distance. In (c) we can use a constant-acceleration equation to express the 
distance-to-turbulence in terms of the velocity of the water at turbulence v, and the 
definition of Reynolds number A^ R to relate v t to A^ R . 
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(a) Express the flow rate of the 
water in terms of the cross-sectional 
area A of the circular tap and the 
velocity v of the water: 

Solve for v: 



J = Av = nr 2 v = \nd 2 v 



(1) 



J 



v = 



\nd 2 



Substitute numerical values and 
evaluate v: 



v = 



10.5 cm 3 /s 
\ x(\2 cm) 2 



9.28 cm/s 



(b) Apply the equation of continuity 
to the stream of water: 



v f A f =v i A i = vA { 
or 

v, —df =v — d: 
' ! 4 



Solve for df. 



Use a constant-acceleration equation 
to relate v f and v to the distance Ah 
fallen by the water: 

Solve for v f to obtain: 



d { 

v 2 = v 2 + 2gAh 
v { = *Jv 2 + 2gAh 



(2) 



Substitute numerical values and 
evaluate v f : 



Vf = 7(9.28 cm/s) 2 +2(981 cm/s 2 )(7.5 cm) 
= 122cm/s 



Substitute in equation (2) and 
evaluate d f : 



d { = (l .2 cm) 



9.28 cm/s 
122 cm/s 



0.331cm 



(c) Using a constant-acceleration 
equation, relate the fall-distance-to- 
turbulence Ad to its initial speed v 
and its speed v t when its flow 
becomes turbulent: 



v 2 = v 2 + 2gAd 



Solve for Ad to obtain: 



Express Reynolds number 7V R for 
turbulent flow: 



Ad 



2 2 

_v L -v 



N» = 



2g 
2rpv t 



(3) 
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From equation (1): I j 



Substitute to obtain: 2pv I J 

= J 

Solve for v t : nN 2 ri 2 

v = 

' 4p 2 J 



Substitute numerical values (see ^(2300) 2 (l .8 x 1 0" 3 Pa • s) 2 
figure 13-1 tor the density or water v t = 



and Fable 1 3- 1 for the coefficient of ' 4(l 0 3 kg/m 3 ) 2 (l 0.5 cm 3 / s) 

viscosity for water) and evaluate v t : =128 m/s 



Substitute in equation (3) and 
evaluate the fall-distance-to 
turbulence: 



in reasonable agreement with everyday 
experience. 



M _ (128 cm/s) 2 -(9.28 cm/s) 2 
2(981 cm/s 2 ) 



O 1 1 „„„ 
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Picture the Problem Let A\ represent the cross-sectional area of the hose, A 2 the cross- 
sectional area of the nozzle, Vi the velocity of the water in the hose, and v 2 the velocity of 
the water as it passes through the nozzle. We can use the continuity equation to find v 2 
and Bernoulli's equation for constant elevation to find the pressure at the pump. 



(a) Using the continuity equation, A{v x = A 2 v 2 

relate the speeds of the water to the or 

diameter of the hose and the mil 
diameter of the nozzle: a V ' a Vl 



Solve for v 2 : 




Substitute numerical values and 
evaluate v 2 : 



3 cm 
0.3 cm 



(0.65 m/s) = 



65.0 m/s 



(b) Using Bernoulli's equation for 
constant elevation, relate the 
pressure at the pump P P to the 
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atmospheric pressure and the 
velocities of the water in the hose 
and the nozzle: 



Solve for the pressure at the pump: 



^p=^+Ip(v 2 2 -v 1 2 ) 



Substitute numerical values and evaluate P ? : 



P ? = 1 0 1 kPa + \ (l 0 3 kg/m 3 )[(65 m/s) 2 - (0.65 m/s) 2 J 



= 2.21xl0 6 Pax = 21.9atm 

101.325kPa 1 
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Picture the Problem Let A\ represent the cross-sectional area of the larger-diameter 
pipe, A 2 the cross-sectional area of the smaller-diameter pipe, vi the velocity of the water 
in the larger- diameter pipe, and v 2 the velocity of the water in the smaller-diameter pipe. 
We can use the continuity equation to find v 2 and Bernoulli's equation for constant 
elevation to find the pressure in the smaller-diameter pipe. 

(a) Using the continuity equation, A x v x = A 2 v 2 

relate the velocities of the water to or 

the diameters of the pipe: W 2 

V 1 = V 2 

4 1 4 2 
Solve for and evaluate v 2 : d\ 




Substitute numerical values and 
evaluate v 2 : 




2 



(b) Using Bernoulli's equation for 
constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 
these segments: 




Solve for P z : 



= ^+iAv(v 2 -v 2 ) 
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Substitute numerical values and 
evaluate P 2 . 



P 2 =200kPa + i(l0 3 kg/m 3 ) 
x[(3m/s) 2 -(l2m/s) 



= 133kPa 



(c) Using the continuity equation, 
evaluate 



Using the continuity equation, 
express Iy 2 : 



I v2 =A 2 v 2 = ^~ V 2 



Substitute numerical values and 
evaluate^: 



K 



I\2 ~~ ' 



V ^ J 



_(l2m/s) = ^(3m/s) 



Thus, as we expected would be the 
case: 



1 VI 



- V2 
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Picture the Problem Let A\ represent the cross-sectional area of the 2-cm diameter pipe, 
A 2 the cross-sectional area of the constricted pipe, Vi the velocity of the water in the 2-cm 
diameter pipe, and v 2 the velocity of the water in the constricted pipe. We can use the 
continuity equation to express d 2 in terms of d\ and to find Vi and Bernoulli's equation for 
constant elevation to find the velocity of the water in the constricted pipe. 



Using the continuity equation, relate 
the volume flow rate in the 2-cm 
diameter pipe to the volume flow rate 
in the constricted pipe: 



A x v x 



or 



A 2 v 2 



ndi 



-v, = ■ 



Solve for d 2 : 



Using the continuity equation, relate 
vi to the volume flow rate 7 V : 



2.80 L/s 



A x ^-(0.02 m) 2 



8.91m/s 



Using Bernoulli's equation for 
constant elevation, relate the 
pressures in the two segments of the 
pipe to the velocities of the water in 



Pi+lP^i =P 2 +\p v v 2 
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these segments: 
Solve for vi- 



Substitute numerical values and 
evaluate v 2 : 



a, 



(2(l42kPa-101kPa) + (8 ^ 

10 3 kg/m 3 v ' 



= 12.7m/s 



Substitute and evaluate d 2 : 



d 2 = (2 cm) 



|8.91m/s _ 




1.68 cm 


12.7 m/s ~ 
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Picture the Problem We can use the definition of the volume flow rate to find the 
volume flow rate of blood in an aorta and to find the total cross-sectional area of the 
capillaries. 



(a) Use the definition of the volume 
flow rate to find the volume flow 
rate through an aorta: 

Substitute numerical values and 
evaluate Iy\ 



(b) Use the definition of the volume 
flow rate to express the volume flow 
rate through the capillaries: 



I v =Av 



;r(9xl0- 3 m 3 )(0.3m/s) 



= 7.63xl0 3 — x 



m 3 60s 1L 



s min 10 3 m 3 



4.58L/min 



T = A v 

1 V ^cap *cap 



Solve for the total cross-sectional 
area of the capillaries: 



= ■ 



cap 



Substitute numerical values and 



evaluate A 



cap- 



i _ 7.63xlQ' 5 m 3 /s 
cap " 0.001 m/s 

= 7.63xl0- 2 m 2 = 763 cm 2 
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Picture the Problem We can apply Bernoulli's equation to points a and b to determine 
the rate at which the water exits the tank. Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its speed and the 
time required to fall the distance H-h. 



Express the distance x as a function of 
the exit speed of the water and the 
time to fall the distance H-h: 



x = v b At 



(1) 



Apply Bernoulli's equation to the 
water at points a and b: 



+p Vi g{H-h)+\ P y b 

or, because v a « 0 and P a = Pb : 
gH = g{H-h) + \v 2 b 



Solve for v b : 



= 4lgh 



Using a constant-acceleration 
equation, relate the time of fall to the 
distance of fall: 



Ay = v 0y At + ±a(Atf 

or, because vo y = 0, 
H-h = \g{At) 2 



Solve for At. 



At 



Substitute in equation (1) to obtain: 



2^h{H-h) 
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Picture the Problem Let the subscript 60 denote the 60-cm-radius pipe and the subscript 
30 denote the 30-cm-radius pipe. We can use Bernoulli's equation for constant elevation 
to express P 30 in terms of v 6 o and v 30 , the definition of volume flow rate to find v 60 and the 
continuity equation to find V30. 



Using Bernoulli's equation for 
constant elevation, relate the 
pressures in the two pipes to the 
velocities of the oil: 



- 60 



60 
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Solve for P 3 o: P30 = P 6o + 1 P^lo ~ (1) 



Use the definition of volume flow 
rate to find v 60 : 



A 



60 



„ , m 3 lday lh 

2.4x10 x J -x 

day 24 h 3600s 



ff(0.6m) 2 



= 2.456 m/s 



Using the continuity equation, relate ^6o v 6o = ^3o v 3o 

the velocity of the oil in the half- 
standard pipe to its velocity in the 
standard pipe: 

Solve for and evaluate v 30 : A m ;r(0.6m) 2 /„ ,\ 

v 3o = ~r v 6 0 = ( 2 (2.456m/s) 

A i0 7t{0.3 m) 

= 9.824 m/s 

Substitute numerical values in equation (1) and evaluate P30: 

P 30 = 1 80kPa + \ (800 kg/m 3 )[(2.456 m/s) 2 - (9.824 m/s) 2 ] = [l~44kPa 
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Picture the Problem We'll use its definition to relate the volume flow rate in the pipe to 
the velocity of the water and the result of Example 13-9 to find the velocity of the water. 

Using its definition, express the I v = A l v l = nr 2 v x 

volume flow rate: 



Using the result of Example 13-9, 
find the velocity of the water 
upstream from the Venturi meter: 



\ 



V^2 J 



Substitute numerical values and evaluate Vi: 



2(l3.6xl0 3 kg/m 3 )(9.81m/s 2 )(0.024m) 


(l0 3 kg/m 3 ) 


( 0.095m > 


2 

-1 




v 0.056m y 



= 1.847 m/s 
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Substitute numerical values and 
evaluate I v : 



= ^(0.095 m) 2 (l. 847 m/s) 
= 1.309xl(T 2 m 3 /s 



= 13.1L/s 
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Picture the Problem We can apply the definition of the volume flow rate to find the 
mass of water emerging from the hose in 1 s and the definition of momentum to find the 
momentum of the water. The force exerted on the water by the hose can be found from 
the rate at which the momentum of the water changes. 

(a) Using its definition, express the j _ AV _ Am _ ^ 
volume flow rate of the water At P w At 

emerging from the hose: 

Solve for Am: Am = Avp w At 



Substitute numerical values and 
evaluate Am: 




21.2kg/s 



(b) Using its definition, express and 
evaluate the momentum of the 



p = Amv = (21.2kg/s)(30m/s) 



= 636kg -m/s 



water: 



(c) The vector diagrams are to the 
right: 



Pi 




Express the change in momentum 
of the water: 



Ap = p { -p i 



Substitute numerical values and 
evaluate Ap: 



Ap = V(636kg • m/s) 2 + (636 kg • m/s) 2 




= 899 kg -m/s 
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Relate the force exerted on the water p _ Ap _ 899kg -m/s 

by the hose to the rate at which the At Is 

water's momentum changes and 
evaluate F: 
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Picture the Problem Let the letter P denote the pump and the 2-cm diameter pipe and 
the letter N the 1-cm diameter nozzle. We'll use Bernoulli's equation to express the 
necessary pump pressure, the continuity equation to relate the velocity of the water 
coming out of the pump to its velocity at the nozzle, and a constant-acceleration equation 
to relate its velocity at the nozzle to the height to which the water rises. 



Using Bernoulli's equation, relate the 
pressures, areas, and velocities in the 
pipe and nozzle: 



Solve for the pump pressure: 



P? + P w gh P + \py ? = P N + p w gh N 
or, because P N = P ai and h P = 0, 

P ?+\ Pw V P = + P*gK + 1 Av V N 



Use the continuity equation to relate 
v P and vn to the cross-sectional areas 
of the pipe from the pump and the 
nozzle: 



A p v p - A N v N 
and 

4m \xdl ( 1cm Y 

V = — = — — v = V 

P A p N \nd\ N ^2cmJ 



Using a constant-acceleration v 2 = — 2gAh 

equation, express the velocity of the or because v = 0 

water at the nozzle in terms of the y 2 _ 2gAh 
desired height Ah: 

Substitute in equation (1) to obtain: 

=P* + P w gK +\p vi [2g^h-^{2gAh)] = P at +p v gh N +± Pvi (i±gAh) 



Substitute numerical values and evaluate P P : 

P P = 1 0 1 kPa + (l 0 3 kg/m 3 )(9.8 1 m/s 2 )[3m + f (l2 m)] = 



241kPa 



Fluids 1013 



61 ••• 

Picture the Problem We can apply Bernoulli's equation to points a and b to determine 
the rate at which the water exits the tank. Because the diameter of the small pipe is much 
smaller than the diameter of the tank, we can neglect the velocity of the water at the point 
a. The distance the water travels once it exits the pipe is the product of its velocity and 
the time required to fall the distance H— h. That there are two values of h that are 
equidistant from the point h = \H can be shown by solving the quadratic equation that 

relates x to h and H. That x is a maximum for this value of h can be established by 
treating x =j[h) as an extreme -value problem. 



(a) Express the distance x as a 
function of the exit speed of the 
water and the time to fall the 
distance H-h: 



x = v b At 



(1) 



Apply Bernoulli's equation to the 
water at points a and b: 



p a + p.gH +\py a =p h + p w g{H - h) 

or, because v a « 0 and P a = Pi, = Pat, 
gH = g{H-h) + \v 2 b 



Solve for v b : 



figh 



Using a constant-acceleration 
equation, relate the time of fall to 
the distance of fall: 



Ay = v 0y A? + }a(A?) 2 

or, because v 0y = 0, 
H-h = ±g(Atf 



Solve for At: 



At 



\ tH-h) 



Substitute in equation (1) to obtain: 



= figh„ 



\ 2(H-h) _ 



2^Jh(H-h) 



(b) Square both sides of this 
equation and simplify to obtain: 



x 2 =4hH-4h 2 or 4h 2 - AHh + x 2 = 0 



Solve this quadratic equation to 
obtain: 



h = 



H±UH 2 -x 2 



2 " — 2 
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Find the average of these two values 
for h: 



H + ^H 2 -x 2 +\H-4h 



2 -x 2 



H 



(c) Differentiate 

x = 2-yjh{H — h) with respect to h: 



dx 
dh 



= 2 



[h(H-h)]~>(H-2h) 



v2y 
H -2h 
4h{H-h) 



Set the derivative equal to zero for 
extrema: 



H-2h 
yjh{H-h) 



Solve for h to obtain: 



Evaluate x = 2^h{H — h) with 
h = \H: 



h = 



H 



x m =2j\H(H-\H) 



= H 



Remarks: To show that this value for h corresponds to a maximum, one can either 

d 2 x 

show that — j < 0 at h = \H or confirm that the graph o(J[h) at h = \H is 
dh 

concave downward. 



*62 

Picture the Problem Let the numeral 1 denote the opening in the end of the inner pipe 
and the numeral 2 to one of the holes in the outer tube. We can apply Bernoulli's 
principle at these locations and solve for the pressure difference between them. By 
equating this pressure difference to the pressure difference due to the height h of the 
liquid column we can express v as a function of p, p s , g, 
and h. 



Apply Bernoulli's principle at 
locations 1 and 2 to obtain: 

Solve for the pressure difference 
AP = Pt - Pi. 

Express the velocity of the gas at 1; 
Express the velocity of the gas at 2: 



where we've ignored the difference in 
elevation between the two openings. 

A p = P 1 -P 2 =±p g v 2 2 -±p & v? 

Vj = 0 because the gas is brought to a halt 
(i.e., is stagnant) at the opening to the inner 
pipe. 

v 2 = v because the gas flows freely past 
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Substitute to obtain: 

Letting A be the cross-sectional area 
of the tube, express the pressure at a 
depth h in the column of liquid 
whose density is p\ : 



Substitute to obtain: 



Equate these two expressions for 
AP: 

Solve for v 2 to obtain: 



the holes in the outer ring. 



P 1= P 2 + 



H' 



displaced liquid 



B 



A A 
where B = p g Ahg is the buoyant force 

acting on the column of liquid of 
height h. 



pghA p g ghA 
A A 
= P 2 +(p-p)gh 



P 1= P 2 + 



or 



AP = P l -P 2 =(p-p g )gh 
(p~P g )gh 
2gh(p-p g ) 



Note that the correction for buoyant force 
due to the displaced gas is very small and 
that, to a good approximation, 



v = 



jlghp 



Remarks: Pitot tubes are used to measure the airspeed of airplanes. 
63 

Picture the Problem Let the letter "a" denote the entrance to the siphon tube and the 
letter "b" denote its exit. Assuming streamline flow between these points, we can apply 
Bernoulli's equation to relate the entrance and exit speeds of the water flowing in the 
siphon to the pressures at either end, the density of the water, and the difference in 
elevation between the entrance and exit points. We can use the expression for the 
pressure as a function of depth in an incompressible fluid to find the pressure at the 
entrance to the tube in terms of its distance below the surface. We'll also use the 
equation of continuity to argue that, provided the surface area of the beaker is large 
compared to the area of the opening of the tube, the entrance speed of the water is 
approximately zero. 



(a) Apply Bernoulli's equation at the 
entrance to the siphon tube (point a) 
and at its exit (point b): 



(1) 



P & +\pvl+pg{H-h) 

= P h +\pvl+pg{H-h-d) 
where H is the height of the containers. 
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Apply the continuity equation to a 
point at the surface of the liquid in 
the container to the left and to point 
a: 

Express the pressure at the inlet 
(point a) and the outlet (point b): 



Letting v D = v, substitute in equation 
(1) to obtain: 



V a4 = V SU r & ce4urface 

or, because A & « ^ surface , 

^surface ^ 



P a =P^+Pg{H-h) 
and 

P atm +pg{H-h) + pgH 
= P atm +pg{H-h-d) 

+ \ pv 2 + pg(H -h-d) 

or, upon simplification, 
g{H-h) + gH = g{H-h-d) 

+ \v 2 +g(H -h-d) 



Solve for v: 



v = 



^gd 



(b) Relate the pressure at the highest 
part of the tube P top to the pressure 
at point b: 



P X0V +pg{H-h) + \pvl 

= P* m +Pg{H-h-d) + ±pv 2 b 
or, because v h = v b , 



P = 

top 



pgd 



Remarks: If we let Ptop = 0, we can use this result to find the maximum theoretical 
height a siphon can lift water. 

Viscous Flow 



64 • 

Picture the Problem The required pressure difference can be found by applying 
Poiseuille's law to the viscous flow of water through the horizontal tube. 



Using Poiseuille's law, relate the 
pressure difference between the two 
ends of the tube to its length, radius, 
and the volume flow rate of the 
water: 

Substitute numerical values and 
evaluate AP: 



71 r 



4 



AP = 8 ^ Pa - S )(°- 25 ^(0.3mL/s) 
;r(0.6xl(T 3 m) 



= 1.47kPa 
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Picture the Problem Because the pressure difference is unchanged, we can equate the 
expressions of Poiseuille's law for the two tubes and solve for the diameter of the tube 
that would double the flow rate. 



Using Poiseuille's law, express the ^p _ %VL 

pressure difference required for the n r A V 

radius and volume flow rate of 
Problem 64: 

Express the pressure difference ^p _ %r}L ^ 

required for the radius r' that would n r ' 4 

double the volume flow rate of 
Problem 57: 



Equate these equations and simplify 8^ /~ t \ — §^ 

u . ,4 \ Z1 v)~ 4 

to obtain: nr nr 



or 




Solve for r': r' = \[2r 

Express d': d' = 2r' = 2 A 4lr = Mld 



Substitute numerical values and d' = V2(l .2 mm) : 

evaluate d ': 



1.43 mm 



*66 • 

Picture the Problem We can apply Poiseuille's law to relate the pressure drop across the 
capillary tube to the radius and length of the tube, the rate at which blood is flowing 
through it, and the viscosity of blood. 



Using Poiseuille's law, relate the _ %yL 

pressure drop to the length and n r 4 v 

diameter of the capillary tube, the 
volume flow rate of the blood, and 
the viscosity of the blood: 



Solve for the viscosity of the blood: n r 4 AP 

Tl = 

8Z/ V 
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Using its definition, express the 
volume flow rate of the blood: 

Substitute and simplify: 



I v =A etp v = nr v 



r 2 AP 
SLv 



Substitute numerical values to obtain: (35 x \Q b m) 2 (2.60kPa) 



n 



8(l0" 3 m) 



Is 



= 3.98mPa-s 



*67 • 

Picture the Problem We can use the definition of Reynolds number to find the velocity 
of a baseball at which the drag crisis occurs. 



Using its definition, relate Reynolds 
number to the velocity v of the 
baseball: 

Solve for v: 



Substitute numerical values (see 
Figure 13-1 for the density of air and 
Table 13-1 for the coefficient of 
viscosity for air) and evaluate v: 



v = 



2rpv 

7] 

2rp 

(0.018mPa-s)(3xlQ 5 ) 
2(0.05 m)(l .293 kg/m 3 ) 
lmi/h 



= 41.8m/sx- 



0.447 m/s 



= 93.4mi/h 



Because most major league pitchers can throw a fastball in the low - to mid - 90s, 
this drag crisis may very well play a role in the game. 



Remarks: This is a topic which has been fiercely debated by people who study the 
physics of baseball. 
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Picture the Problem Let the subscripts 
"f refer to "displaced fluid", "s" to 
"soda", and "g" to the "gas" in the 
bubble. The free-body diagram shows 
the forces acting on the bubble prior to 
reaching its terminal velocity. We can 
apply Newton's 2 nd law, Stokes' law, 
and Archimedes principle to express the 
terminal velocity of the bubble in terms 
of its radius, and the viscosity and 
density of water. 

Apply ^ F y = ma y to the bubble to 
obtain: 

Under terminal speed conditions: 

Using Archimedes principle, 
express the buoyant force B acting 
on the bubble: 

Express the mass of the gas bubble: 
Substitute to obtain: 
Solve for v t : 



Substitute for F bll bbi e and simplify: 



Substitute numerical values and 
evaluate v t : 



y 

B 

mg 

B-m g g-F D =ma y 

B-m g g-F D = 0 
B = w f = m f g 

= Pv iS ~ Ps ^bubble & 
m g = Pg'g = Pg ^bubble 

AAubbieg " PgKumeg ~ 67rr/av t = 0 

v _ ^bubblegU ~Pg) 

67irja 

= J mi s(p s -Pg) = 2a 2 g(p s -Pg) 
67TTja 9rj 

2a2 gP s • 
~— — -, since p s » p 
9rj 

^ _ 2(0.5 xlQ' 3 m) 2 (9.81m/s 2 ) 



9(l.8xl(T 3 Pa-s) 
x(l.lxl0 3 kg/m 3 ) 



0.333m/s 



Express the rise time At in terms of 
the height of the soda glass h and the 
terminal speed of the bubble: 
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0.450s 



Assuming that a "typical" soda glass 0.15 m 

has a height of about 15 cm, ^ _ 0 333 m/s 

evaluate At: 

Remarks: About half a second seems reasonable for the rise time of the bubble. 
General Problems 

*69 

Picture the Problem We can solve the given equation for the coefficient of roundness C 
and substitute estimates/assumptions of typical masses and heights for adult males and 
females. 

Express the mass of a person as a M = Cph i 

function of C, p, and h: 

Solve for C: M 



Assuming that a "typical" adult 77 kg 



ph 3 

11 Vo i 

0.0137 



0.0115 



male stands 5' 10" (1.78 m) and c L A 3 , ~, 3V1 to V 

weighs 170 lbs (77 kg), then: v 0 /v ' 

Assuming that a "typical" adult 50 kg 

female stands 5' 4" (1.63 m) and ^ ~ L n 3 1 ', 3V1 a V 

• u nmu ™ \ + t, I 10 k g /m )U-63m) 

weighs 1 10 lbs (50 kg), then: v 0 /v y 

70 • 

Picture the Problem Let the letter "s" denote the shorter of the two men and the letter "t" 
the taller man. We can find the difference in weight of the two men using the relationship 
M= Cph 3 from Problem 69. 

Express the difference in weight of Aw = w — w = M t g - M s g 

the two men: / . , . . \ 

= (M i -Mjg 

Express the masses of the two men: m =Cph i 

and 

M t = Cph' 

Substitute to obtain: Aw = (Cph 3 - Cph 3 )g 

= {hl-hl)Cpg 



Assuming that a "typical" adult 77 kg 

male stands 5' 10" (1.78 m) a 
weighs 170 lbs (77 kg), then: 



male stands 5' 10" (1.78 m) and C ~ / in3 , , HT, no v " °- 0137 

niuh* 170 iK. m w thL I 10 k § /m X L78m ) 



Express the heights of the two men 
in SI units: 



h t = 72 in x 2.54 cm/in = 1.83 m 
and 
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K = 69 in x 2.54 cm/in = 1 .75 m 



Substitute numerical values (assume 
that p = 1 0 3 kg/m 3 ) and evaluate Aw: 



Aw=[(l.83m) 3 -(l.75m) 3 ] 

x(0.0137)(l0 3 kg/m 3 )(9.81m/s 2 ) 
lib 



= 103Nx- 



4.4482 N 



23.21b 



71 • 

Determine the Concept The net force is zero. Neglecting the thickness of the table, the 
atmospheric pressure is the same above and below the surface of the table. 



72 • 

Picture the Problem The forces acting on 
the Ping-Pong ball, shown in the free-body 
diagram, are the buoyant force, the weight 
of the ball, and the tension in the string. 
Because the ball is in equilibrium under the 
influence of these forces, we can apply the 
condition for translational equilibrium to 
establish the relationship between them. 
We can also apply Archimedes' principle 
to relate the buoyant force on the ball to its 
diameter. 




A Pp!y Yj F x = 0 t0 tne ball: 



B-mg-T=0 



Using Archimedes' principle, relate 
the buoyant force on the ball to its 
diameter: 



B = w f = m f g = p w V hM g = i7rp w d 2 



Substitute to obtain: 



7rp w d 3 -mg-T = 0 



Solve for d: 



d 



) 6(r + mg) 



Substitute numerical values and evaluate d: 



d = l 



2.8xl0" 2 N + (0.004kg)(9.81m/s 2 ) 
^-(lO 3 kg/m 3 ) 



5.05cm 
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Picture the Problem Let p 0 represent the density of seawater at the surface. We can use 
the definition of density and the fact that mass is constant to relate the fractional change 
in the density of water to its fractional change in volume. We can also use the definition 
of bulk modulus to relate the fractional change in density to the increase in pressure with 
depth and solve the resulting equation for the density at the depth at which the pressure is 
800 atm. 



Using the definition of density, m = pV 
relate the mass of a given volume of 
seawater to its volume: 

Noting that the mass does not vary pdV + Vdp = 0 
with depth, evaluate its differential: 

Solve for dpi p. dp dV Ap AV 

r r = or « 

p V p V 

Using the definition of the bulk B — — — — ^ 
modulus, relate AP to Ap/p 0 : AV /V Ap/ p 0 



Solve Ap: 



Ap = p-p 0 = 



p^AP 
B 



Solve for p: 



p 0 AP 
P = Po + ~^r~ = Po 



1 + 

I B J 



Substitute numerical values and evaluate p: 



p = (l025kg/m 3 ) 



800 atm x 



1 + - 



1.01x10 s Pa ^ 
latm 



2.3xlO y N/m 2 



1061 kg/m 3 
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Picture the Problem When it is 
submerged, the block is in equilibrium 

under the influence of the buoyant force i g 

due to the water, the force exerted by the 
spring balance, and its weight. We can use 
the condition for translational equilibrium q g 

to relate the buoyant force to the weight of 
the block and the definition of density to 
express the weight of the block in terms of 

its density. | mg 



Apply Ys F y = 0 to the blo ck: B + ^.Smg - mg = 0 => B = 0.2mg 

Substitute for B and m to obtain: AAiockg = 0- 2 Aiock^biock§ 



Solve for and evaluate yPbiock: 



A.ock=^ = 5(l0 3 kg/m 3 ) 



5.00xl0 3 kg/m 3 



*75 • 

Picture the Problem When the copper block is floating on a pool of mercury, it is in 
equilibrium under the influence of its weight and the buoyant force acting on it. We can 
apply the condition for translational equilibrium to relate these forces. We can find the 
fraction of the block that is submerged by applying Archimedes' principle and the 
definition of density to express the forces in terms of the volume of the block and the 
volume of the displaced mercury. Let V represent the volume of the copper block, V the 
volume of the displaced mercury. Then the fraction submerged when the material is 
floated on water is VI V. Choose the upward direction to be the positive y direction. 



A PPly ^,F y =0 t0 the block: 

Apply Archimedes' principle and the 
definition of density to obtain: 



B — w = 0 , where B is the buoyant force and 
w is the weight of the block. 

Pnrg-p Ca vg = o 



Solve for VI V: 
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Substitute numerical values and 
evaluate VI V: 



V _ 8.93xlQ 3 kg/m 3 

V ~ 13.6xl0 3 kg/m 3 



0.657 



65.7% 



76 • 

Picture the Problem When the block is floating on a pool of ethanol, it is in equilibrium 
under the influence of its weight and the buoyant force acting on it. We can apply the 
condition for translational equilibrium to relate these forces. We can find the fraction of 
the block that is submerged by applying Archimedes' principle and the definition of 
density to express the forces in terms of the volume of the block and the volume of the 
displaced ethanol. Let V represent the volume of the copper block, V the volume of the 
displaced ethanol. Then the fraction of the volume of the block that will be submerged 
when the material is floated on water is VI V. Choose the upward direction to be the 
positive y direction. 



A Pp!y X^y = 0 10 tne block 
floating on ethanol: 



B eth — w = 0 , where B eth is the buoyant 

force due to the ethanol and w is the weight 
of the block. 



Apply Archimedes' principle to 
obtain: 



w ■ 



A th (0.9F)g 



Apply =0 to the block 

floating on water: 



B v - w = 0 , where B w is the buoyant force 

due to the water and w is the weight of the 
block. 



Apply Archimedes' principle to obtain: 



w = p^V'g , where V is the volume of the 
displaced water. 



Equate the two expressions for w 
and solve for VI V: 



Substitute numerical values and 
evaluate VI V: 



V _ 0.9(0.806xlQ 3 kg/m 3 ) 



V 



10 3 kg/m 3 



= 0.725 = 72.5% 



77 • 

Determine the Concept If you are floating, the density (or specific gravity) of the liquid 
in which you are floating is immaterial as you are in translational equilibrium under the 
influence of your weight and the buoyant force on your body. Thus, the buoyant force on 
your body is your weight in both (a) and (b). 
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Picture the Problem Let m and V represent the mass and volume of your body. Because 
you are in translational equilibrium when you are floating, we can apply the condition for 
translational equilibrium and Archimedes' principle to your body to express the 
dependence of the volume of water it displaces when it is fully submerged on your 
weight. Let the upward direction be the positive y direction. 

A PPly X F y = 0 10 y° ur floatin g bod y : B-mg = 0 

Use Archimedes' principle to relate B = w f = m { g = p w (0.96V)g 

the density of water to your volume: 

Substitute to obtain: p w {0.96V)g -mg = 0 



Solve for V: 



V 



7/7 



0.96a 



79 

Picture the Problem Let m and V represent the mass and volume of the block of wood. 
Because the block is in translational equilibrium when it is floating, we can apply the 
condition for translational equilibrium and Archimedes' principle to express the 
dependence of the volume of water it displaces when it is fully submerged on its weight. 
We'll repeat this process for the situation in which the lead block is resting on the wood 
block with the latter fully submerged. Let the upward direction be the positive y direction. 

Apply *YjF y = 0 to floating block: B-mg = 0 

Use Archimedes' principle to relate B = w f = m f g = p v (0.6SV)g 

the density of water to the volume of 
the block of wood: 

Using the definition of density, mg = p wooi Vg 

express the weight of the block in 
terms of its density: 

Substitute to obtain: p w (0.68F )g - p^Vg = 0 

Solve for and evaluate the density of Avood 

= 0.68/? w =0.68(l0 3 kg/m 3 ) 
the wood block: _ 68 q kg/m 3 



1026 Chapter 13 



Use the definition of density to find 
the volume of the wood: 



~y wood 



l-5kg 

Pwood 680kg/m 3 
= 2.206xl0~ 3 m 3 



block when the lead block is placed 
on it: 



Use Archimedes' principle and the 
definition of density to obtain: 

Solve for the mass of the lead block: 

Substitute numerical values and 
evaluate m Pb : 



B'-m' g = 0, where B' is the new 
buoyant force on the block and m' is the 
combined mass of the wood block and the 
lead block. 

P w Vg-(m Pb +m block )g = 0 



m p b =P w V-m 



block 



m Ph =(l0 3 kg/m 3 )(2.206xl(T 3 m 3 ) 
-1.5kg 



0.706 kg 



*80 » 

Picture the Problem The true mass of the Styrofoam cube is greater than that indicated 
by the balance due to the buoyant force acting on it. The balance is in rotational 
equilibrium under the influence of the buoyant and gravitational forces acting on the 
Styrofoam cube and the brass masses. Neglect the buoyancy of the brass masses. Let m 
and V represent the mass and volume of the cube and L the lever arm of the balance. 



Apply ^ T = 0 to the balance: 



(mg-B)L-m bmss gL = 0 



Use Archimedes' principle to 
express the buoyant force on the 
Styrofoam cube as a function of 
volume and density of the air it 
displaces: 

Substitute and simplify to obtain: 



B = P m Vg 



Solve for m: 



™ = p an V + m hrass 



Substitute numerical values and 
evaluate m: 



m = (l .293 kg/m 3 )(0.25 m) 3 + 20 x 1 0~ 3 kg 
= 4.02xl0" 2 kg = 1 40.2g 



Fluids 1027 



81 » 

Picture the Problem Let d m and d ont represent the inner and outer diameters of the 
copper shell and V the volume of the sphere that is submerged. Because the spherical 
shell is floating, it is in translational equilibrium and we can apply a condition for 
translational equilibrium to relate the buoyant force B due to the displaced water and its 
weight w. 

Apply = 0 to the spherical shell: B - w = 0 



Using Archimedes' principle and the 
definition of w, substitute to obtain: 



P w V'g-mg = 0 
or 

p w V'-m = 0 



(1) 



Express V as a function d out : 



2 6 out 12 out 



Express m in terms of d- m and d out : 



m 



~ Pcu VoxA ) 



= Pcu 



Substitute in equation (1) to obtain: 



n_ , 3 
Pw j 2 out 



"out 



V 



d t d 

6 out /- J 

6 j 



= 0 



Simplify: 



-p d\-p c (d\-d 3 )=0 

~ r\\ out r Cu V out m / 



Solve for d u 



d —d j 1- 

in out -i 



P. 



2p, 



Cu 



Substitute numerical values and 
evaluate d^: 



< n =(l2cm)3l- 



2(8.93) 



11.8cm 



82 « 

Determine the Concept The additional weight on the beaker side equals the weight of 
the displaced water, i.e., 64 g. This is the mass that must be placed on the other cup to 
maintain balance. 



*83 « 

Picture the Problem We can use the definition of Reynolds number and assume a value 
for A^ R of 1 000 (well within the laminar flow range) to obtain a trial value for the radius 
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of the pipe. We'll then use Poiseuille's law to determine the pressure difference between 
the ends of the pipe that would be required to maintain a volume flow rate of 500 L/s. 



Use the definition of Reynolds 
number to relate N R to the radius of 
the pipe: 



2rpv 
V 



Use the definition of 7 V to relate the 
volume flow rate of the pipe to its 
radius: 



I v = Av = nr v 



v = 



nr 



Substitute to obtain: 



N R = 



rjnr 



Solve for r. 



Substitute numerical values and evaluate r. 



r = 



r/xN R 



r = 



2(700kg/m 3 )(0.500m 3 /s) = ^ ^ 
(0.8Pa-s)(l000) 



Using Poiseuille's law, relate the 
pressure difference between the ends 
of the pipe to its radius: 

Substitute numerical values and 
evaluate AP: 



Evaluate AP for a pipe of 50 cm radius: 



nr 



4 'v 



^(0.279 m) 4 V ^ 



= 8.41xl0 6 Pa 
= 8.41xl0 6 Pax 



latm 



1.01325xl0 5 Pa 
= 83.0atm 

This pressure is too large to maintain in the 
pipe. 

^ = 8 (0. 8 Pa.s)(50km) (0500ml/s) 
;r(0.50m) 



= 8.15xl0 5 Pa 
= 8.15xl0 5 Pax 

= 8.04atm 



latm 



1.01325xl0 5 Pa 
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1 m is a reasonable diameter for the pipeline. 



84 

Picture the Problem We'll measure the height of the liquid-air interfaces relative to the 
centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 
the speed of the water at point A and the relationship between the gauge pressures at 
points A and C to determine the level of the liquid-air interface at A. We can use the 
continuity equation to express the speed of the water at B in terms of its speed at A and 
Bernoulli's equation for constant elevation to find the gauge pressure at B. Finally, we 
can use the relationship between the gauge pressures at points A and B to find the level of 
the liquid-air interface at B. 

Relate the gauge pressure in the pipe ^gau ge ,A = PS"a 



at A to the height of the liquid-air 
interface at A: 



where h A is measured from the center of 
the pipe. 



Solve for hx- 



P, 



gauge.A 



Pg 



Substitute numerical values and 
evaluate h A : 




12.6m 



Determine the velocity of the water 
at A: 




0.8xl(T m7s 



2.55m/s 




4 



Apply Bernoulli's equation for 
constant elevation to relate P B and 
Pa. 



P A +\pv\=P B +\pvl 



(1) 



Use the continuity equation to relate 
v B and va: 



A A V A = A B V B 



Solve for v B : 




T V A = 4v A 



Substitute in equation (1) to obtain: 



P A + \pv 2 A =P B + Spv 2 A 
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Solve for P B : 



P B =P A -fpv 2 A 



Substitute numerical values and 
evaluate P B . 



P B =(2.22atm)(l.01xl0 5 Pa/atm) 
-Jf (lO 3 kg/m 3 )(2.55m/s) 2 
= 1.75xl0 5 Pa 

latm 



= 1.75x10' Pax- 



1.01xl0 5 Pa 



= 1.733atm 



Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 



gauge,B 



psK 



Solve for h B : 



p 

^ _ gauge.B 



Pg 



Substitute numerical values and 
evaluate h B : 



[(l.733-l)atm] 



1.01x10- 



Pa 



V. 



h% (l0 3 kg/m 3 )(9.81m/s 2 ) 



atm 



= 7.55m 
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Picture the Problem We'll measure the height of the liquid-air interfaces relative to the 
centerline of the pipe. We can use the definition of the volume flow rate in a pipe to find 
the speed of the water at point A and the relationship between the gauge pressures at 
points A and C to determine the level of the liquid-air interface at A. We can use the 
continuity equation to express the speed of the water at B in terms of its speed at A and 
Bernoulli's equation for constant elevation to find the gauge pressure at B. Finally, we 
can use the relationship between the gauge pressures at points A and B to find the level of 
the liquid-air interface at B. 



Relate the gauge pressure in the pipe 
at A to the height of the liquid-air 
interface at A: 

Solve for h A : 



^gauge.A P&h-A 

where h A is measured from the center of 
the pipe. 

p 

, _ gauge,A 



Fluids 1031 



Substitute numerical values and 
evaluate h A : 



_ (l.22atm)(l.01xl0 5 Pa/atm) 
A ~ (l0 3 kg/m 3 X9.81m/s 2 ) 



12.6m 



Determine the velocity of the water 
at A: 



L, 0.6xl0" 3 m 3 /s 



— v — 



A * - (0.02 m) 2 
4 V ' 



= 1.91m/s 



Use the continuity equation to relate 
v B and va: 



A A V A = A B V B 



Solve for v B : 



A A d\ (2 cm) 2 

V B = — -V A = -yV A = ± ^-V A 

B «B l lcm ) 

= 4v A 



Apply Bernoulli's equation for 
constant elevation to relate P B and 
Pa- 

Substitute in equation (1) to obtain: 



Solve forP B : 



Substitute numerical values and 
evaluate P B : 



P B = (2.22 atm)(l .0 1 x 1 0 5 Pa/atm) 
^(l0 3 kg/m 3 )(l.91m/s) 2 



Ji.1 



= 1.969xl0 5 Pa 



= 1.969xl0 5 Pax- 



latm 



= 1.95atm 



1.01x10 s Pa 



Relate the gauge pressure in the pipe 
at B to the height of the liquid-air 
interface at B: 



^gauge.B - PSK 



Solve for /z B : 



p 

^ _ gauge.B 



Pg 
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Substitute numerical values and 
evaluate h B : 



[(l.95-l)atm] 



Pa^ 



l.OlxlO 3 



atm 



(l0 3 kg/m 3 )(9.81m/s 2 ) 



= 9.78m 
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Picture the Problem Because it is not given, we'll neglect the difference in height 
between the centers of the pipes at A and B. We can use the definition of the volume flow 
rate to find the speed of the water at A and Bernoulli's equation for constant elevation to 
find its speed at B. Once we know the speed of the water at B, we can use the equation of 
continuity to find the diameter of the constriction at B. 



Use the definition of the volume 
flow rate to find v A : 



0.5xl(T 3 m7s 



A A 



= 1.59m/s 



- (0.02 m) 2 



Use Bernoulli's equation for 
constant elevation to relate the 
pressures and velocities at A and B: 



Solve for v B : 



Substitute numerical values and evaluate v. 



P 



B • 



v2 = 2[(l.l87-0.l)atm(l.01xlQ-Pa/atm)] + (l y 
10 3 kg/m 3 V ' 



Using the continuity equation, relate 
the volume flow rate to the radius at 
B: 



7 v = A s v b =xr B v B 



Solve for and evaluate r B : 



and 
d a -- 



0.5 xlO 2 m 3 /s 



ttv b y 7r(l4.9m/s) 



3.27 mm 



2r a 



6.54 mm 
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Picture the Problem Let V represent the volume of the buoy that is submerged and ti 
the height of the submerged portion of the cylinder. We can find the fraction of the 
cylinder's volume that is submerged by applying the condition for translational 
equilibrium to the buoy and using Archimedes' principle. When the buoy is submerged it 
is in equilibrium under the influence of the tension T in the cable, the buoyant force due 
to the displaced water, and its weight. When the cable breaks, the net force acting on the 
buoy will accelerate it and we can use Newton's 2 nd law to find its acceleration. 



(a) Apply /,F V =0 to the cylinder: 



B-w = 0 



Using Archimedes' principle and the 
definition of weight, substitute for B 
and w: 



P m V'g-mg = 0 



or 



P sw h'Ag-mg = 0 

where A is the cross-sectional area of the 
buoy. 



Solve for and evaluate h': 



h' 



m 



Substitute numerical values and 
evaluate h': 



h' = 



600 kg 



(l.025xl0 3 kg/m 3 )^(0.9m) 2 
= 0.920m 



Use h' to find the height h of the 
buoy: 

Express the fraction of the volume 
of the cylinder that is above water: 



/?-/?' = 2.6m-0.920m = 1.68m 



V-V 
V 



K 



V 

= 1-— =1 

V 



d z h 



—d 2 h 



= 1- 



h 



Substitute numerical values to obtain: 



V-V _ 0.920m 



V 



2.6m 



64.6% 



(b) Apply Y, F y =° t0 the B-T-w = 0 

submerged buoy: 
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Solve for T and substitute for B and 
w to obtain: 



T = B-w = p sw Vg - mg 



Substitute numerical values and evaluate T: T = ^ Q25 x 1q3 kg / m 3)^(o.9 m ) 2 ( 2 .6m) 

-600kg](9.81m/s 2 ) 



10.7kN 



(c) Apply =0 to the buoy: 

Substitute for B - w and solve for a to 
obtain: 



B -w = ma 
B-w T 



a = ■ 



m m 



Substitute numerical values and evaluate a: 10.75 kN 

a = 



600 kg 



17.9m/s 2 
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Picture the Problem Because the floating object is in equilibrium under the influence of 
the buoyant force acting on it and its weight; we can apply the condition for translational 
equilibrium to relate B and w. Let Ah represent the change in elevation of the liquid level 
and Vf the volume of the displaced fluid. 



Apply /,F V =0 to the floating 
object: 

Using Archimedes' principle and the 
definition of weight, substitute for B 
and w. 

The volume of fluid displaced is the 
sum of the volume displaced in the 
two vessels: 



B-w = 0 



p 0 gV f -mg = 0 



V t = AV A + AV 3A = AAh + 3AAh 
= AAAh 



Substitute for Vf to obtain: 



4p 0 gAAh-mg = 0 



Solve for Ah: 



Ah = 



in 



4Ap 0 
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Picture the Problem We can calculate the smallest pressure change AP that can be 
detected from the reading Ah from AP = pgAh. 

Express and evaluate the pressure = pgAh 

difference between the two columns = ^900 kg/m 3 )(9.8 1 m/s 2 ) 

of the manometer: / A Ac . A -3 "\ 

x ^0.05x10 mj 

= 0.4415Pa 



Express this pressure in mmHg and 
//mHg: 



AP = 0.4415Pax 



latm 



1.01325xl0 5 Pa 
760 mmHg 
latm 



3.3 lxl0~ 3 mmHg 



3.31//mHg 
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Picture the Problem We can use the 

equality of the pressure at the bottom of the 
U-tube due to the water on one side and 
that due to the oil and water on the other to 
relate the various heights. Let h represent 
the height of the oil above the water. Then 
h 0 = h lw + h. 




Using the constancy of the amount 
of water, express the relationship 
between /z Jw and h 2w : 



h] w + h 2w = 56 cm 



Find the height of the oil-water 
interface: 

Express the equality of the pressure 
at the bottom of the two arms of the 
U tube: 



h lw = 56 cm - 34 cm = 22.0 cm 



p w g(34cm) = p w g(22cm)+ 0JSp w gh ml 
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Solve for and evaluate h 0 \i. 



h = P w g(34cm)-p w g(22cm) 

0.78p w g 

(34 cm) -(22 cm) , p „ 

= ± '— K - '- = 1 5.4 cm 

0.78 



Find the height of the air-oil 
interface h 0 : 



h = 22cm + 15.4cm = 



37.4 cm 
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Picture the Problem Let a L represent the 
specific gravity of the liquid. The specific 
gravity of the oil is cr 0 = 0.8. We can use 
the equality of the pressure at the bottom of 
the U-tube due to the water on one side and 
that due to the oil and water on the other to 
relate the various heights. 

Express the equality of the pressure 
at the bottom of the two arms of the 
U tube: 

Solve for and evaluate <r L : 




°i>gh = <J L g(h - 7cm) + 0.8o- w g(l2cm) 



0.8cr w (l2cm)_ 0.8(12 cm) 



7 cm 



7 cm 



= 1.37 
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Picture the Problem The block of wood is in translational equilibrium under the 
influence of the buoyant force due to the displaced water acting on it and on the lead 
block, its weight, and the weight of the lead block. We can use a condition for 
translational equilibrium and Archimedes' principle to obtain a relationship between the 
mass of the lead block and the densities of water, wood, and lead and the mass of the 
wood block. 



Apply 2^ F y = 0 to m e block of wood: 



Avood + "7b 



ig-m Ph g = 0 



Use Archimedes' principle to 
express the buoyant force on the 
block of wood: 



B = o V v 

wood i w woodo 



Use Archimedes' principle to 
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express the buoyant force on the 
lead block: 



Substitute and simplify to obtain: 



Pw^wood + AAb - ™wood - ™Pb = 0 



Express the volume of the wood 
block in terms of its density and 
mass: 

Express the volume of the lead 
block in terms of its density and 
mass: 

Substitute for V w00 d and V Pb : 



V.. 



m 



wood 



wood 



P- 



wood 



v _ Tr hb_ 

y Pb ~ 

A> b 



wood 



w..od m Pb 0 



Solve for m Ph : 



f 






Av 


-1 


m 


V P wood 


j 




1- 


Av 




Ab 



wood 



Substitute numerical values and 
evaluate m P h. 



0.7 



(0.5 kg) 



0.235 kg 



11.3 
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Picture the Problem Because the balloon is in equilibrium under the influence of the 
buoyant force exerted by the air, the weight of its basket and load w, the weight of the 
skin of the balloon, and the weight of the helium. Choose upward to be the positive y 
direction and apply the condition for translational equilibrium to relate these forces. 
Archimedes' principle relates the buoyant force on the balloon to the density of the air it 
displaces and the volume of the balloon. 



(a) Apply ^ F y = 0 to the balloon: 



Letting V represent the volume of the 
balloon, use Archimedes' principle to 
express the buoyant force: 



B - m s km g- m H e g- w = 0 

Pzir V g ~ Asking - m H,g - W = 0 



Substitute for m He : 



P,Jg ~ m sMng ~ Pafg - W = 0 
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Solve for V: 



Substitute numerical values and 
evaluate V: 



(b) Apply 2^ F = ma to the balloon: 



Solve for a: 



V 



r _ (l.5kg)(9.81m/s 2 )+750N 
~ (l .293 -0.1 786)(kg/m 3 )(9.8 1 m/s 2 ) 



= 70.0m 3 



B-m tot g = m tot a 



B 

a= g 



Assuming that the mass of the skin 
has not changed and letting V 
represent the doubled volume of the 
balloon, express m tot : 



™tot = W load+ m He+ W skl „ 



M', 



load 



g 



Substitute numerical values and evaluate m tot : 



900 N 

9.81m/s : 



- + (0.1786kg/m 3 )(l40m 3 )+1.5kg = 118kg 



Express the buoyant force acting on 
the balloon: 



B = w, 



displaced fluid air 



Substitute numerical values and evaluate B: B = (l.293kg/m 3 )(l40m 3 )(9.81m/s 2 ) 

= 1.78kN 

Substitute and evaluate a: 1 .78 kN 



118kg 



■9.81 m/s' 



5.27 m/s 2 
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Picture the Problem When the hollow sphere is completely submerged but floating, it is 
in translational equilibrium under the influence of a buoyant force and its weight. The 
buoyant force is given by Archimedes' principle and the weight of the sphere is the sum 
of the weights of the hollow sphere and the material filling its center. 



Apply / F v = 0 to the hollow sphere: B - w = 0 
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Express the buoyant force acting on 
the hollow sphere: 



B = 2p Q V svhere g = 2pX^{2Rf 
= fp 0 7rR 3 g 



g 



Express the weight of the sphere 
when it's hollow is filled with a 
material of density p': 



W ~ Po^hollow sphere? + P ^hollow? 



Pa 



AlRf-R 2 



g + P 



M 3 k 



-p 0 7rR 3 g + jp'7rR 3 g 



Substitute to obtain: 



-p 0 7rR'g-fp 0 7rR i g-±p'7rR'g = 0 



Solve for p : 



P 



9p 0 
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Picture the Problem We can differentiate the function P(h) to show that it satisfies the 
differential equation dPIP = -C dh and in part (b) we can use the approximation e~ x « 1 
x and Ah « h 0 to establish the given result. 



(a) Differentiate P(h) = P 0 e' Ch : 



dP 
dh 



= -CP 0 e 



-a, 



= -CP 



Separate variables to obtain: 



(b) Express P(h + Ah): 



For Ah « ho. 



dP 



-Cdh 



P(h + Ah) = P 0 e- c{h+Ah) 
= P 0 e 
= P(h) 



n -Ch -CAh 

= P 0 e e 



CAh 



Ah 



«1 



Let h 0 = \IC. Fhen: 



CAh « 1 
and 



r CM «i-CA/z = i-— 



Substitute to obtain: 



P(h + Ah)- 
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(c) Take the logarithm of both sides 
of the function P(h): 



In P = In P Q e- Ch =lnP 0 + In e~ Ch 
= lnP Q -Ch 



Solve for C: 



C = -ln 
h 



Substitute numerical values and 
evaluate C: 



C = 



1 



5.5km 



-In 



f p \ 
1 o 

1 P 



1 



5.5km 



-In 2 



= 0.126km 
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Picture the Problem Let V represent the volume of the submarine and V the volume of 
seawater it displaces when it is on the surface. The submarine is in equilibrium in both 
parts of the problem. Hence we can apply the condition for translational equilibrium 
(neutral buoyancy) to the submarine to relate its weight to the buoyant force acting on it. 
We'll also use Archimedes' principle to connect the buoyant forces to the volume of 
seawater the submarine displaces. Let upward be the positive y direction. 



(a) Express/ the fraction of the 
submarine's volume above the 
surface when the tanks are filled 
with air: 



V -V V 
f = ~ — - = 1- — 
V V 



(1) 



Apply ^,F v =0 to the submarine 
when its tanks are full of air: 



B-w = 0 



Use Archimedes' principle to 
express the buoyant force on the 
submarine in terms of the volume of 
the displaced water: 



B = P sw V'g 



Substitute and solve for V: 



V 



m 



Substitute in equation (1) to obtain: 



/ = !• 



777 
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Substitute numerical values and 
evaluate f. 



/ = !■ 



2.4xl0 6 kg 



(l .025 x 1 0 3 kg/m 3 )(2 .4 x 1 0 3 m 3 ) 



= 2.44x10"' = 2.44% 



(b) Express the volume of seawater in 
terms of its mass and density: 



m 

-y sw 



Ax 



(2) 



Apply J^,F V = 0 , the condition for 
neutral buoyancy, to the submarine: 



Use Archimedes' principle to express 
the buoyant force on the submarine in 
terms of the volume of the displaced 
water: 



B = P sw Vg 



Substitute to obtain: 



P sw Vg-m suh g-m sw g = 0 



Solve for m. 



m sw =p sm V-m 



sub 



Substitute for V sw in equation (2) to obtain: 

Substitute numerical values and 
evaluate V sw : 



V., 



Pm V - m * 



sub 



V - 



ill 



sub 



A 



V, =2.4x1 0 3 m 3 



Aw 
2.4xlQ 6 kg 
1.025 xlO 3 kg/m 3 



= 58.5m 3 
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Picture the Problem While the loaded crate is under the surface, it is in equilibrium 
under the influence of the tension in the cable, the buoyant force acting on the gold, and 
the gravitational force acting on the gold. The empty crate has neutral buoyancy. When 
the crate is out of the water, the buoyant force of the air is negligible and the tension in 
the cable is the sum of the weights of the crate, the gold bullion, and the seawater. 

(a) Apply X F > = 0 10 the crate T + B au~ w au = 0 

while it is below the surface: 



Solve for the tension in the cable: T = w Au — B Au 



Using Archimedes' principle, relate B Au — p m V hu g 

the buoyant force acting on the gold 
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to its density and volume: 

Substitute for B Au and simplify to obtain: T = (p Au - p sw )V Au g 
Substitute numerical values and evaluate T; 

T = [(l 9.3 x 1 0 3 kg/m 3 )- (l .025 x 1 0 3 kg/m 3 )j(0.36)(l .4 m)(0 .75 m)(0.5 m)(9.8 1 m/s 2 ) 



= 33.9kN 



(b) 1. Apply = 0 to the crate 

while it is being lifted to the deck of 
the ship with none of the seawater 
leaking out: 

Substitute for the weights of the gold, 
crate, and seawater and solve for the 
tension in the cable and express: 



T — w\ — w , — w =0 

' Au ' crate "sw " 



T = m; + W + W 
± yv Au 1 " K crate ' ' K sw 



= PaJauS + m cmte g + p sw V sw g 

= (PAu^Au + derate + Aw^sw )g 



Substitute numerical values and evaluate T: 



T = [(l9.3 x 10 3 kg/m 3 )(0.36)(l .4 m)(0.75 m)(0.5 m)+ 32 kg + (l .025 x 10 3 kg/m 3 ) 
x (0.64)(l .4 m)(0.75 m)(0.5 m)](9.8 1 m/s 2 ) 



= 39.8kN 



2. With the seawater term missing, 
the expression for the tension is: 



T = w Au + w cnte 



= PaJauK + ^crateg 
= (PAu^Au+ derate )g 



Substitute numerical values and evaluate T: 



r = [(l9.3xl0 3 kg/m 3 )(0.36)(l.4m)(0.75m)(0.5m) + 32kg](9.81m/s 2 ): 



36.1kN 
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Picture the Problem In the three situations described in the problem the hydrometer will 
be in equilibrium under the influence of its weight and the buoyant force exerted by the 
liquids. We can use Archimedes' principle to relate the buoyant force acting on the 
hydrometer to the density of the liquid in which it is floating and to its weight. 
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(a) Find the volume of the bulb: 



V huXh =\nd i = ^(2.4 cm) 3 =7.238 cm 3 



Find the volume of the tube: 



^tube = = | tf(0.75 cm) 2 (20 cm) 

= 8.836cm 2 



Apply J^Fy =0 to the hydrometer 
just floating in the liquid: 



B ~ w hyd " ™ ?h g = 0 



Substitute for B and w g ias S : 



Miq^hydS-'Vssg-^Pb^ 0 



Solve for mp b : 

Substitute numerical values and 
evaluate w Pb : 



m Pb =0.78(lg/cm 3 ) 

x (7.238cm 3 + 8.836cm 3 ) 
-7.28g 



5.26 g 



(b) Letting V represent the volume 
of the hydrometer that is submerged, 
a PPty / \F v ~ 0 to m e hydrometer 
just floating in the liquid: 



P w Vg -mg = 0 



Solve for V: 



m = m hyd + m Ph 

P w P w 



V = — = 



Substitute numerical values and 
evaluate V: 



F = 7.28g + 5 26 = 125W 
lg/cm 



Relate the volume of the hydrometer 
that is submerged to the volume of 
the bulb and the volume of the tube 
that is submerged: 



V = ±7rd 2 h' + V 

V 4 H "tube" ^ 'bulb 



Solve for h'\ 



h' = 



V -V 



bulb 



Substitute numerical values and 
evaluate h'\ 



12.54cm 3 -7.238cm 3 1on 
h = ; = I2.0cm 



>(0.75cm) 2 
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Find the length of the tube that shows 
above the surface of the water: 



A = 20cm-/z'=20cm-12.0cm 



= 8.00 cm 



(c) Apply ^F v = 0 to the 

hydrometer floating in the liquid of 
unknown specific gravity: 



AAg- w hydg = ° 



Solve for the density of the liquid: 



Pl 



m 



hyd 



V, 



Express the volume of the displaced 
liquid: 



V L v bulb ^ 4 H "tube" 



Substitute numerical values and 
evaluate V L : 



V L =7.238 cm 3 +{^(0.75 cm) 2 
x (20 cm -12.2 cm) 
= 10.68 cm 3 



Substitute for V L and m hyd and 
evaluate pc. 



Pl 



12.54g 
10.68 cm 3 



= 1.174g/cm 3 



Express and evaluate the specific 
gravity of the liquid: 



specific gravity 



liquid 



Pl 



1.17 
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Picture the Problem We can apply Bernoulli's equation to the top of the keg and to the 

spigot opening to determine the rate at which the root beer exits the tank. Because the 
area of the spigot is much smaller than that of the keg, we can neglect the velocity of the 
root beer at the top of the keg. We'll use the continuity equation to obtain an expression 
for the rate of change of the height of the root beer in the keg as a function of the its 
height and integrate this function to find h as a function of time. 



(a) Apply Bernoulli's equation to the 
beer at the top of the keg and at the 
spigot: 



+ TAeer V 2 

or, because vi « 0, hi = 0, P\ 
h\ = h, 
gh = \v 2 2 



P 2 = P at ,and 



Solve for v 2 : 
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(b) Use the continuity equation to 
relate V\ and v 2 : 



Substitute -dhldt for vi: 



A- = A 2 v 2 



Substitute for v 2 and solve for dhldt 
to obtain: 



dh 
dt 



A 

A, 



(c) Separate the variables in the 
differential equation: 



AjA 2 dh 



= dt 



Express the integral from h' = Hto 
h and f = 0 to t: 



H "V^ 0 



Evaluate the integral to obtain: 



A/A 

fig 



(Jh -4h)=t 



Solve for h: 




(d) Solve h(f) for the time-to-drain 



f: 



t' = 1 



A 2H 



A V S 



Substitute numerical values and 
evaluate t 



t' = 



A, 



2(2 m) 



\0 4 A l \9.81m/s J 



= 6.39xl0 3 s 



1 h 46 min 
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Chapter 14 
Oscillations 



Conceptual Problems 
1 

Determine the Concept The acceleration of an oscillator of amplitude A and frequency 
/is zero when it is passing through its equilibrium position and is a maximum when it is 
at its turning points. 



When v 



0 



When x = x max : a = a 2 A = 



4n 2 f 2 A 



2 

Determine the Concept The condition for simple harmonic motion is that there be a linear 
restoring force; i.e., that F = -kx. Thus, the acceleration and displacement (when they are 
not zero) are always oppositely directed, v and a can be in the same direction, as can v and 
x. 

3 

(a) False. In simple harmonic motion, the period is independent of the amplitude. 

(b) True. In simple harmonic motion, the frequency is the reciprocal of the period which, 
in turn, is independent of the amplitude. 

(c) True. The condition that the acceleration of a particle is proportional to the 
displacement and oppositely directed is equivalent to requiring that there be a linear 
restoring force; i.e., F = -kx <=> ma = -kx or a = - {k/m)x. 

*4 . 

Determine the Concept The energy of a simple harmonic oscillator varies as the square 
of the amplitude of its motion. Hence, tripling the amplitude increases the energy by a 
factor of 9. 

5 

Picture the Problem The total energy of an object undergoing simple harmonic motion 
is given by E tot = \ kA 2 , where k is the stiffness constant and A is the amplitude of the 

motion. The potential energy of the oscillator when it is a distance x from its equilibrium 
position is Jj{x) = \kx 2 . 
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Express the ratio of the potential 
energy of the object when it is 2 cm 
from the equilibrium position to its 
total energy: 



U{x) _ \kx 2 _ x 2 



^tot 2 ^ ^ 



A = 4 cm: 



Evaluate this ratio for x = 2 cm and 



E/(2cm) 



(2 cm) 2 _ 1 
(4 cm) 2 ~ 4 



E/(2cm) _ (2 cm) 2 _ 1 
£ tot "(4cm) 2 "4 



and (a) is correct. 



6 

(a) True. The factors determining the period of the object, i.e., its mass and the spring 
constant, are independent of the oscillator's orientation. 

(b) True. The factors determining the maximum speed of the object, i.e., its amplitude 
and angular frequency, are independent of the oscillator's orientation. 

7 

False. In order for a simple pendulum to execute simple harmonic motion, the restoring 
force must be linear. This condition is satisfied, at least approximately, for small initial 
angular displacements. 



True. In order for a simple pendulum to execute periodic motion, the restoring force must 
be linear. This condition is satisfied for any initial angular displacement. 

*9 •• 

Determine the Concept Assume that the first cart is given an initial velocity v by the 
blow. After the initial blow, there are no external forces acting on the carts, so their 
center of mass moves at a constant velocity v/2. The two carts will oscillate about their 
center of mass in simple harmonic motion where the amplitude of their velocity is v/2. 
Therefore, when one cart has velocity v/2 with respect to the center of mass, the other 
will have velocity -v/2. The velocity with respect to the laboratory frame of reference 
will be +v and 0, respectively. Half a period later, the situation is reversed; one cart will 
move as the other stops, and vice-versa. 



8 



*10 » 

Determine the Concept The period of a simple pendulum depends on the reciprocal of 
the length of the pendulum. Increasing the length of the pendulum will decrease its period 
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and the clock would run slow. 

11 • 

True. The mechanical energy of a damped, undriven oscillator varies with time according 
to E = E 0 e ^ T where E 0 is the oscillator's energy at t = 0 and r is the time constant. 

12 • 

(a) True. The amplitude of the motion of a driven oscillator depends on the driving (a>) 
and natural (coq) frequencies according to A = F a j ^m 2 {p)l - co 2 J + b 2 co 2 . When 

co = coq, the amplitude of the motion is a maximum and is given by A = F 0 /^Jb 2 co 2 . 

(b) True. The width of the resonance curve (Aco) depends on the Q value according to 
Aoo/ci) 0 = 1/Q . Thus when Q is large, Aa> is small and the resonance is sharp. 

13 • 

Determine the Concept Examples of driven oscillators include the pendulum of a clock, 
a bowed violin string, and the membrane of any loudspeaker. 

14 • 

Determine the Concept The shattering of a crystal wineglass is a consequence of the 



glass being driven at or near its resonant frequency, (a) is correct 



*15 • 

Determine the Concept We can use the expression for the frequency of a spring-and- 
mass oscillator to determine the effect of the mass of the spring. 



If m represents the mass of the 
object attached to the spring in a 
spring-and-mass oscillator, the 
frequency is given by: 




If the mass of the spring is taken 
into account, the effective mass is 
greater than the mass of the object 
alone. 



1 



2n v m 



eff 



Divide the second of these equations 
by the first and simplify to obtain: 



L 
f 



i 



eff 



/// 




m 



eif 
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Solve for/': _ I m 



Because / varies inversely with the square root of m, taking into account the 
effective mass of the spring predicts that the frequency will be reduced. 



16 « 

Determine the Concept The period of the lamp varies inversely with the square root of 
the effective value of the local gravitational field. 



1. greater than T 0 when B. the train rounds a curve of radius R with 

speed v. 

2. less than T 0 when D. the train goes over the crest of a hill of 

radius of curvature R with constant speed. 

3. equal to T 0 when A. the train moves horizontally with 

constant velocity. 

C. the train climbs a hill of inclination 6? at 
constant speed. 



17 •• 

1 [~k~ 

Picture the Problem We can use / = — J — to express the frequencies of the two 

In V M 

mass-spring systems in terms of their masses. Dividing one of the equations by the other 
will allow us to express M A in terms of M B . 



Express the frequency of mass- 
spring system A as a function of its 
mass: 



f A 



1 



2n\M, 



Express the frequency of mass- 
spring system B as a function of its 
mass: 



1 



2n\M t 



Divide the second of these equations 
by the first to obtain: 



A 

f A 



Solve for M A : 



M A = 



r f V 



M = J-Af 
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and (d) is correct. 



18 » 

Picture the Problem We can relate the energies of the two mass-spring systems through 
either E = \kA 2 or E = \Mco 2 A 2 and investigate the relationship between their 

amplitudes by equating the expressions, substituting for M A , and expressing A A in terms 
ofA B . 



Express the energy of mass-spring 
system A: 



Express the energy of mass-spring 
system B: 



Eb - 2 ^B^B - 2 ^B^B^B 



Divide the first of these equations 
by the second to obtain: 



Substitute for M A and simplify: 



1 _ 2M B a>jAl _ 2w\A\ 



Solve for A A : 



42co A 



Without knowing how a> A and o?b, or k A and 
k B , are related, we cannot simplify this 



expression further, (d) is correct. 
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Picture the Problem We can express the energy of each system using E = y kA 2 and, 
because the energies are equal, equate them and solve for A A . 



Express the energy of mass-spring 
system A in terms of the amplitude of 
its motion: 



E A _ 2 ^aA\ 



Express the energy of mass-spring 
system B in terms of the amplitude 
of its motion: 



E% — 2 ^B^B 
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Because the energies of the two \ ^aA\ = 2 ^b A3 

systems are equal we can equate 
them to obtain: 



Solve for A 




Substitute for k A and simplify to 
obtain: 



2k B V2 



and 



(b) is correct. 
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Picture the Problem The period of a simple pendulum is independent of the mass of its 
bob and is given by T = In-^hj g . 



Express the period of pendulum A: 



T A = 2k. 



Express the period of pendulum B: 



T B = In. 



Divide the first of these equations by the £ 
second and solve for L A /L B : ~T 



{ rp X 2 

'a 
v T 



Substitute for T A and solve for L B to 
obtain: 



u = 



IT A 
T 



and 



(c) is correct. 



Estimation and Approximation 
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Picture the Problem The Q factor for this system is related to the decay constant r 
through Q = 6) 0 r = Inr/T and the amplitude of the child's damped motion varies with 

time according to A = \e ^ lT . We can set the ratio of two displacements separated by 

eight periods equal to Me to determine x in terms of T. 



Express Q as a function of r : 



2nz 

q = G) Q T = — 



(1) 
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The amplitude of the oscillations 
varies with time according to: 

The amplitude after eight periods is: 

Express and simplify the ratio A 8 /A: 



A = V" /2r 

A 8 =V _( ' +8r)/2r 
A, _ V~ ( ' +8r)/2r 



A \e- j2T 



= e 



-AT/t 



Set this ratio equal to lie and solve 
for r : 

Substitute in equation (1) and 
evaluate Q. 



-AT /t _ -1 



e~ l => t = AT 



Q = 



2n(4T) 



8^- 



*22 

Picture the Problem Assume that an average length for an arm is about 0.8 m, and that it 
can be treated as a uniform stick, pivoted at one end. We can use the expression for the 
period of a physical pendulum to derive an expression for the period of the swinging arm. 
When carrying a heavy briefcase, the mass is concentrated mostly at the end of the pivot 
(i.e., in the briefcase), so we can treat the arm-plus-briefcase as a simple pendulum. 



(a) Express the period of a uniform 
rod pivoted at one end: 



Express the moment of inertia of the 
stick with respect to an axis through 
its end: 

Substitute the values for / and D to 
find T: 



T = 2k 



\ MgD 

where / is the moment of inertia of the 
stick about an axis through one end, M is 
the mass of the stick, and D (= LIT) is the 
distance from the end of the stick to its 
center of mass. 

I=\ML 2 



T = 2n \ 3 v = 2n I— 



Substitute numerical values and 
evaluate T: 



(b) Express the period of a simple 
pendulum: 



T = 2tt 



T=2n 



\ 2(0.8 m) 
3(9.8 lm/s 2 ) 



1.47 s 



where L' is slightly longer than the arm 
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Assuming L' = 1 m, evaluate the 
period of the simple pendulum: 



length due to the size of the briefcase. 
T = 2n 



\ lm 




2.01s 


9.81m/s 2 ~ 



From observation of people as they walk, these estimates seem reasonable. 



Simple Harmonic Motion 

23 • 

Picture the Problem The position of the particle is given by x = Acos(cot + S) where A 
is the amplitude of the motion, cvis the angular frequency, and 5 is a phase constant. 



(a) Use the definition of a> to 
determine /: 

(b) Evaluate the reciprocal of the 
frequency: 



/ 



CO 


6n s 


2n 


2n 


1 


1 


7 = 


3.00 Hz 



3.00 Hz 



0.333s 



(c) Compare x = (7 cm) cos 6tt t to 
x = Acos(cot + c>): 

(d) x = 0 when coscot = 0: 



7.00 cm 



cot = cos 0 = 



Solve for t: 



Differentiate x to find v(t): 



t = 



n n 



0.0833s 



2co 2(6 7r) 

v = — [(7 cm) cos 6k t] 
= -(42;rcm/s)sin6;r£ 



Evaluate v(0.0833 s): 



;(0.0833 s) = -(42x cm/s)sin 6^(0.0833 s) < 0 



Because v < 0, the particle is moving in the negative direction at t = 0.0833 s. 
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Picture the Problem The initial position of the oscillating particle is related to the 
amplitude and phase constant of the motion by x 0 = A cos 8 where 0 < S< 2n. 
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(a) For x 0 = 0: 



cos 8 = 0 
and 

8 = cos" 1 0 



n In 
2'T 



(b) For xq = -A: 



-A = Acos£ 
and 

<? = cos~'(-l) = |~a~| 



(c) For ;co = A: 



A = A cost) 
and 

tf = cos _1 (l) = 



(d) When x = All: 



A _ 

2~~ 
and 



Acos^ 



8 = cos 



"25 



Picture the Problem The position of the particle as a function of time is given 

by x = A cos(cot + 8) . Its velocity as a function of time is given by v = -A co sm{cot + 8) 

and its acceleration by a = -Acoi 2 cos(&>? + 8). The initial position and velocity give us 

two equations from which to determine the amplitude A and phase constant^ 



(a) Express the position, velocity, 
and acceleration of the particle as a 
function of t: 



x = Acos (cot + 8) (1) 
v = -Acosm(cot + 8) (2) 
a = -Aco 2 cos(cot + 8) (3) 



Find the angular frequency of the 
particle's motion: 



a> = — = — s 1 =4. 19s 1 
T 3 



Relate the initial position and 
velocity to the amplitude and phase 
constant: 



x 0 = AcoscJ 



and 



-0)Asm8 



Divide these equations to eliminate 
A: 



v n - coA sin 8 ~ 
- co tan <) 



Acos 8 
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Solve for 5 and substitute numerical 
values to obtain: 



5 = tan 



tan 



' 0 ^ 



Substitute in equation (1) to obtain: 



x = (25cm)cos 



'An _^ 



V 3 

(25cm)cos[(4.19s _1 )f 



(b) Substitute in equation (2) to 
obtain: 



v = 



= -(25 cm/- 





1 






'An t > 




(fs- 




sin 




— s 






J 






V 3 , 





(l05cm/s)sin[(4.19s ~ l )t 



(c) Substitute in equation (3) to obtain: 



a = 



-(25 cm/- 





1 


2 




f An _!> 




(fs- 




COS 




— s 


t 




J 






V 3 , 





439cm/s 2 )cos[(4.19s ~ l )t 
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Picture the Problem The maximum speed and maximum acceleration of the particle in 
are given by v max = Acq and a max = Acq 1 . The particle's position is given by 
x = Acos(cQt + S) where A = 7 cm, eo= 6 ns' 1 , and S = 0, and its velocity is given by 
v = -A<ysin(ft# + c>). 



(a) Express v max in terms of A and &>: 



= AcQ = (lcm)(6ns ') 



= 42;rcm/s = 1.32m/s 



(Z>) Express a max in terms of A and ax. a ^ = Acq 2 = (7cm)(6^s -1 ) 2 



= 252;r 2 cm/s 2 = 24.9 m/s 



(c) When.T = 0: 



cos cot = 0 
and 



<y? = cos 0 = 



-i ,, n 3n 



2' 2 



Evaluate v at cot = 



n 



v = -A<ysin 



i.e., the particle is moving to the left. 
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Evaluate v at cot 



3tt 



v = -Acosin 



Aco 



V * J 



i.e., the particle is moving to the right. 



Solve for t: 



t = 



3n 



3k 



2co 2{6k s x ) 



0.250s 



27 



Picture the Problem The position of the particle as a function of time is given by 

x = Acos(cot + 8). Its velocity as a function of time is given by v = -Acosin(cot + S) 

and its acceleration by a = —Aco 2 cos(cot + S). The initial position and velocity give us 

two equations from which to determine the amplitude A and phase constant S. 



(a) Express the position, velocity, 
and acceleration of the particle as 
functions of t: 



x = A cos (ax + 8) (1) 
v = - A co sin (cot + S) (2) 
a = -Aco 2 cos(cot + S) (3) 



Find the angular frequency of the 
particle's motion: 



co = 



— = — s 1 =4. 19s 1 



Relate the initial position and 
velocity to the amplitude and phase 
constant: 



x 0 = AcosS 
and 

v ft = -coA sin S 



Divide these equations to eliminate 
A: 



v n - coA sin 8 

= -co tan o 



A cos 8 



Solve for & 



8 = tan 



Substitute numerical values and 
evaluate 8: 



8 = tan 



50cm/s 
"(25cmX4.192s -1 ), 
= -0.445 rad 



Use either the x 0 or v 0 equation (x 0 is 
used here) to find the amplitude: 



A= X ° 



25 cm 



cos 8 cos (-0.445 rad) 



= 27.7 cm 



Substitute in equation (1) to obtain: 



x = 



(27 J cm)cos[(4.1 9 s l )t -0.445 
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(b) Substitute in equation (2) to obtain: 



= -(27.7cmf^ 



xsin 



\ 3 

An _! 
— s 



t- 0.445 



(ll6cm/s)sin[(4.19s _1 )f-0.445 



(c) Substitute in equation (3) to obtain: 



(An . 
— s 


i 


2 

COS 




'4* _ t > 

— s 


t- 0.445 


I 3 


J 






v 3 j 





a = -(27.7 cm) 

- (486 cm/s 2 )cos[(4. 1 9 s" 1 )f - 0.445 
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Picture the Problem The position of the particle as a function of time is given 

by x = A cos(cot + S). We're given the amplitude A of the motion and can use the initial 

position of the particle to determine the phase constant 8. Once we've determined these 
quantities, we can express the distance traveled Ajc during any interval of time. 



Express the position of the particle 
as a function of t: 

Find the angular frequency of the 
particle's motion: 



x = (l2 cm)cos(a>t + S) 



(1) 



2n 2n 



8s 4 



Relate the initial position of the 
particle to the amplitude and phase 
constant: 

Solve for S: 

Substitute in equation (1) to obtain: 



x Q = Acos^ 

-1*0 _[ 0 n 
<? = cos — = cos — = — 
A A 2 





i 








n 




n 




— s 




t + 






V4 


J 




2 
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Express the distance the particle 
travels in terms of t f and t\. 



Ax = 



(12 cm) cos! 
-(12 cm) cos 



(l2cm)|cos 



f f +- 



71 



V* J 



r v _ 


















v4 


J 2j 



■s \tf + 
4 J f 2 



cos 



V4 y 



£ +■ 



71 



(a) Evaluate Ax for t{ = 2 s, t x = 1 s: 



Ax = 



(l2cm)|cos 



y 



(2s) + f 



-cos 



-s- 1 (0)+- 
V 4 J V 2. 



= |(l2cm){-l-0j 



= 12.0cm 



(fc) Evaluate Ax for t { =4 s,U = 2 s: 



Ax = 



(l2cm)|cos 



v4 y 



(4s)- 



cos 



A 4 

= |(l2cm){0-l}| 



(2-) + f 



12.0cm 



(c) Evaluate Ax for f f = 1 s, fc = 0: 



Ax = 



(l2cm)|cos 



-i 



— s 

v4 y 



(ls) + - 
V ; 2 



cos 



y 



(o)- 



7Z" 



= |(l2cm){- 0.7071 -Oj 



= 8.49 cm 
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{d) Evaluate Ax for tf = 2 s, t\ = 1 s: 



(l2cm« 



cos 



4 



(2s) 



+ - 



cos 



r n ^ 
4 



(Is)- 



71 



= 1(12 cm){- 1 + 0.7071}! 



= 3.51cm 
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Picture the Problem The position of the particle as a function of time is given 

by x = (lO cm)cos(<y? + S). We can determine the angular frequency co from the period 

of the motion and the phase constant S from the initial position and velocity. Once we've 
determined these quantities, we can express the distance traveled Ax during any interval 
of time. 



Express the position of the particle 
as a function of t: 



x = (l 0 cm) cos(o)t + S) 



(1) 



Find the angular frequency of the 
particle's motion: 



In In n _ x 
C °~ T ~ 8s ~ 4 S 



Find the phase constant of the 
motion: 



5 = tan 



tan~ 



= 0 



Substitute in equation (1) to obtain: 



jc = (l0cm) cosl 



V r _ 


i 






n 






— s 




t 




v4 


J 
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(a) A graph of x = (l0cm)cos 



r/ _ 


1 






71 






— S 




t 




V4 


J 





follows: 




(b) Express the distance the particle travels in terms of t { and 



Ax 



(10 cm) cos 
(lOcm) 



rv _ 


i 






71 






— s 




U 




v4 


j 



(10 cm) 



cos 



r/ _ 


i 






71 






— S 








v4 


J 





cos 



4 



V 



COS 



V 



4 



Substitute numerical values in 
equation (2) and evaluate Ax in each 
of the given time intervals to obtain: 



k 


U 


Ax 


(s) 


(s) 


(cm) 


1 


0 




2.93 




2 


1 




7.07 




3 


2 




7.07 




4 


3 




2.93 





(2) 
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Picture the Problem We can use the expression for the maximum acceleration of an 
oscillator to relate the lOg military specification to the compliance frequency. 



Express the maximum acceleration 
of an oscillator: 
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Express the relationship between 
the angular frequency and the 
frequency of the vibrations: 



CO = 27rf 



Substitute to obtain: 



Solve for /: 



/ = 



1 a 



In V A 



Substitute numerical values and 
evaluate /: 



_ J_ I 98.1 m/s 



2;rA|1.5xl(r 2 m 



12.9Hz 
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Picture the Problem The maximum speed and acceleration of the particle are given by 
v max = Aco anda max = Aco 1 . The velocity and acceleration of the particle are given by 

v = -Acosincot and a = -Aa> 2 cos cot. 



(a) Find v max from A and co: 



= Aco = (2.5 m\xs l ) 



= 7.85 m/s 



Find a max from A and or. 



«,™x=^« 2 =(2.5m)(^s- 1 ) 2 



24.7 m/s 2 



(b) Use the equation for the position 
of the particle to relate its position at 
x = 1.5 m to the time t'to reach this 
position: 



1.5m = (2.5m)cos^' 



Solve for nt'\ 



M' = cos 1 0.6 = 0.9273 rad 



Evaluate v when nt= nH: 



v = 



= -(2.5 m\x s 1 )sin(0.9273 rad) 



-6.28 m/s 



where the minus sign indicates that the 
particle is moving in the negative direction. 



Evaluate a when M = M': 



a = -(2.5m)(^s^) 2 cos(0.9273rad) 
= -14.8m/s 2 
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where the minus sign indicates that the 
particle's acceleration is in the negative 
direction. 

*32 

Picture the Problem We can use the formula for the cosine of the sum of two angles to 
write x = A 0 cos(a>t + S) in the desired form. We can then evaluate x and dx/dt at t = 0 to 
relate A c and A s to the initial position and velocity of a particle undergoing simple 
harmonic motion. 



(a) Apply the trigonometric identity 
cos(cot + 8) = cos cot cos 8 - sin cot sin 8 
to obtain: 



x = Aq cos(cot + S) = \ [cos cot cos 8 
-sm cot sm8\ 
= -Aq sin 8 sin cot 
+ Aq cos 8 cos cot 



A sin cot + A. cos cot 



provided 

A s = -Aq sin 8 and A c = A 0 cos 8 



(b) At t = 0: 



x(0) = Aq cos J = A c 



Evaluate <fxM: 



dr.. . I 

v = — = — |A s sin <yf + A c cos <yf J 
= A « cos (yf - Am sin 6tf 



Evaluate v(0) to obtain: 



v(0) = coA s = - coAq sin J 



Simple Harmonic Motion and Circular Motion 
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Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The frequency of the motion is the 
reciprocal of its period and the ^-component of the particle's position is given 
byx = Acos(cot + 8). 



(b) Use the definition of speed to 
find the period of the motion: 



_ 2w _ 2^(0.4 m) _ 



0.8m/s 



3.14s 



(a) Because the frequency and the 
period are reciprocals of each other: 



/-i— L- 

T 3.14s 



0.318 Hz 



(c) Express the x component of the 



x = A cos(cot + 8) 
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position of the particle: 



Assuming that the particle is on the 
positive x axis at time t = 0: 

Substitute for A, a>, and Sto obtain: 



A = Acos<5=> S = cos 1 = 0 



x = Acos(2;z//) 

(40cm)cos[(2s" 1 )^ 
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Picture the Problem We can find the period of the motion from the time required for the 
particle to travel completely around the circle. The angular frequency of the motion is 2n 
times the reciprocal of its period and the ^-component of the particle's position is given 
byx = Acos(cot + S). 



(a) Use the definition of speed to 
express and evaluate the speed of 
the particle: 

(b) Express the angular velocity of 
the particle: 

(c) Express the x component of the 
position of the particle: 



v = 



2m- _ 2^-(l5cm) 



3s 



31.4cm/s 



a> = 



2n 



2n 



rad/s 



x = A cos(cot + S) 



Assuming that the particle is on the 
positive x axis at time t = 0: 



A = Acos£=> 8 = cos '1 = 0 



Substitute to obtain: 



x = 



(15 cm) 



cos 



(2n ^ 

— s 
V 3 j 



Energy in Simple Harmonic Motion 

35 • 

Picture the Problem The total energy of the object is given by E tot =\kA 2 , where A is 
the amplitude of the object's motion. 



Express the total energy of the 
system: 

Substitute numerical values and 
evaluate E m : 



■^tot _ 2 KA 



E M =i(4.5kN/m)(0.1m) 2 



22.5 J 
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36 • 

Picture the Problem The total energy of an oscillating object can be expressed in terms 
of its kinetic energy as it passes through its equilibrium position: E tot = \ mv^ ax . Its 

maximum speed, in turn, can be expressed in terms of its angular frequency and the 
amplitude of its motion. 



Express the total energy of the 
object in terms of its maximum 
kinetic energy: 



E = 2 mV m aX 



Express v n 



= Aco = 2nAf 



Substitute to obtain: 



E = \m{27iAf) 2 = 2mA 1 n 2 f 



Substitute numerical values and 
evaluate E: 



£ = 2(3kg)(0.1m)V 2 (2.4s- 1 ) 2 



= 3.41J 



37 • 

Picture the Problem The total mechanical energy of the oscillating object can be 
expressed in terms of its kinetic energy as it passes through its equilibrium position: 



. Its total energy is also given by E tot = \kA . We can equate these 



expressions to obtain an expression for A. 



(a) Express the total mechanical 
energy of the object in terms of its 
maximum kinetic energy: 



Substitute numerical values and 
evaluate E: 

(b) Express the total energy of the 
object in terms of the amplitude of 
its motion: 



£ = ^(l.5kg)(0.7m/s) 2 = 



0.368J 



E tot =\kA 2 



Solve for A: 



2E t . 



Substitute numerical values and 
evaluate A: 



A = 



|2(0.368J) _ 
500 N/m 



3.84 cm 
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38 • 

Picture the Problem The total energy of the oscillating object can be expressed in terms 
of its kinetic energy as it passes through its equilibrium position: E tot = \ mv^ ax . Its total 



energy is also given by E u 
the former equation for v m 



jkA 2 . We can solve the latter equation to find A and solve 



(a) Express the total energy of the 
object as a function of the amplitude 
of its motion: 



\kA 2 



Solve for A: 



A = 



2E t . 



Substitute numerical values and 
evaluate A: 



A = 



| 2(0.9 J) 
2000 N/m ~ 



3.00 cm 



(b) Express the total energy of the 
object in terms of its maximum 
speed: 



Solve for v„ 



2E t , 



m 



Substitute numerical values and 
evaluate v max : 



(2(0.9 J) 
3kg 



0.775 m/s 



39 • 

Picture the Problem The total energy of the object is given by E tot = \kA 2 . We can 

solve this equation for the force constant k and substitute the numerical data to determine 
its value. 



Express the total energy of the 
oscillator as a function of the 
amplitude of its motion: 



E tot =\kA 2 



Solve for k: 



2E 
k=^- 



Substitute numerical values and 
evaluate k: 



k= 2(1 -4 J) 
(0.045 m) 2 



1.38kN/m 
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*40 » 

Picture the Problem The total energy of the object is given, in terms of its maximum 
kinetic energy by E tot = \ mvf mx . We can express v max in terms of A and co and, in turn, 

express co in terms of a max to obtain an expression for E tot in terms of a max . 

Express the total energy of the 
object in terms of its maximum 
kinetic energy: 

Relate the maximum speed of the v max = Aco 

object to its angular frequency: 

Substitute to obtain: E tot = \ m(A cof = \ mA 2 co 2 

Relate the maximum acceleration of 
the object to its angular frequency: 



E tot = | OTV max 



or 

n a 
co 1 

A 



Substitute and simplify to obtain: 



Substitute numerical values and 
evaluate E m : 



E tt =\mA lC ^ = \mAa . 

tot 2 A 



E M =}(3kg)(0.08m)(3.50m/s 2 ) 



0.420 J 



Springs 



41 • 

Picture the Problem The frequency of the object's motion is given by / = — -Jk/m. 

Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 
object executing simple harmonic motion are v max = Aco and a max = Aco 2 , respectively. 



(a) The frequency of the motion is 
given by: 



Substitute numerical values and 
evaluate/: 



/ 




/ = 



J_ 4.5kN/m 
2ni 2.4kg 



6.89Hz 



1068 Chapter 14 



(b) The period of the motion to is 
the reciprocal of its frequency: 



1 1 



/ 6.89s" 



0.145s 



(c) Because the object is released 
from rest after the spring to which it 
is attached is stretched 10 cm: 



A = 0.100m 



(d) Express the object's maximum 
speed: 

Substitute numerical values and 
evaluate v max : 



v ma x =Aa> = 2nfA 



= 2^(6.89s _1 )(0.1m) = 



4.33m/s 



(e) Express the object's maximum 
acceleration: 

Substitute numerical values and 
evaluate a max : 



a max = 2^(6.898-' )(4.33m/s) 



187m/s 2 



if) The object first reaches its 
equilibrium when: 

Because the resultant force acting 
on the object as it passes through its 
equilibrium point is zero, the 
acceleration of the object is: 



(0.145s): 



36.3 ms 



a= 0 



m. 



42 • 

Picture the Problem The frequency of the object's motion is given by / = — JkJ 

2/T 

Its period is the reciprocal of its frequency. The maximum velocity and acceleration of an 
object executing simple harmonic motion are v max = Aco and a max = Aco 2 , respectively. 



(a) The frequency of the motion is 
given by: 



/ 



2n "V m 



Substitute numerical values and 
evaluate/: 



/ = 



1 700 N/m 



2n 



5 kg 



1.88Hz 
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(b) The period of the motion is the 
reciprocal of its frequency: 



1 1 



/ 1.88s" 



0.531s 



(c) Because the object is released 
from rest after the spring to which it 
is attached is stretched 8 cm: 



A= 0.0800m 



(d) Express the object's maximum 
speed: 

Substitute numerical values and 
evaluate v max : 

(e) Express the object's maximum 
acceleration: 

Substitute numerical values and 
evaluate a max : 



v ma x =Aa> = 2nfA 



= 2;r(l.88s- 1 )(0.08m) = 



«max = = ^max = 2^V ma> 



0.945 m/s 



a max =2^(l.88 s- 1 )(0.945m/s) 



= 11.2m/s 2 



if) The object first reaches its 
equilibrium when: 

Because the resultant force acting 
on the object as it passes through its 
equilibrium point is zero, the 
acceleration of the object is: 



t = \T 



(0.53 IS): 



0.133s 



a= 0 



43 • 

Picture the Problem The angular frequency, in terms of the force constant of the spring 
and the mass of the oscillating object, is given by CO 2 = k/m. The period of the motion is 
the reciprocal of its frequency. The maximum velocity and acceleration of an object 
executing simple harmonic motion are v max = Aco and a = Aa> 2 , respectively. 



(a) Relate the angular frequency of 
the motion to the force constant of 
the spring: 



2 k 
a> = — 
m 



or 



k = mco 1 = An 1 f 2 m 



Substitute numerical values to 
obtain: 



£=4;r 2 (2.4s- 1 ) 2 (3kg): 



682 N/m 
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(b) Relate the period of the motion 
to its frequency: 



/ 2.4s- 



0.417s 



(c) Express the maximum speed of 
the object: 

Substitute numerical values and 
evaluate v max : 



v max =Ao) = 2nfA 



2^(2.4 s _1 )(0.1m) = 



1.51m/s 



(d) Express the maximum 
acceleration of the object: 

Substitute numerical values and 
evaluate aw: 



a mm =Aay 2 =An 2 f 2 A 



a max =4^ 2 (2.4s- 1 ) 2 (0.1m) = 



22.7m/s 2 



*44 . 

Picture the Problem We can find the frequency of vibration of the car-and-passenger 
1 \~k~ 

system using / = J — , where M is the total mass of the system. The spring 

2n V M 

constant can be determined from the compressing force and the amount of compression. 



Express the frequency of the car- 
and-passenger system: 



2n\M 



Express the spring constant: 



k = 



mg 



Ax Ax 
where m is the person's mass. 



Substitute to obtain: 



/ = 



1 



mg 



2x\MAx 



Substitute numerical values and 
evaluate/: 



J_ / (85kg)(9.81m/s 2 ) 
2k y(2485kg)(2.35xlQ- 2 m) 



= 0.601Hz 



45 • 

Picture the Problem We can relate the force constant k to the maximum acceleration by 
eliminating of between co 2 = k/m anda max = Aco 2 . We can also express the frequency / 
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of the motion by substituting ma mw JA for k in / 



1 

2n V m 



(a) Relate the angular frequency of 
the motion to the force constant and 
the mass of the oscillator: 



co = — or k = co m 
m 



Relate the object's maximum 
acceleration to its angular frequency 
and amplitude and solve for the 
square of the angular frequency: 



a na =Aa> 



or 



co 



(1) 



Substitute to obtain: 



Substitute numerical values and 
evaluate k: 

(b) Replace co in equation (1) by 2nf 
and solve for/ to obtain: 



k = 



f 



(4.5kg)(26m/s 2 ) 



3.8xl(T 2 m 



3.08kN/m 



1 

In 



Substitute numerical values and 
evaluate/: 



/ = 



1 



26m/s 2 



In V3.8xl(r 2 m 



4.16Hz 



(c) The period of the motion is the 
reciprocal of its frequency: 



1 



/ 4.16s" 



0.240s 



46 • 

Picture the Problem We can find the frequency of the motion from its maximum speed 
and the relationship between frequency and angular frequency. The mass of the object 
can be found by eliminating co between co 2 = k/m and v max = Aco. 



(b) Express the object's maximum v max = Aco = IrfA (1) 

speed as a function of the frequency 
of its motion: 



Solve for/: 



Substitute numerical values and 
evaluate/: 



v 

-C max 

~ 2nA 



f = 



2.2 m/s 



2;r(5.8xl0- 2 m) 



6.04 Hz 
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(a) Relate the square of the angular 
frequency of the motion to the force 
constant and the mass of the object: 



co 



m 



m 



CO 



(2) 



Eliminate co between equations (1) 
and (2) to obtain: 



kA 



m = 



Substitute numerical values and 
evaluate m: 



m = 



(l.8xl0 3 N/m)(5.8xl0' 2 m) 2 
(2.2 m/s) 2 



1.25 kg 



(c) The period of the motion is the 
reciprocal of its frequency: 



1 



/ 6.04s 



0.166s 



47 

Picture the Problem The maximum speed of the block is given by v max = A co and the 

angular frequency of the motion is CO = Jk/m =5.48 rad/s. We'll assume that the 

position of the block is given by x = A cos cot and solve for at for x = 4 cm and x = 0. We 
can use these values for cot to find the time for the block to travel from x = 4 cm to its 
equilibrium position. 



(a) Express the maximum speed of 
the block as a function of the 
system's angular frequency: 

Substitute numerical values and 
evaluate v max : 



V,nax = ACO 



(0.08m)(5.48rad/s) 



0.438m/s 



(b) Assuming that x = Acoscot, 
evaluate cot for x = 4 cm = A/2: 



A _i 1 it 

— = Acoscot => cot = cos — = — 
2 2 3 



Evaluate v for cot = 7t/3: 



v = v 



sin<y? = (0.438 m/s)siriy 



= (0.438 m/s) 



V3 



0.379m/s 



Express a as a function of v max and 
ox 



a = Aco coscot = v cocoscot 
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Substitute numerical values and 
evaluate a: 



a = (0.438 m/s)(5 .48 rad/s)cos 



71 



= 1.20m/s 2 



(c) Evaluate cut for x = 0: 



Let At = time to go from cot = 7x/3 to 
cot = 7x/2 . Then: 



Solve for and evaluate At: 



0 = Acosfttf => cot = cos 0 = — 

2 



7X7X71 

2 3"~6" 



A? 



60 6(5.48rad/s) 



95.5ms 



*48 

Picture the Problem Choose a coordinate system in which upward is the positive y 
direction. We can find the mass of the object using m = k/co 2 . We can apply a condition 

for translational equilibrium to the object when it is at its equilibrium position to 
determine the amount the spring has stretched from its natural length. Finally, we can use 
the initial conditions to determine A and 8 and express x(t) and then differentiate this 
expression to obtain v(t) and a(t). 



(a) Express the angular frequency of ^2 _ k_ _ J<_ 

the system in terms of the mass of m CO 2 

the object fastened to the vertical 
spring and solve for the mass of the 
object: 



Express <y 2 in terms of /: co 2 = 47X 2 f 2 



Substitute to obtain: 



m = 



47X 2 f< 



Substitute numerical values and 1800N/m 1 , c1 , 

m = -, ttt= 1.51kg 

evaluate m: 4^- 2 (5.5s ') 

(b) Letting Ax represent the amount ^Ax — mg = 0 

the spring is stretched from its 
natural length when the object is in 
equilibrium, apply /,F V =0 to the 

object when it is in equilibrium: 
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Solve for Ax: 



Ax ■ 



mg 



Substitute numerical values and 
evaluate Ax: 



Ax ■ 



(l.51kg)(9.81m/s 2 ) 
1800N/m 



8.23 mm 



(c) Express the position of the object 
as a function of time: 



x = Acos(cot + S) 



Use the initial conditions 

(jco = -2.5 cm and v 0 = 0) to find 8: 



8 = tan 



= tan 1 0 = n 



Evaluate a>: 



Substitute to obtain: 



co ■ 



1800N/m 



34.5rad/s 



\ 1.51kg 
x = (2.5 cm)cos[(34.5 rad/s)f + n\ 



-(2.5cm)cos[(34.5rad/s)f 



Differentiate x{t) to obtain v: 



(86.4cm/s)sin[(34.5rad/s)r 



Differentiate v(t) to obtain a: 



a = 



(29.8m/s 2 )cos[(34.5rad/s>] 



49 » 

Picture the Problem Let the system include the object and the spring. Then, the net 
external force acting on the system is zero. Choose E[ = 0 and apply the conservation of 
mechanical energy to the system. 



Express the period of the motion in 
terms of its angular frequency: 



In 



co 



(1) 



Apply conservation of energy to the 
system: 



Substitute for U s and U spiing : 



E 1 =E ( orO = U+U s; 



g - spring 



0 = -mgAx + \ k(Axf 



Solve for a> = klm: 



2 k 2g 
CO = — = — 
m Ax 



Substitute numerical values and 
evaluate co 2 : 



2 2(9.81m/s 2 ) __. 2 

co = — i =~L = 574rad/s 

3.42xl0" 2 m 



Substitute in equation (1) to obtain: 
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2n 



7574rad/s 2 



0.262s 



50 » 

Picture the Problem Let the system include the object and the spring. Then the net 
external force acting on the system is zero. Because the net force acting on the object 
when it is at its equilibrium position is zero, we can apply a condition for translational 
equilibrium to determine the distance from the starting point to the equilibrium position. 
Letting E\ = 0, we can apply conservation of energy to the system to determine how far 
down the object moves before coming momentarily to rest. We can find the period of the 
motion and the maximum speed of the object from T = In-yjm/k and v max = Ayjk/m. 

(a) Apply ^ F y = 0 to the object ky 0 - mg = 0 

when it is at the equilibrium 
position: 



Solve for y 0 : 



Substitute numerical values and 
evaluate yo: 



y 0 = 



mg 



y 0 



(lkg)(9.81m/s 2 ) 
250 N/m 



3.92 cm 



(b) Apply conservation of energy to 
the system: 



Substitute for U g and U spT m g 



Solve for y f : 



Substitute numerical values and 
evaluate yf. 



or 

0 = ^+^ 



0 = -mgy f +\ky 2 f 



yf = 



2mg 



_2(lkg)(9.81m/s 2 )_ 



250 N/m 



7.85cm 



(c) Express the period T of the 
motion in terms of the mass of the 
object and the spring constant: 
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Substitute numerical values and 
evaluate T: 



T = 2k 



lkg 



250 N/m 



0.397s 



(d) The object will be moving with 
its maximum speed when it reaches 
its equilibrium position: 



v = Aco = AJ— 

m 



Substitute numerical values and 
evaluate v max : 



= (3.92 cm) 



250 N/m 



lkg 



= 62.0cm/s 



(e) The time required for the object to 
reach equilibrium is one-fourth of its 
period: 



f = {r = }(0.397s) = 



99.3 ms 



51 

Picture the Problem The stunt woman's kinetic energy, after 2 s of flight, is 

K 2s = \ mv\ % . We can evaluate this quantity as soon as we know how fast she is moving 

after two seconds. Because her motion is oscillatory, her velocity as a function of time is 
v(t) = —Acosvn{cot + S). We can find the amplitude of her motion from her distance of 

fall and the angular frequency of her motion by applying conservation of energy to her 
fall to the ground. 

Express the kinetic energy of the K 2s - |mv 2 2 s (1) 

stunt woman when she has fallen for 
2 s: 



Express her velocity as a function of v[t) = — A co sin(cot + S) 

time: where 8= 0 (she starts from rest with 

positive displacement) and 
A = }(l92m) = 96m 

.-. v(t) = -(96 m)co sin(<af ) (2) 



Letting E[ = 0, use conservation of 0 — C/ g + t/ elagtjc 

energy to find the force constant of or 

the elastic band: 0 = _ mgh + L k tf = 0 



Solve for k: 



= 2mg 
h 
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Substitute numerical values and 
evaluate k: 



2(60kg)(9.81m/s 2 ) 



192m 



6.13N/m 



Express the angular frequency of 
her motion: 



a> = 



Substitute numerical values and 
evaluate a>: 



6.13N/m 
co= = 0.320rad/s 



60 kg 



Substitute in equation (2) to obtain: 



Evaluate v(2 s): 



;( ? ) = -(96m)(0.320rad/s) 
xsin[(0.320rad/s)/ L ] 
= (30.7m/s)sin[(0.320rad/s)r] 

;(2s) = (30.7m/s)sin[(0.320rad/s)(2s)] 
= 18.3m/s 



Substitute in equation (1) and 
evaluate K(2 s): 



#(2s) = ^(60kg)(l8.3m/s) 2 



lO.lkJ 



*52 

Picture the Problem The diagram shows 
the stretched bungie cords supporting the 
suitcase under equilibrium conditions. We 

r 1 f 

can use r = — J to express the 

2n\M 

frequency of the suitcase in terms of the 
effective "spring" constant kes and apply a 
condition for translational equilibrium to 
the suitcase to find k e s. 



////// 



b 

Mg 



Express the frequency of the 
suitcase oscillator: 



f =J_ h* 

2n\M 



Apply ^jF Y - 0 to the suitcase to 



obtain: 



kx + kx- Mg = 0 
or 

2kx-Mg = 0 
or 

k e{f x-Mg = 0 
where k e g = 2k 



1078 Chapter 14 



Solve for k eff to obtain: 



Mg 



v eff 



Substitute to obtain: 



/ = 



J_ 

7.71 'V X 



Substitute numerical values and 
evaluate/: 



/ = 



|9.81m/s 2 _ 




2.23 Hz 




0.05 m 





53 

Picture the Problem The frequency of the motion of the stone and block depends on the 
force constant of the spring and the mass of the stone plus block. The force constant can 
be determined from the equilibrium of the system when the spring is stretched 
additionally by the addition of the stone to the mass. When the block is at the point of 
maximum upward displacement, it is momentarily at rest and the net force acting on it is 
its weight. 



(a) Express the frequency of the 
motion in terms of k and m: 



f = 



1 



2n V m t , 



where m tot is the total mass suspended from 
the spring. 



Apply =0 to the stone when 

it is at its equilibrium position: 



kAy - mg = 0 



Solve for k: 



Substitute numerical values and 
evaluate k: 



k = 



k = 



mg 
Ay 

(0.03kg)(9.81m/s 2 ) 
0.05 m 



5.89 N/m 



Substitute and evaluate /: 



/ = 



J_ 5.89 N/m 
2k\ 0.15kg 



0.997 Hz 



(b) The time to travel from its lowest 
point to its highest point is one-half its 
period: 



t = \T 



J__ 1 

2f ~ 2(0.997 s" 1 ) 



0.502s 
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(c) When the stone is at a point of 
maximum upward displacement: 



F net =m£ = (0.03kg)(9.81m/s 2 ) 



= 0.294 N 



54 

Picture the Problem We can use the maximum acceleration of the oscillator 
a max = Aco 2 to express a max in terms of A, k, and m. k can be determined from the 

equilibrium of the system when the spring is stretched additionally by the addition of the 
stone to the mass. If the stone is to remain in contact with the block, the block's 
maximum downward acceleration must not exceed g. 



Express the maximum acceleration 
in terms of the angular frequency 
and amplitude of the motion: 



Relate &> 2 to the force constant and 
the mass of the stone: 



2 k 
a> = — 
m 



Substitute to obtain: 



«ma* = A - 



m 



Apply / ,F V =0 to the stone when 
it is at its equilibrium position: 



kAy - mg = 0 



Solve for k: 



k = 



mg_ 
Ay 



Substitute numerical values and 
evaluate k: 



(0.03kg)(9.81m/s 2 ) 



0.05 m 



5.89 N/m 



Substitute numerical values to 
express a max in terms of A: 



A 5.89N/m = (393s _ 2)A 
0.15kg V ' 



Set a max = g and solve for A n 



A 



39.3s" 



Substitute for g and evaluate A„ 



A_ = 



9.81m/s 2 



39.3s 



-2 



25.0cm 
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Picture the Problem The maximum height above the floor to which the object rises is 
the sum of its initial distance from the floor and the amplitude of its motion. We can find 
the amplitude of its motion by relating it to the object's maximum speed. Because the 
object initially travels downward, it will be three-fourths of the way through its cycle 
when it first reaches its maximum height. We can find the minimum initial speed the 
object would need to be given in order for the spring to become uncompressed by 
applying conservation of energy. 



(a) Relate h, the maximum height 
above the floor to which the object 
rises, to the amplitude of its motion: 



h =A + 5.0 cm 



(1) 



Relate the maximum speed of the 
object to the angular frequency and 
amplitude of its motion and solve 
for the amplitude: 



or 

A = v„ 



(2) 



Using its definition, express and 
evaluate the force constant of the 
spring: 

Substitute numerical values in 
equation (2) and evaluate A: 



tA (2kgfe81m/^ = 654N/m 
Ay 0.03 m 



A = 0.3m/s 



2 kg 



654 N/m 



1.66 cm 



Substitute in equation (1) to obtain: 



h = 1.66 cm + 5. 00 cm = 6.66 cm 



(b) Express the time required for the 
object to reach its maximum height 
the first time: 



t = -T 

' 4 1 



Express the period of the motion: 



T = 2tv, 



Substitute numerical values and 
evaluate T: 



T = 2x 2kg = 0.347 s 
V 654 N/m 



Substitute to obtain: 



t = |(0.347 s) = 



0.261s 
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(c) Because h < 8.0 cm: 



the spring is never uncompressed. 



Using conservation of energy and 
letting U g be zero 5 cm above the 
floor, relate the height to which the 
object rises, Ay, to its initial kinetic 
energy: 

Because Ay = L - y. : 



AK + AU a + AU, = 0 
or, because K { =U\ = 0, 



mv\ — mgAy + \ k{Ayf 

-^(L- Vl ) 2 =0 



\ mv- - mgAy + \k(Ayf - \ k{Ayf = 0 



and 

\ mv? - mgAy = 0 



Solve for and evaluate V; for 
A y = 3 cm: 



Vj = pgAy = ^2(9.8 lm/s 2 )(3 cm) 

= 0.767 m/s 

i.e., the minimum initial velocity that must 
be given to the object for the spring to be 
uncompressed at some time is 



0.767 m/s 



*56 

Picture the Problem We can relate the elongation of the cable to the load on it using the 
definition of Young's modulus and use the expression for the frequency of a spring and 
mass oscillator to find the oscillation frequency of the engine block at the end of the wire. 



(a) Using the definition of 
Young's modulus, relate the 
elongation of the cable to the 
applied stress: 

Solve for At 



Substitute numerical values and 
evaluate At: 



Y = 



stress _ F I A 
strain All I 



Ai = 



Ft Mgl 



AY AY 



A ^ = (950kg)(9 81m/s 2 )(2.5m) 
(l.5cm 2 )(l50GN/m 2 ) 



= 1.04 mm 



(b) Express the oscillation 
frequency of the wire-engine block 
system: 
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Express the effective "spring' 
constant of the cable: 



F Mg 



A£ A£ 



Substitute to obtain: 




In V Al 



Substitute numerical values and 
evaluate/: 



/ 



J_ | 9.81m/s 2 
2x\ 1.04 mm 



= 15.5Hz 



Energy of an Object on a Vertical Spring 

57 

Picture the Problem Let the origin of our coordinate system be at y 0 , where yo is the 
equilibrium position of the object and let U g = 0 at this location. Because F net = 0 at 
equilibrium, the extension of the spring is then y 0 = mg/k, and the potential energy stored 
in the spring is f7 s = y ky^ . A further extension of the spring by an amount y increases U s 

y + y Q ) = jky +kyy 0 +\ky Q =\ky +mgy + jky 0 . Consequently, if we set 

U = U g + U s = 0, a further extension of the spring by y increases U s by Viky 2 + mgy while 
decreasing U s by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 
given by jk{y') 2 , where y' =y -yo. 

(a) Express the total energy of the E = \ kA 2 



system: 



Substitute numerical values and 
evaluate E: 




(b) Express and evaluate U g when 
the object is at its maximum 
downward displacement: 



U g = -mgA 




0.736J 



(c) When the object is at its 
maximum downward displacement: 



U s =\kA 2 +mgA 

= i(600N/m)(0.03m) 2 

+ (2.5kg)(9.81m/s 2 )(0.03m) 



= LOU 
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(d) The object has its maximum 



K, 



max 



\kA 2 =i(600N/m)(0.03m) 2 



kinetic energy when it is passing _ | ~ 270 J 
through its equilibrium position: > — — 

58 » 

Picture the Problem Let the origin of our coordinate system be at y 0 , where yo is the 
equilibrium position of the object and let U g = 0 at this location. Because F net = 0 at 
equilibrium, the extension of the spring is then y 0 = mg/k, and the potential energy stored 
in the spring is U s = \ kyl . A further extension of the spring by an amount y increases U s 

to ^k(y + y 0 ) 2 = \ky 2 +kyy Q + \kyl = \ky 2 + mgy + \kyl . Consequently, if we set 

U = t/ g + U s = 0, a further extension of the spring by y increases U s by Viky 2 + mgy while 
decreasing U g by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 
given by yfc(y') 2 , where y' =y -y 0 . 

(a) Express the total energy of the system: E = j kA 2 

Letting Ay represent the amount the kAy — mg = 0 

spring is stretched from its natural 
length by the 1.5 -kg object, apply 




in its equilibrium position: 



Solve for k: 



k 



mg 



Ay 



Substitute for k to obtain: 



E 




2Ay 



Substitute numerical values and 
evaluate E: 




0.127J 



(b) Express U g when the object is at 
its maximum downward 
displacement: 



U = -mgA 



Substitute numerical values and 
evaluate U g : 



U g =-(l.5kg)(9.81m/s 2 )(0.022m) 
= -0.324 J 
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(c) When the object is at its maximum 
downward displacement: 



U s =\kA 2 +mgA 



Substitute numerical values and 
evaluate U s : 



U s =^(526N/m)(0.022m) 2 

+ (l .5 kg)(9.8 1 m/s 2 )(0.022 m) 



= 0.451J 



(d) The object has its maximum 
kinetic energy when it is passing 
through its equilibrium position: 



K m ^=\kA 2 



i(526N/m)(0.022 m 



= 0.127J 



*59 

Picture the Problem We can find the amplitude of the motion by relating it to the 
maximum speed of the object. Let the origin of our coordinate system be at y 0 , where yo is 
the equilibrium position of the object and let U g = 0 at this location. Because F mt = 0 at 
equilibrium, the extension of the spring is then y 0 = mg/k, and the potential energy stored 
in the spring is U s = \ kyl . A further extension of the spring by an amount y increases U s 

y + yo) = 2^y + h / yo + 2h'o = i^y + + 2"^yo • Consequently, if we set 
U = t/ g + U s = 0, a further extension of the spring by y increases U s by V-iky 1 + mgy while 
decreasing U g by mgy. Therefore, if U = 0 at the equilibrium position, the change in U is 
given by \k(y') 2 , where / =y -yo. 

(a) Relate the maximum speed of v max = Acq 

the object to the amplitude of its 

motion: 



Solve for A: 




Substitute numerical values and 
evaluate A: 




(b) Express the energy of the object 
at maximum displacement: 



E 



2 ^ 



Substitute numerical values and 
evaluate E: 



E 



^(300N/m)(0.019m) 2 =1 0.0542 J 
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(c) At maximum displacement from 
equilibrium: 

Substitute numerical values and 
evaluate U g : 



U = -mgA 



U g =-(l.2kg)(9.81m/s 2 )(0.019m) 



= -0.224 J 



(d) Express the potential energy in 
the spring when the object is at its 
maximum downward displacement: 



U s = \kA 2 +mgA 



Substitute numerical values and 
evaluate U s : 



U s =i(300N/m)(0.019m) 2 

(l.2kg)(9.81m/s 2 )(0.019m) 



+ 1 



= 0.278J 



Simple Pendulums 

60 • 

Picture the Problem We can determine the required length of the pendulum from the 
expression for the period of a simple pendulum. 



Express the period of a simple pendulum: \ L 

T = 2n 



Solve for L: 



L = 



T g 
4tt 2 



Substitute numerical values and evaluate L: (5s) 2 (9.81m/s 2 ) 

~ An 2 



6.21m 



61 



Picture the Problem We can find the period of the pendulum from T = In^Lj g v 



where £moon =18 and L = 6.21 m. 



Express the period of a simple 
pendulum: 



T = 2n: 



Substitute numerical values and 
evaluate T: 



T = 2tv 



6.21m 



(9.81m/s 2 ) 



12.2s 
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62 • 

Picture the Problem We can find the value of g at the location of the pendulum by 
solving the equation T = 2n-^Lj g for g and evaluating it for the given length and 

period. 



Express the period of a simple 
pendulum: 



T = 2n. 



Solve for g: 



Substitute numerical values and 
evaluate g: 



\n 2 L 



T 1 

4^ 2 (Q.7m) 
(l.68s) 2 



9.79 m/s 2 



■=63 



Picture the Problem We can use to find the period of this pendulum. 



Express the period of a simple 
pendulum: 



T = 2n - 
V 8 



Substitute numerical values and 
evaluate T: 



T = 2n 



\ 34m 




11.7s 


9.81m/s 2 ~ 



64 « 

Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement fo. The total energy of the 
simple pendulum is equal to its initial 
gravitational potential energy. We can 
apply the definition of gravitational 
potential energy and use the small-angle 
approximation to show thatE « ^mgLtpQ. 



Lcosa,, | 




U = 0 



Express the total energy of the simple 
pendulum at maximum displacement: 



E ^max displacement Wlgh 

= mgL[\ - cos (j) 0 ] 



For </>« 1: 



cos^ « 1- y^ 2 
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Substitute and simplify to obtain: 



E = mgh\ - (l-|^o)] = | imgLft 



65 

Picture the Problem Because the cart is 
accelerating down the incline, the period of 
the simple pendulum will be given by 
T = 2n^Lj g e{{ where g e ff is less than g 

by the acceleration of the cart. We can 
apply Newton's 2 nd law to the cart to find 
its acceleration down the incline and then 
subtract this acceleration from g to find g e ff- 




Express the period of a simple 
pendulum in terms of its length and 
the effective value of the 
acceleration of gravity: 



T=2n 



> eff 



Relate g eff to the acceleration of the 
cart: 



> eff 



g-a 



Apply 2^, F x = ma x to trie cart and 
solve for its acceleration: 



mg sin 0 = ma 
and 

a = g sin 6 



Substitute to obtain: 



T = 2n \ — — — = 2n 



g-a 



g-g%m6 



2n 

i 


L 


g(l-sin0) 
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66 » 

Picture the Problem The figure shows the 
simple pendulum at maximum angular 
displacement <fo. We can express the 
angular position of the pendulum's bob in 
terms of its initial angular position and 
time and differentiate this expression to 
find the maximum speed of the bob. We 
can use conservation of energy to find an 
exact value for v max and the approximation 
cos (ft « 1 — j (ft 2 to show that this value 

reduces to the former value for small <f>. 



////// 



L cos <).. 



(a) Relate the speed of the 
pendulum's bob to its angular 
speed: 



v = L 



d(ft 
dt 



(1) 



Express the angular position of the 
pendulum as a function of time: 

Differentiate this expression to 
express the angular speed of the 
pendulum: 



(ft = (ft Q cos cot 
d(ft 



dt 



= -(ft^co sin cot 



Substitute in equation (1) to obtain: 



v = -L^ 0 &>sin cot = -v max sin cot 



Simplify v max to obtain: 



(b) Use conservation of energy to 
relate the potential energy of the 
pendulum at point 1 to its kinetic 
energy at point 2: 



AK + AU =0 

or, because K\ = U 2 = 0, 

^2-^=0 



Substitute for K 2 and U\. 



\mv\ -mgh = 0 



Express h in terms of L and $>: 



h = L(l - cos (ft Q ) 



Substitute for h and solve for 
V2 = v m ax to obtain: 



pgL{l-cos<ft 0 ) 



(2) 
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(c) For <po « 1 ; 



l-cos^ 0 *}^ 2 



Substitute in equation (2) to obtain: 



in agreement with our result in part (a). 



(d) Express the difference in the 
results from (a) and (b): 

Using (pa = 0.20 rad and L = 1 m, 
evaluate the result in (b): 



Av = v — v . 

max, a max, b 



(3) 



.„ = A /2(9.81m/s 2 )(lm)(l-cos0.2) 



= 0.6254 m/s 



Using <fo = 0.20 rad and L = 1 m, 
evaluate the result in part (a): 



v m a X .a=(0.20rad)V(9.81m/s 2 )(lm) 



= 0.6264 m/s 



Substitute in equation (3) to obtain: 



Av = 0.6264 m/s -0.6254 m/s 



= 0.001m/s= l.OOmm/s 



Physical Pendulums 

67 • 

Picture the Problem The period of this physical pendulum is given by 

T = 2nJl I MgD where / is the moment of inertia of the thin disk with respect to an 

axis through its pivot point. We can use the parallel-axis theorem to express / in terms of 
the moment of inertia of the disk with respect to its center of mass and the distance from 
its center of mass to its pivot point. 



Express the period of physical 
pendulum: 



T = 2tt. 



MgD 



Using the parallel-axis theorem, find 
the moment of inertia of the thin 
disk about an axis through the pivot 
point: 

Substitute to obtain: 



I = J + MR' = \MR' + MR 



= \MR 2 



T 9 2 MR2 9 3R 

T = 2k J- = 2k — 

\ MgR pg 



Substitute numerical values and 
evaluate T: 



T = 2k 



' 3(0.2 m) 
2(9.81 m/s 2 ) 



1.10s 
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68 • 

Picture the Problem The period of this physical pendulum is given by 

T = 2x^1 /MgD where / is the moment of inertia of the circular hoop with respect to an 

axis through its pivot point. We can use the parallel-axis theorem to express / in terms of 
the moment of inertia of the hoop with respect to its center of mass and the distance from 
its center of mass to its pivot point. 



Express the period of the physical 
pendulum: 



T = 2;r 



MgD 



Using the parallel-axis theorem, find 
the moment of inertia of the circular 
hoop about an axis through the pivot 
point: 



/ = j + MR 2 = MR 2 + MR 2 = 2MR 2 



Substitute to obtain: 



r = 2^ 



\ 2MR 2 
MgR 




Substitute numerical values and 
evaluate T: 



T = 2n 



j 2(0.5 m) 
'9.81m/s 2 



2.01s 



69 • 

Picture the Problem The period of a physical pendulum is given by 

T = 2^1 /MgD where / is its moment of inertia with respect to an axis through its 

pivot point. We can solve this equation for / and evaluate it using the given numerical 
data. 



Express the period of the physical 
pendulum: 



T = 2x 



MgD 



Solve for /: 



MgDT 

An 2 



Substitute numerical values and 
evaluate /: 



_ (3kg)(9.81m/s 2 )(0.1m)(2.6s) 2 
An 2 



0.504 kg -m 2 
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*70 

Picture the Problem We can use the expression for the period of a simple pendulum to 
find the period of the clock. 



(a) Express the period of a simple 
pendulum: 



T = In I— 
8 



Substitute numerical values and 
evaluate T: 



T = 2n 



\ 4m 




4.01s 


9.81m/s 2 ~ 



(b) 



By effectively raising the center of mass of the pendulum, placing coins 
in the tray shortens the period. 



71 

Picture the Problem Let x be the distance of the pivot from the center of the rod, m the 
mass at each end of the rod, and L the length of the rod. We can express the period of the 
physical pendulum as a function of the distance x and then differentiate this expression 
with respect to x to show that, when x = L/2, the period is a minimum. 



(a) Express the period of a physical 
pendulum: 



T = 2x 



MgD 



(1) 



Express the moment of inertia of the 
dumbbell with respect to an axis 
through its center of mass: 

Using the parallel-axis theorem, 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 







2 




m 




+ m 






v2y 




v2, 



±mL 2 



I = I cm + 2mx 2 = \ ml} + 2mx 2 



Substitute in equation (1) to obtain: 



T = 2tiM 

\ 2mgx 



2k \\L 2 +x 2 



1 7-2 



where C 



x 

2n 



(2) 
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Set dTldx = 0 to find the condition for 
minimum T: 

Evaluate the derivative to obtain: 



— = C-—Ji^±^i =0 f or externa 
dx dx V x 



2x 2 -(\L 2 +x 2 )_ 



J 1 4 



L + x 



Because the denominator of this 
expression cannot be zero, it must be 
true that: 



2x 2 -(\L 2 +x 2 )=0 



Solve for x to obtain: 



x = 



i.e., the period is a minimum when the 
pivot point is at one of the masses. 



(b) Substitute x = LI A in equation (2) 
and simplify to obtain: 



T = 2k. 



L 2 + (iLf 



■ 7X 



Substitute numerical values and 
evaluate T: 



T = 7T 



\ 5(2 m) 
9MmJs 2 



3.17s 



Remarks: In (a), we've shown that x = L/2 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
x corresponds to a minimum, we can either (1) show that d 2 Tldx 2 evaluated at x = 
L/2 is positive, or (2) graph T as a function of x and note that the graph is a 
minimum at a = L/2. 



12 

Picture the Problem Let x be the distance of the pivot from the center of the rod. We'll 
express the period of the physical pendulum as a function of the distance x and then 
differentiate this expression with respect to x to find the location of the pivot point that 
minimizes the period of the physical pendulum. 



Express the period of a physical 
pendulum: 
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Express the moment of inertia of the 
dumbbell with respect to an axis 
through its center of mass: 







2 




2 


m 




+ m 




+ 




v2y 




v2y 





^(2m)L 2 



= fmL 2 



Using the parallel-axis theorem, 
express the moment of inertia of the 
dumbbell with respect to an axis 
through the pivot point: 



/ = / cm +W 
= f ml 2 +4mx 2 



Substitute in equation (1) to obtain: 



T = 2tt 



\mL + 4mx 



71 



\ 4mgx 
|L 2 +4x 2 



x 



or 



^ ljL 2 +4* 2 

T = CJ where C = 

V x 



71 



Set dTldx = 0 to find the condition 
for minimum T: 



^ = C xAjM±^=Oforextrema 
dx dx\ x 



Evaluate the derivative to obtain: Sx' 



2,= JM±^ 



x 



Because the denominator of this Sx 2 - (| L 2 + 4x 2 ) = 0 

expression cannot be zero, it follows 

that: 



Solve for x to obtain: L 

x = 



V6 



The distance to the pivot point from d — —— — 

the nearer mass is: ""2 S 



0.0918L 



Remarks: We've shown that x = Z./V6 corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
x corresponds to a minimum, we can either (1) show that d 2 T/dx 1 evaluated at 
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x = Lj V6 is positive, or (2) graph T as a function of x and note that the graph is a 
minimum atx = LN6 • 



*73 

Picture the Problem Let x be the distance of the pivot from the center of the meter stick, 
m the mass of the meter stick, and L its length. We'll express the period of the meter stick 
as a function of the distance x and then differentiate this expression with respect to x to 
determine where the hole should be drilled to minimize the period. 



Express the period of a physical 
pendulum: 




(1) 



Express the moment of inertia of the 
meter stick with respect to its center 
of mass: 



cm 




Using the parallel-axis theorem, 




express the moment of inertia of the 
meter stick with respect to the pivot 
point: 



tV ml} + mx 1 



Substitute in equation (1) to obtain: 






where C = 



2n 




Set dTldx = 0 to find the condition 
for minimum T: 




Evaluate the derivative to obtain: 



2x 2 




0 



Because the denominator of this 
expression cannot be zero, it follows 




0 
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that: 



Solve for and evaluate x to obtain: 



100 cm 



x = 



= 28.9cm 



The hole should be drilled at a distance: 



74 



d =50cm-28.9cm = 



21.1cm 



from the center of the meter stick. 



Picture the Problem Let m represent the mass and r the radius of the uniform disk. 
We'll use the expression for the period of a physical pendulum and the parallel-axis 
theorem to obtain a quadratic equation that we can solve for d. We will then treat our 
expression for the period of the pendulum as an extreme -value problem, setting its 
derivative equal to zero in order to determine the value for d that will minimize the 
period. 



(a) Express the period of a physical 
pendulum: 



T = 2n. 



mgd 



Using the parallel-axis theorem, 
relate the moment of inertia with 
respect to an axis through the hole 
to the moment of inertia with 
respect to the disk's center of mass: 



I = I cm +md 2 
= \rnR z +md z 



Substitute to obtain: 



T = 2n„ 



rinR +md" 



mgd 



-In ^ +dl 



gd 



(1) 



Square both sides of this equation, 
simplify, and substitute numerical 
values to obtain: 



R- 



, d + — = 0 
4tt 2 2 



or 



d 2 - (l. 553 m)d + 0.320m 2 =0 



Solve the quadratic equation to 
obtain: 



0.245 m 



The second root, d= 1.31 m, is too large to 
be physically meaningful. 
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(b) Set the derivative of equation (1) 
equal to zero to find relative maxima 
and minima: 



Evaluate the derivative to obtain: 



dT _ 2n d \\R 2 +d 2 



dd ~Jg dd\ d 
= Oforextrema 

2d 2 -(\R 2 + d 2 ) _ n 



2d' 



-R 2 +d z 



Because the denominator of this 
fraction cannot be zero: 



2d 2 -({i? 2 +d 2 )=0 



Solve this equation to obtain: 



d = 



R 



Evaluate equation (1) with 
d=Rl42 to obtain an expression 

for the shortest possible period of 
this physical pendulum: 



T = 2n 



R 2 +\R 2 



R 

J2 



2k, 



N2R 



Substitute numerical values and 
evaluate T: 



T = 2x. 



(V2(0.8m) 
9.81m/s 2 



2.13s 



Remarks: We've shown that d = R/ -Jl corresponds to an extreme value; i.e., to 
either a maximum or a minimum. To complete the demonstration that this value of 
d corresponds to a minimum, we can either (1) show that d 2 Tldd 2 evaluated at 

is positive, or (2) graph T as a function of d and note that the graph is a 
minimum at d = Rl v2 . 
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Picture the Problem We can use the equation for the period of a physical pendulum and 
the parallel-axis theorem to show that h\ + h 2 = gT 2 l\n 2 . 



Express the period of the physical 
pendulum: 



T = 2n 



mgd 



Using the parallel-axis theorem, 
relate the moment of inertia with 
respect to an axis through Pi to the 



1 = 4m + mf h 
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moment of inertia with respect to 
the disk's center of mass: 



Substitute to obtain: 



T = 2n. 



mgl\ 



Square both sides of this equation 
and rearrange to obtain: 



mgT = I cn 
An 2 \ 



■ + mh l 



(1) 



Because the period of oscillation is 
the same for point P 2 : 



I ^ + mh l = I -^ + mh 2 
]\ h 2 



Solve this equation for 7 cm : 



/ cm = m\h 2 



Substitute in equation (1) to obtain: 



mgT 2 ml\h 2 



An 2 \ 



or 



An 
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Picture the Problem We can find the period of the physical pendulum in terms of the 
period of a simple pendulum by starting with T = In^jlJmgL and applying the parallel- 
axis theorem. Performing a binomial expansion for r « L on the radicand of our 
expression for T will lead to J« Tq(1 + r 2 /5L 2 ). 



(a) Express the period of the 
physical pendulum: 



T = 2tt 



mgL 



Using the parallel-axis theorem, 
relate the moment of inertia of the 
pendulum about an axis through its 
center of mass to its moment of 
inertia with respect to an axis 
through its point of support: 



I = I cm +mL 2 
= ^mr 2 +mL 2 
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Substitute and simplify to obtain: 



2 2 , T 2 

4r +L 



mgL 



= 2n . 



1 + 



2r_ 



2 \ 



. ,L L 2r 2 



(b) Using the binomial expansion, 
expand 



i + 2r 



v 5L' y 



1+ 



2r 
5Z? 



2 A 



1/2 



1 + - 



2r 



v 5L' y 



2r 



8 



+ higher - order terms 

2 

V 

«1+- 



5L 2 



provided r«L 



Substitute in our result from (a) to 
obtain: 



.2 A 



1 + 



5L 2 



(c) Express the fractional error when 
the approximation T = T 0 is used for 
this pendulum: 



AT T-T 0 _T 



2 2 
V V 



5L Z 



5L 2 



Substitute numerical values and 
evaluate AT/T: 



AT ^ (2 cm) 2 
T ~ 5(1 00 cm) 2 ~ 



0.008% 



For an error of 1%: 



5L 2 



0.01 



Solve for and evaluate r with 
L= 100 cm: 



r = lV0^05 = (l 00 cm)Vb~X)5 



= 22.4 cm 
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Picture the Problem The period of this physical pendulum is given by 

T = 2ftJl/MgD. We can express its period as a function of the distance d by using the 

definition of the center of mass of the pendulum to find D in terms of d and the parallel- 
axis theorem to express / in terms of d. Solving the resulting quadratic equation yields d. 
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In (b), because the clock is losing 5 minutes per day, one would reposition the disk so 
that the clock runs faster; i.e., so the pendulum has a shorter period. We can determine 
the appropriate correction to make in the position of the disk by relating the fractional 
time loss to the fractional change in its position. 



(a) Express the period of the 
physical pendulum: 

Solve for : 



T = 2n 



m tot gx a 



T gm t{ 
An 2 



(1) 



Express the moment of inertia of the 
physical pendulum, relative to an 
axis through the pivot point, as a 
function of d: 

Substitute numerical values and 
evaluate /: 



Locate the center of mass of the 
physical pendulum relative to the 
pivot point: 



/ = / cm +Md 2 = \ml} + \Mr 2 +Md 2 



I =}(0.8kg)(2m) 2 +^(l.2kg)(0.15m) 2 
+ (l.2kg)j 2 
= 1.0802kg -m 2 +(l. 2kg )d 2 

(2kgk m =(0.8kg)(lm) + (l.2kg)j 
and 

r =0.4m + 0.6d 



Substitute in equation (1) to obtain: 

1 .Q 8 02kg. m ' + ( 1 .2kg) rf ' = r'(9.81 m /s')(2kg) = (04%98kgm/s;)r; p) 



0.4m + 0.6J 



47T 1 



Setting T= 2.5 s and solving for d 
yields: 



(b) There are 1440 minutes per day. 
If the clock loses 5 minutes per day, 
then the period of the clock is 
related to the perfect period of the 
clock by: 



d= 1.63572m 



where we have kept more than three 
significant figures for use in part (b). 

1435r = 1440r perfect 
where r per f ect = 3.5 s. 
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Solve for and evaluate T: 



T = T 



1440 



1435 perfect 1435 
= 3.51220s 



(3.5 s) 



Substitute T= 3.51220 s in equation 
(2) and solve for d to obtain: 



rf=3.40140m 



Substitute T= 3.50 s in equation (2) 
and solve for d ' to obtain: 



d' = 3.37825m 



Express the distance the disk needs 
to be moved upward to correct the 
period: 



Ad = d-d' = 3.40140m-3.37825m 



= 2.32cm 
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Picture the Problem The period of a simple pendulum depends on its amplitude 



according to T = 2n 



1 



1 



1 + — sin —0o + 



1 f3^ 2 



■ 4 1 , 

sin -<p 0 + . 



. We can 



approximate T to the second-order term and express AT/T = (T s \ ov/ - r accurate )/r. Equating 
this expression to AT/T calculated from the fractional daily loss of time will allow us to 
solve for and evaluate the amplitude of the pendulum that corresponds to keeping perfect 
time. 



Express the fractional daily loss of 
time: 



AT_48s lday lh 48 
T ~ day X 24h~ X 3600 s ~ 86400 



Approximate the period of the clock 
to the second-order term: 



T = 2tt. 



1 1 • 2 1 , 



Express the difference in the periods 
of the slow and accurate clocks: 



AT =T -T 

slow accurate 



= 2jc. 



l + ^-sin 2 -(8.4°) 
2 2 2 y J 



i 1 • 2I A 

Y sm 2^° 



= 2k 



\ sin 2 1(8.4°) 
2 2 2 y ' 



1 • 2 1 , 

¥ sm 2 A 
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Divide both sides of this equation by 
T to obtain: 



1 . 2 Ano 1 . 2 1 , 
= -sin 2 4.2° — sin —fa 



T 4 



4 2 



at 

Substitute for and simplify to 
obtain: 



1 sin 2 4.2° --sin 2 - fa = 



48 



4 
and 

sin -fa =0.05605 

2 0 



86400 



Solve for 



fa = 



6.43 c 
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Picture the Problem The period of a simple pendulum depends on its amplitude fa 



according to T = In 



1 1 • 2 1 , 

1 + ^ 



i r3^ 2 



• 4 i , 

sin —fa + ... 



We'll approximate 



T to the second-order term and express AT/T = (r s | OW - T corTect )/T. Equating this 
expression to AT/T calculated from the fractional daily loss of time will allow us to solve 
for and evaluate the amplitude of the pendulum that corresponds to keeping correct time. 



Express the fractional daily loss of 
time: 



AT 5min lday lh 5 

— v — x — 

T day 24 h 60min 1440 



Approximate the period of the clock 
to the second-order term: 



T = 2n 



2 rSm 2^° 



Assuming that the amplitude of the 
slow-running clock's pendulum is 
small enough to ignore, express the 
difference in the periods of the slow 
and corrected clocks: 



AT = T -T 

slow correct 



1 1 • 2 1 , 

1 + — r-sin —fa 



= 2n 



1 • 2 1 

2 2 



sin 2 -fa 



Divide both sides of this expression 
by T to obtain: 



AT 1 . 2 1 . 
= — sin — fa 0 



AT 

Substitute for and simplify to 
obtain: 



1 ■ 2 1 , 
and 



1440 
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sin -fo =0.1178 



Solve for 



13.5° 



Damped Oscillations 
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Picture the Problem We can use the definition of the damping constant and its 
dimensions to show that it has units of kg/s. 



Using its definition, relate the decay 
constant r to the damping constant b: 
Substitute the units of m and r to 
obtain: 



m 

t = — => b = 



m 



Dimensionally, b 



_[M]_ 
-[T]~ 



s 
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Picture the Problem For small damping, Q 

energy loss per cycle. 

Relate the Q factor to the fractional 
energy loss per cycle: 



2n 



ae|/e) 

1/ /l 



where AE/E is the fractional 



Q 



cycle 



In 



ae|/e) 

1/ /l 



cycle 



Solve for and evaluate the fractional 
energy loss per cycle: 



2n In 



cycle q 200 



3.14% 
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Picture the Problem We can find the period of the oscillator from T = In^jm/k and its 
total initial energy fromii 0 =^kA 2 . The Q factor can be found from its definition 
Q = 2W(|A£ , |/£ , ) c i and the damping constant from Q = a> 0 m/b. 



(a) The period of the oscillator is 
given by: 

Substitute numerical values and 
evaluate T: 



T = 2nJ™ 



T = 2n 



2kg 



400 N/m 



0.444 s 



(b) Relate the initial energy of the 



E 0 — j kA 
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oscillator to its amplitude: 



Substitute numerical values and 
evaluate E 0 : 



E Q =^(400N/m)(0.03m) 2 = 



0.180J 



(c) Relate the fractional rate at 
which the energy decreases to the Q 
value and evaluate Q: 

Express the Q value in terms of b: 



Q = 



In 



A£|/£) 

1/ A 



cycle 



In 



628 



Q = 



O) 0 m 



Solve for the damping constant b: 

Substitute numerical values and 
evaluate b: 



cojn 2nm 

b = 



b = 



Q TQ 
2n{2kg) 
(0.444 s)(628) 



0.045 lkg/s 
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Picture the Problem The amplitude of the oscillation at time t is A{t) = \e~^ lz where 

z= m/b is the decay constant. We'll express the amplitudes one period apart and then 
show that their ratio is constant. 



Relate the amplitude of a given 
oscillation peak to the time at which 
the peak occurs: 

Express the amplitude of the 
oscillation peak at f = t + T: 

Express the ratio of these 
consecutive peaks: 



A(t + T) = A 0 e 



{t+T)/2r 



A{t) _ V~' /2r 



A(t + T) V~ (f+r)/2r 



= e 



-T/2t 



constant 
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Picture the Problem We can relate the fractional change in the energy of the oscillator 
each cycle to the fractional change in its amplitude. Both the Q value and the decay 
constant r can be found from their definitions. 



(a) Relate the energy of the 
oscillator to its amplitude: 



E = \kA 2 
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Take the differential of this 
relationship to obtain: 



dE = kAdA 



Divide both sides of this equation by 
E: 



dE _ kAdA _r^dA 
E ~~ \kA 2 ~ A 



Approximate dE and dA by AE and 
AA and evaluate AE/E: 



AE 
~E 



= 2(5%) = 



10% 



(b) For small damping: 



|AE| 
E 
and 

T = 



T 

T 



3s 



AE E 0.01 



30s 



(c) Using its definition, express and 
evaluate Q: 



A = O) 0 T = ^-t = ^(30s) = 
T 3s 



62.8 
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Picture the Problem We can use the physical interpretation of Q for small damping 
In 

Q = 7 ; — r to find the fractional decrease in the energy of the oscillator each 

MM 



/cycle 



cycle. 



(a) Express the fractional decrease in 
energy each cycle as a function of the 
Q factor and evaluate AE \ E : 



\AE\ _ In _ In 
E ~ Q ~ 20 



0.314 



(b) Using the definition of the Q 
factor, use Equation 14-35 to express 
cd as a function of Q: 



co = CO, 



= co n 



b 2 

2 2 

v m co 0 j 

1/2 



-.1/2 



4Q 2 



Use the approximation 

(1 + x) ' /2 « 1 + VzK for small x to obtain: 



co = CO, 



8Q J 
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Express and evaluate cd - a>o' 



CO — 6) 0 = G)q 



82 



co 0 =- 



8Q 2 



8(20) 2 



3.13x10 percent 
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Picture the Problem The amplitude of the spring-and-mass oscillator varies with time 
according to A = \e~ t ' 2t and its energy according to E = E 0 e~'^ r . 



(a) Express the amplitude of the 
oscillations as a function of time: 



A = (6cm)e ' 



/4s 



Evaluate the amplitude when t = 2 s: A(2s) = (6cm)e 2s/4s = (6cm)e 



= 3.64 cm 



1/2 



Evaluate the amplitude when t = 4 s: A(4 s) = (6 cm)e~ 4s/4s = (6 cm)e 



= 2.21cm 



(b) Express the energy of the system 
at t = 0: 

Express the energy in the system at 
t=2 s: 

The energy dissipated in the first 2 s is: 



The energy dissipated in the second 
2-s interval is: 



E(0) = E 0 e-° /2s =E Q =60 J 



E(2s)= E 0 e~ 2s/2s = E 0 e- 

AE 0 _ 2s =E{0)-E{2s) 
= E 0 (l-e 1 ) 
= (60j)(l-e^) 



37.9J 



AE 2 _ 4s =E 2s (l~e- 2s/2s ) 

= (37.9j)(l-e _1 )= 



24.0J 



*87 

Picture the Problem We can find the fractional loss of energy per cycle from the 
physical interpretation of Q for small damping. We will also find a general expression for 
the earth's vibrational energy as a function of the number of cycles it has completed. We 
can then solve this equation for the earth's vibrational energy after any number of days. 
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(a) Express the fractional change in 
energy as a function of Q: 



AE 2n 2n 



E Q 400 



1.57% 



(b) Express the energy of the 
damped oscillator after one cycle: 



E x — E 0 



AE ^ 
~E~; 



Express the energy after two cycles: 



E 2 — £?, 







f 


AE" 




= E 0 


1- 




v E j 




~E; 



Generalizing to n cycles: 



E n =E 0 



AE 
E 



E 0 (1-0.0157)" 



£ 0 (0.9843)" 



(c) Express 2 d in terms of the 
number of cycles; i.e., the number 
of vibrations the earth will have 
experienced: 



Evaluate E(2 d): 



24h 60m 

2d = 2dx x 

d h 
IT 

= 2880 minx - 



54min 



= 53.37 
E(2 d) = £ 0 (0.9843) 



53.3 



0.430K 
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Picture the Problem The diagram shows 
1) the pendulum bob displaced through an 
angle do and held in equilibrium by the 
force exerted on it by the air from the fan 
and 2) the bob accelerating, under the 
influence of gravity, tension force, and 
drag force, toward its equilibrium position. 
We can apply Newton's 2 nd law to the bob 
to obtain the differential equation of 
motion of the damped pendulum and then 
use its solution to find the decay time 
constant and the time required for the 
amplitude of oscillation to decay to 1°. 

(a) Apply ^ r = la to the pendulum 
to obtain: 



///// 




- mg£ smd + £F d = I 

d dt 2 
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Express the moment of inertia of the 
pendulum with respect to an axis 
through its point of support: 



I = mf 



Substitute for / and F A to obtain: 



d 2 0 

ml 2 — T + £bv + mg£sin0 = 0 
dt 



Because 0« 1 and v = £co = IdOldt: 



m£ 2 ^4 + £ 2 b — + mg£0 = O 
dt 2 dt 



or 



d 2 6 , dO trig n 
m — - + b — + —^0 = 0 
dt dt £ 



The solution to this second-order 
homogeneous differential equation 
with constant coefficients is: 



0 = 0 o e t/2T cos(a't + S) (1) 

where do is the maximum amplitude, 
r= mlb is the time constant, and the 

frequency co' = co 0 yj\-(b/2ma> 0 ) 2 . 



Apply = ma to the bob when 

it is at its maximum angular 
displacement to obtain: 



2X=^„-rsin0 o =O 
and 

Y,F y = Tcos0 o -mg = 0 



Divide the x equation by the y 
equation to obtain: 



F, T sin 0 n 

^--tan^ 



mg T cos 0 0 
or 

^fan =m^tan^ 0 



When the bob is in equilibrium, the 
drag force on it equals F fan : 



bv = mg tan 0 O 



Solve for m/b in the definition of t 
to obtain: 



m 

T = — : 



b g tan 0 O 



Substitute numerical values and 
evaluate t: 



z = 



7m/s 
(9.81m/s 2 )tan5° 



8.16s 



(b) From equation (1) we have: 



0 = 0 o e-' /2T 



When the amplitude has decreased 
to 1°: 



°"-' /2r -l°or e~' /2T - 



5°e 



0.2 



Take the natural logarithm of both 
sides of the equation to obtain: 



£ = ln(0.2) 
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Solve for t: 

Substitute for r and evaluate P. 



f = -2rln(0.2) 

t = -2(8.16s)ln(0.2) = 



26.3s 



Driven Oscillations and Resonance 
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Picture the Problem The resonant frequency of a vibrating system depends on the mass 

i fie 

of the system and on a "stiffness" constant according to f 0 = J — or, in the case of a 

2k V m 

simple pendulum oscillating with small-amplitude vibrations, f 0 = J— 

In V L 



(a) For this spring-and-mass oscillator 
we have: 



/o 



1 400 N/m 



2;rV 10kg 



1.01Hz 



(b) For this spring-and-mass oscillator 
we have: 



(c) For this simple pendulum we have: 



fo = 



J_ 800 N/m 
5kg 



2.01Hz 



(9.81m/s 2 _ 




0.352 Hz 




2m 
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Picture the Problem We can use the physical interpretation of Q for small damping to 
find the Q factor for this damped oscillator. The width of the resonance curve depends on 
the Q factor according to Aco = co 0 /Q. 



(a) Using the physical interpretation 
of Q for small damping, relate Q to 
the fractional loss of energy of the 
damped oscillator per cycle: 

Evaluate this expression for 

(b) Relate the width of the 
resonance curve to the Q value of 
the oscillatory system: 



Q = 



2k 



ae\Ie) 

1/ A 



cycle 



Q 



2n 
O02 



314 



Q Q 
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Substitute numerical values and 
evaluate Aco: 



Aco 



2;r(300s-') 
3.14 



6.00rad/s 
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Picture the Problem The amplitude of the damped oscillations is related to the damping 
constant, mass of the system, the amplitude of the driving force, and the natural and 



driving frequencies through A = ■ 



. Resonance occurs when 



^m 2 (co 2 -co 2 ) 2 +b 2 co 2 

co = co 0 . At resonance, the amplitude of the oscillations is A = F 0 / 4b 2 co 2 and the 

width of the resonance curve is related to the damping constant and the mass of the 
system according to Aco = b/m. 



(a) Express the amplitude of the 
oscillations as a function of the 
driving frequency: 



A = 



m 2 {col - co 2 ) 2 +b 2 co 2 



Determine a>o: 



\k 400 N/m .... 

co n =J— = =14.14rad/s 

V 2kg 



Evaluate the radicand in the 
expression for A to obtain: 



(2kg) 2 [(l4.14rad/s) 2 -(lOrad/s) 2 
+ (2kg/s) 2 (l0rad/s) 2 



4.04xl0 4 kg 2 /s 4 



Substitute numerical values and 
evaluate A: 



A = 



ION 



A /4.04xl0 4 kg 2 /s 4 



4.98cm 



(b) Resonance occurs when: 



co = CO, 



o 



14.1rad/s 



(c) Express the amplitude of the 
motion at resonance: 



A- F « 



2 

CO a 



Substitute numerical values and 
evaluate A: 



A = 



ION 



■^kg/s^M.Mrad/s) 2 



35.4cm 



(d) The width of the resonance 
curve is: 



Aco ■ 



b _ 2kg/s 
m 2kg 



l.OOrad/s 
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Picture the Problem We'll find a general expression for the damped oscillator's energy 
as a function of the number of cycles it has completed. We can then solve this equation 
for the number of cycles corresponding to the loss of half the oscillator's energy. The Q 
factor is related to the fractional energy loss per cycle through AE/E = 1n/Q and the 

width of the resonance curve is Aco = co 0 /Q where coq is the oscillator's natural angular 
frequency. 



(a) Express the energy of the damped 
oscillator after one cycle: 



Ei E r 



AE ^ 
~E; 



Express the energy after two cycles: 


E 2 — E x 


v E J 


=4'--) 

l E ) 


Generalizing to n cycles: 


E n =E 0 


\ AE ^ 

v E , 


11 


Substitute numerical values: 


0.5E 0 = 


E 0 (1-0.035)" 




or 







0.5 = (0.965)" 



Solve for n to obtain: 



ln0.5 

n = = 19.5 

In 0.965 



20 complete cycles. 



(b) Apply the physical interpretation 
of Q for small damping to obtain: 



Q = 



2n In 



AE/E 0.035 



180 



(c) The width of the resonance curve 
is given by: 



Acq 



co 0 _ 27f 0 _ 2^-(l00Hz) 



Q Q 



180 



3.49rad/s 



Collisions 
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Picture the Problem Let the system include the spring-and-mass oscillator and the 
second object of mass m. Because the net external force acting on this system is zero, 
momentum is conserved during the collision of the second object with the oscillator. 
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Because the collision is elastic, we can also apply conservation of energy. Let the 
subscript 1 refer to the object attached to the spring and the subscript 2 identify the 
second object. 

(a) Using momentum conservation, 
relate the speeds of the objects 



before and after their collision: 



mv u + mv 2i = mv 2f 



or 

Vii+V a =v 2f 



(1) 



Using conservation of energy, 
obtain a second relationship 
between the speeds of the objects 
before and after their collision: 

Solve equation (2) for v 2i : 



\ mv\ + \ mv 2i = \ rnv\ f 



or 



2 2 2 
V li+ V 2i = V 2f 



(2) 



v 2i = v 2f -v 2 Vl = (v 2f +v H )(v 2f -v u ) 



Substitute for vjf from equation (1): 



2i =(vii+V 2i +V li )(v li +V 2i -V li ) 

= (2v li +v 2i )(v 2i ) = 2v 11 v 2l +v 2l 



or 

2v u v 2l = 0 



Because v,, ^ 0 , it follows that: 



0 



i.e., the second object must be initially at 
rest. 



(b) Because v 2 \ = 0, we have, from 
equation (1): 



Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 
collision: 



v 2f =v,i 



Ae) = (0.1m)(40s- 1 ) 



= 4.00m/s 
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Picture the Problem Let the system include the spring-and-mass oscillator and the 
second object of mass m. Because the net external force acting on this system is zero, 
momentum is conserved during the collision of the second object with the oscillator. 
Because the collision is elastic, we can also apply conservation of energy. Let the 
subscript 1 refer to the object attached to the spring and the subscript 2 identify the 
second object. 



Using momentum conservation, 
relate the speeds of the objects 



mv H + mv 2i = mv 
or 
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before and after their collision: 



v H +v 2i =v 2f 



(1) 



Using conservation of energy, obtain 
a second relationship between the 
speeds of the objects before and 
after their collision: 

Solve equation (2) for v 2i : 



j mVj 2 ; + \ mv 2i = \ mv 2f 



or 



2 2 2 
Vii+V 2i =V 2f 



(2) 



4 = V lf ~ V l = i V 2f + V li)( V 2f - 



Substitute for vjf from equation (1): 



Because v, ^ 0 , it follows that: 



2i =(vii+v 2i +v li )(v li +v 2i -v li ) 
= (2v li +v 2i )(v 2i ) = 2v ll v 2l +v 2i 



or 

2v u v 2l = 0 



v = v 2l = 0 



i.e., the second object must be initially at 
rest. 



Because the object connected to the 
spring was moving through its 
equilibrium position at the time of 
collision: 



= A« = (0.1m)(40s^) 



= 4m/s 



Express the total energy of the 
system just before the collision: 



E = \mv\ 



Solve for m: 



IE 



m = 



Substitute numerical values and 
evaluate nr. 



in 



_ 2(8J) 
(4m/s) 2 



1.00 kg 



Relate the spring constant to the 
angular frequency of the oscillator: 



k = mco 



Substitute numerical values and 
evaluate k: 



/c = (lkg)(40s 1 ) 2 



1.60kN/m 
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Picture the Problem Let the system include the spring-and-mass oscillator and the 1-kg 
object. Because the net external force acting on this system is zero, momentum is 
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conserved during the collision of the second object with the oscillator. Let the subscript 1 
refer to the 1-kg object and the subscript 2 to the 2-kg object. We can relate the amplitude 
of the motion to the maximum speed of the oscillator (which we can find from 
conservation of momentum) and the angular frequency of the oscillator, which we can 
determine from its definition. Once we have found the amplitudes and angular 
frequencies for both collisions, we express the position of each as a function of time, 
using the initial conditions to find the phase constants. 



(a) Relate the amplitude of the 
motion to the angular frequency and 
maximum speed of the oscillator: 



v 

max 



CO 



(1) 



Because the 2-kg object is initially 
at rest, the maximum speed of the 
oscillator will be its speed 
immediately after the collision. Use 
conservation of momentum to relate 
this maximum speed to the speed of 
the 1-kg object before the collision: 



m x v Vl =(m x +m 2 )v n 



Solve for v„ 



m, 



Wj +m 2 



Substitute numerical values and 
evaluate v max : 



= — ^ (6m/s) = 2m/s 



lkg + 2kg 



Express the angular frequency of the 
oscillator: 



co = 



Substitute numerical values and 
evaluate co: 



600 N/m .... 
co= =14.14rad/s 



3kg 



Substitute in equation (1) and 
evaluate A: 



A = 



2m/s 
14.14s" 



14.1cm 



Express and evaluate the period of 
the oscillator's period: 



T = 



2n In 



co 14.14s 1 



0.444s 



(b) For an elastic collision: 
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Substitute numerical values and 
evaluate v max : 



v max =^(6m/s) = 4m/s 
3 kg 



Using its definition, evaluate the 
angular frequency of the oscillator: 



k _ |600NM =1732rad/s 



2kg 



Substitute in equation (1) and 
evaluate A: 



A = 



4m/s 
17.32s" 



23.1cm 



Express and evaluate the period of 
the oscillator's period: 



T = 



2n 2n 



co 17.32s" 



0.363s 



(c) For the perfectly inelastic 
collision: 



x(t) = (14. 1 cm)cos[(l4. 1 s" 1 )t + s] (2) 



Use the initial conditions to evaluate & 



5 = tan" 1 



f \ 
V ® x o J 



= tan 



V «<0), 



n 
~2 



Substitute in equation (2) to obtain: 



x(f)=(l4.1cm)cos 



(14.1s 1 )? 



71 



(I4.1cm)sin[(l4.1s _1 )f 



For the elastic collision: 



x(t) = (23. 1 cm)cos[(l7.3 s" 1 )t + s] (3) 



Use the initial conditions to evaluate & 



^ = tan 



= tan 



v "(0), 



K 
~1 



Substitute in equation (3) to obtain: 



x(t) = (23.1cm)cos 



(l7.3s _1 )/ 



71 



(23.1cm)sin[(l7.3s 1 )/ 1 



General Problems 
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Picture the Problem The particle's displacement is of the form x = A cos((y? + S). Thus, 

we have A = 0.4 m, co = 3 rad/s, and S= kIA. We can find the frequency of the motion 
from its angular frequency and the period from the frequency. The particle's position at 
t = 0 and t = 0.5 s can be found directly from its displacement function. 



Oscillations 1115 



(a) Express and evaluate the 
frequency of the particle's motion: 

Use the relationship between the 
frequency and the period of the 
particle's motion to find its period: 

(b) Using the expression for the 
particle's displacement, find its 
position at t = 0: 



co 3rad/s 



2n 2n 



0.477 Hz 



1 



1 



/ 0.477s" 

Jt(0) = (0.4m)cos 
= (0.4m)cos 



2.09s 



(3rad/sX0) + ^ 



0.283m 



(c) Using the expression for the 
particle's displacement, find its 
position at t = 0.5 s: 



Jc(0) = (0.4m)cos 



(3rad/s)(0.5s)- 



71 



(0.4m)cos[2.29rad] 



= -0.264m 
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Picture the Problem We can express the velocity of the particle by differentiating its 
displacement with respect to time. 



(a) Differentiate the particle's 
displacement to obtain: 



v = - 



dx 
dt 

— < 
dt 



(0.4 m) 



sin 



(3 rad/s)f + ^ 



(l.2m/s) sin 



(3rad/s) + ^ 



(b) Evaluate the result in part (a) at 
t=0; 



;(0) = -(l.2m/s)sin 
= -(l.2m/s)sin 



(3rad/s)(0)- 



71 



0.849m/s 



(c) By inspection of the result in part 
(a) (or from v nriX =Aco): 

(d) Substitute v max for v to obtain: 



v max = 1.20m/s 



1 .2 m/s = -(l .2 m/s)sin 



(3rad/s>'- 



71 



1116 Chapter 14 



or 



3tt 



(3rad/s)' + - = sin _1 (-l) = 



Solve for t' to obtain: 



t'= 1.31s 
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Picture the Problem Let Ay represent the amount by which the spring stretches. We'll 
apply a condition for equilibrium to the object to relate the amount the spring has 
stretched to the angular frequency of its motion and then solve this equation for Ay. 

Apply ^ .F v = 0 to the object 

when it is in its equilibrium position 
and solve for the elongation of the 
spring: 



kAy — mg = 0 
or 




Relate the angular frequency of the 
object's motion to its period: 

Substitute to obtain: 



Substitute numerical values and 
evaluate Ax: 



In 
co = — 
T 
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Picture the Problem Compare the forces 
acting on the particle to the right in Figure 
14-36 with the forces shown acting on the 
bob of the simple pendulum shown in the 
free-body diagram to the right. Because 
there is no friction, the only forces acting 
on the particle are mg and the normal force 
acting radially inward. In (b), we can think 
of the particles as the bobs of simple 
pendulums of equal length. 




(a) The normal force is identical to the tension in a string of length r that keeps the 
particle moving in a circular path and a component of mg provides, for small 
displacements 0 O or s 2 , the linear restoring force required for oscillatory motion. 
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(b) The particles meet at the bottom. Because S\ and s 2 are both much smaller than r, the 
particles behave like the bobs of simple pendulums of equal length; therefore they have 
the same periods. 
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Picture the Problem The diagram shows the ball when it is a horizontal distance x from 
the bottom of the bowl. Note that we've chosen the zero of gravitational potential energy 
to be at the bottom of the bowl. The total energy of the ball is the sum of its potential 
energy and kinetic energies due to translation and rotation. Once we've obtained an 
expression for the total energy of the rolling ball, we can require, because the surface is 
frictionless, that the total energy of the sliding object be the same as that of the rolling 
ball. Because the motion of the ball is simple harmonic motion, we can assume a solution 
to its differential equation of motion and express the total energy of the ball in terms of 
this assumed solution. Doing so will lead us to an expression that we can solve for the 
oscillation frequency of the ball. 




(a) Express the total energy £ of the E = U + K = U + K tians + K rot ( 1 ) 

ball: 

Referring to the diagram shown \J ( x ) = m gr(\ - cos 6) 

above and assuming that R « r, 
express the potential energy of the 
ball when it is a horizontal distance 
x from the bottom of the bowl: 

Express cos 6 as a power series: Q 2 Q A 

COS0 = 1 + — + ... 

2! 4! 



For6»«l: Q 1 

cosO « 1 

2! 

Substitute to obtain: 

U (x) « mgr 



2 \ 



e_ 

2! 



-mgrO 2 
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For R « r: 



0« 



Substitute to obtain: 



U(x) = 



mgx 
2r 



Substitute in equation (1): 



„ mgx 1 2 1 r 2 
E = — — + -mv + — Ico 
2r 2 2 



Because the ball is rolling without 
slipping, v = Ra>. Substitute for co 
and / to obtain: 



E = 



mgx 1 2 1 
— — + — mv + — 
2r 2 2 



f 2 -,YvY 



mR z 

VJ J 



Simplify to obtain: 



E = 



mgx 1 2 
— — + — mv 
2r 10 



(b) Because energy is conserved if 
the side of the bowl is frictionless: 



E = 



mgx 1 2 

1 mv = constant 

2r 10 



Because the motion is simple 
harmonic motion, assume a solution 
of the form: 



x = x 0 cos 



i(cot + S) 



Differentiate this assumed solution 
with respect to time to obtain: 



v = -cox Q sin(<yf + 5) 



Substitute to obtain: 



E = ni ^- (x 0 cos(cot + S)) 2 
2r 

+ — m(- cox n sm( cot + S)) 2 
1Q V 0 V JJ 



-cos 



mgx 0 _ 2 
2r 

+ 



(cot + 8) 



lmco 2 xl . 2 ( c \ 
°-sin (cot + 8) 



10 



Express the condition the 
E = constant: 



mgx 0 _ Imco x 0 g _ Ico 
2r ~ 10 ° r 7 ~ 



Solve for co to obtain: 



co - 



5g 
Ir 
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Picture the Problem Assume that the 
plane is accelerating to the right with an 
acceleration a 0 - The free-body diagram 
shows the forces on the bob as seen in the 
accelerated frame of the airplane. Let g' 
represent the effective value of the 
acceleration due to gravity. The period of 
the yo-yo is given by 

where g' is the effective value of the 
acceleration due to gravity. 




Express the period of your yo-yo 
pendulum as a function of the 
effective value for the acceleration 
due to gravity: 



T = 2x 



Using the FBD, relate g' and g: 



mg = mg'cosO => g' 



COS0 



Substitute to obtain: 



T = 2n_ 



LcosO 



Substitute numerical values and 
evaluate T: 



T = 2n 



/(0.7m)cos22° 
9.81m/s 2 



1.62 s 
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Picture the Problem The diagram shows 
the wire described in the problem statement 
with an object of moment of inertia / 
suspended from its end. We can apply 
Newton's 2 nd law to the suspended object 
to obtain its differential equation of 
motion. By comparing this equation to the 
equation of a simple harmonic oscillator, 
we can show that co = J/c/l . 




Apply = la to the object hung 
from the wire to obtain: 



-K0 = Ia = I 



d 2 e 

dt 2 
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Divide both sides of this differential 
equation by / to obtain: 



d 2 6 k 



dt 2 



+ -# = 0 



This equation can be written as: 



d 2 e 

dt 2 



+ co 0 = 0 where co = 
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Picture the Problem The diagram shows 
the torsion balance described in the 
problem statement. We can apply 
Newton's 2 nd law to the suspended object 
to obtain its differential equation of 
motion. By comparing this equation and its 
solution to that of a simple harmonic 
oscillator, we can obtain an equation that 
we can solve for the torsion constant k. 

Apply ^ t = la to the torsion 
pendulum: 



///// 




-K0 = Ia = I 



d 2 e 

dt 2 



or 



d 2 e k 



dt 2 



+-# = o 



The differential equation of simple 
harmonic motion is: 



d 2 x 2 



dt 2 
where 



+ co x = 0 



x[t) = x 0 cos(cot + S) and co 



The solution to equation (1) is: 



0{t) = 0 o cos(cot + S) 
where 



co = 



Solve for icto obtain: 



k = co 2 1 
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Express the moment of inertia of the 
torsion pendulum: 



Substitute to obtain: 



Substitute numerical values and 
evaluate tc. 



I = 2m 



mt 



2„„/>2 



co m 



An 2 m£ 2 2n l mi 



2„„/?2 



K ■ 



2T Z 



K = 



2;r 2 (0.050kg)(0.05m) 2 
(80s) 2 



= 3.86xl(T 7 N-m/rad 
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Picture the Problem Choose a coordinate system in which the direction the cube is 
initially displaced (downward) is the positive y direction. The figure shows the forces 
acting on the cube when it is in equilibrium floating in the water and when it has been 
pushed down a small distance y. We can find the period of its oscillatory motion from its 
angular frequency. By applying Newton's 2 nd law to the cube, we can obtain its equation 
of motion; from this equation we can determine the angular frequency of the cube's 
small-amplitude oscillations. 




Express the period of oscillation in 
terms of the angular frequency of 
the oscillations: 



T = 



2n 



co 



(1) 



Apply ^ i 7 , . = 0 to the cube when 
it is floating in the water: 



mg - F B = 0 



Apply = ma y to the cube 

when it is pushed down a small 
distance y: 



mg-F B = ma y 
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Eliminate mg between these 
equations to obtain: 



or 



= F b- F b = m a y 



For y « 1 ; 



AF B « JF B = -pVg = -a 2 pgy = m 



d 2 y 
dt 2 



Rewrite the equation of motion as: 



m- 



d 2 y 
~dt 2 ~ 



-a pgy 



or 

d ^ = - a ^y = -co 2 y 
dt m 

where co = 



m 



Solve for ax. 



co = a 




Substitute in equation (1) to obtain: 



2n 
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Picture the Problem Assume that the density of the earth p is constant and let m 
represent the mass of the clock. We can decide the question of where the clock is more 
accurate by applying the law of gravitation to the clock at a depth h below/above the 
surface of the earth and at the earth's surface and expressing the ratios of the acceleration 
due to gravity below/above the surface of the earth to its value at the surface of the earth. 



Express the gravitational force 
acting on the clock when it is at a 
depth h in a mine: 



mg 



GM'm 



{R E -hf 

where M is the mass between the location 
of the clock and the center of the earth. 



Express the gravitational force 
acting on the clock at the surface of 
the earth: 



mg 



GM E m 
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Divide the first of these equations by 
the second to obtain: 



Express M ': 
Express M E : 
Substitute to obtain: 



GM' 



g' _{R E -hf _ M' R, 



g GM^ M E (R E — hf 



R 



M' = pV = j7rp(R E — hf 



M E =pV=inpRl 



g' _ixp(R E -hf R s 



g \npR\ (R E -hf 



Simplify and solve for g': 



8=8 



or 



E 



1 



8 



(1) 



Express the gravitational force 
acting on the clock when it is at an 
elevation h: 



mg 



GM E m 
(R E +hf 



Express the gravitational force 
acting on the clock at the surface of 
the earth: 



GM P m 



Divide the first of these equations by 
the second to obtain: 



8 



GM. 



g" _(R E +hf _ R, 



GM l 
Rl 



(R E -hf 



1 + 



h 



Solve for g": 



-2 



8=8 



1 + 



R 



E J 
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Comparing equations (1) and (2), we see that ^' is closer to g than is g". Thus, 
the error is greater if the clock is elevated. 



106 

Picture the Problem The figure shows 
this system when it has an angular 
displacement 9. The period of the system is 
related to its angular frequency according 
to T= IttIco. We can find the equation of 
motion of the system by applying 
Newton's 2 nd law. By writing this equation 
in terms of 9 and using a small-angle 
approximation, we'll find an expression for 
co that we can use to express T. 




(a) Express the period of the system 
in terms of its angular frequency: 



2n 



co 



(1) 



Apply = ma to the bob: 



J^F X = -kx - Tsin0 = Ma x 
and 

Y^Fy = TcosO-Mg = 0 



Eliminate T between the two 
equations to obtain: 



kx-Mgtan& = Ma x 



Noting that x = L 9 and 

d 2 e 



ci. 



La = L- 



dt 2 



eliminate the variable x in favor 
of G: 



ML 



d 2 e 



dt 2 



-kL0-Mgtan0 



For 9« l,tan(9« 9: 



ML 



d 2 e 



dt 1 



-kL6-MgO 

= -(kL+Mg)e 



or 

d 2 e ( k 



dt 2 
where 

co - 



M 



e = -co 2 e 



M L 



Oscillations 1125 



Substitute in equation (1) to obtain: 



In 



M L 



(b) When T = 2 s and M= 1 kg we 
have: 



When T= 1 s we have: 



2 = 



1 = 



2n 
2n 



Solve these equations 
simultaneously to obtain: 



29.6 N/m 
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Picture the Problem Applying Newton's 2 nd law to the first object as it is about to slip 
will allow us to express // s in terms of the maximum acceleration of the system which, in 
turn, depends on the amplitude and angular frequency of the oscillatory motion. 



(a) Apply ^ F x = ma x to the 
second object as it is about to slip: 

Apply 2_j Fy = 0 to me secon d 
object: 

Use / s 

.max 

= ju s F n to eliminate 
fc m „v and F„ between the two 
equations: 



f = m~,a 

J s.max 2 max 



K ~m 2 g = 0 



ju s m 2 g = m 2 a n 



and 



Relate the maximum acceleration of 
the oscillator to its amplitude and 
angular frequency: 

Substitute for c? max to obtain: 



a^ x =Aco =A- 



m x +m 2 



Ms 



Ak 



{m x +m 2 \ 
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(b) 



A is unchanged. E is unchanged because E = \kA 2 . <x> is reduced by 
increasing the total mass of the system and T is increased. 
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Picture the Problem The diagram shows 
the box hanging from the stretched spring 
and the free-body diagram when the box is 
in equilibrium. We can apply /,F V =0 to 

the box to derive an expression for x. In (b) 
and (c), we can proceed similarly to obtain 
expressions for the effective spring 
constant, the new equilibrium position of 
the box, and frequency of oscillations when 
the box is released. 

(a) Apply ^ F Y =0 to the box to 
obtain: 



O^LLLLL 



x- 



k(x- x 0 )-mg = 0 



k(x-x 0 ) 



mg 



Solve for x: 



mg 

x = —^-+x, 



Substitute numerical values and 
evaluate x: 



_ (l00kg)(9.81m/s 2 ) 
500 N/m 



+ 0.5m 



= 2.46m 



(b) Draw the free-body diagram for 
the block with the two springs 
exerting equal upward forces on it: 



Apply ^F y =0 to the box to 
obtain: 



///////// 




k(x 



k(x-x 0 ) + k(x-x 0 )-mg = 0 



or 



£eff(*-*o)- m £ = ° 
where 



^eff — 2k 
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When the box is displaced from this 
equilibrium position and released, 
its motion is simple harmonic 
motion and its frequency is given 
by: 

Substitute numerical values and 
evaluate a>: 



oo ■ 



"-eff 

m 



oo = 



! 2(500 N/m) 
100kg 



3.16rad/s 



(c) Solve equation (1) for x: 



x = 



mg 
2k 



Substitute numerical values and 
evaluate x: 



_ (l00kg)(9.81rf) +() 5m 
2(5 00 N/m) 



= 1.48m 
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Picture the Problem We'll differentiate the expression for the period of simple 
pendulum T = 2n \— with respect to g, separate the variables, and use a differential 

at 1 Ag 

approximation to establish that « . 

T 2 g 



(a) Express the period of a simple 
pendulum in terms of its length and 
the local value of the acceleration 
due to gravity: 



r = 2zr 



Differentiate this expression with 
respect to g to obtain: 



dT _ d 
dg dg 



2n4Lg- x < 1 =-n4Zg- il2 



T_ 
2g 



Separate the variables to obtain: 



T 



I* 
2 g 



Approximate dT and dg by AT and 

Ag for Ag « g: 



AT 
T 



l_Ag 
2 g 



(b) Solve the result in part (a) for Ag: 



Ag = -2g 



AT 
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Express A77J: 



at s id ih 

= -90 — x x 

T d 24h 3600s 



x-3 



Substitute and evaluate Ag: 



= -1.04x10" 
Ag = -2(9.81m/s 2 )(-1.04xlO~ 3 ) 



= 0.0204 m/s 2 



2.04 cm/s 2 
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Picture the Problem We can find the frequency of the vibrating system from its angular 
frequency; this depends on the spring constant and the total mass involved in the motion. 
The energy of the system can be found from the amplitude of its motion. 



(a) Relate the frequency of the 
vibrating system to its angular 
frequency: 

Substitute numerical values and 
evaluate/: 



/ = 



/ = 



0)1 Ik 
2n 2tt V 2m 



J_ 240 N/m 
Ik \ 2(0.6 kg) 



2.25 Hz 



Express the total energy of the 
system: 

Substitute numerical values and 
evaluate E: 



E = \kA 2 



£ = ^(240N/m)(0.6m) 2 = 



43 .2 J 



(b)(1) The glue dissolves when the 
spring is at maximum compression: 

Relate the frequency to the system's 
new angular frequency: 




Substitute numerical values and 1 240 N/m i 

. . , /i=— i^^= 3.18Hz 
evaluate/: 2n\ 0.6kg 1 



Express the system's new amplitude 
as a function of the oscillator's 
maximum speed and its new angular 
frequency: 

Find the maximum speed of the 
oscillator: 




v max =Aco = 2nfA = 2^(2.25s _1 )(0.6m) 
= 8.48 m/s 
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Substitute and evaluate A,: 



A=(8.48m/s)P^ 
1 V ; V240N/m 



42.4cm 



Express and evaluate the energy of 
the system: 



E,=\kA\ = j(240N/m)(0.424m) 2 



= 21.6J 



(b) (2) The glue dissolves when the 
spring is at maximum extension and 
f% is the same as/i: 



3.18Hz 



Because the second object is at rest, 
the amplitude and energy of the 
system are unchanged: 



A 2 = A- 
and 

E 2 =E 



0.600 m 



43 .2 J 
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Picture the Problem Choose a coordinate system in which the positive x direction is to 
the right and assume that the object is displaced to the right. In case (a), note that the two 
springs undergo the same displacement whereas in (b) they experience the same force. 



(a) Express the net force acting on 
the object: 



F nei — k^x k 2 x — [k] + k 2 )x — k^x 



where k 



eff 



k^ ~\~ k^ 



(b) Express the force acting on each 
spring and solve for jc 2 : 



F — k^x^ 
or 



k^ x^ 



-A', 



Express the total extension of the 
springs: 



X-^ — 



v eff 



Solve for kes: 



^ e ff - 



X^ ~\~ X-^ 

k, X-I 



X^ ~\~ X>2 
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Take the reciprocal of both sides of 
the equation to obtain: 



v eff 



1 1 

— + 
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Picture the Problem If the displacement of the block is y = A sin cot, its acceleration is 
a = -co 2 Asincot. 



(a) At maximum upward extension, the block is momentarily at rest. Its downward 
acceleration is g. The downward acceleration of the piston is oo 2 A. Therefore, if oo 2 A > g, 
the block will separate from the piston. 



(b) Express the acceleration of the 
small block: 



a = -Aco sincot 



For co A = 3g and A = 15 cm: 



a = -3g sin cot = -g 



Solve for t: 



1 . _/o 



t = —sin 

co 



sin 



Substitute numerical values and 
evaluate t: 



0.15m . _j 1 

t = J—i n sin _ 

\ 3(9.8 lm/s 2 ) 3 



0.0243s 
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Picture the Problem The plunger and ball are moving with their maximum speed as they 
pass through their equilibrium position (x = 0). Once it has passed its equilibrium 
position, the acceleration of the plunger becomes negative; therefore it begins to slow 
down and the ball, continuing with speed v s , separates from the plunger. We can find this 
separation speed by equating it to the maximum speed of the plunger. Application of 
conservation of energy to the motion of the plunger will allow us to express the distance 
at which the plunger comes momentarily to rest. 



(a) The ball will leave the plunger x = 

when the plunger is moving with its 
maximum speed; i.e., at its 
equilibrium position: 



(b) Express the speed of the ball 
upon separation in terms of the 
maximum speed of the plunger: 
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The angular frequency is given by: 


CO = 




k 






+ m p 


Substitute to obtain: 


v s = 




k 




m b + m p 



(c) Apply conservation of energy to 
the plunger: 



K f -K^+U fs -U ls =0 
or, because K { =U\ = 0, 



Solve for x { : 



Substitute for v s and simplify to obtain: 



m„ 



m b + m p 
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Picture the Problem Applying Newton's 2 nd law to the box as it is about to slip will 
allow us to express // s in terms of the maximum acceleration of the platform which, in 
turn, depends on the amplitude and angular frequency of the oscillatory motion. 



(a) Apply 2_j F, = ma x to the box 
as it is about to slip: 

Apply ^ F r =0 to the box: 

Use / 8 ,max = MsK t0 eliminate 
f maT and F between the two 

equations: 



fs.mux fnd n 



F n -mg = 0 

Mjng = ma mi 
and 

Ms ~ 



Relate the maximum acceleration of 
the oscillator to its amplitude and 
angular frequency: 



<3„,„„ = Aoo 



Substitute for a„ 



Acq 2 _ An 1 A 
T g 
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Substitute numerical values and 
evaluate // s : 



4;r 2 (0.4m) 
M * ~ (0.8s) 2 (9.81m/s 2 ) 



2.52 



(b) Solve the equation derived 
above for A max : 



A = Msg = thgT' 

max 2 a 2 

co An 



Substitute numerical values and 
evaluate A max : 



Ana> 



(0.4)(9.81m/s 2 )(0.8s) 2 



An 1 



6.36 cm 
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Picture the Problem In (b), we can use the condition F net = dU/dx = 0 for stable 
equilibrium to find the value of x = x 0 at stable equilibrium. In (c) and (d), we can simply 
follow the outline provided in the problem statement. In (e), we can obtain the frequency 

i IT" 

from / = J — using the value for k from the potential function. 

2n V m 



(a) A graph of U(x) follows: 




1.5 

x Ui 



2.0 



2.5 



3.0 



(b) Express the condition for equilibrium: p _ dU _ ^ 

dx 



Differentiate U with respect to x: 



dU _ d 

dx dx 



U, 



f X Cl^ 

— + - 

ya X J 
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Set this derivative equal to zero and 
solve for x: 



a 
and 



Xq 



( „2\ 



V X 0 J 



or 



«=0 



(c) Express U(xq + £■): 



(d) Expand (l + /?)" to obtain: 



U(x 0 +s) = U l 



x n + s a 
— + 



= U, 



a x 0 + s 



X,, s 1 

_0_ + _ + 



a a x 0 | g 

a (3 



or, because x 0 = a, 



C/(x 0 + ^) = C/ 0 



1 * 1 
1 + — + 



a 1 + 



where /? = 



(l + jg )-' = l + (_l) jg+ (- 1 X-2) jg 



2x1 



+ 



*l-/? + /? 2 



Substitute in t/(* 0 + 



£/(x 0 +£) = t/ 0 [l + /? + l-/? + /? 2 ] 

= t/ 0 [2 + /? 2 ] 



= 2C/ 0 +f/ 0 — 



constant + U 



0 „ 2 



(e) Express the potential energy of a 
simple harmonic oscillator: 



U = constant + \ks 2 



If the particle whose potential energy 
is given in part (d) is to undergo 
simple harmonic motion: 



a 
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Express the frequency of the simple 
harmonic motion, substitute for k, and 
simplify to obtain: 




1 2U n 



2m \ 



2U n 



m 



2n\ a m 
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Picture the Problem Let m represent the mass of the cylindrical drum, R its radius, and k 
the stiffness constant of the spring. We can find the angular frequency of the oscillations 
by equating the maximum kinetic energy of the drum and the maximum energy stored in 
the spring. We can then express the frequency of the system in terms of its angular 
frequency. The application of Newton's 2 nd law, under on-the-verge-of-sliding conditions, 
together with the introduction of the oscillator's total energy, will lead us to an expression 
for the minimum value of the coefficient of static friction. 



(a) Express the frequency of 
oscillation of the system for small 
displacements from equilibrium: 



CO 

2n 



(1) 



Express the kinetic energy of the 
drum and simplify to obtain: 



K=\lco 2 +\mv 2 



= fmv 2 



R 



+ jtnv 2 



Apply conservation of energy to 
obtain: 



Substitute Aco for v max : 



-m 



(Acof =\kA 2 



Solve for or. 



co ■ 




Substitute in equation (1) to obtain: 



/ 




Substitute numerical values and 
evaluate/: 



1 / 2(4000 N/m) _ 



2n ' 



3(6 kg) 



3.36Hz 



(b) Apply ^ F f = 0 to the drum to 



*A-/ VMB =0 
or 
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establish the condition that governs 
slipping: 

Using F n = mg, solve for // s : 

Express the oscillator's total energy E = \kA 2 => kA = -JlEk 

in terms of the amplitude of its 

motion: 



kA-ju s F a =0 



kA 
mg 



(2) 



Substitute in equation (2) to obtain: 4lEk 

mg 



3.40 



Substitute numerical values and _ - x /2(5j)(4000N/m) _ 

evaluate // s : Ms ~ (6kg)(9.81m/s 2 ) ~ 
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Picture the Problem The pictorial representation shows the two blocks connected by the 
spring and displaced from their equilibrium positions. We can apply Newton's 2 nd law to 
each of these coupled oscillators and solve the resulting equations simultaneously to 
obtain the differential equation of motion of the coupled oscillators. We can then 
compare this differential equation and its solution to the differential equation of motion 
of the simple harmonic oscillator and its solution to show that the oscillation frequency is 

CO = (k/ ju) 1 ^ 2 where // = m 1 m 2 /(m 1 + m 2 ) is the reduced mass of the system. 



Tfrmmmvffffmr 



>»>g 



-k(x.-x t ) 



Apply ^ F = ma to the block 

whose mass is mi and solve for its 
acceleration: 



k(x y -x 2 ) = m x a y 



m 



d 2 x 1 

l ~dT 



or 



a 



dt m. 



(xj x 2 ) 



Apply ^ F = ma to the block 
whose mass is m 2 and solve for its 



-k(x 1 — x 2 ) = m 2 a 2 = m 



1 dt 2 
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acceleration: 



or 



d x, 



dt m 



= — {x 2 -x l ) 



Subtract the first equation from the 
second to obtain: 



d 2 (x 2 -xj _ d 2 x 
dt 2 dt 2 
where x = x 2 - x\ 



— + — 

yffl, m 2 J 



The reduced mass of the system is: 



1 1 1 

— = 1 or ju 

ju m l m 2 



m x +m 2 



Substitute to obtain: 



Compare this differential equation 
with the differential equation of the 
simple harmonic oscillator: 

The solution to this equation is: 



d x 

~dT 

d 2 x 
~dT 



k 
— x 
m 



x = x 0 cos 



i(cot + S) 



(1) 



where co = ,| — 
m 



Express the solution to equation (1): 



x = x n cos 



where co = 



(cot + 5) 
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Picture the Problem We can use co = (k/ ju) 1 ^ 2 and ju = m\m 2 l{m\ + m 2 ) from Problem 
117 to find the spring constant for the HC1 molecule. 



Use the result of Problem 1 1 8 to 
relate the oscillation frequency to 
the spring constant and reduced 
mass of the HC1 molecule: 



co ■ 



Solve for k to obtain: 



jUCO 



Express the reduced mass of the 
HC1 molecule: 



m, + m 2 



Substitute to obtain: 



k = 



m l m 2 co 



m l + m 2 
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Express the masses of the hydrogen 
and CI atoms: 



m\ = 1 amu = 1.67xl0" 27 kg 
and 



m 2 = 35.45 amu = 5.92xl0" 26 kg 



Substitute numerical values and evaluate k: 



(l.67xlQ- 27 kg)(5.92xl0- 26 kg)(8.969xl0 13 s-') 2 



1.67 x 1(T 27 kg + 5.92 xlO ^ b kg 



-26 ■ 



13.1N/m 
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Picture the Problem In Problem 1 17, we derived an expression for the oscillation 
frequency of a spring-and-two-block system as a function of the stiffness constant of the 
spring and the reduced mass of the two blocks. We can solve this problem, assuming that 
the "spring constant" does not change, by using the result of Problem 117 and the reduced 
mass of a deuterium atom and a CI atom in the equation for the oscillation frequency. 



Use the result of Problem 1 17 to 
relate the oscillation frequency to 
the spring constant and reduced 
mass of the HC1 molecule: 




Express the reduced mass of the 
HC1 molecule: 

Express the masses of the deuterium 
and CI atoms: 



Evaluate the reduced mass of the 
molecule: 



ju 



m, + m 2 



m 1 = 2amu = 3.34xl0" 27 kg 
and 



m 2 = 35.45 amu = 5.92xl0" 26 kg 

_ (3.34xl(T 27 kg)(5.92xl0' 26 kg) 
M ~ 3.34 xl(T 27 kg + 5.92xl(T 26 kg 

= 3.16xl(T 27 kg 



Substitute numerical values and 
evaluate a>: 



13.1 N/m 
3.16xl0" 27 kg 



= 6.44xl0 13 rad/s 



120 ••• 

Picture the Problem The pictorial representation shows the block moving from right to 
left with an instantaneous displacement x from its equilibrium position. The free-body 
diagram shows the forces acting on the block during the half-cycles that it moves from 
right to left. When the block is moving from left to right, the directions of the kinetic 
friction force and the restoring force exerted by the spring are reversed. We can apply 
Newton's 2 nd law to these motions to obtain the differential equations given in the 
problem statements and then use their solutions to plot the graph called for in (c). 
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- i i 

— i i 

I I L 



(a) Apply V F x = ma x to the block 

while it is moving to the left to 
obtain: 







y 




i 




kx 











mg 

, , d 2 x 
j v -kx = m — T 
k dt 1 



Using f k = jU k F n =jUk>ng, eliminate f k 
in the differential equation of 
motion: 



jU.mg 

Let x n = K to obtain: 



d 2 x 

m — r- = -kx + jU,mg 
dt 2 

d 2 x 
dt 2 

d 2 x 
~dT 



or 



m 



m- 



= -k 



v 



j 



or 



d 2 x' 


k f 2 f 




= x = -co X 


dt 2 


m 



provided x' = x - x 0 and 



x 0 



CO 



The solution to the differential 
equation is: 



x' = x Q ' cos(cot + S) 
and its derivative is 
v ' = -coxq sin(cot + 5) 



The initial conditions are: 
Apply these conditions to obtain: 



*'(0) = ;t-;t 0 and v'(o) = 0 

x'(p) = Xq cosd = x-x 0 
and 

v'(0) = -cox 0 'smS = 0 



Solve these equations 
simultaneously to obtain: 



8 = 0 and x 0 ' = x — x 0 
and 

x' = (x - x 0 )cos cot 
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or 



x = (x — x 0 )cos cot + x 0 



(1) 



(b) Apply = ma to the block 

while it is moving to the right to 
obtain: 



d 2 x 

•/. -kx = m — - 



Using / k = // k F n =/4mg, eliminate / k 
in the differential equation of 
motion: 



u^mg , . 

Let jc n = — to obtain: 

0 * 



or 



m 



= -kx - ju k mg 



d x 
~dT 

d 2 x 
dt 2 

m = -k(x + x 0 ) 



= -k 



dt 



or 



d 2 x" _ 








dt 2 


m 



provided x" = x + x 0 and 



x 0 — 



k co 2 



The solution to the differential 
equation is: 



The initial conditions are: 
Apply these conditions to obtain: 



Solve these equations 
simultaneously to obtain: 



x" = x 0 "cos(cot + S) 
and its derivative is 
v" = -a>x 0 " sin + S) 

x"(0) = x + x 0 and v"(0) = 0 

x"(6) = x Q "cosS = x + x 0 
and 

v"(0) = -ffi«: 0 ''sin^ = 0 

8 = 0 and x 0 " = x + x 0 
and 

x" = (x+ x 0 )coscot 
or 



x = (x + x 0 )cos cot - x 0 



(2) 



(c) A spreadsheet program to calculate the position of the oscillator as a function of time 
(equations (1) and (2)) is shown below. The constants used in the position functions (x 0 = 
1 m and T=2s were used for simplicity) and the formulas used to calculate the positions 
are shown in the table. After each half-period, one must compute a new amplitude for the 
oscillation, using the final value of the position from the last half -period. 
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Cell 


Content/Formula 


Algebraic Form 


Bl 


1 


Xq 


B2 


10 


A 


C7 


C6 + 0.1 


t + At 


D7 


($B$2-$B$l)*COS(PI()*C7)+$B$l 


[A- x 0 )cosM + x 0 


D17 


(ABS($D$6+$B$l))*COS(PI()*C17)-$B$l 


x + x 0 cos 7rt - x 0 


D27 


(ABS($D$6-$B$ 1 ))*COS(PI()*C27)+$B$ 1 


X - X 0 COS 7tt + X 0 


D37 


(ABS($D$36+$B$l))*COS(PI()*C37)-$B$l 


\x + x 0 \cosrt - x 0 


D47 


($D$46-$B$ 1 )*COS(PI()*C47)+$B$ 1 


{x - x 0 )cosM + x 0 





A 


B 


c 


D 


1 


x0= 


1 


m 




2 


A= 


10 






3 










4 






t 


X 


5 






(s) 


(m) 


6 






0.0 


10.00 


7 






0.1 


9.56 


8 






0.2 


8.28 


9 






0.3 


6.29 


10 






0.4 


3.78 












53 






4.7 


0.41 


54 






4.8 


0.19 


55 






4.9 


0.05 


56 






5.0 


0.00 



The graph shown below was plotted using the data from columns C (f) and 



D (x). Note that the motion of the block ceases after five half - cycles. 



10 
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\ 








T 1 

\ 


1 c 
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1 f 1 

1 / 





















































t (s) 
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Picture the Problem The diagram shows the half-cylinder displaced from its equilibrium 
position through an angle 9. The frequency of its motion will be found by expressing the 
mechanical energy E in terms of d?and dQIdt. For small Owe will obtain an equation of 



the form E = \ k6 + \ I 



dt 



. Differentiating both sides of this equation with respect 



to time will lead to 0 ; 



2/i\ 



kO + I 



dt 2 



an equation that must be valid at all times. 

dt 



Because the situation of interest to us requires that dOldt is not always equal to zero, we 
d 2 0 d 2 0 k 

have 0 = k 6 + 1 — r- or — r- H — 0 = 0 , the differential equation of simple harmonic 
dt dt I 

motion with a> 2 = k/I . The distance from O to the center of mass D, where, from 
Problem 8-39, D = {AI2>n)R, and the distance from the contact point C to the center of 
mass is r. Finally, we'll take the potential energy to be zero where 9 is zero and assume 
that there is no slipping. 




Apply conservation of energy to obtain: 



E = U + K 



= Mg(h-D)+-I ( 



(dey 

\dt j 



(1) 



From Table 9-1, the moment of 
inertia of a solid cylinder about an 
axis perpendicular to its face and 
through its center is given by: 



h^ y ^=\^M)R 2 =MR 2 
where M is the mass of the half-cylinder. 
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Express the moment of inertia of the 
half-cylinder about the same axis: 



Use the parallel-axis theorem to 
relate / cm to / 0 : 



Substitute for L m and solve for L, 



= —MR 2 -D 2 M 



Apply the parallel-axis theorem a 
second time to obtain an expression 
for I c : 



I r = —MR 2 -D 2 M +Mr 2 
c 2 



f 



= M 



1 



-R 2 -D 2 + r 2 

v2 j 



(2) 



Apply the law of cosines to obtain: 
Substitute for r 2 in equation (2) to obtain: 



r 2 =R 2 +D 2 -2RDcos0 



I C =M 



1 



R 2 -D 2 +R 2 +D 2 -2RDcos0 \ = MR' 



— 2 — cos# 
U R 



Substitute for h and I c m equation (1): 



E = MgD(l -cos0)+ ^MR 2 



3 o D o 
— 2 — cos# 

v 2 R 



dt 



1 2 

Use the small angle approximation cos 0 « 1 — — 6 to obtain: 



E = —MgDO 2 +—MR 2 



2 



'3 D [2 _ 02] Yd0^ 



2 R 



dt 



Because 0 2 « 2, we can neglect the 0 2 in the square brackets to obtain: 



1 



E = ^MgD6 2 + -MR 2 



(3 






u 


R) 


{dt J 
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Differentiating both sides with respect to time yields: 



and 



O = MgD0— + MR : 
dt 



R 



D 



--2 
2 Rj 



(3 




{ d%0 \ 


U 


RJ 





d*0 
dt 2 



-+■ 



gD 



R 



D 



\dt j 
+ gD0 = O, 

0 = 0, 



K dt 2 j 



V 



--2 
2 i?y 



the differential equation of simple harmonic motion with CO = 



gD 



R 



D 



Substitute for D to obtain: 



« 2 = 



3tt 



3_ J_ 
2 3^- 



R 



8 

9^-16 



Express the period of the motion in 
terms of a> and simplify to obtain: 



2n _ If 9^-16^7? 
— = 2^. 



8 



7.78. 
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Picture the Problem The net force acting on the particle as it moves in the tunnel is the 
x-component of the gravitational force acting on it. We can find the period of the particle 
from the angular frequency of its motion. We can apply Newton's 2 nd law to the particle 
in order to express a> in terms of the radius of the earth and the acceleration due to gravity 
at the surface of the earth. 



(a) From the figure we see that: 



F, = F sin 0 



GmM l 



GmM, 



R 



Because this force is a linear restoring 
force, the motion of the particle is simple 
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(b) Express the period of the particle 
as a function of its angular 
frequency: 

Apply = ma x to the particle: 



harmonic motion. 
2n 



T = 



CO 



GmM l 



-x = ma 



(1) 



Solve for a: 



GM, 



a = 



R 



x = 



-co 2 x 



where 



oo ■ 



R 



Use GM E = gR E to simplify or. 



co = 




Substitute in equation (1) to obtain: 



T = 



2n 






IK 






\ 


8 



Substitute numerical values and 
evaluate T: 



_ . 6.37xlQ 6 m 3 

T = 2kj ^— = 5.06x10 s 

\ 9.81m/s 2 



84.4 min 
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Picture the Problem The amplitude of a damped oscillator decays with time according 



to A = \e 



-(b/2m)t 



We can find bllm from co' = co n J\- 



f b ^ 
y 2moo 0 j 



and then substitute in 



the amplitude equation to find the factor by which the amplitude is decreased during each 
oscillation. We'll use our result from (a), together with the dependence of the energy of 
the oscillator on the square of its amplitude, to find the factor by which its energy is 
reduced during each oscillation. 



(a) Express the variation in 
amplitude with time: 



A = \e- {hl2m) ' 



(1) 
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Relate the damped and undamped 
frequencies of the oscillator: 



co = co, 



2mco, 



(14-46) 



o ) 



Solve for b/2m : 



b L co' 2 

!T~ = G) o, 1 Y = co c 

2m V co 0 

= 0.436» n 



Find the period of the damped 
oscillations: 



T = 



2n 2n 



co' 0.9<y n 



Substitute in equation (1) with t = T 
to obtain: 



-(0.436^) 



= e 



0.9ai n 



= e 



-3.04 



= 0.0478 



(b) Express the energy of the 
oscillator at time t = 0: 



E 0 - l 2 JcAq 



Express the energy of the oscillator 
at time t = T: 



E = \kA 2 



Divide the second of these 
equations by the first, simplify, and 
substitute to evaluate E/E 0 : 



e 0 ~ A? 



f A \ 



vA>y 



= (0.0477) 2 



0.00228 
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Picture the Problem We can differentiate Equation 14-52 twice and substitute x and 
(fx/dt 2 in Equation 14-51 to determine the condition that must be satisfied in order for 
Equation 14-52 to be a solution of Equation 14-51. 



The differential equation of motion 
is Equation 14-51: 



d x , dx 2 

m — ^r + b \-mcOc.x = r n coscot 

dt 2 dt ° ° 



Its proposed solution is Equation 
14-52: 



x = Acos(cot-d) 



Obtain the first and second 
derivatives of x: 



dx 
dt 
and 



= -Acosin(cot - S) 
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d 2 x 
dt 2 



= -Aco 2 cos(cot - 8) 



Substitute in the differential equation to obtain: 

-mAco 2 cos(cot - S)- bAcosm(cot - S)+ ma>QAcos(cot - S) = F 0 cos cot 

Using trigonometric identities, expand cos(cot - S) and sin(cot - S) to obtain: 

- mA co 2 (cos cot cos 8 + sin cot sin S) - bA co(sin cot cos 8 - cos cot sin S) 
+ mco^ A(cos cot cos S + sin cot sin S)= F 0 cos cot 

Factor mA(cos fttf cos 8 + sin cot sin S) from the first and third terms to obtain: 

mA{col - co 2 \cos cot cos 5 + sin cot sin 5) - bAco{sin cot cos 8 -cos cot sin S)= F 0 coscot 

Factor cos cot cos 8 from the first term on the left-hand side of the equation and 
sin cot cos 8 from the 2 nd term: 



mA{col - co 2 \cos cot cos 8) 



1 + 



sin cot sin 8 
cos cot cos 8 



- bA co{sin cot cos 8) 



1- 



cos cot sin8 
sin&tfcoscS' 



= F 0 cos cot 



Simplify to obtain: 



mA{col - co 2 \cos cot cos 8) (l + tan cot tan 8) - bA <z>(sin cot cos 8^1 - 



tan 8 
tan cot 



= F 0 cos cot 



Divide both sides of the equation by m{col - co 2 ): 



A(cos cot cos 8 )(l + tan cot tan 8) - 



bAco 



m[col - co 2 ) 



{sin cot cos 8) 



tan 8 
tan cot 



u 

m[co\ - co 2 ) 



coscot 



The phase constant for a driven oscillator , s bco 

tan£ = — f— 2 

is given by Equation 14-54: m[co 0 - co j 
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Substitute for tan 8 : 



it A bco \ bAco t . „\ 

Ajcos cot cos 8 ) I + tan cot — r— t\ r—z Tx{smcotcos8) 

^ m[co 0 - co )j m[co 0 - co J 



m 

bco 
\Q)q - co 2 
tan cot 



j m(co 2 - co 2 ) 



m[co 2 - co 2 ) 



cos cot 



Simplify to obtain: 



A(cos cot cos £)(l + tan 2 s) = — — t\ cos cot 

m[co 0 - co J 



2 1 

Use the trigonometric identity 1 + tan 8 



2 £ " 



cos 8 



A(cos<y?cos^) — \ — = — i—^ — ^cos<yf 
cos 8 m[co 0 - co ) 



Simplify to obtain: Aco ^ t = Fco.S 

m[co 0 -co ) 



F 0 cos8 
i[cOq - co 2 ) 



Thus x = Acos(<yf - 8 ) is a 
solution to Equation 14-51 
provided: 
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Picture the Problem We can follow the step-by-step instructions provided in the 
problem statement to obtain the desired results. 

(a) Express the average power P = F v = Fv cos 6 

delivered by a driving force to a 0 r, because 9 is 0°, 

driven oscillator: P = Fv 

Express F as a function of time: F = F 0 cos cot 



Express the position of the driven 
oscillator as a function of time: 



x = Acos(cot - 8) 
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Differentiate this expression with 
respect to time to express the 
velocity of the oscillator as a 
function of time: 

Substitute to express the average 
power delivered to the driven 
oscillator: 

(b) Expand sin(cot - S) to obtain: 

Substitute in your result from (a) 
and simplify to obtain: 



v = -Acosin(cot -5) 



P = (F 0 cos cot)[- Aco sin{cot - S)] 



AcoF Q cos cot sin{cot -5) 



sinicot - S) = sin cot cos 8 - cos cot sin 8 

P = -AcoF 0 cos cot(sin cot cos 8 
-cos cot sin 8) 



A coF 0 sin 8 cos cot 
- AcoF n cos 8 cos cot sin cot 



(c) Integrate sin 0 cos 0 over one 
period to determine (sin 0 cos 0) : 



Integrate cos 2 0 over one period to 
determine (cos 2 0) 



1 


2/r 


~2n 


1 

_ 0 


1 


1 


In 


2 


0 




2,T 





Z, JL 

Jsin^cos^^ 



cos 2 0) = — j"cos 2 6fc?6> 



In 

J_ 

2n 

J_ 
2n 



1 2tt 

-J(l + cos20)*0 



Z, /( Z, /( 

Jd^ + | J cos 2^ 



= J-(*+o)=± 

2;r 2 



Substitute and simplify to express 
P ■ 

1 av- 



P„ = A<aF n sin^(cos cot 



-AcoF Q cos 8 (cos cot sin cot) 
= \A coF 0 sin 8 - A coF 0 cos 8(o) 



^AcoF 0 sin 8 
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(d) Construct a triangle that is 
consistent with 



tan 8 



bco 



m[col - co 2 ) 




bio 



III (o) (1 2 - ID 2 ) 



Using the triangle, express sinJ: 



sin 8 



bco 



l( 2 2 V 7 2 2 

m [co 0 - co ) +b co 



Using equation 14-53, reduce this 
expression to the simpler form: 



sin 8 - 



bco A 



(e) Solve sin 8 = ^ >a> ^ f or 



F 

co = — sin 8 
bA 



Substitute in the expression for P d 
to eliminate co: 



F 2 

^sin 2 £ 
2b 



Substitute for sin 8 from (d) to 
obtain Equation 14-55: 



bco 2 F 0 2 



m 



• ? V 7 2 2 

yco 0 - co J + b co 
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Picture the Problem We can follow the step-by-step instructions given in the problem 
statement to derive the given results. 



(a) Express the condition on the 
denominator of Equation 14-55 
when the power input is half 
its maximum value: 



m 2 (co 2 - co 2 } +b 2 co 2 = 2b 2 col 

and, for a sharp resonance, 

2/2 2 V ; 2 2 
m [co 0 - co J ~b co 0 



Factor the difference of two squares 
to obtain: 



m 2 [(co 0 - co\co Q + co)f « b 2 co ( 



or 



/// 



(cl> 0 - cof(co 0 + cof « b 2 co ( 



(b) Use the approximation 
a>+ a>o^2a>oto obtain: 



m 2 (co 0 -co) 2 (2co Q ) 2 ~b 2 co\ 
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Solve for coo - co: 



co 0 -co 



+ - 



2m 



(1) 



(c) Using its definition, express Q: 



Q 



co 0 m 



Solve for b: 



b = 



Q 



(d) Substitute for b in equation (1) 
to obtain: 



co n -a> = ± — - 
2Q 



Solve for co: 



CO = COr. + ~ 

2Q 



Express the two values of or. 



and 



co = 



co 0 + 



3>_ 
2Q 



co„ 



co^ 
2Q 



Remarks: Note that the width of the resonance at half-power 
is Aco = co -co = co 0 /Q , in agreement with Equation 14-49. 
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Picture the Problem We can find the equilibrium separation for the Morse potential by 
setting dU/dr = 0 and solving for r. The second derivative of U will give the "spring 

constant" for small displacements from equilibrium. In (c), we can use CO = -\Jk/ju, 

where k is our result from (b) and ju is the reduced mass of a homonuclear diatomic 
molecule, to find the oscillation frequency of the molecule. 

(a) A spreadsheet program to calculate the Morse potential as a function of r is shown 
below. The constants and cell formulas used to calculate the potential are shown in the 
table. 



Cell 


Content/Formula 


Algebraic Form 


Bl 


5 


D 


B2 


0.2 




C9 


C8 + 0.1 


r + Ar 


D8 


$B$1*(1-EXP(-$B$2*(C8-$B$3))) A 2 


D[\-e-^] 2 
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A 


B 


C 


D 


1 


D= 


5 


eV 




2 


Beta= 


0.2 


nrrf 1 




3 


r0= 


0.75 


nm 




4 










5 










6 






r 


U(r) 


7 






(nm) 


(eV) 


8 






0.0 


0.13095 


9 






0.1 


0.09637 


10 






0.2 


0.06760 


11 






0.3 


0.04434 


12 






0.4 


0.02629 












235 






22.7 


4.87676 


236 






22.8 


4.87919 


237 






22.9 


4.88156 


238 






23.0 


4.88390 


239 






23.1 


4.88618 



The graph shown below was plotted using the data from columns C (r) and 
D (U(r)). 



0.7 




= -2pD^-e- p(r - r ° ) ] 



Set this derivative equal to zero for 
extrema: 



-2y9D[l-e^ ( " o) J=0 
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Solve for r to obtain: 



r=r f 



Evaluate the second derivative of 
U(r) to obtain: 



d 2 U _ d 
dr dr 



■IpD^-e-^-^]} 



Evaluate this derivative at r = r 0 : 



d 2 U 



dr 2 



= 2f3 2 D 



(1) 



Recall that the potential function for 
a simple harmonic oscillator is: 



U = \kx 2 



Differentiate this expression twice to 
obtain: 



d 2 U 
dx 2 



= k 



By comparison with equation (1) we 
have: 



k = 



2(3 2 D 



(c) Express the oscillation frequency 
of the diatomic molecule: 



co = 



where // is the reduced mass of the 
molecule. 



Express the reduced mass of the 
homonuclear diatomic molecule: 

Substitute and simplify to obtain: 



jU 



m x m 2 _m _m 
m x + m 2 2m 2 



co = 



i 



2J3 2 D 



m 

~2 



2 A 



Remarks: An alternative approach in (b) is the expand the Morse potential in a 
Taylor series 

U(r ) = U(r 0 ) + (r - r ' 0 )ll' (r 0 ) + — (r - r 0 ) 2 U" (r 0 ) + higher order terms 

to obtain U(r) « fi 2 D(r -r 0 ) 2 . Comparing this expression to the energy of a spring- 
and-mass oscillator we see that, as was obtained above, k = 2fi 2 D . 



Chapter 15 
Wave Motion 



Conceptual Problems 
*i . 

Determine the Concept The speed of a transverse wave on a rope is given by 

v = *JF '/ ju where F is the tension in the rope and jU is its linear density. The waves on the 

rope move faster as they move up because the tension increases due to the weight of the 
rope below. 

2 

Determine the Concept The distance between successive crests is one wavelength and 
the time between successive crests is the period of the wave motion. Thus, T= 0.2 s and 



/ = l/T = 5 Hz. (b) is correct 



3 

Picture the Problem True. The energy per unit volume (the average energy density) is 
given by rj m = \ pofsl where s 0 is the displacement amplitude. 

4 

Determine the Concept At every point along the rope the wavelength, speed, and 
frequency of the wave are related by X = v/f . The speed of the wave, in turn, is given 

by v = tJf/ ju where F is the tension in the rope and /u is its linear density. Due to the 

weight of the rope below, the tension is greater at the top and the speed of the wave is 
also greater at the top. Because X oc v, the wavelength is greater at the top. 

*5 

Determine the Concept The speed of the wave v on the bullwhip varies with the tension 
F in the whip and its linear density ju according to v = ^F '/ /u . As the whip tapers, the 

wave speed in the tapered end increases due to the decrease in the mass density, so the 
wave travels faster. 

6 

Picture the Problem The intensity level of a sound wave ft, measured in decibels, is 
given by ft = (lO dB)log(///„ ) where I 0 = 1 0" 12 W/m 2 is defined to be the threshold of 

hearing. 



Express the intensity of the 60-dB &r\AR — (\ n rlR^lorr L 

' I 0 



60dB = (l0dB)log^ => 7 60 = 10 6 / 0 
sound: I n 
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30dB = (lOdB)log^ => / 30 = 10 3 / ( 



The statement is false. 



7 

Determine the Concept No. Because the source and receiver are at rest relative to each 
other, there is no relative motion of the source and receiver and there will be no Doppler 
shift in frequency. 

8 

Determine the Concept Because there is no relative motion of the source and receiver, 
there will be no Doppler shift and the observer will hear sound of frequency f 0 . 
(a) is correct. 



*9 

Determine the Concept The light from the companion star will be shifted about its mean 
frequency periodically due to the relative approach to and recession from the earth of the 
companion star as it revolves about the black hole. 

10 • 

Determine the Concept In any medium, the wavelength, frequency, and speed of a wave 
are related through A = v/f. Because the frequency of a wave is determined by its source 
and is independent of the nature of the medium, if v differs in the two media, the 
wavelengths will also differ. In this situation, the frequencies are the same but the speeds 
of propagation are different. 

11 • 

(a) True. The particles that make up the string move at right angles to the direction the 
wave is propagating. 

(b) False. Sound waves in air are longitudinal waves of compression and rarefaction. 

(c) False. The speed of sound in air varies with the square root of the absolute 
temperature. The speed of sound at 20°C is 4% greater than that at 5°C. 

12 • 

Determine the Concept In any medium, the wavelength, frequency, and speed of a 
sound wave are related through A = v/f, Because the frequency of a wave is determined 
by its source and is independent of the nature of the medium, if v is greater in water than 
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Express the intensity of the 30-dB 
sound: 

Because ho = 10 3 A 0 : 



Wave Motion 1155 



in air, X will be greater in water than in air. (a) is correct 



*13 • 

Determine the Concept There was only one explosion. Sound travels faster in water 
than air. Abel heard the sound wave in the water first, then, surfacing, heard the sound 
wave traveling through the air, which took longer to reach him. 

14 

Determine the Concept The graph shown below shows the pulse at an earlier time (-At) 
and later time (At). One can see that at t = 0, the portion of the string between 1 cm and 2 
cm is moving down, the portion between 2 cm and 3 cm is moving up, and the string at 
x = 2 cm is instantaneously at rest. 




15 

Determine the Concept The velocity of the string at t = 0 is shown. Note that the 
velocity is negative for 1 cm < x < 2 cm and is positive for 2 cm < x < 3 cm. 
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16 

Determine the Concept As the jar is evacuated, the speed of sound inside the jar 
decreases. Because of the mismatch between the speed of sound inside and outside of the 
jar, a larger fraction of the sound wave is reflected back into the jar, and a smaller 
fraction is transmitted through the glass of the bell jar. 

*17 

Determine the Concept Path C. Because the wave speed is highest in the water, and 
more of path C is underwater than A or B, the sound wave will spend the least time on 
path C. 

Estimation and Approximation 

18 

Picture the Problem The rate at which energy is delivered by sound waves is the 
product of its intensity and the area over which the energy is delivered. We can use the 
definition of the intensity level of the speech at 1 m to find the intensity of the sound and 
the formula for the area of a sphere to find the area over which the energy is distributed. 



Express the power of human speech 
as a function of its intensity: 

Express the area of a sphere of 
radius 1 m: 

Use 0 = (lOdB)log(/// 0 ) to solve 

for the intensity of the sound at the 
65-dB level: 



P = IA 

A = 4w 2 = 4;r(lm) 2 = 4;rm 2 

65dB = (l0dB)log— 
and 

/ = 10 65 / 0 = 10 65 (l(T 12 W/m 2 ) 
= 3.16xl(T 6 W/m 2 



Substitute and evaluate P: 



P = (3 . 1 6 x 1 (T 6 W/m 2 )(4tt m 2 ) 



= 3.97xlCT 5 W 



19 

Picture the Problem Let d represent the distance from the bridge to the water under the 
assumption that the time for the sound to reach the man is negligible; let t be the elapsed 
time between dropping the stone and hearing the splash. We'll use a constant- 
acceleration equation to find the distance to the water in all three parts of the problem, 
just improving our initial value with corrections taking into account the time required for 
the sound of the splash to reach the man on the bridge. 
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(a) Using a constant-acceleration 
equation, relate the distance the 
stone falls to its time-of-fall: 



d = v 0 t + jgt 
or, because v 0 = 0, 
d = jgt 2 



Substitute numerical values and 
evaluate d: 

(b) Express the actual distance to the 
water d! in terms of a time 
correction At: 



J = ^(9.81m/s 2 )(4s) 2 = 
d' = \g(t-At) 2 



78.5m 



Express At: 



At = 



Substitute to obtain: 



d'=\g 



V v s7 



Substitute numerical values and 
evaluate d': 



</' = |(9.81m/s 2 ) 



4s- 



78.5m 
340 m/s 



= 69.7m 



(c) Express the total time for the 
rock to fall and the sound to return 
to the man: 

Rewrite the equation in quadratic 
form: 

Substitute numerical values to 
obtain: 

Solve for the positive value of d: 



At = Al en . ,+At , 

falling rock sound 



1 2d d 

+ — 

g 



d 2 -2v 2 



— + — 



d + v 2 s (Atf =0 



</ 2 -(2.63xl0 4 m)d + 1.85xl0 6 m 2 =0 



d 



70.5 m 



. . . about 1 % larger than 

our result in part (b) and 1 1 % smaller than 
our first approximation in (a). 



*20 

Picture the Problem You can use a protractor to measure the angle of the shock cone 
and then estimate the speed of the bullet using sin 6 = v/u . The speed of sound in 
helium at room temperature (293 K) is 977 m/s. 
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Relate the speed of the bullet u to 
the speed of sound v in helium and 
the angle of the shock cone 6 : 



sin^ 



Solve for u: 



Measure 0 to obtain: 



u = 

sin 0 

0*70° 



Substitute numerical values and 
evaluate u: 



u = 



977 m/s 
sin 70° 



1.04km/s 



21 

Picture the Problem Let d be the distance to the townhouses. We can relate the speed of 
sound to the distance to the townhouses to the frequency of the clapping for which no 
echo is heard. 



Relate the speed of sound to the 
distance it travels to the townhouses 
and back to the elapsed time: 

Express d in terms of the number of 
strides and distance covered per 
stride: 



v = 



2d_ 
At 



d = (30strides)(l.8m/stride) = 54m 



Relate the elapsed time At to the 
frequency / of the clapping: 

Substitute numerical values and 
evaluate v: 

Express the percent difference 
between this result and 340 m/s: 



At = — = ■ 



v = 



/ 2.5claps/s 
2(54 m) 



= 0.4s 



0.4s 



270 m/s 



340 m/s -270 m/s 
340 m/s 



20.6% 



Speed of Waves 



22 



Picture the Problem The speed of sound in a fluid is given by v = J~B/ p where B is the 
bulk modulus of the fluid and p is its density. 



(a) Express the speed of sound in 
water in terms of its bulk modulus: 



v = 



Substitute numerical values and 
evaluate v: 



v = 



|2.0xl0 9 N/m 2 
10 3 kg/m 3 



1.41km/s 
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{b) Solve v = t]B/p for B: 

Substitute numerical values and 
evaluate B: 



B = pv 2 



B = (l3.6xl0 3 kg/m 3 )(l410m/s) 2 



2.70xlO IU N/m 2 



*23 • 

Picture the Problem The speed of sound in a gas is given by v = -yjyRT/M where R is 

the gas constant, Tis the absolute temperature, Mis the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. Because 
hydrogen gas is diatomic, y = 1,4. 



Express the dependence of the speed 
of sound in hydrogen gas on the 
absolute temperature: 

Substitute numerical values and 
evaluate v: 



v = 



\yRT 

M 



j j .4(8.3 14 J/mol-K)(300K) 
2xl(T 3 kg/mol 



1.32km/s 



24 • 

Picture the Problem The speed of a transverse wave pulse on a wire is given by 

v = yjF/ ju where F is the tension in the wire, m is its mass, L is its length, and /J is its 

mass per unit length. 



Express the dependence of the speed 
of the pulse on the tension in the 
wire: 



v 



where ju is the mass per unit length of the 
wire. 



Substitute numerical values and 
evaluate v: 



F 



900 N 



v = 



m/L V0.1kg/7m 



251m/s 



25 • 

Picture the Problem The speed of transverse waves on a wire is given by 

v = yjF/ ju where F is the tension in the wire, m is its mass, L is its length, and /J is its 

mass per unit length. 
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Express the dependence of the speed 
of the pulse on the tension in the 
wire and the linear density of the 
wire: 



14. 

mlL 



Solve for m: 



m = ■ 



FL 



Substitute numerical values and 
evaluate nr. 



m 



(550N)(0.8m) 
(l50m/s) 2 



19.6g 



■=26 



Picture the Problem The speed of a wave pulse on a wire is given by v = yJF/ju where 
F is the tension in the wire, m is its mass, L is its length, and /u is its mass per unit length. 



(a) Doubling the length while 
keeping the mass per unit length 
constant does not change the linear 
density: 



(b) Because v depends of Vi 7 , 
doubling the tension increases v by a 
factor of 

(c) Because v depends on l/^fju , 
doubling // reduces v by a factor of 



v = 



20m/s 



= V2(20m/s): 



28.3 m/s 



v = 



20 m/s 



14.1m/s 



27 • 

Picture the Problem The speed of a transverse wave on the piano wire is given by 
v = tJf/ ju where F is the tension in the wire, m is its mass, L is its length, and /J is its 
mass per unit length. 



(a) The speed of transverse waves 
on the wire is given by: 



'4- 

m L 



Substitute numerical values and 
evaluate v: 



500 N 



v = 



(0.005 kg)/(0.7m) 



265 m/s 
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(b) Letting m' represent the mass of 
the wire when copper has been 
wrapped around the steel wire, 
express Am, the amount of copper 
wire required: 



Am = m' — m 



Express the new wave speed V: 



v 



F 



m'lL 



Express the ratio of the speed of the 
waves in part (a) to the reduced 
wave speed: 




Solve for and evaluate m'\ 



m' = 4m 



Substitute to obtain: 



Am = m' — m = 4m - m = 3(5 g) 



15.0g 



28 

Picture the Problem We can estimate the accuracy of this procedure by comparing the 
estimated distance to the actual distance. Whether a correction for the time it takes the 
light to reach you is important can be decided by comparing the times required for light 
and sound to travel a given distance. 



(a) Convert 340 m/s to km/s: 



„.„m 1km 
v = 340 — x- 



1000 m 



0.340 km/s 



(b) Express the fractional error in 
the procedure: 



As 
s 



estimated 



S 

0.007 
0.340 



0.340; -0.333; 
0.340; 



2.06% 



(c) Compare the time required for 
light to travel 1 km to the time 
required for sound to travel the same 
distance: 



lkm 



A;, 



ght 



A; lkm 

z - st sound 



V 

c 



340 m/s 
3xl0 8 m/s 



10 



-6 
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Because this fraction is so small, a correction for the time for light to 
reach you is not important. 



*29 

Picture the Problem The speed of a transverse wave on a string is given by 
v = -yjF/ jU where F is the tension in the wire and ju is its linear density. We can 

differentiate this expression with respect to F and then separate the variables to show that 
the differentials satisfy dv/v = jdF/F. We'll approximate the differential quantities to 

determine by how much the tension must be changed to increase the speed of the wave to 
312 m/s. 



(a) Evaluate dv/dF: 



dv _ d 
dF ~ dF 




Separate the variables to obtain: 



dv _ 1 dF 
v ~ 2 F 



(b) Solve for dF: 



dF = 2F 



dv 



Approximate dF with AF and dv 
with Av to obtain: 



AF = 2F 



Av 



Substitute numerical values and 
evaluate AF: 



AF = 2(500 N) 



12m/s 
3 00 m/s 



40.0 N 



30 

Picture the Problem The speed of sound in a gas is given by v = ^/RT/M where R is 

the gas constant, T is the absolute temperature, Mis the molecular mass of the gas, and y 
is a constant that is characteristic of the particular molecular structure of the gas. We can 
differentiate this expression with respect to T and then separate the variables to show that 
the differentials satisfy dv/v = jdT/T. We'll approximate the differential quantities to 

determine the percentage change in the velocity of sound when the temperature increases 
from 0 to 27°C. Lacking information regarding the nature of the gas, we can express the 
ratio of the speeds of sound at 300 K and 273 K to obtain an expression that involves just 
the temperatures. 
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(a) Evaluate dvldT: 



dv _ d 
dT ~ dT 

~ 2T 



\yRT 

M 



2 



M 



yRT 



Separate the variables to obtain: 



dv _ 1 dT 
v ~2 T 



(b) Approximate dT with AT and dv 
with Av and substitute numerical 
values to obtain: 



Av _ 1 AT _ 1 

v ~2 T ~2 



( 21 




4.95% 




1 273K; 







(c) Using a differential 
approximation, approximate the 
speed of sound at 300 K: 



Substitute numerical values and 
evaluate v 30 o k- 



Use v = ^j/RT/M to express the 
speed of sound at 300 K: 



Use v = yj/RT/M to express the 
speed of sound at 273 K: 

Divide the first of these equations 
by the second and solve for and 
evaluate v 30 o k- 



V 300K ~ V 273K + V 273K 



K 273K 



Av 
v 

Av^ 



1 + 

V v J 



k 300 



K =(331 m/s)(l + 0.0495): 



347 m/s 



'300K 



'273K 



_ 1 ^(300 K) 
~V M 

1 ^(273 K) 

~i m 

1^(300 K) 



7 300K 



'273K 



M 



300 



/ 7^(273 K) V273 



V M 

and 

v 3ook =(331 m/s) 



'300 



273 



347 m/s 



Note that these two results agree to three 
significant figures. 



31 



Picture the Problem The speed of sound in a gas is given by v = -JyRT/M where R is 
the gas constant, T is the absolute temperature, Mis the molecular mass of the gas, and y 
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is a constant that is characteristic of the particular molecular structure of the gas. Because 
T=t + 273 K, we can differentiate v with respect to t to show that dv/dt = j\y/T). 



Evaluate dvldt: 



dv _ d 
dt dt 



f^+273K) 



M 




Substitute for t to obtain: 



dv 
dt 



^ + 273K 



Use the approximation 



<7>v(r 0 )+ 



Uv^ 



AT 



to write: 



;(*)*v(0°C)+- 



? + 273K 



v(0°C) + Av 



where 



Av = 



1 



331m/s 
7+273K 



(1) 



For t « 273 K: 



Av* 



331m/s 
273 K 



f = (0.606 m/s-K)f 



Substitute in equation (1) to obtain: 



4t) = v(0°C)+ (0.606m/s • K)t 



33 lm/s + (0.606 m/s-K)f 



32 

Picture the Problem Let be the distance to the munitions plant, vi be the speed of 
sound in air, v 2 be the speed of sound in rock, and At be the difference in the arrival times 
of the sound at the man's apartment. We can express At in terms of t\ and t2 and then 
express these travel times in terms of the distance d and the speeds of the sound waves in 
air and in rock to obtain an equation we can solve for the distance from the man's 
apartment to the munitions plant. 



Express the difference in travel t l — 1 2 = At 

times for the sound wave 

transmitted through air and the 

sound wave transmitted through the 

earth: 
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Express the transmission times in 
terms of the distance traveled and 
the speeds in the two media: 



d d 
t l = — and t 2 = — 



Substitute to obtain: 



d d 



= At 



or 
d 



= d 



V V 1 V 2J 



= At 



V V 1 V 2 J 



Solve for d: 



d = ^ 



■At 



Substitute numerical values and 
evaluate d: 



_ (340m/s)(3000m/s) / 3s N 
~ 3000 m/s- 340 m/s ^ ^ 



1.15km 



33 ••• 

Picture the Problem The locations of the 
lightning strike (L), dorm room (R), and 
baseball park (P) are indicated on the 
diagram. We can neglect the time required 
for the electromagnetic pulse to reach the 
source of the radio transmission, which is 
the ballpark. The angle 0 is related to the 
sides of the triangle through the law of 
cosines. We're given the distance d PR and 
can find the other sides of the triangle 
using the speed of sound and the elapsed 
times. 




Using the law of cosines, relate the angle 6 to the distances that make up the sides 
of the triangle: 

d LR = d LP + d PR - 2d LP d PR cos(l 80° -0) = d LP + d PR + 2d LP d PR cos 6 



Solve for &. 



6 = cos 



f j2 jl j 2 A 

v 2(/ LP a PR j 
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Express the distance from the 
lightning strike to the ball park: 



d L? = v s At LP = (340m/s)(2s) = 680 m 



Express the distance from the 
lightning strike to the dorm room: 



d LR = v s At LR = (340m/s)(6s) = 2040 m 



Substitute and evaluate &. 



6 = cos 



(2040m) 2 -(680m) 2 -(l600m) 
2(680m)(l600 m 



= ±58.4° 



The lightning struck 680 m from the ballpark, 58.4° W (or E) of north. 



*34 ••• 

Picture the Problem Choose a coordinate 
system in which station Alpha is at the 
origin and the axes are oriented as shown 
in the pictorial representation. Because 
0.75 mi = 1.21 km, Alpha's coordinates are 
(0, 0), Beta's are (1.21 km, 0), and those of 
the lightning strike are (x, y). We can relate 
the distances from the stations to the speed 
of sound in air and the times required to 
hear the thunder at the two stations. 



-A 



(x,y) 



\ 



Alpha 



Beta 



Relate the distance d a to the position 
coordinates of Alpha and the 
lightning strike: 

Relate the distance dp to the 
position coordinates of Beta and the 
lightning strike: 

Relate the distance d a to the speed 
of sound in air v and the time that 
elapses between seeing the lightning 
at Alpha and hearing the thunder: 

Relate the distance dp to the speed 
of sound in air v and the time that 
elapses between seeing the lightning 
at Beta and hearing the thunder: 

Substitute in equations (1) and (2) to 
obtain: 



x 2 +y 2 =d 2 a (1) 
(x-1.21km) 2 +y 2 = d 2 (2) 
d a =vAt a =(340 m/s)(3.4s) = 1156m 

d p = vAt p = (340 m/s)(2.5 s) = 850 m 

x 2 + y 2 =(H56m) 2 = 1.336 km 2 (3) 
and 
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(x- 1.21km) 2 + v 2 =(850m) 2 



= 0.7225km ' 



(4) 



Subtract equation (4) from equation 
(3) to obtain: 



Solve for x to obtain: 

Substitute in equation (3) to obtain: 

Solve for y, keeping the positive 
root because the lightning strike is 
to the north of the stations, to 
obtain: 

The coordinates of the lightning 
strike are: 



x 2 -{x- 1.21km) 2 =1.336 km 2 

-0.7225 km 2 

or 

(2.42 km)x- (1.2 lkm) 2 = 0.6135km 2 
x = 0.855km 

(0.855 km) 2 + j 2 = 1.336km 2 
y = 0.778 km 



(0.855 km, 0.778km) 



or 



(0.531 mi, 0.484 mi) 



35 ••• 

Picture the Problem The velocity of longitudinal waves on the Slinky is given by 
v = yjB/ p where B is the bulk modulus of the material from which the slinky is 

constructed and p is its mass per unit volume. The velocity of transverse waves on the 
slinky is given by v = JFj ju where F is the tension in the slinky and /u is its mass per 

unit length. Substitution for B and p will lead to v = Lyjk/m in (a) and similar 

substitutions, together with the assumption that L 0 « L will yield the same result for (b). 



(a) Express the velocity of 
longitudinal waves on the slinky: 




(1) 



For the slinky: 



P = 
and 
B = 



m 
V 



AVlV 



(2) 



Letting A be the cross-sectional area 
of the slinky: 



m 



p = and P 

AL 



AL 
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Substitute in equation (2) and 
simplify to obtain: 

Substitute in equation (1): 



(b) Express the velocity of transverse 
waves on the slinky: 



For the slinky: 



B = k 



L 

~A 



v = 



L 

7 



m 
AL 



(3) 



and 



m 
L 



F = kAL = k(L -L 0 ) = kL 



L 



kL if L n « L 



Substitute in equation (3) to obtain: 




The Wave Equation 

36 • 

d 2 y 1 d 2 y 

Picture the Problem The general wave equation is — r- = — — . To show that each of 

dx v dt 

the functions satisfies this equation, we'll need to find their first and second derivatives 
with respect to x and t and then substitute these derivatives in the wave equation. 

(a) Find the first two spatial 
derivatives of y{x,t) = k(x + vt) 



^ = 3k{x + vtf 



dy 
dx 
and 

2 y 



d 2 - 



dx 



6k(x + vt) 



(1) 



Find the first two temporal dy_ _ 3^^. + v ^ 2 

derivatives of y{x, t) = k(x + vt) 3 : dt 



and 
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Express the ratio of equation (1) to 
equation (2): 



^ = 6kv 2 (x + vt) 
dx i 6k{x + vt) 



(2) 



1 



d 2 y 6kv 2 (x + vt) 

W 

confirming that y(x, t) = k(x + vtj 
satisfies the general wave equation. 



(b) Find the first two spatial 
derivatives of y(x,t) = Ae' k ^ vt) : 



dx 
and 

^ = i 2 k 2 Ae ik{x - vt] 

dx 2 

or 



dx 2 



(3) 



Find the first two temporal 
derivatives of y(x,t) = Ae ik(x ~ vt) : 



^ = -ikvAe*^ 
dt 

and 

^ = i 2 k 2 v 2 Ae ,k{ *- v,) 
8t 2 

or 

^l = -k 2 v 2 Ae ,k{ *- v,) 
dt 2 



(4) 



Express the ratio of equation (3) to 
equation (4): 



ik\x—vt) 



2 n 2 J 



8 2 y 

dx 2 _ ~k 2 Ae 

d 2 y 
dt 2 

confirming that y(x, t) = Ae' k ^ x ~ vt ' satisfies 
the general wave equation. 



(c) Find the first two spatial 
derivatives of y(x, i) = In k(x - vt) : 



dy = k 
dx x-vt 
and 

d 2 y _ k 2 
dx 2 (x-vtf 



(5) 
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Find the first two temporal 
derivatives of y(x, t) = In k{x - vt) : 



dy _ vk 
dt x-vt 
and 

8 2 y 
dt 2 



2j 2 

v k 



{x-vtf 



(6) 



Express the ratio of equation (5) to 
equation (6): 



dx 2 



(x-vtf 



8 y 
dt 2 



v 2 k 2 
{x-vtf 

confirming that y(x, t) = In k{x — vt) 
satisfies the general wave equation. 



*37 • 

d y 1 8 y 

Picture the Problem The general wave equation is — j = — — r- . To show that 

dx v dt 

y = A sin kx cos cot satisfies this equation, we'll need to find the first and second 

derivatives of y with respect to x and t and then substitute these derivatives in the wave 
equation. 



Find the first two spatial derivatives 
of y = Asinkxcoscot : 



dy 
dx 
and 

8 2 y 
dx 2 



= Ak cos kx cos cot 



= -Ak sin kx cos cot 



(1) 



Find the first two temporal 
derivatives of y = A sin kx cos cot : 



8y_ 

dt 

and 

8 2 y 
dt 2 



= -coA sin kx sin cot 



= -co Asinkxcoscot 



(2) 



Express the ratio of equation (1) to 
equation (2): 



5V 
dx 2 
8 2 y 
8t 2 



- Ak 2 sin kx cos cot _ k 2 
A co 2 sin kx cos cot co 2 



confirming that y = Asinkxcoscot 
satisfies the general wave equation. 



Wave Motion 1171 



Harmonic Waves on a String 

38 • 

Picture the Problem We can find the velocity of the waves from the definition of 
velocity and their wavelength from X = v/ f . 

Express the wavelength of the * _ v 

waves: / 

Using the definition of velocity, find _ Ax _ 6m _ 

the wave velocity: A£ 0.5 s 



Substitute to obtain: - 12m/s 



60s 



20.0cm 



39 



Picture the Problem Equation 15-13, v{x,^) = ^sin(Ax-cttf), describes a wave 

traveling in the positive x direction. For a wave traveling in the negative x direction we 
have y(x, t) = A sm{kx + cot). 



(a) Factor k from the argument of 
the sine function to obtain: 



y(x,t) = Asink 



CO 



A sin k{x - vt) 



(b) Substitute k = 2k/ X and 
co = 27tf to obtain: 



y(x,t) = Asm — x-ljtft 



Asmln 



ft 

X 



(c) Substitute k = 2k f X and 
co = 2k I T to obtain: 



y{x,t)= Asm 



2k 2k 



X 



-t 
T j 



Asm2K 



1172 Chapter 15 

(d) Substitute k = 2/r/ X to obtain: 



y 



(x,t) = Asm 



2n 



x-cot 
V X j 



Asm 



X 



XcO 

2n 



^4 sin — (x-vt) 
X V 1 



(e) Substitute k = 2k jX and 
co = 7.jtf to obtain: 



y(x, t) = A sin(kx - 27ft) 



= A sin 2^f 



' k ^ 
-x — t 



24 



A sin 2itf 



f x ^ 



For waves traveling in the negative x 
direction, we simply change the - signs to 
+ signs. 

*40 • 

Picture the Problem We can use /= elk to express the frequency of any periodic wave 
in terms of its wavelength and velocity. 



(a) Find the frequency of light of 
wavelength 4x 1 (T 7 m: 



X 4xl(T 7 m 



Find the frequency of light of 
wavelength 7x1 CT 7 m: 



/ = £= 2 " 8 * 10 =4.28x10" Hz 



x 7xirr 7 m 



Therefore the range of frequencies 
is: 



4.28 x 10 14 Hz < / < 7.50 x 10 14 Hz 



(b) Use the same relationship to 
calculate the frequency of these 



microwaves: 



c _ 2.998x10 s m/s 
~X~ 3xl0~ 2 m 



= 1.00xl0 10 Hz 



41 • 

Picture the Problem The average power propagated along the string by a harmonic 
wave is P m = \ /uoo 2 A 2 v, where v is the speed of the wave, and /u, co, and A are the linear 

density of the string, the angular frequency of the wave, and the amplitude of the wave, 
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respectively. 



Express and evaluate the power propagated P m = \ jua> 2 A 2 v 
along the string: 



The speed of the wave on the string is jF 
given by: V " V ^ 



Substitute for v to obtain: , , (f 

Substitute numerical values and evaluate P m : 



p m = i (4tt 2 )(0.05 kg/m) (l 0 s" 1 J (0.05 m) 2 



J 80 N 




9.87W 


0.05 ke/m ~ 
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Picture the Problem The average power propagated along the rope by a harmonic wave 
is P 3V = j jua> 2 A 2 v, where v is the velocity of the wave, and ju, a>, and A are the linear 

density of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. 

Rewrite the power equation in terms P m = \ juco 2 A 2 v = 27T 2 juf 2 A 2 v 

of the frequency of the wave: 



Solve for the frequency: ^, \ P n \ \2P n 



2tz 2 /jA 2 v 2uA A| /jv 



The wave velocity is given by: \F 



Substitute for v and simplify to 



f 



obtain: J 2ttA 

Substitute numerical values and evaluate f. 



2P 1 2P 



IF 2nA\J^iF 
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/ 



2^(0.0 lm) 



2(1 00 W) 



' 0-lkg A 
2m 



171Hz 



(60 N) 
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Picture the Problem Equation 15-13, y{x,t)= Asm{kx - cot), describes a wave 

traveling in the positive x direction. For a wave traveling in the negative x direction, we 
have y{x, t) = A sm{hc + cat). We can determine A, k, and co by examination of the wave 

function. The wavelength, frequency, and period of the wave can, in turn, be determined 
from k and co. 



(a) 



Because the sign between the kx and cot terms is positive, the wave 
is traveling in the negative x direction. 



Find the speed of the wave: 



co 

V = : 



314s" 



k 62.8m" 



5.00 m/s 



(b) The coefficient of x is k and: 



k = 



In 



Solve for and evaluate X: 



A 



2n 2n 



k 62.8m" 



10.0cm 



The coefficient of tis a> and: 



/ = 



co 314s" 



7.71 2tc 



50.0 Hz 



The period of the wave motion is the 
reciprocal of its frequency: 



T= l - = . 1 



/ 50s" 



0.0200 s 



(c) Express and evaluate the 
maximum speed of any string 
segment: 



v max =Aco = (0.001m)(314rad/s) 



= 0.314m/s 



44 

Picture the Problem Let the positive x direction be to the right. Then equation 15-13, 
y{x,t) = A sin (for - cot), describes a wave traveling in the positive x direction. We can 

find co and k from the data included in the problem statement and substitute in the general 
equation. The maximum speed of a point on the string can be found from v max = A co and 



the maximum acceleration from «„.. = A co 
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(a) Express the general form of the 
equation of a harmonic wave 
traveling to the right: 

Evaluate co\ 



y 



(x,t) = Asm(kx-cot) 



co = 2ff = 2^(80 s _1 )= 503 s" 



Determine k: 



, co 503s _ _] 

k = — = = 41.9 m 

v 12m/s 



Substitute to obtain: y(x,t)= (0. 025 m)sin[(4 1.9m ')jc-(503s l )t 



(b) Express and evaluate the 
maximum speed of a point on the 
string: 

(c) Express the maximum 
acceleration of a point on the string: 



v aa =Aa} = (0.025 m)(503s 1 ) 



12.6 m/s 



Substitute numerical values and 
evaluate a max : 



a max = (0.025 m)(503s') : 



= 6.33 km/s 2 
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Picture the Problem The average total energy of waves on a string is given by 
AE m = j juco 2 A 2 Ax, where /j is the linear density of the string, co is its angular 

frequency, A the amplitude of the wave motion, and, in this problem, Ax is the length of 
the string. The average power propagated along the string is P m = \ juco 2 A 2 v. 



(a) AE^ is given by: 



AE m = \ ^ico 2 A 2 Ax = 27t 2 /tf 2 A 2 Ax 



Evaluate AE m = \ juco 2 A 2 Ax with Ax = L = 20 m: 



Atf = In 



0.06kg 
20m 



(200s^) 2 (0.012m) 2 (20m) = 



6.82J 



(V) Express the power transmitted 
past a given point on the string: 



P^=\pico 2 A 2 v 
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The speed of the wave is given by: 



Substitute for v to obtain: 



P^=\ M cd 2 A 2 



Substitute numerical values and evaluate P s 



P„=2,{^l(200s-) 2 (0.012m) i 
^ 20 m J 



i 



50N 



0.06kg 



44.0W 



20 m 



*46 » 

Picture the Problem The power propagated along the rope by a harmonic wave is 



P = \ juco A v where v is the velocity of the wave, and /u, a>, and A are the linear density 

of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. We can use the wave function y = (A 0 e~ b * )sin{kx — mi} to determine the 

amplitude of the wave at x = 0 and at point x. 



(a) Express the power associated 
with the wave at the origin: 

Evaluate the amplitude at x = 0: 



P = \ fU0) 2 A 2 v 



A(0) = (A 0 e°)=A 0 



Substitute to obtain: 



P(0)= \/uco 2 A 2 v 



(b) Express the amplitude of the 
wave at x: 



A(x) = (A 0 e- bx ) 



Substitute to obtain: 



P(x) = \tico 2 {A Q e- hx ^ 



1 2 i2 -2bx 

jjuo) A Q ve 



47 

Picture the Problem The average power propagated along the rope by a harmonic wave 
is P m = j juco 2 A 2 v where v is the velocity of the wave, and /j, a>, and A are the linear 

density of the string, the angular frequency of the wave, and the amplitude of the wave, 
respectively. 



Wave Motion 1177 



(a) Express the average power 
transmitted along the wire: 

Substitute numerical values and 
evaluate P av : 



p m = i M co z Av = Inrf'Av 

P m = 2;r 2 (0.01kg/m)(400s 1 ) 2 
x(o.5xl(T 3 m) 2 (lOm/s) 



79.0 mW 



(b) Because P <x f 2 : 



Increasing / by a factor of 10 would 
increase P av by a factor of 100. 



Because P oc ^4 : 



Because P oc v and v cc : 



Increasing A by a factor of 10 would 
increase/^ by a factor of 100. 



Increasing F by a factor of 1 0 4 would 
increase v by a factor of 1 00 and P m 
by a factor of 100. 



(c) 



Depending on the adjustability of the 
power source, increasing / or A 
would be the easiest. 



*48 ••• 

Picture the Problem We can use the assumption that both the wave function and its first 
spatial derivative are continuous at x = 0 to establish equations relating A, B, C, k\, and k 2 . 
Then, we can solve these simultaneous equations to obtain expressions for B and C in 
terms of A, V\, and v 2 . 

yi {0,t) = y 2 {0,t) 
and 

A sinfo (0) - cot] + B sinfo (o) + cot] 
= Csm[k 2 (0)-a>t] 

or 

A sin(- cot) + B sin cot = C sin(- cot) 



(a) Let yi(x, t) represent the wave 
function in the region x < 0, and 
y 2 {x, t) represent the wave function 
in the region x > 0. Express the 
continuity of the two wave functions 
atx = 0: 



Because the sine function is odd; 
i.e., sin(- 6) = - sin 6 : 



- A sin cot + B sin cot = 
and 

A-B = C 



-C sin cot 
(1) 
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Differentiate the wave functions 
with respect to x to obtain: 



= Ak x cos(A: 1 x - cot) 

dx 

+ Bk x cos(A: 1 x + cot) 
and 

= Ck 2 cos(k 2 x - cot) 

dx 



Express the continuity of the slopes 
of the two wave functions at x = 0: 



dx 
and 



x=0 



^2 

dx 



x=0 



Ak x cosfo (o) - cot] + Bk x cos^ (o) + cot] 
= Ck 2 cos[k 2 (o) - cot] 



or 



Ak x cos(- cot) + Bk x cos a* 

= Ck 2 cos(- &#) 



Because the cosine function is even; 
i.e., cos(-#) = cos#: 



Ak x cos cot + Bk x cos cot = Ck 2 cos cot 



and 



(2) 



Multiply equation (1) by k\ and add 
it to equation (2) to obtain: 



2k x A = (k x +k 2 )C 



Solve for C: 



2t 2 
C = — ^—A = A 



Solve for CIA and substitute colv\ for 
k\ and a>/v 2 for to obtain: 



C 



^ 1 + ^/^ 



1 + V l/ V 2 



Substitute in equation (1) to obtain: 



A-B = 



' 2 ' 
v 1 + v i/ v 2 y 



A 



Solve for 



5 

7 



1 + V!/V 2 
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(b) We wish to show that 

B 2 + (v!/v 2 )C 2 = A 2 

Use the results of (a) to obtain the 
expressions B = -[(1 - a)/(l + «)] J 
and C = 2.4/(1 + a), where a = viM. 

Substitute these expressions into 

£ 2 + (vi/v 2 )C 2 = J 2 

and check to see if the resulting 
equation is an identity: 



B 2 +^C 2 =A 2 



l-a 



l + a 



A +a 



V 



l + a 



A 2 =A 2 



'1-aV f 2 V 
+a 

l + a J \l + a ) 
(l-a) 2 + 4a 
(1 + af 
l-2a + a 2 +4a 

l + 2« + a 2 
(l + a) 2 

(1 + af 
(1 + af 



1 = 



The equation is an identity: 



Therefore, 



B 2 +^C 2 =A 2 



Remarks: Our result in (a) can be checked by considering the limit of BIA as 
v-Jvi -> 0. This limit gives BIA = +1, telling us that the transmitted wave has zero 
amplitude and the incident and reflected waves superpose to give a standing wave 
with a node at x = 0. 

Harmonic Sound Waves 



*49 



Picture the Problem The pressure variation is of the form p(x,t) = p 0 cos k(x — vt) 



K 



where k = — and v = 340 m/s . We can find A. from k and f from a> and k. 
2 



(a) By inspection of the equation: 



Po = 



0.750Pa 



(b) Because k 



In _n 



X= 4.00m 



co 2nf 

(c) Solve v = — = for / to obtain: 

k k 



f = 



kv f( 340m/s ) 



2n 



2n 



85.0 Hz 
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(d) By inspection of the equation: 



v= 340 m/s 



50 • 

Picture the Problem The frequency, wavelength, and speed of the sound waves are 
related by v = fX. 



(a) Express and evaluate the 
wavelength of middle C: 



_ v _ 340m/s 
~7~ 262s" 1 



1.30m 



(6) Double the frequency 
corresponding to middle C; solve 
for and evaluate A: 



A = 



340 m/s 



/ 2(262 s" 1 ) 



0.649m 



51 • 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave p, the speed of the wave v, and the displacement 
amplitude s 0 according to p 0 = pcovs 0 . 



(a) Solve p 0 = pcovs 0 for s 0 : 



Substitute numerical values and 
evaluate s 0 : 



pcov 



_ (lO~ 4 atm)(l.01325xl0 5 Pa/atm) 
~ 27r(l.29kg/m 3 )(l00s" 1 )(340m/s) 



= 3.68xl0- 5 m 



(b) Use p Q = pcovs Q to find p 0 : 



p Q = 2;r(l.29kg/m 3 )(300s- 1 )(340m/s)(l0- 7 m) = 



8.27xlO _2 Pa 



52 • 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave p, the speed of the wave v, and the displacement 
amplitude so according to p Q = pcovs 0 . 



(a) Solve p 0 = pcovs 0 for s 0 : 



pcov 
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Substitute numerical values and 
evaluate sq: 



29 Pa 

*° ~ 2tt(1 .29 kg/m 3 )(l 000 s _1 )(340m/s) 



2.10xl0~ 5 m 



(b) Proceed as in (a) with /= 1 kHz: 



29 Pa 

2tt(1 .29 kg/m 3 )(l 000 s 1 )(340 m/s) 



= 1.05xl0 _5 m 



53 • 

Picture the Problem The pressure or density wave is 90° out of phase with the 
displacement wave. When the displacement is zero, the pressure and density changes are 
either a maximum or a minimum. When the displacement is a maximum or minimum, the 
pressure and density changes are zero. We can use p 0 = pa>vs 0 to find the maximum 

value of the displacement at any time and place. 



(a) If the pressure is a maximum at 
jci when t = 0: 



the displacement s is zero. 



(b) Solve p 0 = pafvs 0 for s 0 : 



Substitute numerical values and 
evaluate sq: 



Po 
pcov 



(l 0' 4 atm)(l .01325x1 0 5 Pa/atm) 
?0 ~ 2?r(l .29 kg/m 3 )(l 000 s -')(340m/s) 



3.68 jum 



*54 • 

Picture the Problem A human can hear sounds between roughly 20 Hz and 20 kHz; a 
factor of 1000. An octave represents a change in frequency by a factor of 2. We can 
evaluate 2 N = 1 000 to find the number of octaves heard by a person who can hear this 
range of frequencies. 



Relate the number of octaves to the 
difference between 20 kHz and 20 
Hz: 

Take the logarithm of both sides of 
the equation to obtain: 



2 N =1000 



=logl0 3 

or 

Mog2 = 3 



Solve for and evaluate iV: 



N = ^— = 9.97~ 
log2 



10 
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Waves in Three Dimensions: Intensity 

55 • 

Picture the Problem The pressure amplitude depends on the density of the medium p, 
the angular frequency of the sound wave //, the speed of the wave v, and the displacement 
amplitude sq according to p 0 = pcovs 0 . The intensity of the waves is given by 

2 2 P 2 

I = j pa> 2 s 2 v = \— and the rate at which energy is delivered (power) is the product of 
pv 

the intensity and the surface area of the piston. 

(a) Using p 0 = pcovs 0 , evaluate p 0 : p Q = 2;r(l .29 kg/m 3 )(500 s -1 ) 

x(340m/s)(0.1xl(T 3 m) 



= 138Pa 



(b) Use / = \& to find the / = - 7 Q~*L 

2 pv 2(l.29kg/m 3 )(340m/s) 

intensity of the waves: 



21.7W/m 2 



(c) Using P m = IA to find the power i 3 ^ = (21.6 W/m 2 )(l O" 2 m 2 ) 

required to keep the piston 
oscillating: 



0.217W 



56 • 

Picture the Problem The intensity of the sound from the spherical source varies 
inversely with the square of the distance from the source. The power radiated by the 
source is the product of the intensity of the radiation and the surface area over which it is 
distributed. 

(a) Relate the intensity at 1 0 m to the 
distance from the source: 4w 2 

or 

1 (T 4 W/m 2 



4;r(l0m) 2 



Letting r' represent the distance at 6 ^/ m 2 _ 

which the intensity is 1(T 6 W/m 2 , 4^r' 2 
express the intensity as in part (a): 
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Divide the first of these equations 
by the second to obtain: 



10' 4 W/m 2 _ 4^-(l0m) 2 
l(T 6 W/m 2 ~ P m 
4w' 2 



Solve for and evaluate r'\ 



r = 



= V(l0 2 )(l0m) 2 = 



100m 



■ for P m : 



(b) Solve I = —2- 

Substitute numerical values and 
evaluate P. dV : 



P =4xr 2 I 



p av = 4tt(1 0 m) 2 (l 0~ 4 W/m 2 ) = 



0.126W 



*57 • 

Picture the Problem Because the power radiated by the loudspeaker is the product of the 
intensity of the sound and the surface area over which it is distributed, we can use this 
relationship to find the average power, the intensity of the radiation, or the distance to the 
speaker for a given intensity or average power. 

(a) Use P av = Aw 2 1 to find the total 

acoustic power output of the 
speaker: 

(b) Relate the intensity of the sound 
at 20 m to the distance from the 
speaker: 



P m =4;r(20m) 2 (l0- 2 W/m 2 ) 



50.3W 



10~ 2 W/m 2 



4;r(20m) 2 



Relate the threshold-of-pain 
intensity to the distance from the 
speaker: 



Divide the first of these equations 
by the second; solve for and 
evaluate /-: 



lW/m 2 =^ 
4w 



= 7 ir2 ( 20m ) 2 = 



2.00m 



(c)Use/ = T ^y to find the 



intensity at 30 m: 



/(30 m): 



50.3W 
4;r(30m) 2 



= 4.45 xl0~ 3 W/m 2 
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Picture the Problem We can use conservation of energy to find the acoustical energy 
resulting from the dropping of the pin. The power developed can then be found from the 
given time during which the energy was transformed from mechanical to acoustical form. 
We can find the range at which the dropped pin can be heard from / = PIAnr 2 . 



r = 



(a) Assuming that / = PIAnr 2 , express 

the distance at which one can hear the ' a| 4^- 7 
dropped pin: 

Use conservation of energy to E = (0.0005)(mgA) 

determine the sound energy generated = (o.0005)(o.lxlO~ 3 kg)(9.81m/s 2 ) 

when the pin falls : x (l m) 

= 4.91xl(T 7 J 

Express the power of the sound pulse: _ E _ 4.91 x 10 7 J 

~ At~ 0.1s 

= 4.91xl(T 6 W 



Substitute numerical values and 
evaluate r: 

(b) Repeat the last step in (a) with 
/= 10" 8 W/m 2 : 



) 4.91xl(T 6 W r— - 

r = J — T — n n= 198m 

^4410^ 'W/m 2 ) 1 

J 4.91 xl(T 6 W I - — 

r= — 7 — - s n= 6.25m 

V 441 0" 8 W/m 2 ) 1 



Intensity Level 
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Picture the Problem The intensity level of a sound wave /?, measured in decibels, is 
given by 0 = (l0dB)log(/// 0 ) where I 0 = 10" 12 W/m 2 is defined to be the threshold of 

hearing. 



(a) Using its definition, calculate the 
intensity level of a sound wave 
whose intensity is 10" 10 W/m 2 : 



/? = (l0dB)log 



^10- 10 W/m 2A 



1(T 12 W/m 2 



= 101ogl0 2 = 



20.0 dB 
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(b) Proceed as in (a) with 
/= 1(T 2 W/m 2 : 



/? = (lOdB)log 



r l0 2 W/m 2 ^ 



V 1(T 12 W/m 2 y 



= 101ogl0 lu = 



lOOdB 
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Picture the Problem The intensity level of a sound wave /? measured in decibels, is 
given by (3 = (lO dB)log(/// 0 ) where I 0 = 1 (T 12 W/m 2 is defined to be the threshold of 

hearing. 



(a) Solve fi = (l 0 dB) log(/// 0 ) for / 
to obtain: 



/ = 10 MiodB) 7 



Evaluate/ for /?= 10 dB: 



7 = 10 (10dB)/(10dB) / 0 =10/ 0 
= 10(l0 12 W/m 2 ) = 



10" W/m 2 



(b) Proceed as in (a) with /? = 3 dB: 



J 7 =2/ 



j = 1 Q(3dB)/(l0dB)^ _ 

= 2(l0 12 W/m 2 ) = I 2xl(T 12 W/m 2 
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Picture the Problem The intensity level of a sound wave /3, measured in decibels, is 
given by = (l0dB)log(/// 0 ) where I 0 = 10 -12 W/m 2 is defined to be the threshold of 

hearing. 



Express the sound level of the rock 
concert: 



Concert =(l0dB)log 



concert 
v ^0 



(1) 



Express the sound level of the dog's 
bark: 



50dB = (l0dB)log 



'dog 



Solve for the intensity of the dog's 
bark: 



/ dog =10 5 /o=10 5 (l(r 12 W/m 2 ) 



= irr 7 w/m 2 



Express the intensity of the rock 
concert in terms of the intensity of 
the dog's bark: 



4,„ce rt =10 4 / dog =10 4 (l0- 7 W/m 2 ) 



= 1CT 3 W/m 2 
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Substitute in equation (1) and 

evaluate /Concert: 



Sconce* =(lOdB)k)g 



^l(T 3 W/m 2 ^ 



10 12 W/m 2 



= (l0dB)logl0 9 



= 90.0 dB 
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Picture the Problem The intensity level of a sound wave /?, measured in decibels, is 
given by 0 = (l0dB)log(/// 0 ) where /„ = 1(T 12 W/m 2 is defined to be the threshold of 

hearing. 



Express the intensity level of the 
louder sound: 



A=(lOdB)log 



Express the intensity level of the 
softer sound: 



A=(l0dB)log 



f I ^ 



Express the difference between the 
intensity levels of the two sounds: 



/? L -/? s =30dB 



= (l0dBHog 
= (l0dB)log 
= (l0dB)log 



\h J 



log 



f l ^ 
f_s 



f l II ^ 

V Ih J 



V^s J 



Solve for and evaluate the ratio IJh: 



^ = 10 3 and 



(a) is correct. 
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Picture the Problem We can use the definition of the intensity level to express the 
difference in the intensity levels of two sounds whose intensities differ by a factor of 2. 



Express the intensity level before the 
intensity is doubled: 



A=(l0dB)log 



Express the intensity level with the 
intensity doubled: 



/? 2 =(H)dB)log 



f 2I \ 



V^o J 
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Express and evaluate A/?= fr- j3\. 



= (lOdB)log 



r 2I \ 



\h J 



(lOdB)log 



\h J 



= (lOdB)log — =(l0dB)log2 

\I J 



3.01dB« 3.0dB 
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Picture the Problem We can express the intensity levels at both 90 dB and 70 dB in 

terms of the intensities of the sound at those levels. By subtracting the two expressions, 
we can solve for the ratio of the intensities at the two levels and then find the fractional 
change in the intensity that corresponds to a decrease in intensity level from 90 dB to 70 
dB. 



Express the intensity level at 90 dB: 



90dB = (l0dB)log 



j_90 
V h J 



Express the intensity level at 70 dB: 



70dB = (l0dB)log 



1 70 



Express A/?= - P?o'- 



A/? = 20dB 
= (l0dB)log 

= (l0dB)log 



j_90 

\_h J 

j_90 



(lOdB)log 



\h J 



Solve for I, 



<>o- 



/ 90 = 100/ 70 



Express the fractional change in the 
intensity from 90 dB to 70 dB: 



^90 Ao 



L 9() 



100/ 70 -/ 70 



100/ 



70 



99% 
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Picture the Problem The intensity at a distance r from a spherical source varies with 
distance from the source according to / = P m / 4m~ 2 . We can use this relationship to 

relate the intensities corresponding to an 80-dB intensity level (7 80 ) and the intensity 
corresponding to a 60-dB intensity level (ho) to their distances from the source. We can 
relate the intensities to the intensity levels through /3 = (l0dB)log(/// 0 ) . 
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(a) Express the intensity of the 
sound where the intensity level is 80 
dB: 



Ann 



10 



Express the intensity of the sound 
where the intensity level is 60 dB: 



Anr 



Divide the first of these equations 
by the second to obtain: 



'80 



l 60 



4;r(l0m) 2 



100 m 2 



Anr 



Solve for r. 



r = (l0m) pi 

v Mi, 



60 



Find the intensity of the 80-dB 
sound level radiation: 



(j \ 

80dB = (l0dB)log ^ 

\h ) 

and 

I K =10 8 / 0 =10^ W/m 2 



Find the intensity of the 60-dB 
sound level radiation: 



( 1 ^ 

±60 

V h J 



60dB = (l0dB)log 
and 



/ 60 =10 b / 0 =10"" W/m 2 



Substitute and evaluate r. 



= (l0rrA 



( lO' 4 W/m 2 
10" 6 W/m 2 



100m 



(b) Using the intensity 
corresponding to an intensity level 
of 80 dB, express and evaluate the 
power radiated by this source: 



= (l0~ 4 W/m 2 )[47t(l0m) 2 ] 



0.126W 
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Picture the Problem Let I\ and h be the intensities of the sound at distances r\ and r 2 . 

We can relate these intensities to the intensity levels through 

P = (l0dB)log(//7 0 ) and to the distances through / = P^/Anr 1 . 
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Using £ = (lOdB)log(/// 0 ), 
express the ratio /V/%: 



P 2 _ (l0dB)log(/ 2 // 0 ) 
A (lOdB)log(/ 1 // 0 ) 
= log/ 2 -log/ 0 
log^- log 7 0 



Express the ratio of the intensities at 
distances r x and r 2 from the source 
and solve for I 2 : 



r 2 r 1 
— and I 2 = — /, 



Substitute and simplify to obtain: 



A 



lOlog^-lOlog/,, 
log^- log 7 0 

101og(/,// 0 ) + 201og(r,/r 2 ) 
lOlog^/Zj 



10 log 7, +201og(r 1 /r 2 ) -10 log 7 0 
lOlog/j -101og/ 0 



p x +20\og{r x lr 2 ) 
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Picture the Problem We can use /i = (l0dB)log(7/7 0 ) where h = 10" 12 W/m 2 is 

defined to be the threshold of hearing, to find the intensity level at 20 m. Because the 
power radiated by the loudspeaker is the product of the intensity of the sound and the 
surface area over which it is distributed, we can use this relationship to find either the 
average power, the intensity of the radiation, or the distance to the speaker for a given 
intensity or average power. 



(a) Relate the intensity level to the 
intensity at 20 m: 



/J = (l0dB)log 
= (l0dB)log 



10 2 W/m 2 
v 10~ 12 W/m y 



= (l0dB)log(l0 10 ) = 



lOOdB 



(b) Use P m = 4w 2 I to find the total 

acoustic power output of the 
speaker: 



7> av = 4^-(20m) 2 (l0" 2 W/m 2 ) 



50.3W 



(c) Relate the intensity of the sound 
at 20 m to the distance from the 
speaker: 



10~ 2 W/m 2 = 



4^(20 m) 2 
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Relate the threshold-of-pain 
intensity to the distance from the 
speaker: 

Divide the first of these equations 
by the second; solve for and 
evaluate r. 



lW/m 



Anr 



r = A /lO" 2 (20m) 2 



2.00 m 



(d) Use / = 

Am 

intensity at 30 m: 



to find the 



/(30 m): 



50.3W 
4^-(30m) 2 
4.45xl0~ 3 W/m 2 



Find the intensity level at 30 m: 



/?(30m) = (l0dB)log 



4.45 xl0~ 3 W/m 2 



10 12 W/m 2 
= (l0dB)log 4.45x10" 



= 96.5 dB 
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Picture the Problem Let T and / represent the sound in consecutive years. Then, we can 
use j3 = (l0dB)log(/// 0 ) to express the annual increase in intensity levels. 



(a) Express the annual change in 
intensity level: 



A/? = /?'-/? = ldB 

= (l0dB)log— -(lOdB)log— 



r 



= (l0dB)logy 



Solve for /'//: 



- = 10 01 =1.26 
/ 

and the annual increase in intensity 

This is not a plausible annual 



is 



26%. 



increase because, if it were true, the 
intensity level would increase by a factor 
of 10 in ten years. 



(b) Because doubling of the 
intensity corresponds to A/3 = 3 dB 
and the intensity is increasing 1 dB 
annually: 



The intensity level will double 
in 3 years. 
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Picture the Problem We can find the intensities of the three sources from their intensity 
levels and, because their intensities are additive, find the intensity level when all three 
sources are acting. 



(a) Express the sound intensity level n / n .\. I 

AsourcesKlOdBjlOg 



3 sources 



when the three sources act at the ^sources v / => , 

same time: j , j , j 

= (lOdB)log 70 73 80 

A) 

Find the intensities of each of the yodB = ( 10dB ) log ^ ^ = Iq 

three sources: I 0 



73dB = (l0dB)log- 



^-=>/ = 10 73 / 
and 

80dB = (l0dB)log^^/ 80 = 10 8 / 0 



Substitute and evaluate S0UTCes : 

lO^+lO^+lO 8 /, 



As 0urces =(lOdB)log 1U 7 » + 1U f 7 ° +AU 7 ° = (l0dB)log(l0 7 + 10 73 + 10 8 ) 
= 81.1dB 



(b) Find the intensity level with the = (lQ(ffl)l 10^ = (l0dB)log ( 1()8 ) 

two least intense sources eliminated: ' " / v ' 



80.0 dB 



Eliminating the two least intense sources does not reduce the intensity 
level significantly. 



*70 

Picture the Problem Let P be the power radiated by the source of sound, and r be the 
initial distance from the source to the receiver. We can use the definition of intensity to 
find the ratio of the intensities before and after the distance is doubled and then use the 
definition of the decibel level to find the change in its level. 

Relate the change in decibel level to ^ _ j q ^ J_ 

the change in the intensity level: I' 
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Using its definition, express the j _ P 

intensity of the sound from the An r 

source as a function of P and r. 



Express the intensity when the 
distance is doubled: 



Evaluate the ratio of / to / : 



P 

I _ Anr 2 
T'~ P 



\67tr 



Substitute to obtain: 



A/? = 101og4 = 6.02dB 
and 



(c) is correct. 
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Picture the Problem The sound level can be found from the intensity of the sound due to 
the talking people. When 38 people are talking, the intensities add. 



Express the sound level when all 38 
people are talking: 



A,=(lOdB)log^ 



= (l0dB)log38 + (l0dB)log- 
= (l0dB)log38 + 72dB 



= 87.8 dB 



An equivalent but longer solution: 

Express the sound level when all 38 
people are talking: 

Express the sound level when only 
one person is talking: 

Solve for and evaluate I\. 



/? 38 =(lOdB)log^ 

/?! =72dB = (l0dB)log — 

^0 

/j = 10 72 / 0 = 10 72 (l0 12 W/m 2 ) 
= 1.58xl0" 5 W/m 2 



Express the intensity when all 38 people ^ 38 - 387, 
are talking: 
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The decibel level is: 0 38(l.58xl(T 5 W/m 2 ) 

£L =(lOdB)log * 7z -. '- 

lO- l2 W/m 2 



87.8 dB 
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Picture the Problem Let 77 represent the efficiency with which mechanical energy is 
converted to sound energy. Because we're given information regarding the rate at which 
mechanical energy is delivered to the string and the rate at which sound energy arrives at 
the location of the listener, we'll take the efficiency to be the ratio of the sound power 
delivered to the listener divided by the power delivered to the string. We can calculate the 
power input directly from the given data. We'll calculate the intensity of the sound at 35 
m from its intensity level at that distance and use this result to find the power output. 

Express the efficiency of the _ -P out 

conversion of mechanical energy to P in 
sound energy: 

Find the power delivered by the bow P m = Fv = (0.6 N)(0.5 m/s) = 0.3 W 

to the string: 



Using fi = (lOdB)log(/// 0 ), find ^ = I 



35 m 



the intensity of the sound at 35 m: I 0 

and 

/ 35m =l0 6 / 0 =lO- 6 W/m 2 

Find the power of the sound P oM =IA = 47r(l0 6 W/m 2 )(35 m) 2 

emitted: =0.0l54W 



Substitute numerical values and 0.0 1 54 W 

V 



5.13% 



evaluate 77: 0.3 W 
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Picture the Problem Because the sound intensities are additive, we'll find the intensity 
due to one student by subtracting the background intensity from the intensity due to the 
students and dividing by 100. Then, we'll use this result to calculate the intensity level 
due to 50 students. 

Express the intensity level due to 50 ^ - (lOdB)log^^- 

students: I 0 



1194 Chapter 15 



Find the sound intensity when 100 
students are writing the exam: 



Find the sound intensity due to the 
background noise: 



60dB = (l0dB)log^ 



and 

/ 100 = 10 6 / 0 =l(T 6 W/m 2 



40dB = (l0dB)log- 



background 



and 

Wound =10 4 / 0 =l(r 8 W/m 2 



Express the sound intensity due to 
the 100 students: 



/.oo " Wu„ d = l<r 6 W/m 2 - 10- 8 W/m 2 
*l(T 6 W/m 2 



Find the sound intensity due to 1 
student: 

Substitute numerical values and 
evaluate the intensity level due to 50 
students: 



^1 00 ^background 1 Q 8 W/m 2 

ioo ~ ; 111 



A 0= (iodB)io 8 5 °( 10 ;' w/ °; 2 ) 

50 V ; lO^W/m 2 



57.0 dB 



The Doppler Effect 
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Picture the Problem We can use equation 15-32 (A 



v±u 



) to find the wavelength of 



the sound between the source and the listener and 15-35a (f T 



frequency heard by the listener. 



v±u 
v + u 



r -f s ) to find the 



(a) Because the source is 
approaching the listener, use the 
minus sign in the numerator of 
Equation 15-32 to find the 
wavelength of the sound between 
the source and the listener: 



A = 



340m/s-80m/s 
200 s" 1 



1.30m 
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(b) Because the listener is at rest and 
the source is approaching, u r = 0 and 
the denominator of Equation 15 -3 5a 
is the difference between the two 
speeds: 



fr 



v-u„ 



-./; 



340 m/s 



340m/s-80m/s 



(200 s- 1 ) 



= 262 Hz 
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Picture the Problem In the reference frame described, the speed of sound from the 
source to the listener is reduced by the speed of the wind. We can find the wavelength of 
the sound in the region between the source and the listener from v =fX. Because the 
sound waves in the region between the source and the listener will be compressed by the 
motion of the listener, the frequency of the sound heard by the listener will be higher than 



the frequency emitted by the source and can be calculated using f t = 



v±u r 
v±u„ 



fs- 



(a) The speed of sound in the 
reference frame of the source is: 



v = 340 m/s -80 m/s = 260m/s 



(b) Noting that the frequency is 
unchanged, express the wavelength 
of the sound: 



. _ v _ 260m/s 
~7~ 200 s" 1 



1.30m 



(c) Apply Equation 15-35a to 
obtain: 



f 



r v + u ^ 



V v J 

r 



f 



260 m/s + 80 m/s 
260 m/s 



(200 s" 1 ) 



= 262 Hz 



76 • 

Picture the Problem We can use X = (v + u)/f s to find the wavelength of the sound in 

the region between the source and the listener and f T = V - Ur f s to find the frequency 

v±u s 

heard by the listener. Because the sound waves in the region between the source and the 
listener will be spread out by the motion of the listener, the frequency of the sound heard 
by the listener will be lower than the frequency emitted by the source. 



1196 Chapter 15 



(a) Because the source is moving ^ _ 340 m/s + 80 m/s 

away from the listener, use the 200 s 1 

positive sign in the numerator of _ | ^ 10m 

Equation 15-32 to find the 

wavelength of the sound between 
the source and the listener: 



(b) Because the listener is at rest and 
the source is receding, u r = 0 and the 
denominator of Equation 15-35a is 
the sum of the two speeds: 



340 m/s 



340 m/s + 80 m/s 



(200 s" 1 ) 



= 162 Hz 
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Picture the Problem We can find the wavelength of the sound in the region between the 
source and the listener from v =fX. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 

and can be calculated using f t = v ~ Ur 

v + w 



(a) Because the wavelength is 
unaffected by the motion of the 
observer: 



(b) Apply Equation 15-35a to obtain: 



A 



v 340 m/s 



/ 200s" 



1.70 m 



r v + u ^ 



V v J 

r 



./I, 



340m/s + 80m/s 
340 m/s 



(200 s" 1 ) 



247 Hz 
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Picture the Problem In this reference frame, the speed of sound will be increased by the 
speed of the listener. We can find the wavelength of the sound in the region between the 
source and the listener from v =fX. Because the sound waves in the region between the 
source and the listener will be compressed by the motion of the listener, the frequency of 
the sound heard by the listener will be higher than the frequency emitted by the source 
and can be calculated using V =fA'. 
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(a) Moving at 80 m/s in still air: 



The observer experiences a 
wind velocity of 80 m/s. 



(b) Use the standard Galilean 
transformation to obtain: 



v + u r = 340m/s + 80m/s 



420 m/s 



(c) Because the distance between 
the wave crests is unchanged: 



V_ _ 340 m/s 



/ 200s" 



1.70m 



(d) Using the speed of sound in this 
reference frame, express and 
evaluate the frequency heard by the 
listener: 



_ v' _ 420 m/s 
r ~ I 7 ~ 1.70 m 



247 Hz 
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Picture the Problem Because the listener is moving away from the source, we know that 

the frequency he/she will hear will be less than the frequency emitted by the source. We 

_ v±u. _ , , .., , .. 

can use J T = -J s , with u s = 0 and the minus sign m the numerator, to determine its 

v±u s 

value. 



Relate the frequency heard by the 
listener to that of the source: 



f v-u ^ 



V v J 

r 



340 m/s -80 m/s 
340 m/s 



= 153Hz 



(200 s- 1 ) 



80 • 

Picture the Problem The diagram shows 
the position of the supersonic plane at time 
t after it was directly over a person located 
at point P 5000 m below it. Let u represent 
the speed of the plane and v the speed of 
sound. We can use trigonometry to 
determine the angle of the shock wave as 
well as the location of the jet x when the 
person on the ground hears the shock wave. 
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(a) Referring to the diagram, 
express 0 in terms of v, u, and t: 









f 1 ^ 




f 1 1 


sin 1 




= sin 1 




= sin 1 






\Ut J 




K u/vj 




v2.5j 



= 23.6° 



(b) Using the diagram, relate the 
angle 9 to the altitude h of the 
plane and the distance x and solve 
forx: 



tan 6 = — => x = 

x tan# 



Substitute numerical values and 
evaluate x: 



x = 



5000m 
tan23.6° 



11.4 km 
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Picture the Problem If both u s and u t are much smaller than the speed of sound v, then 

Af u 

the shift in frequency is given approximately by = + — , where u = u s + u r is the 

ft v 

relative speed of the source and receiver. For purposes of this problem, we'll assume that 
you are an Olympics qualifier and can run at a top speed of approximately 10 m/s. 



Express the frequency, f r , you hear 
in terms of the frequency of the 
source f s and your running speed u: 

Assuming that you can run 1 0 m/s , 
substitute numerical values and 
evaluate f T : 



Using the positive sign (you are 
approaching the source), express 



and evaluate the ratio 



f 



f = 



f 



V v J 



A 340m/s + 10m/s^ 



340 m/s 



(l 000 Hz) 



= 1029 Hz 

Af _ 10 m/s 
f T ~ 340 m/s 



= 2.94% 



Because this fractional change in frequency is less than the 3% criterion for 
recognition of a change in frequency, it would be impossible to use your 
sense of pitch to estimate your running speed. 
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Picture the Problem Because the car is moving away from the radar device, the 
frequency f t it receives will be less than the frequency emitted by the device. The 
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microwaves reflected from the car, moving away from a stationary detector, will be of a 
still lower frequency f T ' . We can use the Doppler shift equations to derive an expression 
for the speed of the car in terms of difference of these frequencies. 



Express the frequency f t received by 
the moving car in terms of f s , u, and 
v: 



V c ) 



(i) 



Express the frequency f t ' received 
by the stationary source in terms of 
f T , u, and v: 



\ c J 



(2) 



Substitute equation (1) in equation 
(2) to eliminate f T : 



V c J 
provided u « c 



V c J 



Express the frequency difference 
detected at the source: 



¥ = fs-f'=f s 



_ 2w 

— J s 

c 



V c J 



Solve for u: 



u = 



2/ 8 



A/ 



Substitute numerical values and 
evaluate u: 



„=i^$(293Hz) 



2(2 GHz) 



_ m 1km 3600s 

= 22.0 — x — - — x 

s 10 3 m h 



= 79.1km/h 
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Picture the Problem Because the radial component u of the velocity of the raindrops is 
small compared to the speed v = c of the radar pulse, we can approximate the fractional 
change in the frequency of the reflected radar pulse to find the speed of the winds 
carrying the raindrops in the storm system. 



Express the shift in frequency when 
the speed of the source (the storm 
system) u is much smaller than the 
wave speed v = c: 



4/^ u 

f. ~ c 



1200 Chapter 15 



Solve for u: 



u =c 



fs 



Substitute numerical values and 
evaluate u: 



u = (2.998 xl0 8 m/s) 
= 156m/sx 



325 Hz 
625 MHz 
0.621 5 mi/h 



0.2778 m/s 



= 349 mi/h 
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Picture the Problem Let the depth of the submarine be represented by D and its vertical 
speed by u. The submarine acts as both a receiver and source. We can apply the definition 
of average speed to determine the depth of the submarine and use the Doppler shift 
equations to derive an expression for the vertical speed of the submarine in terms of the 
frequency difference. 



(a) Using the definition of average 
speed, relate the depth of the 
submarine to the time delay between 
the transmitted and reflected pulses: 

Substitute numerical values and 
evaluate D: 



2D = vA*=> D = ±vAt 



D = i(l.54km/s)(80ms) = 



61.6m 



(b) Express the frequency f r 
received by the submarine in terms 
of f 0 , u, and c: 

Express the frequency fi received 
by the destroyer in terms of f t , u, and 
c: 



fr 



r c±u^ 



V c J 



V c J 



(i) 



(2) 



Substitute equation (1) in equation 
(2) to eliminate ft. 



fr = 



C±U 



V c J 
provided u « c. 



l± 2u 

V c J 



Express the frequency difference 
detected by the destroyer: 



f fs fx fs 



_ 2u . 

~~ J s 
C 



c ) 



fs 
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Solve for u: 



2/ s 



A/ 



Substitute numerical values and 
evaluate u: 



1.54km/s /. „ T \ 

// =— r (0.0420 MHz) 



2(40 MHz) 



0.809 m/s 



where the positive speed indicates that the 
velocity of the submarine is downward. 

85 

Picture the Problem Because the car is moving away from the radar unit, the frequency 
f T it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency f/. Let u represent the relative speed of the police car and the receding car 
(140 km/h) and use the Doppler shift equations to derive an expression for the difference 
between f s , the transmitted signal, and f/. 



Express the frequency f t received 
by the moving car in terms of f s , u, 
and c: 



V c J 



(i) 



Express the frequency fi received 
by the stationary source in terms of 
f T , u, and c: 



V c ) 



fr 



(2) 



Substitute equation (1) in equation 
(2) to eliminate f r : 



fr 



f \ 2 
\- U - 



V c) 
provided u«c 



j 2u 

V c J 



Express the frequency difference 
detected at the source: 



a/=./; /,-./; 



2u 

V c J 



_ 2m 

™ J s 
C 



Substitute numerical values and 
evaluate Af. 



...km lh 

140 x 

h 3600s 



3x10" m/s 



(3xl0 10 Hz) 



= 7.78kHz 
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Picture the Problem Because the car is moving away from the radar unit, the frequency 
f T it receives will be less than the frequency emitted by the unit. The radar waves 
reflected from the car, moving away from a stationary detector, will be of a still lower 
frequency f T '. Let u represent the relative speed of the police car and the receding car (80 
km/h) and use the Doppler shift equations to derive an expression for the difference 
between f s , the transmitted signal, and f T '. 



Express the frequency f T received 
by the moving car in terms of f s , u, 
and c: 



\ c J 



(1) 



Express the frequency f T ' received 
by the stationary source in terms of 
f t , u, and c: 



\ c ) 



fr 



(2) 



Substitute equation (1) in equation 
(2) to eliminate f t : 



f \ 2 
1-^ 



V c) 
provided u « c. 



2u 



Express the frequency difference 
detected at the source: 



A/=./; ./:'-./; 



_ 2w 

— J s 

c 



2u 

v c ) 



Substitute numerical values and 
evaluate A/: 



h 3600s 
3xl0 8 m/s 



(3xl0 10 Hz) 



= 4.44 kHz 
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Picture the Problem The diagram shows 
the position of the supersonic plane flying 
due west at time t after it was directly over 
point P 12 km below it. Let x be measured 
from point P, u represent the speed of the 
plane, and v be the speed of sound. We can 
use trigonometry to determine the angle of 
the shock wave as well as the location of 
the jet x when the person on the ground 
hears the shock wave. 




Using the diagram to relate the 
distance x to the shock-wave angle 
9 and the elevation of the plane: 



„ h , h 
tan 0 = — and x = 



x 



tan0 



Referring to the diagram, express 9 
in terms of v, u, and t and determine 
its value: 



0 = sin 



= sin 



yUt , 

V 1.6y 



= sin 



V «/V y 



= 38.7° 



Substitute numerical values and 
evaluate x: 



x = 



12km 
tan38.7 c 



15.0km west of P. 
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Picture the Problem The change in frequency of source as it oscillates on the air track is 
A/~ u 

3 Hz. We can use « ± — to find the maximum speed of the vibrating mass-spring 

/. v 

system in terms of this change in frequency and then use this speed to find the energy of 
the system. Knowing the energy of the system, we can find the amplitude of its motion. 
We can calculate the period of the motion from knowledge of the mass of the radio and 
the stiffness constant of the spring. 



(a) Express the energy of the 
vibrating mass-spring system in 
terms of its maximum speed: 



(1) 



Relate the change in the frequency 
heard by the listener to the 
maximum speed of the oscillator: 



+ - 



f. * 

where u = u s ± u r is the relative speed of the 
source and receiver and v is the speed of 
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Solve for and evaluate u = u„ 



sound. 



Af 3 Hz , An , v 
//.„.., - v- (340 m/s) 



/o 



800 Hz 



= 1.275 m/s 



Substitute numerical values in 
equation (1) and evaluate E: 

(b) Relate the energy of the 
oscillator to the amplitude of its 
motion: 



E = j(0.1kg)(l.275m/s 2 ) 2 



81.3 mJ 



E = \kA 2 



Solve for A to obtain: 



A = . 



\2E_ 
~k 



Substitute numerical values and 
evaluate A: 



A 



|2(81.3mj) 
200 N/m 



2.85 cm 
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Picture the Problem The received and transmitted frequencies are related through 



fr 



v±u r 
v±u„ 



f s , where the variables have the meanings given in the problem statement. 



Because the source and receiver are moving in the same direction, we use the minus signs 
in both the numerator and denominator. 



(a) Relate the received frequency f T 
to the frequency fo of the source: 



fr 



\-u. /v 



fo 



{1-uJvXl-uJvYfo 



(b) Apply the binomial expansion to 
(1-uJv)- 1 : 



[\-uJvY *\ + uJv 



Substitute to obtain: 



f r =(\-uJvX\ + uJv)f 0 

= [\ + uJv-uJv- (u t /vju s /v)]f 0 

\ 



1 , U s~ U r 



V v J 
because both u s and u T are small compared 
to v. 
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Because u Te \ = u s - u x 











fo 




V V J 
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Picture the Problem Because the students are walking away from each other, the 
frequency /' each receives will be less than the frequency f s = 440 Hz emitted by their 
tuning forks. Let u represent the speed of each student and use the Doppler shift 
equations to derive an expression for the difference between f s , the frequency of the 
tuning fork each carries, and the frequency heard from the other's tuning fork. Because 
this equation will contain u, we'll be able to solve for and evaluate each student's 
walking speed. 



Using equation 15-35a, express the 
frequency f t received by either 
student, when they are walking 
away from each other, in terms of f s , 
u, and v: 



= 1-m/v 
Ji 1 + w/v 

={\-u/vi\+u/ v yf s 



Expand (l + u/v) 1 binomially: 
Substitute and simplify to obtain: 



(l + u/v) 1 « 1-m/v provided u«v. 

f r =(\-u/vff s 

= (l-2u/v + u 2 /v 2 )f s 

*(l-2 M /v)/ s 
for u « v. 



Express the frequency difference 
heard by each student: 



¥ = fo~fr=f S 



V v J 



V 



Solve for u: 



A/ 

u = -^—v 

2/ s 



Substitute numerical values and 
evaluate u: 



„= 2Rz (340m/s) = 



2(440 Hz) 



0.773 m/s 
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Picture the Problem The student serves as a source moving toward the wall, and a 
moving receiver for the echo. The received and transmitted frequencies are related 
v + u r 



through f T 



v + u 



L f s . We'll express the frequency received by the wall and the 



frequency it transmits back to the moving student in order to express the difference in the 
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frequency the student hears from the wall and frequency she hears directly from her 
tuning fork. Because this expression will contain the student's walking speed, we'll be 
able to solve for and evaluate this speed. 

Relate the frequency f T received by 
the wall to the frequency of the 
student's tuning fork f s : 



A/=./; ./,'-./; 



_ 2u f 

J s 

c 



2u 



Because the source is moving 
toward a stationary receiver: 



fr=r^— f. = (i-«JvYf. 

l — ujv 



Apply the binomial expansion to 
(1-^/v)- 1 : 

Substitute to obtain: 



{1-uJvY *\ + uJv 
because w s « v. 

f t = {l + ujv)f 0 



Relate the frequency f T ' reflected 
from the wall and received by the 
student to the frequency f r reflected 
from the wall: 

Substitute for f T to obtain: 



Expand (l — u s /v) ' binomially: 



l±ujv = 1 
l±ujv l-ujv 

because the source (the wall) is at rest and 
the receiver is approaching. 

fr' = V - L T ^ + U s /v)f s 

l-ujv 

=(\ + ujvX\-uj v yf s 

{1-uJvY *\ + uJv 
because u s « v. 

f t ' = {l + ujvll + ujv)f s 

*(l + 2 Ms /v)/ s 
because u s « v 



Express the difference between the 
frequency the student receives from 
the wall and the frequency of her 
tuning fork: 



A/ = //-/ s 

= (l + 2 Ms /v)/ s -/ s 
2u, 



v 
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Solve for u. 



u = -^—v 
2/ s 



Substitute numerical values and 
evaluate u s : 



//. = — — — r (340 m/s) = 1.33m/s 



2(5 12 Hz) 
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Picture the Problem The frequency heard by the stationary observer will vary with time 
as the speaker rotates on its support arm. We can use a Doppler equation to express the 
frequency heard by the observer as a function of the velocity of the source and find the 
velocity of the source from the expression for the tangential velocity of an object moving 
in a circular path. 



Express the frequency f T heard by a 
stationary observer: 



f r =^—f s =(l-uJvYf s 
l-ujv 



Expand (l — w s /v) 1 to obtain: 



(\-uJvY *\ + uJv 
because ujv « 1 



Substitute in the expression for f T : 



/ r = (l + " s /v)/ 8 



(1) 



Express the speed of the source as a 
function of time: 



u c = rcosmcot 



= (0.8 m)(4 rad/s)sin[(4 rad/s>] 
= (3.2m/s)sin[(4rad/s)] 



Substitute in equation (1) to obtain: 



3.2m/s . 



1 + 



sin[(4rad/s>] \f s 



Substitute for v and simplify: 



1+ 



3.2m/s 
340 m/s 



sin[(4rad/s>] (lOOOs" 1 ) 



1 000 Hz + (9.4 1 Hz)sin[(4 rad/s)^ 
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Picture the Problem The simplest way to approach this problem is to transform to a 
reference frame in which the balloon is at rest. In that reference frame, the speed of sound 
is v = 340 m/s, and u r = 36 km/h = 10 m/s. Then, we can use the equations for a moving 
receiver and a moving source to find the frequencies heard at the window and on the 
balloon. 
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(a) Express the observed frequency 
in terms of the frequency of the 
source: 

Substitute numerical values and 
evaluate f T : 



fr 



fr = 



fs 



' ' 10m/s ^ 
1 + 



v 



340 m/s 



(800 Hz) = 



824 Hz 



(b) Treating the tall building as a 
moving source, express the 
frequency of the reflected sound 
heard by a person riding in the 
balloon: 



f \ 
1 



1- 



f 



v J 



Substitute numerical values and 
evaluate f T '\ 



1 



10 m/s 
340 m/s 



(824 Hz) = 



849 Hz 
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Picture the Problem We can relate the frequencies f t and fi heard by the stationary 
observer behind the car to the speed of the car u and the frequency of the car's horn f s . 
Dividing these equations will eliminate the frequency of the car's horn and allow us to 
solve for the speed of the car. We can then substitute to find the frequency of the car's 
horn. We can find the frequency heard by the driver as a moving receiver by relating this 
frequency to the frequency reflected from the wall. 



(a) Relate the frequency heard by 
the observer directly from the car's 
horn to the speed of the car: 



fr 



1 



l + u/v 



(i) 



Relate the frequency reflected from 
the wall to the speed of the car: 



1 



l—u/v 



f 



(2) 



Divide equation (2) by equation (1) 
to obtain: 



//_l + «/v 
/, l-u/v 



Solve for u: 



f'-f 

fr' + f 



Wave Motion 1209 



Substitute numerical values and 
evaluate u: 



a = 863Hz-745Hz (340m/s) 
863 Hz + 745 Hz 

_ . m 1km 3600s 
= 24.95 — x — - — x 

s 10 3 m h 



89.8km/h 



(b) Solve equation (1) for f s : 



f t = {l + u/v)f t 



Substitute numerical values and 
evaluate f s : 



\ 24.95 m/s A 
1 + 



v 



340 m/s 



(745 Hz) 



= 800 Hz 



(c) The driver is a moving receiver 
and so we can relate the frequency 
heard by the driver to the frequency 
reflected by the wall (the frequency 
heard by the stationary observer): 



-^driver 



V vj 



./;' 



Substitute numerical values and 
evaluate /driver: 



-/driver 



1 + 



24.95 m/s 
340 m/s 



(863 Hz) 



= 926 Hz 
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Picture the Problem Let t = 0 when the driver sounds her horn and let the distance to the 
cliff at that instant be d. The received and transmitted frequencies are related 

through f T = V - Ur f s . Solving this equation for f s will allow us to determine the 
v + u s 

frequency of the car horn. We can use the total distance the sound travels (car-to-cliff 
plus cliff back to car . . . now closer to the cliff) to determine the distance to the cliff when 
the horn was briefly sounded. 



Relate the frequency heard by the 
driver to her speed and to the 
frequency of her horn: 



= \ + uJv 

J r i I J s 

l—ujv 



Solve for/: 



= l-ujv 
Js \ + ulv Jr 
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Substitute numerical values and evaluate f s : 



h 3600s 



1- 



27.78 m/s 



fo = 



340m/s (840Hz)= l 40 ^] (840H Z ) = 713Hz 



lOO^x^- 
h 3600s 



1 + 



340 m/s 



1 + 



27.78 m/s 
340 m/s 



Relate the distance d to the cliff at 
t = 0 to the distance she travels in 
time At = 1 s, her speed u, and the 
speed of sound v: 

Solve for d: 

Substitute numerical values and 
evaluate d: 



d + (d- uAt) = vAt 



d = \(u + v)At 

d = \ (27.78 m/s + 340 m/s)(l s) 



184m 
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Picture the Problem You'll year the sonic 
boom when the surface of its cone reaches 
your plane. In the diagram the Concorde is 
at C and your plane is at P. The distance 
h = 3 km. The distance between the planes 
when you hear the sonic boom is d. We can 
use trigonometry to determine the angle of 
the shock wave as well as the separation of 
the planes when you hear the sonic boom. 



C 




Using the Pythagorean theorem, relate 
the separation of the planes d, to the 
distance h and the angle 0 : 



d = h 2 +d 2 cos 2 6 



Solve for d to obtain: 



d = /z. 



1 



l-cos 2 # 



Express 0 in terms of v, u, and t: 









^1 


sin 1 




= sin 1 










K u/vj 
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Substitute numerical values and 
evaluate 0: 



6 = sin 



[ 1 




38.7° 


ll.6; 







Substitute numerical values and 
evaluate h: 



d = (3 km)^Y 



1 



■cos 2 38.7° 



4.80 km 
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Picture the Problem The sun and Jupiter orbit about their effective mass located at their 
common center of mass. We can apply Newton's 2 nd law to the sun to obtain an 
expression for its orbital speed about the sun- Jupiter center of mass and then use this 
speed in the Doppler shift equation to estimate the maximum and minimum wavelengths 
resulting from the Jupiter-induced motion of the sun. 



Letting v be the orbital speed of the 
sun about the center of mass of the 
sun- Jupiter system, express the 
Doppler shift of the light due to this 
motion when the sun is approaching 
the earth: 



c 

Y 



l + v/c c l + v/c 



1 — vl c X\ 1 — vl c 



Solve for X: 



X' — X. 



\\-vlc 
\ + v/c 



=^{\-v/c\i+v/cy 

= A(l-v/c) 1/2 (l + v/c)- 1/2 



Because v « c, we can expand 
(1 -v/cf and (l + v/c)- 1/2 
binomially to obtain: 



(l-v/c) 1/2 «l- 
and 

(l + v/c)- 1/2 *l 



V 
V 



Substitute to obtain: 



ll-v/c r 



l + v/c 



V 

Yc 



V 

c 



When the sun is receding from the 
earth: 

Hence the motion of the sun will 
give an observed Doppler shift of: 




V cj 
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Apply Newton's 2 nd law to the sun 



Solve for v to obtain: 



GM 



v = 



eff 



Measured from the center of the 
sun, the distance to the center of 
mass of the sun- Jupiter system is: 



(<>)^s • >:_ M : _ r s _ j M ] 



M s +M, M s +M 3 



The effective mass is related to the 
masses of the sun and Jupiter 
according to: 



111 



or 

M = M « M > 

MVJ eff 



M. +M, 



Substitute for M eff and r cm to obtain: 



v = 



q M S M, 
M+M, 



M, +M, 



Using r s .j = 7.78 x 10 n m as the mean orbital radius of Jupiter, substitute numerical 
values and evaluate v: 



) (6.673xlQ-"N-m 2 /kg 2 )(l.99xl0 30 kg) _^ 
7.78xlO n m 



306xl0 4 m/s 



Substitute in equation (1) to obtain: 



1.306xl0 4 m/s 



A'»(500nm) 1 + 

V \ 2.998xl0 8 m/s 

= (500nm)(l±4.36xl0" 5 ) 



The maximum and minimum 


^max 


(500 nm) 


(1 + 4.36x10 - 5 ) 


wavelengths are: 


and 








Km = 


(500 nm) 


(1-4.36x10 - 5 ) 
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Picture the Problem Choose a coordinate system in which downward is the positive y 
direction. Let d represent the distance the tuning fork has fallen when the student hears a 
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frequency of 400 Hz, t\ the time for the source to fall that distance, and ti the time for the 
sound to travel back to the student. We can a constant-acceleration equation to express d 
in terms of the time that elapses between the dropping of the tuning fork and the return of 
the sound to the student. A Doppler-effect equation will allow us to solve for the speed of 
the tuning fork when the student hears a frequency of 400 Hz; we can use constant- 
acceleration equations to find the fall time for the fork and the return time for the sound 
from the tuning fork. 



Using a constant-acceleration 
equation, relate the distance the 
source has fallen to the elapsed 
time: 



d = v 0 t + \ at 

or, because v 0 = 0 and a = g, 
d = \gt 2 
where t = t\ + fe- 



(1) 



Relate the frequency f T heard by the 
student to the speed of the falling 
tuning fork: 



fr = 



1 



\ + uJv 



Solve for u* 



u, = 



f f \ 
— -1 

v/r J 



Substitute numerical values and 
evaluate u s : 



u„ = 



440 Hz 
400 Hz 



(340 m/s)= 34.0 m/s 



Letting y be the distance the fork 
has fallen when its speed is u s , use a 
constant-acceleration equation to 
relate y and u s : 



=v o + 2 gy 

or, because vo = 0, 



Solve for y: 



y = 



2g 



Substitute numerical values and 
evaluate y: 



y 



(34m/s) 2 
2(9.81 m/s 2 ) 



= 58.92 m 



Using a constant-acceleration 
equation, relate the speed of the 
falling tuning fork to its time of fall 
h: 

Solve for and evaluate t\ : 



w s = v o + gtl 

or, because vo = 0, 



U = — = 



34.0 m/s 



g 9.81m/s' 



= 3.466 s 
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Using the relationship between 
distance traveled, time and average 
speed, find the time t 2 for the sound 
to travel back to the student: 

Substitute in equation (1) and 
evaluate d: 



y 58.92m 

t 2 =- = = 0.173s 

v 340 m/s 



d = i (9.81 m/s 2 )(3.466 s + 0. 1 73 s) 2 



= 65.0m 
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Picture the Problem The angle 6? of the Cerenkov shock wave is related to the speed of 
light in water v and the speed of light in a vacuum c according to sin 0 = vjc. 



Relate the speed of light in water v 
to the angle of the Cerenkov cone: 



sin 6 = 



Solve for v: 

Substitute numerical values and 
evaluate v: 



v = c sin 0 



v = (2.998 x 10 8 m/s)sin48.75 c 



2.25 xlO 8 m/s 



General Problems 
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Picture the Problem The equation of a wave traveling in the positive x direction is of the 
form y{x,t) = f(x — vt) and that of a wave traveling in the negative x direction 
isy(x,t) = f(x + vt). 



Wave Motion 

(a) The pulse at t = 0 shown below was plotted using a spreadsheet program: 



1215 



0.035 




0.005 



0.000 



(b) The wave function must be of the 
form: 

Replace x with x — (10 m/s)t to obtain: 



y(x,t) = f(x-vt) = /[jc-(l0m/s)r] 
because v= 10 m/s 



y 



{x,t) = 



0.12m 3 



(2.00 m) 2 + [x- (10 m/stf 



(c) The wave function must be of the 
form: 

Replace x with x + (10 m/s)* to obtain: 



y{x,t) = f(x + vt) = f[x + (\0m/s)t] 
because v= 10 m/s 



>' 



(*,*) = 



0.12m 3 



(2.00m) 2 +[x + (l0m/s)*] ; 
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Picture the Problem Let the subscript 1 refer to the initial situation-a tension of 800 N 
and a wavelength of 24 cm. Let the subscript 2 refer to the conditions that the tension is 
600 N and the wavelength unknown. We can express the wavelengths of the waves on the 
wire in terms of the two tensions in the wire and then eliminate the constant frequency by 
expressing the ratio of the two wavelengths. Finally, we can solve this equation for A 2 . 



Express the wavelength in terms of 
the frequency and speed of the 



f 
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wave: 



Express the speed of the wave as a 
function of the tension in the wire: ' 



Substitute to obtain: 



A 



Express the wavelength when the 
tension in the wire is 600 N: 

Express the wavelength when the 
tension in the wire is 800 N: 

Divide the first of these equations 
by the second and solve for 2 2 : 



Substitute numerical values and 
evaluate A 2 : 



I K 

/if 



\t 

^2 = ^1 



A 2 =(24 cm). 



I600N _ 




20.8 cm 


800 N ~ 
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Picture the Problem Let m represent the mass of the rubber tubing whose length is L. 
We can express the travel time for the pulse t in terms of the separation of the post and 
the pulley and its speed. The speed of the pulse, in turn, can be found from the tension in 
the rubber tubing and its linear density. 



Express the time required for the _ L_ 

pulse to travel the length of the v 
tubing in terms of its speed and the 
length of the rubber tubing: 



Relate the speed of the pulses to the 
tension in the tubing: 



v = 




Substitute for v and simplify to 
obtain: 



Substitute numerical values and 
evaluate t: 




t = 



/(I0m)(0.7kg) 



iion 



0.252s 



Wave Motion 1217 



103 • 

Picture the Problem The diagram shows 
the boat traveling on a still lake with a 
speed v. A bow wave generated a time t 
earlier is shown at an angle of 9 with the 
direction of the boat's motion. We can use 
trigonometry to relate the speed of the bow 
wave to the speed of the boat. 




J" 



Using the diagram, relate u and v to 
the angle &. 



vt v 
sin 0 = — = — 
ut u 



Solve for v: 



Msin6> 



Substitute numerical values and 
evaluate v: 



v = (l0m/s)sin20 c 



3.42 m/s 
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Picture the Problem The frequencies and wavelengths of the sound waves are related to 
the speed of sound through /= vIX. 



(a) Use /= vIX to find f. 



f 



340 m/s 
10(0.3m) 



113Hz 



(b) Proceed as in (a): 



f 



340 m/s 
0. 1(0.3 m) 



11.3kHz 



(c) Proceed as in (a) and (b): 



f = 



340 m/s 
10(0.06m) 



567 Hz 



/ = 



340 m/s 
0.l(0.06m) 



56.7kHz 
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Picture the Problem The diagram depicts 
the whistle traveling in a circular path of 
radius r = 1 m. The stationary listener will 
hear the maximum frequency when the 
whistle is at point 1 and the minimum 
frequency when it is at point 2. These 
maximum and minimum frequencies are 
determined by f Q and the tangential speed 
u s = 2nrlT. We can relate the frequencies 
heard at point P to the speed of the 
approaching whistle at point 1 and the 
speed of the receding whistle at point 2. 



r = lm 



/ 



r 

92 



5 m 



Relate the frequency heard at point 
P to the speed of the approaching 
whistle at point 1 : 



f = 

J max 



h 



Use the relationship between 
translational velocity and angular 
velocity to find the speed u s of the 
whistle: 



u s =r<x> = (lm) 
= 18.85 m/s 



' rev 2?rrad^ 

3 x 

V s rev J 



Substitute numerical values and 
evaluate / max : 



f =■ 

■ ' m;ix 



1 



18.85m/s 



(5 00 Hz) 



340 m/s 



= 529 Hz 



Relate the frequency heard at point 
P to the speed of the receding 
whistle at point 2: 



f ■ = 

J mm 



1 



l + u/v 



Substitute numerical values and 
evaluate/mr,: 



f • =■ 

J mm 



1 



18.85 m/s 



(500 Hz) 



1 + 



340 m/s 



474 Hz 
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Picture the Problem The crest-to-crest separation of the waves is their wavelength. We 
can find the frequency of the waves from v =fk. When you lift anchor and head out to sea 
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you'll become a moving receiver and we can apply f t 



frequency you'll observe. 



v±u 
v + u 



-f s to calculate the 



(a) Express the frequency of the 
ocean waves in terms of their speed 
and wavelength: 



fo = 



A 



Substitute numerical values and 
evaluate / s : 

(b) Express the frequency of the 
waves in terms of their speed and 
the speed of a moving receiver: 



fo 



8.9 m/s 
15m 



0.593 Hz 



Substitute numerical values and 
evaluate f T : 



\ 15m/s A 
1 + 



v 



8.9m/s 



(0.593 Hz): 



1.59 Hz 
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Picture the Problem Let t be the time of travel of the lefthand pulse and the subscripts L 
and R refer to the pulse coming from the left and right, respectively. Because the pulse 
traveling from the right starts later than the pulse from the left, its travel time is t - At, 
where At = 25 ms. Both pulses travel at the same speed and the sum of the distances they 
travel is 12 m. 



Express the total distance the two pulses d —d L +d R 
travel: =vt + v(t - At) 

Solve for vt to obtain: vt = \{d + vAt) 



Substitute for v to obtain: 



The speed of the pulse is given by: \F \ F 



/j Al m/L 



vt = \ 



d+ At 

]jm/L y 
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Substitute numerical values and evaluate vt: 



|(l 80N)(l2m)/ 1n 3 \ 

12m+ P & ^25x10 s 

\ 0.085kg v 7 



7.99m 



*108 

Picture the Problem Let the frequency of the car's horn be f s , the frequency you hear as 
the car approaches f n and the frequency you hear as the car recedes f T '. We can use 



v±u r 
v±u. 



f s to express the frequencies heard as the car approaches and recedes and 



then use these frequencies to express the fractional change in frequency as the car passes 
you. 



Express the fractional change in 
frequency as the car passes you: 



fr 



= 0.1 



Relate the frequency heard as the car 
approaches to the speed of the car: 

Express the frequency heard as the 
car recedes in terms of the speed of 
the car: 



1 



l-ujv 
1 

l + u/v 



Divide the second of these 
frequency equations by the first to 
obtain: 



fr l + U J V 

and 

fr fr'-V-j ^".^ -Ql 

.A fr fr 1 + H./V 



Solve u s : 

Substitute numerical values and 
evaluate u.: 



0.1 
1.9 

u s =^(340m/s) 

,„ or> m 1km 3600 s 

= 17.89 — x — — x 

s 10 3 h 



= 64.4 km/h 
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Picture the Problem The pressure amplitude can be calculated directly from 

p 0 = pcovs 0 , and the intensity from I = \ poo 2 s\v. The power radiated is the intensity 

times the area of the driver. 

(a) Relate the pressure amplitude to p 0 = poovs Q 

the displacement amplitude, angular 
frequency, wave velocity, and air 
density: 



Substitute numerical values and 
evaluate p 0 : 



p 0 =(l.29kg/m 3 )[2^(800s^)] 

x (340 m/s) (0.025 xl(T 3 m) 



= 55.1N/m 2 



(b) Relate the intensity to these 
same quantities: 



I = \ poo s 0 v 



Substitute numerical values and 
evaluate /: 



(l.29kg/m 3 )[2^(800s^] 2 
<(0.025xl0" 3 m) 2 (340m/s) 



3.46 W/m 2 



(c) Express the power in terms of 
the intensity and the area of the 
driver: 



p = IA = 7trI 



Substitute numerical values and 
evaluate P: 



P = ;r(0.1m) 2 (3.46 W/m 2 ) = 



0.109W 
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Picture the Problem The frequency of the sound wave is related to the density of the air, 



displacement amplitude, and velocity by I = \ pco 2 slv. 



Relate the intensity of the sound 
wave to the density of the air, 
displacement amplitude, velocity, 
and angular frequency: 



I = \ pco 2 SqV 



Solve for the angular frequency: 



co = 



j_ 27_ 
s 0 \pv 
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Solve for/ 1 (iT 

2n Sq y pv 

Substitute numerical values and 1 I 2(l0 2 W/m 2 ) 

evaluate/: ^ " 2tt(10 6 m) ^(l.29kg/m 3 )(340m/s) 



= 1.07 kHz 
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Picture the Problem The force exerted on the plate is due to the change in momentum of 
the water. We can use Newton's 2 nd law in the form F = Ap/At to relate F to the mass of 
water in a length of tube equal to v s At and to the speed of the water. This mass of water, 
in turn, is given by the product of its density and the volume of water in a length of the 
tube equal to v s At. 

Relate the force exerted on the plate to p _ 4P _ Amv w 

the change in momentum of the water: At At 

Express Am in terms of the mass of Am = pAV = pv s AAt 

water in a length of tube equal to v s At\ 

Substitute to obtain: F = pv s Av w 

Substitute numerical values and evaluate F: 



F 



= (l 0 3 kg/m 3 )(l .4 km/s) [tt(0.05 m) 2 ](7 m/s) = 



77.0kN 
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Picture the Problem Let d be the horizontal distance from the soap bubble to the 
position of the microphone. The angle 6? of the shock wave is related to the speed of 
sound in air u and the speed of the bullet c according to sin 6 = u/v. We can determine 0 

from the given information and then use this angle to find d. 

Express d in terms of the angle of ^ _ 0-35m 
the shock wave and the distance tan 0 

from the soap bubble to the 
laboratory bench: 

Relate the speed of the bullet to the • n u 

F sin 0 = — 

angle of the shock-wave cone: v 
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Solve for 0 to obtain: 



6 = sin 



u 



Substitute to obtain: 



d = 



0.35m 





. _i u 


tan 


sin — 




v _ 



Substitute numerical values and 
evaluate d: 



d = 



0.35m 







f u > 




tan 


sin 1 




\l.25u j 





26.3 cm 
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Picture the Problem The source of the problem is that it takes a finite time for the sound 
to travel from the front of the line of marchers to the back. We can use the given data to 
determine the time required for the beat to reach the marchers in the back of the column 
and then use this time and the speed of sound to find the length of the column. 



Express the length of the column in L — vAt 

terms of the speed of sound and the 
time required for the beat to travel 
the length of the column: 



Calculate the time for the sound to A , 1 n c 

At = mm = 0.6s 

travel the length of the column: 1 00 

Substitute and evaluate L: L = (340 m/s)(0.6 s) = I 204 m 
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Picture the Problem The interval between the arrival times of the echo pulses heard by 
the bat is the reciprocal of the frequency of the reflected pulses. We can use 

f t = — — — L f s to relate the frequency of the reflected pulses to the speed of the bat and 

v + u s 

the frequency it emits. 

Relate the interval between the At — ^ 

arrival times of the echo pulses f t 
heard by the bat to frequency of the 
reflected pulses: 

Relate the frequency of the pulses r _ l + ujv ^ 

received by the bat to its speed and the r 1 - u s /v 

frequency it emits: 
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Substitute to obtain: 



At 



(l + " r /v)/ 8 



Substitute numerical values and 
evaluate At: 



At = 



12m/s 
340 m/s 



\ 12 m/s ^ 

1 + 

340 m/s j 



(80s 1 ) 



1 1.6 ms 
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Picture the Problem Let d be the distance to the moon, h be the height of earth's 
atmosphere, and v be the speed of light in earth's atmosphere. We can express d ', the 
distance measured when the earth's atmosphere is ignored, in terms of the time for a 
pulse of light to make a round- trip from the earth to the moon and solve this equation for 
the length of correction d' - d. 



Express the roundtrip time for a 
pulse of light to reach the moon and 
return: 



^ ^earth's atmosphere ^out of earth's atmosphere 

_ h -h 

=2-+2 

v c 



Express the "measured" distance d ' 
when we do not account for the 
atmosphere: 



*f 1 1 

a = —ct = —c 
2 2 



\ v c J 



= —h+d-h 
v 



Solve for the length of correction 
d'-d: 



d' — d = h 



Substitute numerical values and 
evaluate d'-d: 



= (8 km) 



' c 



V 



0.99997c 



= 24.0 cm 



Remarks: This is larger than the accuracy of the measurements, which is about 3 to 
4 cm. 
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Picture the Problem The frequency of the waves on the wire is the same as the 
frequency of the tuning fork and their period is the reciprocal of the frequency. We can 
find the speed of the waves from the tension in the wire and its linear density. The 
wavelength can be determined from the frequency and the speed of the waves and the 
wave number from its definition. The general form of the wave function for waves on a 
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wire is y{x,t) = A sin(kx + cot) , so, once we know k and a>, because A is given, we can 

write a suitable wave function for the waves on this wire. The maximum speed and 
acceleration of a point on the wire can be found from the angular frequency and 
amplitude of the waves. Finally, we can use P av = \ juoo 2 A 2 v to find the average rate at 

which energy must be supplied to the tuning fork to keep it oscillating with a steady 
amplitude. 



(a) The frequency of the waves on 
the wire is the same as the 
frequency of the tuning fork: 



/ = 



400 Hz 



The period of the waves on the wire 
is the reciprocal of their frequency: 



T = — = 



f 400 s 1 



2.50ms 



(b) Relate the speed of the waves to 
the tension in the wire and its linear 
density: 




ju VO.Olkg/m 



316m/s 



(c) Use the relationship between the 
wavelength, speed and frequency of 
a wave to find A: 



^ _ v _ 316m/s 



/ 400s 



79.0cm 



Using its definition, express and 
evaluate the wave number: 



^_ _ In _ 2n 



A 79xl0~ 2 m 



7.95 m" 



(d) Determine the angular frequency 
of the waves: 



= 2nf = 2tf(400s -1 ) = 2.5 1 x 10 3 s" 



Substitute for A, k, and co in the general form of the wave function to obtain: 



(x, t) = I (0.50 mm)sin[(7.95 m 1 )x - (2.5 1 x 1 0 3 s" 1 ) t 



(e) Relate the maximum speed of a 
point on the wire to the amplitude of 
the waves and the angular frequency 
of the tuning fork: 



= (0.5xl0~ 3 m)(2.51xl0 3 s" 1 ) 



1.26m/s 
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Express the maximum acceleration 
of a point on the wire in terms of the 
amplitude of the waves and the 
angular frequency of the tuning 
fork: 



a m „ = Aco 



(0.5 xl(T 3 m)(2.51xl0 3 s^) 2 



= 3.15xl0 3 m/s 2 



if) Express the average power 
required to keep the tuning fork 
oscillating at a steady amplitude in 
terms of the linear density of the 
wire, the amplitude of its vibrations, 
and the speed of the waves on the 
wire: 



P m =^a? 2 A 2 v 



Substitute numerical values and evaluate P av : 



p m = 1 (0. 1 kg/m)(2.5 1 x 1 0 3 s" 1 ) 2 (0.5 x 1 (T 3 m) 2 (3 1 6 m/s) = 



24.9 W 
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Picture the Problem Because the chain is 
rolling at high speed we can neglect the 
effect of gravity. The diagram shows a 
small portion of the chain. We'll assume 
that the angle 6 is small even though it 
shown as a large angle in the diagram. Let 
Am be the mass of the segment of the chain 
shown. We'll apply Newton's 2 nd law to 
the segment in order to relate the tension in 
the chain to its linear density and speed. 




(a) Apply X Radial =m \ toa 

segment of the chain whose mass is 
Am: 



^net = Am 



R 



Express Am in terms of //, 0, and R: 
Express F net in terms of T and 9 : 



Am = jud£ = juRO 
F net =2Fsinl0 



Substitute to obtain: 



2Fsin^6 



{10 v, 
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Solve for F: 



F 



M&1 
2sm\G 



Apply the small angle approximation 



F = 



2(\e) 



Wo 



(b) The wave speed is the same as the 






[f 


speed at which the chain is moving: 


v o = 


\ 





(c) 



As seen by an observer at rest, the pulse remains at the same position 
because its speed along the chain is the same as the speed of the chain. 
With respect to a fixed point on the chain, the pulse travels through 360 c 
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Picture the Problem Let Am represent the mass of the segment of length 
Ax= I mm. We can find the wave speed from the given data for the tension in the rope 
and its linear density. The wavelength can be found from v =fA., We'll use the definition 
of linear momentum to find the maximum transverse linear momentum of the 1-mm 
segment and apply Newton's 2 nd law to the segment to find the maximum net force on it. 



(a) Find the wave speed from the 
tension and linear density: 



v = 




ION 
O.lkg/m 



lO.Om/s 



(b) Express the wavelength in terms 
of the speed and frequency of the 
wave: 



A 



v lOm/s 



/ 5s- 



2.00m 



(c) Relate the maximum transverse 
linear momentum of the 1 -mm 
segment to the maximum transverse 
speed of the wave: 

Substitute numerical values and 
evaluate /? max : 



^max = A «v max = fiAxAco = 27f/uAxA 



^ max =2^(5s- 1 )(0.1kg/m) 

x(lxl0~ 3 m)(0.04m) 



1.26xl0~ 4 kg-m/s 
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v 2 

(d) Apply 2^ Radial =m—to the 

r 

1 -mm segment and simplify to obtain: 

Substitute numerical values and 
evaluate F max : 



A V 2 Al( ° 2 A 4 2 

^max = Am— = //Ax— — = juAxAa 
A A 

= ^max = 2 ^max 
F_ = 2^5 S^l. 26x10^.^) 



= 3.96 mN 
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Picture the Problem We can relate the speed of the pulse to the tension in the rope and 
its linear density. Because the rope hangs vertically, the tension in it varies linearly with 
the distance from its bottom. Once we've established the result in part (a), we can 
integrate the resulting velocity equation to find the time for the pulse to travel the length 
of the rope and then double this time to get the round-trip time. 



(a) Relate the speed of transverse 
waves to tension and linear density: 

Express the force acting on a 
segment of the rope of length y: 



v = 



F = mg = juyg 



Substitute to obtain: 



v = 



(b) Because the speed of the pulse 
varies with the distance from the 
bottom of the rope, express v as 
dyldt and solve for dt; 

Integrate the left side of the equation 
from 0 to t and the right side from 0 
to 3 m: 



The time for the pulse to make the 
round-trip is: 



dy I — , , 1 dy 
— = -\Jgy and dt - 
dt 



t 3n 



0 

and 
t -- 



dy 

g o Jy 



g 



g 



= 1.106s 



2J3m 



V9.81IT1/S 2 



Cund-tnp =2f=2(l. 106S): 



2.21s 
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Picture the Problem We can follow the step-by-step instructions outlined above to 
obtain the given expressions for AU. 



(a) Express the potential energy of a 
segment of the string: 



AU -F(M-Ax) 



For Ay/ Ax « 1 : 



A^ = Ax[l + }(Ay/Ax) 2 
and 

Al-Ax = Ax[l + \ (Ay /Ax) 2 
= y(A_y/Ax) 2 Ax 



-Ax 



Substitute to obtain: 



AU = F 



[i(Av/Ax) 2 ] 



\F{AylAxfAx 



(b) Differentiate 

y(x,t) = A sin(kx - cot) to obtain: 



— = kA cos(hc - cot) 
dx 



Approximate Ay I Ax by dyldx and 
substitute in our result from part (a): 



AU = \F(kA cos(Ax - cot)) 2 Ax 



FA 2 k 2 Ax cos 2 (kx- cot) 
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Chapter 16 

Superposition and Standing Waves 



Conceptual Problems 
*l ** 

Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 



t = 0 s 



i — r 



f = ls 



f = 2s 



i r 



1 i [ 



t = 3s 



i — r 



i — 



Picture the Problem We can use the speeds of the pulses to determine their positions at 
the given times. 



t = 0s 



i — r 



t = ls 



f=r 



t = 2s 



f=H=f 



/ - 3 s 



Determine the Concept Beats are a consequence of the alternating constructive and 
destructive interference of waves due to slightly different frequencies. The amplitudes of 



the waves play no role in producing the beats, (c) is correct. 



4 

(a) True. The harmonics for a string fixed at both ends are integral multiples of the 
frequency of the fundamental mode (first harmonic). 

(b) True. The harmonics for a string fixed at both ends are integral multiples of the 
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frequency of the fundamental mode (first harmonic). 

(c) True. If £ is the length of the pipe and v the speed of sound, the excited harmonics are 
v 

given by f = n — , where n = 1, 3, 5... 



5 

Determine the Concept Standing waves are the consequence of the constructive 
interference of waves that have the same amplitude and frequency but are traveling in 



opposite directions, (b) is correct 



*6 • 

Determine the Concept Our ears and brain find frequencies which are small-integer 
multiples of one another pleasing when played in combination. In particular, the ear 
hears frequencies related by a factor of 2 (one octave) as identical. Thus, a violin sounds 
much more "musical" than the sound of a drum. 



Picture the Problem The first harmonic 
displacement-wave pattern in an organ pipe 
open at both ends and vibrating in its 
fundamental mode is represented in part (a) 
of the diagram. Part (b) of the diagram 
shows the wave pattern corresponding to 
the fundamental frequency for a pipe of the 
same length L that is closed at one end. 
Letting unprimed quantities refer to the 
open pipe and primed quantities refer to the 
closed pipe, we can relate the wavelength 
and, hence, the frequency of the 
fundamental modes using v -fX. 



X 



<b) 



Express the frequency of the first f ~ V 

harmonic in the open pipe in terms ' Xy 

of the speed and wavelength of the 
waves: 



Relate the length of the open pipe to 
the wavelength of the fundamental 
mode: 



\ =2L 
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Substitute to obtain: f — v 



2L 



Express the frequency of the first , , _ v 

harmonic in the closed pipe in terms 1 A l ' 

of the speed and wavelength of the 
waves: 

Relate the length of the closed pipe /L/ = 4L 

to the wavelength of the 
fundamental mode: 



Substitute to obtain: „, v 1 v 



f „ \ 



4L 2 



1 



2 



Substitute numerical values and y ' — i_ (400 Hz) — 200 Hz 

evaluate f x ' : 2 



and (a) is correct. 



8 

Picture the Problem The frequency of the fundamental mode of vibration is directly 
proportional to the speed of waves on the string and inversely proportional to the 
wavelength which, in turn, is directly proportional to the length of the string. By 
expressing the fundamental frequency in terms of the length L of the string and the 
tension F in it we can examine the various changes in lengths and tension to determine 
which would halve it. 

Express the dependence of the f ~ V 

frequency of the fundamental mode ' \ 

of vibration of the string on its 
wavelength: 

Relate the length of the string to the \ = 2L 

wavelength of the fundamental 

mode: 



Substitute to obtain: - _ _v_ 

h ~2L 



Express the dependence of the speed 
of waves on the string on the tension 



v = 
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in the string: 



Substitute to obtain: 




(a) Doubling the tension and the length would increase the frequency by a factor 



(b) Halving the tension and keeping the length fixed would decrease the frequency by a 
factor of l/ V2 . 

(c) Keeping the tension fixed and halving the length would double the frequency, 
(c) is correct. 



9 

Determine the Concept We can relate the resonant frequencies of an organ pipe to the 
speed of sound in air and the speed of sound to the absolute temperature. 

Express the dependence of the - _ v 

resonant frequencies on the speed of A 



ofV2/2. 



sound: 



Relate the speed of sound to the 
temperature of the air: 




where y and R are constants, M is the 
molar mass of the gas (air), and J is the 
absolute temperature. 



Substitute to obtain: 




Because v <x v7\ increasing the temperature increases the resonant frequencies. 



*10 • 

Determine the Concept Because the two waves move independently, neither impedes 
the progress of the other. 
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11 



Determine the Concept No; the wavelength of a wave is related to its frequency and 
speed of propagation (A = v/f). The frequency of the plucked string will be the same as 
the wave it produces in air, but the speeds of the waves depend on the media in which 
they are propagating. Because the velocities of propagation differ, the wavelengths will 
not be the same. 



Determine the Concept No; when averaged over a region in space including one or 
more wavelengths, the energy is unchanged. 



Determine the Concept When the edges of the glass vibrate, sound waves are produced 
in the air in the glass. The resonance frequency of the air columns depends on the length 
of the air column, which depends on how much water is in the glass. 

14 » 

Picture the Problem We can use v =fX to relate the frequency of the sound waves in the 

organ pipes to the speed of sound in air, nitrogen, and helium. We can use 

v = -yJyRT jM to relate the speed of sound, and hence its frequency, to the properties of 

the three gases. 

Express the frequency of a given f ~ V 

note as a function of its wavelength X 
and the speed of sound: 



12 



13 



Relate the speed of sound to the 
absolute temperature and the molar 
mass of the gas used in the organ: 




where y depends on the kind of gas, R is a 
constant, T is the absolute temperature, and 
M is the molar mass. 



Substitute to obtain: 




For air in the organ pipes we have: 




(1) 



When nitrogen is in the organ pipes: 



(2) 
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Express the ratio of equation (2) to / N \/ N M 

equation (1) and solve for / N : ~r ~~ J~ T7~ 

1 J air \[ I air > 

and 



Because ^ N = y aii and M air > M N 



/n 2 > /ai 

i.e., 



/ will increase for each organ pipe. 



If helium were used, we'd have: 



f — f I ' He air 
J He J air -t \ , » 

V T'air ^He 



Because ^ He > and M air » M } 



/ife /air 



i.e., 



the effect will be even more 
pronounced. 
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Determine the Concept Increasing the tension on a piano wire increases the speed of the 
waves. The wavelength of these waves is determined by the length of the wire. Because 
the speed of the waves is the product of their wavelength and frequency, the wavelength 



remains the same and the frequency increases, (b) is correct. 



16 

Determine the Concept If connected properly, the speakers will oscillate in phase and 
interfere constructively. If connected incorrectly, they interfere destructively. It would be 
difficult to detect the interference if the wavelength is short, less than the distance 
between the ears of the observer. Thus, one should use bass notes of low frequency and 
long wavelength. 

17 

Determine the Concept The pitch is determined mostly by the resonant cavity of the 
mouth; the frequency of sounds he makes is directly proportional to their speed. Because 
v He > v air (see Equation 15-5), the resonance frequency is higher if helium is the gas in 
the cavity. 
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Determine the Concept The light is being projected up from underneath the silk, so you 
will see light where there is a gap and darkness where two threads overlap. Because the 
two weaves have almost the same spatial period but not exactly identical (because the 
two are stretched unequally), there will be places where, for large sections of the cloth, 
the two weaves overlap in phase, leading to brightness, and large sections where the two 
overlap 90° out of phase (i.e., thread on gap and vice versa) leading to darkness. This is 
exactly the same idea as in the interference of two waves. 

Estimation and Approximation 

19 » 

Determine the Concept Pianos are tuned by ringing the tuning fork and the piano note 
simultaneously and tuning the piano string until the beats are far apart; i.e., the time 
between beats is very long. If we assume that 2 s is the maximum detectable period for 
the beats, then one should be able to tune the piano string to at least 0.5 Hz. 



Picture the Problem We can use v =f\A\ to express the resonance frequencies in the 
organ pipes in terms of their wavelengths and L = n — - , w = 1 , 2, 3 , . . . to relate the length 

of the pipes to the resonance wavelengths. 
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(a) Relate the fundamental 
frequency of the pipe to its 
wavelength and the speed of sound: 



4 



v 



Express the condition for 
constructive interference in a pipe 
that is open at both ends: 



L 



n 




(1) 



Solve for X\. 



2L 



Substitute and evaluate f\. 




v 



340 m/s 



(b) Relate the resonance frequencies 
of the pipe to their wavelengths and 
the speed of sound: 



v 



'/'! 



Solve equation (2) for A„: 
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Substitute to obtain: 



v 340 m/s 

Jn =n — = n ~ r o — 1 

2L 2(7.5 xlCT 2 m) 



= n(2.27kHz) 



Set /„ = 20 kHz and evaluate n: 



n= 20kHz =8.81 
2.27 kHz 



The eighth harmonic is within the range defined as audible. The ninth harmonic 
might be heard by a person with very good hearing. 



21 

Picture the Problem Assume a pipe length of 5 m and apply the standing-wave 
resonance frequencies condition for a pipe that is open at both ends (the same conditions 
hold for a string that is fixed at both ends). 



Relate the resonance frequencies for 
a pipe open at both ends to the length 
of the pipe: 



/„ =n— ,n = l,2,3, 



Evaluate this expression for n = 1 : 



340 m/s 
2(5 m) 



34.0 Hz 



Express the dependence of the speed 
of sound in a gas on the temperature: 



v = 



yRT 
M 



where y and R are constants, M is the 
molar mass, and J is the absolute 
temperature. 



Because v <x -vT, the frequency will be somewhat higher in the summer. 



Superposition and Interference 



22 • 

Picture the Problem We can use A = 2y 0 cos ^(5 to find the amplitude of the resultant 
wave. 



(a) Evaluate the amplitude of the 
resultant wave when 5 = rrl6: 



A = 2y 0 cos 8 = 2(0.02m)cos — 



= 3.86cm 



(b) Proceed as in (a) with S = 7t/3: 
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A = 2y Q cos-^S = 2(0.02m)cos — 



\3J 



= 3.46 cm 



23 • 

Picture the Problem We can use A = 2 y 0 cos \ 8 to find the amplitude of the resultant 
wave. 



Evaluate the amplitude of the 
resultant wave when 5 = nil: 



A = 2y 0 cos -^8 = 2(0.05 m)cos — 



= 7.07 cm 



*24 • 

Picture the Problem The phase shift in the waves generated by these two sources is due 
to their separation of A/3. We can find the phase difference due to the path difference 
Ax 

fromc5> = 2n — and then the amplitude of the resultant wave from A = 2y 0 COSjS . 



Evaluate the phase difference 5: 



_ _ Ax A/3 2 
o = 2n — = 2n — — = — n 
X A3 



Find the amplitude of the resultant 
wave: 



A res = 2y Q cos^S = 2 A cos 



= 2 A cos — 
3 



r 1 A 
V3 J 
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Picture the Problem The phase shift in the waves generated by these two sources is due 
to a path difference Ax = 5.85 m - 5.00 m = 0.85 m. We can find the phase difference due 

Ax 

to this path difference from 8 = 2n — and then the amplitude of the resultant wave 

A 

from A = 2 y 0 cos \ 8. 



(a) Find the phase difference due to 
the path difference: 



8 = 2tt — 
A 



Calculate the wavelength of the 
sound waves: 



A 



v _ 340 m/s 
/" 100 s" 1 



3.4m 
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Substitute and evaluate 8: 



c . 0.85 m n 

8 = 2n = — rad = 

3.4m 2 



90.0 C 



(b) Relate the amplitude of the 
resultant wave to the amplitudes of 
the interfering waves and the phase 
difference between them: 



A = 2y 0 cos^S = 2Acos 



n 



= V2 A 



*26 • 

Picture the Problem The diagram is shown below. Lines of constructive interference are 
shown for path differences of 0, A, 2A, and 3/L 



\d = 2A 



Arf = A 



Arf = 2A 



\d = 3A 
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Picture the Problem The intensity at the point of interest is dependent on whether the 
speakers are coherent and on the total phase difference in the waves arriving at the given 

Ax 

point. We can use 8 = 2n—^- to determine the phase difference 8, A = \2p Q cos^- S\ to 

find the amplitude of the resultant wave, and the fact that the intensity / is proportional to 
the square of the amplitude to find the intensity at P for the given conditions. 



(a) Find the phase difference 8: 



8 = 2x = n 



Find the amplitude of the resultant 
wave: 



A = \2p 0 cos \ n\ = 0 



Because the intensity is proportional 



to A 2 : 



I = 



(b) The sources are incoherent and 



/ = 



2h 
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the intensities add: 

(c) Express the total phase 
difference: 



^tot ^sources ^path difference 

„ Ax „ f O 
= n + 2n — = k + 2n 
A 



= 2tt 



Find the amplitude of the resultant 
wave: 



A = \2p 0 cos j (2ttJ = 2p 0 



Because the intensity is proportional 



to A 2 : 



A 2 _(2pJ 



2 '0 



Po 



2 "0 



4/ n 
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Picture the Problem The intensity at the point of interest is dependent on whether the 
speakers are coherent and on the total phase difference in the waves arriving at the given 

Ax 

point. We can use 8 = 2n — to determine the phase difference 8, A = \2p Q C0Syc5l to 

A 

find the amplitude of the resultant wave, and the fact that the intensity / is proportional to 
the square of the amplitude to find the intensity at P for the given conditions. 



(a) Find the phase difference S: 



8 = 2n — = 2n 
A 



Find the amplitude of the resultant 
wave: 



A = \2p Q cos \ (2^")| = 2p 0 



Because the intensity is proportional 



to A 2 : 



r_i\ _ (2Po) 2 j 

1 r. 1 ft <i in 



2 x 0 

Po 



Po 



4/„ 



(b) The sources are incoherent and 
the intensities add: 



2L 



(c) Express the total phase 
difference: 



^tot ^sources ^path difference 

= 7t + 2n — = k + 2n 
A 



yAj 



3tt 



Find the amplitude of the resultant 



A = \2p 0 cos \ (3^")| = 0 
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wave: 



Because the intensity is proportional 



/ = 



to A 2 : 



0 
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Picture the Problem Let P be the point located a distance r x from speaker 1 and a 
distance r 2 from speaker 2. If the sound at point P is to be either a maximum or a 
minimum, the difference in the distances to the speakers will have to be such that this 
difference compensates for the 90° out-of-phase condition of the speakers. 



(a) Express the phase shift due to the 
speakers in terms of a path difference: 



^ _ "source s 

360 c 



90° 

360° 4 



Express the condition that r 2 — r x must 
satisfy in order to compensate for this 
path difference: 



-A 



(b) In this case, the smallest difference 
in path is again A/4, but now: 



-A 



*30 » 

Picture the Problem The drawing shows a 
generic point P located a distance r\ from 
source S\ and a distance r 2 from source Si- 
The sources are separated by a distance d 
and we're given that d < All. Because the 
condition for destructive interference is 
that 8 - nn where n = 1, 2, 3,..., we'll 
show that, with d < All, this condition 
cannot be satisfied. 



y / 



/ 



/ 



/ 



/ 

I / 

s 2 V 



Relate the phase shift to the path 
difference and the wavelength of the 
sound: 



8 = 2tt 



Ar 

T 



Relate Ar to d and &. 



Ar < d sin 6 < d 



Substitute to obtain: 



dsin6> d 

O < LK < L7I — 

A A 
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Because d < A/2 : 



8 <2n — — = n 
A 



Express the condition for destructive 
interference: 



8 = nn 

where n = 1, 2, 3, 



Because 8 < k, there is no complete destructive interference in any direction. 



31 

Picture the Problem Let the positive x direction be the direction of propagation of the 
wave. We can express the phase difference in terms of the separation of the two points 
and the wavelength of the wave and solve for A. In part (b) we can find the phase 
difference by relating the time between displacements to the period of the wave. I in part 
(c) we can use the relationship between the speed, frequency, and wavelength of a wave 
to find its velocity. 



(a) Relate the phase difference to the 
wavelength of the wave: 



8 = 7.71 



Ax 

T 



Solve for and evaluate A: 



A = 2n 



Ax 



2n 



5 cm 

~k/6 



60.0 cm 



(b) Express and evaluate the period 
of the wave: 



7 



40 s 



25 ms 



Relate the time between the two 
displacements to the period of the 
wave: 



5 ms = — T 
5 



Express the phase difference 
corresponding to one-fifth of a 
period: 

(c) Express the wave speed in terms 
of its frequency and wavelength: 



8 



2n 



//L = (40s^)(0.6m): 



24.0 m/s 



32 « 

Picture the Problem Assume a distance of about 20 cm between your ears. When you 
rotate your head through 90°, you introduce a path difference of 20 cm. We can apply the 
equation for the phase difference due to a path difference to determine the change in 
phase between the sounds received by your ears as you rotate your head through 90°. 
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Express the phase difference due to 
the rotation of your head through 
90°: 



8 = 2n 



20 cm 

X 



Find the wavelength of the sound 
waves: 



v 340 m/s „ 

X = — = = 50cm 

/ 680s 1 



Substitute to obtain: 



S = In 



20 cm 
50 cm 



0.8;rrad 
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Picture the Problem Because the sound intensity diminishes as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is constructive interference of the sound coming 
from the two sources. We can apply the condition for constructive interference to relate 
the wavelength of the sound to the path difference at her initial position and the 
relationship between the velocity, frequency, and wavelength of the waves to express this 
path difference in terms of the frequency of the sources. 



Express the condition for 
constructive interference at 
(40 m, 0): 



Ar = nX, n = 1,2,3, 



(1) 



Express the path difference Ar: 



Ar = r B - r A 



Using the Pythagorean theorem, find 



7(40m) 2 + (2.4m) 2 



Substitute for r B and evaluate Ar: 



Ar = A /(40m) 2 +(2.4m) 2 -40 m 
= 0.07194m 



Substitute in equation (1) and solve 
for X: 



x = 



0.07194m 



77 



Using v = fX, express / in terms 
of X and n: 



v 340 m/s 

~ H 0.07194m ~ H 0.07194m 
= (4726Hz)n 



Evaluate / for n - 1 and 2: 



4726 Hz 



and f 2 



9452 Hz 
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Picture the Problem Because the sound intensity increases as the observer moves, 
parallel to a line through the sources, away from her initial position, we can conclude that 
her initial position is one at which there is destructive interference of the sound coming 
from the two sources. We can apply the condition for destructive interference to relate the 
wavelength of the sound to the path difference at her initial position and the relationship 
between the velocity, frequency, and wavelength of the waves to express this path 
difference in terms of the frequency of the sources. 



Express the condition for 
destructive interference at (40 m, 0): 



Ar = n — , n = 1,3,5,. 
2 



(1) 



Express the path difference Ar: 



Ar = r B - r A 



Using the Pythagorean theorem, 
find r B : 



= 7(40 m) 2 + (2.4 m) 2 



Substitute for r B and evaluate Ar: 



Ar = 7(40 m) 2 + (2.4m) 2 -40 m 
= 0.07194 m 



Substitute in equation (1) and solve 
for X: 



A 



_ 2(0.07 194 m)_ 0.1439 m 



Using v = fX, express / in terms 
of X: 



fn 



0.1439m 
= (2363Hz)n 



340 m/s 
0.1439 m 



Evaluate / for n = 1 and 3: 



and 



2363 Hz 



7089 Hz 



*35 

Picture the Problem We can use the trigonometric identity 



cos A + cos B = 2cos 



A + B 



V 



cos 



A-B 



to derive the expression given in (a) and the 



V 2 j 

speed of the envelope can be found from the second factor in this expression; i.e., 
fromcos[(A£ / 2}x - (Aco/2)t] . 

(a) Express the amplitude of the resultant wave function y(x,t): 

y(x, t) = A(cos(£jJc - <»/)+ cos(^ 2 x - co 2 t)) 
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Use the trigonometric identity cos A + cos B = 2 cos 



V * J 



r A-B^ 



cos 



to obtain: 



V ^ J 



y(x,t) = 2 A 
= 2A 



k,x - co,t + k 7 x - co 7 t k,x — co.t -k 7 x + coJ 
COS — 1 —cos — — 



COS 



k-t fan COry CO 



k l +k 2 co l + co 2 



cos 



1 -2 x + ^^ Lf 



Substitute a>. dve = (a>\ + cdi)I2, k. dve = (k\ + fe)/2, Aa>= a>\ - c&i and Ak-ki - fc 2 to obtain: 
y(x,t) = 



2A[cos(k dV£ x - O) d j)cos 



Ak Acq 



— x 1 

2 2 



(b) A spreadsheet program to calculate y(x,t) between 0 m and 50 m at t - 0, 0.5 s, and 1 s 
follows. The constants and cell formulas used are shown in the table. 



Cell 


Content/Formula 


Algebraic Form 


Bll 


B 10+0.25 


x + Ax 


CIO 


COS($B$3*B 10-$B$5*$C$9) 
+ COS($B$4*B10-$B$6*$C$9) 


y{x,0) 


D10 


COS($B$3*B10-$B$5*$D$9) 
+ COS($B$4*B10-$B$6*$D$9) 


3^(^,0.5 s) 


E10 


COS($B$3*B 10-$B$5*$E$9) 
+ COS($B$4*B10-$B$6*$E$9) 


y(x,ls) 





A 


B 


C 




1 












2 












3 


kl= 


1 


nT 1 






4 


k2= 


0.8 


nT 1 






5 


wl= 


1 


rad/s 






6 


w2= 


0.9 


rad/s 






7 




X 


y(x,0) 


y(x,0.5 s) 


y(x,l s) 


8 




(m) 








9 






0.000 


2.000 


4.000 


10 




0.00 


2.000 


-0.643 


-1.550 


11 




0.25 


1.949 


-0.207 


-1.787 


12 




0.50 


1.799 


0.241 


-1.935 


13 




0.75 


1.557 


0.678 


-1.984 


14 




1.00 


1.237 


1.081 


-1.932 














206 




49.00 


0.370 


-0.037 




0.021 


207 




49.25 


0.397 


0.003 


-0.024 


208 




49.50 


0.397 


0.065 


-0.075 


209 




49.75 


0.364 


0.145 


-0.124 




50.00 


0.298 


0.237 


-0.164 
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The solid line is the graph of y(x,0), the dashed line that of y(x,0.5 s), and the dotted line is 
the graph of y{x, 1 s). 



f(x,0.5 s) 

f(x,1 s) 





x (m) 



(c) Express the speed of the 
envelope: 



v 



Aco _co l -co 1 



envelope 



Ak ky 



Substitute numerical values and 
evaluate v en veio P e: 



envelope 



lrad/s -0.9rad/s 
lnT'-O^m -1 



0.500 m/s 



36 » 

Picture the Problem The diagram shows 
the two sources separated by a distance d 
and the path difference As. Because the 
lines from the sources to the distant point 
are approximately parallel, the triangle 
shown in the diagram is approximately a 
right triangle and we can use trigonometry 
to express As in terms of d and 9. In the 
second part of the problem, we can apply a 
small-angle approximation to the larger 
triangle shown in Figure 16-29 to relate y m 
to D and 9 and then use the condition for 
constructive interference to relate y m to D, 
X, and d. 




w 
I \ 

Lii 



\ 



1 i 



(a) Using the diagram, relate As to 
the separation of the sources and the 
angle &. 



sin 6 ~ — and As 
d 



dsinO 



(b) For 9 « 1 , we can approximate 



As « d tan 6 
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sin 9 with tan 9 to obtain: 



Referring to Figure 16-29, express 
tan 6? in terms of y and D: 



tan6> 



D 



Substitute to obtain: 



As 



dy m 

D 



Express the condition on the phase 
difference for constructive 
interference: 



As 

8 = 2k — = 2.7un, m = 1, 2, 3, . 
X 



Substitute for As: 



2n — ^ = lum, m = 1,2,3,. 
DA 



Simplify and solve for y m : 



tu- 



rn 
d 
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Picture the Problem Because a maximum is heard at 0° and the sources are in phase, we 
can conclude that the path difference is 0. Because the next maximum is heard at 23°, the 
path difference to that position must be one wavelength. We can use the result of part {a) 
of Problem 36 to relate the separation of the sources to the path difference and the angle 
9. We'll apply the condition for constructive interference to determine the angular 
locations of other points of maximum intensity in the interference pattern. 



Using the result of part (a) of Problem 
36, express the separation of the 
sources in terms of As and 9 : 



d 



As 
sin^ 



Evaluate d with As = A and 9- 23°: 



d = 



A 



sin 23° /sin 23 

340 m/s 
(480s-')sin23 o " 



1.81m 



Express the condition for additional 
intensity maxima: 
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Evaluate this expression for m = 2: 



6 2 = sin 



2(340 m/s) 
(480 s" 1 \l. 81m) 



51.5° 



Remarks: It is easy to show that, for m>2, the inverse sine function is undefined 
and that, therefore, there are no additional relative maxima at angles larger than 
51.5°. 

*38 ••• 

Picture the Problem Because the speakers are driven in phase and the path difference is 
0 at her initial position, the listener will hear a maximum at (D, 0). As she walks along a 
line parallel to the y axis she will hear a minimum wherever it is true that the path 
difference is an odd multiple of a half wavelength. She will hear an intensity maximum 
wherever the path difference is an integral multiple of a wavelength. We'll apply the 
condition for destructive interference in part (a) to determine the angular location of the 
first minimum and, in part (b), the condition for constructive interference find the angle at 
which she'll hear the first maximum after the one at 0°. In part (c), we can apply the 
condition for constructive interference to determine the number of maxima she can hear 
as keeps walking parallel to the y axis. 



(a) Express the condition for 
destructive interference: 



d sin 0 m =m 



A 



where m = 1, 3, 5,..., or 
6„ = sin 



\2d j 



Evaluate this expression for m = 1 : 



6 X = sin 



2fd 



= sin 



= 8.14 c 



340 m/s 
2(600 s"'|2m)_ 



(b) Express the condition for 
additional intensity maxima: 



d sin 6 m = mA 
where m = 0, 1, 2, 3,.. 

0,„ = sin 



d 



, or 



Evaluate this expression for m- 1 : 



f \ 



6 X = sin 



sin 



340 m/s 
(600s 1 )(2m) 



16.5 C 
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(c) Express the limiting condition 
on sin 9: 



X 

sind? = m— < 1 
d 



Solve for m to obtain: 



m<fU ^ = (600s-)(2m) =353 
X v 340 m/s 



Because m must be an integer: 



0 
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Picture the Problem Let <f be the separation of the two sound sources. We can express 
the wavelength of the sound in terms of the d and either of the angles at which intensity 
maxima are heard. We can find the frequency of the sources from its relationship to the 
speed of the waves and their wavelengths. Using the condition for constructive 
interference, we can find the angles at which intensity maxima are heard. Finally, in part 
(d), we'll use the condition for destructive interference to find the smallest angle for 
which the sound waves cancel. 



(a) Express the condition for 
constructive interference: 

Solve for X: 



Evaluate A for m = 1 : 



d sin 0 m = mX 
where m = 0, 1, 2, 3,... 



(1) 



x = 



d sin 6* 



/// 



X = (2m)sin(0.140rad) 



= 0.279m 



(b) Express the frequency of the 
sound in terms of its wavelength 
and speed: 

(c) Solve equation (1) for 9,„: 



f 



v 340 m/s 



X 0.279 m 



1.22 kHz 





f mX^ 




sin 1 




= sin 1 




v d j 





m(0.279m) 



2m 



= snT 1 [(0.1395)m] 



The table shows the values for 0 as 
a function of m: 



m 


dm 




(rad) 


3 


0.432 


4 


0.592 


5 


0.772 
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6 


0.992 


7 


1.354 


8 


undefined 



(d) Express the condition for 
destructive interference: 



d sin 6,„ = m 



A 



where m = 1, 3, 5,... 



Solve for 0 m 



6 m = sin 



A 



m — 
V 2dy 



Evaluate this expression for m = 1 : 



6 X = sin 



0.279 m 
2(2 m) 



0.0698 rad 
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Picture the Problem The total phase shift in the waves arriving at the points of interest is 
the sum of the phase shift due to the difference in path lengths from the two sources to a 
given point and the phase shift due to the sources being out of phase by 90°. From 
Problem 39 we know that A = 0.279 m. Using the conditions on the path difference Ax for 
constructive and destructive interference, we can find the angles at which intensity 
maxima are heard. 



Letting the subscript "pd " denote 
"path difference" and the subscript 
"s" the "sources", express the total 
phase shift 8: 



8 = 8 , + £ =2n — + — 

pd s x 4 

where Ax is the path difference between the 
two sources and the points at which 
constructive or destructive interference is 
heard. 



Express the condition for 
constructive interference: 



„ _ Ax n _ . , 

O = 2.71 1 = 271,471,071,... 

A 4 



Solve for Ax to obtain: 



Relate Ax to d to obtain: 



. 7.15,23, (8m-l), 

Ax = —A, — A, — A,... = -A 

8 8 8 8 

where m = 1, 2, 3,... 
(8m -l) 



Ax = 



8 



A = d sin 6* 



where the "c" denotes constructive 
interference. 
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Solve for 0 C : 



0„ = sin 



(Sm-l)A 



, m— 1, 2, 3, 



The table shows the values for 9 C for 
m = 1 to 5: 



Express the condition for destructive 
interference: 



m 


0c 


1 




7.01° 


2 




15.2° 


3 




23.6° 


4 




35.1° 


5 




42.8° 



8 = 2n — + — = ^3^5^, 
A 4 



Solve for Ax to obtain: 



Ax — — A, — A, — A,... — — A 

8 8 8 8 

where m = 1, 2, 3,... 



Letting "d " denotes destructive 
interference, relate Ax to d to obtain: 



. (8m -5) , , . a 

Ax = 1 -A = a sin 6, 

8 d 



Solve for 0 d : 



6 d = sin 



(8m -5)A 



,m = l,2, 3,. 



The table shows the values for 0 d for 
m = 1 to 5: 



m 


0 d 


1 




3.00° 


2 




11.1° 


3 




19.3° 


4 




28.1° 


5 




37.6° 



41 ••• 

Picture the Problem We can calculate the required phase shift from the path difference 

As 

and the wavelength of the radio waves using 8 = 2tt — . 

A 



Express the phase delay as a 
function of the path difference and 



8 = In 



As_ 
A 



(1) 
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the wavelength of the radio waves: 



Find the wavelength of the radio 
waves: 



, v 3xl0 8 m/s 

A = — = 2 — r = 15 m 

/ 20 x10 V 1 



Express the path difference for the 
signals coming from an angle 9 
with the vertical: 



As = d sin 6 



Substitute numerical values and 
evaluate As: 



As = (200m)sinl0 o = 34.73 m = 2.3 15 A 
= 2/1 + 0.3151 



Substitute in equation (1) and 
evaluate d. 



J = 2;r 0315A =198rad 



113 c 



Beats 
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Picture the Problem The beat frequency is the difference between the frequency of the 
tuning fork and the frequency of the violin string. Let fa = 500 Hz. 



(a) Express the relationship between 
the beat frequency of the 
frequencies of the two tuning forks: 



/ 2 = /!±A/ 

= 500Hz±4Hz 



Solve for/ 2 : 



fi 



504 Hz or 496 Hz 



(b) 



If the beat frequency is increased, then f 2 = 504 Hz; if it is diminished, 
f 2 = 496 Hz. 
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Picture the Problem The Doppler shift of the siren as heard by one of the drivers is 
given by the formula for source and receiver both moving and approaching each 
other f t = / s [(l + u I v)/(l — u I v)] , where u is the speed of the ambulance and v is the 
speed of sound. 



(a) Express the beat frequency: 



f = f - f 

J beat J r J s 

where fa is the frequency heard by either 
driver due to the other's siren, 
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Express/!-: 



l + U 



fr=fs 



Substitute to obtain: 



1 + 



f u > 
1 + - 



f beat f s 



1- M 



■/. = /, 



V 



l- u 



1 



V v y 



V -l 



Substitute numerical values and 
evaluate / beat : 



/ beat =(500Hz)- 



340 m/s 
22.4 m/s 



70.5 Hz 



(ft) 



The person on the street hears no beat frequency as the sirens of both 
ambulancesare Doppler shifted up by the same amount (approx. 35 Hz). 



Standing Waves 
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Picture the Problem We can use v =f/L to relate the second-harmonic frequency to the 
wavelength of the standing wave for the second harmonic. 



Relate the speed of transverse waves 
on the string to their frequency and 
wavelength: 



V = f 2 ^2 



Express /L 2 in terms of the length L 
of the string: 

Substitute for A 2 and evaluate v: 



A 2 =L 



/ 2 L = (60s^3m): 



180 m/s 
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Picture the Problem We can find the wavelength of this standing wave from the 
standing-wave condition for a string fixed at both ends and its frequency from v -f^3- 
We can use the wave function for a standing wave on a string fixed at both ends 
( y n \x,t) = A n sin k n xcos (O n t )) to write the wave function for the wave described in this 

problem. 
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(a) Using the standing-wave 
condition for a string fixed at both 
ends, relate the length of the string 
to the wavelength of the harmonic 
mode in which it is vibrating: 



L = n — , n = 1, 2, 3, . 
2 



Solve for A 3 : 



X, = — L = — (3 m) = 
3 3 V 7 



2.00 m 



Express the frequency of the third 
harmonic in terms of the speed of 
transverse waves on the string and 
their wavelength: 

(b) Write the equation for a standing 
wave, fixed at both ends, in its third 
harmonic: 



f> =J r = 



v 50m/s 



25.0 Hz 



X\ 2m 



, (x, t) = A 3 sin k 3 x cos oo 3 t 



Evaluate k%: 



In In 1 

k 3 = — = = n m 

/l 3 2m 



Evaluate ah,: 



a> 3 = 2^ = 2^(25 s ') = 50;rs~ 



Substitute to obtain: 
(o- 50^s _1 . 



(x,t) = (4 mm) sin fctcos cot 



where k = nm and 
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Picture the Problem The first harmonic 
displacement-wave pattern in an organ pipe 
open at both ends and vibrating in its 
fundamental mode is represented in part (a) 
of the diagram. Part (b) of the diagram 
shows the wave pattern corresponding to 
the fundamental frequency for a pipe of the 
same length L that is closed at one end. We 
can relate the wavelength to the frequency 
of the fundamental modes using v = fX. 



X 



rw 



(a) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the open pipe on its 



fn 



A. 



l,open 
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wavelength: 



Relate the length of the open pipe to 
the wavelength of the fundamental 
mode: 



^l.open - 2L 



Substitute and evaluate /i, 



open ■ 



f 

J l.open 



v _ 340 m/s 
2L ~ 2(l0m) 



17.0Hz 



(b) Express the dependence of the 
frequency of the fundamental mode 
of vibration in the closed pipe on its 
wavelength: 



fn 



A, closed 



Relate the length of the closed pipe 
to the wavelength of the 
fundamental mode: 



K, closed ~~ 4L 



Substitute to obtain: 



1, closed 



v _ 340 m/s 
4L ~ 4(l0m) 



8.50Hz 
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Picture the Problem We can find the speed of transverse waves on the wire using 

v = *J~F~/ ju and the wavelengths of any harmonic from L = n ~^> n = l, 2, 3, ... . We can 

use v -fA to find the frequency of the fundamental. For a wire fixed at both ends, the 
higher harmonics are integer multiples of the first harmonic (fundamental). 



(a) Relate the speed of transverse 
waves on the wire to the tension in 
the wire and its linear density: 



v = 



IF F 



ju \m/L 



Substitute numerical values and 
evaluate v: 

(b) Using the standing-wave 
condition for a wire fixed at both 
ends, relate the length of the wire to 
the wavelength of the harmonic 
mode in which it is vibrating: 
Solve for X\. 



v = 



968 N 



(0.005 kg)/(l .4 m) 



521m/s 



L = n — , n = l,2, 3, ... 
2 



\ =2L = 2(1.4 m) = 



2.80m 



Superposition and Standing Waves 1257 



Express the frequency of the first 
harmonic in terms of the speed and 
wavelength of the waves: 



v _ 521m/s 
1 ~ T x ~ 2.80m 



186 Hz 



(c) Because, for a wire fixed at both 
ends, the higher harmonics are integer 
multiples of the first harmonic: 



f 2 = 2/ 1 = 2(186 Hz) = 
and 

/ 3 =3/ 1 =3(l86Hz) = 



372 Hz 



558Hz 



48 • 

v 

Picture the Problem We can use Equation 16-13, f n = n — = nf v n = 1,3,5,..., to find 
the resonance frequencies for a rope that is fixed at one end. 



(a) Using the resonance-frequency 
condition for a rope fixed at one 
end, relate the resonance 
frequencies to the speed of the 
waves and the length of the rope: 



/„ =n— = nf v n =1,3,5, 
4L 



Solve for f\. 



fx 



20m/s 
4(4 m) 



1.25 Hz 



(b) 



Because this rope is fixed at just one end, the system does not support a 
second harmonic. 



(c) For the third harmonic, n = 3: 



/ 3 =3/ 1 =3(l.25Hz) = 



3.75 Hz 
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Picture the Problem We can find the fundamental frequency of the piano wire using the 
general expression for the resonance frequencies of a wire fixed at both ends, 



f n = n = n/j, n = 1, 2, 3, ... , with n = \. We can use v = JF/ [A to express the 

frequencies of the fundamentals of the two wires in terms of their linear densities. 



Relate the fundamental frequency of r _ v 

the piano wire to the speed of 2L 
transverse waves on it and its linear 
density: 
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Express the dependence of the 
speed of transverse waves on the 
tension and linear density: 



v = 



Substitute to obtain: 



/, 



- - 

2L\ju 



Doubling the linear density results 
in a new fundamental frequency/' 
given by: 



fi = 



I F 1 



— I— 

2L\ju 



4i 



Substitute for/ to obtain: 



//—(200 Hz): 



141Hz 
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Picture the Problem Because the frequency and wavelength of sounds waves are 
inversely proportional, the greatest length of the organ pipe corresponds to the lowest 
frequency in the normal hearing range. We can relate wavelengths to the length of the 
pipes using the expressions for the resonance frequencies for pipes that are open at both 
ends and open at one end. 



Find the wavelength of a 20-Hz note: 



/L- = ■ 



lowest 



340 m/s 

20 s" 1 



= 17m 



(a) Relate the length L of a closed- 
at-one-end organ pipe to the 
wavelengths of its standing waves: 



A 

L = n—,n = l,3,5, 
4 



Solve for and evaluate X\ : 



L = 



>L.. 17 m 



4 4 



4.25m 



(b) Relate the length L of an open 
organ pipe to the wavelengths of its 
standing waves: 



L = n—, n = 1,2, 3, ... 
2 



Solve for and evaluate X x : 



L = 



^ m ax_17m 
2 2 



8.50m 



51 

Picture the Problem We can find X and / by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
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found from v =fX. We can find the length of the string from its fourth harmonic 
wavelength. 

(a) Using the wave function, relate , 2;r _ x 

v ' 6 k = — = 0.20cm 

k and X: X 



Solve for A: ~ 2n 

x. = r = 10;rcm = 



0.20cm 

Using the wave function, relate/ CO = 27tf = 300s" 

and ay. 



Solve for/: r 300s" 



31.4cm 



47.7 Hz 



2;r 

O) Express the speed of transverse v = fX = (41.1 Hz)(0.3 14m) 

waves in terms of their frequency _ 15 Qm/s 
and wavelength: 

(c) Relate the length of the string to L~ n— n~l 2 3 

the wavelengths of its standing- 2 
wave patterns: 

Solve for L when n = 4: L = 2A 4 = 2(3 1 .4cm) = 



62.8 cm 
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Picture the Problem We can find X and / by comparing the given wave function to the 
general wave function for a string fixed at both ends. The speed of the waves can then be 
found from v -fX. In a standing wave pattern, the nodes are separated by one-half 
wavelength. 

(a) Express the speed of the traveling 

v = fX 

waves in terms of their frequency and 
wavelength: 

Using the wave function, relate k ^ _ 2;r _ ^ ^ -1 

and X: X 

Solve fori: 2n 

X = r = 0.8;rm = 2.51m 

2.5m" 1 

Using the wave function, relate co CO = Irf = 500 s 1 
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and/: 

Solve for /: 

Substitute to find v: 

Express the amplitude of the 
standing wave in terms of the 
amplitude of the two traveling 
waves that result in the standing 
wave: 

Solve for and evaluate A: 



(b) The distance between nodes is 
half the wavelength: 

(c) Because there is a standing wave 
on the string, the shortest possible 
length is: 



f= ^L = 79.6Hz 
In 



v = (79.6s 1 )(2.51m) = 



200 m/s 



A = 



A sw _ 0.05 m 



2.50cm 



X _ 2.51m 

~1~ 2 



1.26 m 



1.26m 
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Picture the Problem We can evaluate the wave function of Problem 52 at the given 
times to obtain graphs of position as a function of x. We can find the period of the motion 
from its frequency /and find /from its angular frequency a>. 

(a) The function y(x,0) is shown below: 







4 - 












5 


3 - 












2 - 
? 1 - 

U 
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The functions y(x,TIA) and y(jc,3774) are shown below. Because these functions are 
identical, only one graph is shown. 
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The function y(x,T/2) follows: 




x (m) 



(b) Express the period in terms of 
the frequency: 



/ 



Using the wave function, relate a> 
and/: 



0) = 2nf = 500s 



Solve for fi 



Substitute for/ and evaluate T: 



f = 



500$- 

1n 
1_ 

79.6s 



= 79.6 Hz 



12.6ms 



(c) 



Because the string is moving either upward or downward when 
y(x) = 0 for all x,the energy of the wave is entirely kinetic energy. 



*54 

Picture the Problem Whether these frequencies are for a string fixed at one end only 
rather than for a string fixed at both ends can be decided by determining whether they are 
integral multiples or odd-integral multiples of a fundamental frequency. The length of the 
string can be found from the wave speed and the wavelength of the fundamental 
frequency using the standing-wave condition for a string with one end free. 



(a) Letting the three frequencies be 
represented by /, f, and /" , find 

the ratio of the first two frequencies: 



L 
r 



75 Hz 
125 Hz 
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Find the ratio of the second and f 125 Hz 

third frequencies: f" 175 Hz 

(b) There are no even harmonics, so the string must be fixed at one end only. 



(c) Express the resonance /„ = nf^, n = 1,3,5, ... 

frequencies in terms of the 
fundamental frequency: 



Noting that the frequencies are j — Jj_ — ^5 Hz 

multiples of 25 Hz, we can conclude 1 3 3 

that: 



25 Hz 



{d) 



Because the frequencies are 3, 5, and 7 times the fundamental frequency, 
they are the third, fifth, and seventh harmonics. 



(<?) Express the length of the string T _ \ _ i o ^ 

— Yl ^ Yl — 1, j, J, ... 

in terms of the standing-wave 4 

condition for a string fixed at one 

end: 



Using v =fxh, find X x \ , v 400m/s 

6 J Z = — = — = 16m 

/, 25 s- 1 



Evaluate L for /t, = 16 m and n = 1; r ^ 16m 



L = ^ = 



4.00 m 



4 4 
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Picture the Problem The lowest resonant frequency in this closed-at-one-end tube is its 
fundamental frequency. This frequency is related to its wavelength through v =/min/lmax- 
We can use the relationship between the nth harmonic and the fundamental 
frequency, f n = (in + 1)/, , n = 1, 2, 3, ... , to find the highest frequency less than or equal 

to 5000 Hz that will produce resonance. 

(a) Express the length of the space T _ & n _ 

above the water in terms of the 4 
standing-wave condition for a 
closed pipe: 

Solve for A„: 4L 

l n = — , n = 1,3,5,. .. 
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4-=4L = 4(l.2m) = 4.8m 



Using v = /min^ax, find /n^: 



V 



340 m/s 



= 70.8 Hz 



mill 



4.8m 



max 



(&) Express the nth harmonic in 
terms of the fundamental frequency 
(first harmonic): 



/ n =(2n + l)/ 1 ,n = l,2,3,... 



To find the highest harmonic below 
5000 Hz, let /„ = 5000 Hz: 



5000 Hz = (in + l)(70.8 Hz) 



Solve for n (an integer) to obtain: 



n = 34 



Evaluate / 34 : 



/ 34 = 69/, = 69(70.8 Hz) = I 4.89 kHz 



(c) There are 34 harmonics higher 



35 



than the fundamental frequency so 
the total number is: 

56 

Picture the Problem Sound waves of frequency 460 Hz are excited in the tube, whose 
length L can be adjusted. Resonance occurs when the effective length of the tube 
L eff = L + AL equals \ X, jX, jX, and so on, where X is the wavelength of the sound. 

Even though the pressure node is not exactly at the end of the tube, the wavelength can be 
found from the fact that the distance between water levels for successive resonances is 
half the wavelength. We can find the speed from v = fX and the end correction from the 

fact that, for the fundamental, L eff = \X = L x + AL, where L\ is the distance from the top 
of the tube to the location of the first resonance. 

(a) Relate the speed of sound in air 

v = fX 

to its wavelength and the frequency 
of the tuning fork: 

Using the fact that nodes are A = 2(55.8cm - 18.3cm) 

separated by one-half wavelength, = 75 cm 

find the wavelength of the sound 
waves: 



Substitute and evaluate v: 
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(b) Relate the end correction AL to 
the wavelength of the sound and 
effective length of the tube: 

Solve for and evaluate AL: 



= L, + AL 



AL 



L, =i(75cm)-18.3cm 



= 0.450 cm 
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Picture the Problem We can use v = fX to express the fundamental frequency of the 



organ pipe in terms of the speed of sound and v = 



\yRT_ 
M 



to relate the speed of sound and 



the fundamental frequency to the absolute temperature. 



Express the fundamental frequency 
of the organ pipe in terms of the 
speed of sound: 



/ 



v 
I 



Relate the speed of sound to the 
temperature: 



M 



where y and R are constants, M is the 
molar mass, and Lis the absolute 
temperature. 



Substitute to obtain: 

Using primed quantities to represent 
the higher temperature, express the 
new frequency as a function of T: 



f = 



f 




As we have seen, X is proportional 
to the length of the pipe. For the 
first question, we assume the length 
of the pipe does not change, so 
X = X'. Then the ratio off to /is: 
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Solve for and evaluate/' with 
r' = 305 Kandr=289 K: 



f fiQ5K flS9K- 



[ 305K 
289 K 



= (440.0 Hz) 



305 K 
289 K 



= 452 Hz 



It would be better to have the pipe expand so that v/L, where L is the 
length of the pipe, is independent of temperature. 



58 

Picture the Problem We can express the wavelength of the fundamental in a pipe open 
at both ends in terms of the effective length of the pipe using A = 2L eff = 2(L + ALJ , 

where L is the physical length of the pipe and A = v/f. Solving these equations 
simultaneously will lead us to an expression for L as a function of D. 



Express the wavelength of the 
fundamental in a pipe open at both 
ends in terms of the pipe's effective 
length L eff : 



l = 2L eS =2(L + AL) 
where L is its physical length. 



Solve for L to obtain: 



L = --AL = --0.3186D 
2 2 



Express the wavelength of middle C 
in terms of its frequency / and the 
speed of sound v: 



A 



f 



Substitute to obtain: 



L = 0.3186D 

2f 



Substitute numerical values to 
express L as a function of D: 



L = 



340 m/s 



0.3186D 



2(256 s" 1 ) 
0.664m- 0.3 186D 



Evaluate L for D = 1 cm: 



Evaluate L for D = 10 cm: 



L = 0.664m -0.3186(0.01m) 



= 66.1cm 



L = 0.664m-0.3186(0.1m) 



= 63.2cm 



Evaluate L for D = 30 cm: 
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L = 0.664m -0.3186(0.3m) 



= 56.8cm 
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Picture the Problem We know that, when a string is vibrating in its fundamental mode, 
its ends are one-half wavelength apart. We can use v =f/L to express the fundamental 
frequency of the organ pipe in terms of the speed of sound and v = -<JF/ ju to relate the 

speed of sound and the fundamental frequency to the tension in the string. We can use 
this relationship between / and L, the length of the string, to find the length of string 
when it vibrates with a frequency of 650 Hz. 



(a) Express the wavelength of the 
standing wave, vibrating in its 
fundamental mode, to the length L 
of the string: 



/l = 2L = 2(40cm) = 



80 cm 



(b) Relate the speed of the waves v = fX 

combining to form the standing 
wave to its frequency and 
wavelength: 

Express the speed of transverse 
waves as a function of the tension in 
the string: 




Substitute and solve for F to obtain: 



F = f 2 A 2 - 
L 

where m is the mass of the string and L is 
its length. 



Substitute numerical values and 
evaluate F: 



F=(500s-') 2 (0.8m) 2 L2xl(r k § 
V ' K ' 0.4m 



= 480 N 



(c) Using v-fA and assuming that 
the string is still vibrating in its 
fundamental mode, express its 
frequency in terms of its length: 



1268 Chapter 16 



Solve for L: 



2/ 



Letting primed quantities refer to a 
second length and frequency, 
express L' in terms of/': 



V 



2f 



Express the ratio of L to L and 
solve for L'\ 



L' f f 



L f 



f 



Evaluate L, 



650 Hz- 



_ 500 Hz 

J 650Hz — ^ cniT ^500Hz 

650 Hz 



500 Hz 
650 Hz 



(40 cm) = 30.77 cm 



You should place your finger 
9.23 cm from the scroll bridge. 
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Picture the Problem Let/ represent the frequencies corresponding to the A, B, C, and D 

notes and x(f' ) represent the distances from the end of the string that a finger must be 
placed to play each of these notes. Then, the distances at which the finger must be placed 
are given by x(f) = L(f G )-L(f). 



Express the distances at which the 
finger must be placed in terms of the 
lengths of the G string and the 
frequencies/' of the A, B, C, and D 
notes: 



x{f') = L{f G )-L{f) 



(1) 



Assuming that it vibrates in its 
fundamental mode, express the 
frequency of the G string in terms of 
its length: 



fa 



v v 



Solve for L G : 



2/g 



Letting primed quantities refer to 
the string lengths and frequencies of 



L' = 



2f 
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the A, B, C, and D notes, express L 
in terms of/': 



Express the ratio of L' to L and 
solve for L'\ 



f 



f 



Evaluate L' = L(f) for the notes A, 
B, C and D to complete the table: 



Use equation (1) to evaluate x(f') 
and complete the table to the right: 



Note 


Frequency 


L(f') 




(Hz) 


(cm) 


A 


220 


26.73 


B 


247 


23.81 


C 


262 


22.44 


D 


294 


20.00 



Note 


Frequency 


L(f') 


xif') 




(Hz) 


(cm) 


(cm) 


A 


220 


26.73 




3.27 




B 


247 


23.81 




6.19 




C 


262 


22.44 




7.56 




D 


294 


20.00 




10.0 
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Picture the Problem We can use the fact that the resonance frequencies are multiples of 
the fundamental frequency to find both the fundamental frequency and the harmonic 
numbers corresponding to 375 Hz and 450 Hz. We can find the length of the string by 
relating it to the wavelength of the waves on it and the wavelength to the speed and 
frequency of the waves. The speed of the waves is, in turn, a function of the tension in the 
string and its linear density, both of which we are given. 



(a) Express 375 Hz as an integer 
multiple of the fundamental 
frequency of the string: 

Express 450 Hz as an integer 
multiple of the fundamental 
frequency of the string: 



/z/i=375Hz (1) 



(n + l)/i =450 Hz (2) 



Solve equations (1) and (2) 
simultaneously for/i: 



fi = 



75.0 Hz 
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(b) Substitute in equation (1) to obtain: 



n = 5 



The harmonics are the fifth and sixth. 



(c) Express the length of the string 
as a function of the speed of 
transverse waves on it and its 
fundamental frequency: 



L 



X v 



2 2/, 



Express the speed of transverse 
waves on the string in terms of the 
tension in the string and its linear 
density: 



v = 



Substitute to obtain: 




Substitute numerical values and 
evaluate L: 



L = 



360 N 



2(75s- 1 ))|4xl0- 3 kg/m 



2.00 m 
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Picture the Problem We can use the fact that the resonance frequencies are multiples of 
the fundamental frequency and are expressible in terms of the speed of the waves and 
their wavelengths to find the harmonic numbers corresponding to wavelengths of 0.54 m 
and 0.48 m. We can find the length of the string by using the standing-wave condition for 
a string fixed at both ends. 



(a) Express the frequency of the 
nth harmonic in terms of its 
wavelength: 



1 0.54 m 



Express the frequency of the 

(n + l)th harmonic in terms of its 

wavelength: 



{n + l)fr = 



v v 



A n+1 0.48 m 



Solve these equations 
simultaneously for n: 



n = S 



The harmonics are the eighth and ninth. 
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(b) Using the standing-wave 
condition, both ends fixed, relate 
the length of the string to the 
wavelength of its nth harmonic: 



L = n — ,n = l,2,3,. 
2 



Evaluate L for the eighth harmonic: 



L = 8 



[0.54nO 




2.16m 






2 ; 
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Picture the Problem The linear densities of the strings are related to the transverse wave 
speed and tension through v = JfJJi. We can use v = fX = 2fL to relate the frequencies 

of the violin strings to their lengths and linear densities. 

(a) Relate the speed of transverse 
waves on a string to the tension in 
the string and solve for the string's 
linear density: 



Express the dependence of the 
speed of the transverse waves on 
their frequency and wavelength: 

Substitute to obtain: 



Substitute numerical values and 
evaluate // E : 



(b) Evaluate // A : 



v = f E A 
= 2f E L 



a r 2r2 



Me 



90 N 



4[l.5(440s^)] 2 (0.3m) 2 
= 5.74xl(T 4 kg/m 



0.574g/m 



Ma 



90 N 



4(440s-') 2 (0.3m) 2 
= 1.29xl0" 3 kg/m 



1.29g/m 
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Evaluate // D : 



90 N 



4(293s"') 2 (0.3m) 2 
2.91xl0~ 3 kg/m 



2.91g/m 



Evaluate jUc'. 



90 N 



4(l95s^) 2 (0.3m) 2 



= 6.57xl0~ 3 kg/m 



6.57 g/m 
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Picture the Problem The spatial period is one-half the wavelength of the standing wave 
produced by the sound and its reflection. Hence we can solve c = f /I' for X and use 

/'= /[l/(l — v/c)] to derive an expression for 272 in terms of c, v, and/. 



(a) Express the wavelength of the 
reflected sound as a function of its 
frequency and the speed of sound in 



air: 



Use the expression for the Doppler- 
shift in frequency when to source is 
in motion to obtain: 



Substitute to obtain: 



/'=/- 



1- V 



where c is the speed of sound. 



2~ 



2f 2f ^ 



1 



c 

2f 



V cj 



c-v 



2f 



Substitute numerical values and 
evaluate the spatial period of the 
standing wave: 



X _ 340 m/s- 22.4 m/s 
2 ~ 2(500 s" 1 ) 



0.318m 
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(b) 



As the ambulance moves closer to the wall, the sound waves from its siren 
will periodically move in and out of resonance (i.e., the reflected waves 
will sometimes interfere constructively and sometimes partially 
destructively) so the intensity will periodically get louder and softer. 



65 

Picture the Problem Beat frequencies are heard when the strings are vibrating with 
slightly different frequencies. To understand the beat frequency heard when the A and E 
strings are bowed simultaneously, we need to consider the harmonics of both strings. In 
part (c) we'll relate the tension in the string to the frequency of its vibration and set up a 
proportion involving the frequencies corresponding to the two tensions that we can solve 
for the tension when the E string is perfectly tuned. 



(a) 



The two sounds produce a beat because the third harmonic of the A 
string equals the second harmonic of the E string, and the original frequency 
of the E string is slightly greater than 660 Hz. If f E = (660 + A/)Hz, a 
beat of 2 Af will be heard. 



(b) Because /beat increases with 
increasing tension, the frequency of 
the E string is greater than 660 Hz. 
Thus the frequency of the E string 
is: 



f E = 660 Hz + |(3 Hz) 



661.5Hz 



(c) Express the frequency of a string 
as a function of its tension: 




When the frequency of the E string 
is 660 Hz we have: 

When the frequency of the E string 
is 661.5 Hz we have: 

Divide the first of these equations 
by the second and solve for F 660 h z to 
obtain: 



660 Hz = 



661.5 Hz = 




1 80N 



A 



f 660 Hz v 



660 Hz 



661.5 Hz 



(80 N) = 



79.6N 
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Picture the Problem We can use the condition for constructive interference of the waves 
reflected from the walls in front of and behind you to relate the path difference to the 
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wavelength of the sound. We can find the wavelength of the sound from its frequency 
and the speed of sound in air. 



Express the total path difference as 
you walk toward the far wall of the 
hall: 



Ax = Ax „ + Ax f „ 

near wall far wall 



(1) 



Express the condition on the path 
difference for constructive 
interference: 



nX = Ax where n = 1, 2, 3, ... (2) 



The reduction in the distance to the 
nearer wall as you walk a distance d 
is: 



^-^near wall — 2d 



The increase in the distance to the 
farther wall as you walk a distance d 
is: 



wall — 

2d 



Substitute in equation (1) to find the 
total path difference as you walk a 
distance d: 



Ax = 2 d + 2 d = 4d 



Relate X to /and v: 



A 



f 



Substitute in equation (2) to obtain: 



n— = 4d 
f 



Solve for and evaluate d for n = 1 : 



d = 



v _ 340 m/s 
4f~ 4(680 s" 1 ) 



12.5cm 
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Picture the Problem Let the wave function for the wave traveling to the right be 
y R (x,t) = Asin{kx- cot - S) and the wave function for the wave traveling to the left 
be y h {x,t) = A sin(kx + CO t + S) and use the identity 



sin a + sin/? = 2sin 



cc + 8\ cc-8 
— cos 



to show that the sum of the wave functions 



J 



can be written in the form y(x,t) = A' sin kxcos(cot + S). 
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Express the sum of the traveling waves of equal amplitude moving in opposite directions: 
y(x, t ) = y R (x, t) + y h [x, t) = A sin (be -cot -5) + A sin (be + cot + S) 

Use the trigonometric identity to obtain: 



f(x,t) = 2Asin 



kx — cot — 8 + kx + cot + 8 



cos 



kx - cot - 8 - kx - cot - 8 



2 

= 2 A sin kx cos(- cot -8) 

Because the cosine function is even; y(x, t) = 2 A sinkxcos(cot + 8) 

i.e., cos(-0) = cosft = A' sin kx cos(cot + 8) 

where A' -2A. 



Thus we have: y{x,t)= A' sin kx cos(cot + 8) 



provided A' -2A. 
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Picture the Problem We can find a>j and fc 3 from the given information and substitute to 
find the wave function for the 3 rd harmonic. We can use the time-derivative of this 
expression (the transverse speed) to express the kinetic energy of a segment of mass dm 
and length dx of the string. Integrating this expression will give us the maximum kinetic 
energy of the string in terms of its mass. 

(a) Write the general form of the y 3 \x,t) = A 3 sin k 3 x COS co 3 t 

wave function for the 3 rd harmonic: 

Evaluate ah,: co 3 = 2rf 3 = 2tt(100s ') = 200^"S _1 

Using the standing-wave condition ^ — 3 ^1 

for a string fixed at one end, relate 4 

the length of the string to its 3 rd and 

harmonic wavelength: 4 4 r \ 8 

6 /L = — L = — 2m = — m 

^3 3 V ' 3 

Evaluate^: , 2;r 2n 'in _ x 

k, = — = 7 — — r — = — m 
3 A } (8/3)m 4 



1276 Chapter 16 



Substitute numerical values and 
evaluate K m . iX : 



^ max ={4200^s 1 ) 2 (0.03m) 2 



(88.8J/kg)m 



Substitute to obtain: 

y 3 (x,t) = 



(0.03 m) sin 



3tt 



m 1 be 



cos 



(200^- s A )t 



(b) Express the kinetic energy of a 
segment of string of mass dm: 

Express the mass of the segment in 
terms of its length dx and the linear 
density of the string: 

Using our result in (a), evaluate v y : 



dK = \ dmv 2 y 



dm = judx 



d 



(0.03 m) 



sin 



3n 



■m 



cos 



= -(200^s _1 )(0.03m)sin 



3n 



m 1 \x 



(200^s _1 )i 

(200^- S _1 )i 



sin 



= -(6;rm/s)sin 



-m 



sin (200^- s" 1 )/ 



Substitute to obtain: 



dK = 



(671 m/s)sin 



3n 



— m 

v4 j 



Express the condition on the time 
that dK is a maximum: 



sin (200^r s" 1 ), 



judx 



sin(200^-s _1 )? = l 



or 



(200^s- 1 > = -,— . 
V ' 2 2 



Solve for and evaluate t: 



t = 



\ n \ 3n 



200^- s _1 2'200^-s 1 2 " 



= 2.50ms,7.50ms,. 
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Because the string's maximum 
kinetic energy occurs when 
y(x,t) = 0: 

(c) Integrate d K from (b) over the 
length of the string to obtain: 



The string is a straight line. 



L 

K m!iX = ) ±[coA sin kx sin cot] 2 judx 



o 

L 




0 



= j juco 2 A 2 —[jkx-j sin 2kx\ L Q 

= \mco 2 A 2 
where m is the mass of the string. 
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Picture the Problem We can equate the expression for the velocity of a wave on a string 
and the expression for the velocity of a wave in terms of its frequency and wavelength to 
obtain an expression for the weight that must be suspended from the end of the string in 
order to produce a given standing wave pattern. By using the condition on the 
wavelength that must be satisfied at resonance, we can express the weight on the end of 
the string in terms of /u,f, L, and an integer n and then evaluate this expression for n = 1, 
2, and 3 for the first three standing wave patterns. 



Express the velocity of a wave on 
the string in terms of the tension T v = 

in the string and its linear density ju: 




where mg is the weight of the object 
suspended from the end of the string. 



Express the wave speed in terms of 
its wavelength X and frequency/: 



v = fA 



Eliminate v to obtain: 



\mg_ 



Solve for mg: 



2 n2 



mg=juf X 



Express the condition on A, that 
corresponds to resonance: 

Substitute to obtain: 



X = — ,n = 1, 2, 3, ... 
n 



mg= juf' 



^20 2 



,n=l,2,3, 



V n J 



or 



4 uf ^ /"^ 

mg = — ,n = l,2,3, 

n 
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Evaluate mgforn- 1 : 



Evaluate mg for n-2: 



Wave Packets 
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mg 



_ 4(0.415g/m)(80s 4 ) 2 (0.2m) 2 
(I) 2 



0.425 N 



which corresponds, at sea level, to a mass 
of 43.3 g. 



mg 



_ 4(0.415g/m)(80s-') 2 (0.2m) 2 
(If 



0.106N 



which corresponds, at sea level, to a mass 
of 10.8 g. 



Picture the Problem We can find the maximum duration of each pulse under the 
conditions given in the problem from the reciprocal of frequency of the pulses and the 
range of frequencies from the wave packet condition on Aco and At. 



(a) The maximum duration of each 
pulse is its period: 



1 



7 -1 



/ 10' s 



= 1(T 7 s = 



0.100/zs 



(b) Express the wave packet 
condition on A® and At: 



AcoAl « 1 or InAfAt « 1 



Solve for Af: 



A/ 



1 



2nAt In 



Substitute numerical values and 
evaluate Af: 



A/ 



10V 1 
2n 



1.59 MHz 
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Picture the Problem We can approximate the duration of the pulse from the product of 
the number of cycles in the interval and the period of each cycle and the wavelength from 
the number of complete wavelengths in Ax We can use its definition to find the wave 
number k from the wavelength X. 



(a) Relate the duration of the pulse to 
the number of cycles in the interval and 
the period of each cycle: 



At*NT = 



N_ 
fo 
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(b) There are about N complete 
wavelengths in Ax; hence: 

(c) Use its definition to express the 
wave number k: 



Ax 
N 



2n 

T 



2xN 
Ax 



(d) 



N is uncertain because the waveform dies out gradually rather than stopping 
abruptly at some time; hence, where the pulse starts and stops is not well 
defined. 



(e) Using our result in part (c), 
express the uncertainty in k: 



General Problems 



Ak = 



2nAN_ 
Ax 



2n 
Ax 



because AN = +1 . 
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Picture the Problem We can use v =fX and v = yJ~F~/ ju to relate the tension in the piano 
wire to its fundamental frequency. 



v = 



\FL 
m 



v = fA 



2 r,2 



F = 



mf X 



Relate the tension in the wire to the 
speed of transverse waves on it: 

Express the speed of the transverse 
in terms of their wavelength and 
frequency: 

Equate these expressions and solve 
for F to obtain: 

Relate X for the fundamental mode 
of vibration to the length of the 
piano wire: 



Substitute to obtain: F = 4mf 2 L 

Substitute numerical values and evaluate F: F = 4^7 x 1CT 3 kg)(261 .63s~') 2 (0.8m) 

= 1.53kN 



A = 2L 
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Picture the Problem We can use v =f n /L n to express the resonance frequencies of the ear 

X 

canal in terms of their wavelengths and L = « — , n = 1, 3, 5, ... to relate the length of the 

4 

ear canal to its resonance wavelengths. 



(a) Relate the resonance frequencies 
to the speed of sound and the 
wavelength of the compressional 
vibrations: 



Express the condition for 
constructive interference in a pipe 
that is open at one end: 



X 

L = n — , n =1, 3, 5, .. 
4 



Solve for A„: 



JL = 



4L 



Substitute to obtain: 



v 340 m/s 

/„ = n — = n —t — \ 

AL 4(2.5 xl0" 2 m) 



= n(3.40kHz) 



Evaluate f\,fo, and/ 3 : 



f x = 3.40kHz , 



/ 3 =3x3.40 kHz = 
and 

/ 5 =5x 3.40 kHz = 



10.2kHz , 



17.0kHz 



(b) 



Frequencies near 3400 Hz will be 
most readily perceived. 



74 



Picture the Problem We can use L = n— -, n =1, 3, 5, ... to express the wavelengths of 

4 

the fundamental and next two harmonics in terms of the length of the rope and v =f n Xn 

If 



and v 



to relate the resonance frequencies to their wavelengths. 



(a) Express the condition for 
constructive interference on a rope 



X 

L = n — , n =1, 3, 5, . 
4 
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that is fixed at one end: 



Solve for A„: 



4L _ 4(4m)_ 16m 



Evaluate A„ for n = 1, 3, and 5: 



and 



k 



16.0m 



16m 



16m 



5.33m 



3.20m 



(b) Relate the resonance frequencies 
to the speed and wavelength of the 
transverse waves: 



A. 



Express the speed of the transverse 
waves as a function of the tension in 
the rope: 



Substitute to obtain: 



v = 



■ - 

/u V m 

where m and L are the mass and length of 
the rope. 



fn 



1 [FL _ 1 |(400N)(4m) 



m 



4 

lOOm/s 



K \ 0.16kg 



Evaluate/,, for n = 1, 3, and 5: 



A = 
h = 

and 

fs = 



100 m/s 

16m 
100 m/s 
5.33m 



100 m/s 
3.20m 



6.25 Hz 



18.8Hz 



31.3Hz 
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Picture the Problem The path difference at the point where the resultant wave an 

amplitude A is related to the phase shift between the interfering waves according to 

Ax/ A = S/27T . We can use this relationship to find the phase shift and the expression for 

the amplitude resulting from the superposition of two waves of the same amplitude and 
frequency to find the phase shift. 
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Express the relation between the Ax — A, — 

path difference and the phase shift at 2k 
the point where the resultant wave 
has an amplitude A: 

Express the amplitude resulting A = 2y Q cos \d 

from the superposition of two waves 
of the same amplitude and 
frequency: 

Solve for and evaluate S: s - -\ A _ x A 2k 

d = 2cos = 2cos = — 

2y 0 2 A 3 

Substitute and simplify to obtain: Ax — A, 

2n 
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Picture the Problem We can use v -f n An to express the resonance frequencies of the 
string in terms of their wavelengths and L = n-^-,n = 1, 2, 3, ... to relate the length of the 

string to the resonance wavelengths for a string fixed at both ends. Our strategy for part 
(b) will be the same . . . except that we'll use the standing-wave condition 
A 

L = n— -, n = 1, 3, 5, ... for strings with one end free. 
4 ° 



(a) Relate the frequencies of the f ~ V 

harmonics to their wavelengths and " A n 

the speed of transverse waves on the 
string: 



Express the standing-wave condition r A 

r b L = n — , n = 1, 2, 3, . 

for a string with both ends fixed: 2 



Solve for A„: « _ 2L 



Substitute to obtain: r v 

f - =n T L 



Express the speed of the transverse 
waves as a function of the tension in 




the string: 
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Substitute to obtain: 



f n = n 



= n 




18N 



2(35 m)\ 0.0085 kg/m 
= n(0.657Hz) 



Calculate the 1 st four harmonics: 



f x = 0.657 Hz 



f 2 =2(0.657 Hz) = 
/ 3 =3(0.657 Hz) = 
and 

f 4 =4(0.657 Hz) = 



1.31Hz 



1.97 Hz 



2.63 Hz 



(b) Express the standing-wave 
condition for a string fixed at one 
end: 



L = n— ,n=l, 3,5, ... 
4 



Solve for A„: 



I, 



4L 



The resonance frequencies equation 
becomes: 




18N 



= n 



4(35 m)\ 0.0085 kg/m 
= n(0.329Hz) 



Calculate the 1 st four harmonics: 



0.329Hz 



fx 

/ 3 =3(0.329 Hz) = 
/ 5 =5(0.329 Hz) = 
and 

/ 7 =7(0.329 Hz): 



0.987 Hz 



1.65 Hz 



2.30 Hz 
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Picture the Problem We'll model the shaft as a pipe of length L with one end open. We 
can relate the frequencies of the harmonics to their wavelengths and the speed of sound 
using v =f„/L n and the depth of the mine shaft to the resonance wavelengths using the 
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X 

standing-wave condition for a pipe with one end open; L = n— -, n = 1, 3, 5, 

4 



Relate the frequencies of the 
harmonics to their wavelengths and 
the speed of sound: 



Express the standing-wave 
condition for a pipe with one end 
open: 



X 

L = n — , n =1, 3, 5, . 
4 



Solve for X„: 



X. 



4L 



Substitute to obtain: 



f n = n 



4L 



For/,, = 63.58 Hz: 



63.58Hz = n- 



4L 



For/„ +2 = 89.25 Hz: 



89.25 Hz = (n + 2) 



4L 



Divide either of these equations by 
the other and solve for n to obtain: 



n = 4.95«5 



Substitute in the equation for 
/„ =/ 5 = 63.58 Hz: 

Solve for and evaluate L: 



5v 
4L 



L = 



5v _ 5(340m/s) 
4f 5 ~ 4(63.58s 'J 



6.68m 
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Picture the Problem We can use the standing-wave condition for a string with one end 
free to find the wavelength of the 5 th harmonic and the definitions of the wave number 
and angular frequency to calculate these quantitities. We can then substitute in the wave 
function for a wave in the nth harmonic to find the wave function for this standing wave. 



(a) Express the standing-wave 
condition for a string with one end 
free: 



X 

L = n— ,n =1, 3,5,.. 
4 



Solve for and evaluate X<. 
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AL _ 4(5 m) 



4.00m 



(b) Use its definition to calculate the 
wave number: 

(c) Using its definition, calculate the 
angular frequency: 

(d) Write the wave function for a 
standing wave in the nth harmonic: 



2n 2n 



A 5 4m 



n _j 
— m 
2 



0} 5 = iTlf 5 = 2^(400 S" 1 ): 



y„(x,t) = Asm k n x cos co n t 



SOOtts 



Substitute to obtain: 



y 5 (x, t)= A sm(k 5 x)cos{a> 5 t) ■ 



(0.03m)sin 



— m 

v2 j 



cos(800^s _1 ), 
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Picture the Problem The coefficient of the factor containing the time dependence in the 
wave function is the maximum displacement of any point on the string. The time 
derivative of the wave function is the instantaneous speed of any point on the string and 
the coefficient of the factor containing the time dependence is the maximum speed of any 
point on the string. 



Differentiate the wave function with 
respect to t to find the speed of any 
point on the string: 



Cj r 

v = — [0.02sin4^xcos60^"?] 

dt 

= -(0.02)(60;r)sin An x sin 60;r t 
= - 1 .2n sin An x sin 60n t 



(a) Referring to the wave function, 
express the maximum displacement 
of the standing wave: 

Evaluate equation (1) at x = 0. 10 m: 



: (x)=(0.02m)sin[(4^m _1 )x] (1) 



)w(0.10m)=(0.02m) 

xsin[(4^m _1 )(0.10m)] 
= 1.90 cm 



Referring to the derivative of the 
wave function with respect to t, 
express the maximum speed of the 



*W W = (l.2^m/s)sin[(4^m 1 )^] (2) 



1286 Chapter 16 
standing wave: 

Evaluate equation (2) at x = 0. 10 m: 



(b) Evaluate equation (1) at 
x = 0.25 m: 



Evaluate equation (2) at x = 0.25 m: 



(c) Evaluate equation (1) at 
x = 0.30 m: 



Evaluate equation (2) at x = 0.30 m: 



(d) Evaluate equation (1) at 
x = 0.50 m: 



Evaluate equation (2) at x = 0.50 m: 



}',max 



(0.10m) = (l.2^-m/s) 



isin^rrT'Xo.lOm)] 



3.59 m/s 



ymax (0.25 m) = (0.02m) 

xsin[(4^-m _1 )(0.25m)] 



= 0 



v v , max (0.25 m) = (l.2,r m/s) 

xsin^m^O^Sm)] 



3V X (0.30m) = (0.02m) 

xsin^irT'Xo.SOm)] 



= 1.18cm 



v v , max (0.30m) = (l.2^m/s) 

xsin^m^Xo.SOm)] 



2.22 m/s 



3V X (0.50m) = (0.02m) 

xsin^TrirT'Xo.SOm)] 



0 



W (0.50m)=(l.2*m/s) 

xsin[(4^m _1 )(0.50m)] 



= 0 
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Picture the Problem In part (a) we can use the standing-wave condition for a wire fixed 
at both ends and the fact that nodes are separated by one-half wavelength to find the 
harmonic number. In part (b) we can relate the resonance frequencies to their 
wavelengths and the speed of transverse waves and express the speed of the transverse 



Superposition and Standing Waves 1287 



waves in terms of the tension in the wire and its linear density. 



(a) Express the standing-wave 
condition for a wire fixed at both 
ends: 



X 

L = n—, n — l, 2,3,. 
2 



Solve for n: 



n = 



2L 



Solve for and evaluate X\ : 



4 =2L = 2(2.5m) = 5m 



Relate the distance between nodes to 
the distance of the node closest to 
one end and solve for X n : 



iA„=0.5m 



and 

1 = lm 



Substitute and evaluate n; 



n = 



2(2.5 m) 



lm 1 — 1 



(b) Express the resonance 
frequencies in terms of the their 
wavelengths and the speed of 
transverse waves on the wire: 



v v 



Relate the speed of transverse waves 
on the wire to the tension in the 



wire: 



it* 



Substitute and simplify to obtain: 



/„=" 



1 FL 



_ 1 j(30N)(2.5m) 



\ V m 
= n(5.48Hz) 



5m 



0.1kg 



Evaluate /„ for n = 1, 2, and 3: 



5.48 Hz 



f 2 =2(5 .48 Hz): 
and 

/ 3 =3(5.48 Hz) = 



11.0Hz 



16.4Hz 



*81 

Picture the Problem We can use v = fX to relate the speed of sound in the gas to the 

distance between the piles of powder in the glass tube. 
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(a) 



At resonance, standing waves are set up in the tube. At a displacement 
antinode, the powder is moved about; at a node the powder is stationary, 
and so it collects at the nodes. 



(b) Relate the speed of sound to its 
frequency and wavelength: 

Letting D = distance between nodes, A = 2D 

relate the distance between the nodes 
to the wavelength of the sound: 



Substitute to obtain: 



v = 



2JD 



(c) If we let the length L of the tube j, _ v air _ 344 m/s 

be 1.2 m and assume that v air = 344 2D 2(0.253m) 



680Hz 



m/s (the speed of sound in air at 
20°C), then the 10 th harmonic 
corresponds to D = 25.3 cm and a 
driving frequency of: 



(d) 



If / = 2 kHz and v He = 1008 m/s (the speed of sound in helium at 20°C), 
then D for the 10 th harmonic in helium would 25.3 cm and D for the 10 th 
harmonic in air would be 8.60 cm. Hence, neglecting end effects at the 
driven end, a tube whose length is the least common multiple of 8.60 cm 
and 25.3 cm (218 cm) would work well for the measurement of the 
speed of sound in either air or helium. 
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Picture the Problem We can use v = JF/ ju to express F as a function of v and 
v = fX to relate v to the frequency and wavelength of the string's fundamental mode. 
Because, for a string fixed at both ends,/, = nf h we can extend our result in part (a) to 
part (b). 

(a) Relate the speed of the 

v : 

transverse waves on the string to the 
tension in it: 



Solve for F: 



F = //v 2 



(1) 
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Relate the speed of the transverse V = f x \ 

waves on the string to their 
frequency and wavelength: 

Express the wavelength of the \ = 2L 

fundamental mode to the length of 
the string: 

Substitute to obtain: v = 2fL 



Substitute in equation (1) to obtain: 

Substitute numerical values and 
evaluate F: 



(b) For the nth harmonic, equation 
(2) becomes: 



Evaluate this expression for n = 2, 3, 
and 4: 



F = 4/ 2 L> 



(2) 



F = 4(60 s 1 ) 2 (2.5 m) 2 (8 x 1(T 3 kg/m) 



720 N 



F n =f 2 L 2 M = n 2 f 2 L 2 M = n 2 (l20N) 



F 2 =4(720 N) = 
F 3 = 9(720 N) = 
and 

F 4 =16(720 N) = 



2.88kN 



6.48 kN 



11.5kN 
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Picture the Problem We can use the conditions Af = f and f n = n/j , where « is an 

integer, which must be satisfied if the pipe is open at both ends to decide whether the pipe 
is closed at one end or open at both ends. Once we have decided this question, we can use 
the condition relating Af and the fundamental frequency to determine the latter. In part 
(c) we can use the standing-wave condition for the appropriate pipe to relate its length to 
its resonance wavelengths. 



(a) Express the conditions on the Af = jfj 

frequencies for a pipe that is open at and 
both ends: f n = nf x 



Evaluate Af=f l : A/ = 1834Hz -1310Hz = 524 Hz 

Using the 2 nd condition, find n: =Ll = 131QHz = 2 5 

U f 524 Hz 
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The pipe is closed at one end. 



(b) Express the condition on the 
frequencies for a pipe that is open at 
both ends: 



4/ = 2/, 



Solve for and evaluate/! : 



/ 1= | A/ =|(524 Hz) = 



262 Hz 



(c) Using the standing-wave 
condition for a pipe open at one end, 
relate the length of the pipe to its 
resonance wavelengths: 



X 

L = n—, n = 1, 3, 5, ... 
4 



For n = 1 we have: 



A, =— and L = — = — — 
fx 4 4/i 



Substitute numerical values and 
evaluate L: 



L = 



340 m/s 
4(262 s" 1 )' 



32.4cm 
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Picture the Problem We can relate the speed of sound in air to the frequency of the 
violin string and the wavelength of the sound in the open tube that is closed at one end by 
water. The wavelength of the sound, in turn, is a function of the length of the air column 
and so we can derive an expression for the speed of sound as a function of the frequency 
of the transverse waves on the violin string and the length of the air column above the 
water. Knowing that the violin string is vibrating in its fundamental mode, we can 
express this frequency in terms of the tension in the string and its linear density. 



Express the speed of sound in the 
tube in terms of its fundamental 
frequency and wavelength: 



Using the standing-wave condition 
for a tube open at one end, relate the 
speed of sound to the length of the 
air column in the tube: 



^air column 



A, 

n — — , r = 1, 3, 5, 
4 



Solve for Xv. 



air column 



Substitute to obtain: 



1 air column 



(l) 
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Express the frequency of the 
transverse waves on the violin 
string in terms of their wavelength 
and the speed with which they 
propagate on the string: 



K 2L S1| 



Relate the speed of the transverse 
waves on the string to the tension in 
it: 



v = J — 




Substitute to obtain: 



fi = 



2-^string 



/'/..,. 



m 



4mL t , 



Substitute in equation (1) to obtain: 

s air column . 



^^air column . 



4mL string 



String 



Substitute numerical values and 
evaluate v s : 



'.=2(0. 18 m), 



' (440 N) 
(lO- 3 kg)(0.5m) 



= 338m/s 



The method is not very accurate because it neglects end effects 
(see Problem 56). 
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Picture the Problem We know that the superimposed traveling waves have the same 
wave number and angular frequency as the standing-wave function, have equal 
amplitudes that are half that of the standing-wave function, and travel in opposite 
directions. From inspection of the standing-wave function we note that 
k = j7T m 1 and CO = 40^" s 1 . We can express the velocity of a segment of the rope by 

differentiating the standing-wave function with respect to time and the acceleration by 
differentiating the velocity function with respect to time. 

(a) Write the wave function for the wave traveling in the positive x direction: 



(O.Olm)sin 


— m 

U j 


jc-(40tfs _1 )f 
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Write the wave function for the wave traveling in the negative x direction: 



>2 



(x,t) = 



(O.Olm) 



sin 



— m Ojc + ^O^s l )t 

v 2 J 



(b) Express the distance d between 
nodes in terms of the wavelength of 
the standing wave: 



Use the wave number to find the 
wavelength: 



k = \nva ' = 
and 

X = 4m 



T 



Substitute and evaluate d: 



rf = i(4m) = 



2.00 m 



(c) Differentiate the given wave function with respect to t to express the velocity of any 
segment of the rope: 

8_ 
dt 



v y {x,t)- 



(0.02m)sin 
(0.8^- m/s) sin 



— m 



JCCOS 



— m 

v2 j 



jcsin 



(40^- s-')t 

(407TS l )t 



Evaluate v (lm,f): 



v y (lm,?) = -(0.8^m/s)sin^m 1 J(lm)sin(40^s l )t 

= -(0.8^m/s)sin(40^rs" 1 )/ 1 
-(2.51m/s)sin(40^-s _1 )r 



(d) Differentiate v (x,t) with respect to time to obtain a (x,t): 



a (x,t)- 



dt 



(0.8^-m/s) sin 



— m |xsin 
2 



= -(32;r 2 m/s 2 )sin 



— m 

v2 j 



xcos 



in(40;rs l \ 
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Evaluate a y (lm,t): 

a Y (lm,t)- 



-(32;r 2 m/s 2 )sin -m" 1 (lmJcos^O^s -1 )* 

-(32^- 2 m/s 2 )cos(40^s 1 )/ 1 
-(316m/s 2 )cos(40^s 1 )/ 1 
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Picture the Problem We can use the definition of intensity to find the intensity of each 
speaker, the dependence of intensity on the square of the amplitude of the wave 
disturbance to express the amplitudes of the waves, and the dependence of the intensity 
on whether the speakers are coherent and their phase difference to find the intensity at the 
given point. 



(a) Express the intensity as a 
function of the distance of a point 
from the source: 



Aw 



Evaluate /, 



lmW 



1 4;r(2m) 2 



19.9 //W/m 2 



Evaluate I 2 : 



lmW 

4;r(3m) 2 



8.84 //W/m 2 



(b) Using v = f/L, find the 
wavelength of the sound: 



v 340m/s 

A = — = r = 0.5 m 

/ 680s 1 



Express the path difference in terms 
of A: 



Ax = 2A 

and so there is constructive interference at 
point P. 



Express the intensity at point P due 
to the sound from source 1 : 



/j = constant x A l 



or 



where C is a constant. 



Express the intensity at point P due 
the sound from source 2: 



I j = constant x A 2 



or 



c4h 
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Express the square of the resultant 
amplitude at point P: 

Solve for and evaluate /: 



(c) If they are driven coherently but 
are 1 80° out of phase we will have 
destructive interference at point P 
and the intensity is given by: 



(d) Because the sources are 
incoherent, the intensities add 
arithmetically: 



A 2 =c 2 (jr 1+ 4r 2 ) 2 =c 2 i 



= U19.9 //W/m 2 + ^8.84 //W/m 2 



55.3 //W/m 2 



i={^-4h) 2 

= (7l9.9 //W/m 2 - ^8.84 //W/m 2 



2.21//W/m 2 



I = I l+ I 2 



19.9//W/m 2 +8.84//W/m 2 



28.7 //W/m 2 
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Picture the Problem In Chapter 14, 



Section 14.1, it was shown that a harmonic 
function could be represented by a vector 
rotating at the angular frequency 00. The 
simplest way to do this problem is to use 
that representation. The vectors, of equal 
magnitude, are shown in the diagram. 
We can find the resultant wave function by 
finding the magnitude and direction of the 
resultant vector. 




From the diagram it is evident that: / v v = 0 



Find the sum of the x components of 
the vectors: 

Relate the magnitude of the 
resultant vector to the sum of its x 
and y components: 



2^v A = Acos60° + Acos60° + A = 2A 

H(2>J+£>J 

= V(2A) 2 +(0) 2 =2A 



Find the direction of the resultant 
vector: 

Express the resultant wave: 
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6 = tan 



2>, 



= tan 



J 



.2>. 

y res (x,?)= 2Asin(fac-«?) 



_0_ 
2A 



= 0 



0.1sin(fcx;-<yf) 
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Picture the Problem The diagram shows a 
two dimensional plane wave propagating at 
an angle 6? with respect to the x axis. At a 
given point in time, the surface of constant 
phase for the wave is the line defined by 
k x x + k y y = 0, or y = ~{k x /k y )x + <f>. 

The wave itself moves in a direction 
perpendicular to the wavefront, i.e., in a 
direction specified by a line with slope 
k y /k x . Choose two points (x, y) and 
(x + Ax, y + Ay) that have a separation of 1 
wavelength along such a line. 
Express the phase difference 0 
between the two points that have a 
separation of 1 wavelength along 
the line y = —{k x /k y )x + 0 in terms 

of the spatial separation Ar of the 
points: 



Surfaces of constant phase 




where Ar = ^(Axf +(Ayf 



Substitute <p= iKto obtain: ^ = ^L^f + {Ayf 



or 



A = ^l(Axf+(Ay) 2 (1) 



Express </> in terms of k x , k y , Ax and Ay: </> = kAr = k x Ax + k y Ay 

or, because (j)-2n, 
k r Ax + kAy = 2tt 



k v k 2 
Because Ay = -f- Ax : k Y Ax + — Ax = In 

k * K 

or 
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Similarly: 2;zfc 

4y = — — - 

k 2 +k- 



Substitute in equation (1) to obtain: 



2nk x 
In 



+ 



27ik 
. k 2 y +kl 



Relate the wave velocity v to its 
angular frequency co and wave 
number k: 



Substitute for X to obtain: 



co X 
— = co — 
k 2n 



v = ■ 



CO 



In 



2 >r Jkt+kl 



CO 



kl+k: 



Express the angle between the wave 
velocity and the x axis: 



2nk y 

-iAy -i^l + k 2 
6 = tan — = tan 



Ax 



kl+kl 



{ It \ 



tan 



v K j 
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Picture the Problem We can express the fundamental frequency of the organ pipe as a 
function of the air temperature and differentiate this expression with respect to the 
temperature to express the rate at which the frequency changes with respect to 
temperature. For changes in temperature that are small compared to the temperature, we 
can approximate the differential changes in frequency and temperature with finite 
changes to complete the derivation of Af/f = ViAT/T. In part (b) we'll use this relationship 
and the data for the frequency at 20°C to find the frequency of the fundamental at 30°C. 



(a) Express the fundamental r _ V 

frequency of an organ pipe in terms A 
of its wavelength and the speed of 
sound: 



Relate the speed of sound in air to j/RT c^Jr 

the absolute temperature: \ M 
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where 




Defining a new constant C, 
substitute to obtain: 



/ = — Vr =cVr 
Pi 

because X is constant for the fundamental 
frequency we ignore any change in the 
length of the pipe. 



Differentiate this expression with 
respect to T. 



d f = 1 CT -1/2 = J_ 

dT 2 2T 



Separate the variables to obtain: 



df_ _ 1_JT 
f~2T 



For AT « T, we can approximate df 
by Af and dT by AT to obtain: 

(b) Express the fundamental 
frequency at 30°C in terms of its 
frequency at 20°C: 



Af _ \ AT 

~J~YY 



/ 3 0 =/ 2 0 + A / 



Solve our result in (a) for Af. 



at 



Substitute numerical values and 
evaluate Af. 



f 30 =200 Hz + ^(200 Hz) 



10K 

293 K 



= 203 Hz 



90 

Picture the Problem We'll use a spreadsheet program to graph the wave functions 
individually and their sum as functions of x at t = 0 and at t = 1 s. In (c) and (<f) we can 
add the wave functions algebraically to find the result wave function at t = 0 and at 
f=ls. 

(a) and A spreadsheet program to calculate values for yi(x,f) and y>2(x,t) between and 
plot their graphs is shown below. The constants and cell formulas used are shown in the 
table. 



Cell 


Content/Formula 


Algebraic Form 


A5 


-5.0 


X 


A6 


A5+0.1 


x + Ax 
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B5 


0.05/(2+(A5-2*$B$l) A 2) 


yi (x,0) 


C5 


-0.05/(2+(A5+2*$B$l) A 2) 


J 2. \ ' / 


D5 


0.05/(2+(A5-2*$B$l) A 2) 
-0.05/(2+(A5+2*$B$l) A 2) 


yi (x,0)+y 2 (x,0) 


E5 


0.05/(2+(A5-2*$B$2) A 2) 
-0.05/(2+(A5+2*$B$2) A 2) 


y 1 (x,l)+y 2 (x,l) 





A 






1 


t= 


0 








2 


t= 


1 


s 






3 












4 


X 


yl(x,0) 


y2(x,0) 


yl(x,0)+y2(x,0) 


yl(x,l)+y2(x,l) 


5 


-5.0 


0.001 


-0.001 


0.000 


-0.001 


6 


-4.9 


0.001 


-0.001 


0.000 


-0.002 


7 


-4.8 


0.001 


-0.001 


0.000 


-0.002 


8 


-4.7 


0.001 


-0.001 


0.000 


-0.002 


9 


-4.6 


0.001 


-0.001 


0.000 


-0.002 


10 


-4.5 


0.001 


-0.001 


0.000 


-0.002 














110 


5.5 


0.001 


-0.001 


0.000 


0.001 


111 


5.6 


0.001 


-0.001 


0.000 


0.001 


112 


5.7 


0.001 


-0.001 


0.000 


0.001 


113 


5.8 


0.001 


-0.001 


0.000 


0.001 
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(b) Express the resultant wave function at t = 0: 



/ _x / _x 0.02m 3 -0.02m 3 
y, (x,0 j + y 2 (x,0) = s ^ + 



2m 2 + x 2 2m 2 +jc 2 



(c) Express the resultant wave function at f = 1 s: 
y 1 (x,ls)+y 2 (x,ls) 



0.02m J -0.02m J 

+ - 



2m 2 +(x-2s) 2 2m 2 +(x + 2s) 2 
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Picture the Problem We can relate the frequency of the standing waves in the open- 
ended tube to its length and the speed of sound in air. 



(a) What you hear is the fundamental mode of the tube and its overtones. A more 
physical explanation is that the echo of the finger snap moves back and forth along the 
tube with a characteristic time of 2L/c, leading to a series of clicks from each echo. 
Because the clicks happen with a frequency of c/2L, the ear interprets this as a musical 
note of that frequency. 

(b) Express the frequency of the y _ v 
sound in terms of the length of the 2L 
tube: 



Solve for L: 



Substitute numerical values and 
evaluate L: 



L = 



2f 



L = 



340 m/s 
2(440 s" 1 ) 



38.6cm 
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Picture the Problem To find the total kinetic energy of the nth mode of vibration, we'll 
need to differentiate y n {x, t ) = A n sin k n x COS 6) n t with respect to time, substitute in the 

expression for AK, and then integrate over the length of the string. 



(a) Write the wave function for a 
standing wave on a string fixed at 
both ends: 



y n (x,t)= A n sin k n x cos co n t 
In 



where k„ = 



I, 



Using the standing-wave condition r /L i o o 

b b L = n — , n = 1, 2, 3, ... 

for a string with both ends fixed, 2 
relate the length of the string to the 
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wavelength of the nth harmonic: 



Solve for A„: 



2L 



Substitute in the expression for k n to 
obtain: 



k=n — 



Differentiate this expression with 
respect to t: 



9y 3r. . . i 
— = — A sin kxcoscotl 

dt dt l " " " J 

= -oo n A n sin k n x sin oo n t 



Substitute in the given expression 
and simplify to obtain: 



AK = \ ju(- co n A n sin k n x sin co n tf Ax 
= \ juco 2 A 2 sin 2 k n xsin 2 co n tAx 



Integrate this expression over the 
length of the string to find its total 
kinetic energy: 



K =\^oo 2 n A 2 n sin 2 co n t\sin' 



} mco 2 A 2 sin 2 co n t 



n — x 
v L j 



dx 



(b) Express the condition that 
K — K m ., x : 



sin cat = 1 



(1) 



Substitute to obtain: 



K ~ 

max 



\moo 2 n A 2 n 



(c) From equation (1), for K = K K 



sin cot = 1 or cot = 



71 



Evaluate the wave function in (a) 
when coj = — : 



f \ 
n 

x,— 

V 1( °nJ 



A sin/cxcos— = 
2 



0 



(d) Using the result from part (b), 
express the maximum kinetic 
energy: 



K m . dX =>co 2 n A 2 



Relate co n to a>i. 



co„ = nco, 



Substitute to obtain: 



K m . iX =n 2 (}mcofA 2 ) 

or, because m and a>i are constants, 
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K_ oc 



2 a 2 



Remarks: Our result in part (b) is exactly the same result obtained in Problem 68 
with a>n and A„ replacing co and A. 
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v 

Picture the Problem We can use f = n — , n = 1, 2, 3, ... to relate the resonant 

2L 

frequencies to the length of the string and the speed of transverse waves on the string and 
v = JfJ ju to express the speed of the transverse waves on the string in terms of the 

tension in the string. Differentiating of the resulting expression with respect to F will lead 
df„_ldF 



to 



fn 2 F 



. For changes in/that are small compared to/, we can use a differential 



approximation to obtain = 

fn 2 F 

(a) Using the standing-wave 
condition for a string fixed at both 
ends, relate the resonant frequencies 
to the length of the string and the 
speed of transverse waves on the 
string: 



/„ =7i— ,« = 1,2,3,... 



Express the speed of transverse 
waves on the string in terms of the 
tension in the string: 



Substitute to obtain: 



because n, L, and // are constants. 



Differentiate/,, with respect to F to 




C 


1 


obtain: 


dF 


2 




Separate the variables to obtain: 


df n 


_ 1 


dF 




fn 


~ 2 


F 



Because no conditions were placed on its derivation, this expression is valid for 
all harmonics. 
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(b) Because Af «f, one can 
approximate the differential 
quantitities in our result for part (a) 
to obtain: 



/, 2 F 



Solve for AF/F: 



F /, 



Substitute numerical values and 
evaluate AF/F: 



AF 
F 



= 2 



f 2Hz ^ 



260 Hz 



1.54% 
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Picture the Problem Let the sources be denoted by the numerals 1 and 2. The phase 
difference between the two waves at point P is the sum of the phase difference due to the 
sources Sq and the phase difference due to the path difference 8. 



(a) Write the wave function due to 
source 1: 

Write the wave function due to 
source 2: 



/j (x, t) = Aq cos(foCj - cot) 



f 2 (x,t)= A 0 cos(k(x l +Ax)-G)t + S s ) 



(b) Express the sum of the two wave functions: 

f(x,t)= f l (x,t)+ f 2 (x,t) = A lj cos(kx 1 -cot) + A Q cos(k(x l + Ax) -cot + S S ) 
= A 0 [cos(kx 1 - cot)cos(k(x l +Ax)-cot + S s )] 



Use cosa + cos/? = 2 cos 



a+B\ (a-B 
— cos — 



to obtain: 



f(x,t) = 2A 0 



cos 



kAx S< 



cos 



x + - 



Ax 



-cot + - 



Express the phase difference 8 in 
terms of the path difference Ax and 
the wave number k: 



8 _2n 
Ax A 



= k or kAx = 8 
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Substitute to obtain: 



/(*.*) = 



2\ 



cos 



S + S. 



cos 



Ax 

X + 

V 2y 



-cot + - 



The amplitude of the resultant wave 
function is the coefficient of the 
time-dependent factor: 



A = 



2\ cos + 



(c) Express the intensity at an 
arbitrary point P: 



Evaluate / for S- 0 and S s = Ct: 

Because the average value of 
cos 2 9 over a complete period is Vi: 



I P = CA 1 

= C'[2A)COs|(^ + ^)] 2 

/ = C'[4A 0 2 cos 2 ^(a)] 
/ ave oc 2Al = 21 Q 
and 
I oc 



4/ 0 cos 2 i(a) 



(d) Evaluate / for Ax = \ X and 
8, = Ct: 



Ax = \X ^> 8 = n 

:. / = C'[4A 0 2 cos 2 |(^- + a)] 

and at t - 0, 1 = 0. i.e., the waves interfere 

destructively. 



A spreadsheet program to calculate the intensity at point P as a function of time for a zero 
path difference and a path difference of X is shown below. The constants and cell 
formulas used are shown in the table. 



Cell 


Content/Formula 


Algebraic Form 


Bl 


1 


C 


B7 


B6+0.1 


t + At 


C6 


COS($B$6*B6/2) A 2 


cos 2 \(Ct) 


D6 


COS($B$6*B6/2-PI()/2) A 2 


cos 2 \(n + Ct) 





A 


B 


c 


D 


1 


C= 


1 


s- 1 




2 










3 










4 




t 


I 


I 


5 




(s) 


(W/m A 2) 


(W/m A 2) 






0.00 


1.000 


0.000 
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7 




0.10 


0.998 


0.002 


8 




0.20 


0.990 


0.010 


9 




0.30 


0.978 


0.022 












103 




9.70 


0.019 


0.981 


104 




9.80 


0.035 


0.965 


105 




9.90 


0.055 


0.945 


106 




10.00 


0.080 


0.920 



The solid curve is the graph of cos 2 \{Ctj and the dashed curve is the graph of 
cos 2 \{n + Ct) . 



\ 


* 

> 

> 


* 1 




t 

1 


\ 1 






\ / 




1 

1 




path diff = 0 


— 

V 
i \ 




- - - path diff = 
lambda/2 


V 

*\ 




— / — 








J 

* 

* 




* 




\ 

4 


* 

* 





0 2 4 6 8 10 

I (s) 
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Picture the Problem We can differentiate the sum of the two wave functions to find the 
velocity of a segment dx of the string. We can find the kinetic energy of this segment 
from dK = jV 2 y dm = \ fw 2 y dx and integrate this expression from 0 to L to find the total 

kinetic energy of the resultant wave. 



(a) Express the resultant wave function: 

y r (x, t) = y l (x, t) + y 2 (x, t) = A 1 cos co x t sin k Y x + A 2 cos co 2 t sin k 2 x 



Differentiate this expression with respect to t to find v v : 



v v (x, t) = — [Aj cos co x t sin k x x + A, cos co 2 t sin k 2 x] 



Oj A, sin co x t sin k x x - a> 2 A 2 sin co 2 t sin k 2 x 



Superposition and Standing Waves 1305 
(b) Express the kinetic energy of a segment of the string of length dx and mass dm: 

dK = \v 2 dm = \fw 2 dx = \ ju(a> x A t sin co x t sin k x x + <x> 2 A, sin co 2 t sin k 2 xfdx 



ju\co 2 A 2 sin 2 co x t sin 2 k x x + Ico^A^ sin a\t sin k x x sin co 2 t sin k 7 x 



+ co\a\ sin 2 co 2 t sin 2 k 2 x\lx 



(c) Integrate d^T from 0 to L to obtain: 

L 

K = \ jU^a> 2 Af sin 2 co x t sin 2 fcjxdjt 
o 

+ 1 // J 2<»j<» 2 Aj A 2 sin sin k x x sin <y 2 f sin fc 2 jc<±c 

o 

+ 1 //j" <» 2 2 A 2 2 sin 2 <y 2 ? sin 2 k 2 xdx 

o 

L 

1 2 2 • 2 ^ f • 2 ^ i 

= y//« 1 A 1 sin a> x t sin ^j— jou 
o L 

L 

+ fia\(D 2 A l A 2 sin sin <» 2 r j" sin «j — x sin n 2 — xdx 

0 L L 

L 

+ \ jUO> 2 A 2 sin 2 a> 2 t sin 2 n 2 — xdx 
o L 

= juafA? sin 2 L) + (//^^Aj A 2 sin o^f sin 6) 2 t){o) 
+ (j //<y 2 A 2 sin 2 ($ 2 t\j L) 



}mcofA 2 sin 2 co x t + ^mco 2 A 2 2 sin 2 gj 2 ? 



OOO 000 

Note that, from Problem 92: \mo) x A x sin a> x t + \mco 2 A 2 sm co 2 t = K x + K 
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Picture the Problem We can use the relationship K max = \ma> 2 A 2 from Problem 92 to 
express the maximum kinetic energy of the wire and v = fX and v = yj F/ ju to find an 



expression for a>. In part (d) we'll use 



AU 
Ax 



dy 



from Problem 15-120 to 



determine where the potential energy per unit length has its maximum value. 



(a) From Problem 92 we have: 



(1) 
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Express a>\ in terms of/i: 



Relate f\ to the speed of transverse 
waves on the wire and the 
wavelength of the fundamental 
mode: 

Express the speed of the transverse 
waves on the wire in terms of the 
tension in the wire: 

Substitute and simplify to obtain: 



v v 
fl ~X~2L 

where L is the length of the wire. 



-f -J- 

\ ju V m 



fi = 



1 FL 



2L\m V AmL 



Substitute for a>i and/] in equation 
(1) to obtain: 



^max =l m 



AmL 



x 2 F 
4L 



Substitute numerical values and 
evaluate K max : 



^..=4 4C ^(2xlO-m) ; 
4(2 m) V ' 



19.7 mJ 



(b) Express the wave function for a 
standing wave in its first harmonic: 



y 1 (x, t) = A, sin k x x cos a\t 



(2) 



At the instant the transverse 
displacement is given by 
(0.02 m) sin (nx/2): 



COS GXf = 1 => 0) x t = 0 

and 



(c) dK is a maximum where the 
displacement of the wire is greatest; 
i.e., at its midpoint: 



x = \L = \{2m) = 



1.00 m 



(d) From Problem 15-120: 



AU si Jdy^ 



Ax 



ydxj 



Express the condition on dy /dx that 
maximizes AU/Ax: 



d^_fdy_ 
dx V dx 
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Differentiate 

y 1 (x,t) = A, sin k x x cos a> Y t with 
respect to x and set the derivative 
equal to zero for extrema: 



— - = — (Aj sin k x xcos co x t ) 
dx dx 

= k x A x cos k x x cos co x t 
= 0 



or 

cosk x x = 0 



Solve for k\x and then x: 



K 



and 



x = 



K 



2k, 2(lx) 
= |(2m) = 



: A=i{2L) 



1.00 m 



i.e., the potential energy per unit length is a 
maximum at the midpoint of the wire. 



Remarks: In part (d) we've shown that AU/Ax has an extreme value at x = 1 m. To 
show that AU/Ax is a maximum at this location, you need to examine the sign of the 



2 nd derivative of yi(x,t) at this point. 
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(a) A spreadsheet program to evaluate /(x) is shown below. Typical cell formulas used are 
shown in the table. 



Cell 


Content/Formula 


Algebraic Form 


A6 


A5+0.1 


x + Ax 


B4 


2*B3+1 


2n + \ 


B5 


(-l) A B$3*COS(B$4*$A5) 
/B$4*4/PI() 


4^(-l)"cos((2n + l)x) 

7T n=0 2/7+1 


C5 


B5+(-l) A C$3*COS(C$4*$A5) 
/C$4*4/PI() 


4^(-l)"cos((2n+l)jc) 
7T „ =0 2n + l 





A 


B 


C 


D 




K 


L 


1 
















2 
















3 




0 


1 


2 




9 


10 


4 




1 


3 


5 




19 


21 


5 


0.0 


1.2732 


0.8488 


1.1035 




0.9682 


1.0289 


6 


0.1 


1.2669 


0.8614 


1.0849 




1.0134 


0.9828 


7 


0.2 


1.2479 


0.8976 


1.0352 




1.0209 


0.9912 


8 


0.3 


1.2164 


0.9526 


0.9706 




0.9680 


1.0286 


9 


0.4 


1.1727 


1.0189 


0.9130 




1.0057 


0.9742 


10 


0.5 


1.1174 


1.0874 


0.8833 




1.0298 


1.0010 
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130 


12.5 


1.2704 


0.8544 


1.0952 




0.9924 


1.0031 


131 


12.6 


1.2725 


0.8503 


1.1013 




0.9752 


1.0213 


132 


12.7 


1.2619 


0.8711 


1.0710 




1.0287 


0.9714 


133 


12.8 


1.2386 


0.9143 


1.0141 




1.0009 


1.0126 


134 


12.9 


1.2030 


0.9740 


0.9493 




0.9691 


1.0146 


135 


13.0 


1.1554 


1.0422 


0.8990 




1.0261 


0.9685 



The solid curve is plotted from the data in columns A and B and is the graph of fix) for 1 
term. The dashed curve is plotted from the data in columns A and F and is the graph of 
fix) for 5 terms. The dotted curve is plotted from the data in columns A and K and is the 
graph of fix) for 10 terms. 




= 1 

which is equivalent to the Liebnitz 
formula. 
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(a) A spreadsheet program to evaluate fix) is shown below. Typical cell formulas used are 
shown in the table. 



Cell 


Content/Formula 


Algebraic Form 


A6 


A5+0.1 


x + Ax 


B4 


2*B3+1 


2n + l 


B5 


(-l) A $B$3*sin($B$4*A5)/ 
($B$4) A 2*4/PI() 


4 v (-l)"sin(2n + l)x 

7T„ (2/1 + l) 2 
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C5 


B5+((-l) A $C$3*sin($C$4*A5)/ 


4 (-l)"sin(2n + l)jc 
(2n + l) 2 




($C$4) A 2*4/PI() 





A 
/\ 


r> 




L) 






T 

L, 


i 
i 
















z 
















1 

J 




A 
U 


1 
1 


z 




Q 


1U 


A 

H- 




1 
1 


*\ 
J 


c. 




1 Q 


7 1 
Z 1 


J 


u.u 


A AAAA 
U.UUUU 


A AAAA 
U.UUUU 


A AAAA 
U.UUUU 




A AAAA 
U.UUUU 


A AAAA 
U.UUUU 


0 


U. 1 


U.1Z / 1 


A AO CO 

U.Uo J J 


A 1 AQ7 

U. lUy 1 




A AQQ£ 

u.uyoo 


A 1 A1 1 

U. 1U1 1 


n 
1 


n 7 
U.Z 


U.ZjjU 


U.l / Jl 


a o i cn 

u.zi jy 




A OA1 0 

U.ZU1Z 


A 1 QQT 

u. iyo / 


o 
o 


U.J 


U.J /Dj 


A 7£C,/I 


U.J IOj 




A OA A /I 

U. JUU'f 


A *2 AAC 
U.jUUj 


9 


0.4 


0.4958 


0.3640 


0.4103 




0.3983 


0.4008 


10 


0.5 


0.6104 


0.4693 


0.4998 




0.5011 


0.4985 


















72 


6.7 


0.5155 


0.3812 


0.4256 




0.4153 


0.4171 


73 


6.8 


0.6291 


0.4877 


0.5146 




0.5183 


0.5154 


74 


6.9 


0.7365 


0.6005 


0.6034 




0.6171 


0.6182 


75 


7.0 


0.8365 


0.7181 


0.6963 




0.7148 


0.7166 


76 


7.1 


0.9282 


0.8380 


0.7968 




0.8183 


0.8155 
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Picture the Problem From the diagram above, the nth echo will reflect n - 1 times going 
out, and the same number of times going back. If we "unfold" the ray into a straight line, 
we get the representation shown below. Using this figure we can express the distance d„ 
traveled by the nth echo and then use this result to express the time delay between the n th 
and n + l th echoes. The reciprocal of this time delay is the frequency corresponding to the 
nth echo. 
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(a) Apply the Pythagorean theorem 
to the right triangle whose base is L, 
whose height is 2(n - 1), and whose 
hypotenuse is d n to obtain: 

Express the time delay between the 
72 t h and 7i + l t h echoes: 

Substitute to obtain: 



d n =2^4(n -1)V + L 2 
d„ 

V 

A;„=^V(2n)V + L 2 

V V 

-V[2(n-l)]V 2 + L 2 ) 



A spreadsheet program to calculate At n as a function of n is shown below. The constants 
and cell formulas used are shown in the table. 



Cell 


Content/Formula 


Algebraic Form 


Bl 


90 


L 


B2 


1 


r 


B3 


340 


c 


B8 


B7+1 


n + 1 


C7 


2/$B$3*((2*(B7-l) 


K 




*$B$2) A 2+$B$1 A 2) A 0.5 







A 


B 


C 


D 


i 


L= 


90 


m 




2 


r= 


1 


m 




3 


c= 


340 


m/s 




4 










5 










6 




n 


t(n) 


delta t(n) 


7 




1 


0.5294 


0.0001 


8 




2 


0.5295 


0.0004 


9 




3 


0.5299 


0.0007 


10 




4 


0.5306 


0.0009 


11 




5 


0.5315 


0.0012 
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202 




196 


2.3544 


0.0115 


203 




197 


2.3659 


0.0115 


204 




198 


2.3773 


0.0115 


205 




199 


2.3888 


0.0115 




200 


2.4003 


0.0115 



The graph of At„ as a function of n shown below was plotted using the data from 
columns B and D. 




200 



(c) 



The frequency heard at any time is l/At n , so because At n increases over 
time, the frequency of the culvert whistler decreases. 



The highest frequency corresponds 
to n - 1 and is given by: 

Substitute for At\ to obtain: 



Substitute numerical values and 
evaluate / h ig h e S t: 



f highest 
f highest 

-/highest 



1 



A 'i 2(V(2)V +L 2 -VF) 



340 m/s 



2U 4 ( lm ) 2 +( 90m ) 2 - 90m ) 



7.65 kHz 



The lowest frequency end can be found by examining the limit of At n as n — > co: 



lim„^ At n = lim n ^ 



(2nf 



(2(n-l)f 



= —{ln-2n + 2) = — 
v v 
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Express /i owest in terms of At x : 1 v 

/lowest = — = 



Substitute numerical values and 340 m/s i 

evaluate / lowest : Slowest I 0JAjnL 



Chapter 17 

Temperature and the Kinetic Theory of Gases 



Conceptual Problems 



(a) False. If two objects are in thermal equilibrium with a third, then they are in thermal 
equilibrium with each other. 



(b) False. The Fahrenheit and Celsius temperature scales differ in the number of intervals 
between the ice-point temperature and the steam-point temperature. 



(c) True. 



(d) False. The result one obtains for the temperature of a given system is thermometer- 
dependent. 

2 

Determine the Concept Put each in thermal equilibrium with a third body; e.g., a 
thermometer. If each body is in thermal equilibrium with the third, then they are in 
thermal equilibrium with each other. 

3 

Picture the Problem We can decide which room was colder by converting 20°F to the 
equivalent Celsius temperature. 

Using the Fahrenheit-Celsius conversion, t c = f (t P -32°) = f (20°-32°) 
convert 20°F to the equivalent Celsius = -6.67°C 



temperature: so Mert' s room was colder. 



4 

Picture the Problem We can apply the ideal-gas law to the two vessels to decide which 
of these statements is correct. 



Apply the ideal-gas law to the P X V X — N x kT^ 
particles in vessel 1 : 

Apply the ideal-gas law to the P 2 V 2 = N 2 kT 2 
particles in vessel 2: 

Divide the equation for vessel 1 by P\V\ _ N x kT x 

the equation for vessel 2: P 2 V 2 N 2 kT 2 
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Because the vessels are identical and 
are at the same temperature and 
pressure: 



1 = ^- and N, 



(a) is correct. 



Determine the Concept From the ideal-gas law, we haveP = nRT/V . In the process 
depicted, both the temperature and the volume increase, but the temperature increases 
faster than does the volume. Hence, the pressure increases. 

*6 

Determine the Concept From the ideal-gas law, we have V = nRT/P. In the 
process depicted, both the temperature and the pressure increase, but the pressure 
increases faster than does the temperature. Hence, the volume decreases. 



True. The kinetic energy of translation K for n moles of gas is directly proportional to the 
absolute temperature T of the gas 



Determine the Concept We can use v ims = -J3RT/M to relate the temperature of a gas 
to the rms speed of its molecules. 



Express the dependence of the rms 
speed of the molecules of a gas on 
their absolute temperature: 



\ 3RT 
M 



where R is the gas constant, M is the molar 
mass, and J is the absolute temperature. 



Because v rms oc -Jt , the temperature must be quadrupled in order 
to double the rms speed of the molecules. 



9 

Picture the Problem The average kinetic energy of a molecule, as a function of the 
temperature, is given by K av = \ kT and the pressure, volume, and temperature of an ideal 

gas are related according to PV = NkT. 



Express the average kinetic energy 
of a molecule in terms of its 
temperature: 
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From the ideal-gas law we have: 



PV = NkT 



Eliminate kT between these 
equations to obtain: 



K.,„ = 



3PV_ 
2N 



If P is doubled at constant V, K m increases by a factor of 2. 



If V is doubled at constant P, K iW increases by a factor of 2. 



10 



Picture the Problem We can express the rms speeds of the helium atoms and the 
methane molecules using v rms = 



Express the rms speed of the 
helium atoms: 



v rms (He) = 



3RT 

m7 



Express the rms speed of the 
methane molecules: 



V ms (CH 4 ): 



3RT 



I M 



CH 4 



Divide the first of these equations 
by the second to obtain: 



M, 



v ms (CH 4 ) |M He 



Use Appendix C to find the molar 
masses of helium and methane: 



v m (He) _ /l6g/mol 



v rras (CH 4 ) )|4g/mol 



= 2 



and (b) is correct. 



11 • 

False. Whether the pressure changes also depends on whether and how the volume 
changes. In an isothermal process, the pressure can increase while the volume decreases 
and the temperature is constant. 

12 • 

Determine the Concept For the Celsius scale, the ice point (0°C) and the boiling point of 
water at 1 atm (100°C) are more convenient than 273 K and 373 K; temperatures in 
roughly this range are normally encountered. On the Fahrenheit scale, the temperature of 
warm-blooded animals is roughly 100°F; this may be a more convenient reference than 
approximately 300 K. Throughout most of the world, the Celsius scale is the standard for 
nonscientific purposes. 
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Determine the Concept Because 10 7 » 273, it does not matter. 



14 

Determine the Concept The average speed of the molecules in an ideal gas depends on 
the square root of the kelvin temperature. Because v av oc 4t , doubling the temperature 

while maintaining constant pressure increases the average speed by a factor of 
(d) is correct. 



15 

Determine the Concept From the ideal-gas law, we havePV = nRT. Halving both the 



temperature and volume of the gas leaves the pressure unchanged, (b) is correct. 



16 • 

Determine the Concept The average translational kinetic energy of the molecules of an 
ideal gas is given by K = jNkT = \nRT . The temperature of the ideal gas is related to 



the pressure of the gas. (d) is correct 



17 • 

Determine the Concept The only conclusion we can draw from the information that the 
vessel contains equal amounts, by weight, of helium and argon is that the temperatures of 



the helium and argon molecules are the same, (d) is correct. 



18 » 

Determine the Concept The two rooms are in thermal equilibrium and, because they are 
connected, the air in each is at the same pressure. Because P - NkTIV, and the volume of 
each room is identical, N A T A = N B T B , so the cooler room (A) has more air in it. 

19 • 

Determine the Concept The rms speed of an ideal gas is given by v ims =^3RT/M and 
its average kinetic energy by K av = \ kl '. Because the gases are at the same temperature, 
their average kinetic energies are the same. Because v the rms speeds 

are inversely proportional to the square root of the molecular masses. 



20 » 

Determine the Concept The pressure is a measure of the change in momentum per 
second of a gas molecule on collision with the wall of the container. When the gas is 
heated, the average velocity, the average momentum, and pressure of the molecules 
increase. 
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*21 » 

Determine the Concept Because the temperature remains constant, the average speed of 
the molecules remains constant. When the volume decreases, the molecules travel less 
distance between collisions, so the pressure increases because the frequency of collisions 
increases. 



22 » 

Picture the Problem The average kinetic energies of the molecules are given by 

-^av = {i mv2 \ v = \kT. Assuming that the room's temperature distribution is uniform, 

we can conclude that the oxygen and nitrogen molecules have equal average kinetic 
energies. Because the oxygen molecules are more massive, they must be moving slower 
than the nitrogen molecules, (b) is correct. 



23 

Determine the Concept The average molecular speed of He gas at 300 K is about 1 .4 
km/s, so a significant fraction of He molecules have speeds in excess of earth's escape 
velocity (11.2 km/s). Thus, they "leak" away into space. Over time, the He content of the 
atmosphere decreases to almost nothing. 

Estimation and Approximation 

*24 

Picture the Problem Assuming the steam to be an ideal gas at a temperature of 373 K, 
we can use the ideal-gas law to estimate the pressure inside the test tube when the water is 
completely boiled away. 



Using the ideal-gas law, relate the p _ NkT 

pressure inside the test tube to its V 
volume and the temperature: 



Relate the number of particles A" to 
the mass of water, its molar mass M, 
and Avogadro's number N A - 
Solve for A": 



Relate the mass of 1 mL of water to 
its density: 



Substitute for m, N A , and M (18 
g/mol) and evaluate A": 



m _ M 



M 



m=pV = (l0 3 kg/m 3 )(l(T 6 m 3 )= lg 



N = {lg) 



6.022 x 10 23 particles/mol 



18 g/mol 



= 3.35 x 10 22 particles 
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Substitute numerical values and evaluate P: 



_ (335 x 10 22 particles)(l.381x 10~ 23 J/k)(373K) 
" 10x10 6 m 3 

latm 



= 172xl0 3 N/m 2 x 



1.01xl0 5 N/m 2 



17 latm 
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Picture the Problem We can find the escape temperatures for the earth and the moon by 
equating, in turn, 0.15v e and v ims of O2 and H 2 . We can compare these temperatures to 
explain the absence from the earth's upper atmosphere and from the surface of the moon. 



(a) Express v rms for O2: 



v = 

rms 



3RT 

I M 



where R is the gas constant, T is the 
absolute temperature, and M is the molar 
mass of oxygen. 



Equate 0.15v e and v„ 



0.15V2^; 



3RT 



Solve for J to obtain: 



T = 



0M5gR^M 
3R 



(1) 



Evaluate Tfor O2: 



(b) Substitute numerical values and 
evaluate Tfor H 2 : 



0.045(9.81m/s 2 )(6.37xl0 6 m) 

3(8.314J/mol-K) 
x(32xl0" 3 kg/mol) 



3.61xl0 3 K 



_0.045(9.81m/s 2 )(6.37xl0 6 m) 
3(8.314J/mol-K) 

x(2xl0" 3 kg/mol) 



= 225 K 



(c) 



If v rms > jv e or T > 25T atm , H 2 molecules escape. Therefore, the more 
energetic H 2 molecules escape from the upper atmosphere. 
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(d) Express equation (1) at the 
surface of the moon: 



0.045? R M 

o moon moon 

3R 

0-045(ig earth )i? moon M 
3R 

0.0025g earth i? moon M 
R 



Substitute numerical values and evaluate J for O2: 

_ 0.0025(9.8 lm/s 2 )(l .738 x 10 6 m)(32x 10~ 3 kg/mol) 
8.314J/mol-K 



164K 



Substitute numerical values and evaluate J for H 2 : 

_ 0.0025(9.8 lm/s 2 )(l .738 x 10 6 m)(2 x 10' 3 kg/mol) _ 
8.314J/mol-K 



10.3K 



If we assume that the temperature on the moon with an atmosphere would 
have been approximately 1000 K, then all O 2 and H 2 would have 
escaped during the time since the formation of the moon to the present. 



26 

Picture the Problem We can use v „ = tJ3RT/M to calculate the rms speeds of H 2 , 0 2 , 

and CO2 at 273 K and then compare these speeds to 20% of the escape velocity on Mars 
to decide the likelihood of finding these gases in the atmosphere of Mars. 



Express the rms speed of an atom as 
a function of the temperature: 

(a) Substitute numerical values and 
evaluate v rms for H 2 : 



v = 

rms 



3RT 
M 



| 3(8.314J/mol-K)(273K) 
~V 2 xl0~ 3 kg/mol 



= 1.85 km/s 



(b) Evaluate v rms for 0 2 : 



(3(8.314J/mol-K)(273K) 



rms,0 2 



32 xl0~ 3 kg/mol 



46 lm/s 
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(c) Evaluate v rms for CO2: 



"l-ms.CO, 



| 3(8.314J/mol-K)(273K) 
44xlCT 3 kg/mol 



= 393 m/s 



(cf) Calculate 20% of v esc for Mars: 



v = }v esc = }(5km/s) = lkm/s 



Because v is greater than v rms for C0 2 and 0 2 but less than v rms for H 2 
0 2 andC0 2 , but not H 2 , should be present. 



*27 

Picture the Problem We can use v „ to calculate the rms speeds of H 2 , O2, 

and C0 2 at 123 K and then compare these speeds to 20% of the escape velocity on Jupiter 
to decide the likelihood of finding these gases in the atmosphere of Jupiter. 



Express the rms speed of an atom as 
a function of the temperature: 

(a) Substitute numerical values and 
evaluate v rms for H 2 : 



(b) Evaluate v, ms for O2: 



3RT 



(3(8.314 J/mol-K)(l23K) 



2xl(T 3 kg/mol 



1.24km/s 



1 3(8.314 J/mol-K)(l23K) 
32xl0" 3 kg/mol 



310m/s 



(c) Evaluate v rms for CO2: 



(d) Calculate 20% of v esc for Jupiter: 



^rms.CO- 



l 3(8.314J/mol-K)(l23K) 
~V 44xl0" 3 kg/mol 



264 m/s 



V = r V 

5 esc 



}(60km/s) = 12km/s 



Because v is greater than v rms for0 2 ,C0 2 ,andH 2 , 0 2 ,C0 2 ,andH 2 should 
be found on Jupiter. 
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Temperature Scales 

28 • 

Picture the Problem We can convert both of these temperatures to the Fahrenheit scale 
and then express their difference to find the range of temperatures. 



Solve the Fahrenheit-Celsius 
conversion equation for the 
Fahrenheit temperature: 

Find the Fahrenheit equivalent of 
-12°C: 

Find the Fahrenheit equivalent of 
-7°C: 

The difference between these two 
temperatures is the range on the 
Fahrenheit scale: 



t F =f(-12°) + 32° = 10.4° 
t F = f(-7°) + 32° = 19.4°F 



Range = 19.4°F-10.4°F 



= 9.00F 0 



Remarks: We could take advantage of the fact that 9 F° = 5 C° to arrive at the 
aforementioned result in which the range of Celsius temperatures happens to be 5C° 
If the temperature difference were other than 5C°, we could set up a proportion to 
quickly find the range on the Fahrenheit scale. 



29 • 

Picture the Problem We can use the Fahrenheit-Celsius conversion equation to find this 
temperature on the Celsius scale. 

Convert 1945.4°F to the equivalent t c =% (t p - 32°) = f (1945.4° - 32°) 

Celsius temperature: \~\7ifA°C~ 



*30 • 

Picture the Problem We can use the Fahrenheit-Celsius conversion equation to express 
the temperature of the human body on the Celsius scale. 

Convert 98.6°F to the equivalent t c = f (f F - 32°) = f (98.6° - 32°) 

Celsius temperature: _ I i.n nop 



1322 Chapter 17 



31 • 

Picture the Problem While we could use 
Equation 17-1 to relate the Celsius 
temperature to the length of the column of 
mercury in the thermometer, an alternative 
solution is to use the diagram to the right to 
set up a proportion that will relate the 
Celsius temperature to the calibration 
temperatures and to the lengths of the 
mercury column. 



100°C 




Using the diagram, set up a 
proportion relating the temperatures 
to the lengths of the column of 
mercury: 



t c -0°C _ L t -L 0 



100°C-0°C L m -L 0 



Solve for and evaluate L{. 



L UAoD L o) + L 

100° 

_ f c (24.0cm- 4.0cm) 
~ 100° 
_ t c (20.0cm) M 0 



+ 4.0cm 



100 c 



cm 



(a) Substitute 22.0°C for t c and 
evaluate L t : 



L. = 



_ (22.0°C)(20.0cm) | /] Q 
100° 



cm 



= 8.40 cm 



(b) Substitute 25.4 cm for L t and 
evaluate L: 



25.4cm -4.0cm 
20 cm 



xl00 c 



= 107°C 



32 • 

Picture the Problem We can use the temperature conversion equations 

t F = f t c + 32° and t c = T — 273. 15 K to convert 10 7 K to the Fahrenheit and Celsius 



temperatures. 



Express the kelvin temperature in terms T = t c + 273. 15 K 
of the Celsius temperature: 
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(a) Solve for and evaluate t c : 



t c = 7-273. 15K = 10 7 K-273.15K 



10 7 K 



(b) Use the Celsius to Fahrenheit 
conversion equation to evaluate fa 



tp =f(l0 7o c) + 32°« 



1.80xl0 7o F 



33 • 

Picture the Problem While we could 
convert 77.35 K to a Celsius temperature 
and then convert the Celsius temperature 
to a Fahrenheit temperature, an alternative 
solution is to use the diagram to the right 
to set up a proportion for the direct 
conversion of the kelvin temperature to its 
Fahrenheit equivalent. 



373.15 




273.15 



Use the diagram to set up the 
proportion: 



32°F-f F 273.15K-77.35K 
212°F-32°F ~ 373.15K-273.15K 



or 

32°F-f F _ 195 
180F° ~100 



Solve for and evaluate fa 



t F =32°F- 



195 
100 



xl80F° = 



319°F 



34 • 

Picture the Problem We can use the fact that, for a constant-volume gas thermometer, 
the pressure and absolute temperature are directly proportional to calibrate the given 
thermometer; i.e., to find the constant of proportionality relating P and T. We can then 
use this equation to find the temperature corresponding to a given pressure or the pressure 
corresponding to a given temperature. 



Express the direct proportionality 
between the pressure and the 
temperature: 



P = CT 

where C is a constant. 



Use numerical values to evaluate C: 



C _P _ 0.400 atm 
~ T ~ 273. 15K 



= 1.464 xl0~ 3 atm/K 
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Substitute to obtain: 



(a) Use equation (2) to find the 
temperature: 

(b) Use equation (1) to find the 
boiling point of sulfur: 



P = (l.464xl0" 3 atm/K)r (1) 

□r 

T = (682.9 K/atm)/ 5 (2) 
T = (682.9 K/atm)(0.1atm) 



= 68.3K 



P = (l.464xl(T 3 atm/K) 
x (444.6 + 273. 15)K 

= 1.05atm 



*35 • 

Picture the Problem We can use the information that the thermometer reads 50 torr at 
the triple point of water to calibrate it. We can then use the direct proportionality between 
the absolute temperature and the pressure to either the pressure at a given temperature or 
the temperature for a given pressure. 



Using the ideal-gas temperature scale, 
relate the temperature to the pressure: 



T _ 273.16K ^_ 273.16K ^ 



50 torr 



= (5.463K/torr)P 



(a) Solve for and evaluate P when 
T= 300 K: 



P = (0.1830torr/K)r 
= (0.1830torr/K)(300K) 



= 54.9 torr 



(b) Find Twhen the pressure is 678 torr: T = (5.463 K/torr)(678 torr) 



= 3704 K 



36 • 

Picture the Problem We can use the equation for the ideal-gas temperature scale to 
express the temperature measured by this thermometer in terms of its pressure and the 
given data to calibrate the thermometer. 

Write the equation for the ideal-gas j, _ 273.16K 

temperature scale: P 3 
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(a) Solve for and evaluate the 
thermometer's triple-point pressure: 



„ 273. 16K „ 273. 16K, x 

P, = P = (30torr 

3 T 373K v ' 



22.0 torr 



(b) Substitute for P 3 in Equation 17-4: 



r= 273.16K p= 273.16K (on5iorr) 



22.0 torr 



22.0 torr 



= 2.17K 



37 • 

Picture the Problem We can find the temperature at which the Fahrenheit and Celsius 
scales give the same reading by setting t P = t c in the temperature-conversion equation. 



Set t ¥ = t c in t c = f (t F - 32°) : 



Solve for and evaluate t F : 



tc ~~ — 



40.0°C 



40.0°F 



Remarks: If you've not already thought of doing so, you might use your graphing 
calculator to plot t c versus t F and t F = t c (a straight line at 45°) on the same graph. 
Their intersection is at (-40, -40). 

38 • 

Picture the Problem We can use the Celsius-to-absolute conversion equation to find 37 1 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
Fahrenheit temperature corresponding to 371 K. 



Express the absolute temperature as 
a function of the Celsius 
temperature: 



r = ^ c +273.15K 



Solve for and evaluate tc- 



t c =7-273.15K 



371K-273.15K= 97.9°C 



Use the Celsius-to-Fahrenheit 
conversion equation to find ? F : 



t F =^t c + 32° = f(97.9 0 ) + 32° 



= 208°F 



39 • 

Picture the Problem We can use the Celsius-to-absolute conversion equation to find 90.2 
K on the Celsius scale and the Celsius-to-Fahrenheit conversion equation to find the 
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Fahrenheit temperature corresponding to 90.2 K. 



Express the absolute temperature as a 
function of the Celsius temperature: 



r = ? c + 273.15K 



Solve for and evaluate t c : 



t c =T-213.15K 
= 90.2K-273.15K 



183°C 



Use the Celsius-to-Fahrenheit 
conversion equation to find t F : 



t p = f ? c +32° = f (-183°)+32° 



= -297°F 



40 

Picture the Problem We can use the 

diagram to the right to set up proportions 
that will allow us to convert temperatures 
on the Reaumur scale to Celsius and 
Fahrenheit temperatures. 



ioo°- 



0°- 



212 c 



-32' 



80° 



Referring to the diagram, set up a 
proportion to convert temperatures on 
the Reaumur scale to Celsius 
temperatures: 



t c -0°C t R -0°R 



100°C-0°C 80°R-0°R 



Simplify to obtain: 



-^ = -^or t c = 
100 80 C 



1.25f D 



Referring to the diagram, set up a 
proportion to convert temperatures on 
the Reaumur scale to Fahrenheit 
temperatures: 



t F -32°F t R -0°R 



212°F-32°F 80°R-0°R 



Simplify to obtain: 



t-c 32 t D 



180 80 



or L 



1 t +32 

4 l R T 



*4j ••• 

Picture the Problem We can use the temperature dependence of the resistance of the 
thermistor and the given data to determine R 0 and B. Once we know these quantities, we 
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can use the temperature-dependence equation to find the resistance at any temperature in 
the calibration range. Differentiation of R with respect to T will allow us to express the 
rate of change of resistance with temperature at both the ice point and the steam point 
temperatures. 



(a) Express the resistance at the ice 
point as a function of temperature of 
the ice point: 



7360Q = R 0 e B/mK 



(1) 



Express the resistance at the steam 
point as a function of temperature of 
the steam point: 



l53Q = R n e B/313K 



(2) 



Divide equation (1) by equation (2) 
to obtain: 



7360Q 
153Q 



= 48.10 = e> /J/273K ^ /373K 



Solve for B by taking the logarithm 
of both sides of the equation: 



ln48.1 = 5 



1 1 



and 
B = 



273 373 j 
In 48.1 



K 1 



1 1 

273 373 



K" 



3.94xl0 3 K 



Solve equation (1) for R Q and 
substitute for B: 



*o=^ = (7360Q>^ 3K 

= (7360Q>- 3 - 94 * lo3K/273K 



= 3.97xl(T 3 Q 



(b) From (a) we have: 



i? = (3.97xl0- 3 Q)e 3 ' 94xl ° 3K/r 



Convert 98.6°F to kelvins to obtain: 



r = 310K 



Substitute to obtain: 



i? = (3.97xl(T 3 Q^ 



3.94xl0 3 K/310K 



= 1.31kQ 



(c) Differentiate R with respect to T dR _ d ( b/t\_ ^ b/t d 

to obtain: ~dT~~dT^ 0<? ' 0<? ~dT 



- B _ D It RB 
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Evaluate dR/dT at the ice point: 



Evaluate dR/dT at the steam point: 



ice point 



(7360Q)(3.94x10 3 k) 
(273. 16 K) 2 



389Q/K 



ydT j 



steam point 



(153Q)(3.94x1Q 3 k) 
(373. 1 6 K) 2 



4.33Q/K 



id) 



The thermistor is more sensitive; i.e., it has greater sensitivity at lower 
temperatures. 



The Ideal-Gas Law 



42 



Picture the Problem Let the subscript 1 refer to the gas at 50°C and the subscript 2 to 
the gas at 100°C. We can apply the ideal-gas law for a fixed amount of gas to find the 
ratio of the final and initial volumes. 



Apply the ideal-gas law for a fixed 
amount of gas: 



Substitute numerical values and 
evaluate V^Vi. 



PV PV 

1 2 y 2 _ 1 V 1 



or, because P 2 = Pi, 



1 -M 



V 2 _ (273.15 + 100)K 
V l ~ (273.15 + 50)K 



1.15 



43 • 

Picture the Problem We can use the ideal-gas law to find the number of moles of gas in 
the vessel and the definition of Avogadro's number to find the number of molecules. 



Apply the ideal-gas law to the gas: 



PV = nRT 



Solve for the number of moles of gas 
in the vessel: 



n = 



PV 
RT 
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Substitute numerical values and 
evaluate n: 



n = 



(4atm)(lOL) 

(8.206 x 1(T 2 L ■ atm/mol • k)(273 K) 



1.79mol 



Relate the number of molecules N in 
the gas in terms of the number of 
moles n: 



N = tiN A 



Substitute numerical values and evaluate N: 



N = (l .79mol)(6.022 x 10 23 molecules/mol) = 



1 .08 xlO 24 molecules 



44 « 

Picture the Problem We can use the ideal-gas law to relate the number of molecules in 
the gas to its pressure, volume, and temperature. 



Solve the ideal-gas law for the number 
of molecules in a gas as a function of 
its pressure, volume, and temperature: 

Substitute numerical values and 
evaluate N: 



45 

Picture the Problem The pictorial 
representation to the right, in which T 0 
represents absolute zero, summarizes the 
information concerning the temperatures 
and pressures we are given. We know, 
from the ideal-gas law, that the pressure of 
a fixed volume of gas is proportional to its 
absolute temperature. We can use the 
diagram to set up a proportion relating the 
temperatures and pressures that we can 
solve for T 0 . 

Apply the ideal-gas law to obtain: 



N = 



PV 
kT 



_ (lO' 8 torr)(l33.32Pa/torr)(l0' 6 m 3 ) 
(1.381x10" 23 J/k)(300K) 



= 3.22 xlO 8 




-10 



22 glips -T 0 _ - 1 0 glips - T 0 
12.5 klads 8 . 7 klads 



Solve for T n to obtain: 



T = 



-S3. 2 glips 
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Remarks: Because the gas is ideal, its pressure is directly proportional to its 
temperature. Hence, a graph of P versus T will be linear and the linear equation 
relating P and T can be solved for the temperature corresponding to zero pressure. 

46 » 

Picture the Problem Let the subscript 1 refer to the tires when their pressure is 1 80 kPa 
and the subscript 2 to conditions when their pressure is 245 kPa. Assume that the air in 
the tires behaves as an ideal gas. Then, we can apply the ideal-gas law for a fixed amount 
of gas to relate the temperatures to the pressures and volumes of the tires. 



(a) Apply the ideal-gas law for a 
fixed amount of gas to the air in the 
tires: 



(1) 



Solve for T 2 : 



T 2 =T,— because V\ = V 2 . 



Substitute numerical values to 
obtain: 



T,= (265 K)^^ = 360.7 K 
; 180kPa 



= 87.7°C 



(b) Use equation (1) with 
V 2 = l.07 V\. Solve for T 2 : 



PV 

T=t£±T =1.07 

py x 



r 



J 



Substitute numerical values and 
evaluate T 2 : 



T 2 =1.07(360.7 K) = 385.9 K 



113°C 



47 

Picture the Problem We can apply the ideal-gas law to find the number of moles of air 
in the room as a function of the temperature. 



(a) Use the ideal-gas law to relate the 
number of moles of air in the room to 
the pressure, volume, and temperature 
of the air: 



n = 



PV 
RT 



(1) 



Substitute numerical values and 
evaluate n: 



(l01.3kPa)(90m 3 ) 
~ (8.314J/mol-K)(300K) 



= 3.66xl0 3 mol 
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(b) Letting n' represent the number 
of moles in the room when the 
temperature rises by 5 K, express 
the number of moles of air that 
leave the room: 



An = n-n' 



Apply the ideal-gas law to obtain: 



PV 
RT 



(2) 



Divide equation (2) by equation (1) 
to obtain: 



n' T T 
— = — and n =n — 
n T T 



Substitute for n' to obtain: 



An = n-n — = n 
T 



V T'j 



Substitute numerical values and 
evaluate An: 



An = (3.66xl0 3 mol) 



' 300 



305 K 



= 60.0 mol 



*48 » 

Picture the Problem Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 
to the gas at 293 K. We can apply the ideal-gas law to find the volume of the gas at 4.2 K 
and a fixed amount of gas to find its volume at 293 K. 



(a) Apply the ideal-gas law to the 
helium gas and solve for its volume: 



v = nRT L 



Substitute numerical values to 
obtain: 



(0.08206 L • atm/mol • K)(4.2K) 

V x =n- — 

latm 

= (0.3447L/mol)n 



Find the number of moles in 10 g of 
helium: 



n= 1Qg =2.5 mol 
4g/mol 



Substitute for n to obtain: 



V { = (0.3447 L/mol)(2.5mol) 



= 0.862L 



(b) Apply the ideal-gas law for a 
fixed amount of gas and solve for 



PV PV 

1 2 V 2 _ 1 V\ 



1332 Chapter 17 



the volume of the helium gas at 
293 K: 



Substitute numerical values and 
evaluate V%: 



and, because P\ = P 2 , 
T 

1 i 



V 2= ^3K( 0 .862L) = 
2 4.2K v ' 



60. 1L 



49 » 

Picture the Problem Because the helium is initially in the liquid state, its temperature 
must be 4.2 K. Let the subscript 1 refer to helium gas at 4.2 K and the subscript 2 to the 
gas at 293 K. We can apply the ideal-gas law for a fixed volume of gas to relate the 
pressure at 293 K to the pressure at 4.2 K and use the ideal-gas law to find the pressure at 
4.2 K. 



Apply the ideal-gas law for a fixed 
amount of gas: 



PV PV 

1 2 r 2 _ 1 Vl 



T T 

£ 2 1 \ 



Solve for its pressure at 293 K: 



2 yj 1 j 

' 2 1 \ 1 \ 

because V\ = V 2 



(1) 



Apply the ideal-gas law to the 
helium gas at 4.2 K and solve for its 
pressure: 



nRT x 



V, 



Substitute numerical values to 
obtain: 



P { =n 



(0.08206 L • atm/mol • K)(4.2K) 
6L 

= (0.05744 atm/mol)n 



Find the number of moles in 10 g of 
helium: 



n= 1Qg =2.5mol 
4g/mol 



Substitute for n to obtain: 

Substitute in equation (1) and 
evaluate P 2 : 



P 1 =(0.05744atm/mol)(2.5mol) 
= 0.1436atm 

,293K 



P 2 = (0.1436 atm) 



4.2K 



10.0 atm 



*50 » 

Picture the Problem Let the subscript 1 refer to the tire when its temperature is 20°C 
and the subscript 2 to conditions when its temperature is 50°C. We can apply the ideal- 
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gas law for a fixed amount of gas to relate the temperatures to the pressures of the air in 
the tire. 



(a) Apply the ideal-gas law for a 
fixed amount of gas and solve for 
pressure at the higher temperature: 



PV 

1 2 V 2 



and 



T 



because V\ = V2 



(1) 



Substitute numerical values to 
obtain: 



323 K 

P 2 = (200 kPa + 1 0 1 kPa ) 

2 293K v / 

= 332kPa 
and 

P 2 , gauge = 332kPa-101kPa 



= 231kPa 



(b) Solve equation (1) for P 2 with 
V% = 1.1 V\ and evaluate P 2 : 



V 2 ± \ 



323 K 
~1. 1(293 K) 
= 302kPa 



(200kPa + 101kPa) 



and 

/> 2 , gauge =302kPa-101kPa 



201kPa 



51 » 

Picture the Problem Let p N and p 0 be the number densities (i.e., the number of 

particles per unit volume) of N2 and O2, respectively. We can express the density of air in 

terms of the densities of nitrogen and oxygen and their number densities 

as /? air = m N p N + m Q ^p Q ^. By applying the ideal-gas law, we can find the number 

density of air and, using the given composition of air, calculate the number densities of 
nitrogen and oxygen. Finally, we can find the masses of nitrogen and oxygen molecules 
from their atomic masses. Knowing p N , p 0 , m N , and m 0 , we can calculate p^. 

Express the density of air in terms of p ^ = m^p^ + m 0i p Qi (1) 

the densities of nitrogen and oxygen: 



Using the ideal-gas law, relate the 
number density of air N/Vto its 
temperature and pressure: 



PV = NkT and 



N_ 
V 



P_ 
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Substitute numerical values and 
evaluate the number density of air: 



Because air is approximately 74% 
N 2 and 26% 0 2 : 



Calculate the masses of N 2 and 0 2 
molecules: 



Substitute in equation (1) and 
evaluate p dir : 



7V_ 1.01xl0 5 N/m 2 
y~ (1.381 x1(T 23 J/k)(297K) 

= 2.46xl0 25 m 3 



: 0.74— = 0.74(2.46 x 10 25 rrT 3 ) 
V V ' 



25 _-3 



= 1.82xlO Z3 m 



and 



N _ 

6.40 xlO 24 rrT 3 



p 0i = 0.26^ = 0.26(2.46 xlO 25 rrT 3 ) 



w M = 



and 



m, 



(28 u)(l. 660x10 27 kg/u) 
4.65xl0~ 26 kg 

(32u)(l.660xl0" 27 kg/u) 
= 5.31xl0" 26 kg 

p dk = (4.65 x 10~ 26 kg)(l.82x 10 25 m" 3 ) 
+ (5.3 lx 10~ 26 kg)(6.40x 10 24 m" 3 ) 



1.19kg/m 3 



52 

Picture the Problem Let the subscript 1 refer to the conditions at the bottom of the lake 
and the subscript 2 to the surface of the lake and apply the ideal-gas law for a fixed 
amount of gas. 



Apply the ideal-gas law for a fixed 
amount of gas: 

Solve for the volume of the bubble 
just before it breaks the surface: 

Find the pressure at the bottom of 
the lake: 



PV PV 
T T 



= 101.3kPa 

+ (l0 3 kg/m 3 )(9.81m/s 2 )(40m) 
= 493.7 kPa 
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Substitute numerical values and 
evaluate Vi\ 



F-(l5cm ^ 298K X 493 - 7kPa ) 
2 v / (278K)(l01.3kPa) 



= 78.4cm 3 



53 

Picture the Problem Assume that the volume of the balloon is not changing. Then the 
air inside and outside the balloon must be at the same pressure of about 1 atm. The 
contents of the balloon are the air molecules inside it. We can use Archimedes principle 
to express the buoyant force on the balloon and we can find the weight of the air 
molecules inside the balloon 



Express the net force on the balloon 
and its contents: 



C 7 D 

net air inside the balloon 



(1) 



Using Archimedes principle, 
express the buoyant force on the 
balloon: 



" ~ ^displaced fluid ~~ ^displaced fluid.? 

or 

B = AAalloong 

where p 0 is the density of the air outside 
the balloon. 



Express the weight of the air inside 
the balloon: 



w — oV q 

air inside the balloon r '\ balloono 

where p t is the density of the air inside the 
balloon. 



Substitute in equation (1) for B and 

Wair inside the balloon tO obtain: 



*net — Po ^balloon £ Pi ^balloon £ 

= {p 0 -p)v Moon g 



(2) 



Express the densities of the air 
molecules in terms of their number 
densities, molecular mass, and 
Avogadro's number: 

Using the ideal-gas law, relate the 
number density of air N/Vto its 
temperature and pressure: 



P 



M 



N 



PV = NkT and 



V ~ kT 



Substitute to obtain: 



M 



f T> \ 



N 



kT 



A J 



Substitute in equation (2) and 
simplify to obtain: 



F. 



MP 



N A k 



1 1 



> T 



K 



balloon 



g 
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Assuming that the average molecular weight of air is 29 g/mol, substitute numerical 
values and evaluate F net : 



(29g/mol)(l.01xlQ 5 N/m 2 ) 
net ~ (6.022 x 10 23 particles/mol)(l .38 1 x 10~ 23 J/k) 



1 



1 



297 K 348 K 



(l.5m 3 )(9.81m/s 2 ) 



2.56N 



54 ••• 

Picture the Problem We can find the number of moles of helium gas in the balloon by 
applying the ideal-gas law to relate n to the pressure, volume, and temperature of the 
helium and Archimedes principle to find the volume of the helium. In part (b), we can 
apply the result of Problem 13-95 to relate atmospheric pressure to altitude and use the 
ideal-gas law to determine the pressure of the gas when the balloon is fully inflated. In 
part (c), we'll find the net force acting on the balloon at the altitude at which it is fully 
inflated in order to decide whether it can rise to that altitude. 



(a) Apply the ideal-gas law to the 
helium in the balloon and solve 
for n: 



n = 



PV 
RT 



(1) 



Relate the net force on the balloon 
to its weight: 



F a 



■ w. 



skin 



-Wload-^He =30N 



Use Archimedes principle to 
express the buoyant force on the 
balloon in terms of the volume of 
the balloon: 
Substitute to obtain: 



"^B ^displaced air 



P*Vg - w ski„ - >Vd " Pb/S = 30 N 



Solve for the volume of the helium: 



V = 



30N + >v skin +>v load 

(Air -Afe)g 



Substitute numerical values and 
evaluate V: 



V = 



30N + 50N + 110N 
(l.293kg/m 3 -0.179kg/m 3 ) 
1 

X (9.81m/s 2 ) 
17.39m 3 
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Substitute numerical values in 
equation (1) and evaluate n: 



(latm)(l7.39m 3 ) 



1L 



l(T 3 m 3 



n = 



(8.206 x 1(T 2 L • atm/mol • K)(273K) 



776 mol 



(b) Using the result of Problem 13- 
95, express the variation in 
atmospheric pressure with altitude: 



P{h) = P a e hlha 
where ho = 7.93 km 



Solve for h: 



h = h 0 ln 



P(h)_ 



(2) 



Neglecting changes in temperature with elevation, apply the ideal-gas law to find the 
pressure at which the balloon's volume will be 32 m 3 : 



P = 



nRT _ (776mol)(8.206 x 1(T 2 L • atm/mol • k)(273K) 



32m 3 x 



1L 



= 0.543 atm 



10~ 3 m 3 



Substitute in equation (2) and 
evaluate h: 



h = (7.93km)ln 



latm 
0.543 atm 



4.84km 



(c) Express the condition that must be 
satisfied if the balloon is to reach its 
fully inflated altitude: 



(3) 



Express w ti 



%*= W load+Wski„+ W He 

= 1107V + 507V + w, 



He 



= 160N + w, 



He 



Express the weight of the helium: 



Substitute for w He and evaluate w tot : 



w tot =160N + p He Fg 

= 160N + (0.179kg/m 3 )(l7.38m 3 ) 

x(9.81m/s 2 ) 
= 190.5N 
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Determine the buoyant force on the 
balloon at h = 4.84 km: 



(4) 



Express the dependence of the 
density of the air on atmospheric 
pressure: 



Substitute and evaluate F B : 



P P 



air, h 



(5) 



0 A' air 



or 



Pair, h jy Pair 
0 



F B=—P a uVg 



= 0.543(l. 293 kg/m 3 )(32m 3 ) 

x(9.81m/s 2 ) 
= 219.9N 



Substitute in equation (3) and 
evaluate F net : 



F = 219.9N-190.5N = 29.4N > 0 



Because F net > 0, the balloon will rise higher than the altitude at which it is 
fully inflated. 



(d) The balloon will rise until the net force acting on it is zero. Because the buoyant 
force depends on the density of the air, the balloon will rise until the density of the air 
has decreased sufficiently for the buoyant force to just equal the total weight of the 
balloon. 



Substitute equation (5) in equation 
(2) to obtain: 

Using equation (4), find the density 
of the air such that F B = 190.5 N: 



h = h Q ln 



Pw 



air, h 



_F 190.5N 
Pw ' h ~Vg~ (32m 3 )(9.81m/s 2 ) 

= 0.6068 kg/m 3 



Substitute numerical values and 
evaluate h: 



h = (7.93km)ln 



1.293 kg/m 
0.6068 kg/m 3 



3 A 



= 6.00km 
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Kinetic Theory of Gases 

*55 • 

Picture the Problem We can express the rms speeds of argon and helium atoms by 
combining PV = nRT and v rms to obtain an expression for v rms in terms of 

P, V, and M. 



Express the rms speed of an atom as a 
function of the temperature: 

From the ideal-gas law we have: 



RT = 



3RT 
PV 



Substitute to obtain: 



\3PV_ 
nM 



(a) Substitute numerical values and evaluate v rms for an argon atom: 



/ x_ j3(l0atm)(l01.3kPa/atm)(l(T 3 m 3 ) _ 
s ^ (lmol)(40xl(T 3 kg/mol) " 



276 m/s 



(b) Substitute numerical values and evaluate v rms for a helium atom: 



/ x_ |3(l0atm)(l01.3kPa/atm)(l0" 3 m 3 ) 
(lmol)(4xl(T 3 kg/mol) 



872 m/s 



56 • 

Picture the Problem We can express the total translational kinetic energy of the oxygen 
gas by combining K = \ nRT and the ideal-gas law to obtain an expression for K in terms 

of the pressure and volume of the gas. 



Relate the total translational kinetic 
energy of translation to the 
temperature of the gas: 



K = \nRT 



Using the ideal-gas law, substitute 
for nRT to obtain: 

Substitute numerical values and 
evaluate K: 



K = \PV 



K = |(101. 3kPa)(l(T 3 m 3 ): 



152J 
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57 • 

Picture the Problem Because we're given the temperature of the hydrogen atom and 
know its molar mass, we can find its rms speed using v rms = -J3RT/M and its average 
kinetic energy fromi^ av = \kT . 



Relate the rms speed of a hydrogen 
atom to its temperature and molar 
mass: 



\3RT_ 
M 



Substitute numerical values and 
evaluate Vnn S : 



v = 



/ 3(8.314J/mol-K)(l0 7 K) 
l(T 3 kg/mol 



499km/s 



Express the average kinetic energy 
of the hydrogen atom as a function 
of its temperature: 

Substitute numerical values and 
evaluate K av : 



\kT 



K m =f(l.381xl(r 23 J/K)(l0 7 K) 



2.07x10 J 



*58 

Picture the Problem Because there are 6 squared terms in the expression for the total 
energy of an atom in this model, we can conclude that there are 6 degrees of freedom. 
Because the system is in equilibrium, we can conclude that there is energy of ^kT per 

molecule or \RT per mole associated with each degree of freedom. 



Express the average energy per atom 
in the solid in terms of its 
temperature and the number of 
degrees of freedom: 



atom 



= N{\kT) = 6{\kT) = 



3kT 



Relate the total energy of one mole 
to its temperature and the number of 
degrees of freedom: 



mole 



= N($RT)=6(±RT) = 



3RT 



59 



Picture the Problem We can combine X = 



1 



and PV = nRT to express the 



42n v 7t d 2 

mean free path for a molecule in an ideal gas in terms of the pressure and temperature. 
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Express the mean free path of a 
molecule in an ideal gas: 



A 



\2n v ?rd' 



where 



n 



= N/V = nN A /V 



Solve the ideal-gas law for the 
volume of the gas: 



V 



nRT 



Substitute in our expression for n v to 
obtain: 



nN A D P 

n = -P = 

nRT kT 



Substitute in the expression for the 
mean free path to obtain: 



A = 



kT 



60 

Picture the Problem We can find the collision time from the mean free path and the 
average (rms) speed of the helium molecules. We can use the result of Problem 43 to find 
the mean free path of the molecules and v rms to find the average speed of the 

molecules. 



Express the collision time in terms of 
the mean free path for and the average 
speed of a helium molecule: 



A 



T = ■ 



(1) 



Use the result of Problem 43 to 
express the mean free path of the 
gas: 

Substitute numerical values and 
evaluate A: 



A = 



A 



kT 



4lPnd 7 



(l.381xl(r 23 J/K)(300K) 
V2(7xlO n Pa)7r(lO- 10 m) 2 



= 1.332 xl0 9 m 



Express the average speed of the 
molecules: 



3RT 

' M 



Substitute numerical values and 
evaluate v rms : 



1 3(8.314 J/mol-K)(300K) 
~\ 4xlCT 3 kg/mol 

= 1.368 xlO 3 m/s 
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Substitute in equation (1) and 
evaluate v. 



1.332x10* m 
1.368xl0 3 m/s 



9.74xl0 5 s 



*61 

Picture the Problem We can use K = \kT and AU = mgh = Mgh/N A to express the 

ratio of the average kinetic energy of a molecule of the gas to the change in its 
gravitational potential energy if it falls from the top of the container to the bottom. 



Express the average kinetic energy 
of a molecule of the gas as a 
function of its temperature: 



K = \kT 



Letting h represent the height of the 
container, express the change in the 
potential energy of a molecule as it 
falls from the top of the container to 
the bottom: 



AU = mgh 



Mgh 

~n7 



Express the ratio of K to AU and 
simplify to obtain: 



K 



\kT _ 3N A kT 



AU Mgh 2Mgh 



Substitute numerical values and evaluate K/AU: 



K _ 3(6.022xl0 23 )(l.381xlQ- 23 J/k)(300K) 
AU 2(32xl0" 3 kg)(9.81m/s 2 )(0.15m) 



7.95 xlO 4 



The Distribution of Molecular Speeds 



62 » 

Picture the Problem Equation 17-37 gives the Maxwell-Boltzmann speed distribution. 
Setting its derivative with respect to v equal to zero will tell us where the function's 
extreme values lie. 

Differentiate Equation 17-37 with ^ j 

respect to v: ^ = ^ 



4 


f m > 


3/2 

v 2 e ~ mv "' ' 2kT 


4n 


K 2kTj 





m 



ylkTj 



.3 \ 



2v- 



mv 



kT 



2 /2kT 
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Set dfldv = 0 for extrema and solve 
for v: 



ZV = 0 : 

kT 



V = 



2kT 



m 



Examination of the graph of fly) makes it 
clear that this extreme value is, in fact, a 
maximum. See Figure 17-16 and note that 
it is concave downward at v = -^IkT/m. 



Remarks: An alternative to the examination of /(v) in order to conclude that 

v = yjlkT/m maximizes the Maxwell-Boltzmann speed distribution function is to 



show that d 2 f/dv 2 < 0 at v = yj2kT/m. 



*63 

Picture the Problem We can show that fly) is normalized by using the given integral to 
integrate it over all possible speeds. 



Express the integral of Equation 17-37: 



)f(v)dv = 



m 



\2kT, „ 



2 e-"' v2/2kT dv 



Let a = m/2kT to obtain: 



[ f(v)dv = —j=a^ 2 \ v 2 e 
o o 



dv 



Use the given integral to obtain: 



64 



-3/2 



0 



i.e., fly) is normalized. 



Picture the Problem In Problem 63 we showed that fly) is normalized. Hence we can 

CO 

evaluate v av using ^vf(y)dv . 



Express the average speed of the 
molecules in the gas: 



v a v=jV( v V v 



4 ( 



m 



\3/2c 



3 -mv 2 /ikT 



\2kT 



v e 



dv 
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Substitute a = m/2kT : 



*a 3/2 \v 3 e- av2 dv 
4n i 



Use the given integral to obtain: 



4 



f _-2^ 



v„„ = 



V 2y 



2 1 



7Z" Vfi! 



2 


2£r 




m 



■=65 



Picture the Problem Choose a coordinate system in which downward is the positive 
direction. We can use a constant-acceleration equation to relate the fall distance to the 
initial velocity of the molecule, the acceleration due to gravity, the fall time, and 
v rms = yfdJiT/m to find the initial velocity of the molecules. 



(a) Using a constant-acceleration 
equation, relate the fall distance to 
the initial velocity of a molecule, the 
acceleration due to gravity, and the 
fall time: 



y=v 0 t+±gt 



(1) 



Express the rms speed of the atom to 
its temperature and mass: 

Substitute numerical values and 
evaluate v rms : 



Letting v ims = v 0 , substitute in 
equation (1) to obtain: 

Solve this equation to obtain: 



3kT 



m 



l3(l.381xlCT 23 J/K)(l20nK) 
V ' ms " \ (85.47 u)(l. 660 xl(T 27 kg/u) 

= 5.92xl(T 3 m/s 
0.1m = (5.92 x 10~ 3 m/s) + {(9.81m/s 2 



t= 0.142s 



(b) If the atom is initially moving 
upward: 



v nn .=v 0 = -5.92xl0- s m/s 



Substitute in equation (1) to obtain: 



0.1m = (-5.92xl0~ 3 m/s)t 

+ ^(9.81m/s 2 y 
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Solve this equation to obtain: 



t= 0.143s 



General Problems 



66 



Picture the Problem We can use v = pRT/M to relate the temperature of the H 2 
molecule to its rms speed. 



Relate the rms speed of the molecule 
to its temperature: 



3RT 



Solve for the temperature: 



T = 



Mv 2 rm 

im 

3R 



Substitute numerical values and 
evaluate T: 



T _ (2x 1CT 3 kg/mol)(33 1 m/s) 2 
3(8.3 14 J/mol-K) 



8.79K 



67 » 

Picture the Problem We can use the ideal-gas law to find the initial temperature of the 
gas and the ideal-gas law for a fixed amount of gas to relate the volumes, pressures, and 
temperatures resulting from the given processes. 



(a) Apply the ideal-gas law to 
express the temperature of the gas: 

Substitute numerical values and 
evaluate T: 



T = 



PV 
nR 



T = 



_ (l01.3kPa)(l0xlCT 3 m 3 )_ 
(lmol)(8.3 14 J/mol-K) ~ 



122K 



(b) Use the ideal-gas law for a fixed 
amount of gas to relate the 
temperatures and volumes: 



P 2 V 2 



or, because P\ = P 2 , 



Solve for and evaluate T 2 : 



V 

T 2 = V -±T X 



2(122 K): 



244 K 



(c) Use the ideal-gas law for a fixed 
amount of gas to relate the 



m _ p 2 v 2 
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temperatures and pressures: 



or, because V\ = V%, 



P P 
T T 



Solve for T 2 : 



T 

2 1 



Substitute numerical values and 
evaluate P 2 : 



_ 350K , v 

R = (latm) = 

2 244K V ; 



1.43atm 



68 

Picture the Problem We can use the definition of pressure to express the net force on 
each wall of the box in terms of its area and the pressure differential between the inside 
and the outside of the box. We can apply the ideal-gas law for a fixed amount of gas to 
find the pressure inside the box. 



Using the definition of pressure, 
express the net force on each wall of 
the box: 



F = AAP 

= 4^, 



inside 



outside , 



Use the ideal-gas law for a fixed 
amount of gas to relate the initial 
and final pressures of the gas: 



PV 

r 2 v 2 



T T 

1 \ £ 2 

or, because V\ = V2, 



Solve for and evaluate Pi ns id e : 



T 

P =-±P 



= 135.1kPa 



400 K 
300 K 



(l01.3kPa) 



Substitute and evaluate F: 



F = (0.2m) 2 (l35.1kPa-101.3kPa) 



= 1.35kN 



*69 » 

Picture the Problem We can use the molar mass of water to find the number of moles in 
2 L of water. Because there are two hydrogen atoms in each molecule of water, there 
must be as many hydrogen molecules in the gas formed by electrolysis as there were 
molecules of water and, because there is one oxygen atom in each molecule of water, 
there must be half as many oxygen molecules in the gas formed by electrolysis as there 
were molecules of water. 
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Express the electrolysis of water 
into H 2 and O2: 



n(U 2 0)^n(U 2 ) + ^n(0 2 ) 



Express the number of moles in 2 L 
of water: 



n(H 2 Q): 



2000 g 
18g/mol 



lllmol 



Because there is one hydrogen atom 
for each water molecule: 

Because there are two oxygen atoms 
for each water molecule: 



n(H 2 ) : 



lllmol 



n(0 2 ) = ^(H 2 0) = ^(lllmol) 



= 55.5 mol 



70 

Picture the Problem The diagram shows 
the cylinder before removal of the 
membrane. We'll assume that the gases are 
at the same temperature. The approximate 
location of the center of mass (CM) is 
indicated. We can find the distance the 
cylinder moves by finding the location of 
the CM after the membrane is removed. 
Express the distance the cylinder 
will move in terms of the movement 
of the center of mass when the 
membrane is removed: 

Apply the ideal-gas law to both 
collections of molecules to obtain: 



CM 



Ax = x. 



cm,after 



- x 

cm.before 



and 

PoV 0 =n{0 2 )kT 



10 



Divide the first of these equations 
by the second to obtain: 



<N 2 ) 



Po 2 n(0 2 ) 
or, because P N = 2P 0 

2P o 2 _n(N 2 ) 



o, 



«(0 2 ) 



«(N 2 ) = 2n(0 2 ) 



Express the mass of 0 2 in terms of 
its molar mass and the number of 
moles of oxygen: 



m(0 2 ) = rc(0 2 )M(0 2 ) 
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Express the mass of N2 in terms of wi(N 2 ) = 2«(Oi)Af(N2). 

its molar mass and the number of 
moles of nitrogen: 

Using its definition, express the center of mass before the membrane is removed: 

n(N 2 )M(N 2 )x cm , N2 +n(0 2 )M(0 2 )x cm , 02 



«(n 2 )m(n 2 )+«(o 2 )m(o 2 ) 

i 

2n(Q 2 )M(N 2 )x cmN2 + n(Q 2 )M(0 2 h m , 02 
2n(0 2 )M(N 2 )+n(0 2 )M(0 2 ) 

2M(N 2 )x cm , N2 +M(Q 2 K m , 02 
2M(N 2 ) + M(0 2 ) 



Substitute numerical values and evaluate x C m,before: 

_ 2(l0cm)(28g)+(30cm)(32g) 



"cm, before 



2(28g) + 32g 



17.27 cm 



Locate the center of mass after the 
membrane is removed: 



1, after 



_ 2(20cm)(28g) + (20cm)(32g) 
2(28g) + 32g 

= 20.0 cm 



Substitute to obtain: 



Ax = 20.00cm -17.27 cm 



= 2.73cm 



Because momentum must be conserved during this process and the center of 
mass moved to the right, the cylinder moved 2.73 cm to the left. 



71 » 

Picture the Problem We can apply the ideal-gas law to the two processes to find the 
number of moles of hydrogen in terms of the number of moles of nitrogen in the gas. 
Using the definition of molar mass, we can relate the mass of each gas to the number of 
moles of each gas and their molar masses. 

Apply the ideal-gas law to the first P X V = [2n(N 2 ) + n(U 2 )]/?7] 

case: 



Apply the ideal-gas law to the 



3P X V = [2n(N 2 ) + 2n(U 2 )]2RT x 
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second case: 



Divide the second of these equations 
by the first and simplify to express 
«(H 2 ) in terms of ra(N 2 ): 

Relate the mn to n(N 2 ): 



n(H 2 )=2n(N 2 ) 



m N =n(N 2 )M{N 2 ) 
= n(N 2 )(28g/mol) 

and 



i(N a ) = 



11K 



28g/mol 



(1) 



Relate the m H to t?(H 2 ): 



m H =n{H 2 )M{li 2 ) 
= «(H 2 )(2g/mol) 

and 

n(H 2 ) = -™5- 
2g/mol 



Substitute in equation (1) and solve 
for m N : 



777, 



2m, 



2g/mol 28g/mol 



^m N = 



*72 « 

Picture the Problem Initially, we have 3PoV- rioRT 0 . Later, the pressures in the three 
vessels, each of volume V, are still equal, but the number of moles is not. The total 
number of moles, however, is constant and equal to the number of moles in the three 
vessels initially. Applying the ideal-gas law to each of the vessels will allow us to relate 
the number of moles in each to the final pressure and temperature. Equating this sum n 0 
will leave us with an equation in P and P Q that we can solve for F. 



Relate the number of moles of gas in 
the system in the three vessels 
initially to the number in each vessel 
when the pressure is P: 

Relate the final pressure in the first 
vessel to its temperature and solve 
for n\. 

Relate the final pressure in the 
second vessel to its temperature and 
solve for n 2 : 



n 0 =n l +n 2 + n 3 



pi= rM^ P>V 



„_n 2 R{3T 0 ) 



V 



1 2RT n 



P'V 



3RT n 
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Relate the final pressure in the third 
vessel to its temperature and solve 
for n 3 : 



p, = n i RT o 
V 



P'V 



Substitute to obtain: 



P'V P'V P'V 

■ + + ■ 



2RT 0 3RT 0 RT 0 



V 



1 1 , 

- + - + 1 

2 3 



P'V 11 



P'V 

K RT oJ 



Express the number of moles in the 
three vessels initially in terms of the 
initial pressure and total volume: 



P 0 W 



Equate the two expressions for « 0 
and solve for P' to obtain: 



P' = 



18 
11 



73 « 

Picture the Problem We can use the ideal-gas temperature scale to relate the temperature 
of the boiling substance to its pressure and the pressure at the triple point. If we assume a 
linear relationship between P/P 3 and P 3 , we can calibrate this equation using the data from 
any two (or all) of the temperature measurements and then extrapolate this equation to zero 
gas pressure to find the ideal-gas temperature of the boiling substance. 



Using the ideal-gas temperature 
scale, relate the temperature of the 
boiling substance to its pressure and 
the pressure at the triple point: 



7 = 273.16K 



p 



(1) 



Find the temperature of the first 
measurement: 



T, =273.16K 



' 734 torr A 
v 500 torr y 



= 273. 16 K(l .4680) 
= 401.00 K 



Find the temperature of the third 
measurement: 



71 =273.16K 



^146.65 torr A 



lOOtorr 
= 273.1 6 K(l .4655) 
= 400.59 K 
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Assume a linear relationship 
between P/P 3 and P3. 



Substitute using the data from the 
first measurement: 



Substitute using the data from the 
third measurement: 



a + bP\ 



where a is the pressure ratio for P 3 = 0. 



734torr 
500torr 
or 



= a + 6(500torr) 



1.4680 = a + 6(500 torr) 



146.65 torr 
100 torr 



= a + 6(l00torr) 



or 



1.4665 = a + b(\ 00 torr) 



Solve these equations 
simultaneously for a: 



a = 1.46613 



Substitute in equation (1) to obtain: 



r = 273.16K(l.46613) = 



400.49 K 



*74 ** 

Picture the Problem Because the O2 molecule resembles 2 spheres stuck together, which 
in cross section look something like two circles, we can estimate the radius of the 
molecule from the formula for the area of a circle. We can express the area, and hence the 
radius, of the circle in terms of the mean free path and the number density of the 
molecules and use the ideal-gas law to express the number density. 



Express the area of two circles of 
diameter d that touch each other: 



A = 2 



f nd^ 



Solve for d to obtain: 




(1) 



Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 

Solve for A to obtain: 



A 



A = 



1 



n v A 
1 



Substitute in equation (1) to obtain: 



ml 
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Use the ideal-gas law to relate the 
number density of the 0 2 molecules 
to their temperature and pressure: 

Substitute to obtain: 



PV = NkT or n 



d = 



N_ 
V 



P_ 
~kf 



\ 2kT 



Substitute numerical values and 
evaluate d: 



d = 



\ 2(i.381x1Q- 23 J/k)(300K)" 
V(l.01xl0 5 Pa)(7.1xl0 8 m) 



= 6.06x10 10 m= 0.606 nm 



75 

Picture the Problem We can use its definition to express the mean free path of the 
molecules and the ideal-gas law to obtain an expression for the number density of the 
hydrogen gas molecules. 



(a) Relate the mean free path of the 
molecules to their number density 
and cross-sectional area: 
Use the ideal-gas law to relate the 
number density of the H 2 molecules 
to their temperature and pressure: 

Express the effective cross-sectional 
area of a H 2 molecule: 

Substitute for n v and A to obtain: 



Substitute numerical values and 
evaluate A; 



A = 



1 



nA 



PV = NkT or n 



N_ 
V 



P_ 
~kf 



4kT 



X = 



Pnd 2 

4(i.381x1Q' 23 J/k)(300K) 
x(l .01 x 10 5 N/m 2 ) (l .6 x 10" 10 m) 2 



= 2.04xl0" 6 m 



(b) Relate the available volume per 
molecule to the number density n v : 



Substitute numerical values and 
evaluate VIN: 



V_ 

N 



kT_ 
P 



V _ (i.381x1Q' 23 J/k)(300K) 
N~ 1.01xl0 5 N/m 2 



= 4.10x10 



26 m 3 



Express the volume of a spherical 
molecule: 



V = \nr i =\nd i 
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Solve for d: 



Substitute numerical values and 
evaluate d: 



d = \ 




_ j6(4.10xlQ- 26 m 3 )_ 



d = l 



71 



4.28 nm 



The mean free path is larger by 
approximately a factor of 1000. 



76 ••• 

Picture the Problem Let A be the cross-sectional area of the cylinder. We can use the 
ideal-gas law to find the height of the piston under equilibrium conditions. In (b), we can 
apply Newton's 2 nd law and the ideal-gas law for a fixed amount of gas to the show that, 
for small displacements from its equilibrium position, the piston executes simple 
harmonic motion. 



(a) Express the pressure inside the 
cylinder: 

Apply the ideal-gas law to obtain a 
second expression for the pressure 
of the gas in the cylinder: 



P. =P + 

in atm 



Mg 



Pu. = 



A 

nRT nRT 



hA 



(1) 



Equate these two expressions: 



P.... + 



Mg _ nRT 

A ~ hA 



Solve for h to obtain: 



h = 



nRT _ (2.4m)^ atm 
AP &m +Mg AP^+Mg 
2.4m 



1 + 



Mg 
AP 



At STP, 0. 1 mol of gas occupies 
2.24 L. Therefore: 



(2.4rnM = 2.24xl0~ 3 m 3 
and 

,4 = 9.33xl(r 4 m 2 



Substitute numerical values and 
evaluate h: 



h = 



2.4m 

{ (l.4kgX9.81m/s 2 ) ~ 

(9.333x10 4 m 2 )(l01.3kPa) 



= 2.096 m 
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(b) Relate the frequency of vibration 
of the piston to its mass and a 
"stiffness" constant: 



/ = 



1 



(2) 



In \M 

where M is the mass of the piston and A: is a 
constant of proportionality. 



Letting y be the displacement from 
equilibrium, apply ^ F v = ma y to 

the piston in its equilibrium 
position: 



P m A-mg-P atm A=0 



For a small displacement y above 
equilibrium: 



P m 'A-mg-P dtm A = ma i 



or 



PJA-P,A = ma, 



(3) 



Using the ideal-gas law for a fixed 
amount of gas and constant 
temperature, relate P^toP in : 

Solve for PJ : 



P'V' = PV 

in in 



or 



P m '{V + Ay) = P m V 
V 



P' = P 

in in 



and 



V + Ay 



Ah ^ 1 

P„ A = P- A = P- A - 



in in 



Ah + Ay 



1 + 



y 



Substitute in equation (3) to obtain: 



1+ 



y 



- P.A = ma. 



or, for y « h, 



P.A 



l-^\-P in A*ma y 



(4) 



Simplify equation (4): 



■P^A-nma 
h 



Substitute in equation (1) to obtain: 



f nRT^ 
V Ah j 



y 

A — »ma, 



or 



r nRT\ 
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Solve for a v : 



nRT 

mh 2 



or 



a = y , the condition for SHM 

m 

k nRT 

where — = — 

m mh 



Substitute in equation (2) to obtain: 



/ = 



1 nRT 



2n v mh" 



Substitute numerical values and evaluate f. 



f 



1 )(0.1mol)(8.314J/mol-K)(300K) _ 



2n 



(l.4kg)(2.096m) 2 



1.01Hz 



*77 ... 



Picture 



v 

the Problem We can show that j" f{y)dv = l{x), where fly) is the Maxwell- 



Boltzmann distribution function, x = mV 2 /2kT , and I(x) is the integral whose values are 
tabulated in the problem statement. Then, we can use this table to find the value of x 
corresponding to the fraction of the gas molecules with speeds less than v by evaluating 
I(x). 



(a) The Maxwell-Boltzmann speed 
distribution/(x) is given by: 



f(v) 



4 ( m ^ 



Ik v 



2kT 



3/2 



2 -mv 2 /2kT 

v e 1 



which means that the fraction of particles 
with speeds between v and 
v + dv is f(y)dv. 



Express the fraction F( V) of 
particles with speeds less than 
F=400 m/s: 



F{v) = \f{v)dx 



m 



y[x~{2kT 



3/2 V 



2 -mv 2 /2kT 



dv 



Change integration variables by 

letting z = v^m/2kT so we can use 

the table of values to evaluate the 
integral. Then: 



2kT 



in 



dv 



2kT 



m 



dz 



1356 Chapter 17 



Substitute in the integrand of F(V) 
to obtain: 



2 -mv 2 /2kT t 2 2kT _ 

v e 1 dv = z e 

m 



2kT 

y m ) 



dz 



z e z dz 



V m J 



Transform the integration limits to 
correspond to the new integration 

variable z = v^jm/lkT : 



When v = 0, z = 0, 
and 



when v = V, z = V^m/lkT 
The new lower integration limit is 0. Evaluate z = Vy]m/2kT to find the upper limit: 

z = (400m/ S )J (32u)(l.661xl0-" kg ) 
y2(l.381xl0" 23 J/Kj(273K) 



Evaluate F(400 m/s) to obtain: 



400 m/s 



F(400m/s)= \f(v)dv= 

o < n 
= /(l.06) 



4 f m A 



3/2 400 m/s 

o 



1.06 



2 -mv 2 /2kTj 4 f 2 -z z r 

' rfv = -t= z e az 



where 



<x o 



e 2 dz 



Letting r represent the fraction of the 
molecules with speeds less than 400 
m/s, interpolate from the table to 
obtain: 



(b) Express the fraction r of the 
molecules with speeds between 
Vi = 190 m/s and V 2 = 565 m/s: 



Evaluate x\ and X2 to obtain: 



r -0.438 0.788-0.438 



1.06-1 
and 



1.5-1 



r= 48.0% 



r = F(F 2 )-F(F 1 ) = /(x 2 )-/(x 1 ) 
where 



Xj = V iy jm/2kT andx 2 = V 2 ^m/2kT 



x =(l90m/s) 1 (32u)(l.661xl0- 27 k gr_ 0 
1 V / y2(l.381xl0" 23 J/K)(273K) 



504 



and 



= (565m/ S )J (32u)(l.661xl0-" kg ) = 
V / y2(l.381xl0" 23 J/Kj(273K) 



Substitute to obtain: 



r = /(l.50)-/(0.504) (1) 



Temperature 



Using the table, evaluate 7(1.50): 
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/(l. 50) = 0.788 



Letting r represent the fraction of r- 0.081 0.132-0.081 

the molecules with speeds less than 0 504 — 0 5 ~~ 0 6 — 05 

190 m/s, interpolate from the table an( j 

to obtain: „ AO ~ 

r = 0.083 



Substitute in equation (1) to obtain: r = 0 788-0 083 = I 70.5% 
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Chapter 18 

Heat and the First Law of Thermodynamics 



Conceptual Problems 
l 

Picture the Problem We can use the relationship Q = mcAT to relate the temperature 
changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 



Express the change in temperature 
of body A in terms of its mass, 
specific heat, and the amount of heat 
supplied to it: 



at; 



Q 



Express the change in temperature 
of body B in terms of its mass, 
specific heat, and the amount of heat 
supplied to it: 



at; = 



Q 



m B c B 



Divide the second of these equations 
by the first to obtain: 

Substitute and simplify to obtain: 



AT B _ m A c A 



AT A m B c B 



AT B = (2m B )(2c B ) 
AT, m B c R 



or 



AT D 



4Ar A 



*2 • 

Picture the Problem We can use the relationship Q = mcAT to relate the temperature 

changes of bodies A and B to their masses, specific heats, and the amount of heat 
supplied to each. 

Relate the temperature change of ^j, _ Q 



block A to its specific heat and A M A c A 

mass: 



Relate the temperature change of ^ Q 

block B to its specific heat and B M B c B 

mass: 
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Equate the temperature changes to 



obtain: ^b c b M a c a 



Solve for ca- M b 

C A = C R 

M A 



and (b) is correct. 



3 

Picture the Problem We can use the relationship Q = mcAT to relate the amount of 
energy absorbed by the aluminum and copper bodies to their masses, specific heats, and 
temperature changes. 

Express the energy absorbed by the Q M = m M c M AT 
aluminum object: 

Express the energy absorbed by the Q Cu = m cu c c u ^ 
copper object: 

Divide the second of these equations Q Cu _ m cu c c u ^^ 

by the first to obtain: Q M m Al c M AT 

Because the object's masses are the Qg u _ c cu < j 

same and they experience the same Q M c Al 

change in temperature: or 



Qcu < Qai an(1 ( c ) ls correct 



4 

Determine the Concept Some examples of systems in which internal energy is 
converted into mechanical energy are: a steam turbine, an internal combustion engine, 
and a person performing mechanical work, e.g., climbing a hill. 

*5 

Determine the Concept Yes, if the heat absorbed by the system is equal to the work 
done by the system. 

6 

Determine the Concept According to the first law of thermodynamics, the change in the 
internal energy of the system is equal to the heat that enters the system plus the work 



done on the system, (b) is correct. 
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7 

Determine the Concept AE int = Q in + W on . For an ideal gas, AZs int is a function of T 

only. Because W on = 0 and Q m = 0 in a free expansion, AZ? int = 0 and J is constant. For a 
real gas, E mt depends on the density of the gas because the molecules exert weak 
attractive forces on each other. In a free expansion, these forces reduce the average 
kinetic energy of the molecules and, consequently, the temperature. 



8 

Determine the Concept Because the container is insulated, no energy is exchanged with 
the surroundings during the expansion of the gas. Neither is any work done on or by the 
gas during this process. Hence, the internal energy of the gas does not change and we can 
conclude that the equilibrium temperature will be the same as the initial temperature. 
Applying the ideal-gas law for a fixed amount of gas we see that the pressure at 
equilibrium must be half an atmosphere, (c) is correct. 



9 

Determine the Concept The temperature of the gas increases. The average kinetic 
energy increases with increasing volume due to the repulsive interaction between the 
ions. 

*10 

Determine the Concept The balloon that expands isothermally is larger when it reaches 
the surface. The balloon that expands adiabatically will be at a lower temperature than the 
one that expands isothermally. Because each balloon has the same number of gas 
molecules and are at the same pressure, the one with the higher temperature will be 
bigger. An analytical argument that leads to the same conclusion is shown below. 

Letting the subscript "a" denote the 
adiabatic process and the subscript 
"i" denote the isothermal process, 
express the equation of state for the 
adiabatic balloon: 



PV r = PV r V = v 



(p V /r 



Pi 



For the isothermal balloon: 



P 0 V 0 =PtV u ^V u =V 0 



r 0 



Pf 



v f y 



Divide the second of these equations 
by the first and simplify to obtain: 



V. 



f.i _ 



Pf 



v t . 



jo 

yPu 



-* A 
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Because Po/P { > 1 and y> 1: 



11 • 

Determine the Concept The work done along each of these paths equals the area under 
its curve. The area is greatest for the path A— >B— >C and least for the path A— >D— »C. 



(a) is correct. 



12 • 

Determine the Concept An adiabatic process is, by definition, one for which no heat 
enters or leaves the system, (b) is correct. 



13 • 

(a) False. The heat capacity of a body is the heat needed to raise the temperature of the 
body by one degree. 

(b) False. The amount of heat added to a system when it goes from one state to another is 
path dependent. 

(c) False. The work done on a system when it goes from one state to another is path 
dependent. 



(d) True. 



(e) True. 
(/) True. 
(g) True. 



*14 • 

Determine the Concept For a constant- volume process, no work is done on or by the 
gas. Applying the first law of thermodynamics, we obtain Q m = AE- mt . Because the 
temperature must change during such a process, we can conclude that 
AE mt * 0 and hence Q m * 0. (b) and (d) are correct. 



15 • 

Determine the Concept Because the temperature does not change during an isothermal 
process, the change in the internal energy of the gas is zero. Applying the first law of 



thermodynamics, we obtain Q in = -W on = W by the sys tem- Hence (d) is correct. 
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16 » 

Determine the Concept The melting point of propane at 1 atm pressure is 
83 K. Hence, at this low temperature and high pressure, C 3 H 8 is a solid. 

17 » 

Picture the Problem We can use the given dependence of the pressure on the volume 
and the ideal-gas law to show that if the volume decreases, so does the temperature. 

We're given that: P^V = constant 

Because the gas is an ideal gas: PV = (Py/V )yjv = constant Vv = nRT 

Solve for T: _ (constant)Vv 

nR 



Because T varies with the square root of V, if the volume decreases, 
the temperature decreases. 



*18 

Determine the Concept At room temperature, most solids have a roughly constant heat 
capacity per mole of 6 cal/mol-K (Dulong-Petit law). Because 1 mole of lead is more 
massive than 1 mole of copper, the heat capacity of lead should be lower than the heat 
capacity of copper. This is, in fact, the case. 

19 

Determine the Concept The heat capacity of a substance is proportional to the number 
of degrees of freedom per molecule associated with the molecule. Because there are 6 
degrees of freedom per molecule in a solid and only 3 per molecule (translational) for a 
monatomic liquid, you would expect the solid to have the higher heat capacity. 



Estimation and Approximation 

*20 

Picture the Problem The heat capacity of lead is c = 128 J/kg-K. We'll assume that all 
of the work done in lifting the bag through a vertical distance of 1 m goes into raising the 
temperature of the lead shot and use conservation of energy to relate the number of drops 
of the bag and the distance through which it is dropped to the heat capacity and change in 
temperature of the lead shot. 

(a) Use conservation of energy to Nmgh = mcAT 

relate the change in the potential where N is the number of times the bag of 

energy of the lead shot to the shot is dropped, 

change in its temperature: 
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Solve for AT to obtain: 



Substitute numerical values and 
evaluate AT: 



AT 



Nmgh Ngh 



mc 



AT = 



50(9.8 rm/s 2 )(lm) 
128J/kg-K 



3.83K 



(b) 



It is better to use a larger mass because the rate at which heat is lost by the 
lead shot is proportional to its surface area while the rate at which it gains 
heat is proportional to its mass. The amount of heat lost varies as the 
surface area of the shot divided by its mass (L 2 /L 3 = L 1 ); which decreases 
as the mass increases. 



21 

Picture the Problem Assume that the water is initially at 30°C and that the cup contains 
200 g of water. We can use the definition of power to express the required time to bring 
the water to a boil in terms of its mass, heat capacity, change in temperature, and the rate 
at which energy is supplied to the water by the microwave oven. 



Use the definition of power to relate 
the energy needed to warm the 
water to the elapsed time: 

Solve for At to obtain: 



AW mcAT 



At 



At 



mcAT 



At 



Substitute numerical values and evaluate At: 



At 



(0.2kg)(4.18kJ/kg-K)(373K-303K)_ 



600 W 

that seems to be consistent with experience. 
22 • 

Picture the Problem The adiabatic 
compression from an initial volume V\ 
to a final volume V 2 between the 
isotherms at temperatures T\ and T 2 is 
shown to the right. We'll assume a room 
temperature of 300 K and apply the 
equation for a quasi-static adiabatic 
process with / air = 1 .4 to solve for the 
ratio of the initial to the final volume of 
the air. 



97.5s = 



1.63min 



, an elapsed time 







\ \\ 




\ 1 \ v 




\ 1 V v 


^T, = 506 K 






X \ 
\ \ 


V. T, = 300 K 
1 ^~ 



V 2 V, 



Express TV 7 1 = constant in terms Ty* 1 = 

of the initial and final values of T 
and V: 
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Solve for V1/V2 to obtain: 



Substitute numerical values and 
evaluate V1/V2: 



1 _ 



1 _ 



( 506 K A 


1.4 1 




3.69 




300K 







23 

Picture the Problem We can use Q = mc p AT to express the specific heat of water 

during heating at constant pressure in terms of the required heat and the resulting change 
in temperature. Further, we can use the definition of the bulk modulus to express the 
work done by the water as it expands. Equating the work done by the water during its 
expansion and the heat gained during this process will allow us to solve for c p . 



Express the heat needed to raise the Q = mc AT 

temperature of a mass m of a 
substance whose specific heat at 
constant pressure is c p by AT: 

Solve for c p to obtain: Q 

Cp ~ mAT 



Use the definition of the bulk AP VAP 

modulus to express the work done ^ ~ jy ~ 

by the water as it expands: 

or 

W = VAP = BAY 



Assuming that the work done by the BAV 
water in expanding equals the heat c p ~~ 

gained during the process, substitute 
to obtain: 



Using the definition of the AV = (NAT 

coefficient of volume expansion, 
express AV (see Chapter 20, 
Section 1): 

Substitute to obtain: B/3VAT BfN 

p mAT m 
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Use the data given in the problem 
statement to find the average 
volume of 1 kg of water as it warms 
from 4°C to 100°C: 



V 



m 



lkg 



1.0000g/cm 3 + 0.9584g/cm 3 



1.02 xl(T 3 m 3 



Substitute numerical values and evaluate c p : 



(ixlO^/m'Xo^OVxlO^K'Xl^xlO^m 3 ) 

A & & L = 42.2 J/kg • K 

lkg 



Express the ratio of c p to c waSer : 



42.2J/kg-K 
4184J/kg-K 



= 1.01x10" 



or 



c p = 



(l.01%)< 



*24 « 

Picture the Problem We can apply the condition for the validity of the equipartition 
theorem, i.e., that the spacing of the energy levels be large compared to kT, to find the 
critical temperature T c : 



Express the failure condition for the 
equipartition theorem: 



kT «0.15eV 



Solve for T c : 



z = 



0.15eV 



Substitute numerical values and 
evaluate T c : 



0.15eVx 



z = 



1.602xlO" 19 J 
eV 



1.381xl0" 23 J/K 



1740K 



Heat Capacity; Specific Heat; Latent Heat 

*25 • 

Picture the Problem We can use the conversion factor 1 cal = 4. 1 84 J to convert 2500 
kcal into joules and the definition of power to find the average output if the consumed 
energy is dissipated over 24 h. 



(a) Convert 2500 kcal to joules: 



2500 kcal = 2500 kcal x 



4.184J 
cal 



= 10.5 MJ 
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(b) Use the definition of average 
power to obtain: 



AE 1.05 xlO 7 J 



At 24hx 36008 



121W 



Remarks: Note that this average power output is essentially that of a widely used 
light bulb. 



26 • 

Picture the Problem We can use the relationship Q = mcAT to calculate the amount of 
heat given off by the concrete as it cools from 25 to 20°C. 



Relate the heat given off by the 
concrete to its mass, specific heat, 
and change in temperature: 

Substitute numerical values and 
evaluate Q: 



Q = mcAT 



Q = (lO 5 kg)(lkJ/kg • K)(298 K - 293 K) 



= 500 MJ 



27 • 

Picture the Problem We can find the amount of heat that must be supplied by adding the 
heat required to warm the ice from -10°C to 0°C, the heat required to melt the ice, and 
the heat required to warm the water formed from the ice to 40°C. 



Express the total heat required: 



Q = Q +Q , t +Q 

zz* *--wann ice ^met ice 



melt ice ^warm water 



Substitute for each term to obtain: 



Q = mc lce AT ice +mL f + mc water A7 watl 

= OT ( C ice A7 ice + L f + C wa,ei- Ar water) 



Substitute numerical values and evaluate Q: 



Q = (0.06kg)[(0.49kcal/kg • K)(273K - 263 K)+ 79.7 kcal/kg 
+ (l kcal/kg • K)(3 13 K - 273 K)] 



7.48 kcal 



28 « 

Picture the Problem We can find the amount of heat that must be removed by adding the 
heat that must be removed to cool the steam from 150°C to 100°C, the heat that must be 
removed to condense the steam to water, the heat that must be removed to cool the water 
from 100°C to 0°C, and the heat that must be removed to freeze the water. 
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Express the total heat that must be 
removed: 



Q ^cool steam ^condense steam 
^cool water ^freeze water 



Substitute for each term to obtain: 



2= mC stea m Ar s ,eam+ mL v 

+ m c water Ar water +mZ f 

= m kteam A:r steam + L v + C water Abater + 4 ) 



Substitute numerical values and evaluate Q: 

2 = (0.1kg)[(2.01kJ/kg-K)(423K-373K)+2.26MJ/kg 

+ (4.18 kJ/kg • K)(373 K - 273 K) + 333 .5 kJ/kg] 

lkcal 



= 311.2kJx- 



4.184kJ 



74.4 kcal 



29 » 

Picture the Problem We can find the amount of nitrogen vaporized by equating the heat 
gained by the liquid nitrogen and the heat lost by the piece of aluminum. 

Express the heat gained by the <2n = m N^vN 
liquid nitrogen as it cools the piece 
of aluminum: 

Express the heat lost by the piece of Q M = m M c M AT M 
aluminum as it cools: 

Equate these two expressions and m n L yN = m M c M AT M 

solve for m N : an( j 

m _ m M C Al AT M 



Substitute numerical values and evaluate m N : 

(0.05kg)(0.90J/kg-K)(293K-77K) . 1A _ 5l i— — 

m N =± ^ J - ^ = 4.88x10 kg = 48.8mg 

N 199kJ/kg 1 
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30 

Picture the Problem Because the heat lost by the lead as it cools is gained by the block 
of ice (we're assuming no heat is lost to the surroundings), we can apply the conservation 
of energy to determine how much ice melts. 

Apply the conservation of energy to 

AQ = 0 

this process: or 

" m Pb ( L f,Pb + C Pb A7 Pb )+ m w L f,w = 0 



Solve for m w : m \ L + c AT 

Pb f,Pb Pb Pb 

m = 

w L 



Substitute numerical values and evaluate m w : 

_ (0.5kg)(24.7 kJ/kg + (p. 128kJ/kg • K)(600K - 273K)) 

333.5 kJ/kg 



*31 » 

Picture the Problem The temperature of the bullet immediately after coming to rest in 
the block is the sum of its pre-collision temperature and the change in its temperature as a 
result of being brought to a stop in the block. We can equate the heat gained by the bullet 
and half its pre-collision kinetic energy to find the change in its temperature. 



Express the temperature of the T — T i + AT 

bullet immediately after coming to = 293 K + AT 

rest in terms of its initial 
temperature and the change in its 
temperature as a result of being 
stopped in the block: 



Relate the heat absorbed by the Q = \ K 
bullet as it comes to rest to its 
kinetic energy before the collision: 

Substitute for Q and K to obtain: m ph c ph AT = \ m Pb v 2 



Solve for AT: 
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Substitute to obtain: 



Substitute numerical values and 
evaluate T: 



T = 293K + 



Ac 



Pb 



T = 293K + 



(420 m/s) 2 



4(0.1 28 kJ/kg-K) 



= 638K= 365°C 



32 

Picture the Problem We can find the heat available to warm the brake drums from the 
initial kinetic energy of the car and the mass of steel contained in the brake drums from Q 

— m steelCsteelAT. 

Express m steel in terms of Q: Q 

m steel — . rj. 

Find the heat available to warm the Q = K = \ tn cm v 2 

brake drums from the initial kinetic 
energy of the car: 

Substitute for Q to obtain: \m v 2 

'"steel A rr 



Substitute numerical values and 
evaluate m stee i: 



(1400kg) 



h 3600s 



m steel — / 



. , , , kcal 4.186kJ 

0.11 x 

kg • K kcal 



(120 K) 



6.26 kg 



Calorimetry 

33 • 

Picture the Problem Let the system consist of the piece of lead, calorimeter, and water. 
During this process the water will gain energy at the expense of the piece of lead. We can 
set the heat out of the lead equal to the heat into the water and solve for the final 
temperature of the lead and water. 



Apply conservation of energy to the A<2 — 0 or Q m — Q { 

system to obtain: 
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Express the heat lost by the lead in 
terms of its specific heat and 
temperature change: 



2out = ^PbC Pb Ar pb 



Express the heat absorbed by the 
water in terms of its specific heat 
and temperature change: 



2m = m wC w AT w 



Substitute to obtain: 



m w c w AT w = m ph c Ph AT pb 



Substitute numerical values: 



(0.5kg)(4.18kJ/kg ■ K,)(t t - 293 K) = (0.2kg)(0.128kJ/kg • K)(363K-f f ) 



Solve for tf to obtain: 



t t = 293.8 K = 



20.8°C 



*34 • 

Picture the Problem During this process the water and the container will gain energy at 
the expense of the piece of metal. We can set the heat out of the metal equal to the heat 
into the water and the container and solve for the specific heat of the metal. 



Apply conservation of energy to the 
system to obtain: 



A£ = 0or Q 



gained ^-lost 



Express the heat lost by the metal in 
terms of its specific heat and 
temperature change: 



Glost ~ m metal C metalAT met . : ! 



Express the heat gained by the water 
and the container in terms of their 
specific heats and temperature 
change: 



2gained °V C w ^container C metal 



Substitute to obtain: 



m«,c„AT„, +m container c metal Ar w = m metal c metal Ar raetal 



WW w 



Substitute numerical values: 



(0.5 kg)(4. 18 kJ/kg ■ K)(294.4 K - 293 K) + (0.2 kg)(294.4 K - 293 K)c 

= (0. lkg) (373 K- 294.4 K)c 



metal 



' metal 
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Solve for c meta i: 



0.386kJ/kg-K 



35 

Picture the Problem We can use Q = mcAT to express the mass m of water that can be 

heated through a temperature interval AT by an amount of heat energy Q. We can then 
find the amount of heat energy expended by Armstrong from the definition of power. 



Express the amount of heat energy 
Q required to raise the temperature 
of a mass m of water by AT: 



Q = mcAT 



Solve for m to obtain: 



m ■ 



Q 

cAT 



Use the definition of power to relate 
the heat energy expended by 
Armstrong to the rate at which he 
expended the energy: 



/> = — => Q = PAt 
At 



Substitute to obtain: 



m = 



PAt 
cAT 



Substitute numerical values and 
evaluate m: 



m 



(400J/s)(3600s/h)(5h/d)(20d) 
(4. 184kJ/kg • K)(373 K - 297 K) 



453 kg 



36 » 

Picture the Problem During this process the ice and the water formed from the melted 
ice will gain energy at the expense of the glass tumbler and the water in it. We can set the 
heat out of the tumbler and the water that is initially at 24°C equal to the heat into the ice 
and ice water and solve for the final temperature of the drink. 

Apply conservation of energy to the AQ = 0 or <2 gained = <2 lost 

system to obtain: 



Express the heat lost by the tumbler g lost = m glass c glass Ar + ra water c water AT 

and the water in it in terms of their 
specific heats and common 
temperature change: 



Express the heat gained by the ice Chained - m ice c ice^^ice + m ice^i 

and the melted ice in terms of their + m c at 

ice water water ice water 

specific heats and temperature 
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changes: 



Substitute to obtain: 



W ice C ice^^ice + m ice^f + m icewater C water^^icewater ~~ W glass C glass + m watei C water^-^ 



Substitute numerical values: 

(0.03kg)(0.49kcal/kg • K)(273K - 270K)+ (0.03kg)(79.7kcal/kg) 

+ (0.03kg)(lkcal/kg • K> f = (0.025kg)(0.2kcal/kg ■ K)(297 K-f f ) 
+ (0.2kg)(lkcal/kg • K)(297 K-t { ) 



Solve for t t : 



t t = 283.6 K 



10.6°C 



37 

Picture the Problem Because we can not tell, without performing a couple of 
calculations, whether there is enough heat available in the 500 g of water to melt all of 
the ice, we'll need to resolve this question first. 



(a) Determine the heat required to 
melt 200 g of ice: 



^melt ice ^ice 



= (0.2kg)(79.7kcal/kg) 
= 15.94kcal 



Determine the heat available from 
500 g of water: 



O = m c AT 

water water water water 

= (0.5kg)(lkcal/kg-K) 

x(293K-273K) 
= lOkcal 



Because <2 water < C2meltice : 



The final temperature is 0°C. 



(b) Equate the energy available 
from the water <2 W at er to m ice L f and 
solve for m ice : 



m. 



<2« 



Substitute numerical values and 
evaluate m ice : 



lOkcal 



79.7kcal/kg 



125g 
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Picture the Problem Because the bucket contains a mixture of ice and water initially, we 
know that its temperature must be 0°C. We can equate the heat gained by the mixture of 
ice and water and the heat lost by the block of copper and solve for the amount of ice 
initially in the bucket. 



Apply conservation of energy to the 
system to obtain: 



A£ = 0or£ gained =£ lost 



Express the heat lost by the block of 
copper: 



Glost = m CuCcu A7 l 



Cu 



Express the heat gained by the ice 
and the melted ice: 



— 11? / _J_ wi (' \T. 

sained ice f ice water water ic 



Substitute to obtain: 



i l l T -X- ill r A jT 

ice f ice water water ice water 

- m CuC C u A:r Cu =0 



Solve for m ice : 



^Cu^Cu^^Cu m icewater C water A ^ice water 



Substitute numerical values and evaluate ww 

(3.5 kg) (0.0923 kcal/kg • K)(353 K - 281 K) 



m. = 

ice 



79.7 kcal/kg 
(l .2 kg)(l kcal/kg • K)(28 1 K - 273 K) 
79.7 kcal/kg 



nig 
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Picture the Problem During this process the ice and the water formed from the melted 
ice will gain energy at the expense of the condensing steam and the water from the 
condensed steam. We can equate these quantities and solve for the final temperature of 
the system. 



(a) Apply conservation of energy to 
the system to obtain: 



AG = 0 or e gamed = e lost 



Express the heat required to melt the 
ice and raise the temperature of the 



Ill 7 -J- /T7 Q her 

gained ice f ice water water w 
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ice water: 



Express the heat available from 20 g 
of steam and the cooling water 
formed from the condensed steam: 



2lost OT steam^v ~*~ ^steam C water^^water 



Substitute to obtain: 



m ice^f ^icewater^water^^water ^steam^v OT steam C water ^^w 



Substitute numerical values: 



(0.15kg)(79.7kcal/kg)+(0.15kg)(lkcal/kg-K)(? f -273K) 

= (0.02 kg)(540kcal/kg)+ (0.02 kg)(lkcal/kg ■ K)(373K - t t ) 



Solve for tf. 



t f = 277. 94 K 



4.94°C 



(b) Because the final temperture is greater than 0°C, no ice is left. 
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Picture the Problem During this process the ice will gain heat and the water will lose 
heat. We can do a preliminary calculation to determine whether there is enough heat 
available to melt all of the ice and, if there is, equate the heat the heat lost by the water to 
the heat gained by the ice and resulting ice water as the system achieves thermal 
equilibrium. 



Apply conservation of energy to the 
system to obtain: 



A£ = 0or£ gamed =£ lost 



Find the heat available to melt the ice: 



O =m c AT 

^•avail water water water 

= (lkg)(lkcal/kg-K) 
x(303K-273K) 
= 30kcal 



Find the heat required to melt all of 
the ice: 



^melt ice ^ice 



= (0.05kg)(79.7kcal/kg) 
= 3.985 kcal 



Because Q. dvail > Q me i tice , we know g lost - w water c water Ar water 
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that the final temperature will be 
greater than 273 K and we can 
express <2 lost in terms of the change 
in temperature of the water: 

Express 2 gain ed: 



— it; 7 -4- til q AT 

gained ice f ice water water ice wat 



Equate the heat gained and the heat 
lost to obtain: 



m ice^S ^icewater^water^^ice water " J water < -\vater'^^water 



Substitute numerical values to obtain: 



(0.05kg)(79.7kcal/kg)+ (0.05kg)(lkcal/kg • K)(r f - 273K) 

= (l kg)(l kcal/kg • K)(303 K -T f ) 



Solving for T f yields: 



T f =297.8K 



24.8°C 



Find the heat required to melt 500 g of ice: Gmeitice ~~ m ke^f 



= (0.5 kg)(79.7 kcal/kg) 
= 39.85kcal 



Because the heat required to melt 500 g of ice is greater than the heat available, 
the final temperature will be 0°C. 



*41 ** 

Picture the Problem Assume that the calorimeter is in thermal equilibrium with the 
water it contains. During this process the ice will gain heat in warming to 0°C and 
melting, as will the water formed from the melted ice. The water in the calorimeter and 
the calorimeter will lose heat. We can do a preliminary calculation to determine whether 
there is enough heat available to melt all of the ice and, if there is, equate the heat the 
heat lost by the water to the heat gained by the ice and resulting ice water as the system 
achieves thermal equilibrium. 

Find the heat available to melt the ice: 



2avail m water C water^^water ~*~ W cal C cal^^water 

= [(0.5kg)(4.18kJ/kg • K)+ (0.2kg)(0.9kJ/kg • K)](293K - 273 K) 
= 45.40kJ 
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Find the heat required to melt all of the ice: 

2meltice = m ice C ice^^ice + m ice^f 

= (0.1kg)(2kJ/kg • K)(273K - 253 K)+ (0.1kg)(333.5kJ/kg) 
= 37.35kJ 

(a) Because Q maii > Q meitlce , we AQ = 0 or g gained = Q lost 

know that the final temperature will 
be greater than 0°C. Apply the 
conservation of energy to the system 
to obtain: 



Express Q lost in terms of the final g lost = (m water c water + m cal c 

ca] 

temperature of the system: 

Express g gained in terms of the final 2 gained = m ice c ice AT ice + m ice L f 

temperature of the system: 

Substitute to obtain: 

^ice^ice^-^ice ~*~ m ice W icewater C water^^ice water — (^water C water W cal C cal )^^\ 



water+calorimeter 



water+calorimeter 



Substitute numerical values: 



37.35 kJ + (0.1kg)(4.18kJ/kg • K)(t f - 273 K) 

= [(0.5kg)(4. 18kJ/kg • K) + (0.2kg)(0.9kJ/kg • K)](293 K-t f ) 



Solving for t f yields: t { = 276 K = 



2.99°C 



(b) Find the heat required to raise 200 g of ice to 0°C: 

e warmi ee = V ict AT ice =(0.2kg)(2kJ/kg-K)(273K-253K) = 8.00kJ 

Noting that there are now 600 g of water in the calorimeter, find the heat available from 
cooling the calorimeter and water from 3°C to 0°C: 

2avail ~~ m water C water^^water m cal C cal^^water 

= [(0.6kg)(4.18kJ/kg • K) +(0.2kg)(0.9kJ/kg • K)](293K -273 K) 
= 8.064kJ 
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Express the amount of ice that will 
melt in terms of the difference 
between the heat available and the 
heat required to warm the ice: 



QavaU-G war 



Substitute numerical values and 
evaluate m me itedic e : 



772 



meltedice 



_ 8.064kJ-8kJ 

333.5 kJ/kg 
= 0.1919g 



Find the ice remaining in the system: 



m . . . = 200g-0.1919g 

remaining ice o o 



199.8g 



(c) 



Because the initial and final conditions are the same, the answer would be 
the same. 
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Picture the Problem Let the subscript B denote the block, wi the water initially in the 
calorimeter, and w 2 the 120 mL of water that is added to the calorimeter vessel. We can 
equate the heat gained by the calorimeter and its initial contents to the heat lost by the 
warm water and solve this equation for the specific heat of the block. 



Apply conservation of energy to the 
system to obtain: 



AQ = 0 or ft 



gained 



Express the heat gained by the 
block, the calorimeter, and the water 
initially in the calorimeter: 



(Lined = m B c B AT B +m Cu c Ca AT, 



Co 



+ m w, C w 1 Ar w 1 

= (m B c B +m Cu c Cu +m VJ c Wi )AT 

because the temperature changes are the 
same for the block, calorimeter, and the 
water that is initially at 20°C. 



Express the heat lost by the water 
that is added to the calorimeter: 



Giost = m w c w AT 



Substitute to obtain: 



(m B c B + m Cu c Cu + m c )AT = 



m c AT 

w, w, w 
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Substitute numerical values to obtain: 



[(0.1kg)c B + (0.025 kg)(0.386kJ/kg • K)+ (0.06kg)(4.18kJ/kg • K)](327 K - 293K) 
= (l 20 x 10~ 3 kg)(4. 1 8 kJ/kg • K)(353 K - 327 K) 



Solve for c B to obtain: c D 



1.23kJ/kg-K 



0.294cal/g-K 
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Picture the Problem We can find the temperature t by equating the heat gained by the 
warming water and calorimeter, and vaporization of some of the water. 

Apply conservation of energy to the AQ = 0 or <2 gained = Q lost 
system to obtain: 

Express the heat gained by the 2 gained = m w vaporized L f w + m w c w AT w 
warming and vaporizing water: +m c X AT 

Express the heat lost by the 100-g <2 lost = m Ca c Cu AT Cu 

piece of copper as it cools: 

Substitute to obtain: 

"K, vaporizeA, w + m w C w AT w + m c,f c A T « = ^Cu C Cu A7 Cu 

Substitute numerical values: 

(l.2g)(540cal/g ) + (200g)(lcal/g ■ K)(31 IK - 289 K) 
+ (l50g)(0.0923cal/g • K)(31 IK - 289K) = (l00g)(0.0923cal/g • K)(f - 31 IK) 



Solve for t to obtain: ^ = 891K= 618°C 
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Picture the Problem We can find the final temperature of the system by equating the 
heat gained by the calorimeter and the water in it to the heat lost by the cooling aluminum 
shot. In (b) we'll proceed as in (a) but with the initial and final temperatures adjusted to 
minimize heat transfer between the system and its surroundings. 
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Apply conservation of energy to the 
system to obtain: 

(a) Express the heat gained by the 
warming water and the calorimeter: 

Express the heat lost by the 
aluminum shot as it cools: 

Substitute to obtain: 

Substitute numerical values to obtain: 



AQ = 0 or 2 gamed = Q 



lost 



Ggained = m w c w AT w + m cal c A1 A7; 



w'-w^w 1 '"car-Al^- 1 - 1 w 



2los, = m shot C Al Ar Al 



Al )^^w 



[(500g)(lcal/g • K)+ (200g)(0.0923cal/g • K)](t f - 293 K) 

= (300g)(0.215cal/g • K)(373 K-* f ) 



Solve for tf to obtain: 



t f =301.9K = 



28.9°C 



(b) Let the initial and final 
temperatures of the calorimeter and 
its contents be: 



ti = 20°C - t 0 (1) 
and 

tf = 20°C + t 0 

where U and ff are the temperatures above 
and below room temperature and t 0 is the 
amount ti and tf must be below and above 
room temperature respectively. 



Express and the heat gained by the 
water and calorimeter: 



2m = m w^ w Ar w +m cal c A1 Ar w 
= (m w c w +m cal c A1 )AT W 



Express the heat lost by the aluminum 
shot as it cools: 

Equate Q in and Q out to obtain: 



Gout = ™ shot c M AT Al 



+ m cal C Al) Ar w = m shot C Al A7 Al 



Substitute numerical values: 



[(500g)(lcal/g • K)+ (200g)(0.215cal/g • K)](293K + t 0 - 293 K + t 0 ) 
= (300g)(0.215cal/g • K)(373 K - 293 K - 1 0 ) 



Solve for and evaluate t 0 : 



t 0 =277.49K = 4.49°C 
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Substitute in equation (1) to obtain: 



t, =20°C-4.49°C = 



15.5°C 



First Law of Thermodynamics 
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Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 



Apply the first law of 
thermodynamics to express the 
change in internal energy of the gas 
in terms of the heat added to the 
system and the work done on the 
gas: 



AE =0 +W 

int oi 



The work done by the gas equals the 
negative of the work done on the 
gas. Substitute numerical values and 
evaluate AZ? int : 



4 184J 

AE iot = 600 cal x - 300 J 

cal 



2.21kJ 
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Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 



Apply the first law of 
thermodynamics to express the 
change in internal energy of the gas 
in terms of the heat added to the 
system and the work done on the 
gas: 



The work done by the gas is the 
negative of the work done on the 
gas. Substitute numerical values and 
evaluate AZ? int : 



AE mt =Q m +W ol 



A£ ;nf =400kcalx 



4.184J 
cal 



800 kJ 



= 874 kJ 
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Picture the Problem We can use the first law of thermodynamics to relate the change in 
the bullet's internal energy to its pre-collision kinetic energy. 
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Using the first law of thermodynamics, 
relate the change in the internal energy 
of the bullet to the work done on it by 
the block of wood: 

Substitute for AZ? int , K f , and Ki to obtain: 



AE mt =Q in +W on 

or, because Q m = 0, 
*E int =W 0B =AK = -(K f -K i ) 

mc ?b {t { -t 1 ) = -(0-±mv 2 )=±mv 2 



2 

Solve for U: v 

t f= t i+ 

2c p b 



Substitute numerical values and 
evaluate t{. 



293 K + 



(200 m/s) 2 



2(0.1 28 kJ/kg-K) 



= 449K= 176°C 
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Picture the Problem What is described above is clearly a limiting case because, as the 
water falls, it will, for example, collide with rocks and experience air drag; resulting in 
some of its initial potential energy being converted into internal energy. In this limiting 
case we can use the first law of thermodynamics to relate the change in the gravitational 
potential energy (take U s = 0 at the bottom of the waterfalls) to the change in internal 
energy of the water and solve for the increase in temperature. 



(a) Using the first law of 
thermodynamics and noting that, 
because the gravitational force is 
conservative, W on = -At/, relate the 
change in the internal energy of the 
water to the work done on it by 
gravity: 



Substitute for AZ? int , Uf, and U\ to 
obtain: 



AE =0 +W 

int ^--m on 

or, because Q m = 0, 
AE int =W on =-AU=-{U i -U 1 ) 



mc w AT = -(0 - mgAh) = mgAh 



Solve for AT: 



AT 



gAh 



Substitute numerical values and 
evaluate AT: 



AT 



_ (9.81m/s 2 )(50m)_ 
4.18kJ/kg-K 



0.117K 
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1.74K 



53.7J 



(b) Proceed as in (a) with _ (9.81m/s 2 )(740m) 

Ah = 740 m: " 4.18kJ/kg-K 
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Picture the Problem We can apply the first law of thermodynamics to find the change in 
internal energy of the gas during this process. 

Apply the first law of AE int = Q in + W on 

thermodynamics to express the 

change in internal energy of the gas 

in terms of the heat added to the 

system and the work done on the 

gas: 

The work done by the gas is the ^ _ 2q ^ ^ 4. 1 84 J _ j _ 

negative of the work done on the "" cal 

gas. Substitute numerical values and 
evaluate AZs int : 

50 

Picture the Problem We can use the definition of kinetic energy to express the speed of 
the bullet upon impact in terms of its kinetic energy. The heat absorbed by the bullet is 
the sum of the heat required to warm to bullet from 202 K to its melting temperature of 
600 K and the heat required to melt it. We can use the first law of thermodynamics to 
relate the impact speed of the bullet to the change in its internal energy. 

Using the first law of AE iat = Q iD + W on 

thermodynamics, relate the change or; because Q in = 0, 

in the internal energy of the bullet to AE^ = W 0 = AK = —(K f — K t ) 
the work done on it by the target: 

Substitute for AE itlt , K f , and K\ to mc Pb AT pb + mL f pb = -(o - \ mv 2 ) = 

obtain: or 

m Cpb { T mp ~ T i)+ mL f,Pb =\mv 2 
Solve for v to obtain: v = p[c Ph {T MP -T.J + L f Pb ] 

Substitute numerical values and evaluate v: 



V2{(0. 128 kJ/kg • K)(600 K - 303 K) + 24.7 kJ/kg 



354 m/s 
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Picture the Problem We can find the rate at which heat is generated when you rub your 
hands together using the definition of power and the rubbing time to produce a 5°C 
increase in temperature from AQ = (dQ/dt)At and 

Q = mcAT. 



(a) Express the rate at which heat is 
generated as a function of the friction 
force and the average speed of your 
hands: 

Substitute numerical values and 
evaluate dQIdt: 

(b) Relate the heat required to raise 
the temperature of your hands 5 K to 
the rate at which it is being 
generated: 

Solve for At: 



Substitute numerical values and 
evaluate At: 



dQ 
dt 



= P = Av = fiF D v 



— = 0.5(35 N)(0.35m/s) = 
dt 



6.13W 



AQ = ^-At = mcAT 
dt 



At 



mcAT 
dQIdt 



At = 



(0.35kg)(4kJ/kg-K)(5K) 



= 1143sx 



6.13W 
lmin 



60s 



19.0min 



Work and the PV Diagram for a Gas 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process. 
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(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 



P, atm 



2+ -+- -*2 



1- 



V, L 



The work done by the gas equals the area under the shaded curve: 



W*=PAV=(3atm)(2L) = 



' 101.3kPa 
3atmx 



v 



atm J 



2Lx 



KT 3 m 3 ^ 



608 J 



(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 



Q =AE ,-W 

«^in nit on 

= (^int,2 ~~ ^int,l ) _ (~~ ^by gas ) 



by gas 
' by gas 



Substitute numerical values and 
evaluate Q m : 



Q m =(912J-456J)+608J 



1.06kJ 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isobaric expansion. We can then 
use the first law of thermodynamics to find the heat added to the system during this 
process 



(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 



P, atm 
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The work done by the gas equals the area under the curve: 



W hy _.=PAV=(2atm)(2L) = 



2atmx 



101.3kPa 
atm J 



2Lx 



10 3 m 3 ^ 
L 



405 J 



(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 



Q =AE ,-W 

i^-in int oi 



— (^int,2 ^int, 1 ) ( ^by gas ) 

= {E iaU2 -E inUl )+W t 



by gas 



Substitute numerical values and 
evaluate Q m : 



Q m =(912J-456J) + 405J 



861J 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. Because no work is done along the constant volume (vertical) part 
of the path, the work done by the gas is done during its isothermal expansion. We can 
then use the first law of thermodynamics to find the heat added to the system during this 
process. 



(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram. 



P, atm 




I V, L 



The work done by the gas equals the 
area under the curve: 



by gas 



"2 

= \PdV =nRT x J 



1L 



dV 
V 



3L 



= P,V \n3 



3L 
L 



Substitute numerical values and evaluate W\ 



by gas- 
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by ga 



f. 101.3kPa 
3atmx 

V atm j 



lLx 



10- 3 m 3 ^ 



In 3 



334J 



(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 



a =AE,-W 

lnt on 
= (^int,2 _ ^int.l ) _ (~~ ^bygas ) 
= (^int,2 _ ^int,l ) + ^by gas 



Substitute numerical values and 
evaluate Q in : 



Q in =(912J-456J)+334J = 



790 J 
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Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. We can then use the first law of thermodynamics to find the heat 
added to the system during this process. 



(a) The path from the initial state (1) 
to the final state (2) is shown on the 
PV diagram: 



The work done by the gas equals the 
area under the curve: 



P, atm 




W = A = 1 

by gas trapezoid 2 



= 5 atm • L x 



(3 atm + 2 atm) (2 L) 
101.3J 



atm-L 



507 J 



(b) The work done by the gas is the 
negative of the work done on the 
gas. Apply the first law of 
thermodynamics to the system to 
obtain: 



Q =AE, -W 

x^m ^^int on 

= (^int,2 ~ ^int,l) _ \ ^bygas) 



by gas 



Substitute numerical values and 
evaluate Q in : 



<2 in =(912J-456J)+507J = 



963 J 
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Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 

56 

Picture the Problem We can find the work done by the gas during this process from the 
area under the curve. 



The path from the initial state i to 
the final state /is shown on the PV 
diagram: 




The work done by the gas equals the 
area under the curve: 



W by = A id =!(lata + 3atm)(50L) 



= 100atm-Lx 



101.3J 
atm - L 



lO.lkJ 



Remarks: You could use the linearity of the path connecting the initial and final 
states and the coordinates of the endpoints to express P as a function of V. You 
could then integrate this function between 1 and 3 L to find the work done by the 
gas as it goes from its initial to its final state. 
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Picture the Problem We can find the work done by the gas from the area under the PV 
curve provided we can find the pressure and volume coordinates of the initial and final 
states. We can find these coordinates by using the ideal gas law and the condition 
T = AP 2 . 



Apply the ideal-gas law with 

n = 1 mol and T = AP 2 to obtain: 

Solve the condition on the 
temperature for the pressure of the 
gas: 



PV = RAP 2 => V = RAP (1) 
This result tells us that the volume varies 
linearly with the pressure. 
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Find the pressure when the 
temperature is 4T Q : 

Using equation (1), express the 
coordinates of the final state: 



P= l*?± = 2]'*SL = 2P n 



The PV diagram for the process is 
shown to the right: 



2P, 





V 




/ 1 \ 


\ 




/ v 






\ / 




\ / 




\ / 




\/ 




■ i\ 

'1 V 




1 N ~ 




1 




1 
1 


1 ' 0 




2V 0 



4T„ 



The work done by the gas equals the 
area under the curve: 



W bygas = Arapezoid = \ fa + 3 ^0 ~V 0 ) 



iPV 
2 r 0 v 0 
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Picture the Problem From the ideal gas law, PV-NkT, or V-NkT/P. Hence, on a VT 
diagram, isobars will be straight lines with slope IIP. 
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Picture the Problem The PV diagram 
shows the isothermal expansion of the ideal 
gas from its initial state 1 to its final state 2. 
We can use the ideal-gas law for a fixed 
amount of gas to find V 2 and then evaluate 
J PdV for an isothermal process to find the 

work done by the gas. In part (b) of the 
problem we can apply the first law of 
thermodynamics to find the heat added to 
the gas during the expansion. 

(a) Express the work done by a gas 
during an isothermal process: 



\ 

P, kPa \ 

\ 




Apply the ideal-gas law for a fixed 
amount of gas undergoing an 
isothermal process: 

Solve for and evaluate V2. 



V P 

P l V l =P 2 V 2 or f = ^ 

£ 200kPa (4L) = gL 
2 P 2 1 100kPa v ' 



Substitute numerical values and 
evaluate W: 



(b) Apply the first law of 
thermodynamics to the system to 
obtain: 



Because the work done by the gas is 
the negative of the work done on the 
gas: 



W bygas =(200kPa)(4L)J 



dV 



(800kPa-L)[lnV] 
(800kPa-L)ln 



'SO 



= 800kPaLx 



v 4L y 



10- 3 m 3 



555 J 



a =AE -W 

i-'in int on 

or, because AZ? int = 0 for an isothermal 
process, 

Gin = ~W on 



Q in =-(-w by J = w i 



by gas 
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Substitute numerical values and 
evaluate Q m : 



555J 



Heat Capacities of Gases and the Equipartition Theorem 

60 • 

Picture the Problem We can find the number of moles of the gas from its heat capacity 
at constant volume using C v =^nR . We can find the internal energy of the gas from 

E- m = C y T and the heat capacity at constant pressure using C p = C v + nR . 



(a) Express C v in terms of the C v =\nR 

number of moles in the monatomic 

gas: 



Solve for n: 



Substitute numerical values and 
evaluate n: 

(b) Relate the internal energy of the 
gas to its temperature: 



Substitute numerical values and 
evaluate E- m ,\ 



_2C V 



3R 



2(49.8J/K) 
~3(8.314J/mol-K)~ 



3.99 



F -CT 

^int W 



E. mt =(49.8J/K)(300K): 



14.9U 



(c) Relate the heat capacity at 
constant pressure to the heat 
capacity at constant volume: 



Substitute numerical values and 
evaluate C P : 



C p =C v +nR = \nR + nR=\nR 



C P =|(3.99)(8.314J/mol-K) 



= 82.9 J/K 
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Picture the Problem The Dulong-Petit law gives the molar specific heat of a solid, c' . 
The specific heat is defined as c - c'lM where M is the molar mass. Hence we can use 
this definition to find M and a periodic table to identify the element. 



(a) Apply the Dulong-Petit law: 



c ' = 3R or c = — 
M 



1392 Chapter 18 



Solve for M: 



M 



3R 



Substitute numerical values and 
evaluate M: 



M 



24.9J/mol-K 
0.447 kJ/kg-K 



55.7g/mol 



Consulting the periodic table of the 
elements we see that the element is 
most likely iron. 
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Picture the Problem The specific heats of air at constant volume and constant pressure 
are given by c\ = Cy/m and c P = Cp/m and the heat capacities at constant volume and 
constant pressure are given by C v = § nR andC p = \nR , respectively. 



(a) Express the specific heats per _ n . 

unit mass of air at constant volume m 
and constant pressure: and 

c P = ^ (2) 
m 

Express the heat capacities of a C v = f nR 

diatomic gas in terms of the gas an( j 
constant R, the number of moles n, C p = \ nR 

and the number of degrees of 
freedom: 



Express the mass of 1 mol of air: m = 0.74M N + Q.26M 0i 

Substitute in equation (1) to obtain: _ 5nR 

Cv ~ 2(0.74M N2 +0.26M o J 

Substitute numerical values and evaluate c v : 

5(lmol)(8.314J/mol-K) 
Cy ~ 2[o.74(28 x 10" 3 kg) + 0.26(32 x 10" 3 kg)] 



716J/kg-K 



Substitute in equation (2) to obtain: _ InR 

Cp ~ 2(0.74M Ni +0.26M o ) 
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Substitute numerical values and evaluate c?: 



7(lmol)(8.314J/mol-K) 
2[o.74(28 x 1(T 3 kg)+ 0.26(32 x 1(T 3 kg)] 



1002J/kg-K 



(b) Express the percent difference between the value from the Handbook of Chemistry 
and Physics and the calculated value: 



% difference = 



1.032J/g-K-1.002J/g-K 
1.032J/g-K 



2.91% 
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Picture the Problem We know that, during a constant-volume process, no work is done 
and that we can calculate the heat added during this expansion from the heat capacity at 
constant volume and the change in the absolute temperature. We can then use the first 
law of thermodynamics to find the change in the internal energy of the gas. In part (b), 
we can proceed similarly; using the heat capacity at constant pressure rather than 
constant volume. 



(a) The increase in the internal 
energy of the ideal diatomic gas is 
given by: 

Substitute numerical values and 
evaluate AZ? int : 

For a constant-volume process: 



AE m =\nRAT 



AE int = |(lmol)(8.315 J/mol- K)(300K) 



6.24kJ 



W 



From the 1 st law of thermodynamics 
we have: 



£,n=A£ mt -W on 



Substitute numerical values and 
evaluate Q in : 

(b) Because AZ? int depends only on 
the temperature difference: 

Relate the heat added to the gas to 
its heat capacity at constant pressure 
and the change in its temperature: 



Q ia =6.24kJ-0= 6.24 kJ 



AE, 



6.24kJ 



Q m = C P AT = [\nR + nR)AT = ^nRAT 
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Substitute numerical values and 
evaluate Q m : 



Q m =i(lmol)(8.314J/mol-K)(300K) 



8.73kJ 



Apply the first law of 
thermodynamics to find W: 



W 0 =A£ int -(2 in =8.73kJ-6.24kJ 



2.49 kJ 



(c) Integrate dW on = P dV to obtain: 



W on = \PdV = P{V f -Vj=nR(T t -r.) 



Substitute numerical values and 
evaluate W on : 



W on =(lmol)(8.314J/mol-K)(300K) 



2.49 kJ 
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Picture the Problem Because this is a constant- volume process, we can use 

Q = C V AT to express Q in terms of the temperature change and the ideal-gas law for a 

fixed amount of gas to find AT. 



Express the amount of heat Q that 
must be transferred to the gas if its 
pressure is to triple: 



Q = C V AT 
= ^nR{T f -T Q ) 



Using the ideal-gas law for a fixed 
amount of gas, relate the initial and 
final temperatures, pressures and 
volumes: 



p 0 v _ 3P { y 



T 



Solve for J f : 



T =37 



Substitute and simplify to obtain: 



Q = ±nR(2T Q ) = 5(nRT 0 )- 



5P Q V 
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Picture the Problem Let the subscripts i and f refer to the initial and final states of the 
gas, respectively. We can use the ideal-gas law for a fixed amount of gas to express V in 
terms of V and the change in temperature of the gas when 13,200 J of heat are transferred 
to it. We can find this change in temperature using Q = C P AT . 



Using the ideal-gas law for a fixed BV _ P t V 

amount of gas, relate the initial and T { T { 
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final temperatures, volumes, and 
pressures: 



Because the process is isobaric, we 
can solve for V to obtain: 



71 T+AT 

v = v^ = v^ = v 



' AT"" 

1 + 

T 



Relate the heat transferred to the gas 
to the change in its temperature: 



Q = C V AT = \nRAT 



Solve AT: 



AT = 



2Q_ 
InR 



Substitute to obtain: 



V' = V 



InRT 



One mol of gas at STP occupies 22.4 L. Substitute numerical values and evaluate V: 



V' = (22.4xl(T 3 m 3 ) 



1 + 



2(l3.2kj) 



7(lmol)(8.314J/mol-K)(273K) 



59.6L 
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Picture the Problem We can use the relationship between C P and Cy ( C p = C v + nR ) 

to find the number of moles of this particular gas. In parts (b) and (c) we can use the 
number of degrees of freedom associated with monatomic and diatomic gases, 
respectively, to find C P and Cy. 



(a) Express the heat capacity of the 
gas at constant pressure to its heat 
capacity at constant volume: 



C p = C v + nR 



Solve for n: 



C -C 
R 



Substitute numerical values and 
evaluate n: 



29.1J/K 



8.314J/mol-K 



3. 50 mol 



(b) Cy for a monatomic gas is given 
by: 



C v =\nR 
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Substitute numerical values and 
evaluate C v : 



C v =|(3.5mol)(8.314J/mol-K) 



= 43.6 J/K 



Express Cpfor a monatomic gas: 



C p = f nR 



Substitute numerical values and 
evaluate C P : 



C p =|(3.5 mol)(8.314J/mol-K) 



= 72.7 J/K 



(c) If the diatomic molecules rotate 
but do not vibrate they have 5 
degrees of freedom: 



C v = § nR = |(3.5mol)(8.314J/mol-K) 



72.7 J/K 



and 



C p =inR = |(3.5 mol)(8.3 14 J/mol-K) 



= 102 J/K 
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Picture the Problem We can find the change in the heat capacity at constant pressure as 
CO2 undergoes sublimation from the energy per molecule of CO2 in the solid and gaseous 
states. 



Express the change in the heat 
capacity (at constant pressure) per 
mole as the CO2 undergoes 
sublimation: 



AC P =C p , gas 



c 



P.solid 



Express C Pjgas in terms of the number 
of degrees of freedom per molecule: 



C P> gas=/(i^) = fM 



because each molecule has three 
translational and two rotational degrees of 
freedom in the gaseous state. 



We know, from the Dulong-Petit 
Law, that the molar specific heat of 
most solids is 37? = 3Nk. This result 
is essentially a per-atom result as it 
was obtained for a monatomic solid 
with six degrees of freedom. Use 
this result and the fact CO2 is 
triatomic to express Cp, so nd: 



C 



P.solid 



3Nk 
atom 



x 3 atoms = 9M: 



Substitute to obtain: 



AC P =|M 
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Picture the Problem We can find the initial internal energy of the gas from 

U i = j nRT and the final internal energy from the change in internal energy resulting 

from the addition of 500 J of heat. The work done during a constant-volume process is 
zero and the work done during the constant-pressure process can be found from the first 
law of thermodynamics. 

(a) Express the initial internal 
energy of the gas in terms of its 
temperature: 

Substitute numerical values and E inUi = f (lmol)(8.314J/mol- K)(273K) 

evaluate £ int ,i: I o 4ftl , T 



(b) Relate the final internal energy E inti = E inti + AE int = E iMi + C W AT 

of the gas to its initial internal 

energy: 

Express the change in temperature _ Q in 

of the gas resulting from the C p 
addition of heat: 



Substitute to obtain: 



E =E + — 0 

^int,f ^int.i ^ „ M\ 



Substitute numerical values and 
evaluate E int f. 



E m = 3.40 kJ + |^§(500 J) = | 3.70kJ 



(c) Relate the final internal energy 
of the gas to its initial internal 
energy: 

Apply the first law of 
thermodynamics to the constant- 
volume process: 



Substitute numerical values and 



evaluate E\ 



int.f- 



AE =0 +W 

int ^--m on 

or, because W on = 0, 
A£ int =£ m =500J 



£ mtf =3.40kJ + 500J 



3.90kJ 
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Picture the Problem We can use C Vwater = f(^Nk) to express CV.water and then count 
the number of degrees of freedom associated with a water molecule to determine/. 



Express Cv.water in terms of the 
number of degrees of freedom per 
molecule: 



where /is the number of degrees of 
freedom associated with a water molecule. 



There are three translational degrees of freedom and three rotational 
degrees of freedom. In addition, each of the hydrogen atoms can vibrate 
against the oxygen atom, resulting in an additional 4 degrees of freedom 
(2 per atom). 



Substitute for/ to obtain: 



C v>wator =10(iM) = 



5Nk 



Quasi-Static Adiabatic Expansion of a Gas 
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Picture the Problem The adiabatic 
expansion is shown in the PV diagram. We 
can use the ideal-gas law to find the initial 
volume of the gas and the equation for a 
quasi-static adiabatic process to find the 
final volume of the gas. A second 
application of the ideal-gas law, this time 
at the final state, will yield the final 
temperature of the gas. In part (c) we can 
use the first law of thermodynamics to find 
the work done by the gas during this 
process. 



Ratm 




(a) Apply the ideal-gas law to 
express the initial volume of the 
gas: 

Substitute numerical values and 
evaluate V,: 



V = 



V 



nRT, 
P. 



(lmol)(8.314I/mol-K)(273K) 



lOatmx 
2.24 xl(T 3 m 3 



101.3kPa 
atm 



2.24L 
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Use the relationship between the 
pressures and volumes for a quasi- 
static adiabatic process to express 
Vf. 



Substitute numerical values and 
evaluate Vf. 



r p \ l ' r 



= (2.24L) 



/ \ 3 / 5 
'lOatm^ 



2atm 



5.88L 



(b) Apply the ideal-gas law to 
express the final temperature of the 
gas: 

Substitute numerical values and 
evaluate Tf. 



T = 



nR 



T = 



(2atm)(5.88L) 



8.206x10 2 L-atm/mol-K 



143K 



(c) Apply the first law of 
thermodynamics to express the 
work done on the gas: 

Substitute numerical values and 
evaluate W on : 



or, because the process is adiabatic, 
W on =M mt =C v AT = ±nRAT 

W m =|(lmol)(8.314J/mol-K)(-130K) 
= -1.62kJ 



Because Wi 



by the gas 



= -w m 



by gas 



1.62 kJ 



71 • 

Picture the Problem We can use the temperature-volume equation for a quasi-static 
adiabatic process to express the final temperature of the gas in terms of its initial 
temperature and the ratio of its heat capacities^. Because C p = C v + nR , we can 

determine /for each of the given heat capacities at constant volume. 



Express the temperature-volume 
relationship for a quasi-static adiabatic 
process: 



T.yr- 1 = T t V f ' 



Solve for the final temperature: 



T = T 



( y V 



1400 Chapter 18 



(a) Evaluate /forC v = \nR 



C p _ fni? 
C v \nR 



Evaluate 7>: 



(b) Evaluate y forC v = \nR : 



T f =(293K)(2) ! 1 



465 K 



C p _ \nR 



fn/? 



Evaluate 7>: 



T f =(293K)(2) f 



387 K 
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Picture the Problem We can use the temperature-volume and pressure-volume equations 
for a quasi-static adiabatic process to express the final temperature and pressure of the 
gas in terms of its initial temperature and pressure and the ratio of its heat capacities. 



Express the temperature-volume 
relationship for a quasi-static 
adiabatic process: 



r ; y/-' = T t v t 



Solve for the final temperature: 



= 7^(4) 



7-1 



Using y = 5/3 for neon, evaluate T t : 



T { =(293K)(4) I_1 = 



738 K 



Express the relationship between the 
pressures and volumes for a quasi- 
static adiabatic process: 



pyr = py/ 



Solve for Pf. 



P f =P i 



Substitute numerical values and 
evaluate Pf. 



P f =(latm)(4) 



5/3 



10. latm 
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Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part (a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of thermodynamics will allow us to find the heat absorbed by 
the gas during this process. In part (b) we can use the relationship between the pressures 
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and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 
of thermodynamics, this time to find the work done by the gas. 



Use the ideal-gas law to express the 
initial volume of the gas: 



V = 



nRT^ 
P 



Substitute numerical values and 
evaluate Vf. 



V; 



_ (0.5mol)(8.314J/mol-K)(300K) 
400kPa 



= 3.12xl(T 3 m 3 =3.12L 



(a) Because the process is 
isothermal: 



T f = T { = 300 K 



Use the ideal-gas law for a fixed 
amount of gas to express Vf. 



or, because T = constant, 
P 

Vf=v> — 

P 

f 



Substitute numerical values and 
evaluate Vf. 

Express the work done by the gas 
during the isothermal expansion: 



V f =(3.12L) 



/ 400kFV 
v 160kPa y 



W bygas =nRTln 



7.80L 



Substitute numerical values and 
evaluate W bygas : 



by gas 



= (0.5mol)(8.314J/mol-K) 
x(300K)ln 



A 7.80L A 



3.12L 



= 1.14kJ 



Noting that the work done by the 
gas during the process equals the 
negative of the work done on the 
gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 



a n =AE int -W on =0-(-1.14kj) 



= 1.14kJ 



1402 Chapter 18 



(b) Using y- 5/3 and the 
relationship between the pressures 
and volumes for a quasi-static 
adiabatic process, express V{. 



Substitute numerical values and 
evaluate Vf. 



V t =(3.12L) 



^400kPa A 



v 160kPa y 



5.41L 



Apply the ideal-gas law to find the 
final temperature of the gas: 

Substitute numerical values and 
evaluate Tf. 



T = 



nR 



T 



(l60kPa)(5.41xlQ' 3 m 3 ) 
(0.5mol)(8.314J/mol-K) 



= 208 K 



For an adiabatic process: 



Gin 



Apply the first law of 
thermodynamics to express the work 
done on the gas during the adiabatic 
process: 

Substitute numerical values and 
evaluate W nn : 



W 



A£ int -a 



C w AT-0 = }nRAT 



= f(0.5mol)(8.314J/mol-K) 

x(208K-300K) 
= -574 J 



Because the work done by the gas 
equals the negative of the work done 
on the gas: 



W bygas =-(-574j) = 



574 J 
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Picture the Problem We can use the ideal-gas law to find the initial volume of the gas. 
In part (a) we can apply the ideal-gas law for a fixed amount of gas to find the final 
volume and the expression (Equation 19-16) for the work done in an isothermal process. 
Application of the first law of thermodynamics will allow us to find the heat absorbed by 
the gas during this process. In part (b) we can use the relationship between the pressures 
and volumes for a quasi-static adiabatic process to find the final volume of the gas. We 
can apply the ideal-gas law to find the final temperature and, as in (a), apply the first law 
of thermodynamics, this time to find the work done by the gas. 
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Use the ideal-gas law to express the 
initial volume of the gas: 



V, = 



nRT. 



Substitute numerical values and 
evaluate V\. 



V; 



_ (0.5mol)(8.314J/mol-K)(300K) 
400kPa 

= 3.12xl0~ 3 m 3 =3.12L 



(a) Because the process is isothermal: 



T f =T { = 300 K 



Use the ideal-gas law for a fixed 
amount of gas to express Vf. 



p& _ p f Vf 

or, because T = constant, 
P 

Vf =v l — 



Substitute numerical values and 
evaluate T { : 



V f =(3.12L) 



^400kPa A 



160kPa 



7.80L 



Express the work done by the gas 
during the isothermal expansion: 

Substitute numerical values and 
evaluate Wb ygas : 



W bygas =nRTln 



V t 



w bygas = (0.5mol)(8.314J/mol-K) 



x(300K)ln 



^ 7.801^ 
3.12L 



= 1.14kJ 



Noting that the work done by the gas 
during the isothermal expansion 
equals the negative of the work done 
on the gas, apply the first law of 
thermodynamics to find the heat 
absorbed by the gas: 



a„=A£ int -W on =0-(-1.14kj) 



= 1.14kJ 



(b) Using y-\A and the relationship 
between the pressures and volumes 
for a quasi-static adiabatic process, 
express Vf. 



pyr = pyi => v f = y. 



P 
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Substitute numerical values and evaluate 
Vf. 



V f =(3.12L) 



f x 1/1.4 

'400kPa A 



160kPa 



6.00L 



Apply the ideal-gas law to express 
the final temperature of the gas: 

Substitute numerical values and 
evaluate T f ; 



T = 



nR 



T = 



(l60kPa)(6x!0 3 m 3 ) 
(0.5mol)(8.314J/mol-K) 



= 231K 



For an adiabatic process: 



0 



Apply the first law of W on = A£ ir 

thermodynamics to express the work 
done on the gas during the adiabatic 
expansion: 

Substitute numerical values and W on 
evaluate W on : 



C V AT 



-0 



\nRAT 



(0.5mol)(8.314J/mol-K) 
x(231K-300K) 
-717J 



Noting that the work done by the 
gas during the adiabatic expansion is 
the negative of the work done on the 
gas, we have: 



Wv 



by gas 



"(-717J): 



717J 
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Picture the Problem We can eliminate the volumes from the equations relating the 
temperatures and volumes and the pressures and volumes for a quasi-static adiabatic 
process to obtain a relationship between the temperatures and pressures. We can find the 
initial volume of the gas using the ideal-gas law and the final volume using the pressure- 
volume relationship. In parts (d) and (c) we can find the change in the internal energy of 
the gas from the change in its temperature and use the first law of thermodynamics to 
find the work done by the gas during its expansion. 



(a) Express the relationship between 
temperatures and volumes for a 
quasi-static adiabatic process: 



ry/- 1 = T f V f 
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Express the relationship between 
pressures and volumes for a quasi- 
static adiabatic process: 



py.r = P f V f r 



(1) 



Eliminate the volume between these 
two equations to obtain: 



T f = 7] 



r V- 1 



Substitute numerical values and 
evaluate T { : 



T f =(500K) 



latm 

v 5atm y 



263 K 



(b) Solve equation (1) for Vf. 



V s =V l 



p 



Apply the ideal-gas law to express 
V: 



V: = 



nRT- 



Substitute numerical values and 
evaluate Vi. 



V = 



(0.5mol)(8.314J/mol-K)(500K) 



5atmx 



101.3kPa 
atm 



= 4.10L 



Substitute for Vi and evaluate Vf. 



V f =(4.10L) 



^5atm^ 
v latm y 



10.8L 



(d) Relate the change in the internal 
energy of the helium gas to the 
change in its temperature: 

Substitute numerical values and 
evaluate AE int : 



AE inl = C V AT = ±nRAT 



AE inl =|(0.5mol)(8.314J/mol-K) 
x(263K-500K) 



-1.48kJ 



(c) Use the first law of 
thermodynamics to express the work 
done on the gas: 



W on =AE int -Q m =AE ml -0 = AE m 



Substitute numerical values and 
evaluate W 0D : 



W =-1.48kJ 



1406 Chapter 18 



Because the work done by the gas 
equals the negative of W on : 



W bygas =-W on =-(-1.48kj) 



= 1.48kJ 
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Picture the Problem Consider the process to be accomplished in a single compression. 
The initial pressure is 1 atm = 101 kPa. The final pressure is (101 + 482) kPa = 583 kPa, 
and the final volume is 1 L. Because air is a mixture of diatomic gases, % ir = 1.4. We can 
find the initial volume of the air using Py 7 = P f Vf and use Equation 19-39 to find the 
work done by the air. 



Express the work done in an 
adiabatic process: 



W = 



r -i 



(i) 



Use the relationship between 
pressure and volume for a quasi- 
static adiabatic process to express 
the initial volume of the air: 



W = p t vf => y = y 



Substitute numerical values and 
evaluate V,: 



y ; =(iL) 



^583kPa A 
v 101kPa y 



3.50L 



Substitute numerical values in equation (1) and evaluate W: 



W 



_ (l01kPa)(3.5xlQ- 3 m 3 )-(583kPa)(lO' 3 m 3 ) 
1.4-1 

where the minus sign tells us that work is done on the gas. 



-574 J 
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Picture the Problem We can integrate PdV using the equation of state for an adiabatic 
process to obtain Equation 18-39. 



Express the work done by the gas 
during this adiabatic expansion: 



For an adiabatic process: 



PV r = constant = C 
and 

P = CV 7 



(1) 



Substitute and evaluate the integral 
to obtain: 



^ byg a S =c|y-w = T ^(y 2 1 --y 1 1 -) 
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From equation (1) we have: 



CVf = P 2 V 2 r and CVl 7 = Py? 



Substitute to obtain: 



PV r 

1 IM 



by gas 



i-r 

which is Equation 18-39. 



py/ 



PV r 

r 2 v 2 



r-i 



Cyclic Processes 

78 « 

Picture the Problem To construct the PV diagram we'll need to determine the volume 
occupied by the gas at the beginning and ending points for each process. Let these points 
be A, B, C, and D. We can apply the ideal-gas law to the starting point (A) to find V A - To 
find the volume at point B, we can use the relationship between pressure and volume for 
a quasi-static adiabatic process. We can use the ideal-gas law to find the volume at point 
C and, because they are equal, the volume at point D. We can apply the first law of 
thermodynamics to find the amount of heat added to or subtracted from the gas during 
the complete cycle. 



(a) Using the ideal-gas law, express 
the volume of the gas at the starting 
point A of the cycle: 

Substitute numerical values and 
evaluate V A - 



y = nRT A 



(l mol) (8.314 J/mol • K)(293 K) 



5atmx 



101.3kPa 
atm 



= 4.81L 



Use the relationship between 
pressure and volume for a quasi- 
static adiabatic process to express 
the volume of the gas at point B ; the 
end point of the adiabatic expansion: 



V B =K 



zA 

p 

K r B J 



Substitute numerical values and 
evaluate V B - 



V B =(4.81L) 



^5atm^ 
ylatm j 



= 15.2L 



Using the ideal-gas law for a fixed 
amount of gas, express the volume 
occupied by the gas at points C and 
D: 



1408 Chapter 18 



Substitute numerical values and 
evaluate Vc- 



V c = 



(lmol)(8.314J/mol-K)(293K) 



latmx 



101.3kPa 
atm 



= 24.0 L 



The complete cycle is shown in the 
diagram. 



P, atm 



A 


0 








$ 








i 

\--\-- 

1 1 




H 1 

1 

4- -1 


k — \ 1 — - 

\ 1 1 

XI J- 




1 

1 1 


1 — 1 — 1 — 1— 



10 



15 20 



25 



• V, L 



(b) Note that for the paths A— >B and B— »C, W by gas, the work done by the gas, is 
positive. For the path D— > A, Wb y gas is negative, and greater in magnitude than 
W A ->c- Therefore the total work done by the gas is negative. Find the area enclosed 
by the cycle by noting that each rectangle of dotted lines equals 5 atm-L and 
counting the rectangles: 



W b gas « -(l 3 rectangles)(5 atm • L/rectangle) = (- 65 atm • L) 



= -6.58kJ 



101.3J 
atm-L 



(c) The work done on the gas equals 
the negative of the work done by the 
gas. Apply the first law of 
thermodynamics to find the amount 
of heat added to or subtracted from 
the gas during the complete cycle: 



£i„=A£ mt -W on =0-(-6.58kj) 



6.58kJ 



because AE int = 0 for the complete cycle. 



(d) Express the work done during 
the complete cycle: 



w=w +w +W +W 

yy A— >B B— >C C— >D D— >A 



Because A— >B is an adiabatic process: 



p yr _pyr 

W - A V A B B 



r-i 



Substitute numerical values and 
evaluate W A ->b: 
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_ (5atm)(4.82L)-(latm)(l5.2L) 



W, 



A->B 



; (22.3 atm-L) 
2.25kJ 



1.4-1 
A 101.3J A 



atm-L 



B— >C is an isobaric process: 



W B ^ C = PAV 

(latm)(24.0L-15.2L) 

/ oon T /101.3J^ 
(8.80atm-L) 

0.891kJ 



atm-L 



C— »D is a constant-volume process: 



D— >A is an isobaric process: 



W, 



C->D 



w 



= 0 



PAV = (5atm)(5L-24L) 
^101.3J 



(-95.0 atm-L) 
-9.62 kJ 



atm-L 



Substitute to obtain: 



W = 2.25kJ + 0.891kJ + 0-9.62kJ 



-6.48kJ 



Note that our result in part (b) agrees with 
this more accurate value to within 2%. 



*79 ** 

Picture the Problem The total work done as the gas is taken through this cycle is the 
area bounded by the two processes. Because the process from 1— >2 is linear, we can use 
the formula for the area of a trapezoid to find the work done during this expansion. We 
can use Wj sothermalprocess = nRT\n(V { /Vj to find the work done on the gas during the 

process 2— >1. The total work is then the sum of these two terms. 



Express the net work done per cycle: 

Work is done by the gas during its 
expansion from 1 to 2 and hence is 
equal to the negative of the area of 
the trapezoid defined by this path 
and the vertical lines at Vi = 1 1.5 L 
and V 2 = 23 L. Use the formula for 
the area of a trapezoid to express 



(1) 



l->2 



-A, 



trap 



= -i(23L-11.5L)(2atm+latm) 
= -17.3L-atm 
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W 



l->2- 



Work is done on the gas during the 
isothermal compression from V2 to 
V\ and hence is equal to the area 
under the curve representing this 
process. Use the expression for the 
work done during an isothermal 
process to express W 2 ->\'- 



W 2 ^ =nRT\n 



Apply the ideal-gas law at point 1 to find the temperature along the isotherm 2— » 1 : 

r= PF (2a,m)(ll.5L) ^ 

nR (lmol)(8.206xl0 2 L-atm/mol-Kj 



Substitute numerical values and evaluate W- 



2->l- 



w = 



(lmol)(8.206 x 10 2 L • atm/mol • K)(280K)ln 



'll.50 



23 L 



15.9L-atm 



Substitute in equation (1) and 
evaluate W net : 



W =■ 

"net 



-17.3Latm + 15.9Latm 

101.325J 
-1.40L-atmx- 



Latm 



142J 



Remarks: The work done by the gas during each cycle is 142 J. 



80 

Picture the Problem We can apply the ideal-gas law to find the temperatures T\, T 2 , and 
T 3 . We can use the appropriate work and heat equations to calculate the heat added and 
the work done by the gas for the isothermal process (1— >2), the constant-volume process 
(2— >3), and the isobaric process (3— »1). 
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(a) The cycle is shown in the diagram: 




(c) Use the ideal-gas law to find T\ 



PV 
T = 11 

1 nR 



(2atm)(2L) 

(2mol)(8.206x 10 2 L • atm/mol- K) 



= 24.4 K 



Because the process 1— >2 is isothermal: T = 



Use the ideal-gas law to find T 3 : 



24.4 K 



Z = 



nR 



(2atm)(4L) 



(2mol)(8.206 x 10 2 L • atm/mol - k) 



= 48.7 K 



(b) Because the process 1— >2 is 
isothermal, Q ini i^ 2 = W byg a.s,i^2: 



Q, 



in ,^2=W hyg . dS ^ 2 =nRT\n 



Substitute numerical values and evaluate Qm.i^: 



2i„,i^2 = (2mol)(8.314J/mol-K)(24.4K)ln 



v 2L y 



281J 



Because process 2— >3 takes place at 
constant volume: 



W 2 ^ 3 = 



Because process 2— >3 takes place at 
constant volume, W on> 2^3 = 0, and: 

Substitute numerical values and evaluate Qi n ^3- 



Gin,2^3 =&E mt ^ 3 =C v AT = ±nR{T 3 -T 2 ) 
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2 in ,2^3 = f (2mol)(8.314 J/mol • K)(48.7 K - 24.4 K) = | 606 J 
Because process 3— »1 is isobaric: G3-»i = C P AT =^nR(T l — T 3 ) 



Substitute numerical values and evaluate Q 



3->l- 



Q 3 ^ ={(2mol)(8.314 J/mol- K)(24.4K-48.7K) = 



l.OlkJ 



The work done by the gas from 3 to 
1 equals the negative of the work 
done on the gas: 



W hygM =-P l3 AV = P h3 {V 1 -V 3 ) 



Substitute numerical values and 
evaluate W bygas ,3^ 2 : 



W = 

'•by gas,3-M 



-(2atm)(2L-4L) 

r 101.3J^ 



= -(-4atm-L) 



V 



atm-L 



J 



405 J 



81 ••• 

Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal monatomic gas (3 degrees of freedom) using the ideal-gas law and the work 
for each process by finding the areas under each curve. We can find the heat exchanged 
for each process from the heat capacities and the initial and final temperatures for each 
process. 

Express the total work done by the W by gas tot = W D ^ A + W A _^ B + W B ^ C + W C ^ D 

gas per cycle: 

1 . Use the ideal-gas law to find the y _ nRT D 

volume of the gas at point D: ' P D 

_ (2mol)(8.314 J/mol- K)(360K) 

(2atm)(l01.3kPa/atm) 
= 29.5L 



2. We're given that the volume of V B = V c = 3Vj 

the gas at point B is three times that = 88.6 L 

at point D: 



Use the ideal-gas law to find the pressure of the gas at point C: 
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nRT c _ (2mol)(8.206xl0' 2 L-atm/mol-K)(360K) 



= 0.667 atm 



We're given that the pressure at 
point B is twice that at point C: 

3. Because path DC represents an 
isothermal process: 

Use the ideal-gas law to find the 
temperatures at points B and A: 



88.6L 

P B = 2P C = 2(0.667 atm) = 1.33 atm 



T D =T C =360K 



T = 



nR 



(l.333atm)(88.6L) 
(2mol)(8.206 x 10 2 L • atm/mol • k) 
720 K 



Because the temperature at point A 
is twice that at D and the volumes 
are the same, we can conclude that: 

The pressure, volume, and 
temperature at points A, B, C, and D 
are summarized in the table to the 
right. 



4. For the path D->A, W D ^ A = 0 
and: 



P A =2P D =4 atm 



Point 


P 


V 


T 




(atm) 


(L) 


(K) 


A 


4 


29.5 


720 


B 


1.33 


88.6 


720 


C 


0.667 


88.6 


360 


D 


2 


29.5 


360 



Q 



D— >A = AE ln t,D^A =^nRAT D ^ A 



= ±nR{T A -T D ) 



Substitute numerical values and evaluate Qd^a- 

Q d ^ a =|(2 mol)(8 .3 14 J/mol • K)(720 K - 360 K) = 8 .98 kJ 

For the path A^-B: 



W A ^ B = Q A ^ B = nRT AB In 



v B 



Substitute numerical values and evaluate W A ^ B : 

W A ^ B = (2 mol)(8.3 14 J/mol • K)(720 K)ln 



'88.6L A 



29.5 L 



= 13.2kJ 
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and, because process A— >B is isothermal, AE int A->B = 0 

For the path B->C, W B ^ C = 0 , and: Q B ^ C = AU B ^ C =C V AT = %nR(T c - T B ) 



Substitute numerical values and evaluate <2b->c: 

Gb^c =l(2mol)(8.314J/mol-K)(360K-720K) = -8.98kJ 



For the path C^D: 



W C ^ D =nRT c In 



Substitute numerical values and evaluate W c ^d- 



W C ^ D = (2mol)(8.314J/mol-K)(360K)ln 



A 29.5L A 



88.6L 



-6.58 kJ 



Also, because process A— >B is isothermal, AE intA ^ B = 0 , and 



2c ->d — "C->D 



-6.58kJ 



Qin, W oa , and AE int are summarized 
for each of the processes in the table 
to the right. 



Referring to the table, find the total 
work done by the gas per cycle: 



Process 


fin 


Won 


A£ int 




(kJ) 


(kJ) 


(kJ) 


D^A 




8.98 




0 


8.98 


A^B 




13.2 




-13. 
2 


0 


B^C 




-8.98 




0 


-8.9 
8 


C^D 




-6.58 




6.58 


0 



w =w +w +w +w 

= 0 + 13.2kJ + 0-6.58kJ 



= 6.62 kJ 



Remarks: Note that, as it should be, AE int is zero for the complete cycle. 
*82 ••• 

Picture the Problem We can find the temperatures, pressures, and volumes at all points 
for this ideal diatomic gas (5 degrees of freedom) using the ideal-gas law and the work for 
each process by finding the areas under each curve. We can find the heat exchanged for 
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each process from the heat capacities and the initial and final temperatures for each 
process. 

Express the total work done by the gas ^bygas,tot = ^d->a + ^a->b + ^b->c + ^c->d 

per cycle: 



1. Use the ideal-gas law to find the y _ nRT D 

volume of the gas at point D: " P D 

_ (2mol)(8.314J/mol-K)(360K) 

(2atm)(l01.3kPa/atm) 
= 29.5L 



2. We're given that the volume of the V B = V c = 3V D 

gas at point B is three times that at point = 88.6 L 

D: 



Use the ideal-gas law to find the pressure of the gas at point C: 

_ nRT c _ (2mol)(8.206 x 10 2 L • atm/mol • k)(360K) _ 
c ~ V r 88.6L 



0.667 atm 



We're given that the pressure at point B is P B = 2P C = 2(0.667 atm) = 1 .33 atm 
twice that at point C: 



3. Because path DC represents an 
isothermal process: 



T D =T C =360K 



Use the ideal-gas law to find the 
temperatures at points B and A: 



P V 

T —T — _g_B 

nR 



(l.333atm)(88.6L) 
~ (2mol)(8.206 x 10 2 L • atm/mol- k) 
= 720K 



Because the temperature at point A is 
twice that at D and the volumes are the 
same, we can conclude that: 



P A =2P D =4 atm 



The pressure, volume, and temperature 
at points A, B, C, and D are summarized 
in the table to the right. 



Point 


P 


V 


T 




(atm) 


(L) 


(K) 


A 


4 


29.5 


720 
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B 


1.33 


88.6 


720 


C 


0.667 


88.6 


360 


D 


2 


29.5 


360 



4. For the path D->A, W D ^ A = 0 and 



Q D ^ A = Af/ D ^ A = ^nRAT D ^ A =^nR{T A -T D ) 

= f (2 mol)(8 .3 14 J/mol • K)(720 K - 360 K) 
= 15.0kJ 



For the path A->B: 

W A ^ B = Q A ^ B = nRT AB In 



v B 



= (2mol)(8.314J/mol-K)(720K)ln 



A 88.6L ^ 
29.5L 



= 13.2kJ 

and, because process A— >B is isothermal, AE int A ^ B = 0 
For the path B^C, W B ^ C = 0 and: 

Q B ^ C =AU B ^ C =C v Ar = fni?(r c -r B ) = |(2mol)(8.314J/mol-K)(360K-720K) 
= -15.0kJ 

For the path C->D: 



W C ^ D = nRT C D In 



v 

V v c J 



= (2mol)(8.3 14 J/mol • K)(360 K)ln 



A 29.5L A 



88.6L 



= -6.58kJ 



Also, because process A— >B is isothermal, AE int A—>B = 0 and 
Gc^ D =^ D =-6.58kJ 



Qin, W on , and AZ? int are summarized for 
each of the processes in the table to 
the right. 



Process 


Qin 


Won 


A£ in , 




(kJ) 


(kJ) 


(kJ) 


D->A 




15.0 




0 


15.0 


A->B 




13.2 




-13.2 


0 


B->C 




-15.0 




0 


-15.0 


C->D 




-6.58 




6.58 


0 
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Referring to the table and noting that the work done by the gas equals the negative of 
the work done on the gas, find the total work done by the gas per cycle: 



W bygas , tot =^a +W A ^ B +WW +W C ^ D =0 + 13.2kJ + 0-6.58kJ = 



6.62 kJ 



Remarks: Note that AE int for the complete cycle is zero and that the total work done 
is the same for the diatomic gas of this problem and the monatomic gas of problem 
81. 

83 ••• 

Picture the Problem We can use the equations of state for adiabatic and isothermal 
processes to express the work done on or by the system, the heat entering or leaving the 
system, and the change in internal energy for each of the four processes making up the 
Carnot cycle. We can use the first law of thermodynamics and the definition of the 
efficiency of a Carnot cycle to show that the efficiency is 1 - Q c l <2h- 



(a) The cycle is shown on the PV 
diagram to the right: 




(b) Because the process 1— >2 is 
isothermal: 



Apply the first law of 
thermodynamics to obtain: 



nRT h In 



(c) Because the process 3— >4 is 
isothermal: 
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Apply the first law of 
thermodynamics to obtain: 



y 



-n/?r.ln 



v 

\ V 4 J 



where the minus sign tells us that heat is 
given off by the gas during this process. 



(d) Apply the equation for a quasi- 
static adiabatic process at points 4 
and 1 to obtain: 



Tyr x =T b v, 



r-i 



Solve for the ratio V1/V4. 



1 _ 



T 

V^h J 



(1) 



Apply the equation for a quasi-static 
adiabatic process at points 2 and 3 to 
obtain: 



TV" 1 =TV r ~ 1 

1 h v 2 1 c v 3 



Solve for the ratio V2/V3: 



T V" 1 



T 



(2) 



Equate equations (1) and (2) and 
rearrange to obtain: 



v 4 v, 



(e) Express the efficiency of the 
Carnot cycle: 



£ = 



w_ 



Apply the first law of 
thermodynamics to obtain: 



W = AE - O 

on int, cycle *^in 

= 0-{Q h -Q c ) = -{Q h -Qj 
because E int is a state function and 

^int, cycle = ^ • 



Substitute to obtain: 



W 

by the gas 

_ 6 h -6c 
2 h 



-w m 
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(f) In part (b) we established that: 



Q b = nRT h In 



In part (c) we established that the 
heat leaving the system along the 
path 3— >4 is given by: 



Qc =nRT c In 



Divide the second of these equations 
by the first to obtain: 



nRT In 



v 

V V 4 J 



nRT h In 



because^. 
V 4 V, 



Remarks: This last result establishes that the efficiency of a Carnot cycle is also 
T 

given by e c = !--£-. 
General Problems 
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Picture the Problem The isobaric process 
is shown on the PV diagram. We can 
express the heat that must be supplied to 
gas in terms of its heat capacity at constant 
pressure and the change in its temperature 
and then use the ideal-gas law for a fixed 
amount of gas to relate the final 
temperature to the initial temperature. 



\ 



\ 



S 



x. 



■ T; = 300 K 

7 ~ 



50 100 150 200 



Relate Q m to C P and AT: 



Qm = CAT = C P (r f -T t )= ±nR(T t -T,) 



Use the ideal-gas law for a fixed 
amount of gas to relate the initial 
and final volumes, pressures, and 
temperatures: 



m _ PfV f 



T 



or, because the process is isobaric, 
T. T, 



Solve for Tr. 



^ 200L 



V 



50 L 



l l 
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Substitute to obtain: 

Substitute numerical values and 
evaluate Q m : 



Q m =^nR{AT l -3T.) = ^nRT i 

Qm = f ( 3 mol)(8.3 14 J/mol • K)(300 K) 



= 56.1kJ 
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Picture the Problem We can use the first law of thermodynamics to relate the heat 
removed from the gas to the work done on the gas. 



Apply the first law of 
thermodynamics to this process: 



n =AE -W =-W 

xz-m LJSJ ^mt "on "on 

because AE mt = 0 for an isothermal process. 



Substitute numerical values to obtain: 



-180kJ 



Because <2 remove d = -Qh 



a 



removed 



180kJ 



*86 • 

Picture the Problem We can find the number of moles of the gas from the expression for 
the work done on or by a gas during an isothermal process. 



Express the work done on the gas 
during the isothermal process: 

Solve for n: 



W = nRTXn 
W 



n = 



RT In 



Substitute numerical values and 
evaluate n: 



-180kJ 



(8.314J/mol-K)(293K)ln 



= 45.9 mol 
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Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process EDC is isobaric, we can find the area under this line geometrically 
and the first law of thermodynamics to find <2aec- 
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(a) Using the ideal-gas law, find the 
temperature at point A: 



T = 



P V 

A A 

nR 



(4atm)(4.01L) 
(3mol)(8.206x 10 2 L • atm/mol- k) 



65.2K 



Using the ideal-gas law, find the 
temperature at point C: 



T n = 



P C Vc 
nR 



(latm)(20L) 
(3 mol)(8.206 x 10 2 L • atm/mol • k) 



81.2K 



(b) Express the work done by the gas 
along the path AEC: 



W AEC =W AE +W EC =0 + P EC AV EC 
= (latm)(20L-4.01L) 
101.3J 



= 16.0L-atmx- 



Latm 



1.62kJ 



(c) Apply the first law of 
thermodynamics to express Qaec- 



Qaec=W aec +AE u 

= W AEC + \nRAT 



-W AEC +C V AT 



= W AEC + inR{T c -T A ) 



Substitute numerical values and evaluate Qaec- 



Q AEC = 1 .62 kJ + f (3 mol)(8.3 14 J/mol • K)(8 1 .2 K - 65 .2 K) = 



2.22kJ 



Remarks The difference between W AE c and Qaec is the change in the internal energy 
A£i„t,AEc during this process. 
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Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process AB is isobaric, we can find the area under this line geometrically. 
We can use the expression for the work done during an isothermal expansion to find the 
work done between B and C and the first law of thermodynamics to find <2abc- 
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(a) Using the ideal-gas law, find the 
temperature at point A: 



P V 

J' _ A A 

A 



nR 



(4atm)(4.01L) 

(3mol)(8.206x 10 2 L • atm/mol- k) 



= 65.2K 



Use the ideal-gas law to find the 
temperature at point C: 



nR 



(latm)(20L) 

(3 mol)(8.206 x 10 2 L • atm/mol • k) 



= 81.2K 



(b) Express the work done by the 
gas along the path ABC: 



^ABC — ^AB + ^BC 

= P AB Ay AB +n J Rr B ln^ 

*B 



Use the ideal-gas law to find the volume of the gas at point B: 



nRT B _ (3 mol) (8 .206 x 1 0 2 L • atm/mol • k)(8 1 .2 K) 



4atm 



= 5.00L 



Substitute to obtain: 



v 5L y 



= 31.7L-atmx- 

atm 

(c) Apply the first law of 
thermodynamics to obtain: 



W ABC = (4 atm)(5 L - 4.01 L) + (3 mol)(8.206 x 10 2 L • atm/mol • k)(8 1 .2 K)ln 
10L3J =^2ikjl 

2abc = ^abc + A£ int = W ABC + C V AT 
= W AEC +inRAT 
= W AEC +inR{T c -T A ) 



Substitute numerical values and evaluate <2abc: 



Q ABC = 3 .2 1 kJ + 1 (3 mol)(8 .3 14 J/mol ■ K)(8 1 .2 K - 65 .2 K) = 



3.81kJ 



Remarks: The difference between W A bc and Qabc is the change in the internal 
energy A£ int ^c during this process. 
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Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process DC is isobaric, we can find the area under this line geometrically. 
We can use the expression for the work done during an isothermal expansion to find the 
work done between A and D and the first law of thermodynamics to find <2adc- 



(a) Using the ideal-gas law, find the 
temperature at point A: 



P V 

A A 

nR 



(4atm)(4.01L) 

(3mol)(8.206x 10 2 L • atm/mol - k) 



65.2K 



Use the ideal-gas law to find the 
temperature at point C: 



nR 



(latm)(20L) 

(3mol)(8.206x 10 2 L ■ atm/mol - k) 



81.2K 



(b) Express the work done by the 
gas along the path ADC: 



W =W +W 

yy ADC yy AD T yy DC 



= nRT A In 



+ ^DC A ^DC 



Use the ideal-gas law to find the volume of the gas at point D: 



nRT D _ (3mol)(8.206xlQ' 2 L-atm/mol-K)(65.2K) 



lata 



Substitute numerical values and evaluate Wadc: 



W ADC = (3mol)(8.206x 10~ 2 L • atm/mol - K)(65.2K)ln 



4.01L 



= 26.2L-atmx 



+ (latm)(20L-16.1L) 
101.325J 



L ■ atm 



2.65kJ 



(c) Apply the first law of 
thermodynamics to obtain: 



Gadc = W ADC + AE im = W ADC + C V AT 
= W ADC +inRAT 
= W ADC +inR{T c -T A ) 
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Substitute numerical values and evaluate Qadc' 



Q ADC =2.65kJ + |(3mol)(8.314J/mol-K)(81.2K-65.2K) = 



3.25 kJ 
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Picture the Problem We can use the ideal-gas law to find the temperatures T A and T c . 
Because the process AB is isobaric, we can find the area under this line geometrically. 
We can find the work done during the adiabatic expansion between B and C using 
W BC = —C V AT BC and the first law of thermodynamics to find <2abc- 



The work done by the gas along 
path ABC is given by: 



Use the ideal-gas law to find T A : 



^ABC ^AB "'"^BC 

= ^abAV ab 



= ^abAV ab 



C AT 

BC 

fn/?Ar BC 



because, with Q m = 0, Wbc = -AE^bc- 
T -Ma 

-* A — 

nR 

(4atm)(4.01L) 

~ (3mol)(8.206x 10 2 L • atm/mol- k) 
= 65.2K 



Use the ideal-gas law to find T B : 



T = 



nR 



(4atm)(8.71L) 

(3 mol)(8.206 x 10 2 L • atm/mol • k) 
142 K 



Use the ideal-gas law to find Tc'. 



T = 



P c Vc 
nR 



(latm)(20L) 
(3 mol)(8.206 x 10 2 L • atm/mol • k) 
81.2K 



Apply the pressure-volume P B V B = P c y c 7 

relationship for a quasi- static an( j 
adiabatic process to the gas at 
points B and C to find the 
volume of the gas at point B: 
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fc 
p 



A latm A 
4atm 



(20 L) 



= 8.71L 



Substitute numerical values and evaluate W A bc'- 

= (4 atm)(8 .7 1 L - 4.0 1 L) - § (3 mol)(8 .206 x 10 2 L • atm/mol • k) 

x(81.2K-142K) 

101.325J 



41.3L-atmx 



atm 



4.18kJ 



Apply the 1 st law of 
thermodynamics to obtain: 



Q ABC =W ABC + AE hst =W ABC + C y AT 
= W ABC +±nRAT 
= W ABC +±nR{T c -T A ) 



Substitute numerical values and evaluate Qabc- 



2abc = 4.18kJ + |(3mol)(8.314J/mol-K)(81.2K -65.2K) = 



4.78kJ 
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Picture the Problem We can find c at T - 4 K by direct substitution. Because c is a 
function of T, we'll integrate dQ over the given temperature interval in order to find the 
heat required to heat copper from 1 to 3 K. 



(a) Substitute for a and b to obtain: 



Evaluate c at T - 4 K: 



c = (0.0108J/kg-K 2 )r 

+ (7.62xl0" 4 J/kg-K 4 )r 3 

c(4 K) = (0.0108 J/kg • K 2 )(4 K) 

+ (7.62xl0" 4 J/kg-K 4 )(4K) 3 



9.20 xlO" 2 J/kg -K 



(b) Express and evaluate the integral of Q: 



T t 3 k 3 K 

Q = \c(T)dT = (0.0108 J/kg ■ K 2 )^TdT + (7.62 x 10~ 4 J/kg • K 4 )^T 3 dT 



1 K 



1 K 



3K 



= (0.0108J/kg-K 2 ) — +(7.62xlO" 4 J/kg-K 4 ) 



3K 



0.0584J/kg 
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Picture the Problem We can use the first law of thermodynamics to relate the heat 
escaping from the system to the amount of work done by the gas and the change in its 
internal energy. We can use the expression for the work done during an isothermal 
process to find the temperature along the isotherm. 



Apply the first law of 
thermodynamics to this isothermal 
process: 



Q =AE t -W 

int oi 



For an isothermal process: 



AE , = 

int 



Substitute to obtain: 



W =-Q 

on i-'in 

= 711J 



f 4.184J^ 
-170calx 

V cal J 



Because W bygas = -W on : 



W, 



by gas 



-711J 



Express the work done during an 
isothermal process: 



W bysas =nRTln 



Solve for T=Ti = T t : 



Substitute numerical values and 
evaluate T: 



T = 



by gas 



nR\n 



-711J 



(2mol)(8.314J/mol-K)ln 



v 18lJ 



= 52.7 K 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final values of 
temperature, pressure, and volume. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 

using W = ^-^-and find Pi by eliminating P 2 using Py{ = , where, for a 

y-l 

diatomic gas, y- 1.4. Once we've determined Pi we can use the ideal-gas law to find T\ 
and the first law of thermodynamics to find T 2 . Finally, we can apply the ideal-gas law a 
second time to determine P 2 . 
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Relate the work done on a gas 
during an adiabatic process to the 
pressures and volumes of the initial 
and final points on the path: 



W = P X- P 2 V 2 



p A 

V r \ J 



Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 



V^2 J 



Substitute to obtain: 



^ ^T7 V ^ 



V, 



_ V 



r-i 



Solve for P\. 



W(y-l) 



V, - 



v 

\ V 2J 



Substitute numerical values and 
evaluate P t : 



(-82Qj)(l.4-l) 
lSL-f^TV) 



v 8L y 



47.6 kPa 



Use the ideal-gas law to find T\ : 



z = 



Py i _ (47.6kPa)(l8L) 
nR ~ (2mol)(8.314J/mol-K) 



51.5K 



Apply the first law of 
thermodynamics to obtain: 



or, because Q m = 0 for an adiabatic process, 
AE int =W on =C y AT = inR{T 2 -T 1 ) 



Solve for and evaluate T 2 : 



W 

on 

\nR 



= 51.5K 



-820 J 



|(2mol)(8.314J/mol-K) 



= 71.2K 
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Use the ideal-gas law to find P 2 : 



p _ nRT 2 

2 v 2 

_ (2mol)(8.314J/mol-K)(71.2K) 
8L 



= 148kPa 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, Pi = 1 atm, 
and T\ — 273 K. We can use W = -nRT\n(V 2 /V 1 ) to find the work done on the gas 

during an isothermal compression. We can relate the work done on a gas during an 

adiabatic process to the pressures and volumes of the initial and final points on the path 
py -py 

using W = and find Pi by eliminating P 2 using Py/ = P 2 V 2 , where, for a 

diatomic gas, y = 1.4. 



(a) Express the work done on the 
gas in compressing it isothermally: 

Find the number of moles in 30 g of 
CO(M = 28g/mol): 



W =- n RT In 



30g 



28g/mol 



1.07 mol 



Substitute numerical values and evaluate W 0I 



W 0B = -(l .07 mol)(8.3 14 J/mol • K)(273 K)ln 



1 




3.91kJ 


by 







(b) Express the work done on the 
gas in compressing it adiabatically: 



W„ = ■ 



py x -p 2 v 2 



y-l 



p ^ 



y-l 



Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 



Heat and the First Law of Thermodynamics 1429 



Substitute for P 2 /Piand simplify to obtain: 



W 





( 




r > 




f 




v; 




( 








v,- 


v 2 




v,- 


PV 


1-0.2 






V 


^2 J 


j 




V 




5 

J 




V 







Substitute numerical values and evaluate W on : 



(l01.3kPa)(l.07mol)(22.4L/mol)(l-0.2(5) L4 ) 
1.4-1 



5.49kJ 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final state 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, Pi = 1 atm, 
and T\ — 273 K. We can use W = -nRT\n(y 2 IV x ) to find the work done on the gas 

during an isothermal compression. We can relate the work done on a gas during an 
adiabatic process to the pressures and volumes of the initial and final points on the path 
py - PV 

using W = — — ^-and find Pi by eliminating P 2 using Py/ = P^V^ ■ We can find y 

y-l 

using the data in Table 19-3. 



(a) Express the work done on the 
gas in compressing it isothermally: 

Find the number of moles in 30 g of 
C0 2 (M = 44g/mol): 



W =- n RT\n 



30g 



44g/mol 



■ 0.682 mol 



Substitute numerical values and evaluate W 0 , 



W on = -(0.682mol)(8.314 J/mol - K)(273K)ln 



1 




2.49 kJ 


<5j 







(b) Express the work done on the 
gas in compressing it adiabatically: 



W„ = 



py l -p 2 v 2 



y-l 



P ^ 

1 p 2 

1 J 



y-l 
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Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 



V'" 



Substitute for P2/P1 and simplify to obtain: 



W = 

on , 

y-\ 

From Table 18-3 we have: 









r ^ 




f 




Vi 








0 


Pi 


vi- 


v 2 


Pi 


Vi- 


P^ 


1-0.2 






V 




J 




V 


^2 J 


5 

J 




V 




J 



r-i 



c v = 3.392? 
and 



c p = (3.39 + 1.02)i? = 4.412? 



Evaluate y. 



c 4 412? 
c w 3.392? 



Substitute numerical values and evaluate W„ 



(101 .3kPa)(0.682 mol)(22.4L/mol)(l - 0.2(5) 13 ) _ 
1.3-1 ~ 



3.20kJ 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states 
respectively. Because the gas is initially at STP, we know that V\ = 22.4 L, Pi = 1 atm, 
and T\ — 273 K. We can use W = -nRT\n{V 2 /V 1 ) to find the work done on the gas 

during an isothermal compression. We can relate the work done on a gas during an 

adiabatic process to the pressures and volumes of the initial and final points on the path 
py ~pv 

using W = — — - ^-and find Pi by eliminating P 2 using Py/ = PqV^ , where, for a 

monatomic gas, y- 1.67. 



(a) Express the work done on the 
gas in compressing it isothermally: 

Find the number of moles in 30 g of 
Ar(M=40g/mol): 



W =-H2?rin 



30g 

n= a =0.750mol 
40g/mol 



Substitute numerical values and evaluate W nn : 
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W on = -(0.75mol)(8.314 J/mol- K)(273K)ln 



(b) Express the work done on the gas 
in compressing it adiabatically: 



W m = 



py x -p 2 v 2 



2.74 kJ 



r -i 



' p ^ 

1 p 2 

1 J 



r-i 



Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final pressures and volumes: 

Substitute for P^P\ and simplify to obtain: 



PV r = PV r 

1 l v l 1 2 V 2 ' 







7 \ 




f 




Vi 




f 




r\ 




v 2 




vi- 




1-0.2 




V 




J 




V 




5 

J 


V 


vV 2 y 


J 



w = 

y — \ y—\ 
Substitute numerical values and evaluate W a „: 



y-l 



(l01.3kPa)(0.75mol)(22.4L/mol)(l -0.2(5)' 67 )_ 
1.67-1 



4.93kJ 
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Picture the Problem We can use conservation of energy to relate the final temperature to 
the heat capacities of the gas and the solid. We can apply the Dulong-Petit law to find the 
heat capacity of the solid at constant volume and use the fact that the gas is diatomic to 
find its heat capacity at constant volume. 



Apply conservation of energy to this 
process: 



Solve for T{. 



A£ = 0 
or 

C Y ,J T f -100K)-C Vsolld (200K-r f ) = 0 
(l00K)(C v>g J+(200K)(C 

V.solid / 



T = 



'■gas, 

c +c 
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Using the Dulong-Petit law, 
determine the heat capacity of the 
solid at constant volume: 



Determine the heat capacity of the 
gas at constant volume: 



C V,.sol ld = 3nR 



= 3(2mol)(8.314J/mol-K) 
= 49.9J/K 



C 



V.gas 



\nR 



= f(lmol)(8.314J/mol-K) 
= 20.8J/K 



Substitute numerical values and evaluate Tf. 



(100 K)(20.8 J/K) + (200 K)(49.9 J/K) 
20.8J/K + 49.9J/K 



171K 
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Picture the Problem We can express the work done during an isobaric process as the 
product of the temperature and the change in volume and relate Q to AT through the 
definition of C P . Finally, we can use the first law of thermodynamics to show that A£ in , 
CAT. 



(a) 



For an ideal gas, the internal energy is the sum of the kinetic energies of the 
gas molecules, which is proportional to kT. Consequently, U is a function 
of T only and A£ mt = C V A7\ 



(b) Use the first law of 
thermodynamics to relate the work 
done on the gas, the heat entering the 
gas, and the change in the internal 
energy of the gas: 



AE ml =Q m +W on 



At constant pressure: 



Relate Q m to C P and AT. 



W bym =P(V f -V i ) = nR(T f -T i ) = nRAT 



and 

W = -W 

on by gas 

Q m = C P AT 



-nRAT 



Substitute to obtain: 



AE int =C p AT-nRAT 
= (C P -nR)AT = 



C V AT 
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Picture the Problem We can use Q in = C V AT = \nRAT to find Q m for the constant- 
volume process and Q m = C P AT = ^nRAT to find Q m for the isobaric process. The 

v, 

work done by the gas is given by W = J PdV. Finally, we can apply the first law of 

thermodynamics to find the change in the internal energy of the gas from the work done 
on the gas and the heat that enters the gas. 



(a) The heat added to the gas 
during this process is given by: 



Q in =±nRAT 



Substitute numerical values and evaluate Q in = f (lmol)(8.314J/mol-K)(300K) 



Qn 



3.74kJ 



For a constant-volume process: 



by the gas 



Apply the 1 st law of 
thermodynamics to obtain: 



AE mt =Q in +W on 



(1) 



Substitute for Q in and Won in 
equation (1) and evaluate AZ? int : 



A£ mt =3.74kJ + 0= 3.74kJ 



(b) Relate the heat absorbed by the 
gas to the change in its 
temperature: 



Q m =C P AT=±nRAT 

= |(l mol)(8.3 14 J/mol • K)(300 K) 



6.24kJ 



For a constant-pressure process 
that begins at temperature J; and 
ends at temperature T { , the work 
done by the gas is given by: 



= nR{T f -T i ) 



Substitute numerical values and 
evaluate W bythegas : 



W bythegas =(lmol)(8.314J/mol-K)(300K) 



= 2.49 kJ 



Apply the 1 st law of AE iat = W 0D + Q m 

thermodynamics to express the 

change in the internal energy of 

the gas during this isobaric 

expansion: 
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Because the W hy gas = - W on : AE int = -W by the gas + Q m 



3.75kJ 



Substitute numerical values and AE t = — 2.49 kJ + 6.24kJ = 

evaluate AZ? int : 

Remarks: Because AE int depends only on the initial and final temperatures of the 
gas, the values for AE int for Part (a) and Part (b) should be they same. They differ 
slightly due to rounding. 
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Picture the Problem We can use Q in = C P AT to find the change in temperature during 
this isobaric process and the first law of thermodynamics to relate W, Q, and A£ int . We 
can use AE- mt = f nRAT to find the change in the internal energy of the gas during the 

isobaric process and the ideal-gas law for a fixed amount of gas to express the ratio of the 
final and initial volumes. 



(a) Relate the change in temperature 
to Q in and C P and evaluate AT: 



AT = 



500 J 



|(2mol)(8.314J/mol-K) 



8.59K 



(b) Apply the first law of 
thermodynamics to relate the work 
done on the gas to the heat supplied 
and the change in its internal 
energy: 

Substitute numerical values and 
evaluate W on : 



W on =AE int -Q m =C v AT-Q i 
= inRAT-Q m 



W on =f(2mol)(8.314J/mol-K)(8.59K) 
-500 J 
= -143 J 



Because W\ 



by gas 



= -W m : 



(c) Using the ideal-gas law for a 
fixed amount of gas, relate the 
initial and final pressures, volumes 
and temperatures: 



w, 



by gas 



143J 



or, because the process is isobaric, 

Yl = Yl 
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Solve for and evaluate V/Vii 



V f _ T f _ 7j + AT 

_ 293.15K + 8.59K 
293. 15K 



1.03 
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Picture the Problem Knowing the rate at which energy is supplied, we can obtain the 
data we need to plot this graph by finding the time required to warm the ice to 0°C, melt 
the ice, warm the water formed from the ice to 100°C, vaporize the water, and warm the 
water to 110°C. 



Find the time required to warm the 
ice to 0°C: 



A/} = 



mc-AT 



(0.1kg)(2kJ/kg-K)(lOK) 



lOOJ/s 



= 20.0 s 



Find the time required to melt the ice: 



AL = 



mL s _ (0.1kg)(333.5kJ/kg) 



P 

333.5s 



lOOJ/s 



Find the time required to heat the 
water to 100°C: 



At 3 = 



mc,„AT 



(0.1kg)(4.18kJ/kg • K)(100K) 



lOOJ/s 



= 418s 



Find the time required to vaporize 
the water: 



At A 



mL v _ (0.1kg)(2257kJ/kg) 



P 

= 2257s 



lOOJ/s 



Find the time required to heat the 
vapor to 110°C: 



AL = mC ^ AT 
P 



(0.1kg)(2kJ/kg-K)(lOK) 



100 J/s 
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The temperature J as a function of 
time t is shown to the right: 




_L_| ! !_ L 

20 353.5 771.5 31)28.5 » 

3048.5 
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Picture the Problem We know that, for an adiabatic process, Q m = 0. Hence the work 
done by the expanding gas equals the change in its internal energy. Because we're given 
the work done by the gas during the expansion, we can express the change in the 
temperature of the gas in terms of this work and C V - 



Express the final temperature of the 
gas as a result of its expansion: 



T s =T i +AT 



Apply the equation for adiabatic 
work and solve for AT: 



W = C AT 

''adiabatic ^V^' 

and 

W 

adiabatic 

c v 



w 

adiabatic 



Substitute and evaluate T f : 



W 



= 300K 



3.5kJ 



f(2mol)(8.314J/mol-K) 



216K 
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Picture the Problem Because P f Vf = APy, 
and Vf = VJ2, the path for which the work 
done by the gas is a minimum while the 
pressure never falls below Pi is shown on 
the adjacent PV diagram. We can apply the 
first law of thermodynamics to relate the 
heat transferred to the gas to its change in 
internal energy and the work done on the 
gas. 



sr 



-i T 
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Using the first law of 
thermodynamics, relate the heat 
transferred to the gas to its change in 
internal energy and the work done 
on the gas: 



AE im =Q m +W 01 



Solve for Q n 



Q =AE-W 

int 01 



Express the work done during this 
process: 



W =W- +W 

on isobaric process constant volume 

=p i Av+o=p&v-v i ) 

- iWi = jnRT = jRT 
because n = 1 mol. 



Express AZ? int for the process: 



A£ mt = C V AT = inRAT = ^nR(3T) 
because n = 1 mol. 



Substitute to obtain: 



\RT = 



ART 
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Picture the Problem We can solve the ideal-gas law for the dilute solution for the 
increase in pressure and find the number of solute molecules dissolved in the water from 
their mass and molecular weight. 



Solve the ideal gas law for P to 
obtain: 



P = 



NkT 



Express the number of solute 
molecules N in terms of the number 
of moles n and Avogadro's number 
and then express the number of 
moles in terms of the mass of the 
salt and its molecular mass: 



. r mN A 
N = nN . = A 



M 



NaCl 



Substitute to obtain: 



M NaC1 V 



Substitute numerical values and evaluate P: 



_ (30g)(6.022xl0 23 particles/mol)(l.381xl0 23 J/k)(297K) 
" (58.4g/mol)(lCr 3 m 3 ) 



1.27xl0 6 N/m 2 
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Picture the Problem Let the subscripts 1 and 2 refer to the initial and final states in this 
adiabatic expansion. We can use an equation describing a quasi-static adiabatic process to 
express the final temperature as a function of the initial temperature and the initial and 
final volumes. 



Using the equation for a quasi-static 
adiabatic process, relate the initial 
and final volumes and temperatures: 



Solve for and evaluate T 2 : 



/-I 



T = T 



V j 



= (300K)(2) 14 - 1 



= 396 K 
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Picture the Problem We can simplify our calculations by relating Avogadro's number 
N\, Boltzmann's constant k, the number of moles n, and the number of molecules N in the 
gas and solving for _/V A fc. We can then calculate Um)K and L^ook and their difference. 



Express the increase in internal AU = U 6Q0K —U 3Q0K 

energy per mole resulting from the 
heating of diamond: 

Express the relationship between ^ _ ^ _^ ^ _ N_^_ _ jy ^ 

Avogadro's number N A , n A 

Boltzmann's constant k, the number 
of moles n, and the number of 
molecules N in the gas: 

Substitute in the given equation to jj _ 3i?r E 

obtain: e^ T -\ 



Determine U 



300 K- 



U 



3(8.3 14 J/mol-K)(l 060 K) 



300 K 



1060K/300K 



= 795 J 



Determine U, 



600 K- 



U 



3(8.314J/mol-K)(l060K) 



600 K 



1060K/600K 



= 5.451J 
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Substitute to obtain: 



A£/=t/ 600K -t/ 300K =5.45kJ-795J 



= 4.66 kJ 
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Picture the Problem The isothermal 
expansion followed by an adiabatic 
compression is shown on the PV diagram. 
The path 1— >2 is isothermal and the path 
2— >3 is adiabatic. We can apply the ideal- 
gas law for a fixed amount of gas and an 
isothermal process to find the pressure at 
point 2 and the pressure-volume 
relationship for a quasi-static adiabatic 
process to determine^ 




(a) Relate the initial and final 
pressures and volumes for the 
isothermal expansion and solve for 
and evaluate the final pressure: 



py x =p 2 v 2 

and 

r 2 1 T T r 0 



2V, 



1 P 

2 r 0 



(b) Relate the initial and final 
pressures and volumes for the 
adiabatic compression: 



PV r = PV 7 

1 2 v 2 1 3 v 3 



or 



\32PX 



which simplifies to 
V = 2.64 



Take the natural logarithm of both 
sides of this equation and solve for 
and evaluate y : 



fin 2 = In 2.64 
and 

In 2.64 



7 = 



In 2 



1.40 



the gas is diatomic. 



(c) 



In the isothermal process, T is constant, and the translational kinetic energy 
is unchanged. 



In the adiabatic process, T 3 = 1 .32r o , and the translational kinetic energy 
increases by a factor of 1.32. 
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Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although C P increases gradually from (9/2)7? per mol to 
(15/2)7? per mol at high temperatures, we'll assume that C P = 4.57? below T - 2000 K and 
C P = 7.57? above T= 2000 K. We'll also use 7? = 2.0 cal/mol-K. We can find the final 
temperature following combustion from the heat made available during the combustion 
and the final pressure by applying the ideal-gas law to the initial and final states of the 
gases. 



(a) Relate the heat available in this 
combustion process to the change in 
temperature of the triatomic gases: 



a 



juilable — n C p AT 



= n(7.5R)(T t -Tj 



Solve for T f to obtain: 



y ^available _j_ y 

f ~ 1.5nR 1 



(1) 



Express Q available to heat the gases Q, 
above 2000 K: 



available 



Greleased Q' 



9 mol to 20O0 K 



" 2heatCO, Gsl 



(2) 



Express the energy released in the 
combustion of 1 mol of benzene: 



a 



released 2 



(l516kcal) = 758kcal 



Noting that there are 3 mol of H 2 0 
and 6 mol of C0 2 , find the heat 
required to form the products at 
100°C: 



!2 8team =nM w c w Ar + nM w L v 

= (3mol)(l8g/mol) 

x(lcal/g-K)(373K-300K) 
+ (3mol)(l8g/mol)(540cal/g) 

= 33.10kcal 

and 

e h ea,co 2 = "C P AT = 4.5nRAT 

= 4.5(6 mol)(2cal/mol-K) 

x(373K-300K) 
= 3.942kcal 



Find Q required to heat 9 mol of gas 
to 2000 K: 



29molto2000K = "CpAT = A.5nRAT 

= 4.5(9 mol)(2 cal/mol-K) 

x(2000K-373K) 
= 43.93kcal 
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Substitute in equation (2) to obtain: 



Qavaiiabie = 758kcal-131.79kcal 
-3.94kcal-33.10kcal 
= 589.2 kcal 



Substitute in equation (1) and 
evaluate Tf. 



z = 



589.2kcal 



f 7.5(9 mol)(2cal/mol-K) 



+ 2000K 



= 6364 K 



Apply the ideal-gas law to express 
the final volume in terms of the final 
temperature and pressure: 



v - nRTt 

f P f 



(9 mol)(8.3 14 J/mol • K)(6364 K) 



101.3kPa 



= 4.70 m 3 



(b) Apply the ideal-gas law to relate 
the final temperature, pressure, and 
volume to the number of moles in 
the final state: 



P f V f = n f RT f 



Apply the ideal-gas law to relate the 
initial temperature, pressure, and 
volume to the number of moles in 
the initial state: 



Divide the first of these equations by 
the second and solve for Pf. 



P f V f _ n f RT { 



Py t n.RT, 
or, because T f = T { , 



(3) 



Find the initial volume Vj occupied 
by 8.5 mol of gas at 300 K and 1 
atm: 



V; =(22.4L/mol)(8.5mol) 
= 209.2 L 



273 K 
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Substitute numerical values in 
equation (3) and evaluate Vf. 



P t =(l01.3kPa) 
= 4.774kPax 



9mol 
8.5 mol^ 
latm 
101.325 kPa 



209.2 L 



4700 L 



= 0.047 latm 
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Picture the Problem In this problem the specific heat of the combustion products 
depends on the temperature. Although C P increases gradually from (9/2)7? per mol to 
(15/2)7? per mol at high temperatures, we'll assume that C P = 4.57? below T - 2000 K and 
Cp = 7.57? above T - 2000 K. We can find the final temperature following combustion 
from the heat made available during the combustion and the final pressure by applying 
the ideal-gas law to the initial and final states of the gases. 



(a) Apply the ideal-gas law to find 
the pressure due to 3 mol at 300 K 
in the container prior to the reaction: 



R = 



nRT { 
V 



_ (3mol)(8.314J/mol-K)(300K) 



80L 



= 93.5 kPa 



(b) Relate the heat available in this 
adiabatic process to C v and the 
change in temperature of the gases: 

Because T> 2000 K: 
Substitute to obtain: 



A^int — ^available 

= C v {T f -T i ) 

C v =C p -nR = n(l.5R)-nR = 6.5nR 
Q Mle = 6.5nR{T f -Tj 



Solve for T f to obtain: 



T 



^available 

6.5nR 



(1) 



Find Q required to raise 2 mol of 
C0 2 to 2000 K: 



a 



= C AT 

heatCO, ^V^ 1 



For T< 2000 K: 



C v =C P -nR = n(4.5R)-nR = 3.5nR 
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Substitute for C v and find the heat 
required to warm to C0 2 to 2000 K: 



2heat C0 2 



= 3.5nRAT 

= 3.5(2mol)(8.314J/mol-K) 

x(2000K-300K) 
= 98.94kJ 



Find Q available to heat 2 mol of 
C0 2 above 2000 K: 



a 



available 



= 560kJ-98.94kJ 
= 461.1kJ 



Substitute in equation (1) and 
evaluate T f : 



z = 



461. lkJ 



f 6.5(2mol)(8.314J/mol-K) 



+ 2000K 



= 6266 K 



Apply the ideal-gas law to relate the 
final temperature, pressure, and 
volume to the number of moles in 
the final state: 



P f V f = n f RT f 



Apply the ideal-gas law to relate the 
initial temperature, pressure, and 
volume to the number of moles in 
the initial state: 



Divide the first of these equations by 
the second and solve for Pf. 



P f V f _ n f RT { 
Py, ~ n.RTi 
or, because V f = Vi, 



K n ,J 



(t \ 



T 



T 



(2) 



Substitute numerical values in 
equation (2) and evaluate Pf. 



P f = (93.53kPa) 



2 mol 

3 mol 



6266 K 
300 K 



1.30MPa 



(c) Substitute numerical values in 
equation (2) and evaluate P { for 
T f = 273 K: 



P f = (93.53kPa) 



2 mol 

3 mol 



273 K 
300 K 



56.7 kPa 
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Picture the Problem The molar heat capacity at constant volume is related to the internal 

1 dU 

energy per mole according to c v = . We can differentiate U with respect to 

n dT 

temperature and use nR = Nk or R = N&k to establish the result given in the problem 
statement. 



From Problem 106 we have, for the 
internal energy per mol: 



v JN A kT E 



-1 



Relate the molar heat capacity at 
constant volume to the internal 
energy per mol: 



1 dU 
n dT 



TT ' ldU 

Use c v = to express c 

n dT 



v • 



l__d_ 
n dT 



= 3RT, 



3N A kT E 

„ t e/ t _1 



= 3RT 
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Picture the Problem We can rewrite our expression for c v by dividing its numerator and 

denominator by e T ^ T and then using the power series for e l to show that, for T> T%, 
c v « 3R . In part (b), we can use the result of Problem 103 to obtain values for c v every 

100 K between 300 K and 600 K and use this data to find At/ numerically. 



(a) From Problem 1 10 we have: 



c v =3R 



W J 



Divide the numerator and 

t It 

denominator by e to obtain: 



c v =3R 



2T E /T 



-2e T * /T +l 



fT Y 



= 3R 



J 



1 

e TjT _ 2 + e -T E /T 
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Apply the power series expansion to 
obtain: 



/H/r_ 2 + e -r E /r =1 + 7^ + I 
T 2 



+ ...-2 + 1- 



-2- + - 

T 2 



(t ^ 2 



+ . 



(t ^ 2 



W J 



forr>r B 



Substitute to obtain: 



c v ~3R 



3R 



(b) Use the result of Problem 1 10 to 
verify the table to the right: 



T 


c v 


(K) 


(J/mol-K) 


300 


9.65 


400 


14.33 


500 


17.38 


600 


19.35 
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Integrate numerically, using the formula for the area of a trapezoid, to obtain: 

AU = \ (100 K)(9.65 + 14.33) J/mol • K + \ (lOO K)(l4.33 + 17.38) J/mol • K 
+ |(l00K)(l7.38 + 19.35)j/mol-K 



4.62 kJ 



a result in good agreement (< 1% difference) with the result of Problem 106. 
112 

Picture the Problem In (a) we'll assume that r-f(A/V, T, k, m) with the factors 
dependent on constants a, b, c, and d that we'll find using dimensional analysis. In (b) 
we'll use our result from (a) and assume that the diameter of the puncture is about 2 mm, 
that the tire volume is 0.1 m 3 , and that the air temperature is 20°C. 



(a) Express r=f(A/V, T, k, m): 



r = 



(T) b m m y 



(i) 



Rewrite this equation in terms of the 
dimensions of the physical quantities 
to obtain: 



t^lHk)' 



v T 2 K y 



(my 



where K represents the dimension of 
temperature. 



Simplify this dimensional equation 
to obtain: 



T 1 = L- a K 6 M c L 2c K- c T" 2c M d 
or 



Equate exponents to obtain: 



T: -2c = l, 
L : 2c - a = 0 , 
K: b-c = 0, 
and 

M: c + d = 0 



Solve these equations 
simultaneously to obtain: 



c = - 1 

a = -1 , 
h = -J- 

U 2 , 

and 



Substitute in equation (1): 
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{Tj*{kJ*{m)± 



t = 



V 



V 


m 







(b) Substitute numerical values and evaluate v. 

0.1m 3 / (l.293kg/m 3 )(0.1m 3 ) 

^(2xl0- 3 m) 2 U8.314J/mol-K)(293K) " 
4 V ' 



232 s = 



3.87 min 
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Chapter 19 

The Second Law of Thermodynamics 



Conceptual Problems 
l 

Determine the Concept Friction reduces the efficiency of the engine. 
*2 • 

Determine the Concept As described by the second law of thermodynamics, more heat 
must be transmitted to the outside world than is removed by a refrigerator or air 
conditioner. The heating coils on a refrigerator are inside the room-the refrigerator 
actually heats the room it is in. The heating coils on an air conditioner are outside, so the 
waste heat is vented to the outside. 

3 

Determine the Concept Increasing the temperature of the steam increases the Carnot 
efficiency, and generally increases the efficiency of any heat engine. 

4 

Determine the Concept To condense, water must lose heat. Because its entropy change 
is given by dS = dQ K JT and dQ iev is negative, the entropy of the water decreases, 
(c) is correct. 



*5 • 

Determine the Concept 



(a) Because the temperature changes during an adiabatic process, the internal energy of the 
system changes continuously during the process. 

(b) Both the pressure and volume change during an adiabatic process and hence work is 
done by the system. 



(c) AQ = 0 during an adiabatic process. Therefore AS = 0. 



(c) is correct. 



(<f) Because the pressure and volume change during an adiabatic process, so does the 
temperature. 

6 

(a) False. The complete conversion of mechanical energy into heat is not prohibited by 
either the 1 st or 2 nd laws of thermodynamics and is common place in energy 
transformations. 

(b) True. This is the heat-engine statement of the 2 nd law of thermodynamics. 
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(c) False. The efficiency of a heat engine is a function of the thermodynamic processes of 
its cycle. 

(d) False. With the input of sufficient energy, a heat pump can transfer a given quantity of 
heat from a cold reservoir to a hot reservoir. 

(e) False. The only restriction that the refrigerator statement of the 2 nd law places on the 
COP is that it can not be infinite. 

(f) True. The Carnot engine, as a consequence of its thermodynamic processes, is 
reversible. 

(g) False. The entropy of one system can decrease at the expense of one or more other 
systems. 

(h) True. This is one statement of the 2 nd law of thermodynamics. 
7 

Determine the Concept The two 

paths are shown on the PV diagram 
to the right. We can use the concept 
of a state function to choose from 
among the alternatives given as 
possible answers to the problem. 




(a) Because E- m is a state function and the initial and final states are the same for the two 
paths and A£ int A = A£ mt B . 

(b) and (c) 5, like E mb is a state function and its change when the system moves from one 
state to another depends only on the system's initial and final states. It is not dependent 
on the process by which the change occurs and A5 A = A5 B . 



(d) (J) is correct. 
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Determine the Concept The processes 
A— >B and C— >D are adiabatic; the 
processes B— >C and D— >A are isothermal 
The cycle is therefore the Carnot cycle 
shown in the adjacent PV diagram. 



9 

Determine the Concept Note that A— >B is an adiabatic expansion. B— >C is a constant 
volume process in which the entropy decreases; therefore heat is released. C— >D is an 
adiabatic compression. D— >A is a constant volume process that returns the gas to its 
original state. The cycle is that of the Otto engine (see Figure 19-3). 




10 

Determine the Concept Refer to Figure 
19-3. Here a— >b is an adiabatic 
compression, so S is constant and T 
increases. Between b and c, heat is added 
to the system and both S and T increase. 
c— >d is again isentropic, i.e., without 
change in entropy, d— >a releases heat and 
both 5 and J decrease. The cycle on an ST 
diagram is sketched in the adjacent figure. 



11 

Determine the Concept Referring to Figure 
19-8, process 1— >2 is an isothermal 
expansion. In this process heat is added to 
the system and the entropy and volume 
increase. Process 2— >3 is adiabatic, so S is 
constant as V increases. Process 3— >4 is an 
isothermal compression in which 5 
decreases and V also decreases. Finally, 
process 4— >1 is adiabatic, i.e., isentropic, 
and S is constant while V decreases. The 
cycle is shown in the adjacent SV diagram. 
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12 

Picture the Problem The SV diagram of the Otto cycle is shown in Figure 19-13. (see 
Problem 9) 



13 

Determine the Concept Process A— »B is 
at constant entropy, i.e., an adiabatic 
process in which the pressure increases. 
Process B— >C is one in which P is 
constant and S decreases; heat is exhausted 
from the system and the volume decreases. 
Process C— >D is an adiabatic compression. 
Process D— >A returns the system to its 
original state at constant pressure. The 
cycle is shown in the adjacent PV diagram. 
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Picture the Problem Let A J be the change in temperature and 
s= (T h - T c )/T h be the initial efficiency. We can express the efficiencies of the Carnot 
engine resulting from the given changes in temperature and examine their ratio to decide 
which has the greater effect on increasing the efficiency. 



If T h is increased by AT , d , the new 
efficiency is: 



c ,_ T h +AT-T c 
T h + AT 



If T c is reduced by AT, the efficiency 
is: 



^,_T h -T c +AT 



Divide the second of these equations 
by the first to obtain: 



~7 



T h -T c +AT 



T h +AT-T c 
T h +AT 



Therefore, a reduction in the temperature of the cold reservoir by AT 
increases the efficiency more than an equal increase in the temperature 
of the hot reservoir. 
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Estimation and Approximation 

15 

Picture the Problem The maximum efficiency of an automobile engine is given by the 
efficiency of a Carnot engine operating between the same two temperatures. We can use 
the expression for the Carnot efficiency and the equation relating V and T for a quasi- 
static adiabatic expansion to express the Carnot efficiency of the engine in terms of its 
compression ratio. 



Express the Carnot efficiency of an 
engine operating between the 
temperatures T c and T h : 



s c =l 



Relate the temperatures T c and T h to 
the volumes V c and Vh for a quasi- 
static adiabatic compression from V c 
to V h : 



T c vr=T h v h 



7-1 



Solve for the ratio of T c to T h : 



t vr l 

c h 



V. 



V 1 



Substitute to obtain: 



s c =l 



Yl 



Express the compression ratio r: 



Ye_ 
V, 



Substitute once more to obtain: 



*c =1 --m 



Substitute numerical values for r and 
7(1.4 for diatomic gases) and 
evaluate e c : 



£ c =l 



= 0.565 = 



56.5% 
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Picture the Problem If we assume that the temperature on the inside of the refrigerator 
is 0°C (273 K) and the room temperature to be about 30°C (303 K), then the refrigerator 
must be able to maintain a temperature difference of about 30 K. We can use the 
definition of the COP of a refrigerator and the relationship between the temperatures of 

the hot and cold reservoir and \Q h | and Q c to find an upper limit on the COP of a 

household refrigerator. In (b) we can solve the definition of COP for Q c and differentiate 
the resulting equation with respect to time to estimate the rate at which heat is being 
drawn from the refrigerator compartment. 



(a) Using its definition, express the 
COP of a household refrigerator: 



COP = 



ft 

w 



(1) 
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Apply the 1 st law of 
thermodynamics to the refrigerator 
to obtain: 



W + Q c = Q h 



Substitute for W and simplify to 
obtain: 



COP = 



l 



\QA-Q, Gh 



Assume, for the sake of finding the 
upper limit on the COP, that the 
refrigerator is a Carnot refrigerator 
and relate the temperatures of the 

hot and cold reservoirs to \Q b | and 
Qc- 



Go T c 



Substitute to obtain: 



COP„ 



Substitute numerical values and 
evaluate COP max : 



COP = — 

max 3Q 3K 



9.10 



273 K 



(b) Solve equation (1) for Q c : 



Q c =W(COP) 



(2) 



Differentiate equation (2) with 
respect to time to obtain: 

Substitute numerical values and 
evaluate dQJdt: 



dt 



= (cop) 



dW 
dt 



^ = (9.10)(600J/s) = 
dt 



5.46kW 
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Picture the Problem We can use the definition of intensity to find the total power of 
sunlight hitting the earth and the definition of the change in entropy to find the changes in 
the entropy of the earth and the sun resulting from the radiation from the sun. 



(a) Using its definition, express the 
intensity of the sun's radiation on 
the earth in terms of the power 
delivered to the earth P and the 
earth's cross sectional area A: 



/ = 



Solve for P and substitute for A to 
obtain: 



P = IA = InR 1 

where R is the radius of the earth. 



Substitute numerical values and 
evaluate P: 
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P = ;r(l.3kW/m 2 )(6.37 x 10 6 m) 2 



1.66xl0 17 W 



(b) Express dSe^/dt for the earth 
due to the flow of solar radiation: 



dS 



earth 



dt 



earth 



Substitute numerical values and 
evaluate dS eanh /dt: 



AS earth 



1.66xlQ 17 W 
290 K 



= 5.72xl0 14 J/K-s 



(c) Express dS su Jdt for the sun due 
to the outflow of solar radiation 
hitting the earth: 

Substitute numerical values and 
evaluate dS sm Jdt: 



dt T 



dSL. 1.66xl0 17 W 



dt 



5400 K 



= 3.07xl0 13 J/K-s 
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Picture the Problem We can use the definition of intensity to find the total power 
radiated by the sun and the definition of the change in entropy to find the change in the 
entropy of the universe resulting from the radiation of 10 11 stars in 10 11 galaxies. 

(a) Using its definition, express the p 

intensity of the sun's radiation on ^ 

the location of earth in terms of the 

total power it delivers to space P 

and the area of a sphere A whose 

radius is the distance from the sun to 

the earth: 



Solve for P and substitute for A to 
obtain: 



Substitute numerical values and 
evaluate P: 



P = IA = 4ttIR 2 

where R is the distance from the sun to the 
earth. 

P = 4*(l .3 kW/m 2 )(l . 5 x 1 0 1 1 m) 2 



= 3.68xl0 26 W 



(b) Express A5, 



universe- 



AS., 



universe 



7\ ; „ 
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Substitute numerical values and 
evaluate AS univeise : 



AS., 



universe 



_ 10 22 (3.68xlQ 26 w) 
2.73K 



= 1.35xl0 48 J/K-s 
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Picture the Problem We can use the definition of entropy change to estimate the 
increase in entropy of the universe as a result of the heat produced by a typical human 
body. The entropy change is equivalent to the entropy change if the heat from the body 
were added to the universe reversibly. 



Express the increase in entropy of 
the universe as a result of the heat 
produced by a human body: 



AQ AO m 



■ + ■ 



day 



T 

night 



Using the definition of power, 
express the total heat produced by a 
human body: 



AQ = PAt 



Assume that half of the heat is 
produced during the day and half at 
night: 



A£ day = AQ 



Substitute to obtain: 



AS, 



_ 2 



\PAt \PAt 



day 



j PAt 



" night 



l 1 

+ — 



T 

V da y 



light j 



Use T = f {t F - 32)+ 273 to obtain: 
Substitute numerical values and evaluate A5 U : 



r day = 294 K and T mght = 286 K 



A5 U =}(l00J/s)(24h/d)(3600s/h) 



1 



1 



294 K 286 K 



29.8 kJ/K 
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Picture the Problem If you had one molecule in a box, it would have a 50% chance of 
being on one side or the other. We don't care which side the molecules are on as long as 
they all are on one side, so with one molecule you have a 100% chance of it being on one 
side or the other. With two molecules, there are four possible combinations (both on one 
side, both on the other, one on one side and one on the other, and the reverse), so there is 
a 25% (1 in 4) chance of them both being on a particular side, or a 50% chance of them 
both being on either side. Extending this logic, the probability of Af molecules all being 
on one side of the box is P = 2/2 N , which means that, if the molecules shuffle 100 times a 
second, the time it would take them to cover all the combinations and all get on one side 

2 N 

or the other is t = —, r . In (e) we can apply the ideal gas law to find the number of 
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molecules in 1 L of air at a pressure of 10 12 torr and an assumed temperature of 300 K. 



(a) Evaluate t for N = 10 molecules: 



(b) Evaluate t for N = 100 molecules: 



,10 



(c) Evaluate t for N = 1000 
molecules: 



To evaluate 2 1000 let 10* = 2 1 000 and 
take the logarithm of both sides of 
the equation to obtain: 

Solve for x to obtain: 

Substitute to obtain: 



(d) Evaluate t for 

N = 6.02xl0 23 molecules: 



To evaluate 2 6 02xl ° 23 let 



10* =2 



6.02x10" 



and take the 



logarithm of both sides of the 
equation to obtain: 

Solve for x to obtain: 

Substitute to obtain: 



(<?) Solve the ideal gas law for the 
number of molecules N in the gas: 

Assuming the gas to be at room 
temperature (300 K), substitute 
numerical values and evaluate N: 



t = 



t = 



2(100) 



5.12s 



,100 



= 6.34xl0 27 s 



2(100) 



2.01xl0 20 y 



,1000 



t = 



2(100) 
(I000)ln2 = .dnl0 



jc = 301 
10 3oi 



t = 



= 0.5xl0 299 s 



2(100) 



1.58xl0 290 y 



,6.02xl0 23 



t = 



2(100) 

(6.02xl0 23 )ln2 = xlnl0 



23 



^*10 
10 10 

t « 



N = 



2(100) 
PV 



10 10 " y 



kT 



N = 



(lO -12 torr)(l33.32Pa/torr)(l0" 3 m 3 ) 
(l.381xl0" 23 J/K)(300K) 



= 3.22 xlO 7 molecules 
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Evaluate Jfor N= 3.22xl0 7 
molecules: 



To evaluate 2 let 

10* = 2 3 22x10 and take the 
logarithm of both sides of the 
equation to obtain: 



Solve for x to obtain: 
Substitute to obtain: 



Express the ratio of this waiting 
time to the lifetime of the universe 
T 

■* universe- 
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,3.22x10' 



t = 



2(100) 

(3.22xl0 7 )ln2 = jdnl0 



x«10 7 

T = io 1,)7 



2(100) 



10 107 y 



T _ 10 1Q7 y ^ 



10 10 y 



10 



10' 



or 



10 10 T 



' universe 



21 • 

Picture the Problem We can use the definition of the efficiency of a heat engine to relate 
the work done W, the heat absorbed Q in , and the heat rejected each cycle <2out- 



(a) Express Q in in terms of W and s : 



(b) Solve the definition of efficiency 
for and evaluate \Q 0Ut : 



_ W _ 100J 

^in 0 

s 0.2 



500 J 



|aJ = &(l-*) = (500J)(l-0.2) 



= 400 J 
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Picture the Problem We can use its definition to find the efficiency of a heat engine 
from the work done, the heat absorbed, and the heat rejected each cycle. 



(a) Use the definition of the 
efficiency of a heat engine: 



£ = 



W 120 J 



£,„ 400J 



30% 



(b) Solve the definition of efficiency 
for and evaluate |<2 0ut | : 



laJ=a n (i-s)=(4ooj)(i-o.3) 



= 280J 
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40.0% 



80.0W 
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Picture the Problem We can use its definition to find the efficiency of the engine and 
the definition of power to find its power output. 

(a) Apply the definition of the e — \— ^ out - 1 - 
efficiency of a heat engine: Q in 100 J 

(b) Use the definition of power to p _ AW _ sQ^ _ 0.4(lOQj) = 
find the power output of this engine: At At 0.5 s 
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Picture the Problem We can apply their definitions to find the COP of the refrigerator 
and the efficiency of the heat engine. 

(a) Using the definition of the COP, COP - — 

relate the heat absorbed from the W 
cold reservoir to the work done each 
cycle: 

Relate the work done per cycle to Q h W = \Q b | - Q c 

and Q c : 

Substitute to obtain: COP _ ^ c 

~|G h |-Gc 



Substitute numerical values and COP _ 



evaluate COP: |8kj| - 5kJ 

(b) Use the definition of efficiency _ W_ 

to relate the work done per cycle to Q h 
the heat absorbed from the high- 
temperature reservoir: 



Substitute numerical values and 3kJ 

8 = 

evaluate s : 8kJ 



1.67 



37.5% 
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Picture the Problem To find the heat added during each step we need to find the 
temperatures in states 1, 2, 3, and 4. We can then find the work done on or by the gas 
along each pass from the area under each straight-line segment and the heat that enters or 
leaves the system from Q = C V AT and Q = C P AT. We can find the efficiency of the 

cycle from the work done each cycle and the heat that enters the system each cycle. 



(a) The cycle is shown to the right: 



t 1 



0 10 20 30 40 50 
V(L) 



Apply the ideal-gas law to state 1 to y, _ ffii 

find T t : 1 nR 



(latm)(24.6L) 



(lmol)(8.206 x 10 2 L • atm/mol • K) 
= 300K 



The pressure doubles while the T 2 = 27] = 600 K 

volume remains constant between 
states 1 and 2. Hence: 

The volume doubles while the T 3 = 2T 2 = 1200^T 

pressure remains constant between 
states 2 and 3. Hence: 

The pressure is halved while the T 4 = jT 3 = 600 K 

volume remains constant between 
states 3 and 4. Hence: 



For path 1— >2: 



and 



= PAV^ 2 



0 



Q^ 2 =AE im ^ 2 =C v AT^ 2 =iRAT^ 2 ={(8.314J/mol-K)(600K-300K) 



= 3.74kJ 
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For path 2— >3: 



W 2 ^ 3 =PAV 2 ^ 2 =(2 atm)(49.2L- 24.6 L) = 49.20 L-atmx 



101.325J 
L-atm 



4.99 kJ 



and 



Q 2 _+ 3 = C P AT 2 ^ 3 =iRAT 2 _^ 3 = f (8.314 J/mol-K)(l200K-600K) 



= 12.5kJ 



For path 3^4: 



= PAV 3 ^ 4 = 



and 



Q 3 ^ 4 =AE mt ^ 4 =C y AT 3 ^ 4 =1RAT 3 ^ 4 = f (8.314 J/mol- K)(600K-1200K) 



= -7.48kJ 



For path 4-»l: 



W 4 ^ = PAV 4 ^ = (l atm)(24.6L- 49.2 L) = -24.6 L-atmx 



101.3J 
L-atm 



2.49 kJ 



and 



Q 4 ^=C F AT 4 ^=\RAT 4 ^ =f (8.314 J/mol- K)(300K-600K) 



= -6.24kJ 



(b) Use its definition to find the 
efficiency of this cycle: 



s = 



fin fi-2 + G 2 -3 

4.99kJ-2.49kJ _ 
3.74kJ + 12.5kJ ~ 



15.4% 



Remarks: Note that the work done per cycle is the area bounded by the rectangular 
path. 
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Picture the Problem The three steps in the 

process are shown on the PV diagram. We 264 i 

can find the efficiency of the cycle by , \ 

finding the work done by the gas and the g \»i 

heat that enters the system per cycle. * 

i I 



10 20 
V(L) 



Express the efficiency of the cycle: 



£ = 



W_ 



Find the heat entering or leaving the 
system during the adiabatic 
expansion: 

Find the heat entering or leaving the 
system during the isobaric 
compression: 

Find the heat entering or leaving the 
system during the constant-volume 
process: 



<2,=0 



Q 2 = C V AT 2 = 1RAT 2 = \PAV 2 

= |(latm)(lOL - 20 L) = -35atm • L 



Q } = C V AT } = f RAT 3 = f APV 3 
= |(2.64atm-latm)(lOL) 
= 41atm-L 



Apply the 1 st law of thermodynamics 
to the cycle (A£ int cycle =0) to 

obtain: 



W =AE-Q =-Q 

on int *-"in 

= Q l +Q 2 + Q 3 

= 0 - 35atm • L + 41atm ■ L 

= 6 atm • L 



Substitute and evaluate s : 



s = 



6 atm • L 
41atm-L 



14.6% 
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Picture the Problem We can find the efficiency of the cycle by finding the work done 
by the gas and the heat that enters the system per cycle. 
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Apply the ideal-gas law to states 1, 2, 3, and 4 to find the pressures at these points: 



_ nRT, _ (lmol)(8.206xlQ- 2 L-atm/mol-K)(400K) _ 



24.6 K 



33atm 



Proceed as above to obtain the 
values shown in the table: 



The PV diagram is shown to the 
right: 



Express the efficiency of the cycle: 



Point 


P 


V 


T 




(atm) 


(L) 


(K) 


1 


1.330 


24.6 


400 


2 


0.667 


49.2 


400 


3 


0.500 


49.2 


300 


4 


1.000 


24.6 


300 




w 



0 10 20 30 40 50 60 
V(L) 

(1) 



Find the work done by the gas and the heat that enters the system during the 
isothermal expansion from 1 to 2: 



= 2.305kJ 



= (lmol)(8.314J/mol-K)(400K)ln 



v 24.6L y 



Find the work done by the gas and the heat that enters the system during the 
constant-volume compression from 2 to 3: 



^3 = 0 



and 



Q 2 ^ 3 = C V AT 2 ^ 3 = (21 J/K)(300K -400K) = -2.10kJ 
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Find the work done by the gas and the heat that enters the system during the isothermal 
expansion from 3 to 4: 



W 3 ^ = Q^ A =TlRT 3 hx 

= -1.729kJ 



(lmol)(8.314J/mol-K)(300K)ln 



^24.60 



49.2L 



Find the work done by the gas and the heat that enters the system during the 
constant- volume process from 4 to 1: 



and 



Q 4 ^ = C Y AT 4 ^ = (21J/K)(400K-300K)= 2.10kJ 



Evaluate the work done each cycle: 



W=W^ 2 +W 2 ^+W 3 ^+W^ 
= 2.305 kJ + 0-1.729kJ + 0 
= 0.5760 kJ 



Find the heat that enters the system 
each cycle: 



On =ei_2+Q4-l 

= 2.305kJ + 2.100kJ 
= 4.405 kJ 



Substitute numerical values in 
equation (1) and evaluate s : 



£ = 



0.5760 kJ 
4.405 kJ 



13.1% 
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Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas and the heat capacities at constant volume and constant pressure to find the heat 
flow for the constant-volume and isobaric processes. Because the change in internal 
energy is zero for the isothermal process, we can use the expression for the work done on 
or by a gas during an isothermal process to find the heat flow during such a process. 
Finally, we can find the efficiency of the cycle from its definition. 



(a) Use the ideal-gas law to find the 
temperature at point 1 : 



(l00kPa)(25L) 



PV 
T = 11 = 

1 nR (lmol)(8.314J/mol-K) 



= 301K 
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Use the ideal-gas law to find the 
temperatures at points 2 and 3: 



T -T - P 2 V 2 - 



T 



(200kPa)(25L) 



nR (lmol)(8.314J/mol-K) 



= 601K 



(b) Find the heat entering or leaving the system for the constant-volume process from 1 to 
2: 

Q^ 2 = C V AT^ 2 = f RAT^ 2 =|(8.314J/mol-K)(601K-301K) 



= 3.74U 



Find the heat entering or leaving the system for the isothermal process from 2 to 3: 



e 2 ^ 3 = nRT i ln 



V^2 J 



= (lmol)(8.314J/mol-K)(601K)ln 



v 25L y 



3.46kJ 



Find the heat entering or leaving the system during the isobaric compression from 
3 to 1: 

Q 3 ^ = C P AT^=1RAT 3 ^ = |(8.314 J/mol- K)(301K -601K) 



= -6.24kJ 



(c) Express the efficiency of the cycle: 



£ = 



W 



W 



2 ln Gl^2+G 2 ^3 



(1) 



Apply the 1 st law of 
thermodynamics to the cycle: 



= 3.74kJ + 3.46kJ-6.24kJ 
= 0.960 kJ 
because, for the cycle, At/ = 0. 



Substitute numerical values in equation (1) 
and evaluate s : 



0.960 kJ 



3.74kJ + 3.46kJ 



13.3% 
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Picture the Problem We can use the ideal-gas law to find the temperatures of each state 
of the gas. We can find the efficiency of the cycle from its definition; using the area 
enclosed by the cycle to find the work done per cycle and the heat entering the system 
between states 1 and 2 and 2 and 3 to determine Q in . 
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(a) Use the ideal-gas law for a fixed 
amount of gas to find the 
temperature in state 2 to the 
temperature in state 1 : 

Solve for and evaluate T 2 : 



Apply the ideal-gas law for a fixed 
amount of gas to states 2 and 3 to 
obtain: 



r, = 



7^ = ri ^ = (200K) (3atm) 



600 K 



r, = 



py, v. 



PV 



(latm) 



1800K 



Apply the ideal-gas law for a fixed 
amount of gas to states 3 and 4 to 
obtain: 



T = 



r 3 ^ = r 3 ^ = (i800K)^li 

3 P 3 V 3 3 P 3 7 (3atm) 



600 K 



(b) Express the efficiency of the 
cycle: 



s = 



W_ 

Gin 



(1) 



Use the area of the rectangle to find 
the work done each cycle: 



W =APAV 

= (300L - 100L)(3atm - latm) 
= 400atm-L 



Apply the ideal-gas law to state 1 to 
find the product of n and R: 



Noting that heat enters the system 
between states 1 and 2 and states 2 
and 3, express Q m : 



nR = 



Py i _ (latm)(l00L) 



200 K 



= 0.5Latm/K 

Gin =Q^2+Ql^ 

= C V A7^ 2 + C P A7^ 3 
= {^AT^ 2 +lAT 2 ^)nR 



Substitute numerical values and evaluate Q in : 

Gn = [f ( 600 K - 200 K)+ 1 (l 800 K - 600 K)](0.5 L • atm/K) = 2600 atm • L 
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Substitute numerical values in 
equation (1) and evaluate s : 



400atm-L 
2600atm-L 



15.4% 
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Picture the Problem To find the efficiency of the diesel cycle we can find the heat that 
enters the system and the heat that leaves the system and use the expression that gives the 
efficiency in terms of these quantities. Note that no heat enters or leaves the system 
during the adiabatic processes a— >b and c— >d. 



Express the efficiency of the cycle 
in terms of Q c and Q b : 

Express Q for the isobaric warming 
process b— >c: 

Express Q for the constant- volume 
cooling process d— >a: 

Substitute to obtain: 



E = 1 



£^=|e h | = c P (7;-rJ 

Q d ^ a =\Q c \ = C v (T d -T a ) 



s = \ 



= 1 



(T d ~T a ) 

r{T c -T b ) 



Using the equation of state for an 
adiabatic process, relate the 
temperatures T a and T h : 



rF 1 =T,vr l 

a a b b 



(i) 



Proceeding similarly, relate the 
temperatures T c and T d : 



T c vr l =T d vj- 1 



(2) 



Use equations (1) and (2) to 
eliminate T a and T d : 



s = l 



= 1 



yr 

7' b 



0 V r ^ b V r ~ l 

V V d v _a_ J 

r{T c -T b ) 



f 






T b 






V 










J 



r 



i-^ 



because V a = V d . 
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Apply the ideal-gas law for a fixed 
amount of gas to relate T h and T c : 



because P b = P c . 



Substitute and simplify to obtain: 



8 = 1 



f*7 \ 



V. 



, V , 



V, 



-A 



v. 



v., 



c \" a J 



Y 



Yt 



Ye 



Y_ t 



c b 

v V V * 

V a ' a J 



v.. 



?- = !• 



V, 



r v,. v 



-A 



V 



V. 



a \'a J 



Y 



v V V i 

V a ' a J 
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Picture the Problem We can use the efficiency of a Carnot engine operating between 
reservoirs at body temperature and typical outdoor temperatures to find an upper limit on 
the efficiency of an engine operating between these temperatures. 



(a) Express the maximum efficiency 
of an engine operating between 
body temperature and 70°F: 

Use T = |(? F - 32)+ 273 to obtain: 

Substitute numerical values and 
evaluate s n : 



s c =l 



r body = 310Kandr, oom = 294K 
294 K 



£ n =1 



310K 



5.16% 



The fact that this efficiency is considerably less than the actual efficiency 
of a human body does not contradict the second law of thermodynamics. 
The application of the second law to chemical reactions such as the ones 
that supply the body with energy have not been discussed in the text but 
we can note that don't get our energy from heat swapping between our 
body and the environment. Rather, we eat food to get the energy that we 
need. 
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Most warm - blooded animals survive under roughly the same conditions 
as humans. To make a heat engine work with appreciable efficiency, 
internal body temperatures would have to be maintained at an 
unreasonably high level. 
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Picture the Problem The Carnot 
cycle's four segments (shown to the 
right) are: (A) an isothermal expansion 
at T = T h from V\ to V 2 , (B) an adiabatic 
expansion from V 2 to V3, (C) an 
isothermal compression from V 3 to V 4 at 
T = T c , and (D) an adiabatic 
compression from V 4 to V\. We can find 
the Carnot efficiency for a gas described 
by the Clausius equation by expressing 
the ratio of the work done per cycle to 
the heat entering the system per cycle. 




V, V A V 2 Vi 



Express the efficiency of the Carnot 
cycle in terms of the work done and 
the heat that enters the system per 
cycle: 



a = 



W_ 



Apply the first law of 
thermodynamics to segment A: 



Q A =W A +AE intA =W A = \PdV 



nRZ 



'2 

I 



dV 
V-bn 



Follow the same procedure for 
segment C to obtain: 



Q c =W c +AE mtC =W c = \PdV 

v 4 



" V -nRTM V *- b " 



V-bn 



V 3 —bn 



and 

\Q\ = nRT c \n 



r V 1 -bn" 
K V A -bnj 
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Apply the first law of 
thermodynamics to the complete 
cycle ( A£ int cycle = 0) to express W: 



W = Q h ~\Q c 



= nRT h In 



r V 2 -bn " 

K V i~ bn J 



- nRT In 



V 1 -bn\ 
V 4 -bn) 



Substitute and simplify to obtain: 



nRT h In 



s = 



r V 2 -bn ^ 
yV^-bn 



nRT hi 



f W^-bn 
yV 4 -bn^ 



Tin 



= 1- 



nRT h In 



r V 1 -bn} 
y V A -bn 



V 2 -bn 
V x -bn 



T h ln 



f V 2 -bn ^ 
K V { -bn 



Apply the first law of 
thermodynamics to the adiabatic 
processes B and D: 



dQ B = 0 = dW B + dE int B = PdV + C v dT 
nRT 



V-bn 



-dV + C v dT 



Separate variables and integrate 
to obtain: 



Simplify to obtain: 



Using this result, relate V 2 and V 3 to 
T h and T c : 

Relate V\ and V 4 to T h and T c : 

Divide equation (1) by equation (2) 
and simplify to obtain: 



rdT _ nT r dV 
J T ~ CjV-bn 



= -(r-DJ 



dV 
V-bn 



or 



\nT = -(y -l)\n(V - bn) + constant 
= ln(y - bn) 7 ^ 1 + constant 

\nT + ln(V -bn) r ~ l = constant 
or 

lnr(y -bn) r l = constant 
and 

r(y -bn) r ~ l = constant 
Tjyt-bnY- 1 = T c (V 3 -bny- 1 (1) 



T h (V 2 -bnY l _ T c (V 3 -bnY l 
T h ( Vi -bnY- 1 T h (V 4 -bnY- 1 



(2) 
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V 2 —bn_V 3 — bn 
V 1 - bn V 4 - bn 



Substitute in our expression for s 
and simplify: 



s = l 



V 2 -bn 



T b hx 



-bn 
-bn 



the same as for an ideal gas. 
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Determine the Concept The relationship of the perfect engine and the refrigerator to 
each other and to the hot and cold reservoirs is shown below. To remove 500 J from the 
cold reservoir and reject 800 J to the hot reservoir, 300 J of work must be done on the 
system. Assuming that the heat-engine statement is false, one could use the 800 J rejected 
to the hot reservoir to do 300 J of work. Thus, running the refrigerator connected to the 
"perfect" heat engine would have the effect of transferring 500 J of heat from the cold to 
the hot reservoir without any work being done, in violation of the refrigerator statement 
of the second law. 



500 J 



mil 



Refrigerator 



50l)| 



Cold RcM-rvoir T t 
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Determine the Concept The work done by the system is the area enclosed by the cycle, 
where we assume that we start with the isothermal expansion. It is only in this expansion 
that heat is extracted from a reservoir. There is no heat transfer in the adiabatic expansion 
or compression. Thus, we would completely convert heat to mechanical energy, without 
exhausting any heat to a cold reservoir, in violation of the second law. 
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Carnot Engines 
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Picture the Problem We can find the efficiency of the Carnot engine using 

£ = l — T c /T h and the work done per cycle from s = W I Q h . We can apply conservation 

of energy to find the heat rejected each cycle from the heat absorbed and the work done 
each cycle. We can find the COP of the engine working as a refrigerator from its 
definition. 



(a) Express the efficiency of the 
Carnot engine in terms of the 
temperatures of the hot and cold 
reservoirs: 



= 1 _2 L = 1 _20OK = ^ ¥ 
T h 300 K 1 



(b) Using the definition of 
efficiency, relate the work done each 
cycle to the heat absorbed from the 
hot reservoir: 



W = s c Q h =(0.333)(100J) = 



33.3J 



(c) Apply conservation of energy to 
relate the heat given off each cycle 
to the heat absorbed and the work 
done: 



|£cl = £h-W = i00J-33.3J = 



66.7 J 



(d) Using its definition, express and |<2 C | 66.7 J i 

evaluate the refrigerator's coefficient W 33. 3 J 1 

of performance: 
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Picture the Problem We can find the efficiency of the engine from its definition and the 
additional work done if the engine were reversible from W = £ c Q h , where s c is the 

Carnot efficiency. 



(a) Express the efficiency of the _ W_ _ Qh ~ Q c 

engine in terms of the heat absorbed Q h Q h Q h 

from the high-temperature reservoir 200 J 



20.0% 



and the heat exhausted to the low- 250 J 

temperature reservoir: 

(b) Express the additional work done AW = W Carnot - W pma 

if the engine is reversible: 
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Relate the work done by a reversible 
engine to its Carnot efficiency: 



W = £ c Q h 

f 

1- 



1-^ 

v \j 



200 K 



300 K 



(250J) = 83.3J 



Substitute and evaluate AW: 



AW=83.3J-50J= 33.3J 
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Determine the Concept Let the first engine be run as a refrigerator. Then it will remove 
140 J from the cold reservoir, deliver 200 J to the hot reservoir, and require 60 J of energy 
to operate. Now take the second engine and run it between the same reservoirs, and let it 
eject 140 J into the cold reservoir, thus replacing the heat removed by the refrigerator. If 
Ez, the efficiency of this engine, is greater than 30%, then Q h2 , the heat removed from the 
hot reservoir by this engine, is 140 J/(l - Sj) > 200 J, and the work done by this engine is 
W = £2<2h2 > 60 J. The end result of all this is that the second engine can run the 
refrigerator, replacing the heat taken from the cold reservoir, and do additional 
mechanical work. The two systems working together then convert heat into mechanical 
energy without rejecting any heat to a cold reservoir, in violation of the second law. 

38 

Determine the Concept If the reversible engine is run as a refrigerator, it will require 
100 J of mechanical energy to take 400 J of heat from the cold reservoir and deliver 500 J 
to the hot reservoir. Now let the second engine, with £ 2 > 0.2, operate between the same 
two heat reservoirs and use it to drive the refrigerator. Because Si > 0.2, this engine will 
remove less than 500 J from the hot reservoir in the process of doing 100 J of work. The 
net result is then that no net work is done by the two systems working together, but a 
finite amount of heat is transferred from the cold to the hot reservoir, in violation of the 
refrigerator statement of the second law. 
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Picture the Problem We can use the definition of efficiency to find the efficiency of the 
Carnot engine operating between the two reservoirs. 



(a) Use its definition to find the 
efficiency of the Carnot engine: 



£ c = 



W_ 
<2 h 



50 J 
150J 



33.3% 



(b) If COP > 2, then 50 J of work will remove more than 100 J of heat from the cold 
reservoir and put more than 150 J of heat into the hot reservoir. So running engine (a) to 
operate the refrigerator with a COP > 2 will result in the transfer of heat from the cold to 
the hot reservoir without doing any net mechanical work in violation of the second law. 
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Picture the Problem We can use the definitions of the efficiency of a Carnot engine and 
the coefficient of performance of a refrigerator to find these quantities. The work done 
each cycle by the Carnot engine is given by W = £ c Q h and we can use the conservation 

of energy to find the heat rejected to the low-temperature reservoir. 



(a) Use the definition of the 
efficiency of a Carnot engine to 
obtain: 



s c =l 



= 1 



77 K 
300 K 



74.3% 



(b) Express the work done each 
cycle in terms of the efficiency of 
the engine and the heat absorbed 
from the high-temperature reservoir: 



W = e c Q h =(0.743)(100J) = 



74.3J 



(c) Apply conservation of energy to 
obtain: 

(d) Using its definition, express and 
evaluate the refrigerator's 
coefficient of performance: 



|G c | = <2 h -W=100J-74.3J = 



25.7J 



COP = 



\Q C \ _ 25.7J 
W ~74.3J 



0.346 
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Picture the Problem We can use the ideal-gas law for a fixed amount of gas and the 
equations of state for an adiabatic process to find the temperatures, volumes, and 
pressures at the end points of each process in the given cycle. We can use 
Q = C V AT and Q = C P AT to find the heat entering and leaving during the constant- 
volume and isobaric processes and the first law of thermodynamics to find the work done 
each cycle. Once we've calculated these quantities, we can use its definition to find the 
efficiency of the cycle and the definition of the Carnot efficiency to find the efficiency of 
a Carnot engine operating between the extreme temperatures. 



(a) Apply the ideal-gas law for a 
fixed amount of gas to relate the 
temperature at point 3 to the 
temperature at point 1 : 



py, _ p 3 v 3 



M '3 

or, because Pi = P 3 , 
T 3 =T^ 



(1) 



Apply the ideal-gas law for a fixed ffij _ P^ 2 

amount of gas to relate the pressure Zj T 2 

at point 2 to the temperatures at or ^ because V\ = V 2 , 
points 1 and 2 and the pressure at 1 : 
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P 2 =P, 7 ^ = (latm)^^ = 1.55atm 
T, ; 213K 



Apply the state equation for an 
adiabatic process to relate the 
pressures and volumes at points 2 
and 3: 



PV r = PV r 



Noting that V\ = 22.4 L, solve for 
and evaluate V 3 : 



p 



= 30.6L 



= (22.4L) 



1.55 atmY 4 



latm 



Substitute in equation (1) and 
evaluate T 3 : 



r 3 = (273K)^^ = 373K 



22.4L 



and 



? 3 =r 3 -273 = 



100°C 



(b) Process 1— >2 takes place at 
constant volume (note that y= 1.4 
corresponds to a diatomic gas and 
thatC P -Cv = #): 



Q^ 2 =C y AT M = iRAT^ 2 

= f(8.3 14 J/mol • K)(423K - 273K) 



= 3.12kJ 



Process 2— >3 takes place 
adiabatically: 



Process 3— >1 is isobaric (note that 
C P = C v + R): 



Q^=C P AT^=1RAT^ 2 

= \ (8 .3 14 J/mol • K)(273 K - 373 K) 



= -2.91kJ 



(c) Use its definition to express the 
efficiency of this cycle: 



s = 



W_ 

On 



Apply the first law of 
thermodynamics to the cycle: 



&K mt =Q m +W on 

or, because AE int cycle = 0 (the system begins 

and ends in the same state) and 
W on = -W bytheg as= W, W = Q in . 
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Evaluate W: 



= 3.12kJ + 0-2.91kJ 
= 0.210kJ 



3->l 



Substitute and evaluate s : 



0.210kJ 
3.12kJ 



6.73% 



(d) Express and evaluate the 
efficiency of a Carnot cycle 
operating between 423 K and 
273 K: 



£ c =1 



273 K 
423 K 



35.5% 
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Picture the Problem We can find the maximum efficiency of the steam engine by 
calculating the Carnot efficiency of an engine operating between the given temperatures. 
We can apply the definition of efficiency to find the heat discharged to the engine's 
surroundings in 1 h. 



(a) Find the efficiency of a Carnot 
engine operating between these 
temperatures: 



= 1 _ZL = 1 _323K =405% 
T h 543 K 



Find the efficiency of the steam 
engine as a percentage of the 
maximum possible efficiency: 

(b) Relate the heat discharged to the 
engine's surroundings to Q h and the 
efficiency of the engine: 



^steam engine 



0.30 
0.405 



0.74l£„ 



fcl = (!-*)& 



Using its definition, relate the 
efficiency of the engine to the heat 
intake of the engine and the work it 
does each cycle: 

Substitute and evaluate |<2 c | in 1 h: 



Q h = 



W PAt 



fel = (1-*) 



PAt 



(1-0.3) 



(200kJ/s)(3600s) 



0.3 



= 1.68GJ 
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Heat Pumps 
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Picture the Problem We can use the definition of the COP H p and the Camot efficiency 
of an engine to express the maximum efficiency of the refrigerator in terms of the 
reservoir temperatures. We can apply equation 19-10 and the definition of power to find 
the minimum power needed to run the heat pump. 



(a) Express the COP H p in terms of 
T h and J c : 



COP, 



HP 



2 h Gj 



W \Q h \-Q c 
1 1 



1- 



la I 



i 



T -T 



Substitute numerical values and 
evaluate the COP H p: 



COP H 



313K 



313K-263K 



6.26 



(b) Using its definition, express the 
power output of the engine: 



P = 



W_ 
At 



Use equation 19-10 to express the 
work done by the heat pump: 

Substitute and evaluate P: 



W = 



l + COP u 



\Q h \/At = 20kW = 
l + COP HP 1 + 6.26 



2.75kW 



(c) Find the minimum power if the 
COP is 60% of the efficiency of an 
ideal pump: 



\Q C \/At 20 kW 

l + 0.6(COP HP , raa J" 1 + 0.6(6.26) 



= 4.2 lkW 
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Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T c and T h we can write the amount of heat removed from the refrigerator as a 
function of T c , J h , P, and At. 
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(a) Express the amount of heat the 
refrigerator can remove in a given 
period of time as a function of its 
COP: 

Express the COP in terms of T h and 
T c : 



Substitute to obtain: 



Q c = (COP)W 
= (COP)PA? 



COP = 



W sQ h sQ b 



T -T 



T 



PAt 



Substitute numerical values and 
evaluate Q c : 



273 K 



293K-273K 



(370W)(60s) 



= 303 kJ 



(b) Find the heat removed if the 
COP is 70% of the efficiency of an 
ideal pump: 



q: = (o.v) 



273 K 



293 K- 273 K 



(370W)(60s) 



= 212kJ 
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Picture the Problem We can use the definition of the COP to relate the heat removed 
from the refrigerator to its power rating and operating time. By expressing the COP in 
terms of T c and T h we can write the amount of heat removed from the refrigerator as a 
function of T c , T h , P, and At. 

(a) Express the amount of heat the Q c = (COP)W 

refrigerator can remove in a given = (COP)PAf 

period of time as a function of its 
COP: 
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Express the COP in terms of T h and 



COP = 





led . 


w 




l-E 


_ 1 


e 


s 



1 = 



T -T 



Substitute to obtain: 



PAt 



Substitute numerical values and 
evaluate Q c : 



Q e 



r 273K A 
308 K- 273 K 



(370W)(60s) 



= 173kJ 



(b) Find the heat removed if the 
COP is 70% of the efficiency of an 
ideal pump: 



e c = (o.v) 



273 K 



308K-273K 



(370W)(60s) 



= 121kJ 



Entropy Changes 
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Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it freezes. 



Apply the definition of entropy 
change to obtain: 

Substitute numerical values and 
evaluate A5: 



AS 



AS = 



AQ _ - mL t 
T ~ T 

(l8g)(333.5J/g) 



273 K 



22.0 J/K 
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Picture the Problem The change in the entropy of the world resulting from the freezing 
of this water and the cooling of the ice formed is the sum of the entropy changes of the 
water-ice and the freezer. Note that, while the entropy of the water decreases, the entropy 
of the freezer increases. 



Express the change in entropy of the 
universe resulting from this freezing and 
cooling process: 



A^u _ ^ water + ^freezer 



(1) 
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Express AS water : 
Express A5 fr eezin g : 



AS water ~~ ^freezing + ^cooling 



AS 



-a 



freezing 



freezing 



" freezing 



(2) 



(3) 



where the minus sign is a consequence of 
the fact that heat is leaving the water as it 
freezes. 



Relate <2freezin g to the latent heat of 
fusion and the mass of the water: 



^freezing _ m ^f 



Substitute in equation (3) to obtain: 



AS 



freezing 



— mL f 



freezing 



Express A5 coo iin g : 



Pooling = mC p In 



Substitute in equation (2) to obtain: 



AS,, 



_ — mL f 



+ mC p In 



freezing 



( T \ 
zl 

v J i/ 



Noting that the freezer gains heat (at 
263 K) from the freezing water and 
cooling ice, express AS freezei -: 



AS 



freezer 



= A 6ice , ^cooling ice 

T 



freezer freezer 

mC p AT 



~ freezer 



freezer 



Substitute for AiS water and AStreezer in equation (1): 



AS,, =^L + mC In 



freezing 

-L f 



r T \ 
T 



mLf mC v AT 
+ — + - 



T T 

freezer freezer 



= m 



+ C p ln 



freezing 



( rp \ 

Zl 

T 



+ - 



^f_ + c p Ar 



T T 

freezer freezer 
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Substitute numerical values and evaluate AS U : 



333.5 xl0 3 J/kg +(21()() )ln 
273K V 1 



AS u =(0.05kg) 

(2100 J/kg • K)(273 K - 263 K) 



A 263K^ " oc - ,n3 



273 K 



+ 



333.5 x!Q j J/kg 
263 K 



+ ■ 



263 K 



2.40 J/K 



and, because AS U > 0, the entropy of the universe increases. 
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Picture the Problem We can use the definition of entropy change and the first law of 
thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 



(a) Use its definition to express the 
entropy change of the gas: 

Apply the first law of 
thermodynamics to the isothermal 
process: 

Substitute to obtain: 



AS = 



AQ = AE , -W 

>£ int on 



-nRTXn 



because AE mt = 0 for an isothermal process. 
AS =nR\n 



= (2mol)(8.314J/mol-K)ln 



^ 80O 
v 40L y 



11. 5 J/K 



(b) Because the process is reversible: 



AS,, 



0 



Remarks: The entropy change of the environment of the gas is -11.5 J/K. 
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Picture the Problem We can use the definition of entropy change and the 1 st law of 

thermodynamics to express A5 for the ideal gas as a function of its initial and final 
volumes. 



1482 Chapter 19 



(a) Use its definition to express the 
entropy change of the gas: 



AS 



AG 



Apply the first law of 
thermodynamics to the isothermal 
process: 



AQ = AE iat -W 0 = 



nRTXn 



because A£ int = 0 for an isothermal process. 



Substitute to obtain: 



AS =nR\n 



= (2mol)(8.314J/mol-K)ln 



v 40L y 



= 11.5J/K 



(b) Because the process is not 
quasi-static, it is non-reversible: 



AS,. > 



0 



50 • 

Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the water as it changes to steam. 



Apply the definition of entropy 
change to obtain: 

Substitute numerical values and 
evaluate AS: 



AS = 



AS 



AQ _ mL w 



(lkg)(2.26MJ/kg) 
373 K 



6.06 kJ/K 
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Picture the Problem We can use the definition of entropy change to find the change in 
entropy of the ice as it melts. 



Apply the definition of entropy 
change to obtain: 

Substitute numerical values and 
evaluate AS: 



AS 



AS 



AQ _ mL s 



(lkg)(333.5kJ/kg) 
273 K 



1.22kJ/K 
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Picture the Problem We can use the first law of thermodynamics to find the change in 
the internal energy of the system and the change in the entropy of the system from the 
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change in entropy of the hot- and cold-reservoirs. 



(a) Apply the 1 st law of 
thermodynamics to find the change 
in the internal energy of the system: 



AE =0 +W 

mt ^--m on 

= (200J-100J)-50J 



= 50J 



(b) Express the change in entropy of 
the system as the sum of the entropy 
changes of the high- and low- 
temperature reservoirs: 



AS = AS, - AS„ = 



200J 100J 



300 K 200 K 



0.167J/K 



(c) Because the process is reversible: 



AS., = 



0 



(d) Because 5 syste m is a state function: 



and 



50 J 



AS,, > 0 



, AS 



0.167J/K 
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Picture the Problem We can use the fact that the system returns to its original state to 
find the entropy change for the complete cycle. Because the entropy change for the 
complete cycle is the sum of the entropy changes for each process, we can find the 
temperature J from the entropy changes during the 1st two processes and the heat 
rejected during the third. 



(a) Because S is a state function of 
the system: 



^^complete cycle ^ 



(b) Relate the entropy change for the 
complete cycle to the entropy 
change for each process: 



T x T 2 T 



Substitute numerical values to 
obtain: 



300 J 200 J -400 J n 

■ + + = 0 



300 K 400 K 



Solve for T: 



261 K 
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Picture the Problem We can use the definition of entropy change and the 1 st law of 
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thermodynamics to express AS for the ideal gas as a function of its initial and final 
volumes. 



(a) Use its definition to express the 
entropy change of the gas: 



AS 



AG 



Apply the first law of 
thermodynamics to the isothermal 
process: 

Substitute to obtain: 



AO =AE -W = 

■^m int on 



nRT In 



V 



because A£ int = 0 for free expansion. 
AS = nR\n 



= (2mol)(8.314J/mol-K)ln 



v 40L y 



11.5J/K 



(b) Because the process is 
irreversible, S u > 0 and, because no 
heat is exchanged: 



AS,, 



11.5J/K 



55 » 

Picture the Problem Because the ice gains heat as it melts, its entropy change is positive 
and can be calculated from its definition. Because the temperature of the lake is just 
slightly greater than 0°C and the mass of water is so much greater than that of the block 
of ice, the absolute value of the entropy change of the lake will be approximately equal to 
the entropy change of the ice as it melts. 



(a) Use the definition of entropy 
change to find the entropy change of 
the ice: 



AS. 



mL f _ (200kg)(333.5kJ/kg) 



273 K 



= 244kJ/K 



(b) Relate the entropy change of the 
lake to the entropy change of the 
ice: 



AS lake * -AS, 



244kJ/K 



(c) Because the temperature of the lake is slightly greater than that of the ice, the 
magnitude of the entropy change of the lake is less than 244 kJ/K and the entropy change 
of the universe is greater than zero. The melting of the ice is an irreversible process 

andl AS,, >0 
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Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a melting 
process and for constant-pressure processes to find the entropy change of the universe, 
i.e., the piece of ice and the water in the insulated container. 



(a) Apply conservation of energy to 
obtain: 



e lost = e 

or 



a 



^meltinsice Qv> 



cooling water Smelting ice ^warming water 



Substitute to relate the masses of the ice and water to their temperatures, specific 
heats, and the final temperature of the water: 

(l00g)(lcal/g • C°)(100°C -t) = (l00g)(79.7 cal/g)+ (l00g)(lcal/g • C°)(t) 



Solve for t to obtain: 



t= 10.2°C 



(b) Express the entropy change of 
the universe: 



AS,, =ASL+ASL 



Using the expression for the entropy 
change for a constant-pressure 
process, express the entropy change 
of the melting ice and warming ice- 
water: 



^^ice A»S me j t ] n g j ce warming water 



T 
1 f 



+ mc p In 



Substitute numerical values to obtain: 



A5 lce = ^• lkg ^ 333 - 5kJ/kg ) + (0.1kg)(4.184kJ/kg-K)ln 



273 K 



A 283.2K A 
273 K 



138J/K 



Find the entropy change of the cooling water: 



A5 water = (0.1kg)(4.18kJ/kg-K)ln 



^283.2K A 
v 373K J 



= -115J/K 



Substitute for ASj ce and Abater and 
evaluate the entropy change of the 



AS,, =138J/K-115J/K 



universe: 



23.0 J/K 
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Remarks: The result that AS„ > 0 tells us that this process is irreversible. 
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Picture the Problem We can use conservation of energy to find the equilibrium 
temperature of the water and apply the equations for the entropy change during a constant 
pressure process to find the entropy changes of the copper block, the water, and the 
universe. 



(a) Using the equation for the 
entropy change during a constant- 
pressure process, express the 
entropy change of the copper block: 



A ^Cu = m c u c C u ln 



( T \ 



(1) 



Apply conservation of energy to 
obtain: 



^lost ^gained 



or 

a 



copper block ^warming water 



Substitute to relate the masses of the block and water to their temperatures, 
specific heats, and the final temperature T f of the water: 

(lkg)(0.386kJ/kg-K)(373.15K-r f )=(4L)(lkg/L)(4.184kJ/kg-K)(r f -273.15K) 



Solve for Tf. 



T f =275. 40 K 



Substitute numerical values in equation (1) and evaluate A5c u : 



AS Cu = (lkg)(0.386kJ/kg • K>n 



' 275.40 



373. 15K 



117J/K 



(b) Express the entropy change of 
the water: 



AS water _ m water C water m 



Substitute numerical values and evaluate A5„ 



A5 wate ,.=(4kg)(4.184kJ/kg-K)ln 



A 275.40K A 
273. 15K 



137 J/K 
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(c) Substitute for A5c u and A5 wa ter 
and evaluate the entropy change 
of the universe: 



AS u =AS Cu +AS water 

= -117J/K + 137J/K 



= 20.3 J/K 



Remarks: The result that AS„ > 0 tells us that this process is irreversible. 
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Picture the Problem Because the mass of the water in the lake is so much greater than 
the mass of the piece of lead, the temperature of the lake will increase only slightly and 
we can reasonably assume that its final temperature is 10°C. We can apply the equation 
for the entropy change during a constant pressure process to find the entropy changes of 
the piece of lead, the water in the lake, and the universe. 



Express the entropy change of the 
universe in terms of the entropy 
changes of the lead and the water in 
the lake: 



AS u =AS pb +AS v 



Using the equation for the entropy change during a constant-pressure process, 
express and evaluate the entropy change of the lead: 



A5 pb = m pb c pb In 



f T \ 
, T , 



(2kg)(0.128kJ/kg-K)ln 



/ 283.15K A 



373. 15K 



-70.66 J/K 



Find the entropy change of the water 
in the lake: 



AS,,, = 



£ w _ Gpb _ m Ph c Ph AT ph 



_ (2kg)(0.128kJ/kg • K)(90K) 
283. 15K 

= 8 1.37 J/K 



Substitute and evaluate AS,,: 



AS,, =-70.66 J/K + 8 1.37 J/K 



= 10.7 J/K 
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Picture the Problem Because the air temperature will not change appreciably as a result 
of this crash; we can assume that the kinetic energy of the car is transformed into heat at 
a temperature of 20°C. We can use the definition of entropy change to find the entropy 
change of the universe. 
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Express the entropy change of the Q |mv 2 

universe as a consequence of the T T 

kinetic energy of the car being 
transformed into heat: 



Substitute numerical values and 
evaluate AS n : 



i(l500kg) 



AS,, = 



h 3600s 



293. 15K 



= 1.97U/K 
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Picture the Problem The total change in entropy resulting from the mixing of these 
gases is the sum of the changes in their entropies. 



(a) Express the total change in 
entropy resulting from the mixing 
of the gases: 

Express the change in entropy of 
each of the gases: 



AS = AS A + AS B 



AS A = nR In 



and 



A5 B =nR\n 



Because the initial and final 
volumes of the gases are the same 
and both volumes double: 

Substitute numerical values and 
evaluate AS: 



AS = 2nR\n 



2nR\n(2) 



AS = 2(lmol)(8.314J/mol-K)ln(2) 



= 11.5J/K 



(b) 



Because the gas molecules are indistinguishable, the entropy doesn't change. 
A complete description of this phonomenon has been derived using 
quantum mechanics. 



Entropy and Work Lost 
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Picture the Problem We can find the entropy change of the universe from the entropy 
changes of the high- and low-temperature reservoirs. The maximum amount of the 500 J 
of heat that could be converted into work can be found from the maximum efficiency of 
an engine operating between the two reservoirs. 
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(a) Express the entropy change of 
the universe: 



AS u =AS h +AS c =-^ + ^ 



Q 



Substitute numerical values and 
evaluate AS U : 



AS u =(-500j) 



1 



1 



400 K 300 K 



J 



= 0.417 J/K 



(b) Express the heat that could have W = £ max Q h 

been converted into work in terms of 

the maximum efficiency of an 

engine operating between the two 

reservoirs: 



Express the maximum efficiency of 
an engine operating between the two 
reservoir temperatures: 



^max =^C =1" 



Substitute and evaluate W: 



W 



300 K 
400 K 



(500J) 



J 



= 125J 
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Picture the Problem Although in the adiabatic free expansion no heat is lost by the gas, 
the process is irreversible and the entropy of the gas increases. In the isothermal 
reversible process that returns the gas to its original state, the gas releases heat to the 
surroundings. However, because the process is reversible, the entropy change of the 
universe is zero. Consequently, the net entropy change is the negative of that of the gas in 
the isothermal compression. 

(a) Relate the entropy change of the 
universe to the entropy change of 
the gas during the isothermal 
compression: 



AS u =-AS gas =-ni?ln 
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Substitute numerical values and evaluate A5 U : 



AS U = -(lmol)(8.314J/mol • K)ln 



v 24.6L y 



5.76 J/K 



(b) 



To the extent that the initial expansion was isothermal and 
reversible, no work was done and none was wasted in the 
cycle. 



(c) Express the wasted work in 
terms of T and the entropy change of 
the universe: 



W lost =TAS U =(300K)(5.76J/K) 



1.73kJ 



General Problems 
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Picture the Problem We can use the definition of power to find the work done each 
cycle and the definition of efficiency to find the heat that is absorbed each cycle. 
Application of the first law of thermodynamics will yield the heat given off each cycle. 



(a) Use the definition of power to 
relate the work done in each cycle to 
the period of each cycle: 



W oycle = PA* = (200W)(0.1s) 



20.0J 



(b) Express the heat absorbed in 
each cycle in terms of the work done 
and the efficiency of the engine: 



a 



h, cycle 



_ W cycle = 20 J 
e 0.3 



66.7 J 



Apply the 1 st law of 
thermodynamics to find the heat 
given off in each cycle: 



2c,cyclel — Q] 



h, cycle 



W = 66.7J-20J 



46.7 J 
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Picture the Problem We can use their definitions to find the efficiency of the engine and 
that of a Carnot engine operating between the same reservoirs. 



(a) Apply the definition of 
efficiency: 



W 

£ = = 1 

<2 h 



fel 
<2 h 



= 1 



125J 
150J 



16.7% 
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(b) Find the efficiency of a Carnot 
engine operating between the same 
reservoirs: 



293.15 
373.15 



21.4% 



Express the ratio of the two 
efficiencies: 



16.7% 
21.4% 



0.780 
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Picture the Problem We can use the definition of efficiency to find the work done by the 
engine during each cycle and the first law of thermodynamics to find the heat exhausted 
in each cycle. 



(a) Express the efficiency of the 
engine in terms of the efficiency of a 
Carnot engine working between the 
same reservoirs: 



s = 0.S5s c =0.85 



1-^ 



= 0.85 



200 K 
500 K 



\ 



51.0% 



(b) Use the definition of efficiency 
to find the work done in each cycle: 

(c) Apply the first law of 
thermodynamics to the cycle to 
obtain: 



W = sQ h =0.5 1(200 kj): 



102kJ 



^c. cvcle Q\ 



c, cycle ^h, cycle 



W = 200kJ-102kJ 



= 98.0kJ 
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Picture the Problem We can use the expression for the Carnot efficiency of the plant to 
find the highest efficiency this plant can have. We can then use this efficiency to find the 
power that must be supplied to the plant to generate 1 GW of power and, from this value, 
the power that is wasted. The rate at which heat is being delivered to the river is related to 
the requisite flow rate of the river by dQ/dt = cATpdV/dt. 



(a) Express the Carnot efficiency of 
a plant operating between 
temperatures T c and T h : 



£ m-dx ~ S C ~ 1 



Substitute numerical values and 
evaluate ec- 



=1- 



298 K 
500 K 



0.404 



(c) Find the power that must be 
supplied, at 40.4% efficiency, to 
produce an output of 1 GW: 



p _ ^output _ 1GW 

supplied ~ s m „ ~ 0.404 



2.48 GW 
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(b) Relate the wasted power to the 
power generated and the power 
supplied: 



P = P - P 

wasted supplied generated 



Substitute numerical values and 
evaluate P was t ed : 



lasted = 2-48 GW-1GW 



1.48GW 



(d) Express the rate at which heat is 
being dumped into the river: 



^ = cAT^ = cAT^( P V) 
dt dt dt 



= cATp 



dV 
dt 



Solve for the flow rate dVldt of the 
river: 

Substitute numerical values (see 
Table 19-1 for the specific heat of 
water) and evaluate dV/dt: 



dV _ dQ/dt 
dt ~ cATp 

dV _ 1.48xlQ 9 J/s 

dt ~ (4180J/kg)(0.5K)(l0 3 kg/m 3 ) 



= 708m 3 /s= 7.08xl0 5 L/s 
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Picture the Problem We can find the rate at which the house contributes to the increase 
in the entropy of the universe from the ratio of AS to At. 



Using the definition of entropy 
change, express the rate of increase 
in the entropy of the universe: 



AS _ AQ/T _ AQ/At 
At At T 



Substitute numerical values and 
evaluate AS/ At: 



AS _ 30kW 
At ~ 266 K 



113W/K 
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Picture the Problem Because the cycle represented in Figure 19-12 is a Carnot cycle, its 
efficiency is that of a Carnot engine operating between the temperatures of its isotherms. 



Express the Carnot efficiency of the 
cycle: 



£ c =h 



Substitute numerical values and 
evaluate s c : 



£ c =h 



300 K 
750K 



60.0% 



The Second Law of Thermodynamics 1493 
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Picture the Problem All 500 J of mechanical energy are lost, i.e., transformed into heat 
in process (1). For process (2), we can find the heat that would be converted to work by a 
Carnot engine operating between the given temperatures and subtract amount of work 
from 1 kJ to find the energy that is lost. In part (b) we can use its definition to find the 
change in entropy for each process. 



(a) For process (2): 



^2,max — ^recovered ~~ £ cQ\ 



Find the efficiency of a Carnot 
engine operating between 400 K and 
300 K: 

Substitute to obtain: 



£c = 1 _i = 1 _30M =0 .25 
T h 400 K 



Recovered =0-25(lkj)= 250 J 

or 

750 J are lost. 



Process ( 1 ) is more wasteful of mechanical energy. Process (2) is 
more wasteful of total energy. 



(b) Find the change in entropy of the 
universe for process (1): 



AS, 



AQ 500 J 



300 K 



1.67J/K 



Express the change in entropy of the 
universe for process (2): 



AS 2 =AS h+ AS c =-^ + ^ 



= AQ 



Substitute numerical values and 
evaluate AS2: 



A5 2 = (lkj) 



1 



1 



300 K 400 K 



0.833 J/K 
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Picture the Problem Denote the three states of the gas as 1, 2, and 3 with 1 being the 
initial state. We can use the ideal-gas law and the equation of state for an adiabatic 
process to find the temperatures, volumes, and pressures at points 1, 2, and 3. To find the 
work done during each cycle, we can use the equations for the work done during 
isothermal, isobaric, and adiabatic processes. Finally, we find the efficiency of the cycle 
from the work done each cycle and the heat that enters the system during the isothermal 
expansion. 



1494 Chapter 19 



(a) Apply the ideal-gas law to the 
isothermal expansion 1— >2 to find P 2 : 



P 2 = P l ^ = (l6atm)— = 4atm 



4L 



Apply the equation of state for an 
adiabatic process to relate the 
pressures and volumes at 1 and 3: 



PV r = PV r 



( p Y /r 



and 

V 3 =V, 
= 2.29L 



p 

V 37 



= (1L) 



/ n 1/1.67 

16atm ' 



v 4atm j 



The PV diagram is shown to the right: 



12 

i 8 

a. 

4 



V 

Vl 








i " r - 



MX) k 



0 1 2 Vt 3 4 



(b) From (a) we have: 



^3 = 



2.29 L 



Apply the equation of state for an 
adiabatic process (/=1.67) to relate 
the temperatures and volumes at 1 
and 3: 



W l -r\ 

and 



T = T 



= (600K) 



' 1L Y" 



V 2.29L ) 



= 344 K 



(c) Express the work done each 
cycle: 



w = w^ 2 +w 2 ^+w 3 ^ 



For the process 1— >2: 



W^ 2 = nRT x In 



Y2 



= (l6atm)(lL)ln 
= 22.2atm-L 



v lL y 



For the process 2— >3: 



W = PAV 



= (4atm)(2.29L-4L) 
= -6.84atm-L 



The Second Law of Thermodynamics 1495 



For the process 3— >1: 



W =-C AT 



-inR(r 1 -r 3 ) 
= -!to-^ 3 ) 

= -|[(l6atm)(lL)-(4atm)(2.29L)] 
= -10.3 ami -L 



Substitute numerical values in 
equation (1) and evaluate W: 



W = 22.2atm-L-6.84atm-L 
-10.3atm-L 



= 5.06atmL 



(d) Using its definition, express 
and evaluate the efficiency of the 
cycle: 



a = 



W W 



W 



Gin Q 



l->2 



l->2 



5.06atm-L 
22.2atm-L 



22.8% 
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Picture the Problem We can express the temperature of the cold reservoir as a function 
of the Carnot efficiency of an ideal engine and, given that the efficiency of the heat 
engine is half that of a Carnot engine, relate T c to the work done by and the heat input to 
the real heat engine. 

Using its definition, relate the _ ^ _ T c 

efficiency of a Carnot engine ( T h 

working between the same 
reservoirs to the temperature of the 
cold reservoir: 

Solve for T c : T c =T h (\-s c ) 



Substitute to obtain: 



Relate the efficiency of the heat _ W_ _ x _ 2W_ 

engine to that of a Carnot engine Q m Q in 

working between the same 
temperatures: 



T =T 



r 2W^ 



V 2 in J 



The work done by the gas in W - PAV = (l atm)(4 L) = 4 atm • L 

expanding the balloon is: 
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Substitute numerical values and evaluate T c : 



T c =(393. 15 K) 



4atm-Lx 



1 — 



V 



101.325J 
atm-L 



4kJ 



313K 
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Picture the Problem We can use the definitions of the COP and s c to show that their 
relationship is COP = T c l (£c?h). 



Using the definition of the COP, 
relate the heat removed from the 
cold reservoir to the work done each 
cycle: 

Apply energy conservation to relate 
Q c , &, and W: 

Substitute to obtain: 



COP = 



w 



Q c =Q,-w 



COP = 



w 



Divide numerator and denominator 
by <2h and simplify to obtain: 



COP 



1- 



w 



w_ 



w_ 



Because s c = W/Q h : 



COP = 



c 



< 1 



_h_Z = 
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Picture the Problem We can use the definition of the COP to express the work the motor 
must do to maintain the temperature of the freezer in terms of the rate at which heat flows 
into the freezer. Differentiation of this expression with respect to time will yield an 
expression for the power of the motor that is needed to maintain the temperature in the 
freezer. 



The Second Law of Thermodynamics 1497 



Using the definition of the COP, 
relate the heat that must be removed 
from the freezer to the work done by 
the motor: 



COP = 



w 



Solve for W: 



W = 



COP 



Differentiate this expression with 
respect to time to express the power 
of the motor: 



P = 



dW _ dQjdt 
dt ~ COP 



Express the maximum COP of the 
motor: 



COP raax = 



at 



Substitute to obtain: 



P = 



dQ c AT 
dt T 



Substitute numerical values and 
evaluate P: 



p = (50 W) 



r 50K N 
v 250K y 



10.0W 



74 » 

Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points A, B, and C and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 
the cycle. 



(a) Apply the ideal-gas law to find 
the volume of the gas at A: 



V 4 = 



nRT A 



(2mol)(8.314J/mol- K)(600K) 



5atmx 



101.325 kPa 
atm 



19.7L 



(b) We're given that: 



V B =2V A =2(19.7L): 



39.4L 



Apply the ideal-gas law to this 
isobaric process to obtain: 



T u =r A ^ = (600K)^- 



1200K 
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(c) Because the process C— >A is 
isothermal: 



T C =T A = 600 K 



(d) Apply the equation of state for 
an adiabatic process {y- 1.4) to find 
the volume of the gas at C: 



T B vr l =r c vr l 



and 



v c =v B 



f T \ 

' B 

T 



= (39.4L) 



^OOK^ 1 



600 K 



223 L 



(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 



W A _ B =P A {V B -V A )=P A {2V A -V A ) 

= P A y A = (5atm)(l9.7L) 

T 101.325J 
= 98.50atm-Lx 

atm-L 



= 9.98kJ 



Apply the first law of 
thermodynamics to express the 
work done by the gas during the 
adiabatic expansion BC: 



W 0 n, B-C ~~ AZiint,B-C Q m B _ c — AE^ B c 0 

= A£ int, B -c =~nc v AT B _ c 
= -±nRAT BC 



Substitute numerical values and evaluate W B -c- 

K-c = " I ( 2 mol)(8 .3 14 J/mol • K)(600 K - 1 200 K) = 



24.9kJ 



The work done by the gas during the isothermal compression CA is: 



W C _ A = nRT c In 



A 



= (2mol)(8.314J/mol-K)(600K)ln 



223 L 



-24.2kJ 



(/) The heat absorbed during the isobaric expansion AB is: 

Q A _ B =nc p AT A _ B =^nRAT A _ B = |(2mol)(8.314 J/mol- K)(l200K-600K) 



= 34.9 kJ 



The heat absorbed during the 
adiabatic expansion BC is: 



£b-c = 



The Second Law of Thermodynamics 1499 



Use the first law of thermodynamics 
to find the heat absorbed during the 
isothermal compression CA: 



(g) The thermodynamic efficiency s 
is: 



Qc :-A ~~ ^C-A + A^int, C-A — " C-A 



24.2 kJ 



because AE^c-a = 0 for an isothermal 
process. 



£ = 



w _w A _ B +w B _ c +w c _ A 



Q a 



Ga-e 



Substitute numerical values and 
evaluate s:. 



s = 



9.98kJ + 24.9kJ-24.2kJ 
34.9kJ 



= 30.6% 
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Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 



(a) Apply the ideal-gas law for a fixed 
amount of gas to the isothermal 
process AB: 



P B =P A ^ = (5atm) V - 



= 2.50 atmx 



2V A 



101.325 kPa 



latm 



= 253kPa 



(b) Apply the ideal-gas law for a fixed ^ _ j ^c^c 

amount of gas to the adiabatic process ( B P B V B 

BC: 



Using the ideal-gas law, find the 
volume at B : 



(2mol)(8.314J/mol-K)(600K) 



253 kPa 



= 39.43L 



Use the equation of state for an 
adiabatic process and y= 1.4 to find 
the volume occupied by the gas at C: 



v c =v B 



B 
P 



= (39.43 L) 



f \ 1/1.4 

2.5 atm 
. latm , 



= 75.87L 
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Substitute and evaluate T c : 



r c= (6<WK) < la ' m ><f 87L > 

c v ; (2.5atm)(39.43L) 



= 462 K 



(c) Express the work done by the gas 
in one cycle: 



yy yy A-K T KK B-C T KK C-D T yy D-A 



The work done during the isothermal expansion AB is: 



W A _„ = nRT A In 



\ V A J 



= (2mol)(8.314 J/mol-K)(600K)ln 



= 6.915kJ 



The work done during the adiabatic expansion BC is: 

W B -c =-C v Ar B _ c = -%nRAT B _ c =-|(2mol)(8.314J/mol-K)(462K-600K) 
= 5.737 kJ 

The work done during the isobaric compression CD is: 



W c-d = p c ( V d - v c) = (latm)(l9.7 L - 75.87 L) = -56. 17 atm • L x 
= -5.690kJ 



101.325J 
atm-L 



Express and evaluate the work done 
during the constant-volume process 
DA: 



Substitute numerical values and 
evaluate W: 



W =6.915kJ + 5.737kJ -5.690 kJ + 0 



= 6.96kJ 



Using its definition, express the 
thermodynamic efficiency of the 
cycle: 



£ = 



W 



W 



On Qa-B+Qd-A 



(1) 



Express and evaluate the heat 
entering the system during the 
isothermal process AB: 



Ga-b = Wa-b +AE intA _ B = W A _ B = 6.915kJ 
Because AE int = 0 for an isothermal process. 



Express the heat entering the system Qd-a = CyAT D _ A = f nRAT D _ A 



The Second Law of Thermodynamics 1501 



during the constant-volume process 
DA: 



Apply the ideal-gas law to the 
constant-volume process DA to 
obtain: 



P 

T — T D 



(600K)— = 120K 
5atm 



The heat entering the system during the process DA is: 

Q D _ A = f (2mol)(8.314J/mol-K)(600K -120K) = 20.0kJ 



Substitute numerical values in 
equation (1) and evaluate the 
efficiency of the cycle: 



£ = 



6.975kJ 



6.915kJ + 20.0kJ 



25.9% 
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Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points A, B, and C and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the isobaric, adiabatic, and isothermal processes of 
the cycle. 



(a) Apply the ideal-gas law to find 
the volume of the gas at A: 



nRT A 



_ (2mol)(8.314J/mol-K)(600K) 



5atmx 



101.325 kPa 
atm 



19.7L 



(b) We're given that: 



V B =2V A = 2(19.7 L) = 



39.4L 



Apply the ideal-gas law to this 
isobaric process to obtain: 



T B =T A ^ = (600K)^ 



v A 



1200K 



(c) Because the process CA is 
isothermal: 



T = T 

1 C 1 A 



600 K 



(d) Apply the equation of state for 
an adiabatic process (y= 5/3) to find 
the volume of the gas at C: 



and 
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(e) Express and evaluate the work 
done by the gas during the isobaric 
process AB: 



v c =v B 



T 



= (39.4L) 



1200 iQ 
600 K 



111L 



W A _ B =P A {V B -V A )=P A {2V A -V A ) 
= P A y A =(5atm)(l9.7L) 
101.325J 



= 98.50atm-Lx- 



atm - L 



= 9.98kJ 



Apply the first law of 
thermodynamics to express the work 
done by the gas during the adiabatic 
expansion BC: 



^on,B-C — ^^int,B-C 2in,B-C 



= A£ int , B _ c -0 

= AE; 



int, B-C 



\nc v AT B _ c ) 



= -inRAT B _ c 



Substitute numerical values and evaluate W B - C '- 



W m , B -c = -l(2mol)(8.314J/mol-K)(600K-1200K) = 



14.9kJ 



The work done by the gas during the isothermal compression CA is: 



W C _ A = nRT c In 



V v c J 



= (2mol)(8.314J/mol - K)(600K)ln 



19.7L 
111L 



17.2kJ 



(f) The heat absorbed during the isobaric expansion AB is: 

Gin,A- B = nc P AT A _ B = j nRAT A _ B =|(2mol)(8.314J/mol-K)(l200K-600K) 



= 24.9 kJ 



Express and evaluate the heat (7 _ = 

absorbed during the adiabatic 
expansion BC: 



The Second Law of Thermodynamics 1503 



Use the first law of thermodynamics 
to express and evaluate the heat 
absorbed during the isothermal 
compression CA: 



Qc-A=W c _ A +AE iD , c _ A =W c _ A 



-17.2kJ 



because A£ int = 0 for an isothermal process. 



(g) The definition of thermodynamic 
efficiency s is: 



s = 



w _w A _ B +w B _ c +w c _ A 



a 



A-B 



Substitute numerical values and 
evaluate s: 



s = 



9.98kJ + 14.9kJ-17.2kJ 
24.9 kJ 



= 30.8% 
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Picture the Problem We can use the ideal-gas law to find the unknown temperatures, 
pressures, and volumes at points B, C, and D and then find the work done by the gas and 
the efficiency of the cycle by using the expressions for the work done on or by the gas 
and the heat that enters the system for the various thermodynamic processes of the cycle. 



(a) Apply the ideal-gas law for a 
fixed amount of gas to the 
isothermal process AB: 



^B=^!f = (5atm)|^ 



= 2.50 atmx 



B A 

101.3kPa 



latm 



253 kPa 



(b) Apply the ideal-gas law for a T ~T 

fixed amount of gas to the adiabatic B P B V B 

process BC: 

Using the ideal-gas law, find the y _ nRT B 

volume at B : ' P B 

_ (2mol)(8.314J/mol-K)(600K) 
~ 253 kPa 

= 39.43 L 



Use the equation of state for an 
adiabatic process and y= 5/3 to find 
the volume occupied by the gas at 
C: 



/ P v /r 



p 



= 68.33L 



= (39.43L) 



^ 2.5atm V /5 
. latm , 
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Substitute and evaluate T c : 



r c= (600K)/ latm )^ 8 - 33L ), 

c v ; (2.5atm)(39.43L) 



= 416K 



(c) Express the work done by the 
gas in one cycle: 



W=W A _ B +W B _ C +W C _ D +W D _ A (1) 



The work done during the isothermal expansion AB is: 



W A _ B =nRT A \n 



= (2mol)(8.314J/mol-K)(600K)ln 



v 

V V A J 



= 6.915kJ 



The work done during the adiabatic expansion BC is: 

W B -c =-C v Ar B _ c = -\nRt±J BC =-{(2mol)(8.314J/mol-K)(416K-600K) 
= 4.589kJ 

The work done during the isobaric compression CD is: 



w c-d = p c( V d -V c ) = (latm)(l9.7L-68.33L) = -48.63atm-Lx 
= -4.926 kJ 



101.3J 
atm-L 



The work done during the constant- 
volume process DA is: 



Substitute numerical values in 
equation (1) to obtain: 



W = 6.915kJ + 4.589kJ - 4.926 kJ + 0 



= 6.58kJ 



The thermodynamic efficiency of 
the cycle is given by: 



s = 



W 



W 



Q m Qa-b+Qd-a 



(2) 



The heat entering the system during 
the isothermal process AB is: 



Q a -b=w a _ b +ae^ a _ b =w a _ b 

= 6.915kJ 

because AE int = 0 for an isothermal process. 



The heat entering the system during 
the constant-volume process DA is: 



Q D _ A =c v Ar D _ A =f^Ar D _ A 



The Second Law of Thermodynamics 1505 



Apply the ideal-gas law to the 
constant-volume process DA to 
obtain: 



T D =T A ^ = (600 K)^- = 120 K 
P A 5 atm 



The heat entering the system during the process DA is: 

Q D _ A =|(2 mol)(8.3 14 J/mol • K)(600 K - 120 K) = 1 2.0kJ 



Substitute numerical values in 6.58kJ 

£ = 

equation (2) and evaluate the 6.915kJ + 12.0kJ 

efficiency of the cycle: 
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Picture the Problem We can express the efficiency of the Otto cycle using the result 
from Example 19-2. We can apply the relation TV 7 ~ = constant to the adiabatic 
processes of the Otto cycle to relate the end-point temperatures to the volumes occupied 
by the gas at these points and eliminate the temperatures at c and d. We can use the ideal- 
gas law to find the highest temperature of the gas during its cycle and use this 
temperature to express the efficiency of a Carnot engine. Finally, we can compare the 
efficiencies by examining their ratio. 



The efficiency of the Otto engine is _ 1 _ Tj_ 



(!) 

given in Example 19-2: T c - T b 

where the subscripts refer to the various 
points of the cycle as shown in Figure 19- 
3. 



Apply the relation 

TV 7 ~ l = constant to the adiabatic 

process a— >b to obtain: 

Apply the relation 

TV r ~ l = constant to the adiabatic 

process c— >d to obtain: 



Subtract the first of these equations 
from the second to obtain: 



fy V- 1 



T =T, 



T -T =T 

1 c 1 b 1 d 



fy V-> 
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In the Otto cycle, V a = V^and 
V c = Vb- Substitute to obtain: 



T -T =T 

1 c 1 b L d 



fy V 



fy V 



= {T d ~T a ) 



fy V- 1 



Substitute in equation (1) and 
simplify to obtain: 



£ 0 =1 



= 1 



T -T 



= 1 



Note that, while T a is the lowest 
temperature of the cycle, T b is not the 
highest temperature. 



Apply the ideal-gas law to c and b to 
obtain an expression for the cycle's 
highest temperature T c : 



P P P 

t = i~ T < =T >t >T > 



Express the efficiency of a Carnot 
engine operating between the 
maximum and minimum 
temperatures of the Otto cycle: 



£ c =1- 



Express the ratio of the efficiency of 
a Carnot engine to the efficiency of 
an Otto engine operating between 
the same temperatures: 



'C _ 



f T 



> 



because T c > T b . 
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Picture the Problem We can use nR = C p — C v , y = C p /C v , and TV r ~ l = a constant 

to show that the entropy change for a quasi-static adiabatic expansion that proceeds from 
state (Vi,7i) to state (V2,T 2 ) is zero. 



Express the entropy change for a 
general process that proceeds from 
state 1 to state 2: 



AS = C v In 



f rp \ 
' 2 



+ nR\n 



The Second Law of Thermodynamics 1507 



For an adiabatic process: 



V 1 

V^2 J 



Substitute and simplify to obtain: 



AS = C v In 



V'""' 

V^y 



+ nR\n 



V- 



= ln 



v^y 



C v ln 



nR + 



v^y 



ln^ 



= ln 



v^y 



(r-i)c v in 



v 

\ V 2J 



•In* 



In 



v^iy 



[n/?-( r -l)C v ] 



Use the relationship between C P and C v 
to obtain: 



nR = C p - C v 



Substitute for «7? and /and simplify: 



AS=ln 



C -C 

P V 



Cp. 

V^v J 



= o 
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Picture the Problem 

(a) Suppose the refrigerator statement of the second law is violated in the sense that heat 
<2c is taken from the cold reservoir and an equal mount of heat is transferred to the hot 
reservoir and W = 0. The entropy change of the universe is then A5 U = Q c /T h - QJT Q . 
Because T h > T c , S u < 0, i.e., the entropy of the universe would decrease. 

(b) In this case, is heat Q h is taken from the hot reservoir and no heat is rejected to the 
cold reservoir, i.e., Q c = 0, then the entropy change of the universe is AS U = -Qh/T b + 0, 
which is negative. Again, the entropy of the universe would decrease. 

(c) The heat-engine and refrigerator statements of the second law only state that some 
heat must be rejected to a cold reservoir and some work must be done to transfer heat 
from the cold to the hot reservoir, but these statements do not specify the minimum 
amount of heat rejected or work that must be done. The statement 

AS U > 0 is more restrictive. The heat-engine and refrigerator statements in conjunction 
with the Carnot efficiency are equivalent to A5 U > 0. 
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Picture the Problem We can express the net efficiency of the two engines in terms of 
Wi, W 2 , and Q h and then use S\ = Wi/Qh and s 2 = Wz/Q m to eliminate Wu W%, Qh, and Q„ 



Express the net efficiency of the two _ W l + W 2 

engines connected in series: Q h 



Express the efficiencies of engines 

and 2: Q h 

and 

w 2 
Q 



Solve for W\ and W 2 and substitute _ s x Q h + £ 2 Q m _ „ , Q 

i ■ net — — i /-» 

to obtain: (2 h G 



Express the efficiency of engine 1 in _ 1 _ Q m 

terms of Q m and Q h : Q h 

Solve for QJ Q h : Q*- = l- e 



Substitute to obtain: 



^net 
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Picture the Problem We can express the net efficiency of the two engines in terms of 
Wi, W 2 , and Q h and then use s\ = WV<2h and s 2 = W 2 /Q m to eliminate Wu W 2 , Qh, and Q„ 
Finally, we can substitute the expressions for the efficiencies of the ideal reversible 
engines to obtain s net =1-T c /T h . 



Express the efficiencies of ideal _ ^ _ 

reversible engines 1 and 2: 1 T h 

and 



(1) 



*2=1-^- ( 2 ) 



Express the net efficiency of the two _Wj+W 2 

^net — ~Z \3) 
engines connected m series: Q h 
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Express the efficiencies of engines 1 
and 2: 



s, = — - and s 0 = — - 



Solve for W\ and W2 and substitute 
in equation (3) to obtain: 



Q h 



(L 



Express the efficiency of engine 1 in 
terms of Q m and Q h : 



£l =l- 



<2 h 



Solve for QJ Q h : 



a, 

<2 h 



= !-£, 



Substitute to obtain: 

Substitute for s\ and s% and 
simplify to obtain: 



^net=^l+( 1 -^)^ 



■ + 



■ + ■ 



83 »• 

Picture the Problem There are 26 letters and four punctuation marks (space, comma, 
period, and exclamation point) used in the English language, disregarding capitalization, 
so we have a grand total of 30 characters to choose from. This fragment is 330 characters 
(including spaces) long; there are then 30 330 different possible arrangements of the 
character set to form a fragment this long. We can use this number of possible 
arrangements to express the probability that one monkey will write out this passage and 
then an estimate of a monkey's typing speed to approximate the time required for one 
million monkeys to type the passage from Shakespeare. 



Assuming the monkeys type at 
random, express the probability P 
that one monkey will write out this 
passage: 

Use the approximation 

30 » VlOOO = 10 1 5 to obtain: 

Assuming the monkeys can type at a 
rate of 1 character per second, it 
would take about 330 s to write a 
passage of length equal to the 
quotation from Shakespeare. Find 
the time T required for a million 
monkeys to type this particular 
passage by accident: 



P = 



1 



30 



330 



P = 



1 



1 



T = 



10 (1.5)(330) 1Q 495 

(330s)(l0 495 ) 
10 6 



= 10 



= (3.30xl0 491 s) 



iy 



3.16xl0 7 s 



10 484 y 
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Express the ratio of T to Russell's j 10 484 y 
estimate: = — ~ 6 — 

^Russell 10 y 

or 
T » 



10 T 

1U ^Russell 



Chapter 20 

Thermal Properties and Processes 

Conceptual Problems 
*i * 

Determine the Concept The glass bulb warms and expands first, before the mercury 
warms and expands. 



Determine the Concept The heating of the sheet causes the average separation of its 
molecules to increase. The consequence of this increased separation is that the area of the 



hole always increases, (b) is correct. 



Determine the Concept Actually, it can be hard boiled, but it does take quite a bit longer 
than at sea level, (c) is the best response. 



4 

Determine the Concept Gases that cannot be liquefied by applying pressure at 20°C are 
those for which T c < 293 K. These are He, Ar, Ne, H 2 , 0 2 , NO. 



*5 

(a) With increasing altitude, P decreases; from curve OF, Tof the liquid-gas interface 
diminishes, so the boiling temperature decreases. Likewise, from curve OH, the melting 
temperature increases with increasing altitude. 

(b) Boiling at a lower temperature means that the cooking time will have to be increased. 



6 

Picture the Problem We can apply the Stefan-Boltzmann law to relate the rate at which 
an object radiates thermal energy to its environment. 



Using the Stefan-Boltzmann law, 
relate the power radiated by a body 
to its temperature: 



P r =eaAT 4 

where A is the surface area of the body, cris 
Stefan's constant, and e is the emissivity of 
the object. 



Because P varies with the fourth power of T, tripling the temperature increases the rate at 



which it radiates by a factor of 3 4 and (d) is correct. 
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*7 * 

Determine the Concept The thermal conductivity of metal and marble is much greater 
than that of wood; consequently, heat transfer from the hand is more rapid. 



8 • 

(a) True 

(b) True 



(c) False. The rate at which an object radiates energy is proportional to the fourth power of 
its absolute temperature. 



(d) False. Water contracts on heating between 0°C and 4°C. 



(e) True 



Determine the Concept Because atoms are few and far between in space, the earth can 
not lose heat by conduction or convection. Thermal energy is radiated through space in the 
form of electromagnetic waves that move at the speed of light, (c) is correct. 



10 • 

Determine the Concept Because there is little, if any, molecule-to-molecule 
transportation of energy into a fireplace-heated room, the mechanisms are radiation and 
convection. 



11 • 

Determine the Concept In the absence of matter to support conduction and convection, 
radiation is the only mechanism. 

12 « 

Determine the Concept Because the amount of heat lost by the house is proportional to 
the difference between the house temperature and that of the outside air, the rate at which 
the house loses heat (that must be replaced by the furnace) is greater at night when the 
temperature of the house is kept high than when it is allowed to cool down. 

13 

Picture the Problem The rate at which heat is conducted through a cylinder is given by 
/ = dQI dt = kAAT I Ax where A is the cross-sectional area of the cylinder. 



Express the rate at which heat is 
conducted through cylinder A: 



I A =k A 7Td 2 A — 
Ax 



Thermal Properties and Processes 1513 



Express the rate at which heat is T _ , ,2 A7 1 

B — B^" B 

conducted through cylinder B: Ax 

Equate these expressions to obtain: , A i A7 _ 2 AT 

"a ~: _ ^b^ "b ~: 
Ax Ax 

or 

k d 2 - k d 2 



Because c/ A = 2d B : k A (2d B f = k B d 

and 



4k A =k B - 



(a) is correct. 



14 • 

Determine the Concept Most objects of everyday experience are at temperatures near 
the mean temperature of the earth, about 300 K. Their blackbody spectrum therefore has 
a peak near ^ max = 2.898 mm KJ 300 K * 0.01 mm = 10 urn = 10,000 nm. These 
wavelengths are in the infrared region of the spectrum, so the heat which most objects 
radiate away can be detected most easily in the infrared, which is the spectral region 
where most night-vision goggles and other types of optical "heat detectors" operate. 
However, if the temperature of the object increases, the wavelength decreases; so the 
peak radiation can be found in any spectral region, not just the infrared. 

*15 

Determine the Concept The temperature of an object is inversely proportional to the 
maximum wavelength at which the object radiates (Wein's displacement law). Because 
blue light has a shorter wavelength than red light, an object for which the wavelength of 
the peak of thermal emission is blue is hotter than one that is red. 

Estimation and Approximation 
16 ••• 

Picture the Problem We can express the heat current through the insulation 

in terms of the rate of evaporation of the liquid helium and in terms of the temperature 

gradient across the superinsulation. Equating these equations will 

allow us to solve for the thermal conductivity k of the superinsulation. 

Express the heat current in terms of j — t ^ m 

v — V 

the rate of evaporation of the liquid dt 
helium: 

Express the heat current in terms of I - kA ^ 
the temperature gradient across the Ax 
superinsulation and the conductivity 
of the superinsulation: 
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Equate these expressions and solve 
for k: 



L.Ax 



k = 



dm 
dt 



AAT 



Using the definition of density, 
express the rate of loss of liquid 
helium: 



dm _ dV 
dt dt 



Substitute to obtain: 



L v Axp 



k = 



dV_ 
dt 



AAT 



Express the ratio of the area of the 
spherical container to its volume: 

Solve for A: 



A Anr 



V j;zr 3 



A = \136ttV 2 



Substitute to obtain: 



L w Axp 



k = 



dV_ 
dt 



^36ttV 2 AT 



Substitute numerical values and evaluate k: 



(21kJ/kg)(7 x 10~ 2 m)(l25kg/m 3 ) 



k = 



^O.TxlO" 3 m 3> 
86400s 



\/36^(200xl0" 3 m 3 ) 2 (288 K) 



3.13xl0"°W/m-K 



17 

Picture the Problem We can use the thermal current equation for the thermal 
conductivity of the skin. 



Use the thermal current equation to 
express the rate of conduction of 
thermal energy: 

Solve for k to obtain: 



Substitute numerical values and 
evaluate k: 



Ax 



k = 



AT 



k = 



Ax 
BOW 



(l.8m 2 ) 



4K 

10" 3 m 



18.1mW/m-K 
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*18 

Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 

Boltzmann law P = eoAT 4 . 



Using the Stefan-Boltzmann law, 
express the rate at which the earth 
radiates energy as a function of its 
emissivity e and temperature T: 

Solve for the emissivity of the earth: 



P r =eoA'T 4 

where A' is the surface area of the earth. 



aA'T 



Use its definition to express the 
intensity of the radiation received 
by the earth: 



P 

J absorbed 

A 

where A is the cross-sectional area of the 
earth. 



For 70% absorption of the sun's 
radiation incident on the earth: 

Substitute for P r and A and simplify 
to obtain: 

Substitute numerical values and 
evaluate e: 



1 = 



0.7P r 
A 

0.7 AI 



O.lnFCl 0.7/ 



e = 



e = 



gAT 4 47tR 2 aT 4 4aT 4 

0.7(l 370 W/m 2 ) 
4(5.670 x 10~ 8 W/m 2 • K 4 )(288 K) 4 



= 0.615 



19 

Picture the Problem The wavelength at which maximum power is radiated by the gas 
falling into a black hole is related to its temperature by Wien's displacement law. 



Express Wien's displacement law: 



I. 



2.898mm- K 



Substitute for T and evaluate X n 



2.898mm-K 
10 6 K 



2.90nm 



Thermal Expansion 



20 • 

Picture the Problem We can find the length of the ruler at 100°C by adding its 
elongation due to the increase in temperature to its length at 20°C. We can find its 
elongation using the definition of the coefficient of linear expansion a = [ALII*)/ AT . 
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Express the length of the ruler at 
100°C in terms of its length at 20°C, 
its coefficient of linear expansion, 
and the change in its temperature: 

Substitute numerical values and 
evaluate Lioo°c: 



AoO°C _ ^20°C + 



L 20 o C + ccL 20 o C AT 
L 2( , c {l + aAT) 



L l0QOC = (30cm)[l + (l 1 x 10~ 6 /K)(80K)j 



= 30.026 cm 
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Picture the Problem We can let the definition of the coefficient of linear expansion 
a = (AL/L)/ AT , with AA replacing AL and A replacing L suggest a definition of the 

coefficient of area expansion. 



(a) Letting y represent the 
coefficient of area expansion we 
have: 



7 



AA/A 
AT 



(1) 



(b) For a square: 



AA = [L(l + aAT)] 2 -L 2 

= L 2 (l + 2aAT + a 2 AT 2 )- L 2 
= A(2aAT + a 2 AT 2 ) 



Divide both sides of the equation by 
A to obtain: 



AA 



= 2aAT + a 2 AT 2 



Substitute in equation (1) to obtain: 



2aAT + a 2 AT 2 2 

y = = 2a + a AT 

AT 



Let AJ->0 to obtain: 



yn 2aAT 



For a circle: 



Divide both sides of the equation by 
A to obtain: 



AA = 7r[R(l + aAT)] 2 -ttR 2 

= 7rR 2 (\ + 2aAT + a 2 AT 2 )-7rR 2 
= A(2aAT + a 2 AT 2 ) 

— = 2aAT + a 2 AT 2 
A 



Substitute in equation (1) to obtain: 



2aAT + a 2 AT 2 
AT 



2a + a AT 
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Let AJ->0 to obtain: 



7~ 



2aAT 



22 « 

Picture the Problem While the mass of a sample of aluminum will remain constant with 
increasing temperature, its volume will increase due to thermal expansion. Consequently, 
its density will decrease with increasing temperature. We can use the definition of density 
(mass/unit volume) to express the density when its volume has increased by AFand the 
definition of the coefficient of volume expansion to relate AVto the increase in 
temperature AT. The relationship (3- 3 a will allow us to relate the coefficient of volume 
expansion to the coefficient of linear expansion. 



Express the density of aluminum p' 
when its volume has changed 
by AV: 



P 



m 



mlV 



V + AV l + AV/V 



Using the definition of the 
coefficient of volume expansion, 
substitute for AVIV to obtain: 



P 



P 



P = 

1+fiAT l+3aAT 
because /?= 3 a. 



Substitute numerical values and 
evaluate p': 



2.70xl0 3 kg/m 3 
P ~ l + 3(24xl(T 6 /K)(200K) 



2.66xl0 3 kg/m 3 



23 

Picture the Problem Because the temperature of the steel shaft does not change, we need 
consider just the expansion of the copper collar. We can express the required temperature 
in terms of the initial temperature and the change in temperature that will produce the 
necessary increase in the diameter D of the copper collar. This increase in the diameter is 
related to the diameter at 20°C and the increase in temperature through the definition of the 
coefficient of linear expansion. 



Express the temperature to which T = T { + AT 

the copper collar must be raised in 
terms of its initial temperature and 
the increase in its temperature: 

Apply the definition of the 
coefficient of linear expansion to 
express the change in temperature 
required for the collar to fit on the 



AT = 



_ V 



AD 
D 



a 
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shaft: 

Substitute to obtain: 



T = T + 



AD 
aD 



Substitute numerical values and 
evaluate T: 



7 = 293K + 



0.02cm 



(l7xl0- 6 /K)(5.98cm) 



= 490K= 217°C 



*24 

Picture the Problem Because the temperatures of both the steel shaft and the copper 
collar change together, we can find the temperature change required for the collar to fit the 
shaft by equating their diameters for a temperature increase AT. These diameters are 
related to their diameters at 20°C and the increase in temperature through the definition of 
the coefficient of linear expansion. 



Express the temperature to which the 
collar and the shaft must be raised in 
terms of their initial temperature and 
the increase in their temperature: 

Express the diameter of the steel 
shaft when its temperature has been 
increased by AT: 

Express the diameter of the copper 
collar when its temperature has been 
increased by AT: 

If the collar is to fit over the shaft 
when the temperature of both has 
been increased by AT: 



T = T+AT 



(1) 



Asteel ^steel,20°C 



D Cu =D Cu ^ c {l + a Cu AT) 



D, 



Cu,20°C 

= D 



(i + « Cu Ar) 

skd,20°C V + ^steel^-^) 



Solve for AT to obtain: 



Substitute in equation (1) to obtain: 



AT = 



Asteel,20°C ^Cu,20°C 



^Cu^C^Cu 



" AsteeUfFC^steel 



T = T+- 



D 



steel,20°C 



D. 



Cu,20°C 



" AsteeUCPC^steel 
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Substitute numerical values and evaluate T: 



7 = 293K + 



6.0000cm -5.9800cm 



= 854K= 581°C 



(5.98cm)(l7 x 10~ 6 /k)- (6.00cm)(l lx 10~ 6 /k) 



25 



Picture the Problem The linear expansion coefficient of the container is one-third its 
coefficient of volume expansion. We can relate the changes in volume of the mercury and 
the container to their initial volumes, temperature change, and coefficients of volume 
expansion, and, because we know the amount of spillage, obtain an equation that we can 
solve for f5 z . 

Relate the linear expansion a c = \Pc (V) 

coefficient of the container to its 
coefficient of volume expansion: 

Express the difference in the change ^^Hg — = 7.5 mL 

in the volume of the mercury and 
the container in terms of the 
spillage: 

Express A V Hg using the definition AF^ = J3 H V U AT 

of the coefficient of volume 
expansion: 

Express A V c using the definition of AV C = J3 C V C AT 

the coefficient of volume expansion: 



Substitute to obtain: 



P^ & AT-P c V c AT = 1.5mL 



Solve for /3 C : 



_ J 3 iig V Hg AT-1.5mL 
V C AT 

or, because V = V Hg = V c , 




Hg VAT 
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Substitute in equation (1) to obtain: 



7.5 mL 
3VAT 
7.5 mL 



= a 



Hg 3VAT 



Substitute numerical values and 
evaluate a,.: 



a c =}(0.18xl0" 3 /K)- 



7.5mL 
3(1.4LX40K) 



= 15.4x10^ K 



6 -v-l 



26 - 

Picture the Problem We can use fi?Fe,i68°c = <5?Fe,2o°c(l+«FeAr) to find the diameter of the 
hole in the aluminum sheet at 168°C and then d^ 2 Q°c = ^ai,i68°c(1 _ #aiA7) to find the 
diameter of the hole when the sheet has cooled to room temperature. 

Relate the diameter of the hole/steel £i?Fe,i68°c = ^Fe,2o°c(l+«F e A7) 

drill bit at 168°C to its diameter at 
20° C: 



Substitute numerical values and evaluate dp e ,m°c'- 

^Fe,i68°c = ( 6 - 245 cm)[l + 1 1 x 10~ 6 K _1 (l48 K)] = 6.255 cm 

Express the diameter of the hole in ^auo°c = ^Ai,i68°c v ~ a Ai^) 

the plate at20°C: 



Substitute numerical values and evaluate c?ai20°c: 



<*awc = (6.255 cm)[l- (24 xlO" 6 K _1 )(l48K)]= I 6.233cm 



Remarks: Note that the diameter of the hole in the plate at 20°C is less than the 
diameter of the drill bit at 20°C. 
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*27 

Picture the Problem Let L be the length 
of the rail at 20°C and U its length at 
25°C. The diagram shows these 
distances and the height h of the buckle. 
We can use Pythagorean theorem to 
relate the height of the buckle to the 
distances L and L' and the definition of 
the coefficient of linear expansion to 
relate L and L'. 




Apply the Pythagorean theorem to 
obtain: 



h = 





2 


fL ~] 


11 2 j 




v2j 



= \4l ,1 -l 1 



Use the definition of the coefficient 
of linear expansion to relate L and 
U: 

Substitute to obtain: 



Substitute numerical values and 
evaluate h: 



L u = LXl + a aea ATr 

or, because (a ste eiAr) 2 « 2« stee iAr, 

L' 2 *L 2 (1 +2« stee lAD 



h = ^L 2 (l + 2a sleel AT)-L 2 
L 



h = 



^(llxlO^K-'XSK) 



2 

1000 m 



5.24m 



28 

Picture the Problem The amount of gas that spills is the difference between the change in 
the volume of the gasoline and the change in volume of the tank. We can find this 
difference by expressing the changes in volume of the gasoline and the tank in terms of 
their common volume at 10°C, their coefficients of volume expansion, and the change in 
the temperature. 



Express the spill in terms of the 
change in volume of the gasoline 
and the change in volume of the 
tank: 



A Ft 



tank 



Relate AF gas to the coefficient of 
volume expansion for gasoline: 



AFga S = j3 gas VAT 
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Relate AV tlin k to the coefficient of 
linear expansion for steel: 



AF tank = yfiUKAJ 

or, because /? stee i = 3« stee i, 

AfW= 3a sted VAT 



Substitute to obtain: 



j3 S!iS VAT-3a steel VAT 
VAT(^ s -3a sleel ) 



Substitute numerical values and evaluate K 



spill- 



K spill =(60L)(l5K)[0.9xl0- 3 K 



3(llxlQ- 6 K'')] = | 0.780 L 
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Picture the Problem We can relate the diameter of the capillary tube to the height the 
mercury rises for a 1°C increase in temperature and to the difference in the volume changes 
of the mercury in the bulb and the glass bulb. These volume changes can, in turn, be 
expressed in terms of the coefficients of volume expansion of mercury and glass. 

Express the net change in volume of AV- AVn g - APgi ass = AAL 

the mercury in the thermometer and where A = ToflA is the cross-sectional area 

the bulb and tube of the glass of the capillary tube and d is its diameter. 

thermometer: 



Relate AV Hg to the coefficient of 
linear expansion for mercury: 



AF Hg = fkigVAT 



Relate AF g i aS s to the coefficient of 
linear expansion for glass: 



AF glass = ^ glass FAr 

or, because /? glass = 3« g i ass , 

AF g i ass = 3« g i ass FAr 



Substitute to obtain: 



nd 1 



= j3 Hs VAT-3a g , dSS VAT 
= VAT(p tig -3a gVdSS ) 



4 



Solve for d: 




Substitute numerical values and evaluate d: 




0.18 xl0~ 3 KT 1 - 3(9 x 10~ 6 K" 1 )) = I 0.255 



mm 
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Picture the Problem We can relate the volume of the thermometer bulb to the height the 
mercury rises for the 8 C° increase in temperature and to the difference in the volume 
changes of the mercury in the bulb and the glass bulb. These volume changes can, in turn, 
be expressed in terms of the coefficients of volume expansion of mercury and glass. 



Express the net change in volume of 
the mercury in the thermometer and 
the bulb and tube of the glass 
thermometer: 



AV = A^Hg - AFgi ass -AAL 

where A = 7td 2 l4 is the cross-sectional area 

of the capillary tube and d is its diameter. 



Relate AV Hg to the coefficient of 
linear expansion for mercury: 



AV U! , = fh s VAT 

or, because f3n g = 3« Hg , 

AV Hg = 3a Hg VAT 



Relate AV s i ass to the coefficient of 
linear expansion for glass: 



AF g i ass = ^ glass FAr 

or, because /? glass = 3« g i ass , 



AV, 



g lass 



= 3a s u, s VAT 



Substitute to obtain: 



/3 Hg VAT-3a gViSS VAT = AAL 



Solve for Vand substitute for A: 



V 



AAL 



(/?Hg-3a gla jAr 

xd 2 AL 
4(/? Hg -3a gla jAr 



Substitute numerical values and evaluate V: 



y- ^( Q - 4xl0 ' 3m ) 2 ( 7 - 5xl0 ' 2n j 
~ 4[o. 1 8 x KT 1 - 3(9 x 10" 6 KT 1 )](8 K) 



7.70 mL 
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Picture the Problem We can determine whether the clock runs fast or slow from the 
expression for the period of a simple pendulum and the dependence of its length on the 
temperature. Letting T P represent the period of the pendulum and T the temperature, we 
can evaluate dT P /dT and use a differential approximation to find the time gained or lost in 
a 24-h period. 



(a) Express the period of the 
pendulum in terms of its length: 



2k 
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Because T D cc and L is temperature dependent, the clock runs slow. 



(b) Because the clock runs slow at 
the higher temperature, we know 
that it will lose time. Express the 
loss in terms of the loss each period 
and the elapsed time At: 



AT P A 

Loss = — -At 



(1) 



dT 

Write — — as the product of 
dT 

dT p dL 

— - and : 

dL dT 



dT p _ dT p dL 
~dT~~dT'~df 



Evaluate 



dTp 
dL 



and simplify to obtain: 



dTp _ d 
dL dL 



In . 



1 


r 2^ 




i r 


2 


v 8 J 


\L 


~2l{ 



— Y- " 

v 8 kg) 

\ 

In 



2L 



Express the dependence of the 
length of the pendulum on its 
calibration length L Q and the 
coefficient of linear expansion of 
brass a: 



L=L 0 (l + aAT) 



^ , dL 

Evaluate : 

dT 

Substitute to obtain: 



dL _ d 
~dT~~df 



[L 0 (l + aAT)] = ccL 0 



dTp 
~dT 



f T \ 



(aL 0 ) = -T p 



Use the differential approximation 
to obtain: 



ATp a AT P a 

— - = — 7 p or = — Al 

AT 2 Tp 2 



Substitute numerical values and 
evaluate AT P /T P : 



AT 



^ = i(l9xl(T 6 /K)(lOK) 



= 9.50x10 



Thermal Properties and Processes 1525 



Substitute numerical values in 



Loss = (9.50x10 ~ 5 ) 
equation (1) to obtain: 



... 3600s 
24hx 



8.21s 
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Picture the Problem The steel tube will fit inside the brass tube when its outside diameter 
equals the inside diameter of the brass tube. We can use the definition of the coefficient of 
linear expansion to express the diameters of the tubes when they fit in terms of the 
required temperature change and equate these expressions to find AT. 

Express the temperature at which T = T { + AT = 293 K + AT (1) 

the steel tube will fit inside the brass 

tube in terms of their initial 

temperature and the change in 

temperature: 

Express the condition that the steel d sted = d bmss 

tube will fit inside the brass tube: 

Relate the diameter of the steel tube ^steei = steel 

to its initial diameter, coefficient of 
linear expansion, and the change in 
temperature: 

Relate the diameter of the brass tube ^brass = ^o.brass (l + ^brass^^) 

to its initial diameter, coefficient of 
linear expansion, and the change in 
temperature: 

Substitute to obtain: i 0jSteel (l + « steel Ar) = d 0 >brass (l + a brass AT) 

Solve for AT: k m ^O.steel ~ ^O.brass 



AT = 



^O.brass^brass ^O.steel^steel 



Substitute numerical values and evaluate AT: 



AT== 3.000cm -2.997 cm t = 125K 

(3.000cm)(l9 x 10~ 6 K" 1 )- (2.997 cm)(l 1 x 10 6 K" 1 ) 



Substitute in equation (1) to evaluate AT: T = 293K + 125K = 41 8 K = 145°C 
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*33 ••• 

Picture the Problem We can use the definition of Young's modulus to express the 
tensile stress in the copper in terms of the strain it undergoes as its temperature returns to 
20°C. We can show that AL/L for the circumference of the collar is the same as Ad/d for 
its diameter. 



Using Young's modulus, relate the 
stress in the collar to its strain: 



Stress = Fx Strain = Y 



AL 



L 



20°C 



where L 2 o°c is the circumference of the 
collar at 20°C. 



Express the circumference of the 
collar at the temperature at which it 
fits over the shaft: 

Express the circumference of the 
collar at 20°C: 

Substitute to obtain: 



Substitute numerical values and 
evaluate the stress: 



Lj< — 7idj 



L 20 o C — 7vd 2 Qo C 



Stress = Y 



nd T -mi 20 , c 



Tud 



20°C 



Stress = (llxl(r 10 N/m 2 ) 



0.02cm 
5.98cm 



= 3.68xl0 12 N/m 2 



The van der Waals Equation, Liquid- Vapor Isotherms, and Phase 
Diagrams 

34 • 

Picture the Problem We can apply the ideal-gas law to find the volume of 1 mol of steam 
at 100°C and a pressure of 1 atm and then use the van der Waals equation to find the 
temperature at which the steam will this volume. 
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(a) Use the ideal-gas law to find the 
volume: 



V = 



nRT 



(lmol)(8.314J/mol- K)(373K) 



latmx 



= 3.06xl(T 2 m 3 x 



101.325kPa 



atom 
1L 



= 30.6L 



(b) Solve van der Waals equation for 
J to obtain: 



f __2\ 



P + 



T = 



an 

V 2 



(V-bn) 



nR 



Substitute numerical values and evaluate T: 



f 2^ 
p + an 



T = 



v 



V 1 



(V-bn) 



nR 



1013kPa + K Pa - m6/mol2 )i mo1 ) 2 
(3.06xl0 2 m 3 ) 



3.06 x 1CT 2 m 3 - (30 x 1(T 6 m 3 /mol) (lmol) 
(lmol)(8.314J/mol-K) 



= 375K 



35 » 

Picture the Problem We can find these temperatures and pressure by consulting Figure 
20-3. 



(a) At 70 kPa, water boils at: 



f« 90°C 



(b) At 0.5 atm (about 51 kPa): 



82°C 



(c) For? boil = 115°C: 



P* 170kPa 



*36 

Picture the Problem Assume that a helium atom is spherical. Then we can find its radius 
from V = jTZf 3 and its volume from the van der Waals equation. 
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Express the radius of a spherical 
atom in terms of its volume: 

In the van der Waals equation, b is 
the volume of 1 mol of molecules. 
For He, 1 molecule = 1 atom. Use 
Avogadro's number to express b in 
cmVatom: 

Substitute numerical values and 
evaluate r: 



r = l 




b = 



(0.0237 L/mol)(lQ 3 cm 3 /L) 
6.022 xl0 23 atoms/mol 

3.94 xl0~ 23 cm 3 /atom 



3b _ J 3(3.94xlQ' 23 cm 3 ) 
V 4tt 



= 2.11x10"* cm = 0.21 lnm 



37 ••• 

Picture the Problem Because, at the critical point, dPIdV- 0 and d 2 PldV 2 = 0, we can 
solve the van der Waals equation for P and set its first and second derivatives equal to zero 
to find V c . We can then eliminate V c between these equations to find T c and then substitute 
in the van der Waals equation to express P c . Finally, we can use their definitions to rewrite 
the van der Waals equation in terms of the reduced variables. 



(a) Solve the van der Waals 
equation for P: 



P = 



nRT 



an 



V-bn V 



(1) 



Evaluate dPIdV: 



dP 
dV 



_d_ 
dV 



nRT 
V-bn 

nRT 



■ + - 



an 
2an 2 



{V-nbf V 3 
■ 0 for extrema 



(2) 



Evaluate ■ 



d 2 P 
dV 2 



d 2 P 
dV 2 



_d_ 
dV 



nRT 



(V-nb) : 



■ + - 



2an" 



V 3 



2nRT 6an* 



{V-nbf V 4 
= 0 for critical points 



(3) 



2an z 

Solve equation (2) for — 



2an z 



nRT 



(V-nbf 



(4) 
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Solve equation (3) for 



6an 



Divide equation (4) by equation (5) 
and simplify to obtain: 



6an 



2nRT 



V 4 (V-nbf 
-V = \{y-nb) 



(5) 



Solve for V= V c . 



V c = 3nb 



Substitute in equation (4): 



2an 



nRT 



21n 3 b 3 {bnb-nbf 



Simplify and solve for T c : 



L = 



8a 
21Rb 



Substitute for V c and T c in equation 
(1) and simplify to obtain: 



nR 2 

p = 21Rb 



3bn-bn (3bnf 



lib 2 



(b) Using the result for V c from (a), 
express the reduced volume V r : 



V V 

V= — = and V = 3nbV r 

K 3nb 



Using the result for T c from (a), 
express the reduced temperature T r : 



_ T _ 21RbT 

r ~T c ~ 8a 
and 

21Rb 



Using the result for P c from (a), 
express the reduced pressure P r : 



P _ 21b 2 P 



and 
P = 



a 



21b 



2 r 



Substitute in the van der Waals 
equation to obtain: 



a an 
. P,+ 

21b 



2 r 



{3nbV t f 



(3nbV r -bn) 



= nR-^—T 
21Rb 
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Simplify to obtain: 



' 3 A 



(3K r -l) = 87; 



Heat Conduction 



38 



Picture the Problem We can use their definitions to find the thermal resistance of the bar, 
the thermal current in the bar, and the temperature gradient in the bar. Because the 
temperature varies linearly with distance along the bar, we can express the temperature in 
terms of the thermal gradient and evaluate this expression 25 cm from the hot end. 



(a) Using its definition, find the 
thermal resistance of the bar: 



R = 



Ax Ax 



kA knr 

2m 

(401W/m-K)[^(lO" 4 m 2 )] 



= 15.9K/W 



(b) Using its definition, find the 
thermal current in the bar: 



1 = 



AT 100K 



R 15.9KAV 



6.29W 



(c) Substitute numerical values and 
evaluate the temperature gradient: 



AT 100K 



Ax 2m 



50K/m 



50K/m 



(d) Express the linear dependence of 
the temperature in the bar on the 
distance from the cold end: 

Substitute numerical values and 
evaluate J(1.75 m): 



T = T 0 + — Ax 
dx 



r(l .75 m) = 273 K + (50 K/m)(l .75 m) 



= 360.5 K= 87.5°C 



39 • 

Picture the Problem We can use its definition to express the thermal current in the slab 
in terms of the temperature differential across it and its thermal resistance and use the 
definition of the R factor to express / as a function of AT, the cross-sectional area of the 
slab, and Rf. 



Express the thermal current through 
the slab in terms of the temperature 
difference across it and its thermal 
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resistance: 



Substitute to express R in terms of 
the insulation's R factor: 



1 = 



AT AAT 



R\l A 



Substitute numerical values and 
evaluate /: 



I 



_ (20ft)(30ft)(68 o F-30°F) 
llh-ft 2 -F7Btu 



= 2.07kBtu/h 



40 

Picture the Problem We can use R = Ax/ kA to find the thermal resistance of each cube 

and the fact that they are in series to find the thermal resistance of the two-cube system. 
We can use I = AT/R to find the thermal current through the cubes and the temperature 

at their interface. 



(a) Using its definition, express the 
thermal resistance of each cube: 



R = 



Ax 
~k~A 



Substitute numerical values and 
evaluate the thermal resistance of 
the copper cube: 

Substitute numerical values and 
evaluate the thermal resistance of 
the aluminum cube: 

(b) Because the cubes are in series, 
their thermal resistances are 
additive: 



3cm 



(401W/m-K)(3cm) 2 



0.0831K/W 



R 



3 cm 



Al 



(237W/m-K)(3cm) 2 



0.141K/W 



R ~ R Cu + R Al 

= 0.083 1K/W + 0. 141 K/W 



= 0.224 K/W 



(c) Using its definition, find the 
thermal current: 



1 = 



AT 373 K- 293 K 



R 



0.224 K/W 



357 W 



(d) Express the temperature at the 
interface between the two cubes: 



interface = 373 K-A7 Cu 



Express the temperature differential ^T Cu = I Cu R Cu = IR Cu 

across the copper cube: 
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Substitute numerical values and 

evaluate ^interface: 



interface = 373 K-/i? Cu 



= 373 K - (357 W)(0.083 1 KAV) 
= 343.3K = | 70.3°C 



41 

Picture the Problem We can use I = AT /R andi? = Ax/kA to find the thermal current in 

each cube. Because the currents are additive, we can find the equivalent resistance of the 
two-cube system from R eq = AT /I . 



(a) Using its definition, express the 
thermal current through each cube: 

Using its definition, express the 
thermal resistance of each cube: 

Substitute to obtain: 



1 = 



R = 



AT 
R 

Ax 



kA 

kAAT 
Ax 



(1) 



Substitute numerical values in equation (1) and evaluate the thermal current in the 
copper cube: 



_ (401W/m-K)(3cm) 2 (373K-293K) 
3 cm 



l Cu 



962 W 



Substitute numerical values in equation (1) and evaluate the thermal current in the 
aluminum cube: 



_ (237W/m-K)(3cm) 2 (373K-293K) _ 
3 cm 



569 W 



(b) Because the cubes are in parallel, 
their total thermal currents are 
additive: 



i=i cu +i m =962W + 569W 



1.53kW 



(c) Use the relationship between the 
thermal current, temperature 
differential and thermal resistance to 
find i? eq : 



AT 373 K- 293 K 



eq 



1.53kW 



= 0.0523 K/W 
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42 

Picture the Problem The cost of operating the air conditioner is proportional to the 
energy used in its operation. We can use the definition of the COP to relate the rate at 
which the air conditioner removes heat from the house to rate at which it must do work 
to maintain a constant temperature differential between the interior and the exterior of the 
house. To obtain an expression for the minimum rate at which the air conditioner must do 
work, we'll assume that it is operating with the maximum efficiency possible. Doing so 
will allow us to derive an expression for the rate at which energy is used by the air 
conditioner that we can integrate to obtain the energy (and hence the cost of operation) 
required. 



Relate the cost C of air conditioning 
the energy W required to operate the 
air conditioner: 



C = uW (1) 
where u is the unit cost of the energy. 



Express the rate dQIdt at which heat 
flows into a house provided the 
house is maintained at a constant 
temperature: 



P= d Q=kM 
dt 

where AT is the temperature difference 
between the interior and exterior of the 
house. 



Use the definition of the COP to 
relate the rate at which the air 
conditioner must remove heat dWIdt 
to maintain a constant temperature: 



COP = 



dQ/dt 
dWldt 



Solve for dWIdt: 



dW/dt = 



dQ/dt 
COP 



Express the maximum value of the 
COP: 



COP_ = 



AT 



where T c is the temperature of the cold 
reservoir. 



Letting COP = COP max , substitute to 
obtain an expression for the 
minimum rate at which the air 
conditioner must do work in order to 
maintain a constant temperature: 



dW _ dQ/dt 
dt ~ T 



AT 



Substitute for dQ/dt to obtain: 



W = kAT AT= lL {ATr 
dt T T K ' 



Separate variables and integrate this 
equation to obtain: 



W = ^(ATf]dt' = ^(ATfAt 
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Substitute in equation (1) to obtain: 



C = Uy{AT) 2 Atoc \ (AT) 2 



43 ••• 

Picture the Problem We can follow the step-by-step instructions given in the problem 
statement to obtain the differential equation describing the variation of T with r. 
Integrating this equation will yield an equation that we can solve for the current /. 



(a) 



Conservation of energy requires that thermal current through each 
shell be the same. 



(b) Express the thermal current / 
through such a shell element in 
terms of the area A = Anr 2 , the 
thickness dr, and the temperature 
difference dT across the element: 



I = -kA 



dT^ 
dr 



-<\nkr 



dr 



where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 



(c) Separate the variables: 



dT = 



I dr 
Ank r 2 



Integrate from r = r\ to r = r 2 : 



} 4xk } r 2 



and 



T -T 



I 


V 


I 




Art k 


r 


,. Ank 

n 





Solve for / to obtain: 



(d) When r 2 - r\ « r\ : 

Let r 2 - r\ = Ar and substitute to obtain: 



r = *¥-(T,-Tj- 

Ar 

which is Equation 20-7. 



Ankr 



2 AT 
Ar 



*44 

Picture the Problem We can use the expression for the thermal current to express the 
thickness of the walls in terms of the thermal conductivity of copper, the area of the walls, 
and the temperature difference between the inner and outer surfaces. Letting AA/Ax' 
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represent the area per unit length of the pipe and L its length, we can eliminate the surface 
area and solve for and evaluate L. 



Write the expression for the thermal 
current: 

Solve for A: 



Express the total surface area of the 
pipe: 



I = U 



A 



AT 



A = 



Ax 
IAx 



kAT 
AA 



Ax' 



L 



Substitute for A and solve for L to 
obtain: 



L = 



IAx 
kAT 
AA/Ax' 



Substitute numerical values and 
evaluate L: 



L 



(3GW)(4xl(T 3 m) 
(401W/m-K)(873K-498K) 



0.12m 



665 m 



45 ••• 

Picture the Problem Consider an element with a cylindrical area of length L, radius r, 
and thickness dr. We can relate the heat current through this element to the conductivity 
of the walls of the pipe, its length and radius, and the temperature gradient across the 
wall. We can separate the variables in the resulting differential equation and integrate to 
find the rate of heat transfer. 



(a) Express the heat current through 
the cylindrical element: 



Separate the variables: 



l = -kA— = -2nkLr — 
dr dr 

where the minus sign is a consequence of 

the heat current being opposite the 

temperature gradient. 

a- 1 dr 



2nkL 



Integrate from r = r x to r = r 2 and 
J= Ti to T= T 2 : 



]*-—!-]* 

J 2nkL> r 



and 
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Solve for / to obtain: 



I 



2nkL 



Inr]; 



In kL r x 

I r 
-liA 



2nkL n 



2nkL 



{T 2 -T x ) 



Remarks: If we use the above result in Problem 44 (take 0.12 m 2 to be the outside 
area per unit length of the pipe), then ri = 1.91 cm and r 2 = 1.51 cm. Solving for L one 
obtains 746 m. 

Radiation 



46 • 

Picture the Problem We can apply Wein's displacement law to find the wavelength at 
which the power is a maximum. 



Use Wein's displacement law to 
relate the wavelength at which the 
power is a maximum to the surface 
temperature of the skin: 



Substitute numerical values and 
evaluate /lm ax : 



/L = 



2.898mm-K 



2.898mm-K 
273K + 33K 



9.47 fjm 



47 • 

Picture the Problem We can apply the Stefan-Boltzmann law to find the net power 
radiated by the wires of its heater to the room. 

Relate the net power radiated to the P net = eaA^T A - T 0 4 ) 

surface area of the heating wires, their 
temperature, and the room 
temperature: 



Solve for A: 
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Substitute numerical values and evaluated: 



A = 



lkW 



(l) (5.6703 xl(T 8 W/m 2 -K 4 ) [(1173 K) 4 -(293 K) 



9.35 xlCT 3 m 2 



48 

Picture the Problem The rate at which the sphere absorbs radiant energy is given by 
dQ/dt = mcdT I dt and, from the Stephan-Boltzmann law, P net = eoA^T 4 -7" 0 4 ), where 

A is the surface area of the sphere, T Q is its temperature, and J is the temperature of the 
walls. We can solve the first equation for dTldt and substitute P net for dQ/dt in order to 
find the rate at which the temperature of the sphere changes. 



Relate the rate at which the sphere 
absorbs radiant energy to the rate at 
which its temperature changes: 



dO dT 

= mc — 

dt dt 



Solve for dTldt: 



dT^ 
dt 



mc 



pVc \nr' pc 



Apply the Stefan-Boltzmann law to 
relate the net power radiated to the 
sphere to the difference in 
temperature of the walls and the 
blackened copper sphere: 

Substitute to obtain: 



P.. = 



Substitute numerical values and evaluate dTldt: 



eoA^ 4 -T 4 ) 
47rr 2 ea(T 4 -T 0 4 ) 



dT _ 4xr 2 ea(T 4 -T 4 ) 
dt 



j7rr 3 pc 



3ea(T 4 -T 4 ) 
rpc 



dT _ 3(l)(5.6703xl(r 8 W/m 2 -K 4 ) [(293 K) 4 -(273 K) 4 
dt ~ (4x 10 2 m)(8.93x 10 3 kg/m 3 )(0.386kJ/kg • K) 



2.24xlO~ 3 K/s 



49 « 

Picture the Problem We can apply the Stephan-Boltzmann law to express the net power 
radiated by the incandescent lamp to its surroundings. 
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Express the rate at which energy is 
radiated to the surroundings: 



P^eaA^-T:) 



r 



= eoAT 



'"if 



4\ 



Evaluate (T 0 /T) 4 : 



(t ^ 

kTj 



273 K 
1573K 



*9xl(T 



and, because this ratio is so small, we can 
neglect the temperature of the surroundings. 



Substitute to obtain: 



P mt *eaAr 



Solve for T: 



y/4 



\e<jA j 



Express the temperature T 'when the 
electric power input is doubled: 

Divide the second of these equations 
by the first: 

Solve for J': 



T 
T 



2P 



y/4 



V eoA j 
= (2f 

1/4, 



T' = (2f 4 T 



Substitute numerical values and 
evaluate T ' 



V = (2) 1/4 (l573K) = 1871K 



= 1598°C 



50 » 

Picture the Problem We can differentiate Q = mL, where L is the latent heat of boiling 
for helium, with respect to time to obtain an expression for the rate at which the helium 
boils away. 



Express the rate at which the helium 
boils away in terms of the rate at 
which its container absorbs radiant 
energy: 



dm _P ael _ eaA(T 4 -T 0 4 ) 
dt L L 
_ e<J7rd 2 (r 4 -Tq) 
L 



eon d 4 



; o 
\T J 



L 
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when Tq « T. 



Substitute numerical values and evaluate dmldt: 



dm ^ (l)(5.6703xlQ- 8 W/m 2 • K 4 >r(0.3m) 2 _ . 6g ^ Q 

dt ~ 21kJ/kg \ ) ■ s li 



_ 5 kg 3600 s 

-X- 



= 9.66x10 - l kg/h= 96.6 g/h 



General Problems 



*51 • 

Picture the Problem The distance by which the tape clears the ground equals 
the change in the radius of the circle formed by the tape placed around the 
earth at the equator. 



Express the change in the radius of 
the circle defined by the steel tape: 



Substitute numerical values and 
evaluate AR. 



AR = RaAT 

where R is the radius of the earth, a is the 
coefficient of linear expansion of steel, and 
A7Ts the increase in temperature. 

AR = (6.37 x 10 6 m)(l 1 x 10~ 6 K 1 )(30K) 
= 2.10xl0 3 m 



= 2.10km 



52 

Picture the Problem We can differentiate the definition of the density of an isotropic 
material with respect to T and use the definition of the coefficient of volume expansion to 
express the rate at which the density of the material changes with respect to temperature. 
Once we have an expression for dp in terms of dT, we can apply a differential 
approximation to obtain Ap in terms of AT. 



Using its definition, relate the m 
6 p = — 

density of the material to its mass V 
and volume: 

Using its definition, relate the AV = fiVAT 

volume of the material to its 
coefficient of volume expansion: 
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Differentiate p with respect to T and 
simplify to obtain: 



dp _ dp dV 
dT ~ dV dT 
pV 



m 

T 2 



V 1 



J3V = - P J3 



or 

dp = -pfidT 



Use a differential approximation to 
obtain: 



Ap = -pfiAT 



53 » 

Picture the Problem We can apply the Stefan-Boltzmann law to express the effective 
temperature of the sun in terms of the total power it radiates. We can, in turn, use the 
intensity of the sun's radiation in the upper atmosphere 
of the earth to approximate the total power it radiates. 



Apply the Stefan-Boltzmann law to 
relate the energy radiated by the sun 
to its temperature: 



P = eoAT 



Solve for T: 



T = 



eoA 



Express the area of the sun: 



A = AnRt 



Relate the intensity of the sun's 
radiation in the upper atmosphere to 
the total power radiated by the sun: 



AttR 2 

where R is the earth-sun distance. 



Solve for P r : 



P =4ttR 2 I 



Substitute for P r and A and simplify 
to obtain: 



\ecr47iR 2 



R 2 I 
eoRl 



Substitute numerical values and evaluate T: 



11 



1.5xlQ"m) 2 (l.35kW/m 2 ) 



(l)(5.67 x 10~ 8 W/m 2 • k)(6.96 x 10 8 m) 2 



5767 K 
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54 » 

Picture the Problem We can solve the thermal-current equation for the R factor 
of the material. 



Use the equation for the thermal 
current to express / in terms of the 
temperature gradient across the 
insulation: 



I = kA 



AT 
Ax 



Rewrite this expression in terms of 
the R factor of the material: 



AT AT AAT 



Ax 
~k~A 



A 



Solve for the R factor: 



R f = 



AAT 6A..AT 



Substitute numerical values and evaluate R: 



12inx 



2.54xl(T 2 m V 



in 



100W 



(363K-293K): 



0.390 



K-rri 
W 



nonn K-m 2 9F° 10.76ft 2 1054 J lh 
= 0.390 — - — x x — x x- 



5K 



m 



Btu 3600s 



2.21 



F°-ft 2 -h 
Btu 



55 » 

Picture the Problem Because the temperature of the copper-aluminum interface is 
(T\ + T 2 )/2, we can conclude that the temperature differences across the two sheets must 
be the same. We also know, because the sheets are in series, that the heat currents 
through them are equal. 



Express the thermal current through 
the aluminum sheet: 



I -k A ATai 



'Al "-Al^Al 



Express the thermal current through 
the copper sheet: 



I -k A A7& 

1 Cu - "-Cu^Cu 



Ax, 



Cu 



Equate these currents and solve for 
Ax A i: 
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Ax A 



Ax r kkX 



v Cu 



l Cu 



Substitute numerical values and 
evaluate &x M : 



Ax M = (2 cm) 



237W/m-K 
401W/m-K 



1.18cm 
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Picture the Problem We can relate the stress in the bar to the strain due to its elongation 

using the definition of Young's modulus and express the strain 

in terms of the coefficient of linear expansion and the change in temperature 

of the bar. 



Using the definition of Young's 
modulus, relate the force exerted by 
the bar on each wall to the strain in 
the bar due to the change in its 
length: 



Y 



F 

A 
AL 

L 



Using the definition of the 
coefficient of linear expansion, 
express the strain in the bar: 



AL 
L 



aAT 



Substitute to obtain: 



Y = 



F 



ccAAT 



Solve for F: 



F = aAYAT 



Substitute numerical values and evaluate F: 



F = (llxlCT 6 K _1 )tt (0.022 m) 2 (200 GN/m 2 )(40 K) = 



1.34xl0 5 N 



57 » 

Picture the Problem We can use the definition of the coefficient of volume expansion 
with the ideal-gas law to show that (3 = 1/71 



(a) Use the definition of the 
coefficient of volume expansion to 
express (3 in terms of the rate of 
change of the volume with 
temperature: 



1 dV 
V dT 
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For an ideal gas: 



Tr nRT dV nR 

V = and = 

P dT P 



Substitute to obtain: 



]_nR 
V P 



T 



(b) Express the ratio of the 
experimental value to the theoretical 
value: 



fiexp Ah 



0.003673 KT 1 K 1 

273 



273 



K 



< 0.3% 



58 

Picture the Problem We can express L as the difference between L B and L A 
and express these lengths in terms of the coefficients of linear expansion brass 
and steel. Requiring that L be constant will lead us to the condition that 



(a) Express the condition that L does 
not change when the temperature of 
the materials changes: 

Using the definition of the 
coefficient of linear expansion, 
substitute for L B and L A : 



L - L B L A 
= constant 



L = {L B + a B L B AT)- (L A + a A L A AT) 

= { L b- L a)+ («b^b " «a^a ) AT 
= L + {a B L B -a A L A )AT 



or 



{a B L B -a A L A )AT = 0 



The condition that L remain 
constant when the temperature 
changes by AT is: 



cc B L B cc A L A — 0 



Solve for the ratio of L A to L B : 



La 



a. 
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(b) From (a) we have: 



T _ T _ / _ T ^brass 

~~ ^steel ~ ~ ^brass 



= (250 cm) 



19xlQ' 6 K 1 
11x10 6 K 1 



^steel 



432cm 



and 

L = L B - L A = 432 cm- 250cm 



182 cm 



59 » 

Picture the Problem We can apply the thermal-current equation to calculate 
the heat loss of the earth per second due to conduction from its core. We can 
also use the thermal-current equation to find the power per unit area radiated 
from the earth and compare this quantity to the solar constant. 



Express the heat loss of the earth per 
unit time as a function of the thermal 
conductivity of the earth and its 
temperature gradient: 



dt 



Ax 



or 
dQ 



= 47tR 2 E k — 
dt Ax 



(1) 



Substitute numerical values and evaluate dQIdt: 



^ = 4tt(631 x 10 6 m) 2 (0.74 J/m ■ s • K) 



1C° 
y30m j 



1.26xl0 10 kW 



Rewrite equation (1) to express the 
thermal current per unit area: 



I _ AT 

A Ax 



Substitute numerical values and 
evaluate II A: 



T_ 
~A 



= (0.74J/m-s-K) 



1C° 
30 m 



= 0.0247 W/m 2 



Express the ratio of II A to the solar 
constant: 



I/A 



0.0247 W/m 2 



solar constant 1.35kW/rrr 



< 0.002% 
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60 » 

Picture the Problem We can find the temperature of the outside of the copper bottom by 
finding the temperature difference between the outside of the saucepan and the boiling 
water. This temperature difference is related to the rate at which the water is evaporating 
through the thermal-current equation. 



Express the temperature outside the T out =T in + AT 

pan in terms of the temperature = 373 K + AT 

inside the pan: 

Relate the thermal current through AQ _ AT 

the bottom of the saucepan to its At Ax 

thermal conductivity, area, and the 
temperature gradient between its 
surfaces: 

Solve for AT: AT = ±^Ax 

kA At 

Because the water is boiling: AQ = mL w 



Substitute to obtain: AT _ mL w Ax 

kAAt 



Substitute numerical values and evaluate AT: 



AT 



(0.8kg)(2.26MJ/kg)(3xl(T 3 m) 



(401W/m-K) 



^(O.lSm) 2 



1.28K 



(600 s) 



Substitute numerical values and 
evaluate T oat : 



T t = 373 K + 1 .28K = 374.3 K 



= 101.3°C 



*61 » 

Picture the Problem We'll do this problem twice. First, we'll approximate the answer 
by disregarding the fact that the surrounding insulation is cylindrical. In the second 
solution, we'll obtain the exact answer by taking into account the cylindrical insulation 
surrounding the side of the tank. In both cases, the power required to maintain the 
temperature of the water in the tank is equal to the rate at which thermal energy is 
conducted through the insulation. 
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I s solution: 



Using the thermal current equation, 
relate the rate at which energy is 
transmitted through the insulation to 
the temperature gradient, thermal 
conductivity of the insulation, and 
the area of the insulation/tank: 



I = kA 



AT 
Ax 



Letting d represent the inside 
diameter of the tank and L its inside 
height, express and evaluate its 
surface area: 



^ _ 4;ide + Aases 

= 71 dL + 2 



f ^\ 
n a 



v 4 j 



= x{dL + \d 2 ) 

= ^-[(0.55 m)(l. 2 m) + ^(0.55 m) 2 ] 
= 2.55m 2 



Substitute numerical values and 
evaluate /: 



/ = (0.035 W/m-K) (2.55 m 2 ) 



= 132W 



' 74K ^ 
0.05 m, 



2 nd solution: 



Express the total heat loss as the 
sum of the losses through the top 
and bottom and the side of the hot- 
water tank: 



I I top and bottom ^side 



Express / through the top and 
bottom surfaces: 



Substitute numerical values and 
evaluate / top ^ bottom- 



top and bottom 



top and bottom 



f 



= 2 



v Ax 



\nd 2 k—- 



Ax 



7u{0.55 m) 2 

(0.035 W/m-K)(74K) 



0.05m 



= 24.6W 



Letting r represent the inside radius 
of the tank, express the heat current 



4de =- kA< ^T = -IxkLr^f- 
dr dr 
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through the cylindrical side: 



where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 



Separate the variables: 



/ dr 
InkL r 



Integrate from r = r\ to r = r 2 and 
T= Ti to J= T 2 : 



dT = 



side 



r 



dr 



and 



InkL 1 r 



T.-T. = — ^id^lnrl' 
2 1 InkL J ' 



I r 

side _1fl_ 2 



/ r 

side 1 ^ 1 

InkL r x InkL r 2 



Solve for / side to obtain: 



InkL, , 



side 



Substitute numerical values and 
evaluate 7 side : 



_ 2^(0.035W/m-K)(l.2m) ^ 71K ^ 



In 



^0.325m A 
0.275 m 



117W 



Substitute for 7 side and evaluate /: 



7 = 24.6W + 117W= 142 W 
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Picture the Problem We can use R = ATI I and / = -kAdTldt to express dT in terms of the 
linearly increasing diameter of the rod. Integrating this expression will allow us to find AT 
and, hence, R. 



Express the thermal resistance of the 
rod in terms of the thermal current in 
it: 



R 



AT 



(1) 



Relate the thermal current in the rod 
to its thermal conductivity k, cross- 
sectional area A, and temperature 
gradient: 



-kA 



dT^ 
dx 



where the minus sign is a consequence of 
the heat current being opposite the 
temperature gradient. 
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Using the dependence of the 
diameter of the rod on x, express the 
area of the rod: 



. nd 1 n j2 /, \2 

A = = — d:(l + ax) 

4 4 0V ' 



Substitute to obtain: 



I = -k 



71 



dl (l + ax) 2 



dT_ 

dx 



Separate variables to obtain: 



dT = 



Idx 



7l ^dl{\ + axf 



41 



dx 



nkdl (l + axf 



Integrate T from T\ to T 2 and x from 
OtoZ: 



and 



I 7zkdl{(\ + 



dx 



nkdl o {^ + axf 
AIL 



T 2 -T X =AT = - 

7tkd 0 (l + aL) 



Substitute for AT and / in equation 
(1) and simplify to obtain: 



R 



AIL 

_ 7tkdl{\ + aL) _ 
I 



AL 



nkdl(\ + aL) 
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Picture the Problem Let AT - T 2 - T\. We can apply Newton's 2 nd law to establish the 
relationship between L2 and LI and angular momentum conservation to relate ah and co\. 
We can express both E 2 and E\ in terms of their angular momenta and rotational inertias 
and take their ratio to establish their relationship. 



^ AL 
Apply 2_, T = to the spinning 

disk: 

Apply conservation of angular 
momentum to relate the angular 
velocity of the disk at T 2 to the 
angular velocity at T t : 



Because ^ r = 0 , AL = 0 
and 

L 2 = A 

I 2 co 2 = l x co x 
and 

*2 
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Express I 2 : 



I 2 = mr 2 = mr^(l + aAT) 2 

= I l (l + 2aAT + (aATf) 

~/,(l + 2aAr) 
because (aAT) 2 is small compared to aAT. 



Substitute and apply the binomial 
expansion formula to obtain: 



a> 2 = 



-co, 



1,(1+ 2aAT) 1 
and, because 2aAT« 1, 



co 2 * 



(±-2aAT)co x 



Express E 2 in terms of L 2 and I 2 : 



Li 



L 



2I 2 2I 2 
because L 2 = L\. 



Express E\ in terms of L\ and l\. 



r- 

_rl_ 
2L 



Express the ratio of E 2 to E\. 



21, 
2/, 



Solve for E 2 and substitute for the 
ratio of I\ to I 2 : 



E x (l-2aAT) 
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Picture the Problem The amount of heat radiated by the earth must equal the solar flux 
from the sun, or else the temperature on earth would continually increase. The emissivity 
of the earth is related to the rate at which it radiates energy into space by the Stefan- 

Boltzmann lawP r = eoAT 4 . 

Using the Stefan-Boltzmann law, 



express the rate at which the earth 
radiates energy as a function of its 
emissivity e and temperature T: 

Use its definition to express the 
intensity of the radiation P a 
absorbed by the earth: 



P x =eaA'r 
where A' is the surface area of the earth. 



A 



or P. = AI 



where A is the cross-sectional area of the 
earth. 



For 70% absorption of the sun's 
radiation incident on the earth: 



P a = 0.7 AI 
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Equate P r and P d and simplify: 0.1 AI = eoA T 4 



or 



0.1 nR 2 1 = e{4nR 2 aT A ) 



Solve for Tto obtain: 



T = \°^ = Ce^ (1) 



Substitute numerical values for I and a I 0 7(l370W/m 2 ) 

and simplify to obtain: T = il~r « 1 — Ts~ 

y4(5.670xl0" 8 W/m 2 -K 4 )e 



= (255K)e 



-1/4 



A spreadsheet program to evaluate T as a function of e is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


255 




B4 


0.4 


e 


B5 


B4+0.01 


e + 0.1 


C4 


$B$1/(B4 A 0.25) 


(255K)e- 1/4 







B 




1 


T= 


255 


K 




2 










3 




e 


T 




4 




0.40 


321 




5 




0.41 


319 




6 




0.42 


317 




7 




0.43 


315 














23 




0.59 


291 




24 




0.60 


290 




25 




0.61 


289 




26 




0.62 


287 
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Treating e as a variable, differentiate 
equation (1) to obtain: 



Divide equation (2) by equation (1) 
to obtain: 



Use a differential approximation to 
obtain: 

Solve for Ae: 



de 
T 

AT 
T 



1 



1 



Ce^de 



Ce~ 5/4 de 



Ae = -4e 



Ce 

1 Ae 
4~e~ 

AT 



-1/4 



(2) 



1 de 
4~e 



Substitute numerical values 

(e * 0.615 for r earth = 288 K) and 

evaluate Ae: 



Ae = -4(0.615) 



IK 
288K 



-0.00854 



or about a 1.39% change in e. 
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Picture the Problem We can differentiate the expression for the heat that must be 
removed from water in order to form ice to relate dQIdt to the rate of ice build-up dmldt. 
We can apply the thermal-current equation to express the rate at which heat is removed 
from the water to the temperature gradient and solve this equation for dmldt. In part (b) we 
can separate the variables in the differential equation relating dmldt and AT and integrate 
to find out how long it takes for a 20-cm layer of ice to be built up. 



(a) Relate the heat that must be 
removed from the water to freeze it 
to its mass and heat of fusion: 



Q = mL ] 
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Differentiate this expression with 
respect to time: 



dQ _ dm 

— f 
dt dt 



Using the definition of density, 
relate the mass of the ice added to 
the bottom of the layer to its density 
and volume: 



m = pV = pAx 



Differentiate with respect to time to 
express the rate of build-up of the 
ice: 



dm . dx 
= pA — 

dt dt 



Substitute to obtain: 



^ = L tP A* 
dt f dt 



Apply the thermal-current equation: 



dt x 



Equate these expressions and solve 
for dxldt: 



L { pA — = kA 
dt x 

and 

dx _ k AT 
dt L f p x 



(1) 



Substitute numerical values and 
evaluate dxldt: 



dx _ (0.592W/m-K)(lOK) 
dt ~ (333.5kJ/kg)(917kg/m 3 )(0.01m) 
= 1 .94 fjmls 



= 0.698 cm/h 



(b) Separate the variables in equation 
(1): 



xdx = dt 



Integrate x from x\ to x { and f from 
Oto t: 



^xdx = ^—^dt 
L fP o 



and 



kAT 



Wf-x-)= < f 



pL f 



Solve for t to obtain: 



2kAT 
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Substitute numerical values and evaluate t: 
(917kg/m 3 )(333.5kJ/kg) 



t = . " .. V (0.2m) 2 -(O.Olm) 2 

2(0.592 W/m-K)(lOK) LV ; v ' 



1.03xl0 6 sx 



lh 



Id 



3600s 24 h 



11.9d 
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Picture the Problem We can use the thermal current equation and the definition of heat 
capacity to obtain the differential equation describing the rate at which the temperature of 
the water in the 200-g container is changing. Integrating this equation will 

yield T = T Q e ^ RC . Substituting for dTldt in dQIdt = -CdTldt and integrating will lead 



toQ = CT Q (l-e t/RC ). 





(a) Use the thermal current equation 
to express the rate at which heat is 
conducted from the water at 60°C by 
the rod: 

Using the definition of heat capacity, 
relate the thermal current to the rate 
at which the temperature of the water 
initially at 60°C is changing: 



/ = 



AT _ T 
R ~ R 

because the temperature of the second 
container is maintained at 0°C. 



dQ 
dt 



-C 



dT 
dt 



(1) 



Equate these two expressions to 
obtain: 



AT 



1 



C = T , the differential equation 

dt R 

describing the rate at which the 

temperature of the water in the 200-g 

container is changing. 



Separate variables to obtain: 



T 



1 



RC 



dt 



Integrate dT from T 0 to T and dt 
from 0 to t: 



I T RC{ 



In 



T 



RC 
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Transform from logarithmic to 
exponential form and solve for T to 
obtain: 

(b) Use its definition to express the 
thermal resistance R: 



Substitute numerical values (see 
Table 20-8 for the thermal 
conductivity of copper) and evaluate 
R: 



Use its definition to express the heat 
capacity of the water and the copper 
container: 

Substitute numerical values (see 
Table 18-1 for the specific heats of 
water and copper) and evaluate C: 



T = T Q e-' /RC 



(2) 



R = 



Ax 
~kA 



R = 



0.1m 



(401W/m-K)(l.5xlO~ 4 m 2 ) 



= 1.66K/W 



C = m c c c +m w c w = m c c c + p w V w c w 

C = (0.2kg)(386kJ/kg-K) 

+ (l0 3 kg/m 3 )(0.7 L)(4. 18kJ/kg • K) 



= 3.00kJ/K 



Evaluate the product of R and C to 
find the "time constant" t : 



(c) Solve equation (1) for dQ to obtain: 



Integrate dQ' from Q = 0 to Q 
and dT from T 0 to T: 



T = RC = (l.66K/w)(3.00kJ/K) 



= 4985s = 1.38h 



dQ = -C 



v dt j 



dt = -CdT 



\dQ' = -\cdT^Q = C(T 0 -T{t)) 

0 T 0 

Substitute (equation (2) for T(t) to obtain: q _ _ j e ~t/RC _ ^ _ e -t/RCj 



A spreadsheet program to evaluate Q as a function of t is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Dl 


1.35 


T 


D2 


60 


To 


D3 


3000 


C 


A6 


0 


t 


A7 


A6+0.1 


t + At 


B6 


$B$2*EXP(-A6/$B$1) 


T 0 e-' /RC 


C7 


$B$3*$B$2*(1-EXP(-A6/$B$1)) 


CT 0 (l-e-' /RC ) 
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A 


B 


C 


D 


E 


1 


tau= 


1.35 


h 






2 


T0= 


60 


deg-C 






3 


C= 


3000 


J/K 






4 












5 


t(hr) 


T 


Q 


Q/1000 




6 


0.0 


60.00 


0.00E+00 


0 




7 


0.1 


55.72 


1.29E+04 


13 




8 


0.2 


51.74 


2.48E+04 


24 
















13 


0.7 


35.72 


7.28E+04 


71 




14 


0.8 


33.17 


8.05E+04 


79 




15 


0.9 


30.81 


8.76E+04 


86 




16 


1.0 


28.61 


9.42E+04 


92 
















33 


2.7 


8.12 


1.56E+05 


152 




34 


2.8 


7.54 


1.57E+05 


154 




35 


2.9 


7.00 


1.59E+05 


155 





From the table we can see that the temperature of the container drops to 30°C in a little 
more than 



0.9h. 



If we wanted to know this time to the nearest hundredth of an hour, 



we could change the step size in the spreadsheet program to 0.01 h. A graph of T as a 
function of t is shown in the following graph. 
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A graph of Q as a function of t follows. 




67 ••• 

Picture the Problem We can use the Stefan-Boltzmann equation and the definition of 
heat capacity to obtain the differential equation expressing the rate at which the 
temperature of the copper block decreases. We can then approximate the differential 
equation with a difference equation for the purpose of solving for the temperature of the 
block as a function of time using Euler's method. 



(a) Express the rate at which heat is 
radiated away from the cube: 



dt v 0 ; 



Using the definition of heat 
capacity, relate the thermal current 
to the rate at which the temperature 
of the cube is changing: 



dQ 
dt 



-C 



dT_ 
dt 



Equate these expressions to obtain: 



dT_ 
dt 



ecrA ( 4 
C 1 



T 0 4 ) 



Approximate the differential 
equation by the difference equation: 



AT_ eoA^_ T ^ 



At 



C 



Solve for AT: 



or 



T =T 

1 n+l 1 n 



eaA (, 
C 



CD 
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Use the definition of heat capacity 
to obtain: 



C = mc = pVc 



Substitute numerical values (see 
Figure 13-1 for p Cu and Table 19-1 
for ecu) and evaluate C: 



C = (8.93xl0 3 kg/m 3 )(l(r 6 m 3 ) 
x(0.386kJ/kg-K) 
= 3.45J/K 



(b) A spreadsheet program to calculate J as a function of t using equation (1) is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


5.67xl(T 8 


cr 


B2 


6.00X10 -4 


A 


B3 


3.45 


C 


B4 


273 


To 


B5 


10 


At 


A9 


A8+$B$5 


t+At 


B9 


B8-($B$1*$B$2/$B$3) 
*(B8M-$B$4M)*$B$5 







A 


B 


C 


1 


sigma= 


5.67E-08 


W/m A 2-KM 


2 


A= 


6.00E-04 


m A 2 


3 


C= 


3.45 


J/K 


4 


T0= 


273 


K 


5 


dt= 


10 


s 


6 








7 


t(s) 


T(K) 




8 


0 


573.00 




9 


10 


562.92 




10 


20 


553.56 




11 


30 


544.85 












248 


2400 


288.22 




249 


2410 


288.08 




250 


2420 


287.95 




251 | 2430 


287.82 
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Chapter 21 

The Electric Field 1: Discrete Charge Distributions 



Conceptual Problems 
*i ** 

Similarities: Differences: 



The force between charges and There are positive and negative charges but 

masses varies as l/r 2 . only positive masses. 

The force is directly proportional to Like charges repel; like masses attract. 

the product of the charges or 

masses. 



The gravitational constant G is many orders 
of magnitude smaller than the Coulomb 
constant k. 



2 

Determine the Concept No. In order to charge a body by induction, it must have charges 
that are free to move about on the body. An insulator does not have such charges. 



3 

Determine the Concept During this sequence of events, negative charges are attracted 
from ground to the rectangular metal plate B. When S is opened, these charges are trapped 
on B and remain there when the charged body is removed. Hence B is negatively charged 
and (c) is correct. 



4 

(a) Connect the metal sphere to ground; bring the insulating rod near the metal sphere 
and disconnect the sphere from ground; then remove the insulating rod. The sphere will 
be negatively charged. 

(b) Bring the insulating rod in contact with the metal sphere; some of the positive charge 
on the rod will be transferred to the metal sphere. 

(c) Yes. First charge one metal sphere negatively by induction as in (a). Then use that 
negatively charged sphere to charge the second metal sphere positively by induction. 



1 
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*5 

Determine the Concept Because the spheres are conductors, there are free electrons on 
them that will reposition themselves when the positively charged rod is brought nearby. 



(a) On the sphere near the positively 
charged rod, the induced charge is negative 
and near the rod. On the other sphere, the 
net charge is positive and on the side far 
from the rod. This is shown in the diagram. 




(b) When the spheres are separated and far 
apart and the rod has been removed, the 
induced charges are distributed uniformly 
over each sphere. The charge distributions 
are shown in the diagram. 





6 

Determine the Concept The forces acting 
on +q are shown in the diagram. The force 
acting on +q due to —Q is along the line 
joining them and directed toward -Q. The 
force acting on +q due to +Q is along the 
line joining them and directed away from 
+Q. 



9 

Q 



Because charges +Q and —Q are equal in magnitude, the forces due to these charges are 
equal and their sum (the net force on +q) will be to the right and so 

that the vertical components of these forces add up to zero. 



(e) is correct. 



Note 



*7 * 

Determine the Concept The acceleration of the positive charge is given by 
- F g n - 

a = — = — E. Because q 0 and m are both positive, the acceleration is in the same 
m m 



direction as the electric field, (d) is correct. 



*8 • 

Determine the Concept E is zero wherever the net force acting on a test charge is 
zero. At the center of the square the two positive charges alone would produce a net 
electric field of zero, and the two negative charges alone would also produce a net 
electric field of zero. Thus, the net force acting on a test charge at the midpoint of the 
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square will be zero, (b) is correct. 



(a) The zero net force acting on Q could be the consequence of equal collinear charges 
being equidistant from and on opposite sides of Q. 

(b) The charges described in (a) could be either positive or negative and the net force on 
Q would still be zero. 

(c) Suppose Q is positive. Imagine a negative charge situated to its right and a larger 
positive charge on the same line and the right of the negative charge. Such an arrangement 
of charges, with the distances properly chosen, would result in a net force of zero acting 
on Q. 



(d) Because none of the above are correct, (d) is correct. 



10 • 

Determine the Concept We can use the 

rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the sketch to the right we've assigned 2 
field lines to each charge q. 




*11 • 

Determine the Concept We can use the 

rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the field-line sketch to the right we've 
assigned 2 field lines to each charge q. 
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*12 • 

Determine the Concept We can use the 

rules for drawing electric field lines to 
draw the electric field lines for this system. 
In the field-line sketch to the right we've 
assigned 7 field lines to each charge q. 




13 • 

Determine the Concept A positive charge will induce a charge of the opposite sign on 
the near surface of the nearby neutral conductor. The positive charge and the induced 
charge on the neutral conductor, being of opposite sign, will always attract one another, 
(a) is correct. 



*14 • 

Determine the Concept Electric field lines around an electric dipole originate at the 
positive charge and terminate at the negative charge. Only the lines shown in (d) satisfy 



this requirement. (J) is correct. 



*15 

Determine the Concept Because 0, a dipole in a uniform electric field will 
experience a restoring torque whose magnitude is pE x sin 6 . Hence it will oscillate 

about its equilibrium orientation, 0-0. If 6« 1, sin#« 6, and the motion will be simple 
harmonic motion. Because the field is nonuniform and is larger in the x direction, the 
force acting on the positive charge of the dipole (in the direction of increasing x) will be 
greater than the force acting on the negative charge of the dipole (in the direction of 
decreasing x) and thus there will be a net electric force on the dipole in the direction of 
increasing x. Hence, the dipole will accelerate in the x direction as it oscillates about 
9=0. 



16 

(a) False. The direction of the field is toward a negative charge. 



(b) True. 



(c) False. Electric field lines diverge from any point in space occupied by a positive 
charge. 



(d) True 
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(e) True 
17 

Determine the Concept The diagram 
shows the metal balls before they are ^Jl 
placed in the water. In this situation, the net 
electric field at the location of the sphere 
on the left is due only to the charge -q on 

the sphere on the right. If the metal balls ~ 
are placed in water, the water molecules ^/""^\ 
around each ball tend to align themselves 
with the electric field. This is shown for 
the ball on the right with charge -q. 





(a) The net electric field E net that produces a force on the ball on the left is the 
field E due to the charge -q on the ball on the right plus the field due to the layer 
of positive charge that surrounds the ball on the right. This layer of positive 
charge is due to the aligning of the water molecules in the electric field, and the 
amount of positive charge in the layer surrounding the ball on the left will be less 
than +q. Thus, E net < E. Because E net < E, the force on the ball on the left is less 
than it would be if the balls had not been placed in water. Hence, the force will 
when the balls are placed in the water. 



decrease 




(b) When a third uncharged metal ball is 
placed between the first two, the net 
electric field at the location of the sphere 
on the right is the field due to the charge +q 
on the sphere on the left, plus the field due 
to the charge -Q and +Q on the sphere in 
the middle. This electric field is directed to 
the right. 

The field due to the charge -Q and +Q on the sphere in the middle at the location of the 
sphere on the right is to the right. It follows that the net electric field due to the charge 
+q on the sphere on the left, plus the field due to the charge -Q and +Q on the sphere in 
the middle is to the right and has a greater magnitude than the field due only to the charge 

+q on the sphere on the left. Hence, the force on either sphere will 

uncharged metal ball is placed between them. 



increase 



if a third 



Remarks: The reduction of an electric field by the alignment of dipole moments 
with the field is discussed in further detail in Chapter 24. 



6 Chapter 21 
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Determine the Concept Yes. A positively charged ball will induce a dipole on the metal 
ball, and if the two are in close proximity, the net force can be attractive. 

*19 

Determine the Concept Assume that the wand has a negative charge. When the charged 
wand is brought near the tinfoil, the side nearer the wand becomes positively charged by 
induction, and so it swings toward the wand. When it touches the wand, some of the 
negative charge is transferred to the foil, which, as a result, acquires a net negative charge 
and is now repelled by the wand. 



Estimation and Approximation 
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Picture the Problem Because it is both very small and repulsive, we can ignore the 
gravitational force between the spheres. It is also true that we are given no information 
about the masses of these spheres. We can find the largest possible value of Q by 
equating the electrostatic force between the charged spheres and the maximum force the 
cable can withstand. 



Using Coulomb's law, express the fcQ 2 
electrostatic force between the two F = — -j- 

charged spheres: 



Express the tensile strength S te nsiie °f 
steel in terms of the maximum force 
^max in the cable and the cross- 
sectional area of the cable and solve 
for F: 



o _ max . T? = AS 

tensile A max tensile 



Equate these forces to obtain: 



kQ 



= AS 

2 tensile 



Solve for Q: 



Q 



AS,. 



Substitute numerical values and evaluate Q: 



Q 



_ / v J (l.5 x 1(T 4 m 2 )(5.2x 10 8 N/m 7 ] _ 



8.99xlO y N-m 2 /e 



2.95 mC 
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Picture the Problem We can use Coulomb's law to express the net force acting on the 
copper cube in terms of the unbalanced charge resulting from the assumed migration of 
half the charges to opposite sides of the cube. We can, in turn, find the unbalanced charge 
^unbalanced from the number of copper atoms N and the number of electrons per atom. 
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(a) Using Coulomb's law, express 
the net force acting on the copper 
rod due to the imbalance in the 
positive and negative charges: 

Relate the number of copper atoms 
N to the mass m of the rod, the 
molar mass M of copper, and 
Avogadro's number Na- 

Solve for N to obtain: 



F = 



kO 2 

^unbalanced 



(1) 



N _ m _ p Cu V 1 



rod 



N A M M 



N 



rod 



M 



N A 



Substitute numerical values and evaluate N: 



N 



_ (8.93 x 10 3 kg/m 3 )(0.5 x 1(T 2 m) 2 (4x 1(T 2 m)(6.02x 10 23 atoms/mol) 

63.54x10 3 kg/mol 

= 8.461 xlO 22 atoms 



Because each atom has 29 electrons 
and protons, we can express 

£2unbalanced . 



a„ b a 1 a„ced=i(29)(lO- 7 )eiV 



Substitute numerical values and evaluate <2 un b a ianced: 

= i (29)(l0 7 )(l .6 x 10 19 c)(s.461 x 10 22 ) = 1.963 x 10 2 C 
Substitute for <2 un baianced in equation (1) to obtain: 

_ (8.99 x 10 9 N • m 2 / C 2 )(l .963 x 10' 2 c) 2 _ 
(O.Olm) 2 



3.46xl0 10 N 



(b) Using Coulomb's law, express 
the maximum force of repulsion 
^max in terms of the maximum 
possible charge Q max : 

Solve for Q mdX : 



Express F miix in terms of the tensile 
strength 5 te nsiie of copper: 



F_„ = 



2 

max 



Gmax 



r 2 F„ 



F = S A 

max tensile 

where A is the cross sectional area of the 
cube. 
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Substitute to obtain: 



Qmax 



< r ^tensile^ 



Substitute numerical values and evaluate £2 max : 



| (0.01m) 2 (2.3xlQ 8 N/m 2 )(l(T 4 m 2 ) _ } 



60xl(T 5 C 



8.99xlO y N-m 2 /C 2 



Because Q u 



a„ b a 1 a„ced = 2(l.60xl(T 5 C) 



32.0 {jC 



Remarks: A net charge of -32 juC means an excess of 2.00xl0 14 electrons, so the net 
imbalance as a percentage of the total number of charges is 4.06xlO -11 = 4xl0" 9 %. 
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Picture the Problem We can use the definition of electric field to express E in terms of 
the work done on the ionizing electrons and the distance they travel A between collisions. 
We can use the ideal-gas law to relate the number density of molecules in the gas p and 
the scattering cross-section cr to the mean free path and, hence, to the electric field. 



(a) Apply conservation of energy to 
relate the work done on the 
electrons by the electric field to the 
change in their kinetic energy: 



W = AK = FAs 



From the definition of electric field 
we have: 



F = qE 



Substitute for F and As to obtain: 



W = qEA , where the mean free path X is 

the distance traveled by the electrons 
between ionizing collisions with nitrogen 
atoms. 



Referring to pages 545-546 for a 
discussion on the mean-free path, 
use its definition to relate A to the 
scattering cross-section a and the 
number density for air molecules n: 



A 



1 

an 



Substitute for A and solve for E to 
obtain: 



E = 



anW 



Use the ideal-gas law to obtain: 



_N__P_ 
H ~ V ~ kT 
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Substitute for n to obtain: 



aPW 
qkT 



(1) 



Substitute numerical values and evaluate E: 



_ (l(T 19 m 2 )(l0 5 N/m 2 )(leV)(l.6x lQ- 19 J/eV) _ 
(l.6xlO" 19 cXl.38xlO" 23 J/K)(300K) 



2.41xl0 6 N/C 



(b) From equation (1) we see that: 



EocP 



and 



EazT 



i.e., E increases linearly with pressure and 
varies inversely with temperature. 
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Picture the Problem We can use Coulomb's law to express the charge on the rod in 
terms of the force exerted on it by the soda can and its distance from the can. We can 
apply Newton's 2 nd law in rotational form to the can to relate its acceleration to the 
electric force exerted on it by the rod. Combining these equations will yield an expression 
for Q as a function of the mass of the can, its distance from the rod, and its acceleration. 



Use Coulomb's law to relate the 
force on the rod to its charge Q and 
distance r from the soda can: 



F = 



kQ 2 



Solve for Q to obtain: 



Q = 



\r 2 F 



(1) 



Apply X^centerof mass = ^ to the 



can: 



FR = la 



Because the can rolls without 
slipping, we know that its linear 
acceleration a and angular 
acceleration a are related according 
to: 



a 



R 



where R is the radius of the soda can. 



Because the empty can is a hollow 
cylinder: 



I=MR 2 

where M is the mass of the can. 



Substitute for / and a and solve for 
F to obtain: 

Substitute for F in equation (1): 



17 MRl(l M 

F = z— = Ma 



R z 



Q = 



ir Ma 
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Substitute numerical values and 
evaluate Q. 



Q 



((0.1m) 2 (0.018kg)(lm/s 2 ) 
8.99xl0 9 N-m 2 /C 2 



141nC 
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Picture the Problem Because the nucleus is in equilibrium, the binding force must be 
equal to the electrostatic force of repulsion between the protons. 



Apply = Oto a proton: 

Solve for F bindinR : 



binding 



F =0 

electrostatic 



F = F 

binding electrostatic 



Using Coulomb's law, substitute for 

-^electrostatic ■ 



F = *?- 

binding 2 



Substitute numerical values and evaluate -F electrostatic : 



binding 



(8.99 x 10 9 N • m 2 /C 2 )(l.6x 10~ 19 c) 2 
(lO I5 m) 2 



230N 



Electric Charge 
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Picture the Problem The charge acquired by the plastic rod is an integral number of 
electronic charges, i.e., q = n e (-e). 

Relate the charge acquired by the q = n e {- e) 

plastic rod to the number of 
electrons transferred from the wool 
shirt: 



Solve for and evaluate n e : 



0.8 juC 



-e -1.6xlO~ I9 C 



5.00x10' 
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Picture the Problem One faraday = N^e. We can use this definition to find the number of 
coulombs in a faraday. 



Use the definition of a faraday to calculate the number of coulombs in a faraday: 
1 faraday = N A e = (6.02 x 10 23 electrons) (l .6 x 1 0~ 19 C/electron) = I 9.63xl0 4 C 



The Electric Field 1 : Discrete Charge Distributions 
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Picture the Problem We can find the number of coulombs of positive charge there are in 
1 kg of carbon from Q = 6n c e , where n c is the number of atoms in 1 kg of carbon and 

the factor of 6 is present to account for the presence of 6 protons in each atom. We can 
find the number of atoms in 1kg of carbon by setting up a proportion relating Avogadro's 
number, the mass of carbon, and the molecular mass of carbon to n c . 



Express the positive charge in terms 
of the electronic charge, the number 
of protons per atom, and the number 
of atoms in 1 kg of carbon: 



Q 



6n c e 



Using a proportion, relate the 
number of atoms in 1 kg of carbon 
n c , to Avogadro's number and the 
molecular mass M of carbon: 



M 



N A m c 
M 



Substitute to obtain: 



= 6N A m c e 
M 



Substitute numerical values and evaluate Q: 

6(6.02x 10 23 atoms/mol)(lkg)(l.6x 1Q 19 c) 



Q = 



0.012kg/mol 



4.82xl0 7 C 



Coulomb's Law 
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Picture the Problem We can find the forces the two charges exert on each by applying 
Coulomb's law and Newton's 3 r law. Note that r x2 =i because the vector pointing from 

qi to q2 is in the positive x direction. 



(a) Use Coulomb's law to express 
the force that q\ exerts on q 2 : 



kq 1 q 2 



1,2 



2 '1,2 



Substitute numerical values and evaluate F, 



1.2 ■ 



F U2 = 



(8.99xl0 9 N-m 2 /C 2 )(4uC)(6uC) . 
(3m) 2 



/ = 



(24.0 mN)/ 
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(b) Because these are action-and- 
reaction forces, we can apply 
Newton's 3 rd law to obtain: 



F = -F 

1 2,1 1 1,2 



(24.0mN)/ 



(c) If q 2 is -6.0 juC: 



F,2 = 



(8.99xl0 9 N-m 2 /C 2 )(4pC)(-6pC)c 
(3m) 2 



/ = 



(24.0 mN); 



and 



F = -F 

1 2,1 1 1,2 



(24.0mN)/ 
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Picture the Problem q 2 exerts an attractive force F 2 1 onqi and q 3 a repulsive force F 3 ; . 
We can find the net force on q\ by adding these forces. 

0 12 3 



En m t 



q= -6/iC 



q 3 = -6/iC 



- v, m 



Express the net force acting on q\\ 
Express the force that q 2 exerts on 

Express the force that q 3 exerts on 

Substitute and simplify to obtain: 



F = F +F 

1 1 A 2,1 T J 3,1 



£; _ %i|g 2 U 

"^2,1 ~~ 2 1 
r 2,l 



klqlqJ 



M) 



'3,1 



k\q x \q 2 \ j ^ <7i k?3 c 



'2.1 



'3.1 





i 


i h 




N 


\q 3 \ 








r 2 

^2,1 


r 2 



Substitute numerical values and evaluate F x 
Fj = (8.99 xlO 9 N-m 2 /C 2 )(6//C) 



vv 3m) 2 (6m) 2 y 



1.50xl(T 2 N)/ 
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Picture the Problem The configuration of 
the charges and the forces on the fourth 
charge are shown in the figure ... as is a 
coordinate system. From the figure it is 
evident that the net force on q 4 is along the 
diagonal of the square and directed away 
from g 3 . We can apply Coulomb's law to 
express F l4 , F 24 and F 3 4 and then add 

them to find the net force on q 4 . 



y, m 



0.05 



</ 4 = 3 nC 




q = 3 nC 



q s = -3 nC 



0.05 



x, m 



Express the net force acting on q 4 : 



F =F +F +F 

1 4 1 1 2,A 3,4 



Express the force that q\ exerts on 

q*- 



1,4 



_2 J 



Substitute numerical values and evaluate F, 



1,4 ' 



p l4 =(8.99xl0 9 N-m 2 /C 2 )(3nC) 



' 3nC ^ 
(0.05 m) 2 



j = (3.24xl0- 5 n)J- 



Express the force that q 2 exerts on q 4 : 



- _ kq 2 q 4 i 

r 2,4 ~ 2 1 



'2.4 



Substitute numerical values and evaluate i 7 . 



2,4 • 



F 2A = (8.99 x 10 9 N • m 2 /C 2 )(3nC) 



' 3nC A 
(0.05 m) 2 



i =(3.24x10 _5 n)/ 



Express the force that g 3 exerts on q 4 : 



r, ,, = — 7r-^r^ 4 , where r 3 4 is a unit vector 



3,4 



2 '3,4' 

r 3,4 



pointing from g 3 to q 4 . 



Express r 3 4 in terms of r 3 1 and f x 4 . 



^3,4 — *3,1 + r \A 



(0.05 m)/+ (0.05 m)j 
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Convert r i 4 to r 3 4 : 



'3,4 



_ ^,4 _ (0.05m)/ + (0.05m)j 
%i\ ^(O.Q5mf +(0.05m) 2 
= 0.707/+ 0.707 j 



Substitute numerical values and evaluate F 3 4 : 



F 34 =(8.99xl0 9 N-m 2 /C 2 )(-3nC) 



3nC 



(0.O5V2111) 2 
= -(l . 14 x 10 5 N)/ - (l . 14 x 10~ 5 n)J" 



(0.707/+ 0.707 j) 



Substitute and simplify to find F 4 



F 4 = (3.24xl0~ 5 N)j + (3.24xl0" 5 n)/ -(l.l4xl0 -5 n)* -(l.l4xl0 -5 n)) 



2.10xl0~ 5 n)/+(2.10x10" 5 N)j 
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Picture the Problem The configuration of the charges and the forces on g 3 are shown in 
the figure ... as is a coordinate system. From the geometry of the charge distribution it is 
evident that the net force on the 2 /jC charge is in the negative y direction. We can apply 
Coulomb's law to express F l 3 and F 2 3 and then add them to find the net force on q 3 . 



0.03 



-0.03 




x, m 



The net force acting on g 3 is given by: 



F =F +F 

1 3 1 1,3 ~ x 2,3 
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Express the force that q\ exerts on 

qr- 



F 13 = F cos Oi - F sin 0 j 
where 



(8.99 x 10 9 N • m 2 /C 2 )(5 //C)(2 jUC) 



(0.03 m) 2 + (0.08 m 



= 12.3N 



and 

0 = tan 1 



3cm 
v 8cniy 



20.6 C 



Express the force that q 2 exerts on 

qr- 



F 2 3 = -F cos 0 i - F sin 0 j 



Substitute for F 1 3 and F 2 3 and 
simplify to obtain: 



F 3 = F cos Oi — F sm.0 j - F cos ^ / 
- F sin 6 1 y 
= -2F sin Oj 



Substitute numerical values and 
evaluate F-, : 



F, = -2(12.3 N)sin 20.6° j 



(8.66N)j 
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Picture the Problem The positions of the 
charges are shown in the diagram. It is 
apparent that the electron must be located 
along the line joining the two charges. 
Moreover, because it is negatively charged, 
it must be closer to the -2.5 /jC than to the 
6.0 jL/C charge, as is indicated in the figure. 
We can find the x and y coordinates of the 
electron's position by equating the two 
electrostatic forces acting on it and solving 
for its distance from the origin. 





y> 


m 




x e 


10.5 


H 


y 


q,= -2.5 M C 




K 











We can use similar triangles to express this 
radial distance in terms of the x and y 
coordinates of the electron. 



Express the condition that must be 



F u = F Xe 
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satisfied if the electron is to be in 
equilibrium: 

Express the magnitude of the force 
that q\ exerts on the electron: 

Express the magnitude of the force 
that q 2 exerts on the electron: 

Substitute and simplify to obtain: 



Substitute for q\ and q 2 and 
simplify: 

Solve for r to obtain: 



Use the similar triangles in the 
diagram to establish the proportion 
involving the y coordinate of the 
electron: 

Solve for y e : 

Use the similar triangles in the 
diagram to establish the proportion 
involving the x coordinate of the 
electron: 



kq x e 



(r + 71.25 m) 2 

k\q 2 \e 



1\ 



(r + ^/l.25m) 2 r 



2 



(-1.4m 2 ) r 2 + (2.2361m 1 )r 
+ 1.25m = 0 

r = 2.036 m 
and 

r = -0.4386 m 

Because r < 0 is unphysical, we'll consider 
only the positive root. 

y e 2.036 m 



0.5m 1.12m 



y e = 0.909 m 

x e _ 2.036m 
lm 1.12m 



Solve for x e 



x, = 1.82m 



The coordinates of the electron's 
position are: 



(x e ,y e )= (-1.82m,- 0.909m) 
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Picture the Problem Let q\ represent the 
charge at the origin, q 2 the charge at (0, 0. 1 
m), and g 3 the charge at 
(0.2 m, 0). The diagram shows the forces 
acting on each of the charges. Note the 
action-and-reaction pairs. We can apply 
Coulomb's law and the principle of 
superposition of forces to find the net 
force acting on each of the charges. 



i/, in 



0.1 

? Z1 



q= -lfiC 



f 0.2 



X, m 



'2.3 



Express the net force acting on q x 



F = F +F 

1 1 1 2,1 ^ J 3,1 



Express the force that q 2 exerts on q { : 



F 2,! = 



kq 2 q x £ _ kq& ? 2,i _ kq 2 q A 



1 ~ r 2,l 
r 2,l 



r 2,l r 2,l 



3 '2,1 

r 2,l 



Substitute numerical values and evaluate F 2 1 



2 , = (8 .99 x 10 9 N • m 2 /C 2 )(2 fJ^^ (- 0. 1 m)j = (l .80 N)j 

(O.lm) 



Express the force that <? 3 exerts on #i: 



p _kM L? 

1 3,1 — 3 3,1 
r 3,l 



Substitute numerical values and evaluate F 3 , : 



F 3 , = (8.99 x 10 9 N • m 2 /C 2 )(4 fjC) ) lpC } {- 0.2 m)/ = (0.899 N)/ 

(0.2 m) 



Substitute to find F, : 



(0.899 N)/ + (l. 80 N)j 



Express the net force acting on q 2 : 



F =F +F 

1 2 1 3,2 T J 1,2 



F -F 

x 3,2 J 2,1 



= F 3>2 -(l.80N)j 



because F l 2 and F 2 , are action-and-reaction 



forces. 
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Express the force that g 3 exerts on q 2 : 



3,2 3 '3,2 



3,2 



= ^[(-0.2m)/ + (0.1m)i] 



r 3,2 



Substitute numerical values and evaluate F- 



3,2 



F X2 = (8.99 x 10 9 N • m 2 /C 2 )(4/^) J 2/ f\ 3 [(- 0.2 m)/ + (0.1m)j 

(0.224 m) 

= (- 1.28 N)/+ (0.640 N)j 



Find the net force acting on q 2 : 



F 2 = F 32 - (1-80 N)j = (- 1 .28 N)i + (0.640 N)j - (l .80 N)j 



(- 1.28 N)i- (1.16 N)j 



Noting that F l 3 and F 3 1 are an action-and-reaction pair, as are F 2 3 and F 3 2 , 
express the net force acting on q 3 : 

F 3 =F l3 +F 23 =-F xl -F X2 = -(0.899 N)/-[(- 1.28 N)/ + (0.640 N)jJ 



(0.38 1 N) i- (0.640 N)/ 
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Picture the Problem Let q\ represent the 
charge at the origin and g 3 the charge 
initially at (8 cm, 0) and later at (17.75 
cm, 0). The diagram shows the forces 
acting on q 3 at (8 cm, 0). We can apply 
Coulomb's law and the principle of 
superposition of forces to find the net 
force acting on each of the charges. 

Express the net force on q 2 when it 
is at (8 cm, 0): 



y,m 



0.04 



0.08 



F 2 (8cm,0) = F 13 +F 23 



_%3? , ^2^3 T. 



3 - r i,3+- 



3 *2,3 

r 2,3 



= kg 



3 '1,3 T 3 '2,3 

V r i,3 r 2,3 
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Substitute numerical values to obtain: 



(-19.7N)/ = 

(8.99xl0 9 N-m 2 /C 2 )(2//C) 



-, 5/jC ,J omm)i +— ^— (0.04m)/ 
(0.08 m) 3V (0.04m) 3V 



Solve for and evaluate Q 2 : 



Q 2 = -3.00 juC 



Remarks: An alternative solution is to equate the electrostatic forces acting on q 2 when it is 
at (17.75 cm, 0). 
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Picture the Problem By considering the symmetry of the array of charges we can see that 
the y component of the force on q is zero. We can apply Coulomb's law and the principle 
of superposition of forces to find the net force acting on q. 



Express the net force acting on q: 



I - I +2F 

* q gonA-axis,? 1 gat45°,<j 



Express the force on q due to the 
charge Q on the x axis: 



Qon.vaxis,(jf ^2 



Express the net force on q due to the 
charges at 45°: 



Substitute to obtain: 



2/L.«= =2^cos45°/ 



Qat45°,g 



2 kqQ , 



4i R 2 

F =M/ 2 ^g. 



R 1 



V2 R 1 



kqQ 



R< 



2 
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Picture the Problem Let the H + ions be in the x-y plane with Hi at (0, 0, 0), H 2 at (a, 0, 

0), andH 3 at (a/2,aV3/2,o). The N 3 ion, q 4 in our notation, is then at 
(a/2, a 1 2-\/3 , a.^2/3 ) where a =1.64xlCT 10 m. To simplify our calculations we'll set 
ke 2 /a 2 = C = 8.56 x 10" J N . We can apply Coulomb's law and the principle of 
superposition of forces to find the net force acting on each ion. 
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«/2 



"7 1- 



Express the net force acting on q\\ 



F = F + F + F 

1 1 ^2,1 3,1 ^ ^ 4,1 



Find F 2 1 : 



2,1 ~ 2 2 
r 2,l 



i= c(-i)=-Ci 



Find F 31 : 



fa?3*7i p 

3,1 2 3,1 

r 3,l 



K, = 



= C 



:-§>- 



«V3 



= -C 



1 r V3 - 
—i + — / 

,2 2 , 



Noting that the magnitude of q 4 is three times that of the other charges and that it is 
negative, express F 4 1 : 



F 41 =3CP 41 =-3C 



0 i + 

v 2j 



0- 



2V3 



a-\/2 



v2y 



+ 



+ 



= 3C 



,2, 



i + 



2V3 J ^ V3 , 



w + lV3 y _ 3C 



a 



1 + 



2^) 



J3y 
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Substitute to find F l : 



f. = -a - c 



+ 3C 



1 ? V3 ~ 

-I + — J 

2 2 







f 1 > 












i + 




) + 


0 


1: 


k 



From symmetry considerations: 



F = F = F 
1 2 '3 1 



CV6A 



Express the condition that molecule is 
in equilibrium: 

Solve for and evaluate F, : 
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F l + F 2 + F i + F 4 =0 



F 4 =-(f i +F 2 +F 3 ) = -3F 1 



3CSk 



Picture the Problem Let q represent the charge at the origin and use Coulomb's law for 
E due to a point charge to find the electric field at x = 6 m and -10 m. 



(a) Express the electric field at a point 
P located a distance x from a charge 

q- 

Evaluate this expression for 
x-6m: 



E(x) = Hk 



2 p,o 



; (6m)= (8.99xlO'N-m'/C'X4^) ? 
(6 m) 



(999N/C)/ 



(b) Evaluate E at x = -10 m: 



g(-10m) = (8.99x10' N.m^-)(4^) ( _ |;) I 

(10m) 1 



(c) The following graph was plotted using a spreadsheet program: 
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500 i 



250 
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Picture the Problem Let q represent the charges of +4 /jC and use Coulomb's law for 
E due to a point charge and the principle of superposition for fields to find the electric 
field at the locations specified. 

Noting that q x = q 2 , use Coulomb's law and the principle of superposition to express the 
electric field due to the given charges at a point P a distance x from the origin: 



E{x) = E(x) + E(x) = ^r QP +- 



kq 2 



r 



kq l 



1 



1 



x 2r ^ + (Sm-xf'^ P 



= (36kN-m 2 /c) 



1 



1 



x 2V+ '(8m-x) 2 ' foP 



(a) Apply this equation to the point at x = -2 m: 



E(-2m) = (36kN-m 2 /c) 



(-9.36kN/C)S 



(b) Evaluate E at x = 2 m: 



^(2m) = (36kN-m 2 /c) -!-(/ 

(2m) (6mj 



(8.00kN/C)i 
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(c) Evaluate E at x = 6 m: 



E{6 m) = (36 kN • m 2 /c) (/ )+ 7—^ (- / ) 

v / L(6m) 2W (2m) 2 v ' 



(-8.00kN/c)i 



(d) Evaluate E at x = 10 m: 



^(l0m) = (36kN-m 2 /c) . 1 (/) + 1 -^Ji) 
v L( 10m ) ( 2m ) . 



(9.35kN/C)i 



(e) From symmetry considerations: 



£(4m) = 



0 



(/) The following graph was plotted using a spreadsheet program: 



100 i 



u 




-100 
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Picture the Problem We can find the electric field at the origin from its definition and 
the force on a charge placed there fromT 7 = qE . We can apply Coulomb's law to find 
the value of the charge placed at y = 3 cm. 

(a) Apply the definition of electric - p (8 x 10 -4 NJ/* 



field to obtain: 



00 



2nC 



(400kN/C)y 



(Z?) Express and evaluate the force 
on a charged body in an electric 
field: 



P = qE = (- 4nC)(400kN/C)y 



(-1.60mN)j 
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(c) Apply Coulomb's law to obtain: 




Solve for and evaluate q: 



(l.60mN)(0.03m) 2 



(8.99xl0 9 N m 2 /C 2 )(4nC) 



40.0 nC 
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Picture the Problem We can compare the electric and gravitational forces acting on an 
electron by expressing their ratio. We can equate these forces to find the charge that 
would have to be placed on a penny in order to balance the earth's gravitational force on 
it. 

(a) Express the magnitude of the F e = eE 

electric force acting on the electron: 

Express the magnitude of the F = m e g 

gravitational force acting on the 

electron: 

Express the ratio of these forces to F^ _ eE 

obtain: F mg 



evaluate FJF g : 



Substitute numerical values and 




= 2.69x10 



12 



or 




force is greater by a factor of 2.69x10 . 



(b) Equate the electric and 
gravitational forces acting on the 
penny and solve for q to obtain: 



mg 
E 



evaluate q: 



Substitute numerical values and 




1.96x10 4 C 
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Picture the Problem The diagram shows 
the locations of the charges q x and q 2 and 
the point on the x axis at which we are to 
findii. From symmetry considerations we 
can conclude that the y component of E at 
any point on the x axis is zero. We can use 
Coulomb's law for the electric field due to 
point charges to find the field at any point 
on the x axis and F = qE to find the force 

on a charge q Q placed on the x axis at 
x = 4 cm. 



0.03 



-0.03 



4 


= 6nC 














^ 0.04 
















= 6nC 





(a) Letting q - q\- q 2 , express the x- 
component of the electric field due 
to one charge as a function of the 
distance r from either charge to the 
point of interest: 



B kq a t 
r 



Express E x for both charges: 



2-^y cos 6i 
r 



Substitute for cos 9 and r, substitute numerical values, and evaluate to obtain: 

- kg 0.04m ? _ 2^(0.04m) ? _ 2(8.99 x 10 9 N • m 2 /C 2 )(6nC)(0.04m) 



(34.5kN/C> : 



(0.03m) 2 +(0.04 m 



3/2 



(b) Apply F = qE to find the force 

on a charge q Q placed on the x axis at 
x = 4 cm: 



F = (2nC)(34.5kN/C)/ 



(69.0//N)/ 
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Picture the Problem If the electric field at x = 0 is zero, both its x and y components 
must be zero. The only way this condition can be satisfied with the point charges of +5.0 
juC and -8.0 /jC are on the x axis is if the point charge of +6.0 /jC is also on the x axis. 
Let the subscripts 5, -8, and 6 identify the point charges and their fields. We can use 
Coulomb's law for E due to a point charge and the principle of superposition for fields 
to determine where the +6.0 //C charge should be located so that the electric field at x = 0 
is zero. 
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Express the electric field at x = 0 in 
terms of the fields due to the charges 
of +5.0 //C, -8.0 juC, and +6.0 juC: 



E{o) = E 5fJC + E_ SfJC +E 6/JC 
= 0 



Substitute for each of the fields to 
obtain: 



kq 5 _ f <+^r a =0 



2 '5 ' 2 '6 ' 2-8 



or 



% ? + %(_/) + ^(_/) =0 



Divide out the unit vector i to 
obtain: 



.2 2 „2 



0 



Substitute numerical values to 
obtain: 



(3 cm) 2 rl (4 cm) 



y = 0 



Solve for r 6 : 



^6 = 



2.38cm 
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Picture the Problem The diagram shows the electric field vectors at the point of interest 
P due to the two charges. We can use Coulomb's law for E due to point charges and the 
superposition principle for electric fields to find E p . We can apply F = qE to find the 
force on an electron at (-1 m, 0). 

y, m 




\ x, m 



q. = -5 txC 



(a) Express the electric field at 

(-1 m, 0) due to the charges q\ and q 2 : 



E p — E x + E 2 
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Evaluate E 1 : 



- _kq L , _ (8.99 x 1Q 9 N • m 2 /C 2 )(- 5 //C) 
r lp (5mj +(2mj 

= (- 1 .55 x 10 3 N/c)(- 0.928 / + 0.371/) 
= (l .44 kN/C)/ + (- 0.575 kN/C)j 



(-5m)/ + (2m); 
V(5m) 2 + (2m) 2 



Evaluate i?, 



- _kg 2 . _ (8.99xio 9 N-m 2 /c 2 )(i2//c) 

, " rn " (2m) 2 +(2m) 2 



' : 2 "^2,P 
r 2,P 



(- 2m)i + (- 2m)y 
V(2m) 2 + (2m) 2 



= (l3.5 x 10 3 N/C)(- 0.707 / - 0.707 j) 
= (- 9.54kN/C)/ + (- 9.54kN/C)j 



Substitute for E x and E 2 and simplify to find E p : 

E p = (l .44kN/C)/ + (- 0.575kN/C)j + (- 9.54kN/C)/ + (- 9.54kN/C)y" 
= (- 8. 10kN/C)/ + (- 10. lkN/C)j 



The magnitude of E p is: 



E p = ^(-S.lOkN/C) 2 + (-10.1kN/C) 2 



= 12.9kN/C 



The direction of E p is: 



6 E = tan 



f -10.1kN/C ^ 
v -8.10kN/C y 



231° 



Note that the angle returned by your 



calculator for tan 



f -10.1kN/C A 



-8.10kN/C 



is the 



reference angle and must be increased by 
180° to yield 0 E . 



(b) Express and evaluate the force on an electron at point P: 
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F = qE p = (- 1 .602 x 10 ~ 19 c)[(- 8. 10kN/C)/ + (- 10. lkN/C)j 
= (l.30 x 10 15 n)/ + (l .62 x 10 15 N)j 



Find the magnitude of F : 



F = .30 x 10 15 N) 2 + (l .62 x 10 15 n) 2 



= 2.08x10 15 N 



Find the direction of F 



6 F = tan 



1.62x10 N 



1.3x10 15 N 



51.3° 
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Picture the Problem The diagram shows the locations of the charges q\ and q 2 and the 
point on the x axis at which we are to find E . From symmetry considerations we can 
conclude that the y component of E at any point on the x axis is zero. We can use 
Coulomb's law for the electric field due to point charges to find the field at any point on 
the x axis. We can establish the results called for in parts (b) and (c) by factoring the 
radicand and using the approximation 1 + a * 1 whenever a « 1 . 




(a) Express the ^-component of the 
electric field due to the charges at y 
= a and y = -a as a function of the 
distance r from either charge to 
point P: 



E=2^rCOS0i 



Substitute for cos 9 and r to obtain: 



- _ kq x ? _ 2kqx ? _ 2kqx 
X ^~r l= ~ l= Jx^f 
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and 

E. -- 



2kqx 
(x 2 + a 2 ) 



3/2 



(b) For be « a, x 2 + a 2 » a 2 , so: 



2kqx 

W 



2kqx 



a 



For be » a, x 2 + a 2 « x 2 , so: 



2kqx 

w 



2kq 



(c) 



For x » a, the charges separated by a would appear to be a single charge 

2kq 

of magnitude 2g. Its field would be given by E x = — ^- . 



Factor the radicand to obtain: 



For a « x: 



E x = 2kqx 



1 a 1 
and 



( i\ 
1 + — 

v ^ y 



-3/2 



E x = 2kqx[x 2 ] 



3/2 



2^ 
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Picture the Problem The diagram shows the electric field vectors at the point of interest 
P due to the two charges. We can use Coulomb's law for E due to point charges and the 
superposition principle for electric fields to find E p . We can apply F = qE to find the 
force on a proton at (-3 m, 1 m). 
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i/,m 

+ 3 ^., 2 = 5/iC 



■-1 



-3 -2 ^1, 



2 r 



■x, m 



^7, = "4mC 



(a) Express the electric field at 

(-3 m, 1 m) due to the charges qi and 

q 2 : 



'p — 1 2 



Evaluate E, 



P _kq L , _ (8.99xl0 9 N-m 2 /C 2 )(-4/C) 
1 ~ £ ^ ~ (5m) 2 +(3m) 2 



(-5m)/+(3m)y 



V(5m) 2 + (3m) 2 

= (- 1 .06 kN/C)(- 0.857 / + 0.5 14 j) = (0.908 kN/C)/ + (- 0.544 kN/C)j 



Evaluate E n 



p _kq^, _ (8.99xl0 9 N-m 2 /C 2 )(5//C) 
' (4m) 2 +(2m) 2 



2 ~*2,P 
r 2,P 



(-4m)/ + (-2m)j 



V(4m) 2 + (2m) 2 

= (2.25 kN/C)(- 0.894/ -0.447./)= (- 2.01kN/C)/ + (- 1.01kN/C)j 



Substitute and simplify to find E p : 

E p = (0.908kN/C)/ + (- 0.544kN/C)j + (- 2.01kN/C)/ + (- 1.01kN/C)j 
= (- 1 . 10kN/C)/ + (- 1 .55kN/C)j 



The magnitude of E p is: 



E p = ^(l.lOkN/C) 2 +(l.55kN/C) 2 
= 1.90 kN/C 
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The direction of E p is: 



8 E = tan 



r -1.55kN/C ^ 
-LlOkN/C 



235° 



Note that the angle returned by your 
f -1.55kN/C A 
UOkN/C 



calculator for tan 



is the 



reference angle and must be increased by 
180° to yield 9 E . 



(b) Express and evaluate the force on a proton at point P: 



F = qE p = (l .6 x 1(T 19 c)[(- 1 . 10kN/C)/ + (- 1 .55kN/C)j 
= (- 1 .76 x 1(T 16 n)/ + (- 2.48 x 1(T 16 n)) 



The magnitude of F is: 



F = V(- 1-76 x 1(T 16 n) 2 + (- 2.48 x 10~ 16 n) 5 



3.04xl(T 16 N 



The direction of F is: 



0 F = tan 1 



f -2.48xl(T 16 N A 



-1.76xlO" 16 N 



235 c 



J 



where, as noted above, the angle returned 
by your calculator for 
' 2.48xl(T 16 N N 



tan 



v -1.76xl(T 16 N y 



is the reference 



angle and must be increased by 1 80° to 
yield 6 E - 
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Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due 
to equal positive charges located at (0, a) and (0,-a), is given by 

x L + a z I . We can identify the locations at which E x has it greatest values 

by setting dEJdx equal to zero. 



(a) Evaluate 



dx 
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dE r d 



dx dx 
= 2kq 

= 2kq 
= 2kq 



2kqx(x 2 + a 2 ) 



3/2 



2kq- 



dx 

d ( 2 , 2V3/2 ( 2 2 V3/2 

x — [x +a ) +[x +a J 



( 2 , 2V 3 / 

x[x +a j 



i/2 



(x 2 +a 2 ) ^ (2x)+ (x 2 + a 2 ) 



1-3/2 



-3x 2 (x 2 + a 2 Y /2 +(x 2 +a 2 } 



3/2 



Set this derivative equal to zero: 



, 2( 2 , 2V5/2 / 2 , 2V3/2 n 

• 3x \x + a I +[x +a ) =0 



Solve for .x to obtain: 



x 



a 
12 



(b) The following graph was plotted using a spreadsheet program: 



0.4 n 



£ r 0.0 



-10 



2/:<7 = 1 and a = 1 




0 

x 



10 
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Picture the Problem We can determine the stability of the equilibrium in Part (a) and 
Part (b) by considering the forces the equal charges q at y = +a and y - -a exert on the 
test charge when it is given a small displacement along either the x or y axis. The 
application of Coulomb's law in Part (c) will lead to the magnitude and sign of the charge 
that must be placed at the origin in order that a net force of zero is experienced by each of 
the three charges. 



(a) Because E x is in the x direction, a positive test charge that is displaced from 
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(0, 0) in either the +x direction or the —x direction will experience a force pointing away 
from the origin and accelerate in the direction of the force. 

Consequently, the equilibrium at (0,0) is unstable for a small displacement along 
the x axis. 



If the positive test charge is displaced in the direction of increasing y (the positive y 
direction), the charge at y = +a will exert a greater force than the charge at 
y = -a, and the net force is then in the -y direction; i.e., it is a restoring force. Similarly, 
if the positive test charge is displaced in the direction of decreasing y (the negative y 
direction), the charge at y = -a will exert a greater force than the charge at y = -a, and the 
net force is then in the -y direction; i.e., it is a restoring force. 

Consequently, the equilibrium at (0,0) is stable for a small displacement along 
the y axis. 

(b) 

Following the same arguments as in Part (a), one finds that, for a negative test 

charge, the equilibrium is stable at (0,0) for displacements along the x axis 

and unstable for displacements along the y axis. 

(c) Express the net force acting on the ^ kqq Q kq 2 
charge at y = +a: ^ « at y=+a ~ a 2 + Eaf ~ 

Solve for q 0 to obtain: 



Remarks: In Part (c), we could just as well have expressed the net force acting on 
the charge aty = -a. Due to the symmetric distribution of the charges at y = -a and y 
= +a, summing the forces acting on q 0 at the origin does not lead to a relationship 
between q 0 and q. 
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Picture the Problem In Problem 44 it is shown that the electric field on the x axis, due to 
equal positive charges located at (0, a) and (0,-a), is given by 

E x = 2kqx(x 2 + a 2 ) ^ . We can use T = 27i^]m/k' to express the period of the motion in 
terms of the restoring constant k'. 



(a) Express the force acting on the on 
the bead when its displacement from 
the origin is x: 



= ~1 E x = 



1kq 2 x 

TV. TrV2 

[x + a ) 
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Factor a from the denominator to 
obtain: 



2kq 2 x 



( 2 y/2 



+ i 



For x « a: 



F. = 



2kq 2 



i.e., the bead experiences a linear restoring 
force. 



(b) Express the period of a simple 
harmonic oscillator: 



T = 2x, 



Obtain k' from our result in part (a): 



Substitute to obtain: 



k'=™L 



T = 2k 



m 



2kq 2 



In ' 



ma 



2kq 2 
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Picture the Problem We can use Newton's 2 nd law of motion to find the acceleration of 
the electron in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 
this speed. 



(a) Use data found at the back of 
your text to compute elm for an 
electron: 



_e 1.6x10 19 C 

777 



9.11xl(T 31 kg 



1.76xlO u C/kg 



(b) Apply Newton's 2 nd law to relate _ _^ £L _ eE_ 
the acceleration of the electron to m e m e 

the electric field: 

Substitute numerical values and _ (l.6x 10 19 c)(l00 N/C) 



a = 



evaluate a: 9.11x10 kg 



= 1.76xl0 13 m/s 2 
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The direction of the acceleration 
of an electron is opposite the 
electric field. 



(c) Using the definition of 
acceleration, relate the time required 
for an electron to reach 0.01c to its 
acceleration: 

Substitute numerical values and 
evaluate At: 



A v 0.0k 

At = — = 

a a 



At = 



0.0l(3xlQ 8 m/s) 
1.76xl0 13 m/s 2 ' 



0.170/zs 



(d) Find the distance the electron 
travels from its average speed and 
the elapsed time: 



Ax = v av Af 

= \ [0 + 0.0l(3 xlO 8 m/s)](0.170 jus) 



= 25.5cm 
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Picture the Problem We can use Newton's 2 nd law of motion to find the acceleration of 
the proton in the uniform electric field and constant-acceleration equations to find the 
time required for it to reach a speed of 0.01c and the distance it travels while acquiring 
this speed. 



(a) Use data found at the back of 
your text to compute elm for an 
electron: 



e 

m„ 



1.6xlQ 19 C 
1.67xl0~ 27 kg 



9.58 xlO 7 C/kg 



Apply Newton's 2" law to relate the 
acceleration of the electron to the 
electric field: 

Substitute numerical values and 
evaluate a: 



eE_ 

m„ 



a 



_ (l.6xlQ 19 c)(l00N/C) 
~ 1.67x10 27 kg 



9.58 xlO 9 m/s 2 



The direction of the acceleration 
of a proton is in the direction of 
the electric field. 
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(b) Using the definition of . _ v_ _ 0.01c 

acceleration, relate the time required a a 

for an electron to reach 0.01c to its 
acceleration: 



Substitute numerical values and 0.01(3 x 10 8 m/s) 

At = ^ 1 = 

evaluate Aft 9.58 x 10 9 m/s 2 



313/zs 
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Picture the Problem The electric force acting on the electron is opposite the direction of 

the electric field. We can apply Newton's 2 nd law to find the electron's acceleration and 

use constant acceleration equations to find how long it takes the electron to travel a given 

distance and its deflection during this interval of time. 

(a) Use Newton's 2 nd law to relate the _ F . —eE 

a = — — = 

acceleration of the electron first to the m m 

net force acting on it and then the 

electric field in which it finds itself: 



Substitute numerical values and 
evaluate a : 



1.6x10"" C 
9.11x10 31 kg 



(- 7.03 xlO 13 m/s 2 )j 



(400N/C)j 



(b) Relate the time to travel a given 
distance in the x direction to the 
electron's speed in the x direction: 



(c) Using a constant-acceleration 
equation, relate the displacement of 
the electron to its acceleration and 
the elapsed time: 



At 



Ax 



0.1m 



2xl0 6 m/s 



50.0ns 



Ay = \a y {Atf 

= }(- 7.03 x 10 13 m/s 2 )(50ns) 2 j 



(-8.79 cm)/ 



i.e., the electron is deflected 8.79 cm 
downward. 
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Picture the Problem Because the electric field is uniform, the acceleration of the 
electron will be constant and we can apply Newton's 2 nd law to find its acceleration and 
use a constant- acceleration equation to find its speed as it leaves the region in which 
there is a uniform electric field. 



Using a constant-acceleration 



v 2 = vl + 2aAx 
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equation, relate the speed of the 
electron as it leaves the region of the 
electric field to its acceleration and 



or, because v 0 = 0, 



v = -J 2a Ax 



distance of travel: 



Apply Newton's 2 n law to express 
the acceleration of the electron in 



F 



net 



eE 



a = 



terms of the electric field: 



Substitute to obtain: 



v = 




2eEAx 



Substitute numerical values and evaluate v: 

1 2(l .6 x 10 19 c)(8 x 10 4 N/C )(0.05 m) 1 ^ nc in7 ; 1 

v = J- i ' A - '- -= 3.75x10 m/s 

\ 9.11xl0~ 31 kg 1 1 

Remarks: Because this result is approximately 13% of the speed of light, it is only 
an approximation. 
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Picture the Problem We can apply the work-kinetic energy theorem to relate the chang 
in the object's kinetic energy to the net force acting on it. We can express the net force 
acting on the charged body in terms of its charge and the electric field. 

Using the work-kinetic energy W = AK = F net Ax 

theorem, express the kinetic energy 
of the object in terms of the net force 
acting on it and its displacement: 

Relate the net force acting on the ^ net = QE 

charged object to the electric field: 

Substitute to obtain: AK = K { -K { = QEAx 



or, because K[ = 0, 
K f = QEAx 



Solve for Q: 
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Substitute numerical values and 
evaluate Q: 



Q 



0.12J 



(300N/C)(0.50 m 



800 //C 
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Picture the Problem We can use constant- acceleration equations to express the x and y 
coordinates of the particle in terms of the parameter t and Newton's 2 nd law to express 
the constant acceleration in terms of the electric field. Eliminating the parameter will 
yield an equation for y as a function of x, q, and m that we can solve for E y . 



Express the x and y coordinates of 
the particle as functions of time: 



x = (vcos&)t 
and 

y = {y%\r\6)t -\a t 2 



Apply Newton's 2 nd law to relate the 
acceleration of the particle to the net 
force acting on it: 

Substitute in the v-coordinate 
equation to obtain: 



F 

net, y 



in 



y = (vsin0)t-—t 2 
2m 



Eliminate the parameter t between 
the two equations to obtain: 



y = (tan 6)x 



qE x 



2mv cos 6 



Set y = 0 and solve for E y : 



mv sin 26 
qx 



Substitute the non-particle specific 
data to obtain: 



_ m(3xlQ 6 m/s) 2 sin70° 
4(0.015 m) 

= (5.64xl0 14 m/s 2 )- 



yn 

q 



(a) Substitute for the mass and 
charge of an electron and evaluate 



Ey. 



E y =(5.64xl0 14 m/s 2 )^- 



.4 m/ ^9.11xl0- 31 kg 



6xlO~ 19 C 



= 3.21kN/C 



(b) Substitute for the mass and 
charge of a proton and evaluate E y : 



17 Uca iM4 ,2^-67x10^ kg 

£ = 5.64x10 m/s tt— - 

' V ' 1.6x10 ~ 19 C 



= 5.89 MN/C 
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Picture the Problem We can use constant-acceleration equations to express the x and y 
coordinates of the electron in terms of the parameter t and Newton's 2 nd law to express 
the constant acceleration in terms of the electric field. Eliminating the parameter will 
yield an equation for y as a function of x, q, and m. We can decide whether the electron 
will strike the upper plate by finding the maximum value of its y coordinate. Should we 
find that it does not strike the upper plate, we can determine where it strikes the lower 
plate by setting y(x) = 0. 

Express the x and y coordinates of the 
electron as functions of time: 

Apply Newton's 2 nd law to relate the 
acceleration of the electron to the net 
force acting on it: 



x = (v 0 cos 0)t 
and 

y = (v 0 smd)t -ja v t 2 



a„ = 



net, y 



eE v 



in , 



Substitute in the y-coordinate equation 
to obtain: 

Eliminate the parameter t between the 
two equations to obtain: 

To find v max , set dyldx = 0 for 
extrema: 



y = (v Q sme)t--^t 2 
2m e 

eE 

y{x) = {t<m0)x-- t^x 2 (1) 

2m e v 0 cos 0 

^ = tan£ p-^x< 

dx m e v 0 cos 0 

= 0 for extrema 



Solve for x' to obtain: 



x = 



m„v 0 sin 20 
2eE., 



(See remark below.) 



Substitute x' in y(x) and simplify to 
obtain v max : 



3^ max 



m e v 0 sin 0 
2eE,. 



Substitute numerical values and evaluate y max : 



(9.11xl0" 31 kg)(5xl0 6 m/s) 2 sin 2 45° , no 

y = r \ /• 1 = 1 Uzcm 

2(1.6x10 ~ 19 Cj(3.5xl0 3 N/C) 

and, because the plates are separated by 2 cm, the electron does not strike the upper 
plate. 
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To determine where the electron will m v n sin 26 

x = — — 

strike the lower plate, set eE y 

y = 0 in equation (1) and solve for x to 

obtain: 



Substitute numerical values and evaluate x: 



x = 



(9. 1 1 x 1(T 31 kg)(5 x 10 6 m/s) 2 sin 90 c 
(l.6xKr 19 C)(3.5xl0 3 N/C) 



4.07 cm 



Remarks: x' is an extremum, i.e., either a maximum or a minimum. To show that it 
is a maximum we need to show that d 2 y/dx 2 , evaluated at x', is negative. A simple 
alternative is to use your graphing calculator to show that the graph of y(x) is a 
maximum at x'. Yet another alternative is to recognize that, because equation (1) is 
quadratic and the coefficient of x 2 is negative, its graph is a parabola that opens 
downward. 
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Picture the Problem The trajectory of the electron while it is in the electric field is 
parabolic (its acceleration is downward and constant) and its trajectory, once it is out of 
the electric field is, if we ignore the small gravitational force acting on it, linear. We can 
use constant-acceleration equations and Newton's 2 nd law to express the electron's x and 
y coordinates parametrically and then eliminate the parameter t to express y(x). We can 
find the angle with the horizontal at which the electron leaves the electric field from the x 
and y components of its velocity and its total vertical deflection by summing its 
deflections over the first 4 cm and the final 12 cm of its flight. 

(a) Using a constant-acceleration x(t) = v 0 t 

equation, express the x and y an( j 
coordinates of the electron as — v 0 t + \a t 2 

functions of time: 

Because v 0 , v = 0: x(t) = v 0 t (1) 

and 

y{t) = \af 

Using Newton's 2 nd law, relate the _ F net _ - eE y 



acceleration of the electron to the y m„ m 

electric field: 
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Substitute to obtain: 



y 



(t)=-—t 2 

2m„ 



(2) 



Eliminate the parameter t between 
equations (1) and (2) to obtain: 



y(x) = - 



2m e vl 



eE 



x 



AK 



y x 2 



Substitute numerical values and evaluate y(4 cm): 



\ (l-6xl0 19 c)(2xl0 4 N/c)(0.04m) 2 

40.04 m ) = -- * v /v '— = 

V ; 4(2xl(T 16 j) 



6.40 mm 



(b) Express the horizontal and vertical 
components of the electron's speed as 
it leaves the electric field: 



v x = V Q COS0 
and 

v y = v 0 sin 6 



Divide the second of these equations 
by the first to obtain: 



^ = tan 1 ^ = tan- 1 ^ 



Using a constant-acceleration 
equation, express v y as a function of 
the electron's acceleration and its 
time in the electric field: 



V y= V 0,y+ a y t 

or, because vo,y = 0 



V = a t = —t = ■ 

y y ™ 
m„ 



eE„ 



Substitute to obtain: 



0 = tan 



= tan 



eEyX 
2K 



^ 



Substitute numerical values and evaluate 9 : 



6> = tan 



_ (l .6 x 1(T 19 c)(2 x 10 4 N/C)(0.04m)' 
2(2xl0" 16 j) 



17.7° 



(c) Express the total vertical 
displacement of the electron: 



y total — ^4 cm + ^12c 



Relate the horizontal and vertical 
distances traveled to the screen to 
the horizontal and vertical 
components of its velocity: 



x = v x At 
and 

y = v y At 
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Eliminate At from these equations to 
obtain: 

Substitute numerical values and 
evaluate y: 



y = —x = (tand)x 

y = [tan(-17.7°)](0.12m) = -3.83cm 



Substitute for y 4 cm and y 12 cm and 
evaluate y tota i: 



Xomi = -0.640cm -3.83cm 



-4.47 cm 



i.e., the electron will strike the fluorescent 
screen 4.47 cm below the horizontal axis. 
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Picture the Problem We can use its definition to find the dipole moment of this pair of 
charges. 



(a) Apply the definition of electric 
dipole moment to obtain: 



p = qL 

and 

p = (2pC)(4/mi) = 



8.00x10 ^C-m 



(b) If we assume that the dipole is 
oriented as shown to the right, then 
p is to the right; pointing from the 

negative charge toward the positive 
charge. 
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Picture the Problem The torque on an electric dipole in an electric field is given by 
f = p x E and the potential energy of the dipole by U = —p • E. 



Using its definition, express the 
torque on a dipole moment in a 
uniform electric field: 



t = pxE 

and 

t = pE sin 9 

where 9 is the angle between the electric 
dipole moment and the electric field. 



(a) Evaluate rfor 9 =0°: 



t = pEs\n0° 



I) 
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(b) Evaluate r for 9 = 90°: T = (0.5 e • nm)(4.0 x 10 4 N/c)sin 90° 



(c) Evaluate rfor 9 = 30°: 



3.20xl(T 24 N-m 



r = (0.5 e ■ nm)(4.0 x 10 4 N/c)sin 30 c 



= 1.60xlO~ 24 N-m 



(d) Using its definition, express the 
potential energy of a dipole in an 
electric field: 

Evaluate [/for 9 = 0°: 
Evaluate [/for 9 =90°: 



Evaluate [/for 9 = 30°: 



U = -p E = -pE cosO 



U = 



U = 



-(0.5 e ■ nm)(4.0 x 10 4 N/c)cos0° 



3.20 xlO" 24 J 



-(0.5 e ■ nm)(4.0x 10 4 N/c)cos90° 



U = -(0.5 e ■ nm)(4.0 x 10 4 N/c)cos 30 c 



= -2.77xlO" 24 J 
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Picture the Problem We can combine the dimension of an electric field with the 
dimension of an electric dipole moment to prove that, in any direction, the dimension of 
the far field is proportional to l/[i^] 3 and, hence, the electric field far from the dipole falls 
off as 1/r 3 . 



Express the dimension of an electric 
field: 

Express the dimension an electric 
dipole moment: 

Write the dimension of charge in 
terms of the dimension of an electric 
dipole moment: 

Substitute to obtain: 



[Q] 



[*e] 



W=toW 



M 



[Eh 



MM 
WW 



This shows that the field E due to a dipole 
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p falls off as 1/r 3 . 

60 

Picture the Problem We can use its definition to find the molecule's dipole moment. 
From the symmetry of the system, it is evident that the x component of the dipole 
moment is zero. 

Using its definition, express the p = pj + p^j 

molecule's dipole moment: 

From symmetry considerations we p x = 0 

have: 

The y component of the molecule's P y = qL = 2eL 

dipole moment is: = 2 ( L6 x 1Q -i9 C )( 0 .058nm) 

= 1.86x10 29 C-m 



Substitute to obtain: 



(l.86xl0" 29 C-m)j 
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Picture the Problem We can express the net force on the dipole as the sum of the 

forces acting on the two charges that constitute the dipole and simplify this expression 
to show that F net = Cpi . We can show that, under the given conditions, F net is also 

given by(dEjdx)pi by differentiating the dipole's potential energy function with 

respect to x. 

(a) Express the net force acting on F net = F_ q + F +q 

the dipole: 

Apply Coulomb's law to express the F_ = -qE = -qC(x l - a)i 

forces on the two charges: , 
b and 

F = +qE = qC(x l + a)i 
Substitute to obtain: F aet = -qC(x l - a)i + qC(x l + a)i 



= laqCi = Cpi 
where p = 2aq. 
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(b) Express the net force acting on 
the dipole as the spatial derivative of 
U: 



F = 

net 



dU ? d r 
1 = [- 

dx dx 



E ]i 

K X J 



dE r ? 

Px 1 

dx 



62 ••• 

Picture the Problem We can express the force exerted on the dipole by the electric field 
as -dU/dr and the potential energy of the dipole as -pE. Because the field is due to a 
point charge, we can use Coulomb's law to express E. In the second part of the problem, 
we can use Newton's 3 rd law to show that the magnitude of the electric field of the dipole 
along the line of the dipole a distance r away is approximately IkplP. 



(a) Express the force exerted by the 
electric field of the point charge on 
the dipole: 



Express the potential energy of the 
dipole in the electric field: 



Substitute to obtain: 



F = 



dU 
dr 



where r is a unit radial vector pointing 
from Q toward the dipole. 



U =-pE = -p J Q 
r 



F = -± 
dr 



kQ 



2kQp 



(b) Using Newton's 3 1 law, express F onQ = -F or F onQ r = —Fr 

the force that the dipole exerts on 

the charge Q at the origin: p __ p 

r on Q ~ r 



Express F on Q in terms of the field in 
which Q finds itself: 



F mQ =QE 



Substitute to obtain: 



2kp 



General Problems 
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Picture the Problem We can equate the gravitational force and the electric force acting 
on a proton to find the mass of the proton under the given condition. 



(a) Express the condition that must 
be satisfied if the net force on the 



F =F 

g e 
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proton is zero: 



Use Newton's law of gravity and 
Coulomb's law to substitute for F g 
and F e : 



Gm ke 



2 2 

r r 



Solve for m to obtain: 



Substitute numerical values and evaluate m: 



m = e„ 



m = (l.6xl(T 19 c) 



8.99xl0 9 N-m 2 /C 2 
6.67xlO- n N-m 2 /kg 2 



1.86xl(T 9 kg 



(£) Express the ratio of F e and Fg: 



Substitute numerical values to obtain: 



ke 2 



X 



ke 2 



Gm n Gm' 



ke 2 (8.99xl0 9 N-m 2 /C 2 )(l.6xl0 19 c) 2 
Gm 2 p (e.eVxlO^'N-m'/kg'Xl^TxlO^kg) 2 



1.24x10 



36 
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Picture the Problem The locations of the charges q u q 2 and q 2 and the points at which 
we are calculate the field are shown in the diagram. From the diagram it is evident that 
E along the axis has no y component. We can use Coulomb's law for E due to a point 
charge and the superposition principle to find E at points Pi and P 2 . Examining the 
distribution of the charges we can see that there are two points where E = 0. One is 
between q 2 and g 3 and the other is to the left of q\. 

*° 

////// 



SO' fcP 
♦ ♦ ♦ 
-1 0 1 



■A 



-t— x, cm 



15 
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Using Coulomb's law, express the 
electric field at Pi due to the three 
charges: 



E Pi =E qi+ E q2+ E q3 

r \,P. r 2,P, r 3,P, 



= k 



3x_ 3i_ <h_ 

2 2 2 

r i,P, r 2,/J r 3,/; 



Substitute numerical values and evaluate E, 



E P] =(8.99xl0 9 N-m 2 /C 2 ) 
(l.l4xl0 8 N/c)/ 



5 //C | 3//C 5//C 



(4 cm) 2 (3 cm) 2 (2 cm) 2 



Express the electric field at P 2 : 



E P2 =E qi+ E q2+ E % 



= k 



2 2 2 

r i,P 2 r 2,P 2 r 3,? 2 



Substitute numerical values and evaluate f?. 



i?, =(8.99xl0 9 N-m 2 /C 2 ) 



5//C 3juC 5juC 



(16 cm) 2 (15 cm) 2 (14 cm 



(l.74xl0 6 N/c)/ 



Letting x represent the x coordinate 
of a point where the magnitude of 
the electric field is zero, express the 
condition that E = 0 for the point 
between x - 0 and x - 1 cm: 



E p — k 



<h_ , _g?_ , g 3 

2 2 2 

r 2,P r 3,P 



= 0 



or 



■5//C + 3//C 5//C _q 



(x + lcm) 2 x 2 (lcm-x) 2 



Solve this equation to obtain: 



x= 0.417cm 



For x < -1 cm, let y = -x to obtain: 



5 /XI! 3 juC 5 //C 



(y-lcm) 2 y 1 (y + lcm) 2 



■ = 0 



Solve this equation to obtain: 



x = 6.95cm and y = 



-6.95cm 
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Picture the Problem The locations of the charges q\, q2 and q 2 and the point P 2 at which 
we are calculate the field are shown in the diagram. The electric field on the x axis due to 
the dipole is given by E di le = 2kpj x 3 where p = 2aq l i . We can use Coulomb's law 

for E due to a point charge and the superposition principle to find E at point P 2 . 

ft *° 

////// 

<x- <^ oo> p y P 2 

♦ ♦ ♦ 1 ^ 1- x, cm 

-10 1 3 15 



Express the electric field at P 2 as the 
sum of the field due to the dipole and 
the point charge q 2 : 



-^dipole + Eq 2 

2kp J kq 2 1 

3 2 1 

X X 

2k(2q x a) ? kq 2 ? 

3 1 + 2 1 

X X 



X 



Aq x a 



+ q 2 



where a - I cm. 



Substitute numerical values and evaluate E, 



8.99xl0 9 N-m 2 /C 2 



(l5xl(T 2 m) 2 



4(5^C)(lcm) 



15cm 



+ 3/JC 



(l.73xl0 6 N/c)/ 



While the separation of the two charges of the dipole is more than 
10% of the distance to the point of interest, i.e., x is not much greater 
than a, this result is in excellent agreement with that of Problem 64. 



*66 

Picture the Problem We can find the percentage of the free charge that would have to 
be removed by finding the ratio of the number of free electrons n e to be removed to give 
the penny a charge of 15 //C to the number of free electrons in the penny. Because we're 
assuming the pennies to be point charges, we can use Coulomb's law to find the force of 
repulsion between them. 



(a) Express the fraction/of the free f ~ — 

charge to be removed as the quotient iV 
of the number of electrons to be 
removed and the number of free 
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electrons: 



Relate to Avogadro's number, the 
mass of the copper penny, and the 
molecular mass of copper: 

Relate n e to the free charge Q to be 
removed from the penny: 



N m _ T m 

= — => N = N A — 

N A M M 



Q = nX-e) 



n, = ■ 



Q 



Q 



f = 



e 



V 



m 
M 



QM_ 

meN \ 



Substitute numerical values and evaluate/: 



(-15//C)(63.5g/mol) 
(3g)(l.6 x 10 19 C)(6.02 x 10 23 mor 1 ) 



(b) Use Coulomb's law to express the 
force of repulsion between the two 
pennies: 



= 3.29x10" 



F 



Icq 2 _ k(n e e) 2 



3.29xl0~ 7 % 



Substitute numerical values and evaluate F: 



p _ (8.99xlQ 9 N-m 2 /C 2 )(9.38xl0 13 ) 2 (l.6xl0 19 c) 2 

(0.25 m) 2 



32.4 N 
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Picture the Problem Knowing the total charge of the two charges, we can use 
Coulomb's law to find the two combinations of charge that will satisfy the condition that 
both are positive and hence repel each other. If just one charge is positive, then there is 
just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 6 /jC. 



(a) Use Coulomb's law to express 
the repulsive force each charge 
exerts on the other: 



F = 



kq l q 2 



'1.2 



Express q 2 in terms of the total 
charge and q\. 



50 Chapter 21 



Substitute to obtain; 


F = 


kq, \Q - q, 

2 


) 








1,2 






Substitute numerical values to obtain: 










0 XT (8.99xl0 9 N 
8mN = ^ 


m 2 /C 2 )[(6 /jC)q 


"4i 2 ] 




(3m) 2 






Simplify to obtain: 


2 . 

q 1 + 


(-6/JZ)q l 




Solve to obtain: 


4i = 


3.99 juC 


andq 2 = 






or 










<7i = 


2.01 


andg 2 = 


3.99 //C 


(b) Use Coulomb's law to express 


F = 


kq x q 2 






the attractive force each charge 




2 

'1.2 






exerts on the other: 










Proceed as in (a) to obtain: 


2 . 

q x + 


(-6fJZ)q x 


-8.0l(/X:) 2 =0 



Solve to obtain: 



7.12/X: and^ 2 = -l.12.uC 
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Picture the Problem The electrostatic forces between the charges are responsible for the 
tensions in the strings. We'll assume that these are point charges and apply Coulomb's 
law and the principle of the superposition of forces to find the tension in each string. 



Use Coulomb's law to express the 
net force on the charge +q: 

Substitute and simplify to obtain: 



Use Coulomb's law to express the 
net force on the charge +4q: 



Substitute and simplify to obtain: 



T = F +F 



_ kq(2q) kq(4q) 
1 d 2 {2df 



3kg 2 
d 2 



T = F +F 

1 2 1 q T 1 2q 



_ k{2q\4q) kq(4q) _ 
d 2 {2d) 2 



9kq 2 
d 2 
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Picture the Problem We can use Coulomb's law to express the force exerted on one 
charge by the other and then set the derivative of this expression equal to zero to find the 
distribution of the charge that maximizes this force. 



Using Coulomb's law, express the 
force that either charge exerts on the 
other: 



F = 



kq x q 2 



D 



Express q 2 in terms of Q and q\ 



Substitute to obtain: 



F = 



_kq 1 (Q-q l ) 



D 



Differentiate F with respect to q\ 
and set this derivative equal to zero 
for extreme values: 



dF k d 



dq l D dq l 
k 



D 



[q x {-l) + Q-q x ] 



= Oforextrema 



Solve for q\ to obtain: 



and 

q 2 =Q- c ii 



To determine whether a maximum 
or a minimum exists &t q x = \Q , 

differentiate F a second time and 
evaluate this derivative at q x = j Q : 



d 2 F k d 



dq x 



D 2 dq x 
k 



[Q~2q x ] 



D 



(-2) 



< 0 independently of q x . 



q x = q 2 =\Q maximizes F. 
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Picture the Problem We can apply Coulomb's law and the superposition of forces to 
relate the net force acting on the charge q--2 jJZ to x. Because Q divides out of our 
equation when F(x) = 0, we'll substitute the data given for 
x - 8.0 cm. 



Using Coulomb's law, express the net 
force on q as a function of x: 



F(x)- 



kqQ kq(AQ) 



■ + 



x 1 (l2cm-x) 2 
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Simplify to obtain: 



Solve for Q: 



f(x) 
kq 



Q = 



x 2 (l2cm-x) 2 



Q 



F(x) 



kq 



x 2 (l2cm-;e) 2 



Evaluate Q for x = 8 cm: 



Q = 



126.4 N 



(8.99xl0 9 N-m 2 /C 2 )(2//C) 



1 4 

(8 cm) 2 (4 cm) 2 



3.00 fjC 
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Picture the Problem Knowing the total charge of the two charges, we can use 
Coulomb's law to find the two combinations of charge that will satisfy the condition that 
both are positive and hence repel each other. If the spheres attract each other, then there 
is just one distribution of charge that will satisfy the conditions that the force is attractive 
and the sum of the two charges is 200 //C. 



(a) Use Coulomb's law to express 
the repulsive force each charge 
exerts on the other: 



kq x q 2 



'1.2 



Express q 2 in terms of the total 
charge and q\. 

Substitute to obtain: 



Substitute numerical values to obtain: 



J7 _kq 1 (Q-q l ) 



'1,2 



80N 



_ (8.99xl0 9 N-m 2 /C 2 )[(200 i tX:)g 1 -qf] 
(0.6 m) 2 



Simplify to obtain the quadratic equation: q 2 + (- 0.2mC)^, + 3.20 x 10 3 (mC) 2 = 0 



Solve to obtain: 



q i = 17.5//C andg 2 = 183 juC 



or 



The Electric Field 1: Discrete Charge Distributions 53 



q 1 = 183//C and<7 2 = 17.5 juC 



(b) Use Coulomb's law to express 
the attractive force each charge 
exerts on the other: 



kq x q 2 



'1,2 



Proceed as in (a) to obtain: 



q\ +(-0.2mC)^ -3.20xl(T 3 (mC) 2 =0 



Solve to obtain: 



15.0//C andg 2 = 215//C 
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Picture the Problem Choose the 
coordinate system shown in the diagram 
and let U g = 0 where y = 0. We'll let our 
system include the ball and the earth. Then 
the work done on the ball by the electric 
field will change the energy of the system. 
The diagram summarizes what we know 
about the motion of the ball. We can use 
the work-energy theorem to our system to 
relate the work done by the electric field to 
the change in its energy. 



v 0 = 0 

y 0 = '' 




Using the work-energy theorem, 
relate the work done by the electric 
field to the change in the energy of 
the system: 



^lect„cfield=A^+AC/ g 



= K 2 -K l+ U sa -U g , 



or, because K\ = U g ,2 = 0, 
W =K -U 

"electricfield "2 u e,l 



Substitute for W e \ ectlic f ie i d , K 2 , and 
t/ g ,o and simplify: 



qEh = \mv x — mgh 

= ^m{l^[gh} — mgh = mgh 



Solve for nr. 



m = 



qE 
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Picture the Problem We can use Coulomb's law, the definition of torque, and the 
condition for rotational equilibrium to find the electrostatic force between the two 
charged bodies, the torque this force produces about an axis through the center of the 
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meter stick, and the mass required to maintain equilibrium when it is located either 25 cm 
to the right or to the left of the mid-point of the rigid stick. 



(a) Using Coulomb's law, express the 
electric force between the two charges: 



F = 



kq x q 2 



Substitute numerical values and evaluate F: 



(8.99xl0 9 N-m 2 /C 2 )(5xl(T 7 c) 2 
(0.1m) 2 



0.225 N 



(b) Apply the definition of torque to 
obtain: 

Substitute numerical values and 
evaluate v. 



(c) Apply 2_j ^center of the meter stick — 0 

to the meterstick: 
Solve for m: 



Substitute numerical values and 
evaluate m: 



(d) Apply > 

^"center of the meter stick 

to the meterstick: 
Substitute for v. 
Substitute for F: 



Solve for q{ to obtain: 



= 0 



T = F£ 



t = (0.225 N)(0.5m) 



0. 1 13 N • m, counterclockwise 



t - mgt = 0 



m = 



0.113N 



m = 



(9.81m/s 2 )(0.25m) 
-r + mg£' = 0 

-F£ + mg£' = 0 

_kMl + r = 0 
d 

where q' is the required charge. 

d 2 mgf 



0.0461kg 



q 2 



kq,£ 



Substitute numerical values and evaluate q{: 

,_ (0.1m) 2 (0.0461kg)(9.81m/s 2 )(0.25m) 
qi ~ (8.99xl0 9 N-m 2 /C 2 )(5xl0 7 C)(0.5m)~ 



5.03xl0" 7 C 
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Picture the Problem Let the numeral 1 refer to the charge in the 1 st quadrant and the 
numeral 2 to the charge in the 4 th quadrant. We can use Coulomb's law for the electric 
field due to a point charge and the superposition of forces to express the field at the 
origin and use this equation to solve for Q. 



Express the electric field at the origin due to the point charges Q: 



1,0 r 2,0 

= ^[(-4m)i + (- 24 k 4\- 4m)J + (2m)j]= -^i 



r 

= Ei 



where r is the distance from each charge to the origin and E x 



{Sm)kQ 



Express r in terms of the coordinates 
(x, y) of the point charges: 

Substitute to obtain: 



Solve for Q to obtain: 



r = ^x 2 + y 2 



Q 



(8m>Q 

( 2 , 2V/ 2 

E x {x 2 + y 2 Y 2 



Substitute numerical values and 
evaluate Q: 



Q = 



(4kN/C) (4m) 2 +(2m) 2 



3/2 



(8.99xl0 9 N-m 2 /C 2 )(8m) 



4.97 //C 
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Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb's law to find 
the charge on each of them. A second application of Coulomb's law when the spheres 
carry the same charge and are 0.60 m apart will yield the force each exerts on the other. 



(a) Use Coulomb's law to express 
the repulsive force each charge 
exerts on the other: 



F = 



kq x q 2 



'1.2 
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Express q 2 in terms of the total charge 
and q\\ 

Substitute to obtain: 



1i = Q-4i 

kq x {Q-q x ) 



'1,2 



Substitute numerical values to obtain: 



120N = 



(8.99 x 10 9 N • m 2 /C 2 )[(200 jJO.)q l - q[ ] 
(0.6 m) 2 



Simplify to obtain the quadratic equation: qf + (- 200 juC)q l + 48 lO(juCf = 0 



Solve to obtain: 



9i = 
or 

9i = 



28.0 //C and<7 2 = 172 juC 



111 {jC mdq 2 = 28.0/jC 



(b) Use Coulomb's law to express 
the repulsive force each charge 
exerts on the other when 
q\ = qi = 100 /jC: 

Substitute numerical values and evaluate F: 



kq x q 2 



'1,2 



F = (8.99xl0 9 N-m 2 /C 2 )fc^£ 

(0.6mf 



250 N 
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Picture the Problem Let the numeral 1 denote one of the spheres and the numeral 2 the 
other. Knowing the total charge Q on the two spheres, we can use Coulomb's law to find 
the charge on each of them. A second application of Coulomb's law when the spheres 
cany the same charge and are 0.60 m apart will yield the force each exerts on the other. 



(a) Use Coulomb's law to express 
the attractive force each charge 
exerts on the other: 



kq x q 2 



'1,2 



Express q 2 in terms of the total q 2 = Q ~ q\ 

charge and q x : 
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Substitute to obtain: 



*3ife-9i) 



'1.2 



Substitute numerical values to obtain: 



120N _ -(8.99xl0 9 N-m 2 /C 2 )[(200/X:) gl - gl 2 ] 

(0.6 m) 2 

Simplify to obtain the quadratic equation: q\ + (- 200 juC)q 1 - 48 10(//C) 2 = 0 



Solve to obtain: 



0i = 
or 

1i = 



21.7//C andq 2 = 222 //C 



222 juC andq 2 = -21.7 



(b) Use Coulomb's law to express 
the repulsive force each charge 
exerts on the other when 
q\ = qi = 100 juC: 



F = 



kq Y q 2 



'1.2 



Substitute numerical values and evaluate F: 



F = (8.99xl0 9 N-m 2 /C 2 )fi^£ 

(0.6m) 



250 N 
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Picture the Problem The charge configuration is shown in the diagram as are the 
approximate locations, labeled %\ and x 2 , where the electric field is zero. We can 
determine the charge Q by using Coulomb's law and the superposition of forces to 
express the net force acting on q 2 . In part (b), by inspection, the points where 
E = 0 must be between the -3 //C and +4 //C charges. We can use Coulomb's law for the 
field due to point charges and the superposition of electric fields to determine the 
coordinates x x and x 2 . 



q, = -3.0 fiC q 2 = 4.0 /jlC Q 

• 1 1 • • x, m 

0 x l x 2 0.2 0.32 



58 Chapter 21 



(a) Use Coulomb's law to express the 
force on the 4.0-/X3 charge: 



F =F +F 

1 2 A 1,2 Q,2 



kq l q 2 c kQq 



i +■ 



= kq 7 



1,2 'e,2 

2 2 

1,2 r e,2 



i = F 2 / 



Solve for £>: 



G.2 



<2 



kq 2 



Substitute numerical values and evaluate Q: 

" -3//C 240 N 

(0.2m) 2 (8.99xl0 9 N-m 2 /C 2 )(4//C) 



e = (0.12m) 2 



-97.2//C 



(ft) Use Coulomb's law for electric fields and the superposition of fields to determine the 
coordinate x at which E = 0: 



£2 



kq 2 j- % ? „ 
i + — t-i = 0 



(0.32m-x) 2 (0.2m-;c) 2 jc 



or 



G 



<?2 



(0.32 m-*) 2 (0.2m-x) 2 x 2 



Substitute numerical values to obtain: 



-97.2//C 
(0.32m-x) 2 (0.2m-x) 2 ' x 



4juC | -3//C =Q 



and 



97.2 



-4=o 



(0.32 m-x) 2 (0.2m-x) 2 x 2 



Solve (preferably using a graphing 
calculator!) this equation to obtain: 



0.0508 m 



and x 2 = 



0.169m 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T , the gravitational force F , 

and the electric force F E . We can use 
Coulomb's law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 
charge on each sphere. 

(a) Apply the conditions for static 
equilibrium to the charged sphere: 




YF x = F B -Tsin0=^ r -Tsin0 = O 

r 

and 

^ F y =T cos 0-mg = 0 



Eliminate T between these equations „ kq 2 

tan 0 = ' 

to obtain: 



Substitute to obtain: 



mgr 2 



Solve for q: me tan 0 

9 = rJ ; 



Referring to the figure, relate the r = 2L sin 0 

separation of the spheres r to the 
length of the pendulum L: 



2Lsin 6* 



mg tan# 



(b) Evaluate q for m= 10 g, L = 50 cm, and 6= 10°: 



o/nc mo I(0.01kg)(9.81m/s 2 )tanl0° i — - 
q = 2(0.5 mjsin 10° ± &A L— 2 = 0.241 /dC 



8.99xl0 9 N-m 2 /C 2 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T , the gravitational force F , 

and the electric force F E . We can use 
Coulomb's law to relate the electric force 
to the charge on each sphere and their 
separation and the conditions for static 
equilibrium to relate these forces to the 
charge on each sphere. 




(a)Apply the conditions for static 
equilibrium to the charged sphere: 



yF x =F E -rsin# = ^-rsin# = 0 
r 

and 

^ F y =T cos 0 - mg = 0 



Eliminate T between these equations 
to obtain: 



tan 0 = 



kq 2 
mgr z 



Referring to the figure for Problem 
80, relate the separation of the spheres 
r to the length of the pendulum L: 



r = 2Lsin6> 



Substitute to obtain: 



tan (9 = 



kq 1 



4mgL 2 sin 2 0 



or 



sin 2 6 ) tan6 , = 



kq 2 



AmgL 



(1) 



Substitute numerical values and evaluate sin 2 6 tan 0 : 



in n (8.99xl0 9 N-m 2 /C 2 )(0.75//C) 2 cn ^ in 

sin 2 6>tan 0 = i— , ^ £h = 5.73 x 10 

4(0.01kg)(9.81m/s 2 )(l.5m) 2 



Because sin 2 0 tan 0 « 1 : 



sin 6 « tan 6 « 0 
and 

0 3 «5.73xl0~ 3 



Solve for 0 to obtain: 



# = 0.179rad= 10.3 
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(b) Evaluate equation (1) with replacing q with qiq^- 

sm'etang J 8 -"; 10 ^;, 1 " 702 ^^'^ = 5-09 x ,0"' . 6> 
4(0.01kg)(9.81m/s 2 )(l.5m) 2 



Solve for 0 to obtain: 



# = 0.172rad= 9.86° 
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Picture the Problem Let the origin be at 
the lower left-hand corner and designate 
the charges as shown in the diagram. We 
can apply Coulomb's law for point charges 
to find the forces exerted on q\ by q 2 , q-i, 
and q 4 and superimpose these forces to find 
the net force exerted on q^. In part (b), 
we'll use Coulomb's law for the electric 
field due to a point charge and the 
superposition of fields to find the electric 
field at point P(0, LIT), 
(a) Using the superposition of forces, 
express the net force exerted on q\. 




1 S = 



9«- -<? 



F = F + F + F 

1 1 "* 2,1 ~ "* 3,1 ~ J 4,1 



Apply Coulomb's law to express F 2 1 : 




2 2,1 
r 2,l 


_ kqiVi 

3 

'2.1 


" r 2,l 






k{-q)q( 
L 3 1 


-Li)- 


kq 2 i 


Apply Coulomb's law to express F 4 ( : 




_ 2 M,l 
r 4,l 


_ kq 4 q, 

3 

''4.1 


" r 4,l 






k(-q)ql 
L 3 1 


-Li)= 


kq 2 ? 
L 


Apply Coulomb's law to express F 3 1 : 




kq^q x ^ 

2 *3,1 


_ kq 3 q, 

3 


■ r 3,l 



'3.1 



'3.1 



kg 2 
2 3/2 L 2 



(M 
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Substitute and simplify to obtain: 



- kq 2 i kq 2 ( * «\ kq 2 ? 



2" 2 L 2V J > L 2 
= ^ + j)-^(? + j) 



kq 1 



2V2 



(b) Using superposition of fields, 
express the resultant field at point P: 



E p =E l +E 2 +E 3 +E 4 (1) 



Use Coulomb's law to express E 1 : 



kq x „ kq 



2 ~ r i,p 



\p\ l J 



kq 



UJ 



Akq 



J 



Use Coulomb's law to express E 



2 ■ 



— — r 

2 2,P 
r 2,P 



k(-q) 



f 2,P J 



-kq 



L 

v2y 



f T .\ 



V * J 



Akq a 



Use Coulomb's law to express E 3 



E3 — 2 r \p ~ • 



f T ^ 



'3,P 



A 3,P V 



y 



8^ 



5 3/2 L 2 



V 2 y 



Use Coulomb's law to express E 4 



L 4 ~~ 2 '3.P 

r 4,P 

8^ 



k(-q) 



5 3/2 L 2 



1 ^ 

2 J ) 



Li / 

2 



Substitute in equation (1) and simplify to obtain: 



- Akq ^ Akq ^ Skq 



V V - 5 il2 L 2 



( 1 A 

-i j 


Skq 

+ 5 1/2 L 2 


( ^ 
i 


1 ^ 




Skq 


f 

1 + 


V5] 


y 


{ 2 J 


V 


~2 J ) 




L 2 


V 


25 J 
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Picture the Problem We can apply Newton's 2 n law in rotational form to obtain the 
differential equation of motion of the dipole and then use the small angle approximation 
sin#» 6? to show that the dipole experiences a linear restoring torque and, hence, will 
experience simple harmonic motion. 



Apply ^ r = la to the dipole: 



- pE sin 6* = / 



d 2 6 
dt 2 



where r is negative because acts in such a 
direction as to decrease 9. 



For small values of 9, sin#« 9 
and: 



pE6 = I 



d 2 e 

dt 2 



Express the moment of inertia of the 
dipole: 



7 j 

1 = \ma 



Relate the dipole moment of the 
dipole to its charge and the charge 
separation: 



p = qa 



Substitute to obtain: 



, 2 d z 9 
2 ma TT 



dt 1 



-qaE6 



or 



d 2 6 2qE 



dt 2 



0 



ma 



the differential equation for a simple 
harmonic oscillator with angular frequency 
JlqEft 



CO 



i ma 



Express the period of a simple 
harmonic oscillator: 



T = — 

CO 



Substitute to obtain: 



T = 





ma 




2qE 
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Picture the Problem We can apply conservation of energy and the definition of the 
potential energy of a dipole in an electric field to relate q to the kinetic energy of the 
dumbbell when it is aligned with the field. 
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Using conservation of energy, relate 
the initial potential energy of the 
dumbbell to its kinetic energy when 
it is momentarily aligned with the 
electric field: 

Express the change in the potential 
energy of the dumbbell as it aligns 
with the electric field in terms of its 
dipole moment, the electric field, 
and the angle through which it 
rotates: 

Substitute to obtain: 



AK+AU = 0 
or, because K{ = 0, 
K+AU = 0 

where K is the kinetic energy when it is 
aligned with the field. 

AU =U f -U i 

= -pE cos 6 { + pE cos 0 i 
= ga£(cos60°-l) 



i<: + ga£(cos60 o -l) = 0 



Solve for q: 



Substitute numerical values and evaluate q: 



K 



a£(l-cos60°) 



5xl(TJ 



(0.3m)(600 N/C)(l - cos 60°) 



55.6 juC 
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Picture the Problem The forces the electron and the proton exert on each other 
constitute an action-and-reaction pair. Because the magnitudes of their charges are equal 
and their masses are the same, we find the speed of each particle by finding the speed of 
either one. We'll apply Coulomb's force law for point charges and Newton's 2 nd law to 
relate v to e, m, k, and r. 

Apply Newton's 2 nd law to the positron: ke 1 v 2 ke 2 2 

— — = m — => = 2mv 

r \r r 



Solve for v to obtain: 



v = 





ke 2 




2mr 
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Picture the Problem In Problem 8 1 it was established that the period of an electric 
dipole in an electric field is given by T = 27Ty]ma/2qE . We can use this result to find 

the frequency of oscillation of a KBr molecule in a uniform electric field of 1000 N/C. 
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Express the frequency of the KBr 
oscillator: 



f 



_L 2c i E 

In V ma 



Substitute numerical values and 
evaluate/: 



J_ l 2(l.6xlQ' 19 c)(l000N/C) 
In \ (l.4xl(T 25 kg)(0.282nm) 



= 4.53xl0 8 Hz 
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Picture the Problem We can use Coulomb's force law for point masses and the 
condition for translational equilibrium to express the equilibrium position as a function 
of k, q, Q, m, and g. In part (b) we'll need to show that the displaced point charge 
experiences a linear restoring force and, hence, will exhibit simple harmonic motion. 



(a) Apply the condition for 
translational equilibrium to the point 



kqQ n 

— — mg = 0 

yl 



mass: 



Solve for y 0 to obtain: 



kqQ 
mg 



(b) Express the restoring force that 
acts on the point mass when it is 
displaced a distance Ay from its 
equilibrium position: 



F = 



kqQ kqQ 

" yl 

kqQ 

" yl 



(yo + ^yf 

kqQ 



yl + 2y 0 A y 

because Ay « y 0 . 



Simplify this expression further by 
writing it with a common 
denominator: 



F = 



2y 0 AykqQ 
y*+2y 3 0 Ay 
2y 0 AykqQ 

Ay 



4 

y 0 



1 + 2 

v y 0 j 

lAykqQ 

~ 3 

y 0 

again, because Ay « yo- 



From the 1 st step of our solution: 



kqQ 

yl 



mg 
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Substitute to obtain: 



2mg 



Ay 



Apply Newton's 2 law to the 
displaced point charge to obtain: 



m 



d 2 Ay 
dt 2 



2mg 

y 0 



Ay 



or 



d 2 Ay , 2g 



dt 2 



>'<> 



Ay = 0 



the differential equation of simple 
harmonic motion with a> = ^2g / 



y 0 
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Picture the Problem The free-body 
diagram shows the Coulomb force the 
positive charge Q exerts on the bead that is 
constrained to move along the x axis. The x 
component of this force is a restoring 
force, i.e., it is directed toward the bead's 
equilibrium position. We can show that, 
for x « L, this restoring force is linear 
and, hence, that the bead will exhibit 
simple harmonic motion about its 
equilibrium position. Once we've obtained 
the differential equation of SHM we can 
relate the period of the motion to its f I )+Q 

angular frequency. ^ — ^ 

Using Coulomb' s law for point p _ k(- q)Q _ _ kqQ 
charges, express the force F that +Q L 2 + x 2 L 2 + x 2 

exerts on -q: 

Express the component of this force F kqQ 




along the x axis: L 2 + x 2 

kqQ 



COS0 



L 2 + x 2 VL 2 +x 2 
kqQ 



(L 2 +x 2 ) 



3/2 
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Factor L from the denominator of this 
equation to obtain: 



Apply y\ F x = ma x to the bead to 
obtain: 



kqQ 



2\ 



1 + 



because x « L. 



3/2 



kqQ 
x « -r- x 



m 



d 2 x _ kqQ 
dt 2 ~ L 3 



or 



d x kqQ 

■H -X = 0 



dt 1 



mL 



the differential equation of simple 
harmonic motion with co = -J kqQ / mL 3 



Express the period of the motion of 
the bead in terms of the angular 
frequency of the motion: 



ImL 3 


2nL 


mL 




I kqQ ~ 




kqQ 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of 
the tension T , the gravitational force F g , 

^coulomb an d the force F E exerted by the 
electric field. We can use Coulomb's law 
to relate the electric force to the charges 
on the spheres and their separation and the 
conditions for static equilibrium to relate 
these forces to the charge on each sphere. 

(a)Apply the conditions for static 
equilibrium to the charged sphere: 



Eliminate T between these equations 
to obtain: 




kq 2 



rsin# = 0 



and 



^ F y =T cos 0 - mg - qE = 0 
kq 2 



tan6> = 



{mg + qE)r 2 



Referring to the figure for Problem r = 2L sin 0 

78, relate the separation of the 



68 Chapter 21 



spheres r to the length of the 
pendulum L: 

Substitute to obtain: 



tan<9 = 



kq 2 



or 



siri 6>tan6> = 



4{mg + qE)L 2 sin 2 0 
kq 2 



4(mg + qE)j} 



(1) 



Substitute numerical values and 
evaluate sin 2 0 tan 0 to obtain: 



sin 2 0tan0 = 3.25x10 



-3 



Because sin 0 tan 0 « 1 : 



sin 0 * tan 0 « 6> 
and 

# 3 «3.25xl0" 3 



Solve for ^ to obtain: 



# = 0.148rad= 8.48 



(b) The downward electrical forces 
acting on the two spheres are no 
longer equal. Let the mass of the 
sphere carrying the charge of 0.5 //C 
be mi, and that of the sphere 
carrying the charge of 1.0 //C be m 2 . 
The free-body diagrams show the 
tension, gravitational, and electrical 
forces acting on each sphere. 
Because we already know from part 
(a) that the angles are small, we can 
use the small-angle approximation 
sin6>* tan 6>*6>. 




Apply the conditions for static 
equilibrium to the charged sphere 
whose mass is nt\. 



2X,=- 



kq x q 2 



+ T l sin0 l 
kq x q 2 



(Lsin^, +L sin 0 2 ) 
L 2 (0 l+ 0 2 ) 



- + T 1 sin0 l 



2 +T A 



= 0 



and 
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Apply the conditions for static 
equilibrium to the charged sphere 
whose mass is m 2 : 



Express ft and ft in terms of the 
components of 7J and T 2 : 



Divide equation (1) by equation (2) 
to obtain: 



Z^,i =7 i, y - m iS-4i E = 0 



r 

kq l q 2 



(Lsin^, +Lsin0 2 ) 



j + T 2 sin 0 2 



kq 1 q 2 



= o 



2 +7 2^2 



and 



Z F y,2 = T 2, } ,-m 2 g-q 2 E = 0 



6 X 

J 1, V 

and 

r 



l 2,y 



(1) 



(2) 



<K _ T, y _ T 2 , y 



0 2 T 2x t 



l 2,y 



because the horizontal components of T x and 
T 2 are equal. 



Substitute for T 2 , y and r l y to obtain: 



6>j _ m 2 g + q 2 E 
6 2 m x g + q x E 



Add equations (1) and (2) to obtain: 



0+0 = | ^ 2 ' x = kq x q 2 

1 2 r hy r Xy L 2 {e l + e 2 ) 2 



i 



i 



m x g + q x E m 2 g + q 2 E 



Solve for ft + ft: 



0i + 02 = \\^ir 



1 



■ + - 



1 
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Substitute numerical values and evaluate 
61 + 62 and 6J62. 



6 l +6 2 =0.287 rad = 16.4 c 
and 



ft 



1.34 



Solve for 6\ and 6^ to obtain: 



4 = 



9.42 c 



and 



6.98 c 
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Picture the Problem Each sphere is in 
static equilibrium under the influence of a 
tension, gravitational and Coulomb force. 
Let the mass of the sphere carrying the 
charge of 2.0 //C be m x = 0.01 kg, and that 
of the sphere carrying the charge of 1 .0 //C 
be m 2 = 0.02 kg. We can use Coulomb's 
law to relate the Coulomb force to the 
charge on each sphere and their separation 
and the conditions for static equilibrium to 
relate these forces to the charges on the 
spheres. 




F *i ■ '",8 



F s2 = "h8 



Apply the conditions for static equilibrium 
to the charged sphere whose mass is mi: 



r 

kq l q 2 



(Lsin^ + Lsm0 2 ) 

= 0 

and 

Z F v,i = T x,y ~ m xS =0 



2 + 7j sin 6 X 



Apply the conditions for static equilibrium 
to the charged sphere whose mass is m 2 : 



I^ = *^-r,sinft 



kq x q 2 



(Lsin^ +Lsin0 2 ) 
kq x q 2 



- + T 2 sin 6 2 



L\e x +e 2 ) 



2 + T 2&2 



= 0 
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and 

Yj F y,2 = T 2,y ~ m 2S =0 



Using the small-angle approximation 
sin#« tan#»# express ft and ft in 
terms of the components of T x and 



0x = 



and 



T 

1 l,x 



(1) 



Divide equation (1) by equation (2) 
to obtain: 



o 2 = 



2,x 



2,y 



e 2 T , 



Uy 



L 2,y 



(2) 



because the horizontal components of 
7j and T 2 are equal. 



Substitute for T 2 y and T\ y to obtain 



ft _ m 2 
0 2 w. 



Add equations (1) and (2) to obtain: 



T T 

0 +0 -^L + -h!L 
T Uy T 2,y 

kq x q 2 



L 2 (0 l + 0 2 J 



1 1 
— + — 



m x g m 2 g 



Solve for ft + ft: 



0 l + 0 2= 3p2l 



1 1 

h — 



m t g m 2 g 



Substitute numerical values and 
evaluate ft + ft and ft/ ft: 



6> +# 2 =0.496 rad = 28.4° 
and 

*L = L 

e 2 2 



Solve for ft and ft to obtain: 



4 = 



9.47° 



and 0 X = 



18.9° 



Remarks: While the small angle approximation is not as good here as it was in the 
preceding problems, the error introduced is less than 3%. 
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Picture the Problem We can find the effective value of the gravitational field by finding 
the force on the bob due to g and E and equating this sum to the product of the mass of 

the bob and g' . We can then solve this equation for E in terms of g , g' , q, and M and 
use the equation for the period of a simple pendulum to find the magnitude of g' 



Express the force on the bob due to 
g and E : 



F = Mg + qE = M 
where 

M 



V M j 



Mg' 



Solve for E to obtain: 



E = —{g'-g) 

q 



Using the expression for the period 
of a simple pendulum, find the 
magnitude of g'\ 



T = In. 



and 



4n 2 L _4;r 2 (lm) 
T 2 ~ (l.2s) 2 



= 27.4m/s 2 



Substitute numerical values and evaluate E : 



E = 



5xl(T 3 kg 



8.0/jC 



(27.4 m/s 2 )/ - (9.8 lm/s 2 )j\ = I (-1.10xl0 4 N/c)j 
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Picture the Problem We can relate the force of attraction that each molecule exerts on 
the other to the potential energy function of either molecule using F = -dU/dx. We can 

relate U to the electric field at either molecule due to the presence of the other through U 
= -pE. Finally, the electric field at either molecule is given by E = 2kp/x 3 . 



Express the force of attraction 
between the dipoles in terms of the 
spatial derivative of the potential 
energy function ofpu 



F = 



dU l 
dx 



(1) 



Express the potential energy of the U x = -p l E l 

dipole pi, where Ei is the field at p\ due to p 2 . 
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Express the electric field at p\ due to 
Pi- 



2kp 2 



where x is the separation of the dipoles. 



Substitute to obtain: 



u x =- 



2kp l p 2 



Substitute in equation (1) and 
differentiate with respect to x: 

Evaluate F for p\ =p 2 =p and 
x = d to obtain: 



F 



d_ 
dx 



2kp l p 2 



x 



6kp x p 2 



6kp z 
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Picture the Problem We can use Coulomb's law for the electric field due to a point 
charge and superposition of fields to find the electric field at any point on the y axis. By 
applying Newton's 2 nd law, with the charge on the ring negative, we can show that the 
ring experiences a linear restoring force and, therefore, will execute simple harmonic 
motion. We can find co from the differential equation of motion and use/= coll n to find 
the frequency of the motion. 



(a) Use Coulomb's law for the electric field due to a point charge and 
superposition of fields, express the field at point P on the y axis: 



F - I I / - r i fe?g f. 

H. p H l -t-J^ 2 2 'ip ' 2 2,P 3 'UP ' 3 '2,P 



kQ kQ 

' 1 D 1 ^ ■ 1 



'UP 



'2,P 



•UP 



'2,P 



kQ 



( 2^ 2\ 

[a +y ) 



,3/2 



-i +yj 



+ 



kQ 



(a 2 + y 2 ) 



3/2 



-i + yj 



IkQy 



[a +y j 



where a = L/2. 



(b) Relate the force on the charged 
ring to its charge and the electric 
field: 



2kqQy 



where q must be negative if F is to be a 
restoring force. 
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(c) Apply Newton's 2 nd law to the 
ring to obtain: 



m- 



dt 2 



or 



dt 2 



2kqQ 



[a +y ) 

2kqQ 
m(a 2 + y 2 f 2 



y 



Factor the radicand to obtain: 



d 2 y 
dt 2 



2kqQ 



ma 



1 + 



2kqQ 

—^y 



\6kqQ 



ma~ mL 
provided y « a - L/2. 



Thus we have: 



d y \6kqQ 



dt 2 



mU 



y 



or 



d y \6kqQ 

~di 2 



■ + 



mU 



y = 0 



the differential equation of simple 
harmonic motion. 



Express the frequency of the simple 
harmonic motion in terms of its 
angular frequency: 

From the differential equation 
describing the motion we have: 



/ = 



CO 

In 



2 \6kqQ 
co = 



mL 3 



and 



/ = 



1 !6kqQ 



2tt\ mL 3 



Substitute numerical values and evaluate/: 



/ = 



2ti \ 



16(8.99 xlQ 9 N-m 2 /C 2 )(5//C)(2//C) _ 



(0.03kg)(0.24 m 



9.37 Hz 
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Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 
excess charge of q = Ne when the electric 
field is downward. Under terminal- speed 
conditions the sphere is in equilibrium 

under the influence of the electric force F e 

its weight mg, and the drag force F d . We 

can apply Newton's 2 nd law, under 
terminal-speed conditions, to relate the 
number of excess charges N on the sphere 
to its mass and, using Stokes' law, find its 
terminal speed. 

(a) Apply V F y = ma y to the 
microsphere: 

Substitute for F e , m, and F dite rminai to 
obtain: 



Solve for N to obtain: 

Substitute numerical values and 
evaluate j m~^pg : 



Substitute numerical values and 
evaluate 67Ttjrv t : 



y 




1 1 >"g 

F e -mg-F d =ma y 
or, because a y = 0, 

F e — mg — ^terminal = ^ 

qE - pVg - 6ftrjrv t = 0 

or, because q = Ne, 

NeE - ^7rr 3 pg - 67rrjrv t = 0 

_ jW^pg +67tr/rv t 
eE 

\nr l pg =|^(5.5 xl0~ 7 m) 3 

x (l .05 x 10 3 kg/m 3 )(9.8 1 m/s 2 ) 
= 7.18xl0 15 N 

6fnjrv t = 6^(l.8 x 10~ 5 Pa • s)(5.5 x 10~ 7 m) 
x(l. 16x10 4 m/s) 
= 2.16xl0 14 N 



Substitute numerical values in 
equation (1) and evaluate N: 



(b) With the field pointing upward, 
the electric force is downward and 

the application of V F y = ma v to 



N = 



7.18xl0 15 N + 2.16xlO~ 14 N 



(l.6xlO" I9 C)(6xl0 4 V/m) 



-IB 



d, terminal 



F e - mg = 0 



or 



67rrjrv t - NeE - 1 m- 3 pg- = 0 
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the bead yields: 
Solve for v. to obtain: 



NeE + jm 3 pg 

67TTjr 



Substitute numerical values and evaluate v t : 

_ 3(l .6 x 1(T 19 c)(6 x 10 4 V/m)+ f ^5.5 x 1(T 7 m) 3 (l .05 x 10 3 kg/m 3 )(9.8 1 m/s 2 ) 



v, = - 



6tt(1.8 x 1(T 5 Pa • s)(5.5 x 10 7 m) 



= 1.93x10^ m/s 
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Picture the Problem The free body 
diagram shows the forces acting on the 
microsphere of mass m and having an 
excess charge of q = Ne when the electric 
field is downward. Under terminal- speed 
conditions the sphere is in equilibrium 

under the influence of the electric force F e 

its weight trig, and the drag force F d . We 

can apply Newton's 2 nd law, under 
terminal-speed conditions, to relate the 
number of excess charges N on the sphere 
to its mass and, using Stokes' law, to its 
terminal speed. 



(a) Apply YF 



ma y to the 



microsphere when the electric field is 
downward: 



45 




in, Ne) 



mg 
1' 



■ mg-F d = ma 



or, because a y = 0, 
F e -mg 



F =0 

d, terminal 



Substitute for F e and Fd.terminai to 
obtain: 



Solve for v u to obtain: 



With the field pointing upward, the 
electric force is downward and the 

application of = ma y to the 

microsphere yields: 

Solve for v d to obtain: 



qE - mg - 67rr/rv u = 0 
or, because q = Ne, 
NeE - mg - 67rr/rv u = 0 

NeE - mg 



67rrjr 



d, terminal e 



F e - mg = 0 



or 



67rr/rv d - NeE - mg = 0 



v d = 



NeE + mg 

67TTjr 



(1) 



(2) 
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Add equations (1) and (2) to obtain: 



v = v u +v d = 



NeE 



NeE - mg 
67rrjr 
NeE + mg 



qE 



This has the advantage that you don't need to know the mass of the 
microsphere. 



(b) Letting Av represent the change 
in the terminal speed of the 
microsphere due to a gain (or loss) 
of one electron we have: 



A v = v N+l - v N 



Noting that Av will be the same 
whether the microsphere is moving 
upward or downward, express its 
terminal speed when it is moving 
upward with N electronic charges on 
it: 

Express its terminal speed upward 
when it has N + 1 electronic 
charges: 

Substitute and simplify to obtain: 



Substitute numerical values and 
evaluate Av: 



NeE - mg 
67ir}r 



v N+1 = 



(N + \)eE - mg 



Av 



_(N + l)eE - mg NeE - mg 



N+l 



6nr/r 



6nr/r 



eE 

67TTjr 



Av = 



(l.6xl(T 19 c)(6xl0 4 V/m) 
6x(l.S x 1(T 5 Pa ■ m)(5.5 x 1(T 7 m) 



= 5.15xl(rm/s 
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Chapter 22 

The Electric Field 2: Continuous Charge 
Distributions 



Conceptual Problems 
*i ** 

(a) False. Gauss's law states that the net flux through any surface is given 

by 0 net = ^E n dA = 4;zfc<2 inside . While it is true that Gauss's law is easiest to apply to 

symmetric charge distributions, it holds for any surface. 

(b) True 
2 

Determine the Concept Gauss's law states that the net flux through any surface is given 
by ^ net = jE n dA = 4;zfc<2 inside . To use Gauss's law the system must display some 

symmetry. 
3 

Determine the Concept The electric field is that due to all the charges, inside and 
outside the surface. Gauss's law states that the net flux through any surface is given 
by 0 net = jE 0 dA = 4;zfc<2 inside . The lines of flux through a Gaussian surface begin on 

charges on one side of the surface and terminate on charges on the other side of the 
surface. 

4 

Picture the Problem We can show that the charge inside a sphere of radius r is 
proportional to r and that the area of a sphere is proportional to r 2 . Using Gauss's law, 
we can show that the field must be proportional to rVr 2 = r. 

Use Gauss's law to express the 
electric field inside a spherical 
charge distribution of constant 
volume charge density: 

Express £2 inside as a function of p and CLside = pV ~ i n P r 

r. 

Substitute to obtain: 47tk 4 7ipr 3 

E = ~ 2 

Aw 



£ _ 4^<2 inside 
A 

where A = 4nr 2 . 



4k7TO 

—r 

3 
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*5 

(a) False. Consider a spherical shell, in which there is no charge, in the vicinity of an 
infinite sheet of charge. The electric field due to the infinite sheet would be non-zero 
everywhere on the spherical surface. 



(b) True (assuming there are no charges inside the shell). 



(c) True. 



(d) False. Consider a spherical conducting shell. Such a surface will have equal charges 
on its inner and outer surfaces but, because their areas differ, so will their charge 
densities. 

6 

Determine the Concept Yes. The electric field on a closed surface is related to the net 
flux through it by Gauss's law: (/) = § & EdA = <2 inside /e 0 . If the net flux through the closed 

surface is zero, the net charge inside the surface must be zero by Gauss's law. 
7 

Determine the Concept The negative point charge at the center of the conducting shell 



induces a charge +Q on the inner surface of the shell, (a) is correct 



8 

Determine the Concept The negative point charge at the center of the conducting shell 
induces a charge +Q on the inner surface of the shell. Because a conductor does not have 
to be neutral, (d) is correct. 



*9 

Determine the Concept We can apply Gauss's law to determine the electric field for 
r < R\ and r > R 2 . We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 



From the application of Gauss's law F _ kQ 

n — 2~ 

we know that the electric field in r 
both of these regions is not zero and 
is given by: 



A positively charged object placed in either of these regions would experience an 
attractive force from the charge -Q located at the center of the shell, (b) is correct. 
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Determine the Concept We can decide what will happen when the conducting shell is 
grounded by thinking about the distribution of charge on the shell before it is grounded 
and the effect on this distribution of grounding the shell. 



The negative point charge at the center of the conducting shell induces a positive charge 
on the inner surface of the shell and a negative charge on the outer surface. 
Grounding the shell attracts positive charge from ground; resulting in the outer surface 



becoming electrically neutral, (b) is correct. 



11 

Determine the Concept We can apply Gauss's law to determine the electric field for r < 
Ri and r > R 2 . We also know that the direction of an electric field at any point is 
determined by the direction of the electric force acting on a positively charged object 
located at that point. 



From the application of Gauss's law we know that the electric field in the region r < R\ 
r, kQ 

is given by E n = — r- . A positively charged object placed in the region r < R\ will 
r 

experience an attractive force from the charge -Q located at the center of the shell. With 
the conducting shell grounded, the net charge enclosed by a spherical Gaussian surface 
of radius r > R 2 is zero and hence the electric field in this region is zero, 
(c) is correct. 



12 

Determine the Concept No. The electric field on a closed surface is related to the net 
flux through it by Gauss's law: if) = ^EdA = Q inside /e 0 . <f> can be zero without E being 

zero everywhere. If the net flux through the closed surface is zero, the net charge inside 
the surface must be zero by Gauss's law. 

13 

False. A physical quantity is discontinuous if its value on one side of a boundary differs 
from that on the other. We can show that this statement is false by citing a 
counterexample. Consider the field of a uniformly charged sphere, p is discontinuous at 
the surface, E is not. 

Estimation and Approximation 

Picture the Problem We'll assume that the total charge is spread out uniformly (charge 
density = ri) in a thin layer at the bottom and top of the cloud and that the area of each 
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surface of the cloud is 1 km 2 . We can then use the definition of surface charge density 
and the expression for the electric field at the surface of a charged plane surface to 
estimate the total charge of the cloud. 



Express the total charge Q of a 
thundercloud in terms of the surface 
area A of the cloud and the charge 
density ex: 



Q = aA 



Express the electric field just outside 
the cloud: 



E = 



Solve for cr : 



cr=e 0 E 



Substitute for cr to obtain: 



Q=e 0 EA 



Substitute numerical values and evaluate Q: 



£ = (8.85xl0~ 12 C 2 /N-m 2 )(3xl0 6 V/m)(lkm 2 ): 



26.6C 



Remarks: This charge is in reasonably good agreement with the total charge 
transferred in a lightning strike of approximately 30 C. 

15 

Picture the Problem We'll assume that the field is strong enough to produce a spark. 
Then we know that field must be equal to the dielectric strength of air. We can then use 
the relationship between the field and the charge density to estimate the latter. 



Suppose the field is large enough to 
produce a spark. Then: 



3xl0 6 V/m 



Because rubbing the balloon leaves it 
with a surface charge density of +cr 
and the hair with a surface charge 
density of -cr, the electric field 
between the balloon and the hair is: 



E = 



2e r 



Solve for cr : 



cr = 2 e 0 E 



Substitute numerical values and evaluate a : 



a = 2(8.85 x 10" 12 C 2 / N • m 2 )(3x 10 6 V/m): 



5.31 xlCT 5 C/m 2 
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Picture the Problem For x « r, we can model the disk as an infinite plane. For 
x » r, we can approximate the ring charge by a point charge. 



For x « r, express the electric field 
near an infinite plane of charge: 

(a) and (b) Because E x is 
independent of x for x « r. 



27zk<j 



E x = 2^(8.99 x 10 9 N-m 2 /C 2 )(3.6,uC/m 2 ) 



= 2.03xl0 5 N/C 



For x » r, use Coulomb's law for 
the electric field due to a point 
charge to obtain: 



kQ knr 2 (j 



x 



x 



(c) Evaluate E x at x = 5 m: 



/ \ _ ^-(8.99 x 10 9 N • m 2 /C 2 )(2.5cm) 2 (3.6 /^C/m 2 ) _ 

(5 m) 



2.54 N/C 



2.54xl0 4 N/C 



(d) Evaluate E x at x = 5 cm: 

/ x _ ^-(8.99 x 10 9 N • m 2 /C 2 )(2.5 cm) 2 (3.6 juC/m 2 ) 
A h (0.05m) 2 
Note that this is a very poor approximation because x = 2r is not much greater than r. 

Calculating E From Coulomb's Law 



*17 • 

Picture the Problem We can use the definition of X to find the total charge of the line of 
charge and the expression for the electric field on the axis of a finite line of charge to 
evaluate E x at the given locations along the x axis. In part (d) we can apply Coulomb's law 
for the electric field due to a point charge to approximate the electric field at x = 250 m. 



(a) Use the definition of linear 
charge density to express Q in terms 
of X: 

Express the electric field on the axis 
of a finite line charge: 



Q = AL 

= (3.5nC/m)(5m): 



17.5nC 



E x (x 0 ) = 



kQ 



x 0 (x 0 L) 
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(b) Substitute numerical values and 
evaluate E x at x = 6 m: 



? ( 6m y (8.99xl0 9 N-m 2 /C 2 )(l7.5nC) 
' vV (6 m) (6 m-5m) 



= 26.2 N/C 



(c) Substitute numerical values and 
evaluate E x at x = 9 m: 



, ( 9m )_ (8-99xl0 9 N-m 2 /C 2 )(l7.5nC) 
'* V (9m)(9m-5m) 



= 4.37 N/C 



(J) Substitute numerical values and evaluate E x atx- 250 m: 



, ( 250m )_ (8-99xl0 9 N-m 2 /C 2 )(l7.5nC) _ 
' A ' (250m)(250m-5m) 



2.57mN/C 



(e) Use Coulomb's law for the 
electric field due to a point charge to 
obtain: 



EA*)= k 4 

x 



Substitute numerical values and evaluate £^(250 m): 

(250m)= ^io^^ = 

(250 m) 2 

Note that this result agrees to within 2% with the exact value obtained in (d). 



2.52 mN/C 
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Picture the Problem Let the charge 
densities on the two plates be <j\ and 02 
and denote the three regions of interest as 
1, 2, and 3. Choose a coordinate system in 
which the positive x direction is to the 
right. We can apply the equation for 
E near an infinite plane of charge and the 
superposition of fields to find the field in 
each of the three regions. 
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(a) Use the equation for E near 
an infinite plane of charge to 
express the field in region 1 
when o - ! = cr 2 - +3 //C/m 2 : 



E, = E rT +E n 

1 (T| CT 2 

= -27ik<j x i - 27ik<7 2 i 
= -4nk<j i 



Substitute numerical values and evaluate E. 



E x = -4tt(8.99 x 10 9 N • m 2 /C 2 )(3 juC/m 2 )i = I -(3.39xl0 5 N/c)/ 



Proceed as above for region 2: 



= 27rk<j,i - 2?Tk<jJ 

Z a, a*, 1 1 



= 27ikoi — 27ikoi = 0 



Proceed as above for region 3: 



The electric field lines are shown 
to the right: 



E, = E„ + E„ = 27rka,i + 27rfcaJ 
= 4^(8.99 x 10 9 N • m 2 /C 2 )(3 juC/m 



(3.39 xlO 5 N/cjf 



1 a 



(&) Use the equation for E near 
an infinite plane of charge to 
express and evaluate the field in 
region 1 when o\ = +3 //C/m 2 and 
<j 2 = -3 //C/m 2 : 

Proceed as above for region 2: 



E { = E + E a2 = 2jik(T x i - 2nk<j 2 i 
= 27ikoi - 27jkoi = 0 



E,=E„+E„ = 27tka,i + 2nk<j 0 i 
= 4nkoi 

= 4tt(s.99 x 10 9 N • m 2 /C 2 )(3 juC)i 



(3.39xl0 5 N/c)/ 
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Proceed as above for region 3: 



E,=E + E = 27tk(j,i - Ijikod 



= 27ikoi — 27ikoi = 0 



The electric field lines are shown to the 
right: 
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Picture the Problem The magnitude of the electric field on the axis of a ring of charge 

is given by E x {x) = kQx/ (x 2 + a 2 ) ^ where Q is the charge on the ring and a is the 

radius of the ring. We can use this relationship to find the electric field on the x axis at 
the given distances from the ring. 



Express E on the axis of a ring charge: g f\ _ 



kQx 



( 2 , 2V/2 
[x +a ) 



(a) Substitute numerical values and evaluate E x for x = 1.2 cm: 
E (1 .2 cm) - t 8 -" X N " m '/C 2 )(2.75 /X:)(l .2 cm) 



(1.2 cm) 2 +(8. 5 cm) 2 



4.69xl0 5 N/C 



(b) Proceed as in (a) with x = 3.6 cm: 



/ v _ (8.99 x 10 9 N • m 2 /C 2 )(2.75 jUC)(3.6cm) 
r {3.bcm)- r yzl 3 / 2 



[(3.6 cm) 2 +(8. 5 cm) 2 



1.13xl0 6 N/C 



(c) Proceed as in (a) with x = 4.0 m: 



E ( 4 m ) _ (8-99 x 10 9 N • m 2 /C 2 )(2.75 /C)(4m) _ 



[(4 m) 2 + (8.5cm) 2 



1.54xl0 3 N/C 



(d) Using Coulomb's law for the 
electric field due to a point charge, 
express E x : 



X 
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Substitute numerical values and evaluate E x at x = 4.0 m: 



7 (4 m) = (8.99 x 10- N ■ m 2 /C 2 )(2.75 ^) = i { ^ x ~ 3 ^ 
(4m) 



This result agrees to within 1% with the result obtained in Part (c). It is 
slightly larger because the point charge is nearer x = 4m than is the ring. 
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Picture the Problem We can use E x (x) = Izdca 



1- 



jx 2 +R 

electric field on the axis of a disk charge, to find E x atx- 0.04 cm and 5 m 



, the expression for the 



Express the electric field on the axis 
of a disk charge: 

(a) Evaluate this expression for x = 0.04 cm: 



E x (x) = 27tk<j 



1- 



Jx 2 +R 2 



E x = 2^(8.99 x 10 9 N • m 2 / C 2 )(3.6 pC/m 2 ) 



0.04 cm 



A /(0.04cm) 2 +(2.5cm) 2 



2.00xl0 5 N/C 



This value is about 1.5% smaller than the approximate value obtained in Problem 9. 



(b) Proceed as in (a) for x = 5 m: 



5m 



E x =2n{$.99 xl0 9 N-m 2 /C 2 )(3.6//C/m 2 ) . , 

A /(5m) 2 +(2.5cm) 

Note that the exact and approximate (from Problem 16) agree to within 1%. 



2.54 N/C 
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Picture the Problem We can use the definition of A, to find the total charge of the line of 
charge and the expression for the electric field on the perpendicular bisector of a finite 
line of charge to evaluate E y at the given locations along the y axis. In part (e) we can 
apply Coulomb's law for the electric field due to a point charge to approximate the 
electric field at y = 4.5 m. 



(a) Use the definition of linear 



g = / lL = (6nC/m)(5cm): 



0.300 nC 
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charge density to express Q in terms 
of k. 



Express the electric field on the 
perpendicular bisector of a finite line 
charge: 



E v (y)- 



2kA 



i 



y 



(b) Evaluate E y at y = 4 cm: 



E (1cm)- 2 (8-99xl0 9 N-m 2 /C 2 ) j(6nC/m)(0.05m) 
0.04 m 7(0.025 m) 2 + (0.04 m) 2 



1.43kN/C 



(c) Evaluate E y at y = 12 cm: 



? (12cm)- 2 ( 8 - 99xl ° 9N - m2/c2 ) j(6nC/m)(0.05m) 
°- 12m V( 0 - 025m ) 2 +(°- 12m ) 2 



183 N/C 



(d) Evaluate E y at y = 4.5 m: 



E ( 1 5m )_ 2 ( 8 - 99 xl0 9 N-m 2 /C 2 ) i(6nC/m)(0.05m) 

V(0.025m) 2 +(4.5m) 2 



4.5m 



0.1 33 N/C 



(e) Using Coulomb's law for the electric ^ {y)~ 
field due to a point charge, express Z? v : y y 



kQ 

2 



Substitute numerical values and evaluate E y at y = 4.5 m: 

E ,(4.5 m )>" Xl0 ' N - m2 f^ 3nC > = 

(4.5 m) 

This result agrees to three decimal places with the value calculated in Part (d). 



0.133 N/C 



22 • 

Picture the Problem The electric field on the axis of a disk charge is given by 

r \ 
x 

1 , . We can equate this expression andii^ = \ a/2 e Q and 



E x = 27dcq 
solve for x. 



yjx 2 +a : 



Express the electric field on the axis of a 
disk charge: 



E x = 27tkq 



1 



x 



4 



2 2 

x~ + a ) 
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We're given that: 



Equate these expressions: 



4s n 



2zdca 



4x 2 + a 2 



Simplify to obtain: 



4s n 



yjx 2 + a 2 



or, because k = \I\tcsq, 



1 



1 



4x 2 +a 2 



Solve for x to obtain: 



x = 



a 
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Picture the Problem We can use E r = 



kQx 



( 2 , 2V/2 
\x +a J 

distances from the center of the charged ring. 



to find the electric field at the g' 



(a) Evaluate E x atx- 0.2a: 



E x (0.2ah r kQi ° 2a) 



(0.2af+a 2 



3/2 



0.189 



kQ 



(b) Evaluate E x atx - 0.5a: 



E x (0.5a) 



kQ(0.5a) 



(0.5a) 2 + a 2 



3/2 



0.358 



kQ 



(c) Evaluate E x atx- 0.1a: 



*,(a7 fl )- f ,,^ 7 «L 



(0.7 'of + a 2 



0.385^f 
a 



(d) Evaluate E x at x = a: 



kQa 
[a 2 + a 2 \ 



3/2 



0.354 



kQ 
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(e) Evaluate E x atx = 2a: 



E x (2a)- 



2kQa 



(2a) 2 + a 2 



3/2 



0.179 



kQ 



The field along the x axis is plotted below. The x coordinates are in units of xla and E is in 
units of kQla 2 . 



0.4 



0.2 



0.0 



-0.2 



-0.4 




















































-2 -1 



0 

xla 



24 



Picture the Problem We can use E, = 2^fccr 



the disk, to find the electric field on the axis of a disk charge. 



, where R is the radius of 



Express E x in terms of £ 0 : 



2n<7 



4k e, 



a 



2e r 



Jx 2 +R 2 



(a) Evaluate E x atx- 0.2a: 



E x (02a)- 



G 

2 e. 



0.804 



0.2a 



V(0.2a) 2 +a 2 



a 

2 e„ 
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(b) Evaluate E x at x = 0.5a: 



E x (0.5a)- 



2 e r 



0.5a 



V(0.5a) 2 + a : 



0.553 



2e r 



(c) Evaluate E x atx- 0.7a: 



E x (0Ja) = 



(T 



2e r 



0.1a 



■^(O.laf +a : 



0.427- 



2e f 



(d) Evaluate E x at x = a: 



2 G n 



a/o" 



2 . 2 

+ a y 



0.293- 



2e„ 



(e) Evaluate E x atx - 2a: 



E x (2a) = 



a 



2e r 



2a 



2 , 2 

+ a 



0.106- 



(7 

2 G r 



The field along the x axis is plotted below. The x coordinates are in units of xla and E is 
in units of cr/2 e 0 . 
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Picture the Problem 

(a) The electric field on the x axis of 
a disk of radius r carrying a surface 
charge density cr is given by: 

(b) The electric field due to an £ plate = 27±<J 
infinite sheet of charge density cris 

independent of the distance from the 
plane and is given by: 

A spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


B3 


9.00E+09 


k 


B4 


5.00E-10 


a 


B5 


0.3 


r 


A8 


0 


XQ 


A9 


0.01 


x 0 + 0.01 


B8 


2*PI()*$B$3*$B$4*(1-A8/ 
(A8 A 2+$B$5 A 2) A 2) A 0.5) 


f \ 

27ika 1 — -, 

{ ^x 2 +r 2 ) 


C8 


2*PI()*$B$3*$B$4 







A 


B 


C 


1 








2 








3 


k= 


9.00E+09 


Nm A 2/C A 2 


4 


sigma= 


5.00E-10 


C/m A 2 


5 


r= 


0.3 


m 


6 








7 


X 


E(x) 


E plate 


8 


0.00 


28.27 


28.3 


9 


0.01 


27.33 


28.3 


10 


0.02 


26.39 


28.3 


11 


0.03 


25.46 


28.3 


12 


0.04 


24.54 


28.3 


13 


0.05 


23.63 


28.3 


14 


0.06 


22.73 


28.3 


15 


0.07 


21.85 


28.3 










73 


0.65 


2.60 


28.3 


74 


0.66 


2.53 


28.3 


75 


0.67 


2.47 


28.3 


76 


0.68 


2.41 


28.3 


77 


0.69 


2.34 


28.3 



27ik<j 



2 . 2 

x +r J 
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78 


0.70 


2.29 


28.3 



The following graph shows £ as a function of x. The electric field from an infinite sheet 
with the same charge density is shown for comparison - the magnitude of the electric 
fields differ by more than 10 percent for x = 0.03 m. 
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- - - . E pla 
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Picture the Problem Equation 22-10 expresses the electric field on the axis of a ring 
charge as a function of distance along the axis from the center of the ring. We can show 
that it has its maximum and minimum values at x = + a and x = -a A/2 by setting 
its first derivative equal to zero and solving the resulting equation for x. The graph of E x 
will confirm that the maximum and minimum occur at these coordinates. 



Express the variation of Z^with x on ^ kQx 

the axis of a ring charge: 1 ^ 2 + a 2 j 

Differentiate this expression with respect to x to obtain: 



dx dx 



(x 2 +a 2 ) 



3/2 



kQ- 



(x 2 +a 2 ) 



3/2 d 



x — \x° +a 2 ) 
dx y ' 



3/2 



(x 2 +a 2 J 



( 2 , 2W 2 (A( 2 , 2V/ 2 /S \ ( 2 , 2V/ 2 O l( 2 , 2V/ 2 

~ £<2 ~ x \i)\ x +a ) \r x ) _j c q\ x +a ) -3x \x +a J 

(x 2 +a 2 J (x 2 +a 2 J 



Set this expression equal to zero for 
extrema and simplify: 



0, 



( 2 , 2W 2 r. 2 ( 2 , 2V/ 2 

[x +a j -3x [x +a j 

[x 2 +a 2 J 

( 2 , 2W 2 n A 2 , 2V/ 2 n 
[x +a j - 3x \x + a J =0, 
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and 

x 2 + a 2 - 3x 2 = 0 



Solve for x to obtain: 



x = 



as our candidates for maxima or minima. 




27 » 

Picture the Problem The line charge and 
point (0, y) are shown in the diagram. Also 
shown is a line element of length dx and the 
field dE its charge produces at (0, y). We 
can find dE x from dE and then integrate 
from x = x\ to x = X2- 




Express the x component of dE : 



dE,. 



kA 



2 . 2 

x +y 



sin 6dx 



x 2 + 



y 2 yjx 2 + y 2 



dx 



kXx 



(x 2 + y 2 ) 



3/2 



dx 
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Integrate from x = X\ to x 2 to obtain: 



= -kA 



i ( 2 , 2W 2 
1 



dx 



1 1 

■ + - 



y 



<J4 + y z V?+7 

y , y 



4 x l + y 2 jxf + y 2 



From the diagram we see that: 



cos 6 2 = 



4 x l + y 2 



and 



cos 0, 



V^i 2 + y 2 



or # 2 = tan 



or # t = tan 



y ) 



yj 



Substitute to obtain: 



[- cos 6* 9 + cos 6 1 , ] 



[cos 6 2 - cos ^ ] 
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Picture the Problem The diagram shows a 
segment of the ring of length ds that has a 
charge dq = /kfa. We can express the 

electric field JZ? at the center of the ring 
due to the charge dq and then integrate this 
expression from 9- 0 to 2n to find the 
magnitude of the field in the center of the 
ring. 

(a) and (b) The field dE at the 
center of the ring due to the charge 
dq is: 

The magnitude dE of the field at the 
center of the ring is: 




dE = dE x + dE y 

= -dE cos Oi - dE sin 0 j 



dE = 



kdq 



(1) 
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Because dq = Ms: 



dE 



kXds 



The linear charge density varies with 
9 according to 
A(0) = Ao sin 6>: 



/c/L sin # 
dE = — - — z 



Substitute rdO for ds: 



- sm & r d@ _ kA Q sin 0 dO 



Substitute for dE in equation (1) to 
obtain: 



dE = 



kZ, sin 0 cos 6d6 r 



kA Q sin 2 6 1 J6 1 



Integrate JZ? from 9- 0 to 2;n 



2r 



2ff 



Q 



The field at the origin is in the negative y direction and its magnitude is - 
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Picture the Problem The line charge and 
the point whose coordinates are 
(0, y) are shown in the diagram. Also 
shown is a segment of the line of length dx. 
The field that it produces at (0, y) is dE. 
We can find dE v from dE and then 
integrate from x = 0 to x = a to find the y 
component of the electric field at a point on 
the y axis. 




(a) Express the magnitude of the 
field dE due to charge dq of the 



dE = 



kdq 



The Electric Field 2: Continuous Charge Distributions 
element of length dx: where r 2 = x 2 + y 2 



Because dq = Xdx : 



dE = 



kAdx 

2 . 2 

x + y 



Express the y component of dE: 



dE 



kX 



v 2,2 

x + y 



cos 6 dx 



Refer to the diagram to express cos 9 
in terms of x and y: 



COS0 



y 



Substitute for cos 9 in the expression 
for dE y to obtain: 

Integrate from x = 0 to x = a and 
simplify to obtain: 



dE = ^ dx 

y (x 2 + y 2 f 2 

E y = My] , 2)3/2 dx 
o[x +y ) 



= kXy 



2 / 2 , 2 

y +y 



= kA 



r 2 , 2 



kX a 



y ^a 2 + y 2 
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Picture the Problem Consider the ring 
with its axis along the z direction shown in 
the diagram. Its radius is z = rcos 9 and its 
width is rd 9. We can use the equation for 
the field on the axis of a ring charge and 
then integrate to express the field at the 
center of the hemispherical shell. 




Express the field on the axis of the 
ring charge: 



dE = 



kzdq 



kzdq 



where z = rcos 9 
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Express the charge dq on the ring: 



dq = odA = ailnr sin 6)rd6 
= Inor 1 sin 6d6 



Substitute to obtain: _ k (r cos OXlnor 2 sin OdO 

dE = — 



3 

r 



Integrate dE from 9- 0 to nil to obtain: 



= 2;zfccrsin 0 cos 6^6* 
£ = 2^cr | sin 0 cos 

0 

= 2^cr[ysin 2 = 



7tk<j 



Gauss's Law 
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Picture the Problem The definition of electric flux is 0 = j> E • hdA . We can apply this 
definition to find the electric flux through the square in its two orientations. 

(a) Apply the definition of </> to find (/> = | (2 kN/C)' • idA = (2 kN/C) | JA 

the flux of the field when the square 

is parallel to the plane: = (2kN/C)(0.1m) = 



20.0N-m 2 /C 



(ft) Proceed as in (a) with i ■ n = cos 30° : </> = | (2 kN/C)cos 30° JA 

= (2kN/C)cos30°j>dA 
= (2kN/C)(0.1m) 2 cos30 c 



= 17.3N-m7C 



*32 • 

Determine the Concept While the number of field lines that we choose to draw radially 
outward from q is arbitrary, we must show them originating at q and, in the absence of 
other charges, radially symmetric. The number of lines that we draw is, by agreement, in 
proportion to the magnitude of q. 
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(a) The sketch of the field lines and of the 
sphere is shown in the diagram to the 
right. 




Given the number of field lines drawn from q, 3 lines enter the sphere. 

Had we chosen to draw 24 field lines, 6 would have entered the spherical surface. 



(b) The net number of lines crossing the surface is zero. 



(c) The net flux is zero. 
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Picture the Problem The field at both circular faces of the cylinder is parallel to the 

outward vector normal to the surface, so the flux is just EA. There is no flux through the 

curved surface because the normal to that surface is perpendicular to£\ The net flux 

through the closed surface is related to the net charge inside by Gauss's law. 

y,cm 



10 



10 



x, cm 



(a) Use Gauss's law to calculate the 
flux through the right circular 
surface: 



bright = bright -«nght A 

= (300N/C)/ -iV)( 0 - 04 

m 



= 1.51N-m7C 



Apply Gauss's law to left circular 
surface: 



4f t =E Mt - n m A 

= (- 300 WC)i ■ (- 1 )(;r)(0.04 m) 2 
= 1.51N-m 2 /C 
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(b) Because the field lines are 
parallel to the curved surface of the 
cylinder: 

(c) Express and evaluate the net flux 
through the entire cylindrical 
surface: 



curved 



&et = bright + 4ft + Curved 

= 1.51N-m 2 /C + 1.51N-m 2 /C + 0 



3.02N-m7C 



id) Apply Gauss's law to obtain: 



Solve for 2 inside : 



_ 4et 



Q 



Substitute numerical values and 
evaluate £2 inside : 



3.02N-m7C 
4^(8.99xl0 9 N-m 2 /C 2 ) 



2.67xlO n C 



34 • 

Picture the Problem We can use Gauss's law in terms of Sq to find the net charge inside 
the box. 



(a) Apply Gauss's law in terms of 
Sq to find the net charge inside the 
box: 



Substitute numerical values and 
evaluate 2i nsi d e : 



1 



net ^inside 



or 

^inside ^0 ^ni 



GU* = (8-85 x 10 12 C 2 /N • m 2 )(6kN ■ m 2 /c) 



= 5.31xl0~ 8 C 



(b) 



You can only conclude that the net charge is zero. There may be an equal 
number of positive and negative charges present inside the box. 
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Picture the Problem We can apply Gauss's law to find the flux of the electric field 
through the surface of the sphere. 



(a) Use the formula for the surface A = 4w 2 = 4^-(o.5 m) 2 = 3.14m 2 

area of a sphere to obtain: 



(b) Apply Coulomb's law to express 
and evaluate E: 
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(c) Apply Gauss's law to obtain: 



An e 0 r 



1 2//C 

4^-(8.85xl0" 12 C 2 /N-m 2 ) (0.5 m) 2 



7.19xl0 4 N/C 



= -ndA = §EdA 

= (7.19xl0 4 N/c)(3.14m 2 ) 



= 2.26xl0 5 N-m7C 



(d) 



No. The flux through the surface is independent of where the 
charge is located inside the sphere. 



(e) Because the cube encloses the sphere, 
the flux through the surface of the sphere 
will also be the flux through the cube: 



^cube 



2.26xl0 5 N-m7C 



*36 • 

Picture the Problem We'll define the flux of the gravitational field in a manner that is 
analogous to the definition of the flux of the electric field and then substitute for the 
gravitational field and evaluate the integral over the closed spherical surface. 



Define the gravitational flux as: 

Substitute for g and evaluate the 
integral to obtain: 



^ g =§ s g-ndA 



Gm 



■ ndA = 



Gm 



r 2 JS 



dA 



Gm 



K r J 



(Aw 2 ) = 



AjiGm 
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Picture the Problem We'll let the square be one face of a cube whose side is 40 cm. 
Then the charge is at the center of the cube and we can apply Gauss's law in terms of Sq 
to find the flux through the square. 

Apply Gauss's law to the cube to , J_r> 

, Tnet ~ iiinside 

express the net flux: e 0 
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Express the flux through one face of , 1 ^ 

. . /square ^ ^inside 

the cube: o e 0 



Substitute numerical values and 
evaluate ^ squ ar e : 



6 = 2jUC 

9squme 6(8.85 xl0 :i2 C 2 /N-m 2 ) 



= 3.77xl0 4 N-m 2 /C 
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Picture the Problem We can treat this portion of the earth's atmosphere as though it is a 
cylinder with cross-sectional area A and height h. Because the electric flux increases with 
altitude, we can conclude that there is charge inside the cylindrical region and use 
Gauss's law to find the charge and hence the charge density of the atmosphere in this 
region. 

The definition of volume charge Q 

P = — 

density is: V 

Express the charge inside a cylinder Q = pAh 

of base area A and height h for a 
charge density p: 



Taking upward to be the positive 
direction, apply Gauss's law to the 
charge in the cylinder: 

Substitute to obtain: 



Q = -{E h A-E 0 A)G 0 ={E 0 A-E h A)G 0 

where we've taken our zero at 250 m above 
the surface of a flat earth. 

(E 0 A-E h A)e 0 _ {E 0 -E h )e 0 
Ah h 



Substitute numerical values and evaluate p: 

_ (l50N/C-170N/C)(8.85xl0 12 C 2 /N-m 2 ) _ 
P ~ 250m 

where we've been able to neglect the curvature of the earth because the maximum height 
of 400 m is approximately 0.006% of the radius of the earth. 



7.08xl0-°C/m 3 



Spherical Symmetry 
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Picture the Problem To find E n in these three regions we can choose Gaussian surfaces 
of appropriate radii and apply Gauss's law. On each of these surfaces, E r is constant and 



The Electric Field 2: Continuous Charge Distributions 103 



Gauss's law relates E r to the total charge inside the surface. 



(a) Use Gauss's law to find the 
electric field in the region r<R\: 



^E a dA = —Q mside 



is 
and 



inside 



' r<R\ 



e 0 A 



0 



because 2, nside = 0. 



Apply Gauss's law in the region 
Ri <r<R 2 : 



E - 



9i 



kq l 



Using Gauss's law, find the electric 
field in the region r> R 2 : 



E r>R . = 



q 1 + q 2 



(b) Set E r>R = Oto obtain: 



q x +q 2 =Q 
or 
4i . 



1 



(c) The electric field lines for the 
situation in (b) with q x positive is shown 
to the right. 
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Picture the Problem We can use the definition of surface charge density and the formula 
for the area of a sphere to find the total charge on the shell. Because the charge is 
distributed uniformly over a spherical shell, we can choose a spherical Gaussian surface 
and apply Gauss's law to find the electric field as a function of the distance from the 
center of the spherical shell. 



(a) Using the definition of surface 
charge density, relate the charge on 
the sphere to its area: 



Q = oA = Atcct r 2 

= 4;r(9nC/m 2 )(0.06m) 2 



0.407 nC 
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Apply Gauss's law to a spherical 
surface of radius r that is concentric 
the spherical shell to obtain: 



§ s E n dA = — Q^ e 
or 

Aw 2 E =Q™ds_ 



Solve for E n : 



^inside 1 _ ^2inside 



An £ n r 



2 2 

r 



(b) Qinside a sphere whose radius is 2 E a (2 cm) = 

cm is zero and hence: 



(c) <2in S ide a sphere whose radius is 
5.9 cm is zero and hence: 



E n (5.9cm) = 



0 



(d) <2i ns ide a sphere whose radius is 6.1 cm is 0.407 nC and hence: 
„/, , \ (8.99xl0 9 N-m 2 /C 2 )(0.407nC) 

£ - (6 ' lcm)= ^ (S^f 



983 N/C 



(&) Qinside a sphere whose radius is 10 cm is 0.407 nC and hence: 

£n(l0cm)= Mxl0^mVpO407^ = 

(0.1m) 



366 N/C 
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Picture the Problem We can use the definition of volume charge density and the 
formula for the volume of a sphere to find the total charge of the sphere. Because the 
charge is distributed uniformly throughout the sphere, we can choose a spherical 
Gaussian surface and apply Gauss's law to find the electric field as a function of the 
distance from the center of the sphere. 



(a) Using the definition of volume 
charge density, relate the charge on 
the sphere to its volume: 



Q = pV=j7rpr 3 

= j^-(450nC/m 3 )(0.06m) 3 



= 0.407 nC 



Apply Gauss's law to a spherical i E dA~ - Q 

surface of radius r < R that is " ° e 0 mside 

concentric with the spherical shell to or 
obtain: 
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4m- 2 E =Q™&- 



Solve for E n : 



T? Qinside \ ^Qinside 

n ~4xe»r 2 ~ r 1 



Because the charge distribution is 
uniform, we can find the charge 
inside the Gaussian surface by using 
the definition of volume charge 
density to establish the proportion: 



Q ^inside 

V ~ V 

where V is the volume of the Gaussian 
surface. 



Solve for Q insid e to obtain: 



2inside Q T , Q 



R 3 



Substitute to obtain: 



(b) Evaluate E n at r = 2 cm: 



E n {r<R) = Q^\ = Hr 



An e n r 2 R 3 



p h \ (8.99 x 1Q 9 N • m 2 /C 2 )(0.407 nC) (n no x 
E n (2 cm) = ^ /v '- (0.02 m) = 

(0.06 m ) 



339 N/C 



(c) Evaluate E a at r = 5.9 cm: 



a5.9c m )J 8 - 99xl09 ^ m2/C ; 3 ^ 4Q7nC )(0.059m) = 
nV } (0.06 m) 3 V ' 



999 N/C 



Apply Gauss's law to the Gaussian 
surface with r > R: 



4nr 2 E„ = 



Q 



inside 



Solve for E n to obtain: 



_ inside _ kQ 



(d) Evaluate E a at r = 6. 1 cm: 



; ,(6.1cm) = < 8 - 99xl0,N - mi/C ;)( 0407llC ) = 

(0.06 lm) 



983 N/C 



(e) Evaluate E n at r = 10 cm: 
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(lQcm) _ (^9*10^^0407^ _ 

(O.lm) 2 1 1 

Note that, for r > R, these results are the same as those obtained for in Problem 40 for a 
uniform charge distribution on a spherical shell. This agreement is a consequence of the 
choices of cr and p so that the total charges on the two spheres is the same. 

*42 

Determine the Concept The charges on a conducting sphere, in response to the repulsive 
Coulomb forces each experiences, will separate until electrostatic equilibrium conditions 
exit. The use of a wire to connect the two spheres or to ground the outer sphere will cause 
additional redistribution of charge. 

(a) Because the outer sphere is conducting, the field in the thin shell must vanish. 
Therefore, -2Q, uniformly distributed, resides on the inner surface, and -5Q, uniformly 
distributed, resides on the outer surface. 

(b) Now there is no charge on the inner surface and -52 on the outer surface of the 
spherical shell. The electric field just outside the surface of the inner sphere changes from 
a finite value to zero. 

(c) In this case, the -5Q is drained off, leaving no charge on the outer surface and -2Q 
on the inner surface. The total charge on the outer sphere is then -2Q. 
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Picture the Problem By symmetry; the electric field must be radial. To find E r inside 
the sphere we choose a spherical Gaussian surface of radius r < R. On this surface, E t is 
constant. Gauss's law then relates E r to the total charge inside the surface. 

Apply Gauss's law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 



Solve for E r : 



Use the definition of charge density 
to relate Qinside to p and the volume 
defined by the Gaussian surface: 



inside 

0 



2/7 ^inside 



or 

47zr l E.. = 



rp ^inside ^ _^jriside 

r 9 2 

4x g 0 r r 



^inside /^Gaussian surface 3 
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Substitute to obtain: 



Substitute numerical values and evaluate E r at r = 0.57? = 0.05 m: 



E t (0.05 m) = | tt(2 nC/m 3 )(8.99 x 10 9 N • m 2 /C 2 )(0.05 m)= 



3.77 N/C 
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Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and 
r = R. By symmetry, the electric fields must be radial. To find E r inside the charged 
sphere we choose a spherical Gaussian surface of radius r < R. To find E r outside the 
charged sphere we choose a spherical Gaussian surface of radius r > R. On each of these 
surfaces, E r is constant. Gauss's law then relates E r to the total charge inside the surface. 



(a) Express the charge dq in a shell 
of thickness dr and volume Anr 2 dr. 



dq = Am~ 2 pdr = Anr 2 (Ar)dr 
= AnAr^dr 



Integrate this expression from 

r = 0 to R to find the total charge on 

the sphere: 



K 

Q = AnA^r 3 dr = [7iAr A \l 



(b) Apply Gauss's law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 



$ s E r dA = — £ inside 



or 

Anr L E._ = 



It? ^inside 



Solve for E T : 



An e 0 r 
JcAtzR 4 



AR 



A e 0 r 2 



Apply Gauss's law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 



or 

A7tr z E.. = 



2 77 ^inside 
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Solve for E r : . . n ^4 r 4 I A r 2 

E T {r<R)= ^ ide = , = — 
4;zr e n 4;zr e n 4 G n 



The graph of E r versus rlR, with E r in units of A/4 e 0 , was plotted using a spreadsheet 
program. 




Remarks: Note that the results for (a) and (b) agree at r = R. 
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Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and r = R. By 
symmetry, the electric fields must be radial. To find E r inside the charged sphere we 
choose a spherical Gaussian surface of radius r < R. To find E, outside the charged sphere 
we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E r is 
constant. Gauss's law then relates E T to the total charge inside the surface. 

(a) Express the charge dq in a shell ^ = ^ ^ = ^ B ^ 

of thickness dr and volume 4nr 2 dr. r 

= AnBrdr 

Integrate this expression from 
r = 0 to R to find the total charge on 
the sphere: 



Q == AnB^ rdr = \lnBr 1 ] * 



2nBR- 
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(b) Apply Gauss's law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 



Solve for E t : 



£iv/A = -!2 inside 
or 

4m- 2 E = Q™te 



77 ( „ ^ 2inside ^ ^2inside 

E\r>R)-- T - T 

An e 0 r 

klm3R 2 



BR' 

2^? 



Apply Gauss's law to a spherical 
surface of radius r<R that is 
concentric with the nonconducting 
sphere to obtain: 



k E < dA =T a 

fc 0 

Qinside 



IS 

or 



inside 



Am L E r = 



Solve for E r : 



E r (r<R)= Qia f e 



InBr 2 



Am e n Am' 



B 



2e n 



The graph of E r versus rlR, with E r in units of B/2 e 0 , was plotted using a spreadsheet 
program. 




o.o -] 1 , , ! 1 , 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 

rlR 



Remarks: Note that our results for (a) and (b) agree at r = R. 
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Picture the Problem We can find the total charge on the sphere by expressing the charge 
dq in a spherical shell and integrating this expression between r = 0 and r = R. By 
symmetry, the electric fields must be radial. To find E r inside the charged sphere we 
choose a spherical Gaussian surface of radius r < R. To find E r outside the charged sphere 
we choose a spherical Gaussian surface of radius r > R. On each of these surfaces, E x is 
constant. Gauss's law then relates E r to the total charge inside the surface. 

(a) Express the charge dq in a shell ^ = ^ ^ = ^ C_ ^ 

of thickness dr and volume Am 2 dr. r 

= 4nCdr 



Integrate this expression from 

r = 0 to R to find the total charge on 

the sphere: 



Q = 4xC\dr = [47iCr]l 



AnCR 



(b) Apply Gauss's law to a spherical 
surface of radius r > R that is 
concentric with the nonconducting 
sphere to obtain: 



| s £ r jA=-e inside 



Js 
or 



2 77 ^inside 



Solve for E r : 



J7 i „ ^ 2inside ^ _ ^Ginside 

h r [r>K)-- — 

47T e n r r 



kAnCR 



CR 



Apply Gauss's law to a spherical 
surface of radius r < R that is 
concentric with the nonconducting 
sphere to obtain: 



is 
or 



Atu-E,. 



a 



inside 



Solve for E r : 



Ei (r<R) = -& 



inside 



AnCr 



Anr 2 e 0 4w 2 e 0 



C 



The graph of E r versus rlR, with E r in units of C I e 0 R , was plotted using a spreadsheet 
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program. 

10 i 

8 - 
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Picture the Problem By symmetry, the electric fields resulting from this charge 
distribution must be radial. To find Z? r for r < a we choose a spherical Gaussian surface of 
radius r < a. To find E r for a < r < b we choose a spherical Gaussian surface of radius a < 
r < b. To find E r for r > b we choose a spherical Gaussian surface of radius r > b. On 
each of these surfaces, E r is constant. Gauss's law then relates E T to the total charge 
inside the surface. 



(a), (b) Apply Gauss's law to a 
spherical surface of radius r that is 
concentric with the nonconducting 
spherical shell to obtain: 



Js 
or 

4jcr l E 



2 t? ^inside 



Solve for E r : E(r)=® imide * - ^ 



-'inside 



4;re n r 2 r 2 



Evaluate E r (r< a): E.(r <a)= ^ inside - - ^ insi 



4;r e 0 r r 



2 



0 



because /X?" < a) = 0 and, therefore, <2inside : 
0. 
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Integrate dq from r = a to r to find 
the total charge in the spherical shell 
in the interval a <r<b: 



(r 3 -a) 



Evaluate E r (a <r <b)\ 



EXa<r<b)= k Qf Ae 



~3?~ 



P 



3e 0 r 



(r 3 -a 3 ) 



For r > b: 



and 



P 



3e 0 r' 



(b'-a 3 ) 



Remarks: Note that E is continuous atr = b. 



Cylindrical Symmetry 
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Picture the Problem From symmetry, the field in the tangential direction must vanish. 
We can construct a Gaussian surface in the shape of a cylinder of radius r and length L 
and apply Gauss's law to find the electric field as a function of the distance from the 
centerline of the infinitely long, uniformly charged cylindrical shell. 



Apply Gauss's law to the cylindrical 
surface of radius r and length L that 
is concentric with the infinitely long, 
uniformly charged cylindrical shell: 



*=(> 

^inside 



inside 



or 

InrLE, 



where we've neglected the end areas 
because no flux crosses them. 



Solve for E„: 



^ins 



inside 



2*0*. 



Lr 



inside 



For r < R, Q iaside = 0 and 
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E n {r<R) = 



For r > R, £2 inside = AL and: 



„ / n x 2kAL 2U 2k(lnRo) 

E n[r>R) = — l — = = — 

Lr r r 



Ra 
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Picture the Problem We can use the definition of surface charge density to find the total 
charge on the shell. From symmetry, the electric field in the tangential direction must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss's law to find the electric field as a function of the distance from 
the centerline of the uniformly charged cylindrical shell. 



(a) Using its definition, relate the 
surface charge density to the total 
charge on the shell: 

Substitute numerical values and 
evaluate Q: 



Q = oA 
= InRLo 



Q = 2^(0.06 m) (200 m) (9 nC/m 2 ) 



= 679 nC 



(b) From Problem 48 we have, for 
r = 2 cm: 

(c) From Problem 48 we have, for 
r - 5.9 cm: 

(d) From Problem 48 we have, for r-6.l cm: 



E(2 cm) = 
£(5.9 cm) = 



aR 



and 



1 \ (9nC/m 2 )(0.06m) 

E{6. lcm) = -[ ^ rz ^ t^tt 1 r 

V ' (8.85xl0" 12 C 2 /N-m 2 )(0.061m) 



l.OOkN/C 



(e) From Problem 48 we have, for r = 10 cm: 



_, 1n s (9nC/m 2 )(0.06m) 

£(10cm) = 7 ^ -Y7 r : 

V ; (8.85xl0" 12 C 2 /N-m 2 )(0.1m) 



610 N/C 
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Picture the Problem From symmetry, the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss's law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 



Apply Gauss's law to a cylindrical 
surface of radius r and length L that 
is concentric with the infinitely long 
nonconducting cylinder: 



l E » dA = T Q « 



or 

2twLE„ = 



^inside 



where we've neglected the end areas 
because no flux crosses them. 



Solve for E a : 



J? ^inside ^^^inside 



2mLe n 



Lr 



Express <2inside for r < R: 



Substitute to obtain: 



Express <2 inside for r > R: 



Substitute to obtain: 



E n (r<R)= 2k ^ Lr2 ^ 
Lr 

or, because A = pjiR 1 
E n {r<R) 



Po 
2e, 



A 



2?i£ Q R 2 



En[r>R)= 2k( m LR>) = 
Lr 

or, because A = pnR 2 
E n {r>R) 



p 0 R 2 

2e 0 r 



2k e 0 r 
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Picture the Problem We can use the definition of volume charge density to find the total 
charge on the cylinder. From symmetry, the electric field tangent to the surface of the 
cylinder must vanish. We can construct a Gaussian surface in the shape of a cylinder of 
radius r and length L and apply Gauss's law to find the electric field as a function of the 
distance from the centerline of the uniformly charged cylinder. 
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(a) Use the definition of volume 
charge density to express the total 
charge of the cylinder: 

Substitute numerical values to 
obtain: 



Q m =pV= p{xR 2 L) 



Q m = tt(300 nC/m 3 )(0.06 m) 2 (200 m) 



679 nC 



From Problem 50, for r < 7?, we 
have: 



E r =-^r 
2 e n 



(b) For r = 2 cm: 



£(2cm)- (300nC/m 3 )(0.02m) 
' V ; 2(8.85 xlO" 12 C 2 /N-m 2 ) 



339 N/C 



(c) For r = 5.9 cm: 



£(5 9cm)~ (300nC/m 3 )(0.059m) 
rV ; 2(8.85 xlO" 12 C 2 /N-m 2 ) 



l.OOkN/C 



From Problem 50, for r > R, we have: 



E,. = 



PR 2 

2e 0 r 



id) For r = 6.1 cm: 



„ /, , x (300nC/m 3 )(0.06m) 2 

E.(6.1cm) = -r ^ — — tX/^ \ 

,V ; 2(8.85 xlO" 12 C 2 /N-m 2 )(0.061m) 



l.OOkN/C 



(e) For r - 10 cm: 

£ r (l0cm): 



(300nC/m 3 )(0.06m) 2 
2(8.85 xlO" I2 C 2 /N-m 2 )(0.1m) 



610 N/C 



Note that, given the choice of charge densities in Problems 49 and 5 1 , the electric fields 
for r > R are the same. 
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Picture the Problem From symmetry; the field tangent to the surfaces of the shells must 
vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r and 
length L and apply Gauss's law to find the electric field as a function of the distance from 
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the centerline of the infinitely long, uniformly charged cylindrical shells. 



(a) Apply Gauss's law to the 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long, uniformly charged 
cylindrical shell: 



E D dA = — Q inside 
e 0 



Js 

or 

2mLE„ = 



Ginside 



where we've neglected the end areas 
because no flux crosses them. 



Solve for E n : 



E. = 



Lr 



(1) 



For r<R u g inside = 0 and: 



E n {r<R i ) = 



0 



Express Q intiide for 7?i < r < R 2 : 



Substitute in equation (1) to obtain: j-, / D D \ 1k{lno \R X L) 

t n\ K l <r<K 2) = ; 

Lr 



a x R { 



e 0 r 



Express 2 inside for r > R 2 : 



Qinside = Ml + °2 A 2 

= 2n<j x R x L + 2ti<7 2 R 2 L 



Substitute in equation (1) to obtain: ^ i D \ 2k\lnG x R x L- s r2nG 1 R 2 L) 

EnV > K i) = " 

Lr 



<?A + °2 R 2 



(b) Set E = 0 for r > R 2 to obtain: 



gVgi + cr 2 R 2 = Q 



or 

CTj^j + cr 2 7? 2 = 0 



Solve for the ratio of ai to <r 2 : 



R 
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Because the electric field is 
determined by the charge inside the 
Gaussian surface, the field under 
these conditions would be as given 
above: 



E n (R l<r <R 2 ): 



(c) Assuming that G\ is positive, the 
field lines would be directed as 
shown to the right. 
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Picture the Problem The electric field is directed radially outward. We can construct a 
Gaussian surface in the shape of a cylinder of radius r and length L and apply Gauss's 
law to find the electric field as a function of the distance from the centerline of the 
infinitely long, uniformly charged cylindrical shell. 



(a) Apply Gauss's law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
inner conductor: 



or 

2nrLE„ = 



^inside 



where we've neglected the end areas 
because no flux crosses them. 



Solve for E n : 



2kQ 



inside 



Lr 



(1) 



For r < 1.5 cm, Q inside = 0 and: 



Ejj < 1.5 cm): 



0 



Letting R = 1.5 cm, express <2inside 
for 1.5 cm < r < 4.5 cm: 



a 



inside 



XL 
= InaRL 



Substitute in equation (1) to obtain: 



E n (l .5 cm< r < 4.5 cm) : 



2k(AL) 



Lr 



2kA 



Substitute numerical values and evaluate £ n (l-5 cm < r < 4.5 cm): 
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£„(l.5cm < r < 4.5cm)= 2(s.99xl0 9 N • m 2 /C 2 ) — n( ~^ m ) : 



(l08N-m/C) 



Express 2 inside for 
4.5 cm < r < 6.5 cm: 



Letting cr 2 represent the charge 
density on the outer surface, express 
Qinside for r > 6.5 cm: 



^inside ^ 

and 

E n (4.5cm < r < 6.5cm) = 

Gtaside = °i A i = 2xct 2 R 2 L 
where R 2 = 6.5 cm. 



Substitute in equation (1) to obtain: ^ [r>R ) - ^(^ ;rcr 2^2^) _ 

Lr e n r 



)2_ 
r 



In (b) we show that cr 2 = 21.2 nC/m . Substitute numerical values to obtain: 



E n (r > 6.5cm) = ■ 



(21.2nC/m 2 )(6.5cm) 



(8.85xlO" 12 C 2 /N-m 2 )r 

(b) The surface charge densities on ~ < 

the inside and the outside surfaces of 
the outer conductor are given by: 

Substitute numerical values and evaluate <j\ 



156N-m/C 



2nR, 



and <j 0 = —a. 



and cr 2 : 



-6nC/m 
a ' ~ 2^-(0.045m) 
and 

o-, =1 21.2nC/m 2 



21.2nC/m 2 
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Picture the Problem From symmetry considerations, we can conclude that the field 
tangent to the surface of the cylinder must vanish. We can construct a Gaussian surface in 
the shape of a cylinder of radius r and length L and apply Gauss's law to find the electric 
field as a function of the distance from the centerline of the infinitely long nonconducting 
cylinder. 

(a) Apply Gauss's law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 



or 



2m~LE n 



Gins 



inside 



where we've neglected the end areas 
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because no flux crosses them. 



Solve for E a : 



E„ = 



Gjnside 

2mh e r 



(1) 



Express dQi nside for p(r) = ar. 



^Qinside = p{r)dV = ar{2wL)dr 
= 2mr 2 Ldr 



Integrate dQ ms ^ from r = 0 to 7? to 
obtain: 



Ginside = 2^nL| r 2 dr = 2mL 



2mL 3 

A 



Divide both sides of this equation 
by L to obtain an expression for the 
charge per unit length X of the 
cylinder: 



1 = 



^inside 



27mR 3 



(b) Substitute for Qmside m equation 
(1) to obtain: 



E a {r<R) 



ItwlL 
_ 3 



2n e 0 Lr 



3e f 



For r > R : 



Gins 



inside 



2mL 3 

A 



Substitute for Q inside in equation (1) 
to obtain: 



2naL r3 



2twL e, 



aR 3 
3r e r 
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Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss's law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylinder. 

(a) Apply Gauss's law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 



or 
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2wLE„ 



Gins 



inside 



where we've neglected the end areas 
because no flux crosses them. 



Solve for E n : 



a 



inside 



2nrL e r 



(1) 



Express <f£2inside for p(r) = br : 



dQ m » de =p(r)dV=br 2 (2wL)dr 
= 2ftbr 3 Ldr 



Integrate <i<2inside from r = 0 to 7? to 
obtain: 



Q^=27tbL\r"dr = 27ibL 



Divide both sides of this equation 
by L to obtain an expression for the 
charge per unit length A of the 
cylinder: 



A = 



^inside 

L 



nbR A 



(b) Substitute for <2inside in equation 
(1) to obtain: 



7tbL 4 
r 



2nLr e. 



4€„ 



For r>R: 



^inside ~—^ K 



Substitute for Q inside in equation (1) 
to obtain: 



E a {r>R) 



7&>E 

_ ~Y 



2tttE • 



bR 4 
4r e, 
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Picture the Problem From symmetry; the field tangent to the surface of the cylinder 
must vanish. We can construct a Gaussian surface in the shape of a cylinder of radius r 
and length L and apply Gauss's law to find the electric field as a function of the distance 
from the centerline of the infinitely long nonconducting cylindrical shell. 



Apply Gauss's law to a cylindrical 
surface of radius r and length L that 



iEJA = —Q m ^ 



The Electric Field 2: Continuous Charge Distributions 121 



is concentric with the infinitely 
long nonconducting cylindrical 
shell: 



Solve for E a \ 

For r < a, Q inside - 0: 
Express <2inside for a < r < b: 

Substitute for Q inside to obtain: 



Express 2 inside for r > b: 



Substitute for <2inside to obtain: 



or 

2nrLE„ = 



^inside 



where we've neglected the end areas 
because no flux crosses them. 



^inside 



E n = 

2nrL e n 



E n {r<a) = 



Gm S1 de = pV = pw 2 L-p7m 2 L 
= pkl{t 2 - a 2 ) 



a< r <, 



In e 0 


Lr 


p(r 2 - 


a 2 ) 


2e 0 


r 



2ms.de =PV = pnb 2 L-pm 2 L 



= p7±{b 2 -a 2 ) 



In e 0 


rL 


p(b 2 - 


a 2 ) 


2e 0 


r 
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Picture the Problem We can integrate the density function over the radius of the inner 

cylinder to find the charge on it and then calculate the linear charge density from its 

definition. To find the electric field for all values of r we can construct a Gaussian surface 

in the shape of a cylinder of radius r and length L and apply Gauss's law to each region of 

the cable to find the electric field as a function of the distance from its centerline. 

(a) Find the charge <2i nner on the ^ f / \ „ T f C , 

inner cylinder: •> - ,- 

J o o ' 

R 



Q mnei =\p(r)dV = \-2nrLdr 

o o r 

R 

= 2nCL^dr = 2nCLR 
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Relate this charge to the linear 
charge density: 

Substitute numerical values and 
evaluate Ai nnei : 

(b) Apply Gauss's law to a 
cylindrical surface of radius r and 
length L that is concentric with the 
infinitely long nonconducting 
cylinder: 



Solve for E n : 



4„ner = 2;r(200 nC/m)(().015 m) 



18.8 nC/m 



i E n dA = — inside 



or 

2m-LE„ 



^inside 



where we've neglected the end areas 
because no flux crosses them. 



side 



2nrL 



Substitute to obtain, for 
r < 1.5 cm: 



£ n (r<1.5cm) = 



7.7iCLr C 



2n e 0 Lr e 0 



Substitute numerical values and 
evaluate E n (r < 1.5 cm): 



£ n (r<1.5cm) = 



200nC/m 2 



8.85xl(T 12 C 2 /N-m 



= 22.6kN/C 



Express £2 inside for 
1.5 cm < r < 4.5 cm: 



e msi de=2^CL7? 



Substitute to obtain, for 
1.5 cm < r < 4.5 cm: 



E n (l .5 cm < r < 4.5 cm) = 



2CnRL 
2n e 0 rh 
CR 



e 0 r 



where R - 1.5 cm. 



Substitute numerical values and evaluate E n (l.5 cm < r < 4.5 cm): 

(200nC/m 2 )(0.015m) 



£ , n (l.5cm< r < 4.5cm) = 



(8.85xl(T 12 C 2 /N-m 2 )r' 



339N-m/C 



Because the outer cylindrical shell 
is a conductor: 



£ n (4.5cm < r < 6.5cm) = 



0 
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For r > 6.5 cm, g inside = It^LR 
and: 



E n {r > 6.5cm) = 



339N-m/C 



Charge and Field at Conductor Surfaces 
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Picture the Problem Because the penny is in an external electric field, it will have 
charges of opposite signs induced on its faces. The induced charge cr is related to the 
electric field by E = ctIsq. Once we know cr, we can use the definition of surface charge 
density to find the total charge on one face of the penny. 

(a) Relate the electric field to the ^ _ o 

charge density on each face of the e 0 
penny: 



Solve for and evaluate cr. 



cr=e 0 E 



= (8.85 x 1(T 12 C 2 /N • m 2 )(l.6kN/C) 



= 14.2 nC/m 2 



(b) Use the definition of surface 
charge density to obtain: 

Solve for and evaluate Q: 



rr Q Q 

<y = — = — » 



Q = am- 1 = ^-(l4.2nC/m 2 )(0.01m) 2 



4.45 pC 
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Picture the Problem Because the metal slab is in an external electric field, it will have 
charges of opposite signs induced on its faces. The induced charge cr is related to the 
electric field by E = a I e 0 . 



Relate the magnitude of the electric 
field to the charge density on the 
metal slab: 



cr 



Use its definition to express cr : 



Substitute to obtain: 



Q = Q_ 

A L 2 

Q 

L e n 
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Substitute numerical values and 
evaluate E: 



E = 



1.2nC 



(0.12m) 2 (8.85xl(T 12 C 2 /N-m 2 ) 



9.42kN/C 
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Picture the Problem We can apply its definition to find the surface charge density of the 
nonconducting material and calculate the electric field at either of its surfaces from 
o/2e 0 . When the same charge is placed on a conducting sheet, the charge will distribute 
itself until half the charge is on each surface. 

(a) Use its definition to find a : 



(b) Relate the electric field on either 
side of the sheet to the density of 
charge on its surfaces: 



Q 6nC 



A (0.2 m) 2 



150nC/m 2 



150nC/rri 

2e 0 ~ 2(8.85 x 1(T 12 C 2 /N • m 2 ) 



8.47 kN/C 



(c) Because the slab is a conductor 
the charge will distribute uniformly 
on its two surfaces so that: 



(d) The electric field just outside the 
surface of a conductor is given by: 



er ; 



6nC 



Q 



2 A 2(0.2 m) 2 



75.0 nC/m 2 



E = ^ = 



75nC/m 2 



8.85xl0 12 C z /N-m' 



8.47 kN/C 
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Picture the Problem We can construct a Gaussian surface in the shape of a sphere of 
radius r with the same center as the shell and apply Gauss's law to find the electric field 
as a function of the distance from this point. The inner and outer surfaces of the shell will 
have charges induced on them by the charge q at the center of the shell. 



(a) Apply Gauss's law to a spherical & E dA~ - Q 

surface of radius r that is concentric Js n e 0 1 

with the point charge: or 

4^r 2 E 



^inside 



Solve for E n : 



(1) 
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For r < a, Q inside = q. Substitute in 
equation (1) and simplify to obtain: 



E n {r<a): 



Anr 



kq 



Because the spherical shell is a 
conductor, a charge -q will be 
induced on its inner surface. Hence, 
for a < r < b: 



£in S ide=0 

and 

E n (a<r<b)- 



0 



For r > b, Q inside = q. Substitute in 
equation (1) and simplify to obtain: 

(b) The electric field lines are shown 
in the diagram to the right: 



(c) A charge -q is induced on the 
inner surface. Use the definition of 
surface charge density to obtain: 



kq 

~2 




inner * 2 



4m' 



Ana" 



A charge q is induced on the outer 
surface. Use the definition of surface 
charge density to obtain: 



4^7 2 
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Picture the Problem We can construct a spherical Gaussian surface at the surface of the 
earth (we'll assume the Earth is a sphere) and apply Gauss's law to relate the electric 
field to its total charge. 



Apply Gauss's law to a spherical 
surface of radius R E that is 
concentric with the earth: 



or 



2 77 ^inside 



Solve for 2 inside = Q ear t h to obtain: 



R 2 E E a 
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Substitute numerical values and 
evaluate 2 earth : 



a 



earth 



_ (6.37 xlQ 6 m) 2 (l50N/C) 
8.99xl0 9 N-m 2 /C 2 



= 6.77xl0 5 C 
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Picture the Problem Let the inner and outer radii of the uncharged spherical conducting 
shell be a and b and q represent the positive point charge at the center of the shell. The 
positive point charge at the center will induce a negative charge on the inner surface of 
the shell and, because the shell is uncharged, an equal positive charge will be induced on 
its outer surface. To solve part (b), we can construct a Gaussian surface in the shape of a 
sphere of radius r with the same center as the shell and apply Gauss's law to find the 
electric field as a function of the distance from this point. In part (c) we can use a similar 
strategy with the additional charge placed on the shell. 



(a) Express the charge density on 
the inner surface: 



^"inner 



Express the relationship between the 
positive point charge q and the 
charge induced on the inner surface 



■ + < 



0 



Substitute for q mner to obtain: 



^"inner A 2 



4m' 



Substitute numerical values and 
evaluate cr inne ,: 



-2.5//C 
4;r(0.6m) 2 



- 0.553 A/C/m 2 



Express the charge density on the 
outer surface: 



1o 



Because the spherical shell is 
uncharged: 

Substitute for q outei to obtain: 



/ oilier dinner ^ 



i inner 



Anb 2 



Substitute numerical values and 
evaluate a 0lAa : 



2.5 
4^-(0.9m) 2 



0.246 A/C/m 2 
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(b) Apply Gauss's law to a spherical 
surface of radius r that is concentric 
with the point charge: 



h E n dA = — inside 



IS 

or 

4m L E„ = 



2/7 ^inside 



Solve for E n : 



Qjnside 



n 4xr 2 e n 



(1) 



For r < a = 0.6 m, <2inside = q- Substitute in equation (1) and evaluate 
E n (r < 0.6 m) to obtain: 

/ x_ _q_ _kq _ (8.99xl0 9 N-m 2 /C 2 )(2.5//C) 

^nV < a )~ , 2 ~ 2 ~ 2 

4m- e 0 r r 



(2.25xl0 4 N-m 2 /c)^ 



Because the spherical shell is a 
conductor, a charge -q will be 
induced on its inner surface. Hence, 
for 0.6m<r<0.9m: 



2inside ~~ 0 

and 

£ n (0.6m<r<0.9m): 



For r > 0.9 m, the net charge inside the Gaussian surface is q and: 



£ n (r>0.9m)=^f = (2.25 x 10 4 N ■ m 2 /c)^ 



(c) Because E = 0 in the conductor: 



Express the relationship between the 
charges on the inner and outer 
surfaces of the spherical shell: 



dinner = ~2.5 fC 

and 



^"inner 



-0.553A/C/m 2 



as before. 

Pouter + dinner = 3 - 5 fjC 

and 

Pouter =3-5 pC- qinnet =6.0 fC 



o"outer is now given by: 



^outer 



6//C 



4^-(0.9m) 2 



0.589 A/C/m 2 
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For r < a = 0.6 m, Q inside = q and 
E n (r < 0.6 m) is as it was in (a): 



E n {r<a) = 



(2.25xl0 4 N-m 2 /c)^ 



Because the spherical shell is a 2i ns ide = 0 

conductor, a charge -q will be an( j 

induced on its inner surface. Hence, g (()6m<r<09m)' 
for 0.6 m < r < 0.9 m: 



For r > 0.9 m, the net charge inside the Gaussian surface is 6 /jC and: 



? n (r > 0.9 m) = -f = (8.99 x 10 9 N ■ m 2 /C 2 )(6 //C)-^ = (5.39 x 10 4 N • m 2 IC)\ 
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Picture the Problem From Gauss's law we know that the electric field at the surface of 
the charged sphere is given by E = kQ/ R 2 where Q is the charge on the sphere and R is 

its radius. The minimum radius for dielectric breakdown corresponds to the maximum 
electric field at the surface of the sphere. 

Use Gauss's law to express the 
electric field at the surface of the 
charged sphere: 

Express the relationship between E ^ kQ 

and R for dielectric breakdown: ™ ax R 2 - 



Solve for R t 




Substitute numerical values and 
evaluate R min : 




)(8.99 xlQ 9 N • m 2 /C 2 )(l8 //C) 



3xl0 6 N/C 



23.2cm 
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Picture the Problem We can use its 

definition to find the surface charge 
density just outside the face of the slab. 
The electric field near the surface of the 
slab is given by E = cr face /e 0 . We can 

find the electric field on each side of the 
slab by adding the fields due to the slab 
and the plane of charge. 



nv 



(a) Express the charge density per 
face in terms of the net charge on the 
slab: 



face 



2L 2 



Substitute numerical values to 
obtain: 



80//C 
2(5m) 2 



1.60/jC/m 2 



Express the electric field just outside 
one face of the slab in terms of its 
surface charge density: 



face 



Substitute numerical values and 
evaluate Z? face : 



"slab 



1.60A/C/m 2 



8.85x10 12 C 2 /N-m 



1.81xl0 5 N/C 



(b) Express the total field on the side 
of the slab closest to the infinite 
charged plane: 



E , +E , , 

plane slab 



plane 



face 



2 e, 



-o 

where f is a unit vector pointing away from 
the slab. 



Substitute numerical values and 
evaluate E~. 



~ 2//C/m- 
near 2(8.85 xKr 12 C 2 /N-m 2 ) 



-(l.81xl0 5 N/c)r 
(- 0.680 xlO 5 N/C), 
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Express the total field on the side of 
the slab away from the infinite 
charged plane: 

Substitute numerical values and 
evaluate E f3x : 



'far 



E 



lal 



cr 



r + - 



cr 



face 



plane 

2e n 



2 //C/m 2 
2(8.85x10 12 C 2 /N-m 2 )' 
+ (l.81xl0 5 N/c)r 



(2.94 xlO 5 N/C)r 



The charge density on the side of the slab near the plane is: 

°"„ear = e o £ near = (8.85 x 10 12 C 2 /N • m 2 )(o.680 x 10 5 N/c) = | 0.602 ~JOm 2 



The charge density on the far side of the slab is: 

£„ear = ( 8 - 85 x 10_12 c !/N ' m 2 )(2.94 x 10 5 N/c) = I 2.60 //C/m 2 



'-'"near G 0 



General Problems 
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Determine the Concept We can determine the direction of the electric field between 
spheres I and II by imagining a test charge placed between the spheres and determining 
the direction of the force acting on it. We can determine the amount and sign of the 
charge on each sphere by realizing that the charge on a given surface induces a charge of 
the same magnitude but opposite sign on the next surface of larger radius. 

(a) The charge placed on sphere III has no bearing on the electric field between spheres I 
and II. The field in this region will be in the direction of the force exerted on a test charge 
placed between the spheres. Because the charge at the center is negative, 



the field will point toward the center. 



(b) The charge on sphere I (-<2o) will induce a charge of the same magnitude but 
opposite sign on sphere II: + Q 0 



(c) The induction of charge +<2o on the inner surface of sphere II will leave its outer 



surface with a charge of the same magnitude but opposite sign: - Q t 



(d) The presence of charge -Q 0 on the outer surface of sphere II will induce a charge of 



the same magnitude but opposite sign on the inner surface of sphere III: + Q 0 
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(e) The presence of charge +<2o on the inner surface of sphere III will leave the outer 
surface of sphere III neutral: 0 



(/) A graph of £ as a function of r is shown 
to the right: 



Ri R2 R3 Rs R5 
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Picture the Problem Because the difference between the field just to the right of the 
origin E x right and the field just to the left of the origin E x left is the field due to the 

nonuniform surface charge, we can express E x left and the difference between E x right and 

cr/e 0 . 



Express the electric field just to the 
left of the origin in terms of E x right 

and cr/e 0 : 



^x,left fright 



Substitute numerical values and evaluate E 



x.left " 



E xMt =4.65xl0 5 N/C- 



3.10A/C/m 2 



8.85xlO" 12 C 2 /N-m 



1.15 x10 s N/C 
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Picture the Problem Let P denote the point of interest at (2 m, 1.5 m). The electric field 
at P is the sum of the electric fields due to the infinite line charge and the point charge. 



A- 1.5 M C/m 




1-- 



P (2,1.5) 



Express the resultant electric field at P: 



E=E, +E 

A q 



Find the field at P due the infinite line charge: 

s _ 2U , _ 2fe.99xlO'N-m'/C'X-1.5^te) f _ ( _ 



4m 



Express the field at P due the point 
charge: 

Referring to the diagram above, 
determine r and r : 



Substitute and evaluate £ 9 (2m,1.5m): 



, ; kq A 



r = 1.12m 
and 

f = 0.893/ -0.446 j 



E g (2 m .1.5 m )=( 8 - 99xl °' / Nm2 f )(l3/£) (0-^-0.446j) 

(1.12m) 

= (9.32 kN/C)(o.893/ - 0.446 j) 

= (8.32 kN/C)/ -(4.16 kN/C) j 



Substitute to obtain: 
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£(2m,1.5m) = (-6.74kN/C)/ +(8.35kN/C)/ -(4.17kN/C)j 



(1.61 kN/C)i - (4. 17 kN/C)/ 
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Picture the Problem If the patch is small enough, the field at the center of the patch 
comes from two contributions. We can view the field in the hole as the sum of the field 
from a uniform spherical shell of charge Q plus the field due to a small patch with surface 
charge density equal but opposite to that of the patch cut out. 



(a) Express the magnitude of the 
electric field at the center of the 
hole: 



E = E + E 

spherical shell hole 



Apply Gauss's law to a spherical 
gaussian surface just outside the 
given sphere: 



^spherical shell i^W ) 



a 



enclosed 



Q 



-o c 0 



Solve for £ sp heiicai shell to obtain: 



Q 



"'spherical shell A 9 

An e 0 r 



The electric field due to the small 
hole (small enough so that we can 
treat it as a plane surface) is: 



J hole 



2 e n 



Substitute and simplify to obtain: 



An e 0 r 2 e 0 

Q Q 

An e 0 r 2 2 e 0 [Anr 2 ) 



Q 



%n e 0 r 



(b) Express the force on the patch: 



F = qE 

where q is the charge on the patch. 



Assuming that the patch has radius 
a, express the proportion between 
its charge and that of the spherical 
shell: 



q Q a 

2 = ~ A 2 ox 1 = ~TtQ 

na Anr 4r 



Substitute for q and E in the 
expression for F to obtain: 



F = 



(2 V 

a Q 



Ar 1 



J 



Q 



Sn e 0 r' j 



Q 2 a 2 



32ft e 0 r 



(c) The pressure is the force 
divided by the area of the patch: 
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Picture the Problem The work done by the electrostatic force in expanding the soap 
bubble is W=jPdV. 



From Problem 69: 

Express W in terms of dr. 
Substitute for P and simplify: 



Q 2 



32tt 2 e 0 r 4 



W = \ PdV = \ P47tr 2 dr 



Q 2 °fdr 



W = 



&?r e n n * r 

U 0.1m 



r ar 
J ~£ 



Evaluating the integral yields: 



W 



Q 2 



0.2 n 



0.1m 



(3nC) 2 
8;r(8.85xlCT 12 C 2 /N-m 2 ) 



1 1 

• + - 



0.2m 0.1m 



= 2.02 xlO" 7 J 
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Picture the Problem We can use E = kqlR 2 , where R is the radius of the droplet, to find 
the electric field at its surface. We can find R by equating the volume of the bubble at the 
moment it bursts to the volume of the resulting spherical droplet. 



Express the field at the surface of 
the spherical water droplet: 



Express the volume of the bubble 
just before it pops: 

Express the volume of the sphere 
into which the droplet collapses: 

Because the volume of the droplet 
and the volume of the bubble are 
equal: 

Solve for R: 



kq 



(1) 



where R is the radius of the droplet and q is 
its charge. 

V « Anr 2 t 

where t is the thickness of the soap bubble. 



3 



7 4 , 

Anrt = -ttR 



R = 3 S 



r 2 t 



Assume a thickness t of 1 //m and 
evaluate R: 



R = \/3(0.2m) 2 (l /mi) = 4.93 x 10~ 3 m 
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Substitute numerical values in 
equation (1) and evaluate E: 
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Picture the Problem Let the numeral 1 
refer to the infinite plane at x = -2 m and 
the numeral 2 to the plane at x = 2 m and 
let the letter A refer to the region to the left 
of plane 1 , B to the region between the 
planes, and C to the region to the right of 
plane 2. We can use the expression for the 
electric field of in infinite plane of charge 
to express the electric field due to each 
plane of charge in each of the three 
regions. Their sum will be the resultant 
electric field in each region. 



£ _ (8.99xl0 9 N-m 2 /C 2 )(3nC) 
(4.93 xl(T 3 m) 2 



l.llxl0 6 N/C 



a x — 3.5 ;(C /m 2 


0*1 — 6 ^tC / 


A | B 
| 1 


1 c 


-2| D| 


1 2 



x, m 



Express the resultant electric field as 
the sum of the fields due to planes 1 
and 2: 



E = E i +E 2 



(1) 



(a) Express and evaluate the field 
due to plane 1 in region A: 



E 



-3.5//C/m 2 (_?\ 
~ 2(8.85x10 12 C 2 /N-m 2 )^ 

= (l98kN/C)/ 



Express and evaluate the field due to 
plane 2 in region A: 



Z, En 



6 //C/m 2 (_ A 

~ 2(8.85 xl(T 12 C 2 /N-m 2 ^ 

= (-339kN/C)/ 



Substitute in equation (1) to obtain: 



E(A) = (198 kN/cX + (- 339 kN/cf 
= (-141kN/C)/ 
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(b) Express and evaluate the field 
due to plane 1 in region B: 



2e n 



-3.5/jC/m 2 
~ 2(8.85x10 12 C 2 /N-m 2 )' 

= (-198kN/C)/ 



Express and evaluate the field due 
to plane 2 in region B: 



.(»)=£-(-') 



6 //C/m 2 (_ f\ 

~ 2(8.85 xl0 12 C 2 /N-m 2 )^ *' 

= (-339kN/C)£ 



Substitute in equation (1) to obtain: 



E(B) = (- 198kN/cX + (- 339kN/C)/ 



(-537kN/C> 



(c) Express and evaluate the field 
due to plane 1 in region C: 



Express and evaluate the field due to 
plane 2 in region C: 



Substitute in equation (1) to obtain: 



2 e, 



-3.5//C/m 2 
~ 2(8.85x10 12 C 2 /N-m 2 )' 

= (-198kN/C)/ 



E 2 {C)- 



&2 

2e, 



6//C/m 2 - 
~ 2(8.85 xlO" 12 C 2 /N-m 2 )' 

= (339kN/C)/ 



£(c) = (-198kN/C)/ +(339kN/C)/ 
= (l41kN/C)/ 
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Picture the Problem We can find the electric fields at the three points of interest by 
adding the electric fields due to the infinitely long cylindrical shell and the spherical 
shell. In Problem 42 it was established that, for an infinitely long cylindrical shell of 
radius R, E r (r <R) = 0, and E r (r >R) = oR/e 0 r . We know that, for a spherical shell 

of radius R, E r (r<R) = 0, and E r (r > R) = oR 2 /e 0 r 2 . 
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y,cm 

* — 6{iC/m 2 



<rj -12/xC/m' 
(50,20) \ 




Express the resultant electric field as 
the sum of the fields due to the 
cylinder and sphere: 

(a) Express and evaluate the electric 
field due to the cylindrical shell at 
the origin: 



E ~ E cyl + E sph 



Ej0,0) = 0 



(1) 



because the origin is inside the cylindrical 
shell. 



Express and evaluate the electric field due to the spherical shell at the origin: 

<„,(()■())- /)-, (-l^/m 2 )(025m) 2 (_-) =(3 39kN/C) 

sphV ' - " 2V ' (8.85xl0 12 C 2 /N-m 2 )(0.5m) 2V ' V ' 



e 0 r 



Substitute in equation (1) to obtain: 



£(0,0) = 0 + (339kN/C)i 



(339kN/C)i 



or 



E{0,0) = 
and 

0 = V6°~ 



339kN/C 



(b) Express and evaluate the electric field due to the cylindrical shell at 
(0.2 m, 0.1 m): 
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r /n-> ni ^ • (6//C/m 2 )(0.15m) - /, no , XT/n u 

£ cvl (0.2m,0.1m) = 1 = 7 - 7 — ^ -yf ri =(508kN/C)i 

cylV £ Q r (8.85xl0 12 C 2 /N-m 2 )(0.2m) V ' 



Express the electric field due to the 
charge on the spherical shell as a 
function of the distance from its 
center: 



fc o ' 

where f is a unit vector pointing from (50 
cm, 0) to (20 cm, 10 cm). 



Referring to the diagram shown 
above, find r and r : 



r = 0.316m 
and 

f = -0.949/+ 0.3 16/ 



Substitute to obtain: 



E sph (0.2m,0.1m)= , y (-0.949/ + 0.3 16 j) 

P (8.85 xlO" 12 C 2 /N-m 2 )(0.3 16m) 2 V ; 

= (- 849 kN/C)(- 0.949/ + 0.3 16 j) 

= (806kN/C)/ + (- 268kN/C)j 



Substitute in equation (1) to obtain: 



Z?(0.2m,0.1m) = (508kN/C)/ + (806kN/C)/ + (- 268kN/C)j 



(l310kN/C)/ + (- 268kN/C)j 



or 



£(0.2 m,0. 1 m) = ^(mOkN/C) 2 + (- 268kN/C) 2 = 



1340kN/C 



and 



6 = tarT 1 



r -26S kN/C^ 
1310 kN/C 



348 c 



(c) Express and evaluate the electric field due to the cylindrical shell at 
(0.5 m, 0.2 m): 

Zy0.5m,0.2m) = 7 M^fr.lSm) = ( y 

cylV ; (8.85xl0 12 C 2 /N-m 2 )(0.5m) V ; 



Express and evaluate the electric 
field due to the spherical shell at 



£ sph (0.5m,0.2m) = 0 
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(0.5 m, 0.5 m): 



because (0.5 m, 0.2 m) is inside the 
spherical shell. 



Substitute in equation (1) to obtain: e(0.5 m,0.2m) = (203kN/C)/ + 0 



(203kN/C)i 



or 



£(0.5m,0.2m): 
and 



203kN/C 



0= 0° 
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Picture the Problem Let the numeral 1 refer to the plane with charge density cr i and the 
numeral 2 to the plane with charge density cr 2 . We can find the electric field at the two 
points of interest by adding the electric fields due to the charge distributions of the two 
infinite planes. 

Express the electric field at any E = E l +E 1 (1) 

point in space due to the charge 
distributions on the two planes: 

(a) Express the electric field at (6 m, 2 m) due to plane 1 : 

E&mJLm) = = -r * j = (3.67kN/C)j 

1V 2e 0 2(8.85 x 1(T 12 C 2 /N • m 2 ) 

Express the electric field at (6 m, 2 m) due to plane 2: 

£ 2 (6m,2m) = ^r = n f = (2.54 kN/C^ 

2V 2e 0 2(8.85 x 10" 12 C 2 /N • m 2 ) V ; 

where f is a unit vector pointing from plane 2 toward the point whose coordinates are (6 
m, 2 m). 

Refer to the diagram below to obtain: f = sin 30°i - cos 30°y 
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Substitute to obtain: 

E 2 (6m,2m) = (2.54kN/C)(sin 30°/ - cos30°j)= (l.27 kN/C)/ + (- 2.20kN/C)j 
Substitute in equation (1) to obtain: 

E(6 m,2 m) = (3.67 kN/C)j + (l .27 kN/C)/ + (- 2.20 kN/C)j 



(l .27 kN/C)/ + (l .47 kN/C)j 



(b) Note that E l (6 m,5 m) = E l (6 m,2m) so that: 

E^Sm) = -?-} = -r 6 -^4 ft! = (3.67kN/C)j 

V ; 2e 0 2(8.85 xl0 12 C 2 /N-m 2 ) v ; 

Note also that £ 2 (6m,5m) = -£ 2 (6m,2m) so that: 

E 2 (6 m,5 m) = (- 1 .27 kN/C)/ + (2.20kN/C)j 

Substitute in equation (1) to obtain: 

E(6 m,5 m) = (3.67 kN/C)j + (- 1 .27 kN/C)/ + (2.20kN/C)j 



(- 1 .27 kN/C>' + (5.87 kN/C)j 
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Picture the Problem Because the atom is uncharged, we know that the integral of the 
electron's charge distribution over all of space must equal its charge e. Evaluation of this 
integral will lead to an expression for po. In (b) we can express the resultant field at any 
point as the sum of the fields due to the proton and the electron cloud. 



(a) Because the atom is uncharged: 



Substitute for p(r): 



e = \ p{r)dV = J p(r)47r r 2 dr 



e = Jp 0 e- 2r/a 47rr 2 dr = 4;zp 0 jV V 2r/fl dr 



Use integral tables or integration by °° n 3 

f 2 -Irla i a 

parts to obtain: J r e ' dr = — 
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Substitute to obtain: 



e = Ajip 0 



a 1 



v4y 



Solve for 



7ia~ 



(b) The field will be the sum of the 
field due to the proton and that of 
the electron charge cloud: 

Express the field due to the electron 
cloud: 



Substitute to obtain: 



kq 



E ~ E p + E douA — + E clond 
r 



_ kQ{r) 



where Q(r) is the net negative charge 
enclosed a distance r from the proton. 



E[r)= ke_ + kQ^) 



2 2 

r r 



As in (a), Q(r) is given by: 



Q(r) = j4m-' p(r')dr' 



Integrate to find Q(r) and substitute 
in the expression for E to obtain: 



E(r) 



ke 



—1r I a 



^ . 2r 2r 2 ^ 
1 + — + — 
v a a j 
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Picture the Problem We will assume that the radius at which they balance is large 
enough that only the third term in the expression matters. Apply a condition for 
equilibrium will yield an equation that we can solve for the distance r. 



Apply ^ F = 0 to the proton: 



Ike 2 



a 



-2rla r\ 

e - mg = 0 



To solve for r, isolate the 
exponential factor and take the 
natural logarithm of both sides of the 
equation: 



a 

r = —In 
2 



' Ike 1 ^ 



mga J 



Substitute numerical values and evaluate r: 



0.0529 nm, 
r = In 



2(8.99 x 10 9 N • m 2 / C 2 )(l .60 x 10~ 19 c) 2 
(l.67xl0" 27 kg)(9.81m/s 2 )(0.0529nm)' 



1.16nm 
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Thus, even though the unscreened electrostatic force is 40 orders of magnitude 
larger than the gravitational force, screening reduces it to smaller than the 
gravitational force within a few nanometers. 

Remarks: Note that the argument of the logarithm contains the ratio between the 
gravitational potential energy of a mass held a distance a 0 above the surface of the 
earth and the electrostatic potential energy for two unscreened charges a distance a 0 
apart. 
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Picture the Problem In parts (a) and (b) we can express the charges on each of the 
elements as the product of the linear charge density of the ring and the length of the 
segments. Because the lengths of the segments are the product of the angle subtended at 
P and their distances from P, we can express the charges in terms of their distances from 
P. By expressing the ratio of the fields due to the charges on s\ and s 2 we can determine 
their dependence on r\ and r 2 and, hence, the resultant field at P. We can proceed 
similarly in part (c) with E varying as 1/r rather than 1/r 2 . In part (d), with si and s 2 
representing areas, we'll use the definition of the solid angle subtended by these areas to 
relate their charges to their distances from point P. 



(a) Express the charge q\ on the 
element of length S\. 



q x =As x = X9r x 

where #is the angle subtended by the arcs 
of length s\ and s 2 . 



Express the charge q 2 on the q 2 = AS 2 = 
element of length s 2 : 

Divide the first of these equations q l X0r x r x 

by the second to obtain: q 2 X0r 2 n 



Express the electric field at P due to 
the charge associated with the 
element of length sf. 

Express the electric field at P due to 
the charge associated with the 
element of length s 2 : 

Divide the first of these equations 
by the second to obtain: 



_ kq x _ kXs x _ k/L9r x _ kXO 

1 ~ 2~ ~ ~ ~ 2 ~ 

h n n h 
r kxe 

E 2 = 

kie 

E X _ r x _ h 
E 2 kW r x 
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and, because r 2 > r\, 



E l >E 2 



(b) The two fields point away from 
their segments of arc. 



Because E x > E 2 , the resultant 
field points toward s 2 . 



(c) If E varies as 1/r: 



and 



E = kq 2 = fcjjg = Hflr 2 = kW 



r 2 r 2 r 2 



Therefore: 



E l — E 2 



(d) Use the definition of the solid 
angle Q subtended by the area si to 
obtain: 




An Am{ 



or 



Sj = Clr? 



Express the charge q\ of the area S\. 



q 1 =os l = oClr? 



Similarly, for an element of area 52: 



s 2 = Qr 2 
and 

q 2 = oQr 2 



Express the ratio of q\ to q 2 to 
obtain: 



3l 

<?2 



Proceed as in (a) to obtain: 



kq l 



E 2 kq^ r ?q 2 r?c£lr 2 2 



144 Chapter 22 



Because the two fields are of equal 
magnitude and oppositely directed: 



E=0 



; then s 2 would produce the stronger field at P and E would point 



If E oc 1/r 
toward s { 



78 

Picture the Problem We can apply the condition for translational equilibrium to the 
particle and use the expression for the electric field on the axis of a ring charge to obtain 
an expression for \q\/m. Doing so will lead us to the conclusion that \q\/m will be a 
minimum when E z is a maximum and so we'll use the result from Problem 26 that 
Z = — i?/V2 maximizes E z . 

• z 

I 




(a) Apply ^ J F 7 = Oto the particle: 



\E - mg = 0 



Solve for \q\/m: 



(1) 



M = JL 

m E z 

Note that this result tells us that the 
minimum value of \qVm will be where the 
field due to the ring is greatest. 



Express the electric field along the z 
axis due to the ring of charge: 



E = 



kQz 



Differentiate this expression with respect to z to obtain: 



dz dz 



(z 2 +R 2 ) 



3/2 



= kQ- 



[z^rT-z-^+R 1 ) 



3/2 



(z 2 + R 2 J 



(z 2 + R 2 J (z 2 + R 2 J 
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Set this expression equal to zero for 
extrema and simplify: 



(z 2 + RT-lz 2 (z 2 + RT n 

(z 2 + R 2 ) 3/2 -3z 2 (z 2 + R 2 ) 1,2 =0, 
and 

z 2 +R 2 -3z 2 =0 



Solve for x to obtain: 



You can either plot a graph of E z or 
evaluate its second derivative at 
these points to show that it is a 
maximum at: 



Z = ± 



R 



as candidates for maxima or minima. 
R 



z = ■ 



V2~ 



Substitute to obtain an expression 







kQ 






V 


R 




4i) 



R_ 



\ 2 



+ R 2 



2kQ 



27 R 



Substitute in equation (1) to obtain: 



m 



21gR' 
2kQ 



(b) If \qVm is twice as great as in (a), 
then the electric field should be half 
its value in (a), i.e.: 



kQ 



kQz 



4tjr 2 ( z 2 +i? 2 f 



or 



21R 4 



( 2 A 

1 + ^ 
V R J 



R { 



Let a = z 2 IR 2 and simplify to obtain: 



a +3a 2 -24a + l = 0 



The graph of f{a) = a 1 + 3a 2 - 24a + 1 shown below was plotted using a spreadsheet 
program. 
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0.0 1.0 2.0 3.0 4.0 



a 



Use your calculator or trial-and-error a = 0.04188 and a = 3.596 

methods to obtain: 



The corresponding z values are: Z = -0.2057? and z = -1.907? 

The condition for a stable equilibrium position is that the particle, when displaced from 
its equilibrium position, experiences a restoring force, i.e. a force that acts toward the 
equilibrium position. When the particle in this problem is just above its equilibrium 
position the net force on it must be downward and when it is just below the equilibrium 
position the net force on it must be upward. Note that the electric force is zero at the 
origin, so the net force there is downward and remains downward to the first equilibrium 
position as the weight force exceeds the electric force in this interval. The net force is 
upward between the first and second equilibrium positions as the electric force exceeds 
the weight force. The net force is downward below the second equilibrium position as the 
weight force exceeds the electric force. Thus, the first (higher) equilibrium position is 
stable and the second (lower) equilibrium position is unstable. 

You might also find it instructive to use 
your graphing calculator to plot a graph of 
the electric force (the gravitational force is 
constant and only shifts the graph of the 
total force downward). Doing so will 
produce a graph similar to the one shown 
in the sketch to the right. 




Note that the slope of the graph is negative on both sides of -0.2057? whereas it is 
positive on both sides of -1.907?; further evidence that -0.2057? is a position of stable 
equilibrium and -1.907? a position of unstable equilibrium. 
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Picture the Problem The loop with the 
small gap is equivalent to a closed loop and 
a charge ot—Q£/2nR at the gap. The field 

at the center of a closed loop of uniform 
line charge is zero. Thus the field is 
entirely due to the charge — Qij2nR . 




(a) Express the field at the center of 
the loop: 



E =E, +E 

center loop gap 



(1) 



Relate the field at the center of the 
loop to the charge in the gap: 



E m „ = -r 

R 7 



Use the definition of linear charge 
density to relate the charge in the 
gap to the length of the gap: 



;t = «=- e 



2nR 



or 



q = 



Qi_ 

2xR 



Substitute to obtain: 



E —*lf 



Substitute in equation (1) to obtain: 



F -0 kQ£ kQl 



2nR' 



2nR 3 



If Q is positive, the field at the origin points radially outward. 



(b) From our result in (a) we see 
that the magnitude of E centei is: 



kQl 
2ttR 3 
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Picture the Problem We can find the electric fields at the three points of interest, 
labeled 1, 2, and 3 in the diagram, by adding the electric fields due to the charge 
distributions on the nonconducting sphere and the spherical shell. 
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1.5/iC/nv' 




x, m 



Express the electric field due to the 
nonconducting sphere and the 
spherical shell at any point in space: 



E ~ "^sphere + ^ shell 



(1) 



(a) Because (4.5 m, 0) is inside the 
spherical shell: 



£ shell (4.5m,0) = 0 



Apply Gauss's law to a spherical 
surface inside the nonconducting 
sphere to obtain: 



^sphere 0") = ^W 



Evaluate £.(0.5m): 



Sphere (0.5m)= ^(8.988xl0 9 N-m 2 /C 2 )(5//C/m 2 )(0.5m)/ = (94.1kN/C)f 



Substitute in equation (1) to obtain: e(4.5 m,0) = (94. lkN/C)i + 0 



(94.1kN/C)f 



Find the magnitude and direction of 
£(4.5m,0): 



£(4.5m,0) = 



94.1kN/C 



and 



0= 0° 



(b) Because (4 m, 1.1m) is inside 
the spherical shell: 



E shell (4m,l.lm)=0 
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Evaluate £ . (l.lm) 



E 



sphere 



(Um) = 4,(8.99x 10' N . .'4^ j = (33.6kN/C)j 

3(1. lm) 



Substitute in equation (1) to obtain: Z?(4.5m,0) = (33.6kN/C)j + 0 



(33.6kN/C)j 



Find the magnitude and direction of 
E(4.5m,l.lm): 



£(4.5m,l.lm) = 



33.6kN/C 



and 



0= 90 



(c) Because (2 m, 3 m) outside the 
spherical shell: 



Evaluate Q sheU : 



E (r) = ^ she " f 

^ shell V ) ? ' 



where f is a unit vector pointing from 
(4 m, 0) to (2 m, 3 m). 

&he,, =^4he„ =4^(-1.5/X:/m 2 )(l.2m) 2 
= -27.1//C 



Refer to the diagram below to find f and r : r — 3 . 6 1 m 

y< m and 

(2,3) 

r = -0.555/ + 0.832./ 




x, m 



2 4 

Substitute and evaluate Z? shell (2m,3m): 



E 



shell 



(3.61m) = < 8 -" xl °'N-" 2 ^)(-27.1^) r - 
(3.61m) 

= (-18.7 kN/C) (- 0.555/ + 0.832 j) 
= (10.4 kN/C)/ + (- 15.6kN/C)j 



150 Chapter 22 



Express the electric field due to the 
charged nonconducting sphere at a 
distance r from its center that is 
greater than its radius: 



P ( r \ _ Sphere 

,: sphere V J ~ 2 



Find the charge on the sphere: 



Evaluate £ (3.61m) 



^sphere P ^sj 



An 



phere 



(5/£/m 2 )(0.6m) 3 



= 4.52//C 



w h q ^ (8.99xl0 9 N-m 2 /C 2 )(4.52/^) . , 

^sphere I 2 m,3 m) = i — r = (3 . 1 2 kN/C)r 

(3.61m) 

= (3.12kN/C)(-0.555/ +0.832 j) 
= (- 1.73kN/C)/ + (2.59kN/C)j 



Substitute in equation (1) to obtain: 



E (2m3m)=(l0.4kN/C)i+(-15.6kN/C)j + (-1.73kN/cX+(2.59kN/C)j 



(8.67 kN/C)/ + (- 13.0kN/C)y 



Find the magnitude and direction of £(2m,3m) : 



E{2 m,3 m) = A /(8.67kN/C) 2 +(-13.0kN/C) 2 = 



15.6 kN/C 



and 



6> = tan 



' -13.0kN/C A 
v 8.67 kN/C , 



304 c 
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Picture the Problem Let the numeral 1 
refer to the infinite plane whose charge 
density is a \ and the numeral 2 to the 
infinite plane whose charge density is 
C72- We can find the electric fields at the 
two points of interest by adding the electric 
fields due to the charge distributions on the 
infinite planes and the sphere. 



v, m 



0.6 



0.4 



<r 2 = -2 /<C/rrT 



r\ v, in 



(1,-0.6) / "i r 3/<C/m ; 
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Express the electric field due to the E = E spheK +E X +E 2 (1) 

infinite planes and the sphere at any 
point in space: 

(a) Because (0.4 m, 0) is inside the £ sphere (0.4m,0) = 0 

sphere: 



Find the field at (0.4 m, 0) due to £ (0 4m0)- — j 

plane 1: 2 e 0 



3 //C/m 2 
~ 2(8.85x10 12 C 2 /N-m 2 )" 

= (l69kN/C)j 



Find the field at (0.4 m, 0) due to plane 2: 

E 2 (0.4 m,0) = ^- (- i ) = -i Zll^ (_ l) =(H3 kN/C)/ 

2V ' 2e 0 V ' 2(8.85 x 10 12 C 2 /N • m 2 ) V ' V ' 

Substitute in equation (1) to obtain: e(0A m,0) = 0 + (169 kN/C)j 

+ (ll3kN/C)/ 
= (l 13kN/C)/ + (169 kN/C )j 



Find the magnitude and direction of 
£(0.4m,0): 



£(0.4m,0) = ^(llSkN/C^+^kN/C) 2 



203 kN/C 



and 

0 = tan" 1 



^169 kN/C A 



113kN/C 



56.2 C 



(b) Because (2.5 m, 0) is outside the 
sphere: 



£ spbe (0.4m,0) = ^r 
r 

where r is a unit vector pointing from 
(1 m, -0.6 m) to (2.5 m, 0). 
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Evaluate g sph ere: 



Referring to the diagram above, 
determine r and f : 



Substitute and evaluate E sphere (2.5m,0): 



Gsphere = ^sphere = 

= 4;r(-3//C/m 2 )(lm) 2 
= -37.7 juC 

r = 1.62m 
and 

f = 0.928/ +0.371 j 



' sphere 



h Sm n)_ (8-99xl0 9 N-m 2 /C 2 )(-37.7^c) 
1 ' '~ (1.62 m) 2 

= (- 129 kN/C)(o.928f + 0.37 Ij) 

= (- 120kN/C)/ + (- 47.9kN/C)j 



Find the field at (2.5 m, 0) due to 
plane 1: 



E 1 (2.5m,0) = -^j 

I e 0 



3//C/m 2 
~ 2(8.85 xlO" 12 C 2 /N-m 2 ) 

= (l69kN/C)j 



Find the field at (2.5 m, 0) due to 5 /~ c n \ cr? • 

£ 2 (2.5m,0J = - 1 

plane 2: 2 e 0 

-2//C/m 2 
~ 2(8.85 xl0 12 C 2 /N-m 2 ) 

= (-113kN/cX 



Substitute in equation (1) to obtain: 

E(0.4m,0) = (- 120kN/C)/ + (- 47.9kN/C)j + (l69kN/C)j + (- 1 13kN/C)/ 
= (- 233kN/C)f + (l21kN/C)j 



Find the magnitude and direction of £(2.5 m,0) : 
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£(2.5 m,0) = 7(- 233kN/C) 2 + (l21kN/C) 2 



263kN/C 



and 



6 = tan 



' 121kN/C >x 
-233kN/C 



153 c 
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Picture the Problem Let P represent the point of interest at (1.5 m, 0.5 m). We can find 
the electric field at P by adding the electric fields due to the infinite plane, the infinite 
line, and the sphere. Once we've expressed the field at P in vector form, we can find its 
magnitude and direction. 



Express the electric field at P: 



E = E , +E V +E h 

plane line sphere 



Find £ plane atP: 



' plane 



2 e r 



2//C/m 2 , 
2(8.85 xlO^C'/N-m 2 )' 

= (-113kN/C)/ 



Express E hne at P: 



- 2k A , 
£ n„e = r 



Refer to the diagram to obtain: 
r = (0.5m)/ -(0.5m)j 
and 

f = (0.707)/ -(0.707)j 



y, m 




|<r = 2 M C/m 2 



x, m 



A = 4/tC/m 



Substitute to obtain: 



^line 



2(8.99 x 10 9 N • m 2 /C 2 )(4 //C/rn) 
0.707 m 



(0.707)/ -(0.707 )j 



= (l 02 kN/C) [(0.707)/ -(0.707)j]= (72.1 kN/C)/ + (-72.1kN/C)j 
Letting r' represent the distance £; _ 4;r 



from the center of the sphere to P, 



' sphere 



-kr'pr' 
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apply Gauss's law to a spherical 
surface of radius r' centered at 
(1 m, 0) to obtain an expression 
for£ sphere atP: 



where f' is directed toward the center of 
the sphere. 



Refer to the diagram used above to obtain: f' = — (0.5 m)i - (0.5 m)y 

and 

r' = -(0.707)f-(0.707)j 

Substitute to obtain: 



An 



' sphere 



(8.99 xlO 9 N • m 2 /C 2 )(0.707 m)(- 6 //C/m 3 )[(0.707)/ + (0.707) 



= (-113 kN/C) (/ + j) = (- 1 1 3 kN/C)/ +(-113 kN/C)j 
Substitute and evaluate E : 

£ = (-113 kN/C)/ +(72.1 kN/C)i +(-72.1 kN/C)j + (- 1 13 kN/C^ 
+ (-113kN/C)j 
= (- 154kN/C)i + (- 185kN/C)y 



Finally, find the magnitude and direction g = ^(-154kN/C) 2 +(-185kN/C) 2 
of E : 



241 kN/C 



and 

0 = tan 



f -154 kN/C ^ 
-185 kN/C 



220° 
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Picture the Problem We can find the 
period of the motion from its angular 
frequency and apply Newton's 2 nd law to 
relate a> to m, q, R, and the electric field 
due to the infinite line charge. Because the 
electric field is given by E r = 2kX r we 

can express a> and, hence, T as a function 
of m, q, R, and A. 



Relate the period T of the paiticle to 
its angular frequency a>: 



T = 



In 

CO 



(1) 
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Apply Newton's 2 nd law to the 
particle to obtain: 



T. F ^ = 1 E r =mRo) ~ 



Solve for or. 



Express the electric field at a 
distance R from the infinite line 
charge: 



CO = 



E=2k 




R 



Substitute in the expression for ox. 



00 = 



jlkAq _ 1 jlkAq 
mR 2 R\ m 



Substitute in equation (1) to obtain: 



2tiR_ 



m 



IkXq 
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Picture the Problem Starting with the equation for the electric field on the axis of ring 
charge, we can factor the denominator of the expression to show that, for 
x « R, E x is proportional to x. We can use F x = qE x to express the force acting on the 
particle and apply Newton' s 2 nd law to show that, for small displacements from 
equilibrium, the particle will execute simple harmonic motion. Finally, we can find the 
period of the motion from its angular frequency, which we can obtain from the 
differential equation of motion. 



(a) Express the electric field on the 
axis of the ring of charge: 

Factor R z from the denominator of 
E x to obtain: 



kQx 



X (x> + R*y 2 
kQx 



R 



.2 \ 



1 + 



R 2 



kQx 



3/2 



R 



.2 \ 



1 + 



R 2 



3/2 



provided x « R. 



kQ 
R 3 



(b) Express the force acting on the 
particle as a function of its charge 
and the electric field: 



F x = qE x = 



kqQ 
R 3 
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(c) Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton's 2 nd law to the 
negatively charged particle to 
obtain: 



d x 



ni- 



di 2 



kqQ 
R 3 



or 



^ + ^x = 0 
dt inR 



the differential equation of simple 
harmonic motion. 



Relate the period T of the simple 
harmonic motion to its angular 
frequency or. 



T = 



In 



CO 



From the differential equation we 
have: 



kqQ 
mR 3 



Substitute to obtain: 



T = 





mR 3 




kqQ 
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Picture the Problem Starting with the equation for the electric field on the axis of a ring 
charge, we can factor the denominator of the expression to show that, for x « R, E x is 
proportional to x. We can use F x = qE x to express the force acting on the particle and 
apply Newton's 2 nd law to show that, for small displacements from equilibrium, the 
particle will execute simple harmonic motion. Finally, we can find the angular frequency 
of the motion from the differential equation and use this expression to find its value when 
the radius of the ring is doubled and all other parameters remain unchanged. 



Express the electric field on the axis 
of the ring of charge: 

Factor R z from the denominator of 
E r to obtain: 



E = 



E = 



kQx 



(x 2 + R 2 f 2 
kQx 



R 



,2 \ 



1 + 



R 2 



3/2 



kQx 



R 3 



kg 

y/2 ~ R : 



-x 



1 + 



R 2 



provided x « R. 



The Electric Field 2: Continuous Charge Distributions 157 



Express the force acting on the 
particle as a function of its charge 
and the electric field: 



Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton's 2 nd law to the 
negatively charged particle to 
obtain: 



m 



d 2 x _ kqQ 



dt 
or 

^ + ^x = 0 
dt mR 

the differential equation of simple 
harmonic motion. 



The angular frequency of the simple 
harmonic motion of the particle is 
given by: 



co ■ 



kqQ 
mR 3 



(1) 



Express the angular frequency of the 
motion if the radius of the ring is 
doubled: 



CO 



kqQ 
m{2R) 3 



(2) 



Divide equation (2) by equation (1) 
to obtain: 



CO 



kqQ 



m 



(2Rf 



\ kqQ 
mR 3 



V8 



Solve for and evaluate a/ : 



co' = 



co _ 21rad/s 
V8 ~ V8 



7.42rad/s 



86 » 

Picture the Problem Starting with the equation for the electric field on the axis of a ring 
charge, we can factor the denominator of the expression to show that, for x « R, E x is 
proportional to x. We can use F x = qE x to express the force acting on the particle and 
apply Newton's 2 nd law to show that, for small displacements from equilibrium, the 
particle will execute simple harmonic motion. Finally, we can find the angular frequency 
of the motion from the differential equation and use this expression to find its value when 
the radius of the ring is doubled while keeping the linear charge density on the ring 
constant. 



Express the electric field on the axis 
of the ring of charge: 



E. = 



kQx 



V (x 2 + R 2 f 2 



158 Chapter 22 



Factor R from the denominator of 
E x to obtain: 



E = 



kQx 



( ..2 \ 



R 



1 + 



x 



R 1 



3/2 



kQx 



R 



R 2 



3/2 



provided x « R. 



kQ 
R 3 



Express the force acting on the 
particle as a function of its charge 
and the electric field: 



kqQ 
R 3 



-x 



Because the negatively charged 
particle experiences a linear 
restoring force, we know that its 
motion will be simple harmonic. 
Apply Newton's 2 nd law to the 
negatively charged particle to 
obtain: 



m 



d 2 x 



dt 2 



kqQ 
R 3 



x 



or 

*4 + ^x = 0, 
dt 2 mR 3 

the differential equation of simple 
harmonic motion. 



The angular frequency of the simple 
harmonic motion of the particle is 
given by: 



a> = 



kqQ 



imR 3 



(1) 



Express the angular frequency of 
the motion if the radius of the ring 
is doubled while keeping the linear 
charge density constant (i.e., 
doubling Q): 

Divide equation (2) by equation (1) 
to obtain: 



co = 



CO' 
CO 



] kq{2Q) 
m(2R) 3 



\kg{2Q) 
m(2R) 3 



I kqQ 
mR 3 



]_ 

2 



(2) 



Solve for and evaluate oJ : 



, co 21rad/s 

co= — = 

2 2 



10.5rad/s 
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Picture the Problem We can apply Gauss's law to express E as a function of r. We can 
use the hint to think of the fields at points 1 and 2 as the sum of the fields due to a sphere 
of radius a with a uniform charge distribution p and a sphere of radius b, centered at all 
with uniform charge distribution -p. 



(a) The electric field at a distance r 
from the center of the sphere is 
given by: 



E = Er (1) 
where f is a unit vector pointing radially 
outward. 



Apply Gauss's law to a spherical 
surface of radius r centered at the 
origin to obtain: 



§EJA = E{4xr 2 )-- 



enclosed 



Relate Qenciosed to the charge density 



^^^^ Sensed =T/^ 3 



Substitute for ^enclosed: 



e(4ttt 2 ) = 



Solve for E to obtain: 



pr 



Substitute for E in equation (1) to 
obtain: 



E = 



P 



3e, 



rr 



(b) The electric field at point 1 is 
the sum of the electric fields due to 
the two charge distributions: 



E,=E +E =E f + E f (2) 

1 p -p p -p v > 



Apply Gauss's law to relate the 
magnitude of the field due to the 
positive charge distribution to the 
charge enclosed by the sphere: 



EUm 2 }- 



4enel _ T«*V 



Solve for E p : 



E„ = 



ap _ 2pb 



3e 0 3e 0 



Proceed similarly for the spherical 
hole to obtain: 



e i^)^=-i^ 



Solve for E 



-p- 



pb 
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Substitute in equation (2) to obtain: 



E, = - J —r 



pb 

3 e n 



r = 



pb 



The electric field at point 2 is the 
sum of the electric fields due to the 
two charge distributions: 



E 2 =E p +E_ p =E/ + Ej (3) 



Because point 2 is at the center of 
the larger sphere: 



The magnitude of the field at point 
2 due to the negative charge 
distribution is: 



F - Pb 



o 



Substitute in equation (3) to obtain: 



E,=0 + -^r = 



pb 
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Picture the Problem The electric field in the cavity is the sum of the electric field due to 
the uniform and positive charge distribution of the sphere whose radius is a and the 
electric field due to any charge in the spherical cavity whose radius is b. 



The electric field at any point inside 
the cavity is the sum of the electric 
fields due to the two charge 
distributions: 



F = F 4- F = W t -+- F f 

p charge inside p charge inside 

where f is a unit vector pointing radially 
outward. 



Because there is no charge inside 
the cavity: 



E =0 

charge inside 



The magnitude of the field inside 
the cavity due to the positive charge 
distribution is: 



E = pb 

P 3e n 



Substitute in the expression for E 
to obtain: 



E=0 + ^f 

3 e„ 



P 



bf 
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Picture the Problem We can use the hint given in Problem 87 to think of the fields at 
points 1 and 2 as the sum of the fields due to a sphere of radius a with a uniform charge 
distribution p and a sphere of radius b, centered at a/2 with charge Q spread uniformly 
throughout its volume. 



The electric field at point 1 is the 
sum of the electric fields due to the 
two charge distributions: 



E x =E p +E Q 



E p f + E Q f 



(1) 



where f is a unit vector pointing radially 
outward. 
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Apply Gauss's law to relate the 
field due to the positive charge 
distribution to the charge of the 
sphere: 



EUm 2 )-- 



4encl _ T*»V 



Solve for E p : 



E = 



ap _ 2pb 



3e 0 3e 0 



Apply Gauss's law to relate the 
field due to the negative charge 
distributed uniformly throughout 
the volume of the cavity : 



E Q (4nb 2 ) 



2\_ <7encl _ Q 



where Q = p'V = p'±nb 3 



Substitute for Q to obtain: 



Solve for Eq. 



p'b 

3e A 



Substitute in equation (1) to obtain: 



- 2pb „ p'b „ 
E, = - J —r+— — r = 



(2p + P> 



3e f 



The electric field at point 2 is the 
sum of the electric fields due to the 
two charge distributions: 

Because point 2 is at the center of 
the larger sphere: 



E 2 =E p +E Q =E/ + E Q r (2) 



The magnitude of the field at point 
2 due to the uniformly distributed 
charge Q was shown above to be: 

Substitute in equation (2) to obtain: 



p'b 

3e A 



• n p'b „ 
E 2 = 0 + — — r = 

3e n 



-bf 
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Picture the Problem Let the length of the cylinder be L, its radius R, and charge Q. Let 
P be a generic point of interest on the x axis. We can find the electric field at P by 
expressing the field due to an elemental disk of radius R, thickness dx, and charge dq and 

then integrating E x = 2^ccr(l - xj ^ x 2 + R 2 
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Express the electric field on the x 
axis due to the charge carried by the 
disk of thickness dx: 



dE x = 2nkp 



1 



dx 



Integrate dE x for P beyond the end of the cylinder: 

x+L/2 f 

' I 

x-L/2 



? x =2nkp \ 



1 



x 



Jx 2 +R 2 



dx 



= 2nkp 



L- 



L 

— + x 

V2 j 



+ R 2 +. 



— x 



+ R X 



Integrate dE x for P inside the cylinder: 

~L/2+x ( 



E x = 2nkp 
= lukp 



1- 



Jx 2 +R 2 



L/2-. 

dx- J 



1- 



jx 2 +R 2 



2x- 







r L 


\ 


— + x 


2+R2+ i 




- X 


U j 




v2 


J 



+ R 2 



The effective charge density of the disk 
is given by: 

Substitute numerical values and 
evaluate p. 



7iR- 



p = 50 *f = 5.53 juC/m 3 



4.2m) 2 (2m) 



Evaluate 2nkp : 

2nkp = 2^8.99 x 10 9 N • m 2 /C 2 )(5.53 //C/m 3 ) = 3.12 x 10 5 N/C • m 
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(a) Evaluate E y (0.5 m): 

E x (0.5 m) = (3. 1 2 x 10 5 N/C ■ m) 

if 2m V 
2(0.5 m)- + 0.5m +(l.2m) 2 



+ . 



J 



2m 



-0.5m 



(1.2 m) 2 



118kN/C 



(b) Evaluate EJ2 m): 

£ v (2m)=(3.12xl0 5 N/C-m) 
2m 



r 2m „ > ^ 
+ 2m 

V 2 j 



(l.2m) 2 + 



'2m 



2m 



+ 



(1.2 m) 2 



103kN/C 



(c) Evaluate E x (20 m): 
£ v (20m) = (3.12 x 10 5 N/C • m) 
2m- 



2m 



+ 20m 

2 j 



(l.2m) 2 + 



2m 



20m 



+ (l.2m) 2 



1.12kN/C 



Remarks: Note that, in (c), the distance of 20 m is much greater than the length of 
the cylinder that we could have used E x = kQlx 2 . 
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Picture the Problem We can use E x = kQ/[x Q (x 0 - L)]to express the electric fields at 
xo = 2L and x Q = 3L and take the ratio of these expressions to find the field at xq = 3L. 



Express the electric field along the x 
axis due to a uniform line charge on 
the x axis: 

Evaluate E x at x 0 = 2L: 
Evaluate E x at x 0 = 3L: 



E A x o)=- 



kQ 



c 0 (x 0 L) 



E X {2L) = 
E x {3L) = 



kQ kQ 



2L(2L-L) 2L 2 
kQ = kQ 
3L(3L-L) 6L 2 



(1) 



(2) 
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Divide equation (2) by equation (1) 
to obtain: 



kQ 

Ej?L) _ 6L 2 _ 1 
E X (2L) kQ 3 
2L 2 



Solve for and evaluate E x (3L) : 



^(3L) = ^ x (2L) = i(600N/C) 



200 N/C 
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Picture the Problem Let the coordinates of one corner of the cube be (x,y,z), and assume 
that the sides of the cube are Ax, Ay, and Az and compute the flux through the faces of 
the cube that are parallel to the yz plane. The net flux of the electric field out of the 
gaussian surface is the difference between the flux out of the surface and the flux into the 
surface. 



The net flux out of the cube is given 
by: 



Use a Taylor series expansion to express the net flux through faces of the cube 
that are parallel to the yz plane: 

^ net =^) + (^y(*) + i(A^ 



Neglecting terms higher than first 
order we have: 



Because the electric field is in the x 
direction, <f>(x) is: 



0{x) = E x AyAz 
and 

<P'{x) = ^AyAz 
ox 



Substitute for <j> '(x) to obtain: 



dE 

Ax—^ L {AyAz) 



dx 



dE_ 

dx 



x -(AxAyAz) 



dE 

dx 



K -AV 
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Picture the Problem We can use the definition of electric flux in conjunction with the 
result derived in Problem 92 to show that V • E = pi e 0 . 



From Gauss's law, the net flux 
through any surface is: 



-o 



Generalizing our result from 
Problem 92 (see the remark 
following Problem 92): 



dE dE dE 
+ — - + ■ 



dx dy dz 



v = (v-e)v 



Equate these two expressions to 
obtain: 



(v-fi)v =—V or V-E 



P 



*94 

Picture the Problem We can find the field due to the infinitely long line charge from 
E = 2kA/r and the force that acts on the dipole using F = p dE/ dr . 



Express the force acting on the F — p — 

dipole: dr 

The electric field at the location of r 2kX 

E = 

the dipole is given by: r 



2kXp 



where the minus sign indicates that the 
dipole is attracted to the line charge. 

95 

Picture the Problem We can find the distance from the center where the net force on 
either charge is zero by setting the sum of the forces acting on either point charge equal 
to zero. Each point charge experiences two forces; one a Coulomb force of repulsion due 
to the other point charge, and the second due to that fraction of the sphere's charge that is 
between the point charge and the center of the sphere that creates an electric field at the 
location of the point charge. 

Apply F = 0 to either of the F Coulomb - F field =0 ( 1 ) 

point charges: 



Substitute to obtain: d 

F = p — 
dr 



~2kX~ 




r 





Express the Coulomb force on the £ e 2 ^ 2 

proton: F Coulomb = ^ = — 

The force exerted by the field E is: F, —eE 

J field 
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Apply Gauss's law to a spherical 
surface of radius a centered at the 
origin: 

Relate the charge density of the 
electron sphere to <2 e nciose<j: 

Substitute for ^enclosed: 



Solve for E to obtain: 



Substitute for ^coulomb and F fie i d in 
equation (1): 



£(W): 



a 



enclosed 



2e 


^enclosed 


jnR 3 


\m 3 


E{4m 


2 \ lea 
h e Q R 3 


77 - 


ea 

— 


2k e 0 R 3 


ke 2 


e 2 a 


4a 2 


2k e 0 R 3 


or 




ke 2 
4a 2 


2ke 2 a n 
R 3 



_ lea 

enclosed 



F = 



2 

e a 



2k e 0 R 



= 0 



Solve for a to obtain: 



a = 3 -R = 
V8 



0.5R 
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Picture the Problem We can use the result of Problem 96 to express the force acting on 
both point charges when they are separated by 2a. We can then use this expression to 
write the force function when the point charges are each displaced a small distance x 
from their equilibrium positions and then expand this function binomially to show that 
each point charge experiences a linear restoring force. 



From Problem 95, the force function 
at the equilibrium position is: 

When the charges are displaced a 
distance x symmetrically from their 
equilibrium positions, the force 
function becomes: 



F(a)-. 



ke 2 2ke 2 a 



4a A 



R 3 



ke 



F(a + x) = (a + x) 



-2 



2ke 2 



(a + x) 



Expand this function binomially to obtain: 

ke 2 \ 2ke 2 



F(a + x) = -^-(a 2 -2a 3 x + ...)- 



ke ke 



2ke 2 



R 3 
2ke 2 



2ke 2 
R 3 



-x 



4a 2a' 



R 3 



R 3 
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Substitute for R using the result 
obtained in Problem 96 and F 

restoring 

simplify to obtain: 

Hence, we've shown that, for a small 
displacement from equilibrium, the point 
charges experience a linear restoring force. 

Remarks: An alternative approach that you might find instructive is to expand the 
force function using the Taylor series. 
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Picture the Problem Because the restoring force found in Problem 96 is linear, we can 
express the differential equation of the proton's motion and then identify co 2 from this 
equation. 

Apply ^ F x = ma to the displaced 
proton to obtain: 



Solve for a> : 




Substitute numerical values and evaluate ax. 

a = ( 3(8.99 x «f N ■ m' / Ejg .6 x jjg cf = , — - ^ ~ t 
V 4(l.67xl0" 27 kgX0.08nm) 3 1 



4a 3 



3fe J * 
r x = m — - 

or 

d 2 x 3ke 2 



dt 2 4mr 3 
where CO 2 = 



x = -co 2 x 



2 3ke 2 



4mr 3 
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Chapter 23 
Electrical Potential 



Conceptual Problems 

Determine the Concept A positive charge will move in whatever direction reduces its 
potential energy. The positive charge will reduce its potential energy if it moves toward a 
region of lower electric potential. 



2 

Picture the Problem A charged particle placed in an electric field experiences an 
accelerating force that does work on the particle. From the work-kinetic energy theorem 
we know that the work done on the particle by the net force changes its kinetic energy 
and that the kinetic energy K acquired by such a particle whose charge is q that is 
accelerated through a potential difference Vis given by K = qV. Let the numeral 1 refer 
to the alpha particle and the numeral 2 to the lithium nucleus and equate their kinetic 
energies after being accelerated through potential differences V\ and V 2 - 



Express the kinetic energy of the 
alpha particle when it has been 
accelerated through a potential 
difference V\. 



K x =q x V x =2eV x 



Express the kinetic energy of the 
lithium nucleus when it has been 
accelerated through a potential 
difference V 2 : 



K 2 = q 2 V 2 = 3eV 2 



Equate the kinetic energies to 
obtain: 



2eV, = 3eV 0 



or 



Vn 



f Vi and 



(^)is correct. 



Determine the Concept If V is constant, its gradient is zero; consequently E = 0. 



dV 

Determine the Concept No. E can be determined from either E i = — -^provided Vis 

AV 

known and differentiable or from E ( = — ^-provided V is known at two or more points. 
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5 

Determine the Concept Because the field lines are always perpendicular to equipotential 
surfaces, you move always perpendicular to the field. 

6 

Determine the Concept V along the axis of the ring does not depend on the charge 
distribution. The electric field, however, does depend on the charge distribution, and the 
result given in Chapter 21 is valid only for a uniform distribution. 



Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge —Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 
the sphere's surface. 




8 

Picture the Problem The electric field 
lines, shown as solid lines, and the 
equipotential surfaces (intersecting the 
plane of the paper), shown as dashed lines, 
are sketched in the adjacent figure. The 
point charge +Q is the point at the right, 
and the metal sphere with charge +Q is at 
the left. Near the two charges the 
equipotential surfaces are spheres, and the 
field lines are normal to the metal sphere at 
the sphere's surface. Very far from both 
charges, the equipotential surfaces and 
field lines approach those of a point charge 
2Q located at the midpoint. 
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Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
field lines are shown in solid lines. It is 
assumed that the conductor carries a 
positive charge. Near the conductor the 
equipotential surfaces follow the 
conductor's contours; far from the 
conductor, the equipotential surfaces are 
spheres centered on the conductor. The 
electric field lines are perpendicular to the 
equipotential surfaces. 




10 

Picture the Problem The equipotential 
surfaces are shown with dashed lines, the 
electric field lines are shown with solid 
lines. Near each charge, the equipotential 
surfaces are spheres centered on each 
charge; far from the charges, the 
equipotential is a sphere centered at the 
midpoint between the charges. The electric 
field lines are perpendicular to the 
equipotential surfaces. 




*11 • 

Picture the Problem We can use Coulomb's law and the superposition of fields to find E 
at the origin and the definition of the electric potential due to a point charge to find V at 
the origin. 

Apply Coulomb's law and the 
superposition of fields to find the 
electric field E at the origin: 



E =E + Qat-a +E + Q*la 

a a 



Express the potential V at the origin: 



* '+£> at -a V+Qala 

_kQ kQ _ 2kQ 



and (b) is correct. 
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12 



dV 



Picture the Problem We can use E = - : — i to find the electric field corresponding the 

dx 

given potential and then compare its form to those produced by the four alternatives 
listed. 



Find the electric field corresponding to 
this potential function: 



E 



dx 



dV t 
1 

dx 

dx Ll 11 



-4if x>0 
4 if x < 0 



[4|x|+yJ 



lif x>0 
- 1 if jc < 0 



Of the alternatives provided above, only a uniformly charged sheet in the yz plane would 



produce a constant electric field whose direction changes at the origin, (c) is correct. 
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Picture the Problem We can use Coulomb's law and the superposition of fields to find E 
at the origin and the definition of the electric potential due to a point charge to find V at 
the origin. 

Apply Coulomb's law and the E = E +Qat _ a + E_ Qata 

superposition of fields to find the f f 2kQ * 

electric field E at the origin: 



2 I + 2 I 

a a a 



Express the potential V at the origin: 



V = V +V 

Y r +gat-a ^ r -Qua 

_kQ | k(-Q)_ Q 
a a 



and (c) is correct 



14 » 

(a) False. As a counterexample, consider two equal charges at equal distances from the 
origin on the x axis. The electric field due to such an array is zero at the origin but the 
electric potential is not zero. 



(b) True. 



(c) False. As a counterexample, consider two equal-in-magnitude but opposite-in-sign 
charges at equal distances from the origin on the x axis. The electric potential due to such 
an array is zero at the origin but the electric field is not zero. 
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(d) True. 

(e) True. 

(f) True. 

(g) False. Dielectric breakdown occurs in air at an electric field strength of approximately 
3xl0 6 V/m. 

15 

(a) No. The potential at the surface of a conductor also depends on the local radius of the 
surface. Hence r and crcan vary in such a way that Vis constant. 

(b) Yes; yes. 
*16 • 

Determine the Concept When the two spheres are connected, their charges will 
redistribute until the two-sphere system is in electrostatic equilibrium. Consequently, the 



entire system must be an equipotential. (c) is corrent. 



Estimation and Approximation Problems 

17 • 

Picture the Problem The field of a thundercloud must be of order 3xl0 6 V/m just before 
a lightning strike. 

Express the potential difference V = Ed 

between the cloud and the earth as a 
function of their separation d and 
electric field E between them: 

Assuming that the thundercloud is at V = (3 x 10 6 V/m)(l0 3 m) 

a distance of about 1 km above the 
surface of the earth, the potential 
difference is approximately: 

Note that this is an upper bound, as there will be localized charge distributions on the 
thundercloud which raise the local electric field above the average value. 

*18 • 

Picture the Problem The potential difference between the electrodes of the spark plug is 
the product of the electric field in the gap and the separation of the electrodes. We'll 
assume that the separation of the electrodes is 1 mm. 



3.00 xlO 9 V 



Express the potential difference 
between the electrodes of the spark 



V = Ed 
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plug as a function of their separation 
d and electric field E between them: 

Substitute numerical values and y — (2 x 10 7 V/m)(lCT 3 m) 

evaluate V: 



20.0 kV 



19 « 

Picture the Problem We can use conservation of energy to relate the initial kinetic 
energy of the protons to their electrostatic potential energy when they have approached 
each other to the given "radius". 

(a) Apply conservation of energy to K i +U i = K f + U f 

relate the initial kinetic energy of the or, because Ui-K { - 0, 

protons to their electrostatic K { = U { 

potential when they are separated by 
a distance r: 



Because each proton has kinetic e 2 e 2 



2K = => K = ■ 



energy K: 4^ Gq r 8^ e 0 r 

Substitute numerical values and evaluate K: 

(l.6xl0 19 c) 2 . in _ 13T leV 

K = / ^-rz / —ry r , V = 1.15x10 JX — 

8^(8.85 x 10~ 12 C 2 / N • m 2 )(l0 15 m) 1.6 x 10 19 J 



= 0.71 9 MeV 



0.0767% 



(b) Express and evaluate the ratio of - _ K _ 0.7 19 MeV 

the two energies: E rest 938 MeV 



20 

Picture the Problem The magnitude of the electric field for which dielectric breakdown 
occurs in air is about 3 MV/m. We can estimate the potential difference between you and 
your friend from the product of the length of the spark and the dielectric constant of air. 



Express the product of the length of V = (3 MV/m) (2 mm) = 

the spark and the dielectric constant of 

air: 



6000 V 



Potential Difference 
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Picture the Problem We can use the definition of finite potential difference to find the 
potential difference V(4 m) - V(0) and conservation of energy to find the kinetic energy 
of the charge when it is at x = 4 m. We can also find V(x) if V(x) is assigned various 
values at various positions from the definition of finite potential difference. 



(a) Apply the definition of finite 
potential difference to obtain: 



4 m 



V{4m)-V(0) = -\ E ■ dl = - \ Edi 

a 0 

= -(2kN/C)(4 m 



= -8.00kV 



(b) By definition, At/ is given by: 



AU = qAV = (3^C)(-8W) 



24.0 mJ 



(c) Use conservation of energy to 
relate AU and AK: 



AK + AU =0 
or 

K 4m -K 0 +AU=0 



Because Kq = 0: 



K 4m =-AU= 24.0 mJ 



Use the definition of finite potential 
difference to obtain: 

(d) For V(0) = 0: 



(e) For V(0) = 4 kV: 



(/)For V(lm) = 0: 



or 



v(, 

or 

v(> 



v(, 

or 

v(, 



-V{x 0 ) = -E x (x-x 0 ) 

= -(2kV/m)(jc-JC 0 ) 

0 = -(2kV/m)(x-0) 



(2kV/m)^ 



4kV = -(2kV/m)(x-0) 



4kV-(2kV/m)jc 



0 = -(2kV/m)(x-l) 



2kV-(2kV/m)jc 



176 Chapter 23 



22 • 

Picture the Problem Because the electric field is uniform, we can find its magnitude 
from E = AV/Ax. We can find the work done by the electric field on the electron from the 
difference in potential between the plates and the charge of the electron and find the 
change in potential energy of the electron from the work done on it by the electric field. 
We can use conservation of energy to find the kinetic energy of the electron when it 
reaches the positive plate. 



(a) Express the magnitude of the 
electric field between the plates in 
terms of their separation and the 
potential difference between them: 



AV 500 V 



Ax 0.1m 



5.00kV/m 



Because the electric force on a test charge is away from the positive 
plate and toward the negative plate, the positive plate is at the 
higher potential. 



(b) Relate the work done by the 
electric field on the electron to the 
difference in potential between the 
plates and the charge of the electron: 



W = qAV = (l.6 x 10 19 C)(500V) 



8.01x10 J 



Convert 8.01xl(T 17 J to eV: 



W = (8.01xl0~ 17 j) 



leV 



1.6x10 J 



= 500 eV 



(c) Relate the change in potential 
energy of the electron to the work 
done on it as it moves from the 
negative plate to the positive plate: 



AU=-W= -500eV 



Apply conservation of energy to 
obtain: 



AK = -AU= 500eV 



23 • 

Picture the Problem The Coulomb potential at a distance r from the origin relative to V 
= 0 at infinity is given by V = kqlr where q is the charge at the origin. The work that must 
be done by an outside agent to bring a charge from infinity to a position a distance r from 
the origin is the product of the magnitude of the charge and the potential difference due to 
the charge at the origin. 
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(a) Express and evaluate the Coulomb 
potential of the charge: 



V 



kq 
r 

(8.99xl0 9 N-m 2 /C 2 )(2//C) 
4m 



4.50 kV 



(b) Relate the work that must be 
done to the magnitude of the charge 
and the potential difference through 
which the charge is moved: 

(c) Express the work that must be 
done by the outside agent in terms 
of the potential difference through 
which the 2-/JZ is to be moved: 

Substitute numerical values and 
evaluate W: 



W=qAV = (3//C)(4.50kV) 



= 13.5mJ 



W=q 2 AV 3 



kq 2 q 3 



W 



_ (8.99xl0 9 N-m 2 /C 2 )(2//C)(3//C) 
4m 



= 13.5mJ 



24 « 

Picture the Problem In general, the work done by an external agent in separating the 
two ions changes both their kinetic and potential energies. Here we're assuming that they 
are at rest initially and that they will be at rest when they are infinitely far apart. Because 
their potential energy is also zero when they are infinitely far apart, the energy W ext 
required to separate the ions to an infinite distance apart is the negative of their potential 
energy when they are a distance r apart. 

Express the energy required to separate 
the ions in terms of the work required 
by an external agent to bring about this 
separation: 



W &lll =AK + AU=0-U 1 

kq_q + _ k(-e)e _ ke 2 
r r r 



Substitute numerical values and evaluate W ex t: 

W , = MxlO'N. m ^)(l.6xlO-»cf _ 8 24x 10 -„ j 
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Convert W ext to eV: 



W = (8.24xl(T 19 j) 



leV 



1.6x10 J 



= 5.14eV 
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Picture the Problem We can find the final speeds of the protons from the potential 
difference through which they are accelerated and use E = AVI Ax to find the accelerating 
electric field. 



(a) Apply the work-kinetic energy 
theorem to the accelerated protons: 



W = AK = K f 



or 

eAV =\ 



mv 



Solve for v to obtain: 



v = 



2eAV 



m 



Substitute numerical values and 
evaluate v: 



v = . 



(2(l.6 xlCT' 9 c)(5MV) 
1.67x10 27 kg 



3.10xl0 7 m/s 



(b) Assuming the same potential 
change occurred uniformly over the 
distance of 2.0 m, we can use the 
relationship between E, AV, and Ax 
express and evaluate E: 



E = 



AV 5MV 



Ax 



2m 



2.50 MV/m 



*26 » 

Picture the Problem The work done on the electrons by the electric field changes their 
kinetic energy. Hence we can use the work-kinetic energy theorem to find the kinetic 
energy and the speed of impact of the electrons. 



Use the work-kinetic energy 
theorem to relate the work done by 
the electric field to the change in the 
kinetic energy of the electrons: 

(a) Substitute numerical values and 
evaluate Kf. 



W = AK = K f 



or 



K f = eAV 



K f =(le)(30kV) = 



(1) 



3xl0 4 eV 
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(b) Convert this energy to eV: 



K { =(3xl0 4 ev) 



1.6x10 19 J^ 
eV 



4.80 xlO 15 J 



(c) From equation (1) we have: 



\mv] = eAV 



Solve for v f to obtain: 



2eAV 



m 



Substitute numerical values and 
evaluate v f : 



2(l.6xl0 19 c)(30kV) 



9.11xl0~ 31 kg 



= 1.03xl0 8 m/s 



Remarks: Note that this speed is about one-third that of light. 
27 

Picture the Problem We know that energy is conserved in the interaction between the a 
particle and the massive nucleus. Under the assumption that the recoil of the massive 
nucleus is negligible, we know that the initial kinetic energy of the a particle will be 
transformed into potential energy of the two-body system when the particles are at their 
distance of closest approach. 



(a) Apply conservation of energy to 
the system consisting of the a particle 
and the massive nucleus: 



AK + AU =0 



or 



K { -K^+Uf -U i =0 



Because Kf = U\ = 0 and = E: 



■E + U t =0 



Letting r be the separation of the 
particles at closest approach, express 
Uf. 



v = ^gwcieusgg = k(Ze)(2e) = 2kZe 2 
' r r r 



Substitute to obtain: 



■E + 



2kZe 2 



Solve for r to obtain: 



r = 



2kZe 2 



(b) For a 5.0-MeV a particle and a gold nucleus: 
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r 5 



2(8.99 xl0 9 N-m 2 /C 2 )(79)(l .6 xl0" 19 c) . ,__ 14 

-. T7 1 ^ = 4.55x10 m: 

(5MeV)(l.6xl(T 19 J/eV) 



45.4 fm 



For a 9.0-MeV a particle and a gold nucleus: 



_ 2(8.99xlO'N.m'/C')(79)(l.6xlO-"cy =253xl0 - <m = 
(9MeV)(l.6xlO ~ 19 J/eVj 



25.3 fm 



Potential Due to a System of Point Charges 

28 • 

Picture the Problem Let the numerals 1, 2, 3, and 4 denote the charges at the four 
corners of square and r the distance from each charge to the center of the square. The 
potential at the center of square is the algebraic sum of the potentials due to the four 
charges. 



Express the potential at the center of 
the square: 



V 



kq l | kq 2 | kq 3 | kq A 



= -(^1+^2+^3+^4) 



r 

k 4 



A, ^— ' 



1=1 



(a) If the charges are positive: 



V 



8.99xlO v N-m7C 



2 //~i2 



2V2 



m 



(4)(2^) 



25.4 kV 



(b) If three of the charges are positive 
and one is negative: 



v = 



8.99xl(T N-m 7C 
2V2 m 



(2)(2^) 



12.7 kV 



(c) If two are positive and two are 
negative: 



v = 



0 
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Picture the Problem The potential at the point whose coordinates are (0, 3 m) is 
algebraic sum of the potentials due to the charges at the three locations given. 
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Express the potential at the point 
whose coordinates are (0, 3 m): 

(a) For q l = q 2 = <?3 = 2 /uC: 

V = (8.99 x 10 9 N • m 2 /C 2 )(2 //C) 

(b) For qi-q 2 -2jJZ and g 3 - -2 //C: 

V = (8.99 xlO 9 N • m 2 /C 2 )(2 juC) 

(c) For q\ = qi = 2 ]JZ and g 2 - -2 //C: 

V = (8.99xl0 9 N-m 2 /C 2 )(2//C) 



V=k ^ = k 



1 1 1_ 

3m 3V2m 3^5 



m 





12.9kV 







1 1 

■ + 



3m 3V2m 3yf5 



m 





7.55kV 


J 





1 1 1 

■ + ■ 



3m 3V2m 3V5 



m 





4.44 kV 


J 
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Picture the Problem The potential at point C is the algebraic sum of the potentials due to 
the charges at points A and B and the work required to bring a charge from infinity to 
point C equals the change in potential energy of the system during this process. 



(a) Express the potential at point C 
as the sum of the potentials due to 
the charges at points A and B: 

Substitute numerical values and evaluate Vq- 



V c =k 



V r A r B J 



V c = kq 



— + — 

V r A r B J 



(8.99xl0 9 N-m 2 /C 2 )(2//C) 



1 1 



v 3m 3m y 



12.0kV 



(b) Express the required work in 
terms of the change in the potential 
energy of the system: 



W = AU = q 5 V c 
= (5uC)(l2.0kV) = 



60.0 mJ 



(c) Proceed as in (a) with q B = 



-2 fjC: 
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V c =k 



f \ 



(8.99xl0 9 N-m 2 /C 2 ) 



'B J 



3m 



3m 



J 



0 



and W = AU = q 5 V c = (5 |aC)(o) = 
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Picture the Problem The electric potential at the origin and at the north pole is the 
algebraic sum of the potentials at those points due to the individual charges distributed 
along the equator. 



(a) Express the potential at the 
origin as the sum of the potentials 
due to the charges placed at 60° 
intervals along the equator of the 
sphere: 



V = k ^ = 6k 



Substitute numerical values and 
evaluate V: 



V = 6(8.99 x 10 9 N • m 2 /C 2 )^- 
v ; 0.6m 



270 kV 



(b) Using geometry, find the r'= 0.6V2 m 

distance from each charge to the 
north pole: 



Proceed as in (a) with r'= 0.6^/2 m : 



v=kY J 



6(8.99xl0 9 N-m 2 /C 2 ) 

0.6V2 m 



191kV 



*32 • 

Picture the Problem We can use the fact that the electric potential at the point of interest 

is the algebraic sum of the potentials at that point due to the charges q and q' to find the 
ratio q/q'. 

Express the potential at the point of kg kg' _ 

interest as the sum of the potentials a/3 2a/3 
due to the two charges: 
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Simplify to obtain: 



2 



Solve for the ratio q/q': 



33 

Picture the Problem For the two charges, r = \x — a\ and I jc + a\ respectively and the 

electric potential at x is the algebraic sum of the potentials at that point due to the charges 
at x — +a and x — —a. 



(a) Express V(x) as the sum of the 
potentials due to the charges at 
x = +a and x - -a: 



V 



kq 



x-a 



x + a 



(b) The following graph of V(x) versus x for kq - I and a - I was plotted using a 
spreadsheet program: 



(c) At x = 0: 



> 




dV 
dx 



0 



and E. 



dV 

dx 
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Picture the Problem For the two charges, r = \x — a\ and \x\ respectively and the electric 

potential at x is the algebraic sum of the potentials at that point due to the charges at x = a 
and x = 0. We can use the graph and the function found in part (a) to identify the points at 
which V(x) = 0. We can find the work needed to bring a third charge +e to the point 
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x = j a on the x axis from the change in the potential energy of this third charge. 



Express the potential at x: 



be be — a 



The following graph of V(x) for ke = 1 and a =1 was plotted using a spreadsheet 
program. 




(b) From the graph we can see that 
V(x) = 0 when: 



x = +oo 



Examining the function, we see that 
V(x) is also zero provided: 



= 0 



\x\ \x — a\ 



For x > 0, V(x) = 0 when: 

For 0 < x < a, V(x) = 0 when: 

(c) Express the work that must be 
done in terms of the change in 
potential energy of the charge: 

Evaluate the potential at x = \ a : 



x= 3a 



x = 



0.6a 



W = AU =qV(\a) 



\\a\ \\a — a\ 
6ke 4ke Ike 



a a 
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Substitute to obtain: 



W = e 



( 2ke^ 




Ike 2 


I a j 




a 



Computing the Electric Field from the Potential 

35 • 

Picture the Problem We can use the relationship E x = - (dV/dx) to decide the sign of V b 
- V a and E = AVI Ax to find E. 



(a) Because E x = - (dV/dx), V is 
greater for larger values of x. So: 



V b - V a is positive. 



(b) Express E in terms of Vb - V a and 
the separation of points a and b: 

Substitute numerical values and 
evaluate E x .; 



£ = AV _V b -V a 



Ax Ax 
10 5 V 



E. = 



4m 



25.0 kV/m 
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Picture the Problem Because E x = -dV/dx, we can find the point(s) at which 
E x = 0 by identifying the values for x for which dV/dx = 0. 



Examination of the graph indicates 
that dV/dx = 0 at x = 4.5 m. Thus E x = 
Oat: 



4.5m 



37 • 

Picture the Problem We can use V(x) = kqlx to find the potential V on the x axis at x = 

3.00 m and at x = 3.01 m and E(x) = kqlr 2 to find the electric field at 

x = 3.00 m. In part (d) we can express the off-axis potential using V(x) = kqlr, where 

r = jx 2 + y 2 . 



(a) Express the potential on the x axis 
as a function of x and q: 

Evaluate V at x = 3 m: 



x 



r( 3 m ) = (8.99xlQ 9 N-m 2 /C 2 )(3//C) 
3m 



= 8.99 kV 
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Evaluate V at x = 3.01 m: 



-(3.01m)- (8-99xlQ 9 N-m 2 /C 2 )(3^) 



3.01m 



= 8.96 kV 



(b) The potential decreases as x 
increases and: 



AV 8.96kV-8.99kV 



Ax 



3.01m-3.00m 



= 3.00kV/m 



(c) Express the Coulomb field as a 
function of x: 



E(x) = 



kq 

~7 



Evaluate this expression at 
x = 3.00 m to obtain: 



j( 3 m ) = (8.99xl0 9 N-m 2 /C 2 )(3/X:) 
(3m) 2 



3.00kV/m 



in agreement with our result in (b). 



(d) Express the potential at (x, y) 
due to a point charge q at the origin: 

Evaluate this expression at (3.00 m, 0.01 m): 



V{x,y) = 



kq 



2 , 2 

x +y 



i/frnn nm ^ (8.99 xlO 9 N • m 2 /C 2 )(3//C) 
V(3.00m,0.01m) = ^ — , /v = 



8.99 kV 



For y « x, V is independent of y and the points (x, 0) and (x, v) are at the same potential, 
i.e., on an equipotential surface. 

38 • 

Picture the Problem We can find the potential on the x axis at x = 3.00 m by expressing 
it as the sum of the potentials due to the charges at the origin and at 
x = 6 m. We can also express the Coulomb field on the x axis as the sum of the fields due 
to the charges q x and q 2 located at the origin and at x = 6 m. 

(a) Express the potential on the x 
axis as the sum of the potentials due 
to the charges q x and q 2 located at 
the origin and at 
x = 6 m: 



V(x) = k 



'2 J 



Substitute numerical values and 
evaluate V(3 m): 
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V(x) = (8.99xl0 9 N-m 2 /C 2 ) 



f 3 /jC 



3m 3m 



J 



(b) Express the Coulomb field on the 
x axis as the sum of the fields due to 
the charges q x and q 2 located at the 
origin and at 
x = 6 m: 

Substitute numerical values and 
evaluate E(3 m): 



kq l kq 2 _ 



r \ 

2 2 
\ r i r 2 J 



E x =(8.99xl0 9 N-m 2 /C 2 ) 
(3m) 2 (3m) 2 



5.99kV/m 



(c) Express the potential on the x 
axis as the sum of the potentials due 
to the charges q x and q 2 located at 
the origin and at 
x-6m: 



V(x) = k 



f \ 

( I L + ^2 
V r i T 2 J 



Substitute numerical values and evaluate 
7(3.01 m): 



V (3.01m) = (8.99 x 10 9 N ■ m 2 /C 2 ) 



3.01m 2.99m 



-59.9V 



Compute -AV/Ax: 



AV 
Ax 
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Picture the Problem We can use the relationship E y 
- V a and E = AVI Ay to find E. 



-59.9V-0 
3.01m-3.00m 



5.99kV/m 



E x (3.00 m) 

- (dV/dy) to decide the sign of V h 



(a) Because E x = - (dV/dx), V is 
smaller for larger values of y. So: 



V b - V a is negative. 
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(b) Express E in terms of V b - V a and 
the separation of points a and b: 



E _AV _V b -V a 



Ay Ay 



Substitute numerical values and 
evaluate E y : 



2xlQ 4 V 
4m 



5.00 kV/m 
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Picture the Problem Given V(x), we can find E x from -dVldx. 



(a) Find E x from -dVldx: 



E x = [2000 + 3000*] 

dx 



= -3.00kV/m 



(b) Find E x from -dV/dx: 



dx 



[4000 + 3000 x] 



= -3.00kV/m 



(c) Find E x from -dVldx: 



dx 



[2000-3000*] 



= 3.00kV/m 



(d) Find E x from -dV/dx: 



£,=—[-2000]: 
dx 



41 « 

Picture the Problem We can express the potential at a general point on the x axis as the 
sum of the potentials due to the charges at x = 0 and x - I m. Setting this expression 
equal to zero will identify the points at which V(x) = 0. We can find the electric field at 
any point on the x axis from E x = -dV/dx. 



(a) Express V(x) as the sum of the 
potentials due to the point charges at x 
= 0 and x=lm: 



V(x) = 



kq ^ k(-3q) 
x be — 1 



3q 



\x\ 



x-l 



(b) Set V(x) = 0: 



q 3q 

\x\ x-l 



= 0 



or 
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1 3 



be be— 1 



= 0 



For x < 0: 



■x 



-(x-l) 



= 0^x = 



-0.500m 



For 0<jc< 1: 



x 



■(x-l) 



= 0^x = 



0.250m 



Note also that: 

(c) Evaluate V(x) for 0 < x < 1: 



V(.x;)->0as.*;->±co 



V(0<x<l) = k 



q + 3q 



\x x-\ / 



Apply E x = -dV/dx to find E x in this 
region: 



E x {0<x<l) = 



d_ 
dx 



q + 3q 



= kg 



yx x-l 
3 



- + 



x 



Evaluate this expression at 
x = 0.25 m to obtain: 



E x (025m) = kq 



1 3 



(0.25 m) 2 (0.75 m) 2 
(21.3 m.- 2 )kq 



Evaluate V(x) for x < 0: 



V(x<0) = -kq 



f\ 3 ^ 
- + - 



\x l—xj 



Apply E x = -dV/dx to find E x in this 
region: 



E x (x<0) = -kq 



d_ 
dx 



1 3 

■ + - 



= kg 



x l-x 
3 



J_ 

~7 + (i-x) 2 



Evaluate this expression at x = -0.5 m to obtain: 



E x (-0.5m) = kq 



+ - 



(-0.5 m) 2 (l.5m) 



(-2.61m~ 2 )kq 



(d) The following graph of V(x) for kq = 1 and a = 1 was plotted using a spreadsheet 
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program: 




*42 

Picture the Problem Because V(x) and E x are related through E x = - dVldx, we can find 
V from E by integration. 



Separate variables to obtain: 



dV = -E x dx = -(2.0jc 3 kN/Cjdx 



Integrate V from V\ to V2 and x from 
1 m to 2 m: 



JrfV = -(2.0kN/C)Jjc 3 <£c 

v, *, 

= -(2.0kN/C)[{x 4 ] 



2 m 
lm 



Simplify to obtain: 



v 2 -v l = 



-7.50kV 



43 » 

Picture the Problem Let r\ be the distance from (0, a) to (x, 0), r 2 the distance from (0, 
-a), and r 3 the distance from (a, 0) to (x, 0). We can express V(x) as the sum of the 
potentials due to the charges at (0, a), (0, -a), and (a, 0) and then find E x from -dV/dx. 



(a) Express V(x) as the sum of the 
potentials due to the charges at (0, a), 
(0, -a), and (a, 0): 



'1 '2 '3 
where q 1 = q 2 = q 3 = q 



Atx-0, the fields due to gi and ^ 2 cancel, so .E A (0) = -kqla 2 ; this is also obtained from 
(6) ifx = 0. 
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As x— >co, i.e., for x » a, the three charges appear as a point charge 3q, so 
E x = 3kq/x 2 ; this is also the result one obtains from (b) for x » a. 



Substitute for the r, to obtain: 



V{x) = kq 



I 2 , 2 



+ 



■ + ■ 



-J x 2 +a 2 \ x a \ 



kq 



I 2 , 2 

yjx + a 



+ 



x-a 



(b) For x> a, x- a> 0 and: 



\x — a = x— a 



Use E x = -dV/dx to find E x : 



E x (x>a) = 



dx 



kq 



yfx 2 



+ a 



x-a 



2kqx 



kq 



(x 2 + a 2 f 2 (x-af 



For x<a, x - a<0 and: 



\x — a\ = —(x -a) = a- x 



Use E x = -dV/dx to find E x : 



E x (x< a\ 



dx 



kq 



4x 2 +a 2 



a-x 



2kqx 



kq 



(x 2 + a 2 T (a-xf 



Calculations of V for Continuous Charge Distributions 
44 • 

Picture the Problem We can construct Gaussian surfaces just inside and just outside the 
spherical shell and apply Gauss's law to find the electric field at these locations. We can 
use the expressions for the electric potential inside and outside a spherical shell to find 
the potential at these locations. 



(a) Apply Gauss's law to a spherical 
Gaussian surface of radius r < 12 cm: 



E-dA 



a 



enclosed 



0 



S ^0 

because the charge resides on the outer 
surface of the spherical surface. Hence 
Z?(r<12cm): 



0 



Apply Gauss's law to a spherical 
Gaussian surface of radius 



E{4xr 2 )-- 
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r > 12 cm: 



and 



£(r>12cm) = 



Att r e Q r 



kq 



Substitute numerical values and evaluate E(r > 12 cm): 

U \ (8.99xl0 9 N-m 2 /C 2 )(l(T 8 c) 

E[r > 12cm) = ^ — '- = 

(0.12 m) 2 



6.24kV/m 



(b) Express and evaluate the potential just inside the spherical shell: 



„, „x kq (8.99xl0 9 N-m 2 /C 2 )(lO" 8 c) 

V(r < R ) = — = — ' : 

v ' R 0.12m 



749 V 



Express and evaluate the potential just outside the spherical shell: 



V(r>R) 



kq _ (8.99xlQ 9 N-m 2 /C 2 )(lO' 8 c) 
r ~ 0.12m 



749 V 



(c) The electric potential inside a uniformly charged spherical shell is constant and 
given by: 



V(r<R) 



_kq _ (8.99xl0 9 N-m 2 /C 2 )(l0' 8 c) _ 



R 



0.12m 



749 V 



In part (a) we showed that: 



E(r <12cm) = 



45 • 

Picture the Problem We can use the expression for the potential due to a line 
r 

charge V = — 2kA In — , where V = 0 at some distance r = a, to find the potential at these 
a 

distances from the line. 



Express the potential due to a line 
charge as a function of the distance 
from the line: 



V =-2kA\n- 



Because V = 0 at r = 2.5 m: 



0 = -2jfc/lln 



2.5 m 



a 
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0 = ln 



and 



2.5m 



a 



2.5 m , 



= In 1 0 = 1 



Thus we have a = 2.5 m and: 



V = -2(8.99 x 10 9 N • m 2 /C 2 )(l .5 //C/m)ln 



f \ 
r 

y 2.5 my 



-(2.70xl0 4 N-m/c)ln 



C \ 
r 

y2.5m j 



(a) Evaluate V at r = 2.0 m: 



V = -(2.70xl0 4 N-m/c)ln 



2m 
v 2.5m y 



- 6.02kV 



(b) Evaluate V at r = 4.0 m: 



V = -(2.70xl0 4 N-m/c)ln 



4m 
2.5m 



■12.7kV 



(c) Evaluate V at r = 12.0 m: 



V = -(2.70xl0 4 N-m/c)ln 



V 

v 2.5m y 



-42.3kV 



46 

Picture the Problem The electric field on the * axis of a disk charge of radius R is given 

r \ 
x 

1 , . We'll choose V(<x) = 0 and integrate from x' = 00 to x' = 



by E x = 27ik(j 



jx 2 +R' 
x to obtain Equation 23-21. 



J 



Relate the electric potential on the 
axis of a disk charge to the electric 
field of the disk: 



dV = -Edx 



Express the electric field on the x 
axis of a disk charge: 



E r = 27rica 



Jx 2 +R 2 
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Substitute to obtain: 



dV = -2uko 



4x 2 +R : 



dx 



Let V(oo) = 0 and integrate from x' = 
oo to x' = x: 



V = -2nka$ 




= 2nk<jUx 2 +R 2 - x 



which is Equation 23-21. 



*47 ** 

Picture the Problem Let the charge per 
unit length be A = QIL and dy be a line 
element with charge My. We can express 
the potential dV at any point on the x axis 
due to My and integrate of find V(x, 0). 

(a) Express the element of potential 
dV due to the line element dy: 

Integrate d V from y = -L/2 to 
y = L/2: 



dV = — dy 
r 



Q *y 




where r = ^x° + y 
V{x,0) 



kQ J dy 



L 



L/2-/ 



x + y d 



kQ 



In 



yjx 2 + L 2 /4 + L/2 
ylx 2 +L 2 /4-L/2 



(b) Factor x from the numerator and 
denominator within the parentheses to 
obtain: 



L 



i+ 



4x 



2+ Yx 



i+ 



4x 2 



L 

2x 



J 



Use In — = In a - In b to obtain: 
b 
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L 2 L 
Let s = — 7 and use (l + s) 1/2 =\+\s -\s 2 +... to expand JlH 



Ax 



Ax 1 



1 + ; 

v 4 *'v 



= 1 + 



1 L 1 



f t2 \ 



2 Ax 2 8 



K Ax j 



+ ...«! for * » L. 



Substitute to obtain: 



V 







-In 




Ml 




1- 






V 2xy 






2xJJ 



Let 8 = — and use ln(l + 8) = 8 -\8 2 +... to expand In 
2x 



Ml 



In 



L L 

and In 

2x Ax 2 



L L 

for x » L. 

2x Ax 2 



Substitute and simplify to obtain: 



V(x,0)- 



kQ \ L L 2 
L{2x Ax 2 



r2 A 



2x Ax 2 



kQ 

X 
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Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 
and thickness dr from r = 0 to 
r - R and the potential on the axis of the 
disk by integrating the expression for the 
potential on the axis of a ring of charge 
between the same limits. 




(a) Express the charge dq on a ring 
of radius r and thickness dr. 



dq = 27rrodr = 2nr 



= 27i(j Q Rdr 



R 



V r J 



dr 



Integrate from r = 0 to r = R to obtain: 



Q = 27ia Q R^dr = 



2n(T () R' 
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(b) Express the potential on the axis 
of the disk due to a circular element 
of charge dq = 2jirodr : 



dV 



kdq 27tk<j 0 Rdr 



Integrate from r = 0 to r = R to obtain: 



V 



27ika Q R^ 



dr 



- r 2 , 2 

o ylx +r 



27rk<j 0 R\n 



R + jx 2 +R 2 



X 
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Picture the Problem We can find Q by 
integrating the charge on a ring of radius r 
and thickness dr from r = 0 to 
r - R and the potential on the axis of the 
disk by integrating the expression for the 
potential on the axis of a ring of charge 
between the same limits. 




(a) Express the charge dq on a ring 
of radius r and thickness dr. 



dq = Imodr = 2nr 



f 2 A 
r 

V K J 



dr 



o 3 



R 1 



r dr 



Integrate from r = 0 to r = R to obtain: 



Q = — ^\r 2 dr 
R 2 i 



j7T(J 0 R' 



(^)Express the potential on the axis of 
the disk due to a circular element of 



charge dq = r— r dr : 

R 



kdq 27dc(j n r 3 
dV = — - = t-^ , =dr 

r' R 2 4x 2 +r 2 



Integrate from r = 0 to r = R to obtain: 



V 



27ik<j 0 r r dr 

x 2 +r 2 



R 2 U 



27tfc(J n 



f d2 o 2 

R -2x 



R' 



x 2 +R 2 + 



2x 



3 \ 
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Picture the Problem Let the charge per 
unit length be A = QIL and dy be a line 
element with charge My. We can express 
the potential dV at any point on the x axis 
due to My and integrate to find V(x, 0). 

Express the element of potential dV 
due to the line element dy: 



Integrate d V from y = -LI2 to 
y = L/2: 



*51 

Picture the Problem The potential at any 
location on the axis of the disk is the sum 
of the potentials due to the positive and 
negative charge distributions on the disk. 
Knowing that the total charge on the disk is 
zero and the charge densities are equal in 
magnitude will allow us to find the radius 
of the region that is positively charged. We 
can then use the expression derived in the 
text to find the potential due to this charge 
closest to the axis and integrate dV from 

to r = 7? to find the potential at x 
due to the negative charge distribution. 

(a) Express the potential at a 
distance x along the axis of the disk 
as the sum of the potentials due to 
the positively and negatively 
charged regions of the disk: 



Q <'.'/ 




V{x) = V + {x) + Vix) 



We know that the charge densities Q r<a = Q, 

are equal in magnitude and that the or 
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total charge carried by the disk is 
zero. Express this condition in terms 
of the charge in each of two regions 
of the disk: 



<7 Q na 2 = <j Q 7iR 2 - <j Q m 2 



Solve for a to obtain: 



a = 



R 



Use this result and the general 
expression for the potential on the 
axis of a charged disk to express 
V + (x): 



V + (x) = 2^ccr 0 



x 2 + 



R z 



■ x 



Express the potential on the axis of 
the disk due to a ring of charge a 
distance r> a from the axis of the 
ring: 



dV_ (x) = -27rk<j Q — dr 



where r'= yjx 2 + r 2 



Integrate this expression from 
r = R/ V2 to r = R to obtain: 



V_(x) = -2nk<j 0 J 2 d r 



= — 2.71k <j ( 



■]42\lx 2 +r 2 



X 



Substitute and simplify to obtain: 
V(x) = 2t±ct q 



\ 



X H X 

2 

v " J 



— 27ika r 



^x 2 + R 



2 R 

■ f + T 



= 2?Tk(j r 



ie_ 
2 




(b) To determine V for 

x » R, factor x from the square roots 

and expand using the binomial 

expansion: 



2 R 2 

X H = X 

I 2 



1 + 



R 



2 \ 



2x 2 



1/2 



« x 



1 + 



R 2 R 



4 "N 



Ax 2 32x 4 



and 
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Jx 2 +R 2 =. 



1 + 



R 



2 \ 



1/2 



1 + 



R 2 R 4 ^ 



2x Sx 



Substitute to obtain: 



V(x) « 2^:cr c 



2x 

V v 



1 + 



tf 2 



R 



4 A 



4x 2 32jc 4 



1 + 



R 2 R 



4 A 



2x 2 Sx 4 



J J 



7zk<j 0 R 
Sx 3 



52 » 

Picture the Problem Given the potential function 

V{x) = 27dccr 0 {2^ x 2 +R 2 /2 - y/x 2 + R 2 - xj found in Problem 51(a), we can find E x 

from -dV/dx. In the second part of the problem, we can find the electric field on the axis 
of the disk by integrating Coulomb's law for the oppositely charged regions of the disk 
and expressing the sum of the two fields. 



Relate E x to dV/dx: 



E = 



dV 

dx 



From Problem 51(a) we have: 



V(x) = 27&<j q 



2Jx 2 + — -Jx 2 + R 2 -x 



Evaluate the negative of the derivative of V(x) to obtain: 



E r = -2^ccr n 



dx 



21 x i + ?--477r 2 




Express the field on the axis of the 
disk as the sum of the field due to 
the positive charge on the disk and 
the field due to the negative charge 



E=E. +E. 
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on the disk: 



The field due to the positive charge 
(closest to the axis) is: 



E x+ = 27tka {) 



x 




To determine E x - we integrate the 
field due to a ring charge: 



r vdv 

E x _=-27±a 0 j 



-2nk<j 0 



X 



x 2 + 



ie Jx 2 +r 2 

2 



Substitute and simplify to obtain: 



E, = 



+ 27dca n 




x 



2 * 2 

X H 
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Picture the Problem We can express the electric potential dV at x due to an elemental 
charge dq on the rod and then integrate over the length of the rod to find V(x). In the 
second part of the problem we use a binomial expansion to show that, for x » L/2, our 
result reduces to that due to a point charge Q. 

dq = Xdu 

i * ii a -~r 

-L/2 0 « L/2 

/■ ► 
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(a) Express the potential at x due to 
the element of charge dq located at 
u: 



dV = 



kdq kMu 



r x-u 
or, because A = Q/L, 
kQ du 



dV = 



L x-u 



Integrate V from u = -L/2 to L/2 to 
obtain: 



v{x)= kQ% 2 Ju_ 



L 



L/2 

\n{x-u)\ L ^ 

I L. 



-L/2 



-In 



L 



x + In 

2 



x + — 











x + — 
2 




L 


L 






x 






v 2 J 





(b) Divide the numerator and 
denominator of the argument of the 
logarithm by x to obtain: 



In 



x + 



L 

x 



= ln 



' 1+ A 

2x 



, 2 
where a = LI2x. 



1 



2x 



= ln 



l + a 



Divide 1 + a by 1 - a to obtain: 



In 



\\-aj 



= ln 



l + 2a + 



2a 



2 \ 



l-a 



= ln 



r2 N 



1 L x 2 

1 + — + ■ ■ 



x 2 _L 

X 



In 



provided x » L/2. 



Expand ln(l + Llx) binomially to 
obtain: 



Substitute to express V(x) for 
x » L/2: 



In 



V x J x 



provided x » L/2 
kQ L 



V(x) = 



L x 



kQ 

x 



, the field due to a 
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Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the sphere and the spherical conducting 
shell. A portion of the Gaussian surface 
over which we'll integrate E in order to 
find V in the region r > b is also shown. Fo 
a <r <b, the sphere acts like point charge 
Q and the potential of the metal sphere is 
the sum of the potential due to a point 
charge at its center and the potential at its 
surface due to the charge on the inner 
surface of the spherical shell. 

(a) Express V r > b- 

Apply Gauss's law for r > b: 



point charge Q. 




and E r>b = 0 because ^enclosed = 0 for 
r > b. 



Substitute to obtain: 



V. 



r>b 



-j{6)dr 



0 



(b) Express the potential of the metal 
sphere: 



^ a Q at its center ^surface 



Express the potential at the surface 
of the metal sphere: 



k{-Q)_ kQ 



surface 



Substitute and simplify to obtain: 



V. = 



kQ kQ 



kQ 



a b 
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Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the inner and outer conducting shells. A 
portion of the Gaussian surface over which 
we'll integrate E in order to find V in the 
region a < r < b is also shown. Once 
we've determined how E varies with r, we 
can find V b - V a from V b - V a = -J E r dr . 




Express the potential difference 
V b -V a : 



V b -V a =-\E r dr 



Apply Gauss's law to cylindrical 
Gaussian surface of radius r and 
length L: 



§E ■ndA = E r (27irL) = 



Solve for E r : 



E = 



q 



27rs 0 rL 



Substitute for E r and integrate from r 
= a to b: 



v b -v a = 



dr 



27rs a L J r 

U a 



L \a J 
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Picture the Problem Let R be the radius of the sphere and Q its charge. We can express 
the potential at the two locations given and solve the resulting equations simultaneously 
for R and Q. 



Relate the potential of the sphere at kQ 
its surface to its radius: R 



450V 



(1) 



Express the potential at a distance of 
20 cm from its surface: 



kQ 



R + 0.2m 



= 150V 



(2) 
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Divide equation (1) by equation (2) 
to obtain: 



kQ 
R 



kQ 



450 V 
150V 



i? + 0.2m 
or 

i? + 0.2m 



R 



= 3 



Solve for R to obtain: 



Solve equation (1) for Q: 



R 



0.100 m 



Q = (450 V) 



R 



Substitute numerical values and evaluate 
Q: 



e = (45ov) 7 (°; lm ) 2 A 

V ; (8.99xl0 9 N-m 2 /C 2 ) 



= 5.01nC 
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Picture the Problem Let the charge 
density on the infinite plane at x = a be &i 
and that on the infinite plane at x = 0 be <r 2 . 
Call that region in space for which x < 0, 
region I, the region for which 0 < x < a 
region II, and the region for which a < x 
region III. We can integrate E due to the 
planes of charge to find the electric 
potential in each of these regions. 







1 






1 I 
1 






1 


/ 1 
/ 1 

/ 1 11 

/ 1 
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(a) Express the potential in region I 
in terms of the electric field in that 
region: 



Express the electric field in region I 
as the sum of the fields due to the 
charge densities (j\ and C7 2 : 



cr, 



cr, 



2 e 0 2e 0 

cr r 
1 



2 e n 



G 

2 € n 
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Substitute and evaluate Vj: 



Vj = -J -— dx = — x + V(0) 



o V ^oj 



= ^x + 0 = 



a 



Express the potential in region II in 
terms of the electric field in that 
region: 



V u =-\E u -dx+V(0) 



Express the electric field in region II 
as the sum of the fields due to the 
charge densities (7\ and (j 2 : 



<7 



l +■ 



2e 0 2e 0 2e 0 2 



= 0 



Substitute and evaluate V a : 



A 

V u =-\(o)dx = 0 + V(o) = 



0 



Express the potential in region III in 
terms of the electric field in that 
region: 



V m = -\E m -dx 



Express the electric field in region 
III as the sum of the fields due to the 
charge densities <j\ and cr 2 : 



a. 



2e 0 2^ 0 

cr j 
= — i 



r cr 
i = i + 



2 e Q 2 



Substitute and evaluate V, 



in- 



v m = - 



f 0y 



dx ■ 



cr cr 

— x-\ a 



—{a - x) 



(b) Proceed as in (a) with a\ = -crand 
a"2 = cr to obtain: 



v„ 



cr 



and V, 



in 



cr 



*58 



Picture the Problem The potential on the axis of a disk charge of radius 7? and charg 
density cr is given by V = 2jik(T 
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Express the potential on the axis of the 
disk charge: 



V = 2t±o 



(x 2 + R 2 ) 



3/2 



Factor x from the radical and use the binomial expansion to obtain: 

>2 V/ 2 



( 2 , r>2V/2 
[X + R J = X 



1 + 



R' 



= x 



J 



\ R 2 


T 








i? 4 


1 + y + 










— + ... 


2x 2 


k2J 


V 


2) 







1 + 



i? 2 i? 4 



2z 2 Sx 4 



Substitute for the radical term to 
obtain: 



V = 27zk<j< x 



1 + 



R 2 



R 4 



2x 2 Sx 4 



27tk<j 



r R 2 



R 



4 A 



2x Sx 3 



« 27tk<J 



R 2 



2x 

provided x» R. 





kQ 


) 


X 
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Picture the Problem The diagram shows a 
sphere of radius R containing a charge Q 
uniformly distributed. We can use the 
definition of density to find the charge q' 
inside a sphere of radius r and the potential 
V\ at r due to this part of the charge. We 
can express the potential GfV 2 at r due to the 
charge in a shell of radius r' and thickness 
dr' at r' > r using dV 2 = kdq' jr and then 

integrate this expression from r' = r to r' = 
R to find V 2 . 

(a) Express the potential V\ at r due to 




kq' 



Use the definition of density and the 
fact that the charge density is uniform 
to relate q' to Q: 



P = 



Q 



nr 



%nR' 
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Solve for q'\ 




R 3 



(b) Express the potential d V 2 at r due 
to the charge in a shell of radius f 
and thickness dr' at 
r' > r. 



Substitute to express Vi: 



( 3 \ 




UK 






Express the charge dq' in a shell of 
radius r' and thickness dr' at 
r' > r. 



Substitute to obtain: 



(c) Integrate dV2 from r' = r to 
r' = R to find V 2 : 



(d) Express the potential V at r as the 
sum of V\ and V 2 - 



dq' = \m pdr'= 4;zr' z 
R 3 



dr' 



dV, 



3kQ , 
— z-rdr 
R 3 



2 ^3 J 2R 3 \ J 



3kQ t 



v=v l+ v 2 



kQ 2 , 3/c2 / 2 



i? 3 2i? 3 



(R 2 -r 2 ) 



kQ 
2R 



v * 2 
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Picture the Problem We can equate the expression for the electric field due to an infinite 
plane of charge and -AV/Ax and solve the resulting equation for the separation of the 
equipotential surfaces. 



Express the electric field due to the g_ cr 

infinite plane of charge: 2 s 0 



Relate the electric field to the ^ AV 

E = 

potential: Ax 
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Equate these expressions and solve 
for Ax to obtain: 

Substitute numerical values and 
evaluate \Ax\ : 



a 



Ax 



_ 2(8.85 xl(T 12 C 2 /N-m 2 )(l 00 V) 



3.5pC/m 2 



= 0.506 mm 
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Picture the Problem The equipotentials are spheres centered at the origin with radii r-, 
kq/Vi. 



Evaluate r for V = 20 V: 



Evaluate r for V = 40 V: 



r 20V 



'40 V 



(8.99 x 10 9 N • m 2 /C 2 )(| x KT 8 c) 
20V 



0.499 m 



(8.99 x 10 9 N • m 2 /C 2 )(| x 10' 8 c) 



40 V 



0.250 m 



Evaluate r for V = 60 V: 



Evaluate r for V= 80 V: 



_ (8.99xlQ 9 N-m 2 /C 2 )(|xlQ- 8 c) 



'60V 



'80 V 



60 V 



0.166m 



(8.99 x 10 9 N • m 2 /C 2 ){\ x 10' 8 c) 



80 V 



0.125m 



Evaluate r for V= 100 V: 



'100 V 



(8.99 x 10 9 N • m 2 /C 2 )(jx 1Q' 8 c) 



100V 



= 0.0999 m 



The equipotential surfaces are 
shown in cross-section to the right: 
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The equipotential surfaces are not equally spaced. 
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Picture the Problem We can relate the dielectric strength of air (about 3 MV/m) to the 
maximum net charge that can be placed on a spherical conductor using the expression for 
the electric field at its surface. We can find the potential of the sphere when it carries its 
maximum charge using V = kQ nrdx / R . 



(a) Express the dielectric strength of 
a spherical conductor in terms of the 
charge on the sphere: 



"* breakdown 



R 2 



Solve for Q n 



E R 

breakdown 

max i 



Substitute numerical values and 
evaluate Q m . dX : 



_ (3 MV/m) (0.16 m 
QmdX = 8.99xl0 9 N-m 2 /C 2 



= 8.54 //C 



(b) Because the charge carried by the 
sphere could be either positive or 
negative: 



\7 [_ ^max 

max 



_ (8.99 x 10 9 N • m 2 /C 2 )(8.54 //C) 
0.16m 



= +480kV 
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Picture the Problem We can solve the equation giving the electric field at the surface of 
a conductor for the greatest surface charge density that can exist before dielectric 
breakdown of the air occurs. 



Relate the electric field at the surface 
of a conductor to the surface charge 
density: 
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Solve for cr under dielectric 
breakdown of the air conditions: 



(J — ( T< 

max 0 breaddown 



Substitute numerical values and 
evaluate cr max : 



o- m ax = (8.85 x 1(T 12 C 2 /N ■ m 2 )(3MV/m) 



26.6 //C/m 2 
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Picture the Problem Let L and S refer to the larger and smaller spheres, respectively. 
We can use the fact that both spheres are at the same potential to find the electric fields 
near their surfaces. Knowing the electric fields, we can use cr =e 0 iito find the surface 

charge density of each sphere. 



Express the electric fields at the 
surfaces of the two spheres: 



£c = 



R; 



Divide the first of these equations by 
the second to obtain: 



kQs 



R t 



2 



Because the potentials are equal at the 
surfaces of the spheres: 



Qh R L 



Substitute to obtain: 



E s _ R s R l = 

E L R L R S R S 



Solve for E s : 



£s= ^ £L= ^E(200kV/m) 



R« 



5 cm 



= 480kV/m 



Use cr =s 0 E to find the surface charge density of each sphere: 



°"i2cn =^o £ 12cm =(8.85xl0 12 C 2 /N-m 2 )(200kV/m)=| 1.77 //C/m 



and 



cr 5cm =e 0 E 5cm =(8.85xl0" 12 C 2 /N-m 2 )(480kV/m) = | 4.25 //C/m 2 
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Picture the Problem The diagram is a 
cross-sectional view showing the charges 
on the concentric spherical shells. The 
Gaussian surface over which we'll 
integrate E in order to find V in the region r 
> Ms also shown. We'll also find E in the 
region for which a <r <b. We can then 
use the relationship V = — J Edr to find V a 

and V b and their difference. 




Express Vb- 

Apply Gauss's law for r > b: 



u 

V b =-\E r>a dr 



E ■ ndA = ^ endosed = 0 

and E r > h = 0 because Qenciosed = 0 f° r 
r>b. 



Substitute to obtain: 



Vu 



u 

-J(0)jr = 0 



Express V a : 



V a =-\E r>a dr 



Apply Gauss's law for r > a: 



and 
E 



kq 



r>a . 2 2 

47T e n r r 



Substitute to obtain: 



\dr kq kq 

V a =~kq\ — = — 

J r a b 



The potential difference between the 
shells is given by: 



v a -v b =v a 



kq 



\a b j 
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Picture the Problem We can find the potential relative to infinity at the center of the 
sphere by integrating the electric field for 0 to oo. We can apply Gauss's law to find the 
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electric field both inside and outside the spherical shell. 

R co 

V =\E r<R dr + \E r>R dr (1) 

0 R 

\ s EJA = E r<R (4m- 2 ) = ^ 



The potential relative to infinity the 
center of the spherical shell is: 



Apply Gauss's law to a spherical 
surface of radius r < R to obtain: 



Using the fact that the sphere is 
uniformly charged, express <2inside in 
terms of Q: 

Substitute for <2inside to obtain: 
Solve for E r<R : 



Apply Gauss's law to a spherical 
surface of radius r > R to obtain: 

Solve for E r>R to obtain: 



^ins 



inside 



Q 



jxr 3 ±xR 3 



^inside 3 Q 



K<R = 



An e 0 R 



Q = 



kQ 
R 3 



\EJA = E r>R {Anr 2 ) = 

E - Q - kQ 

An e n r r 



^inside Q 



Substitute for E r<R and E r 

>r in 

equation (1) and evaluate the 
resulting integral: 



V=f\rdr + kQ\ 



kQ 
R 3 



dr 

~2 



v~ 


R 

+ kQ 


r 


00 


3kQ 


2 


0 


r 


R 


2R 
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Picture the Problem 

(a) The field lines are shown on the figure. 
The charged spheres induce charges of 
opposite sign on the spheres near them so 
that sphere 1 is negatively charged, and 
sphere 2 is positively charged. The total 
charge of the system is zero. 




3 +Q 




■Q 



(b) 



V Y = V 2 because the spheres are connected. From the direction of 
the electric field lines it follows that V 3 > V x . 
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(c) 



If 3 and 4 are connected, V 3 = V 4 and the conditions of part (b) can 
only be satisfied if all potentials are zero. Consequently the charge 
on each sphere is zero. 



General Problems 
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Picture the Problem Because the charges at either end of the electric dipole are point 
charges, we can use the expression for the Coulomb potential to find the field at any 
distance from the dipole charges. 



Using the expression for the potential 
due to a system of point charges, 
express the potential at the point 
9.2xlCT 10 m from each of the two 
charges: 



v = kc h , kg 



=-^(q + +q-) 



Because q+ = -<?_: 



q + + q = 0 , V = 0 and (b) is correct. 
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Picture the Problem The potential V at 
any point on the x axis is the sum of the 
Coulomb potentials due to the two point 
charges. Once we have found V, we can 
use E = -gradV to find the electric field 
at any point on the x axis. 



A 



(a) Express the potential due to a system of V - V 
point charges: , 



Substitute to obtain: 



V(x) = V t 



charge at +a ^charge at -a 



kq 



kq 



V2 2 I 2 2 

x + a ^ x + a 



2kq 



I 2 , 2 

yjx +a 



214 Chapter 23 



(b) The electric field at any point on 
the x axis is given by: 



E(x) = -gradV = 



d_ 
dx 



2kq 



4x 2 +a 2 



2kqx 



[x +a ) 
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Picture the Problem The radius of the sphere is related to the electric field and the 
potential at its surface. The dielectric strength of air is about 3 MV/m. 



Relate the electric field at the surface 
of a conducting sphere to the potential 
at the surface of the sphere: 

Solve for r. 



_V(r) 



r = 



V{r) 



When £ is a maximum, r is a 
minimum: 



_V(r) 



Substitute numerical values and 
evaluate r m m . 



10 4 V 
3 MV/m 



3.33 mm 
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Picture the Problem The geometry of the 
wires is shown to the right. The potential at 
the point whose coordinates are (x, y) is the 
sum of the potentials due to the charge 
distributions on the wires. 



(a) Express the potential at the point 
whose coordinates are 

U y): 




V(x y) = V +V ■ 

X ' J / wire at —a wire ate 



= 2JUln 



f \ 

lef 



V r i J 



2k(- A)\n 



= 2kA 
A 



f \ 



In 



In 



V r i J 



V T 2 J 



2n e r 



In 



where V(0) = 0. 
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Because r x = tJ(x + a) 2 + y 2 and 



2 , 2 

+ y 



V(x,y). 



2n e r 



•In 



yj{x-a) 



2 , 2 



v + a) 2 + \ " 



On the y-axis, x = 0 and: 



V(0,y) = 



2n e ( 

A 
2n e. 



In 



-ln(l) = 



0 



(b) Evaluate the potential at 
(>,0)=(l.25cm,0): 



Equate V(x,y) and V(^a,0) : 



V(ia,6) = -^\n 
2n e n 



2;r ■ 



-In 



3_V(^-5) 2 + / 



Solve for y to obtain: 



y = ±^2\.25x-x 2 -25 



A spreadsheet program to plot y = +V21 .25x - x - 25 is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A2 


1.25 


\a 


A3 


A2 + 0.05 


x + Ax 


B2 


SQRT(21.25*A2 - A2 A 2 - 25) 


y = V21.25x-x 2 -25 


B4 


-SQRT(21.25*A2 - A2 A 2 - 25) 


y = -V21.25x-x 2 -25 





A 


B 




1 


X 


y_pos 


y_neg 


2 


1.25 


0.00 


0.00 


3 


1.30 


0.97 


-0.97 


4 


1.35 


1.37 


-1.37 


5 


1.40 


1.67 


, -1-67 


6 


1.45 


1.93 


-1.93 


7 


1.50 


2.15 


-2.15 










370 


19.65 


2.54 


-2.54 


371 


19.70 


2.35 


-2.35 


372 


19.75 


2.15 


-2.15 
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373 


19.80 


1.93 


-1.93 


374 


19.85 


1.67 


-1.67 


375 


19.90 


1.37 


-1.37 


376 


19.95 


0.97 


-0.97 



The following graph shows the equipotential curve in the xy plane for 
v(>,0) = -^-lnf|\ 
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Picture the Problem We can use the expression for the potential at any point in the xy 
plane to show that the equipotential curve is a circle. 



(a) Equipotential surfaces must satisfy 
the condition: 



V = - 



A 



f \ 



2n 



-In 



Solve for r 2 /r l : 



27rE n V 



Substitute for n and r 2 to obtain: 

Expand this expression, combine like 
terms, and simplify to obtain: 



Complete the square by adding 



: C or r 2 = Cr x 
where C is a constant. 

{x-af + y 2 = C 2 [(x + a) 2 + y 2 \ 



2 ^ C + 1 2 2 

x +2a — s x + y = —a 



^C 2 +1 V 



C 2 -l 



C z -1 

to both sides of the equation: 
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x +2a 



C 2 +l 
C 2 -l 



-x + 



^C 2 +1 V 



C -1 



A C 2 +1 ^ 
C 2 -l 



2^2 



4a C 



„ c 2 +i „ „ c 

Let a = 2a — ; and p = 2a 



C £ -l 



C-l 



(x + af +y 2 = P 2 



to obtain: 



the equation of 

circle in the xy plane with its center at 
(-0,0). 



(b) 



The three - dimensional surfaces are cylinders parallel to the wires. 
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Picture the Problem Expressing the charge dq in a spherical shell of volume Ajtr'dr 
within a distance r of the proton and setting the integral of this expression equal to e will 
allow us to solve for the value of p 0 needed for charge neutrality. In part (b), we can use 
the given charge density to express the potential function due to this charge and then 
integrate this function to find V as a function of r. 



Express the charge dq in a spherical 
shell of volume Am^dr within a 
distance r of the proton: 

Express the condition for charge 
neutrality: 

Integrate by parts twice to obtain: 



dq = pdV = (p 0 e- 2r/a )(4m- 2 dr) 
= A W 2 e- 2rla dr 

oo 

e = 47rp 0 ^ r 2 e~ 2rfa dr 



e = 47rp Q — = 7ip 0 a' 



Solve for py. 



Po 
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Picture the Problem Let Q be the sphere's charge, R its radius, and n the number of 
electrons that have been removed. Then Q = ne, where e is the electronic charge. We can 
use the expression for the Coulomb potential of the sphere to express Q and then 
Q = ne to find n. 



Letting n be the number of electrons 
that have been removed, express the 
sphere's charge Q in terms of the 
electronic charge e: 



Q = ne 



Solve for n: 



Q 

e 



(1) 
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Relate the potential of the sphere to y _ kQ 

its charge and radius: R 



Solve for the sphere's charge: _ VZ? 

k 



Substitute in equation (1) to obtain: _ VR 

ke 



Substitute numerical values and evaluate n: 



n = 



(400 V) (0.05 m I 
(8.99xl0 9 N-mVC 2 )(l.6xl0" 19 



5) 



1.39x10 



10 
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Picture the Problem We can use conservation of energy to relate the change in the 
kinetic energy of the particle to the change in potential energy of the charge-and-particle 
system as the particle moves from jc=1.5mtojc=lm. The change in potential energy 
is, in turn, related to the change in electric potential. 



Q 


. fe«- 


m, q 

— 


0 


i 


L.5 



Apply conservation of energy to the AK + AU = 0 

point charge Q and particle system: or, because Ki = 0, 

K s + AU if = 0 



Solve for K f : 

Relate the difference in potential 
between points i and f to the change in 
potential energy of the system as the 
body whose charge is q moves from i 
to f: 

Substitute to obtain: 



K f = -AU if 

AU^-qAV^-qiy.-V,) 



'kQ 


_kQ" 


= -kqQ 




V x f 


x i J 







K { = -kqQ 



1 1 



V X f X i J 
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Solve for Q: 



Q 



kq 



X; 



1 J 



Substitute numerical values and evaluate Q: 

0.24J 



(8.99xl0 9 N-m 2 /C 2 )(4(aC) 



1 



1 



lm 1.5 m 



20.0//C 
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Picture the Problem We can use the definition of power and the expression for the work 
done in moving a charge through a potential difference to find the minimum power 
needed to drive the moving belt. 



Relate the power need to drive the 
moving belt to the rate at which the 
generator is doing work: 

Express the work done in moving a 
charge q through a potential 
difference AV: 

Substitute to obtain: 



Substitute numerical values and 
evaluate P: 



P = 



dW 
dt 



W = qAV 



P = ^-[qAV] = AV 
dt dt 



dq 



/ 5 = (l.25MV)(200/X:/s) : 



250 W 
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Picture the Problem We can use W" ^ final ition = qAV^ f to find the work required to 
move these charges between the given points. 



(a) Express the required work in 
terms of the charge being moved and 
the potential due to the charge at x = 
+a: 



W +Q ^ +a =QAV^ +a 

= fi[v(a)-V(oo)] 



m- 


kQ 2 




la 
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(b) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x = +a and x = -a: 



W 



-e->o 



-G[y(o)-v(oo)] 

-QV(6) 



charge at -a ^~ ^charge at +a _ 



a a J 



2kQ 2 



(c) Express the required work in 
terms of the charge being moved and 
the potentials due to the charges at 
x-+a and x = -a: 



W 



= -QAV, 



0->2a 



Q 
-Q 



V(2fl)-V(0)] 

.^charge at -a ^charge at +a 



( kQ | kQ 2kQ^ 
y3a a a , 



2kQ 2 
3a 
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Picture the Problem Let q represent the charge being moved from x = 50 cm to the 

origin, Q the ring charge, and a the radius of the ring. We can use 

^->finai position = a ^i-^f ' where Vis the expression for the axial field due to a ring 

charge, to find the work required to move q from x = 50 cm to the origin. 



Express the required work in terms of 
the charge being moved and the 
potential due to the ring charge at 
x - 50 cm and x - 0: 



W = qAV 

= q[v{0)-V{0.5m)] 



The potential on the axis of a 
uniformly charged ring is: 

Evaluate V(0): 



kQ 



Evaluate V(0.5 m): 



ylx 2 +a 2 
kQ 



V{X)- 
V(0): 



_ (8.99xl0 9 N-m 2 /C 2 )(2nC) 
0.1m 

= 180V 

y ^ _ (8.99xl0 9 N-m 2 /C 2 )(2nC) 
^l(0.5mf +(0.lmf 
= 35.3V 



Substitute in the expression for W to 
obtain: 



Electric Potential 221 
W = (lnC)(l80V -35.3 V) 



1.45 xl(T 7 J 



= 1.45xl(T 7 Jx 



leV 



1.6xl0 _19 J 



= 9.06xlO n eV 
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Picture the Problem We can find the speed of the proton as it strikes the negatively 
charged sphere from its kinetic energy and, in turn, its kinetic energy from the potential 
difference through which it is accelerated. 



Use the definition of kinetic energy 
to express the speed of the proton 
when it strikes the negatively 
charged sphere: 



2K 



m„ 



(1) 



Use the work-kinetic energy 
theorem to relate the kinetic energy 
of the proton to the potential 
difference through which it is 
accelerated: 



W = AK = K f -K i 

or, because K{ = 0 and K { = K p , 
W = AK = K„ 



Express the work done on the proton 
in terms of its charge e and the 
potential difference AV between the 
spheres: 



W = eAV 



Substitute to obtain: 



K p = eAV 



Substitute in equation (1) to obtain: 



v = 



2eAV 
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Substitute numerical values and 
evaluate v: 



/ 2(l.6xl(r 19 c)(l00V) 
~V 1.67xl(T 27 kg 



= 1.38xl0 5 m/s 
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Picture the Problem Equation 23-20 is V = kQ/^Ja 2 + x 2 . 

(a) A spreadsheet solution is shown below for kQ = a = 1 . The formulas used to calculate 
the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A4 


A3 + 0.1 


x + Ax 


B3 


l/(l+A3 A 2) A (l/2) 


kQ 

1 2 , 2 
Vfl + X 





A 


B 


1 






2 


X 


V(x) 


3 


-5.0 


0.196 


4 


-4.8 


0.204 


5 


-4.6 


0.212 


6 


-4.4 


0.222 


7 


-4.2 


0.232 


8 


-4.0 


0.243 


9 


-3.8 


0.254 








49 


4.2 


0.232 


50 


4.4 


0.222 


51 


4.6 


0.212 


52 


4.8 


0.204 


53 


5.0 


0.196 



The following graph shows V as a function of x: 




x (arbitrary units) 
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(b) Examining the graph we see that 
the maximum value of V occurs 
where: 



x = 



Because E = -dV/dx, examination of 
the graph tells us that: 



E(0) = 
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Picture the Problem Let R 2 be the radius of the second sphere and <2i and Q 2 the charges 
on the spheres when they have been connected by the wire. When the spheres are 
connected, the charge initially on the sphere of radius Ri will redistribute until the 
spheres are at the same potential. 



Express the common potential of the 
spheres when they are connected: 



12kV 



_kQ 1 



R, 



and 
12kV: 



kQ 2 



(l) 



(2) 



Express the potential of the first 
sphere before it is connected to the 
second sphere: 



20 kV 



£ (61+62) 



R 



(3) 



Solve equation (1) for Q\. 



_ (l2kvK 
Ul k 



Solve equation (2) for Q 2 : 



e 2 = 



_ {nkv)R 2 



Substitute in equation (3) to obtain: 



(l2kVk (l2kV)# 2 



20kV 



12kV + 12kV 



r R? 



or 



8 = 12 



Solve for R 2 : 



R, 



■R, 
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Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V{r) = kQ/r to relate Q 

to the potential at r = 2 m. 

Use its definition, relate the surface Q 

<y = 2 

charge density a to the charge Q on *\kR 

the sphere and the radius R of the 

sphere: 



Solve for R to obtain: O 



Relate the potential at r = 2.0 m to the V{r) — — 

charge on the sphere: r 

Solve for Q to obtain: q _ rVjr) 



Substitute to obtain: IrVjr) \Ak e 0 rV(r) 



rV{r) 



Substitute numerical values and evaluate R: 



R 



|(8.85 x 10 12 C 2 /N • m 2 )(2m)(500 V) 
24.6 nC/m 2 



0.600 m 
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Picture the Problem We can use the definition of surface charge density to relate the 
radius R of the sphere to its charge Q and the potential function V\r) = kQ/r to relate Q 

to the potential at r = 2 m. 

Use its definition, relate the surface Q 

(J = 



charge density cr to the charge Q on 7rR 2 
the disk and the radius R of the disk: 



Solve for Q to obtain: 



Q = ttoR 2 (1) 



Electric Potential 225 



Relate the potential at r to the charge 
on the disk: 

Substitute V(0.6 m) = 80 V: 
Substitute V(1.5m) = 40V: 



Divide the first of these equations 
by the second to obtain: 



Solve for R to obtain: 

Express the electric field on the axis of 
a disk charge: 



V(r) = 2nko{j x 2 + R 2 - x) 



80 V = 2nka\J(0.6mf +R 2 - 0.6 rr 
40 V = 27tka( V(l .5 m) 2 + R 2 - 1 .5 m 



2 = 



■y/(0.6m) 2 +/? 2 -0.6m 
^.Smf+R 2 -1.5m 



R = 0.800m 



E = 2;zfccr 



f \ 
x 



4x 2 +R 2 



Solve for cr to obtain: 



Evaluate a using 7? = 0.8 m and 
£(1.5 m) = 23.5 V/m: 



Substitute in equation (1) and 
evaluate <2: 



cr = 



2;zfc 



1- 



V* 2 +tf 2 



2^ 



cr 



V* 2 +* 2 

_ 2(8.85 xlQ-' 2 C 2 /N-m 2 )(23.5V/m) 



1.5m 



A ((l.5m) 2 +(0.8m) 2 
= 3.54nC/m 2 

e = ^-(3.54nC/m 2 )(0.8m) 2 



7.12nC 
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Picture the Problem We can use U = kq x q 2 IR to relate the electrostatic potential energy 
of the particles to their separation. 



Express the electrostatic potential 
energy of the two particles in terms of 
their charge and separation: 



U = 



R 
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Solve for R: 



R = 



kq l q 2 



U 



Substitute numerical values and evaluate R: 

_ (8.99xl0 9 N-m 2 /C 2 )(2)(82)(l.6xl0 19 c) 2 

1.6xlCT 19 C 



R 



44.6 fm 



5.30MeVx 



eV 
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Picture the Problem We can use AV = EA£ and the expression for the electric field due 
to a plane of charge to find the potential difference between the two planes. The 
conducting slab introduced between the planes in part (b) will have a negative charge 
induced on its surface closest to the plane with the positive charge density and a positive 
charge induced on its other surface. We can proceed as in part (a) to find the potential 
difference between the planes with the conducting slab in place. 



(a) Express the potential difference 
between the two planes: 



AV = EM = Ed 



The electric field due to each plane 
is: 



E = 



2 e r 



Because the charge densities are of 
opposite sign, the fields are additive 
and the resultant electric field 
between the planes is: 

Substitute to obtain: 



E = E + E 

plane 1 plane 2 



g g g 



2 E Q 2 G Q G Q 



AV 



g d 



(b) The diagram shows the 
conducting slab between the two 
planes and the electric field lines in 
the region between the original two 
planes. 



AV, 



AV, ^ 




AV, ( 
















































a 
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Express the new potential difference 
AV between the planes in terms of the 
potential differences AV\, AV 2 and 
AV 3 : 

Express the electric fields in regions 1 , 
2 and 3 : 



AV'=AV 1 +AV 2 + AV 3 



= E , =— and £2=0 



Substitute to obtain: 



^0 ^0 



Express £ 1 + £ 2 in terms of a and <f : 



Substitute to obtain: 



AV': 



er 



(j - a) 
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Picture the Problem We need to consider three regions, as in Example 23-5. Region I, x 
> a; region II, 0 < x < a; and region III, x < 0. We can find V in each of these regions and 
then find E from E = -dV/d£. 



(a) Relate Ei to Vi. 



dV l 

dx 



In region I we have: 



\x\ \x — a\ 



Substitute and evaluate E\. 



E,=- 



d_ 
dx 



+ 

\x\ \x — a\ 



Because x > 0: 



\X\ = X 



For x > a: 



\x — a\ = x — a 



Substitute to obtain: 



E, = 



d 
dx 



x x-a 



- a) 2 
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Proceed as above for regions II and III 
to obtain: 



and 

-'-'ill 



kef | k c£ 2 
~3- 



(x-a) 2 



kcj^ 1 2 

2 



(x-af 



(b) The distance between q\ and a 
point on y axis is y and the distance 
between a point on the y axis and g 2 

is ■yjy 2 +0 1 . Using these distances, 

express the potential at a point on 
the y axis: 



v(y) = 



+ 



/ 2 , 2~ 



(c) To obtain the y component of 
E at a point on the y axis we take 
the derivative of V(y). For y > 0: 



E y = 



d_ 
dy 



y -yjy 2 +a 2 



kq 1 


kq 2 y 


y 2 


[y +a ) 



For y < 0: 



E= 



d_ 
dy 



kqi | kq 2 
y ^y 2 +a 2 



kq x 


kq 2 y 


2 

y 


( 2 , 2V/ 2 
[y +a J 



These are the components of the fields due to and q 2 that one obtains 
using Coulomb's law. 
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Picture the Problem We can consider the relationship between the potential and the 
electric field to show that this arrangement is equivalent to replacing the plane by a point 
charge of magnitude —q located a distance d beneath the plane. In (b) we can first find the 
field at the plane surface and then use a =e 0 E to find the surface charge density. In (c) 

the work needed to move the charge to a point 2d away from the plane is the product of 
the potential difference between the points at distances 2d and 3d from —q multiplied by 
the separation Ax of these points. 
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(a) 



The potential anywhere on the plane is 0 in either arrangement and the 
electric field is perpendicular to the plane in both arrangements, so they 
must give the same potential everywhere in the xy plane. Also, because 
the net charge is zero, the potential at infinity is zero. 



(b) The surface charge density is 
given by: 



a=e 0 E 



(1) 



At any point on the plane, the 
electric field points in the negative x 
direction and has magnitude: 



kq 



d 



2 2 

+ r 



cosd 



where 9 is the angle between the horizontal 
and a vector pointing from the positive 
charge to the point of interest on the xz 
plane and r is the distance along the plane 
from the origin (i.e., directly to the left of 
the charge). 



Because cos# 



Jd 2 + r 2 



E = 



kq 



d 2 +r 2 4d^7 
kqd 

qd 

4^e 0 (j 2 +r 2 ) 3/2 



Substitute for E in equation (1) to 
obtain: 



cr = 



qd 



An(d^rT 
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Picture the Problem We can express the potential due to the ring charges as the sum of 
the potentials due to each of the ring charges. To show that V(x) is a minimum at x = 0, 
we must show that the first derivative of V(x) = 0 at x = 0 and that the second derivative 
is positive. In part (c) we can use a Taylor expansion to show that, for x « L, the 
potential is of the form V(x) = V(0) + ax 2 . In part (d) we can obtain the potential energy 
function from the potential function and, noting that it is quadratic in x, find the "spring" 
constant and the angular frequency of oscillation of the particle provided its displacement 
from its equilibrium position is small. 



(a) Express the potential due to the 
ring charges as the sum of the 



v( x y. 



^ring to the left ^ing to the right 
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potentials due to each of their 
charges: 

The potential for a ring of charge is: 



For the ring to the left we have: 



For the ring to the right we have: 



kQ 



v W=Ti 2 

V* 2 + R 2 

where R is the radius of the ring and Q is 
the charge of the ring. 



kQ 



ring to the left 



v 

ring to the right 



V(jc + Lf + L 2 
kQ 

~j(x-L) 2 +L 2 



Substitute to obtain: 



V(x) = 



kQ 



kQ 



^(x + L) 2 + L 2 ^(x-Lf+L 



(b) Evaluate dVldx to obtain: 



dV_ 
dx 



= kQ 



L- x 



L + x 



[{L-x) 2 +L 2 f 2 [{L + x) 2 + L 2 ] V2 



= 0 for extrema 



Solve for x to obtain: 
Evaluate d 2 Vldx 2 to obtain: 



x = 0 



d 2 V 

dx 2 



= kQ 



3(L-xf 



{L-xf + L 2 \ 5/2 [(L-xf + L 2 f /2 + [(L + x) 2 +L 2 \ 

1 



3(L + xf 



5/2 



{L-xf+L 2 



3/2 



Evaluate this expression for 
x = 0 to obtain: 



d 2 V{0) _ kQ ^ Q 
dx 2 2yflL 3 



Hence V(x) is a maximum at x = 0. 
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(c) The Taylor expansion of V(x) is: 



For x « L : 



Substitute our results from part (b) 
to obtain: 



V(x) = V(0) + V'(6)x + ±V"(0)x 2 
+ higher order terms 

V{x)*V(6)+V'{0)x+±V"{0)x 2 



V(X): 



or 



+ (0)x + 



kQ 



2V2L 3 



-JlkQ kQ 



+ 



4V2L 3 



V{x) = I V(0) + ax 7 
where 



v(o). 



4lkQ 



and a 



kQ 
4V2L 3 



(d) Express the angular frequency of 
oscillation of a simple harmonic 




oscillator: where k' is the restoring constant. 



From our result for part (c) and the 
definition of electric potential: 



= qV(0) + \k'x 2 
kqQ 



where k ,= 



2V2L 3 



Substitute for k' in the expression 
for 07. 



oj ■ 



kqQ 



Picture the Problem The diagram shows 
part of the shells in a cross-sectional view 
under the conditions of part (a) of the 
problem. We can use Gauss's law to find 
the electric field in the regions defined by 
the three surfaces and then find the electric 
potentials from the electric fields. In part 
(b) we can use the redistributed charges to 
find the charge on and potentials of the 
three surfaces. 
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(a) Apply Gauss's law to a spherical 
Gaussian surface of radius r > c to 
obtain: 

Because E r (c) = 0: 

Apply Gauss's law to a spherical 
Gaussian surface of radius b<r <c 
to obtain: 



E r {Axr 2 )= ^ enclosed =0 

and E r = 0 because the net charge enclosed 
by the Gaussian surface is zero. 
V(c) = 



0 



E r {4nr 2 )=®- 



and 

E r {b<r<c)= k 4 
r 



Use E r (b<r<c) to find the 
potential difference between c and b: 



V{b)-V{c) = -kQ\ 
= kQ 



dr 

~ 
r 

1 o 



b c 



Because V(c) = 0: 



V(b) = 



kQ 



l_l 

b c 




The charges on surfaces a and c are 
related according to: 



Q a +Q c =-Q 



(1) 



Electric Potential 233 



<2b does not change with the 
connection of the inner and outer 
shells: 



e b = q 



Express the potentials of shells a 
and c: 

In the region between the r- a and 
r = b, the field is kQJr 2 and the 
potential at r = b is then: 

The enclosed charge for b < r < c is 
Q a + Q, and by Gauss's law the field 
in this region is: 

Express the potential difference 
between b and c: 



V(a) = V(c) 
V(b) = kQ a 



0 



\b a j 



k{Q a +Q) 



(2) 



V{c)-V{b) = k(Q a+ Q) 

= -Vfa) 
because V(c) = 0. 



\c b) 



Solve for V(b) to obtain: 



V{b) = k{Q a +Q) 



\.b c) 



(3) 



Equate equations (2) and (3) and 
solve for <2„to obtain: 



Qa = 



-Q 



a(c -b) 
b(c - a) 



(4) 



Substitute equation (4) in equation (1) 
and solve for Q c to obtain: 



Q 



c(b-a) 
b(c - a) 



(5) 



Substitute (4) and (5) in (3) to obtain: 



V(b): 



kQ 



(c-b\b-a) 
b 2 (c - a) 
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Picture the Problem The diagram shows a 
cross-sectional view of a portion of the 
concentric spherical shells. Let the charge 
on the inner shell be q. The dashed line 
represents a spherical Gaussian surface 
over which we can integrate E ■ ndA in 
order to find E r for r > b. We can find V(b) 
from the integral of E r between r = <x> and 
r-b. We can obtain a second expression 
for V(b) by considering the potential 
difference between a and b and solving the 
two equations simultaneously for the 
charge q on the inner shell. 



a / \ 


b 




Y 1 



Apply Gauss's law to a spherical surface of ^ {A tnr ' 1 ) - ^ + ^ 

_ _k(Q + q) 



radius r > b: 
Solve for E r to obtain: 



Use E r to find V(b): 



V{b) = -k{Q + q)\ 

00 

_k{Q + q) 



dr 



We can also determine V(b) by 
considering the potential difference 
between a, i.e., 0 and b: 

Equate these expressions for V(b) to 
obtain: 



V(b) = kq 



U a 



k{Q + q) _ 
b 



ka 



V 



b a y 



Solve for q to obtain: 



91 



G 



Picture the Problem We can use the hint to derive an expression for the electrostatic 
potential energy d U required to bring in a layer of charge of thickness dr and then 
integrate this expression from r = 0 to R to obtain an expression for the required work. 
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If we build up the sphere in layers, 
then at a given radius r the net 
charge on the sphere will be given 
by: 



Q(r) = Q 



r \3 

r 

Vr) 



When the radius of the sphere is r, 
the potential relative to infinity is: 

Express the work dW required to 
bring in charge dQ from infinity to 
the surface of a uniformly charged 
sphere of radius r. 



V(r)- 



Q{r) 



Q 



Ax e 0 r Ax e 0 R 



dW = dU =V(r)dQ 



Q 



Ax e 0 R* 



A 2 , 

Axr T dr 



AxR 



3Q 2 



Ax e 0 R 6 



r A dr 



Integrate <fWfrom 0 to R to obtain: 



W=U 



3Q 2 



Axe 0 R Q 



]r*dr 



Axt Q R' 



3Q< 



20x e 0 R 
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Picture the Problem We can equate the rest energy of an electron and the result of 
Problem 91 in order to obtain an expression that we can solve for the classical electron 
radius. 



From Problem 91 we have: 



U 



3e 2 



20x e 0 R 



The rest mass of the electron is 
given by: 



E 0 = m { f 



Equate these energies to obtain: 



3e 2 



20x e 0 R 



m 0 c 



Solve for R: 



R = 



3e 2 



20 x e 0 m 0 c 



Substitute numerical values and evaluate R: 



R = 



3(l.6xl0 19 c) 2 

20;r(8.85 x 10" 12 C 2 / N ■ m 2 )(5.1 1 x 10 5 eV)(l.6 x 10" 19 J/eV) 



= 1.69x10 15 m 
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This model does not explain how the electron holds together against its own 
mutual repulsion. 



93 

Picture the Problem Because the post-fission volumes of the fission products are equal, 
we can express the post-fission radii in terms of the radius of the pre-fission sphere. 



(a) Relate the initial volume V of the 
uniformly charged sphere to the 
volumes V of the fission products: 

Substitute for V and V: 
Solve for and evaluate R': 



V = 2V 

±xR 3 =2(|^?' 3 ) 

R'=-^R 
V2 



0.794/? 



(b) Express the difference AE in the 
total electrostatic energy as a result 
of fissioning: 

From Problem 91 we have: 



AE = E-E' 



E = 



3Q 2 



20x e 0 R 



After fissioning: 



E'=2 



3g' 



20;r e 0 R j 



3(1 Of 



2Qxe, ^R 
0 V2 



V2 
2 



3Q 2 



207T e 0 R j 



0.630£ 



Substitute for E and E' to obtain: 



A£ = £-0.630£= 0.370£ 
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Picture the Problem We can use the definition of density to express the radius R of a 
nucleus as a function of its atomic mass N. We can then use the result derived in 
Problem 91 to express the electrostatic energies of the 235 U nucleus and the nuclei of the 
fission fragments 140 Xe and 94 Sr. 



The energy released by this fission 
process is: 



AE = U 2 ^-(U ]40xe+ U 9 J (1) 



Express the mass of a nucleus in 
terms of its density and volume: 



7Vm = f p7$C 

where N is the nuclear number. 
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Solve for R to obtain: 



Substitute numerical values and 
evaluate R as a function of N: 



The 'radius' of the 235 U nucleus is 
therefore: 



From Problem 91 we have: 



R = 3 



\3Nm_ 



R _ 1 3(1 660x10-" k gT 1/3 
^^xlO'^g/m 3 ) 



1/3 



= (9.97 x 10" 16 m)/Y 

R v =(9.97xl0 16 m)(235) 1/3 
= 6.15xl0 15 m 



U = 



3Q 7 



20tt e 0 R 



Substitute numerical values and evaluate the electrostatic energy of the 235 U 
nucleus: 

_ 3(92 x 1.6 xl0 19 c) 2 

" u ~ 20;r(8.85 x I0 n C 2 / N ■ m 2 )(6.15 x 10 15 m) 



= 1.91xl0 -10 Jx 



leV 



1.6xl0" 19 J/eV 



1189MeV 



Proceed as above to find the electrostatic energy of the fission fragments 140 Xe and 94 Sr: 



;, Xe 



3(54xl.6xl0 19 c) 2 

20^8.85 x 10 12 C 2 / N • m 2 )(6.15 x 10 15 m) 
leV 



= 6.57x10"" Jx 



1.6 xlO -19 J/eV 



= 410MeV 



and 



3(38 x 1.6 xlQ 19 c) : 
10 

= 3.25xl0 n Jx 



** 20;r(8.85 x 10 12 C 2 / N • m 2 )(6. 15 x 10 15 m) 



leV 



= 203 MeV 



Substitute for U ns , U 140x , and 
C/,4 Sr in equation (1) and evaluate 
AE: 



1.602xl0 -19 J/eV 

AE = 1 1 89 MeV - (4 10 MeV + 203 MeV) 



576 MeV 
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Picture the Problem The geometry of the point charge and the sphere is shown below. 
The charge is a distance R away from the center of a spherical shell of radius a. 
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(a) The average potential over the 
surface of the sphere is given by: 

Substitute for k, a, and dA to obtain: 



Apply the law of cosines to the 
triangle to obtain: 

Substitute for r and simplify to 
obtain: 



Change variables by letting 
u = cos 0. Then: 



To simplify the integrand, let: 



Then dv = -fidu and: 



V„, = 



kdq 



sphere y J sphere y 



kodA 



1 r qilm sin 6\ad6) 
4x e 0 1 Am 2 r 

= ^R 2 +a 2 -2aRcos0 



JL 

v =-M 



sin 6d0 



*n e o {(r 2 +a 2 -laRcosO) 



U 2 



du =-sin8d& 
and 

-q 



du 



(1) 



V = ^-[ — 
av 8;re 0 \{R^ +a 2 -2aRuf 

a = R 2 +a 2 , (5 = 2aR , and v = a- f3u 



r du 1 f dv 2 /— i f 2 1 / — 

7 wT = ~ ;= = Vv = Ja-pu 

\{R 2 +a 2 -2aRuf fi ' P ^ aR^ 



aR 



Substitute for a and /? to obtain: 
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du 



{ (R 2 + a 2 -2aRu) 



in 



l 

aR 
1 

aR 



Vi? 2 +a 2 +2aR-y/R 2 + a 2 -2aR 



= _J_[(* +a )_(*_ a )] = _! 

aR Ly ' V n R 



Substitute in equation (1) to obtain: 



VL. = ■ 



-q 


^ 2^ 




q 




v Rj 







Note that this result is the potential at the center of the sphere due to the 
point charge. 



(b) 



The superposition principle tells us that the potential at any point is the 
sum of the potentials due to any charge distributions in space. Because 
this result is independent of any properties of the sphere, this result 
must hold for any sphere and any configuration of charges outside of it. 
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Chapter 24 

Electrostatic Energy and Capacitance 



Conceptual Problems 

Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the voltage across the 
capacitor, (c) is correct. 



Determine the Concept The capacitance of a parallel-plate capacitor is a function of the 
surface area of its plates, the separation of these plates, and the electrical properties of the 
matter between them. The capacitance is, therefore, independent of the charge of the 
capacitor, (c) is correct. 



3 

Determine the Concept True. The energy density of an electrostatic field is given by 

"e =J*0 



4 

Picture the Problem The energy stored in the electric field of a parallel-plate capacitor is 
related to the potential difference across the capacitor by U = \QV ' ■ 



Relate the potential energy stored in U = jQV 

the electric field of the capacitor to the 
potential difference across the 
capacitor: 



With Q constant, U is directly proportional to V. Hence, doubling V doubles U. 



*5 

Picture the Problem The energy stored in a capacitor is given by U = jQV and the 

capacitance of a parallel-plate capacitor by C = e 0 A/d .We can combine these 

relationships, using the definition of capacitance and the condition that the potential 
difference across the capacitor is constant, to express U as a function of d. 

Express the energy stored in the U = \ QV 

capacitor: 
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Use the definition of capacitance to Q — CV 

express the charge of the capacitor: 



Substitute to obtain: U =\CV 2 



Express the capacitance of a 
parallel-plate capacitor in terms of 
the separation d of its plates: 

Substitute to obtain: 



where A is the area of one plate. 



Because U cc — .doubling the 
d 

separation of the plates will reduce 
the energy stored in the capacitor to 

1/2 its previous value: I (d) is correct. 



6 

Picture the Problem Let V represent the initial potential difference between the plates, U 
the energy stored in the capacitor initially, d the initial separation of the plates, and V , U 
', and d ' these physical quantities when the plate separation has been doubled. We can 
use U = \QV to relate the energy stored in the capacitor to the potential difference 

across it and V = Ed to relate the potential difference to the separation of the plates. 



Express the energy stored in the 
capacitor before the doubling of the 
separation of the plates: 



u = wv 



Express the energy stored in the 
capacitor after the doubling of the 
separation of the plates: 



U' = \QV 

because the charge on the plates does not 
change. 



Express the ratio of U to U: 



U ~ V 



Express the potential differences V = Ed 

across the capacitor plates before and 

and after the plate separation in V = Ed' 

terms of the electric field E between because E depends solely on the charge on 

the plates: the plates and, as observed above, the 
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charge does not change during the 
separation process. 



Substitute to obtain: 



U' 



Ed' 



d 



U 



Ed 



For d ' - 



2d: 



U 



U 



2d_ 
d 



2 and (b) is correct 



7 

Determine the Concept Both statements are true. The total charge stored by two 
capacitors in parallel is the sum of the charges on the capacitors and the equivalent 
capacitance is the sum of the individual capacitances. Two capacitors in series have the 
same charge and their equivalent capacitance is found by taking the reciprocal of the sum 
of the reciprocals of the individual capacitances. 

8 

(a) False. Capacitors connected in series carry the same charge. 

(b) False. The voltage across the capacitor whose capacitance is C 0 is Q/Co and that 
across the second capacitor is QI2Cq. 

(c) False. The energy stored by the capacitor whose capacitance is Co is Q 2 /2C 0 and the 
energy stored by the second capacitor is Q 2 /4C 0 . 



9 

Determine the Concept True. The capacitance of a parallel-plate capacitor filled with a 



*10 » 

Picture the Problem We can treat the configuration in (a) as two capacitors in parallel 
and the configuration in (b) as two capacitors in series. Finding the equivalent 
capacitance of each configuration and examining their ratio will allow us to decide 
whether (a) or (b) has the greater capacitance. In both cases, we'll let C\ be the 
capacitance of the dielectric-filled capacitor and C 2 be the capacitance of the air 
capacitor. 



(d) True 



dielectric of constant /c is given by C = 



d 



or C gc k. 



In configuration (a) we have: 



c a =c l + c 2 



244 Chapter 24 
Express C\ and C2. 



and 



C,=- 



/re 0 A t _/re 0 |A_/t-e 0 A 



4 



2d 



2d 



Substitute for C\ and C2 and 
simplify to obtain: 



C a = ^— + -5 — = - 2 — («■ + l) 

2d 2d 2d 



In configuration (fc) we have: 



Express Ci and C2'. 



1 1 1 

=— + — => c = 



c c c 

'-2 



and 



Q + c 2 



dj yd J 



e 0 A 2 _ /r e 0 A _ 2/r e 0 A 
d 2 I J J 



Substitute for C\ and C2 and 
simplify to obtain: 













) 




) 




A 2k e n 

— + (L 

d 


A 


f2^ 0 




f 2*e 0 




v d 




v d 





2 ^ A (k + 1) 



2e 0 A 



K 



Divide Ct by C a 



2 e 0 A( k 



C b _ d { /c + l 
2d V ; 



4tc 



(k + iJ 



Because 



4k 



< 1 for k> 1: 



c„ > c 
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(a) False. The capacitance of a parallel-plate capacitor is defined to be the ratio of the 
charge on the capacitor to the potential difference across it. 

(b) False. The capacitance of a parallel-plate capacitor depends on the area of its plates A, 
their separation d, and the dielectric constant Kof the material between the plates 
according to C = K e 0 Ajd. 

(c) False. As in part (b), the capacitance of a parallel-plate capacitor depends on the area 
of its plates A, their separation d, and the dielectric constant /r of the material between the 
plates according to C = K e 0 Ajd. 

12 

Picture the Problem We can use the expression U =\CV 1 to express the ratio of the 
energy stored in the single capacitor and in the identical-capacitors-in-series combination. 



Express the energy stored in U = \ C eq V 

capacitors when they are connected 
to the 100-V battery: 



Express the equivalent capacitance C 2 x 

of the two identical capacitors eq 2C 2 
connected in series: 

Substitute to obtain: U = \{\C)V 2 = \CV 2 



2 



Express the energy stored in one U 0 = \ CV 

capacitor when it is connected to the 
100-V battery: 



Express the ratio of Uto U 0 : U _ \CV 2 _ 1 

or 



C/ = |C/ 0 and 



(d) is correct 



Estimation and Approximation 

13 

Picture the Problem The outer diameter of a "typical" coaxial cable is about 

5 mm, while the inner diameter is about 1 mm. From Table 24- 1 we see that a reasonable 

range of values for /cis 3-5. We can use the expression for the capacitance of a 
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cylindrical capacitor to estimate the capacitance per unit length of a coaxial cable. 



The capacitance of a cylindrical 
dielectric-filled capacitor is given 
by: 



= Inx e 0 L 



In 



'JO 



where L is the length of the capacitor, /?! is 
the radius of the inner conductor, and R 2 is 
the radius of the second (outer) conductor. 



Divide both sides by L to obtain an 
expression for the capacitance per 
unit length of the cable: 



C 
L 



2kk e r 



In 



'JO 



a: 



2£ln 



If at= 3: 



C 
L 



2(8.99 xl0 9 N-m 2 /C 2 )ln 



2.5mm 
0.5mm 



= 0.104nF/m 



If at= 5: 



C 
L 



2(8.99 xl0 9 N-m 2 /C 2 )ln 



2.5 mm 
0.5mm 



0.173nF/m 



A reasonable range of values for C/L, 
corresponding to 3 < k< 5, is: 



0. 104nF/m < — < 0.173nF/m 



*14 ** 

Picture the Problem The energy stored in a capacitor is given by U = \ CV 2 . 



Relate the energy stored in a 
capacitor to its capacitance and the 
potential difference across it: 



U =\CV : 



Solve for C: 



C = 



2U 

V 2 



The potential difference across the 
spark gap is related to the width of 
the gap d and the electric field E in 
the gap: 



V = Ed 
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Substitute for V in the expression for 
C to obtain: 



C = 



2U 

E 2 d 2 



Substitute numerical values and 
evaluate C: 



C = 



2(100J) 



(3xl0 6 V/m) 2 (0.001m) 2 



22.2//F 



15 

Picture the Problem Because AT? « R E we can treat the atmosphere as a flat slab with 
an area equal to the surface area of the earth. Then the energy stored in the atmosphere 
can be estimated from U - uV, where u is the energy density of the atmosphere and Vis 
its volume. 



Express the electric energy stored in 
the atmosphere in terms of its energy 
density and volume: 



U =uV 



Because AR«R E - 6370 km, we 
can consider the volume: 



^ ^surface area of the earth 

= 4ttR 2 AR 



Express the energy density of the 
Earth's atmosphere in terms of the 
average magnitude of its electric 
field: 



u = \ e 0 E 2 



Substitute for V and u to obtain: 



U = (±e 0 E 2 )(4xR 2 E AR)-- 



R 7 -E 2 AR 
2k 



Substitute numerical values and 
evaluate U: 



U = 



(6370 km) 2 (200 V/m) 2 (l km) 
2(8.99 xl0 9 N-m 2 /C 2 ) 



= 9.03 xlO 10 J 



16 

Picture the Problem We'll approximate the balloon by a sphere of radius R = 3 m and 
use the expression for the capacitance of an isolated spherical conductor. 



Relate the capacitance of an isolated 
spherical conductor to its radius: 



C = 4tt e n R 



R 
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Substitute numerical values and 
evaluate C: 



C = 



3m 



8.99xl0 9 N-m 2 /C 2 



0.334nF 



Electrostatic Potential Energy 



17 • 

The electrostatic potential energy of this 
system of three point charges is the work 
needed to bring the charges from an 
infinite separation to the final positions 
shown in the diagram. 



<7i 

# 

0 



* 

3 



x, m 



Express the work required to 
assemble this system of charges: 



U = 



_ kq t q 2 | fcgigg , kq 2 q 3 



+ ■ 



'1,2 



'1.3 



2,3 



= k 



v r u 



'1,3 '2,3 J 



Find the distances r^ 2 , n^, and r 2 y. 



r 12 =3m,r 23 =3m,andr 13 =6m 



(a) Evaluate U for q l = q 2 = q 3 = 2 /jC: 



U =(8.99xl0 9 N-m 2 /C 2 ) 



(2/^)(2/iC) | (2/^)(2/^) | (2^)(2^C) 



3m 



6m 



3m 



30.0mJ 



(b) Evaluate U for q l = q 2 = 2 /jC and g 3 = -2 //C: 



£/ =(8.99xl0 9 N-m 2 /C 2 ) 



(2fC)(2fC) + (2^CX-^C) + (2//C)(- 2/iC)" 



3m 



6m 



3m 



5.99 mJ 



(c) Evaluate U for q\ = q^ = 2 /aC and g 2 - -2 //C: 



t/ = (8.99xl0 9 N-m 2 /C 2 ) 



(2//C)(-2//C) | (2//C)(2/X:) | (-2/jC)(2//C) ~ 



3m 



6m 



3m 



= -18.0mJ 
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Picture the Problem The electrostatic 
potential energy of this system of three 
point charges is the work needed to bring 
the charges from an infinite separation to 
the final positions shown in the diagram. 




2.5 m 



Express the work required to assemble 
this system of charges: 



U = 



_ kq x q 2 | fcgigg | kq 2 q 3 



'1,2 



2,3 



= k 



V r i,2 r i,3 r 2,3 j 



Find the distances r^, n.3, and r 2 y. 



r i, 2 = r 2, 3 = r i, 3 = 2.5 m 



(a) Evaluate U for q l -q 2 -q 3 - 4.2 //C: 



U =(8.99xl0 9 N-m 2 /C 2 ) 



(4.2 //C) (4.2 //C) | (4.2//C)(4.2//C) 



+ 



2.5 m 

(4.2 //C)(4.2 /jC) 
2.5 m 



2.5m 



0.190J 



(b) Evaluate U for q l -q 2 - 4.2 /jC and <? 3 = -4.2 //C: 



[/ =(8.988 xl0 9 N-m 2 /C 2 ) 



(4.2//C)(4.2//C) | (4.2//C)(-4.2//C) 



+ 



2.5m 

(4.2//C)(-4.2//C)" 
2.5m 



2.5m 



= -63.4mJ 



(c) Evaluate £/ for qi = q 2 = 



-4.2 //C and g 3 = +4.2 juC: 
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t/ = (8.99xl0 9 N-m 2 /C 2 ) 



(-4.2//C)(-4.2//C) | (- 4.2//C)(4.2//C) 



2.5m 

(-4.2//C)(4.2//C)" 
2.5 m 



2.5m 



63.4 mJ 
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Picture the Problem The potential of an isolated spherical conductor is given by 

V = kQ/r ,where Q is its charge and r its radius, and its electrostatic potential energy 

by U = \QV . We can combine these relationships to find the sphere's electrostatic 
potential energy. 



Express the electrostatic potential U = jQV 

energy of the isolated spherical 
conductor as a function of its charge 
Q and potential V: 

Express the potential of the spherical y _ kQ 

conductor: r 



Solve for Q to obtain: Q~ — 



Substitute to obtain: 



k 



2 



v = 



v " / 



rV 
2k 



Substitute numerical values and 
evaluate U: 



U 



2(8.99 



(0.1m)(2kV) 2 



xl0 9 N-m 2 



/C 1 ) 



22.2//J 



20 

Picture the Problem The electrostatic 
potential energy of this system of four 
point charges is the work needed to bring 
the charges from an infinite separation to 
the final positions shown in the diagram. In 
part (c), depending on the configuration of 
the positive and negative charges, two 
energies are possible. 




4 m 
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Express the work required to assemble this system of charges: 



1,2 1,3 1,4 1,3 1,4 1,4 



J* J* I" I" f 

^ 1,2 '1,3 '1,4 '2,3 '2,4 '3,4 J 



Find the distances r^ 2 , r^, r lA , r 2 ,3, 
r 2>4 , and r 3>4 ,: 



1.2 — 1,3 — 1,4 — 1,4 — 4m 
and 

1.3 = 1,4 =4V2m 



(a) Evaluate U for </i = q 2 = </ 3 = q 4 = -2 //C: 



U =(8.99xl0 9 N-m 2 /C 2 ) 



(- 2juC){- 2//C) + (-2//CX-2//C) + (- 2//C)(- 2//C) 



+ 



4m 4V2m 

(-2^X-2^) | (-2 / C)(-2/^) | (-2 /£)(-!/£:) 
4m 4V2m 4m 



4m 



= 48.7 mJ 



(&) Evaluate U iox q\ = q 2 = q^ = 2 /JZ and q 4 --2 /JZ: 



U =(8.99xl0 9 N-m 2 /C 2 ) 



4m 



4V2 



m 



4m 



| (2/£)(2MC) | (2^X-2^) | (2/^)(-2/Cy 



4m 



4V2 



m 



4m 



= 0 



(c) Let gi = q 2 - 2 //C and q 3 - q 4 - -2 //C: 



f/ =(8.99xl0 9 N-m 2 /C 2 ) 



(2//C)(2//C) + (2//CX-2//C) + (2//C)(- 2//C) 



4m 



4V2 



m 



4m 



| (2^X-2^) | (2^X-2^) | (-2^)(-2fC) 
4m 4V2m 4m 



= -12.7mJ 



Let qi- q 3 -2 juC and q 2 = q 4 = 



-2 /jC: 
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t/ = (8.99xl0 9 N-m 2 /C 2 ) 



(2//CX-2//C) | (2fC)(2fC) | (2fC)(-2fC) 



4m 



4V2 



m 



+ (-2/£)(2/£) | (-2/iCX-2/£:) | (2//C)(- 2//C) 



4m 



4V2 



m 



23.2mJ 



4m 



4m 



21 

Picture the Problem The diagram shows 
the four charges fixed at the corners of the 
square and the fifth charge that is released 
from rest at the origin. We can use 
conservation of energy to relate the initial 
potential energy of the fifth particle to its 
kinetic energy when it is at a great distance 
from the origin and the electrostatic 
potential at the origin to express Ui. 



6q [ 



\ 



> 2 <7 



m, q 



'-3q 



Use conservation of energy to relate 
the initial potential energy of the 
particle to its kinetic energy when it 
is at a great distance from the origin: 

Express the initial potential energy 
of the particle to its charge and the 
electrostatic potential at the origin: 

Substitute for K f and U\ to obtain: 

Solve for v: 



AK + AU =0 

or, because Ki-Uf- 0, 

K t -U i =0 



mv 2 -qV(0) = 0 



m 



Express the electrostatic potential at 
the origin: 



v(o). 



kq 2kq 



3kq 6kq 



42a 42a 42a 42a 
6kq 
42a 



Substitute and simplify to obtain: 



v = 



( 6kq } _ 




642k 


\42a j 




ma 
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Capacitance 

*22 • 

Picture the Problem The charge on the spherical conductor is related to its radius and 
potential according to V = kQ/r and we can use the definition of capacitance to find the 
capacitance of the sphere. 



(a) Relate the potential V of the 
spherical conductor to the charge on 
it and to its radius: 



V 



kQ 
r 



Solve for and evaluate Q: 



Q 



rV_ 
~k 



(0.1m)(2kV) 
8.99xl0 9 N-m 2 /C 2 



22.2nC 



(b) Use the definition of capacitance 
to relate the capacitance of the 
sphere to its charge and potential: 



C = — = 



Q 
v 



22.2nC 
2kV 



ll.lpF 



(c) 



It doesn't. The capacitance of a sphere is a function of its radius. 



23 • 

Picture the Problem We can use its definition to find the capacitance of this capacitor. 



Use the definition of capacitance to 
obtain: 



C = Q = 30//C 
V 400 V 



75.0nF 



24 

Picture the Problem Let the separation of the spheres be d and their radii be R. Outside 
the two spheres the electric field is approximately the field due to point charges of +Q 
and -Q, each located at the centers of spheres, separated by distance d. We can derive an 
expression for the potential at the surface of each sphere and then use the potential 
difference between the spheres and the definition of capacitance and to find the 
capacitance of the two-sphere system. 



The capacitance of the two-sphere 
system is given by: 



C = 



Q_ 



where AV is the potential difference 
between the spheres. 
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The potential at any point outside 
the two spheres is: 



k(+Q) | k(-Q) 



where r\ and r 2 are the distances from the 
given point to the centers of the spheres. 



For a point on the surface of the 
sphere with charge +Q: 

Substitute to obtain: 



r x = R and r 2 = d + S 
where \S\ < R 



V, 



= k{+Q) | k(-Q) 



R 



d + S 



For S« d: 



kQ_kQ 
R d 



and 

y *Q + *Q 

Q R d 



The potential difference between the 
spheres is: 



W=V Q -V_ Q 

= kQ_kQ 
R d 

R dj 



-kQ | kQ 
v R d 



= 2kQ 



Substitute for AV in the expression 
for C to obtain: 



C = 



Q 



2kQ 



R d 



2k e 0 R 
~ R~ 



2k e 0 
R d 



For d very large: 



C 



2k e 0 R 



The Storage of Electrical Energy 



25 • 

Picture the Problem Of the three equivalent expressions for the energy stored in a 
charged capacitor, the one that relates U to C and V is U = \ CV 2 . 



(a) Express the energy stored in the U = \ CV 2 

capacitor as a function of C and V: 



Substitute numerical values and 
evaluate U: 



Electrostatic Energy and Capacitance 
U = i(3 //F)(100 V) 2 = I 15.0mJ 



(b) Express the additional energy 
required as the difference between 
the energy stored in the capacitor at 
200 V and the energy stored at 100 
V: 

26 • 

Picture the Problem Of the three equivalent expressions for the energy stored in a 

1 Q 2 

charged capacitor, the one that relates U to Q and C is U = — . 

(a) Express the energy stored in the 1 Q 2 

capacitor as a function of C and Q: 1 C 



AU = t/(200V)-£/(l00V) 
= {(3//F)(200V) 2 -15.0mJ 
= 45.0mJ 



Substitute numerical values and 
evaluate U: 



(b) Express the energy remaining 
when half the charge is removed: 



V 



1 (4//C) 2 

2 10//F 



0.800 /J 



1 (2//C) 2 

2 10//F 



0.200 /J 
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Picture the Problem Of the three equivalent expressions for the energy stored in a 



charged capacitor, the one that relates U to Q and C is U = 



191 

2 C 



(a) Express the energy stored in the 
capacitor as a function of C and Q: 

Substitute numerical values and 
evaluate U: 

(b) Express the additional energy 
required as the difference between 
the energy stored in the capacitor 
when its charge is 5 /uC and when 
its charge is 10 /jC: 



U = 



191 
2 C 



U (5 /£.)■■ 



1 (5 //C) 2 

2 20pF 



0.625J 



AU = U(l0juC)-U(5pC) 

_ 1 (10//C) 2 
~ 2 20pF 
= 2.50 J -0.625 J 



0.625 J 



1.88J 
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*28 • 

Picture the Problem The energy per unit volume in an electric field varies with the 
square of the electric field according tou = e 0 E 2 /l . 



Express the energy per unit volume 
in an electric field: 



2 fc 0 E 



Substitute numerical values and 
evaluate u: 



u = \ (8 . 85 x 1 (T 12 C 2 /N • m 2 )(3 MV/m) 2 



= 39.8 J/m 3 



29 • 

Picture the Problem Knowing the potential difference between the plates, we can use E 
= V/d to find the electric field between them. The energy per unit volume is given by 
u = ~ e 0 E 2 and we can find the capacitance of the parallel-plate capacitor using 

C =e 0 A/d. 



(a) Express the electric field between 
the plates in terms of their separation 
and the potential difference between 
them: 



V_ 
d 

100V 
1mm 



lOOkV/m 



(b) Express the energy per unit 
volume in an electric field: 

Substitute numerical values and 
evaluate u: 



u = \e Q E 2 



u = i(8.85 x 1(T 12 C 2 /N • m 2 )(l00kV/m) 2 



44.3mJ/m J 



(c) The total energy is given by: 



U - uV = uAd 

= (44.3 mJ/m 3 )(2 m 2 )(l mm) 
= 88.6/i/ 



(d) The capacitance of a parallel-plate 
capacitor is given by: 



C 



e 0 A 



(8.85xl(T 12 C 2 /N-m 2 )(2m 2 ) 
1mm 



17.7 nF 
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(e) The total energy is given by: 



u=\cv 



Substitute numerical values and evaluate JJ = y (17.7 nF)(lOO V) 2 

U: 



88.5 /J, in agreement with (c). 



30 

Picture the Problem The total energy stored in the electric field is the product of the 
energy density in the space between the spheres and the volume of this space. 



(a) The total energy U stored in the 
electric field is given by: 



U=uV 

where u is the energy density and V is the 
volume between the spheres. 



The energy density of the field is: 



u = — e n E 2 
2 0 

where E is the field between the spheres. 



The volume between the spheres is 
approximately: 



V « 4^ 2 (r 2 -rj 



Substitute for u and V to obtain: 



U = 2x^ ) E 2 r 2 (r 2 -r l ) (1) 



The magnitude of the electric field 
between the concentric spheres is 
the sum of the electric fields due to 
each charge distribution: 



E -E Q + E_ Q 



Because the two surfaces are so 
close together, the electric field 
between them is approximately the 
sum of the fields due to two plane 
charge distributions: 



2 e o ^ e 0 e 0 



Substitute for <r Q to obtain: 



Q 



Ann 



Substitute for E in equation (1) and 
simplify: 



U = In e r 



Q 



v 4^-r 1 2 e oy 



1 2 (^2 — 



Q 2 r 2 -r x 



%7T e 0 r x 
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Substitute numerical values and evaluate U: 



U = 



(5 nC) 2 (10.5 cm- 10.0cm) 
8tz-(8.85 x 10 12 C 2 /N • m 2 )(l0.0cm) 2 



56.0nJ 



(b) The capacitance of the two- 
sphere system is given by: 



C = 



Q_ 



where AV is the potential difference 
between the two spheres. 



The electric potentials at the 
surfaces of the spheres are: 



Q 



An e 0 r x 



and y, 



Q 



An e 0 r 2 



Substitute for AV and simplify to 
obtain: 



Substitute numerical values and evaluate C: 



C = 



Q 



Q 



-n— = 47r ^ — 



An e 0 r x An e 0 r 2 



C = AJS.85 x 10- 12 C 2 /N • m 2) (l0-0cm)(l0.5cm) = 
v ; 10.5cm -10.0cm 



0.234nF 



Use Vi Q IC to find the total energy 
stored in the electric field between 
the spheres: 



U = 



(5nC) 2 
0.234nF 



53.4nJ 



Note that our approximate result in (a) is within 5% of our exact result 
obtained in (b). 



*31 

Picture the Problem We can relate the charge Q on the positive plate of the capacitor to 
the charge density of the plate cr using its definition. The charge density, in turn, is 
related to the electric field between the plates according to cr =^ 0 E and the electric field 

can be found from E = AVI Ad. We can use AU = \ QAV in part (b) to find the increase 

in the energy stored due to the movement of the plates. 



(a) Express the charge Q on the 
positive plate of the capacitor in 
terms of the plate's charge density a 
and surface area A: 



Q = oA 
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Relate a to the electric field E 
between the plates of the capacitor: 



cr=e Q E 



Express E in terms of the change in 
V as the plates are separated a 
distance Ad: 



E = 



AV 
Ad 



Substitute for a and E to obtain: 



Q =e 0 EA =e Q A 



AV 
Ad 



Substitute numerical values and evaluate Q: 

Q = (8.85 x 10 12 C 2 /N • m 2 )(500cm 2 U^ = 
V A ; 0.4cm 



ll.lnC 



(b) Express the change in the 
electrostatic energy in terms of the 
change in the potential difference: 



AU = \QAV 



Substitute numerical values and 
evaluate AU: 



A£/ = i(ll.lnC)(lOOV)= 0.553 /J 



32 ••• 

Picture the Problem By symmetry, the electric field must be radial. In part (a) we can 
find E r both inside and outside the ball by choosing a spherical Gaussian surface first 
inside and then outside the surface of the ball and applying Gauss's law. 



(a) Relate the electrostatic energy 
density at a distance r from the 
center of the ball to the electric field 
due to the uniformly distributed 
charge Q: 



u. = 



(1) 



Relate the flux through the Gaussian 
surface to the electric field E r on the 
Gaussian surface at r < R: 



E r {4nr 2 )-- 



inside 



(2) 



Using the fact that the charge is 
uniformly distributed, express the 
ratio of the charge enclosed by the 
Gaussian surface to the total charge 
of the sphere: 



Qmside = P V G, 

Q 



aussian surface 



pv bi 



4rf R 3 
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Solve for Q inside to obtain: 



2inside Q ^3 



Substitute in equation (2): 



E r (4m- 2 ) = 



Solve for E r<R : 



E - Qr - kQ r 



Substitute in equation (1) to obtain: 



kQ 



kR 3 'j 



2R 6 



Relate the flux through the Gaussian 
surface to the electric field E, on the 
Gaussian surface at r > R: 



E r (Anr 2 )=Q^ = 



^in side Q 

0 ^0 



Solve for E r>R : 



F - 



Q 



= kQr 



Substitute in equation (1) to obtain: u [r > R) = ^e Q ikQr 2 ^ 



\ e Q k 2 Q 2 r 4 



(b) Express the energy dU in a 
spherical shell of thickness dr and 
surface area \nr 2 : 



dU^=47ir 2 u{r)dr 



For r < R: 



For r > R: 



dU sheU {r<R) = 4m- : 



2R 6 



dr 



kQ 2 _ 4 



2R 6 



r'dr 



dU sheU {r>R) = 4m- 2 (^ Q k 2 Q 2 r- 4 )dr 



\kQ 2 r- 2 dr 



(c) Express the total electrostatic energy: U =U(r<R)+U(r>R) (3) 
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Integrate £/ s h e ii(r < R) from 0 to R: 



U shen (r<R) = ^- R \r*dr 



2R b 

kQ 2 
10R 



Integrate U^ewir > R) from R to oc: 



U sbeU {r>R) = \kQ 2 ]r- 2 dr = 



kQ 2 
2R 



Substitute in equation (3) to obtain: 



v _ kQ 2 | kQ 2 



10R 2R 



3kQ 2 
5R 



The field inside the shell is zero, so the first integral vanishes. The result 
is greater for the sphere because it includes the field energy within the 
sphere. 



Combinations of Capacitors 



33 • 

Picture the Problem We can apply the properties of capacitors connected in parallel to 
determine the number of 1.0-//F capacitors connected in parallel it would take to store a 
total charge of 1 mC with a potential difference of 10 V across each capacitor. Knowing 
that the capacitors are connected in parallel (parts (a) and (b)) we determine the potential 
difference across the combination. In part (c) we can use our knowledge of how potential 
differences add in a series circuit to find the potential difference across the combination 
and the definition of capacitance to find the charge on each capacitor. 



(a) Express the number of 
capacitors n in terms of the charge q 
on each and the total charge Q: 



n = 



Q 



Relate the charge q on one capacitor 
to its capacitance C and the potential 
difference across it: 



q = CV 



Substitute to obtain: 



n = 



Q_ 
cv 



Substitute numerical values and 
evaluate n: 



lmC 



n = 



(1//F)(10V) 



100 
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(b) Because the capacitors are 
connected in parallel the potential 
difference across the combination is 
the same as the potential difference 
across each of them: 



V = V = 

parallel combination 



10V 



(c) With the capacitors connected in 
series, the potential difference 
across the combination will be the 
sum of the potential differences 
across the 100 capacitors: 



^series combination ^ 00 



= 100(10 v) 



= l.OOkV 



Use the definition of capacitance to 
find the charge on each capacitor: 



q = CV = (lfjF){lOV)= 10.0//C 
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Picture the Problem The capacitor array 
is shown in the diagram. We can find the 
equivalent capacitance of this combination 
by first finding the equivalent capacitance 
of the 3.0-//F and 6.0-//F capacitors in 
series and then the equivalent capacitance 
of this capacitor with the 8.0-//F capacitor 
in parallel. 



|3/*F 




8«F 



Express the equivalent capacitance 
for the 3.0-//F and 6.0-//F capacitors 
in series: 
Solve for C^: 



1 



1 1 

- + - 



C 3+6 3//F 6//F 



C 3+6 =2//F 



Find the equivalent capacitance of a 
2-//F capacitor in parallel with an 8- 
juF capacitor: 



C 2+8 =2//F + 8//F= 10//F 



*35 • 

Picture the Problem Because we're interested in the equivalent capacitance across 
terminals a and c, we need to recognize that capacitors C\ and Cj are in series with each 
other and in parallel with capacitor C2. 



Find the equivalent capacitance of 
C\ and C3 in series: 



1 



1+3 



J_ J_ 

c c 

1 ^3 
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Solve for C\+z. 



Find the equivalent capacitance of 
Ci+3 and C2 in parallel: 



C C 

^1+3 



Cj+C 3 



c =c +c = 



c 2 + 



c c 
c, + c 3 
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Picture the Problem Because the capacitors are connected in parallel we can add their 
capacitances to find the equivalent capacitance of the combination. Also, because they 
are in parallel, they have a common potential difference across them. We can use the 
definition of capacitance to find the charge on each capacitor. 



(a) Find the equivalent capacitance C eq = 10.0 juF + 20//F = 30 juF 

of the two capacitors in parallel: 



(b) Because capacitors in parallel y = y + V 2 

have a common potential difference 
across them: 



6.00 V 



(c) Use the definition of capacitance Q w = C l0 V = (10 //F)(6 V) = 60.0 juC 

to find the charge on each capacitor: 



and 



£ 20 = C 20 V = (20//F)(6V)= 120 //C 



37 

Picture the Problem We can use the properties of capacitors in series to find the 

equivalent capacitance and the charge on each capacitor. We can then apply the definition 

of capacitance to find the potential difference across each capacitor. 

(a) Because the capacitors are Q w = <2 2 o = 

connected in series they have equal 

charges: 

Express the equivalent capacitance 1 1 1 

of the two capacitors in series: C eq 10 juF 20 juF 

Solve for C eq to obtain: _ (l0/g)(20/g) 



10//F + 20//F 



Substitute to obtain: Q 10 = Q 20 = (6.67 //F)(6 V) = 40.0 juC 
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(b) Apply the definition of 
capacitance to find the potential 
difference across each capacitor: 



V, 



10 



Q 10 = 40.0//C 
10//F 



C, 



4.00 V 



10 



and 



V- 



Q 20 40.0 



20 



c 



2i) 



20 //F 



2.00V 



*38 

Picture the Problem We can use the properties of capacitors connected in series and in 
parallel to find the equivalent capacitances for various connection combinations. 



(a) 



If their capacitance is to be a maximum, they must be connected in parallel. 



Find the capacitance of each 
capacitor: 



C =3C = 15//F 



eq 

and 

C = 5//F 



(b)(1) Connect the three capacitors 



m series: 



(2) Connect two in parallel, with the 
third in series with that 
combination: 



= ~~ and C ea 
C eQ 5//F 



1.67//F 



eq 

c 

eq, two in parallel 

and 
1 1 



2(5 //F) = 10 //F 
1 



C 10//F 5//F 



Solve for C. 



eq- 



_ (10 / /F)(5//F) _ 
10//F + 5//F 



3.33//F 



(3) Connect two in series, with the 
third in parallel with that 
combination: 



C 



eq, two in series 



5//F 



or 
C 



eq, two in series 



= 2.5 //F 



Find the capacitance equivalent to 
2.5 /jF and 5 juF in parallel: 



C eq =2.5//F + 5//F= 7.50//F 



39 

Picture the Problem We can use the properties of capacitors connected in series and in 
parallel to find the equivalent capacitance between the terminals and these properties and 
the definition of capacitance to find the charge on each capacitor. 
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(a) Relate the equivalent 
capacitance of the two capacitors in 
series to their individual 
capacitances: 



1 1 1 

- + - 



C 4+15 4//F 15//F 



Solve for C 4 



C 4 ,, 5 = <lMlM) = 3.16^F 



4//F + 15//F 



Find the equivalent capacitance of 
C4+15 in parallel with the 
12-//F capacitor: 



C =3.16//F + 12//F = 15.2//F 



(b) Using the definition of 
capacitance, express and evaluate 
the charge stored on the 12- /jF 
capacitor: 



= (12//F)(200V) 



= 2.40 mC 



Because the capacitors in series 
have the same charge: 



<2 4 =e I5 =c 4+I5 v 

= (3.16//F)(200V) 



0.632mC 



(c) The total energy stored is given 
by: 



U 



total 



-cv 2 



eq 



Substitute numerical values and 
evaluate £/ t0 tai: 



U tM = 1(15.2^)(200 V) 2 = 



0.304J 



40 » 

Picture the Problem We can use the properties of capacitors in series to establish the 
results called for in this problem. 



(a) Express the equivalent 
capacitance of two capacitors in 
series: 



1 1 1 C, +C, 

- ■ + ■ - - 



c c c cc 

°eq *-l ^2 ^1^2 



Solve for C eq by taking the 
reciprocal of both sides of the 
equation to obtain: 



c c 

c 1+ c 2 
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(b) Divide numerator and 
denominator of this expression by 
C\ to obtain: 



Divide numerator and denominator 
of this expression by C2 to obtain: 



C 



eq 



1 C 2 

c, 



< 



c 

because 1 H — - > 1 . 
C, 



< 



c, 



1+- 



c 

because 1 H — - > 1 . 



Using our result from part (a) for 
two of the capacitors, add a third 
capacitor C 3 in series to obtain: 



1 _C 1 +C, 



•+- 



CjC 2 C 3 
C 1 C 2 C 3 



Take the reciprocal of both sides of 
the equation to obtain: 



C 



eq 



CjC 2 C 3 



(^"j ^^2 ^^2 ^"^3 ^^*3 



41 

Picture the Problem Let C eq i represent the equivalent capacitance of the parallel 
combination and C eq the total equivalent capacitance between the terminals. We can use 
the equations for capacitors in parallel and then in series to find C eq . Because the charge 
on C eq is the same as on the 0.3-//F capacitor and C eq i, we'll know the charge on the 0.3- 
juF capacitor when we have found the total charge Q eq stored by the circuit. We can find 
the charges on the 1.0-//F and 0.25-//F capacitors by first finding the potential difference 
across them and then using the definition of capacitance. 



0.3 fx¥ 



■ £•25 /*F 



HI 



0.3 M F 



(a) Find the equivalent capacitance C eql = 1 juF + 0.25 /uP = 1 .25 juF 

for the parallel combination: 
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The 0.30-//F capacitor is in series 
with C eq i . . . find their equivalent 
capacitance C eq : 



1 



1 1 

- + - 



C eq 0.3 //F 1.25 /zF 
and 



C 



eq 



0.242 //F 



(&) Express the total charge stored 
by the circuit Q eq : 



£ eq =£o.3=£l.25=C eq V 

= (0.242 //F)(10V) 



2.42 {jC 



The 1-//F and 0.25-//F capacitors, 
being in parallel, have a common 
potential difference. Express this 
potential difference in terms of the 
10 V across the system and the 
potential difference across the 0.3- 
juF capacitor: 

Using the definition of capacitance, 
find the charge on the 1-//F and 0.25- 
juF capacitors: 



V L25 =10V-V 0 , 
= 10V 



Go.3 



c, 



0.3 



= 10V 



2.42 /JC 
0.3/zF 



= 1.93V 



Q x =cy, =(l//F)(l.93V)= 1.93//C 



and 



a, 25 =C 0 ,5K. 25 =(0.25 / /F)(l.93V) 



0.483/X: 



(c) The total stored energy is given 
by: 



Substitute numerical values and 
evaluate U: 



U= {(0.242 //F)(10V) 2 = 12.1/J 



42 

Picture the Problem Note that there are three parallel paths between a and b. We can 
find the equivalent capacitance of the capacitors connected in series in the upper and 
lower branches and then find the equivalent capacitance of three capacitors in parallel. 



(a) Find the equivalent capacitance 
of the series combination of 
capacitors in the upper and lower 
branch: 



1 



1 1 

■ + - 



eq 



or 



C 

C = 0 = L C 

^eq ^ ^, 2^0 



2C, 



0 
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Now we have two capacitors with 
capacitance Co/2 in parallel with a 
capacitor whose capacitance is Co. 
Find their equivalent capacitance: 



(b) If the central capacitance is 
10C 0 , then: 



C = -C +C +-C = 

^ eq 2 ^0 T ~ 2 ^0 



2C A 



C' 



= -C +10C +-C = 

2 0 1U< ^0 T 2 ^0 
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Picture the Problem Place four of the capacitors in series. Then the potential across each 
is 100 V when the potential across the combination is 400 V. The equivalent capacitance 
of the series is 2/4 //F = 0.5 //F. If we place four such series combinations in parallel, as 
shown in the circuit diagram, the total capacitance between the terminals is 2 //F. 



rHI— 


— II 


— II 


— II— i 


— 1 1 — 


— 1 1 — 


— 1 1 — 


— 1|— 


— 1 1 — 


— 1 1 — 


— 1 1 — 


— II— 


— 1 1 — 


— 1 1 — 


— 1 1 — 


— II— 
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Picture the Problem We can connect two capacitors in parallel, all three in parallel, two 
in series, three in series, two in parallel in series with the third, and two in series in 
parallel with the third. 



Connect 2 in parallel to obtain: 



C eq =l/^F + 2//F= 3//F 



or 



or 



C e =l//F + 4//F= 5//F 



C eq =2//F + 4//F= 6//F 



Connect all three in parallel to 
obtain: 

Connect two in series: 



C m =l//F+2//F+4//F= 7//F 



eq 



or 



C„ = 



M)(2/f) 
1//F + 2//F 

(l//F)(4//F) 
1//F + 4//F 



-juF 



or 
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C 



eq 



(2//FX4//F) 
2//F + 4//F 



Connect all three in series: 



c = 



(l//F)(2 / /F)(4 / /F) 



eq (l / /F)(2//F) + (2 / /F)(4 / /F) + (l / /F)(4 / /F) 



Connect two in parallel, in series 
with the third: 



or 



C 



eq 



or 



CL = 



(4//F)(l//F + 2//F)_ 
1//F+2//F + 4//F ~ 

(l//F)(4//F + 2//F)_ 
1//F+2//F + 4//F ~ 

(2//F)(4//F + l//F)_ 
1//F+2//F + 4//F ~ 



— //F 
7 



10 



//F 



Connect two in series, in parallel 
with the third: 



C 



eq 



or 



C„ = 



eq 



or 



CL 



(l/f)(2^) 
1//F + 2//F 

(4//F)(2//F) 
4juF + 2juF 

(1//F)(4//F) 
1//F + 4//F 



+ 4//F: 



+ 1//F = 



+ 2//F: 



14 



//F 



14 p 
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Picture the Problem Let C be the 

capacitance of each capacitor in the ladder 
and let C eq be the equivalent capacitance of 
the infinite ladder less the series capacitor 
in the first rung. Because the capacitance is 
finite and non-zero, adding one more stage 
to the ladder will not change the 
capacitance of the network. The 
capacitance of the two capacitor 
combination shown to the right is the 
equivalent of the infinite ladder, so it has 
capacitance C eq also. 




:c + c, 



eq 
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(a) The equivalent capacitance of 
the parallel combination of C and 



C + C. 



C e q IS. 



The equivalent capacitance of the 
series combination of C and 

(C + C eq ) is C eq , so: 

Simply this expression to obtain a 
quadratic equation in C eq : 

Solve for the positive value of C eq to 
obtain: 



1 j_ 1 

c^ q ~c + c+c eq 



c: q +cc eq -c z =o 



c 



eq 



Vs -i " 

^ 2 y 



C = 0.618C 



Because C = 1 //F: 

(&) The capacitance C required so 
that the combination has the same 
capacitance as the infinite ladder is: 



0.61 8 //F 



C' = C + C 



Substitute for C eq and evaluate C: 



C' = C + 0.618C = 1.618C 



Because C = 1 //F: 



C'= 1.618//F 



Parallel-Plate Capacitors 

46 • 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V = Ed. We can use this relationship to find V max corresponding to dielectric 
breakdown and the definition of capacitance to find the maximum charge on the 
capacitor. 



(a) Express the potential difference 
V across the plates of the capacitor 
in terms of the electric field between 
the plates E and their separation d: 



V = Ed 



Kiax corresponds to E n 



V nn =(3MV/m)(l.6mm) = 



4.80kV 



(b) Using the definition of 
capacitance, find the charge Q 



Q = cv n 



(2.0//F)(4.80kV): 



9.60mC 
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stored at this maximum potential 
difference: 



47 • 

Picture the Problem The potential difference V across a parallel-plate capacitor, the 
electric field E between its plates, and the separation d of the plates are related according 
to V = Ed. In part (b) we can use the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor to find the required plate radius. 



(a) Express the potential difference V = Ed 

V across the plates of the capacitor 
in terms of the electric field between 
the plates E and their separation d: 

Substitute numerical values and y = (2 x 10 4 V/m)(2mm) = 

evaluate V: 



40.0V 



(b) Use the definition of capacitance C — — 

to relate the capacitance of the V 
capacitor to its charge and the 
potential difference across it: 



Express the capacitance of a 
parallel-plate capacitor: 



c = go A = e Q ttR 

d d 
where R is the radius of the circular plates. 



Equate these two expressions for C: 



Solve for R to obtain: 



:- 0 xR = Q 
d V 



R = 



Qd 



ttV 



Substitute numerical values and 
evaluate R: 



R = 



I (10//C)(2mm) 
tt(8.85 x 10~ 12 CVN • m 2 )(40 V) 



4.24m 
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Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor to find the area of each plate and the definition of capacitance to find the 
potential difference when the capacitor is charged to 3.2 /jC. We can find the stored 
energy using U = j CV 2 and the definition of capacitance and the relationship between 
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the potential difference across a parallel-plate capacitor and the electric field between its 
plates to find the charge at which dielectric breakdown occurs. Recall that Z? max> air = 3 
MV/m. 



(a) Relate the capacitance of a 
parallel-plate capacitor to the area A 
of its plates and their separation d: 



C 



— o 



Solve for A: 



A = 



Cd 



Substitute numerical values and 
evaluate A: 



(0.14//F)(0.5mm) 
~ 8.85x10 12 C 2 /N-m 2 



7.91m 2 



(b) Using the definition of 
capacitance, express and evaluate 
the potential difference across the 
capacitor when it is charged to 3.2 
juC: 



V = 



Q _ 3.2//C 



C 0.14//F 



22.9V 



(c) Express the stored energy as a 
function of the capacitor' s 
capacitance and the potential 
difference across it: 



U =\CV 2 



Substitute numerical values and 
evaluate U: 



t/=}(0.14//F)(22.9V) 2 = 36.7 /jJ 



(d) Using the definition of 
capacitance, relate the charge on the 
capacitor to breakdown potential 
difference: 



Q =CV 

^max max 



Relate the maximum potential 
difference to the maximum electric 
field between the plates: 



^max = ^ 



Substitute to obtain: 



Q =CE d 

^--max max 



Substitute numerical values and 
evaluate g max : 



Gmax = (0.14//F)(3MV/m)(0.5mm) 



210//C 
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*49 

Picture the Problem The potential difference across the capacitor plates V is related to 
their separation d and the electric field between them according to 
V= Ed. We can use this equation with Z? max = 3 MV/m to find fif^n- In part (b) we can use 
the expression for the capacitance of a parallel-plate capacitor to find the required area of 
the plates. 



(a) Use the relationship between the 
potential difference across the plates 
and the electric field between them 
to find the minimum separation of 
the plates: 



V 



1000 V 
3 MV/m 



0.333mm 



(b) Use the expression for the 
capacitance of a parallel-plate 
capacitor to relate the capacitance to 
the area of a plate: 



C 



d 



Solve for A: 



A = 



Cd 



Substitute numerical values and 
evaluate A: 



(0.1//F)(0.333mm) 
~ 8.85xl0 12 C 2 /N-m 2 



3.76m 2 



Cylindrical Capacitors 



50 • 

Picture the Problem The capacitance of a cylindrical capacitor is given by 

C = 27tK e 0 L/ln(r 2 /rj) where L is its length and r l and r 2 the radii of the inner and 

outer conductors. 



(a) Express the capacitance of the 
coaxial cylindrical shell: 



Substitute numerical values and 
evaluate C: 



_ 2ttk e 0 L 









In 













c = 



2^(l)(8.85 x 1CT 12 C 2 /N • m 2 )(0.12m) 
In 



r 1.5cm N 



v 0.2mm j 



1.55pF 
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(b) Use the definition of 
capacitance to express the charge 
per unit length: 

Substitute numerical values and 
evaluate A: 



A 



Q CV 



A 



_ (l.55pF)(l.2kV)_ 
0.12m 



15.5 nC/m 



51 

Picture the Problem The diagram shows a 
partial cross-sectional view of the inner 
wire and the outer cylindrical shell. By 
symmetry, the electric field is radial in the 
space between the wire and the concentric 
cylindrical shell. We can apply Gauss's 
law to cylindrical surfaces of radii r < R u 
Ri < r < R 2 , and r > R 2 to find the electric 
field and, hence, the energy density in 
these regions. 




(a) Apply Gauss's law to a 
cylindrical surface of radius r < R\ 
and length L to obtain: 



E r (2xrL) = Q^ = 0 



and 



Because E = 0 for r < Ri. 



Apply Gauss's law to a cylindrical 
surface of radius 

Ri<r<R 2 and length L to obtain: 
Solve for E r to obtain: 



E r (27rrL) = ^ 



AL 



where A is the linear charge density. 
AL 2kA 



2k e 0 r 



Express the energy density in the 
region R\ < r < R 2 : 



J-e E 2 = ±e 

2 Q r 2 0 



'2kA^ 2 



\ r J 



2 c 0 



2kQ } _ 2k 2 e 0 Q 7 
rL 



r 2 L 2 
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Apply Gauss's law to a cylindrical 

surface of radius 

r> R 2 and length L to obtain: 



E r (27rrL) = Q^ = 0 



and 



0 



Because E = 0 for r > R 2 : 



(b) Express the energy residing in a 
cylindrical shell between the 
conductors of radius r, thickness dr, 
and volume 2nrL dr. 



dU = 2nrLu{r)dr 
= 2nrL 



f 2k 2 ^ 



2 ,2 

v r L y 



dr = ^Q—dr 
rL 



(c) Integrate dU from r = Ri to R 2 to 
obtain: 



U = 



k^_ R rdr_ _ 
L \ r 



kQ 2 



ln 



Use U = \ CV and the expression 

for the capacitance of a cylindrical 
capacitor to obtain: 



u = \cv z 



Q_ 
c 



Q 1 



2k g 0 L 



ln^ 
R 



i J 



kQ 2 



In 



in agreement with the result from part (b). 
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Picture the Problem Note that with the innermost and outermost cylinders connected 
together the system corresponds to two cylindrical capacitors connected in parallel. We 

„ 2n e n kL 

can use C = — -, r to express the capacitance per unit length and then calculate and 

add the capacitances per unit length of each of the cylindrical shell capacitors. 



Relate the capacitance of a 
cylindrical capacitor to its length L 
and inner and outer radii R[ and R a : 



c= 2nt Q KL 



Divide both sides of the equation by 
L to express the capacitance per unit 



C 



2k e 0 k 



L \n{RjR) 
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length: 



Express the capacitance per unit 
length of the cylindrical system: 

Find the capacitance per unit length 
of the outer cylindrical shell 
combination: 



Find the capacitance per unit length 
of the inner cylindrical shell 
combination: 



C 

L ~ 

UJ 

(-] 



UJ 



+ 



r 9} 



(1) 



_ 2^(8.85 xlQ 12 C 2 /N-m 2 )(l) 

ln(0.8cm/0.5cm) 
= 118.3pF/m 

_ 2;r(8.85xlCT 12 C 2 /N-m 2 )(l) 

ln(0.5cm/0.2cm) 
= 60.7pF/m 



Substitute in equation (1) to obtain: 



*53 

Picture the Problem We can use the 

expression for the capacitance of a parallel- 
plate capacitor of variable area and the 
geometry of the figure to express the 
capacitance of the goniometer. 



C 



118.3pF/m + 60.7pF/m 



179pF/m 



R 2 



The capacitance of the parallel-plate 
capacitor is given by: 

The area of the plates is: 



If the top plate rotates through an 
angle Ad, then the area is reduced 
by: 



Substitute for A and AA in the 
expression for C to obtain: 



C = 



(a-aa) 



A = x{Rl-Rl)^- = {Rl-Rt) 2 



e 



aa = 4r 2 2 -r?)^- = (r>-r?) 

In I 



AO 



d 



(i? 2 -i? 2 )f-(i? 2 -i? 2 ) 



A6~ 



2d 



{O-AO) 
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54 

Picture the Problem Let C be the capacitance of the capacitor when the pressure is P 
and C be the capacitance when the pressure is P + AP. We'll assume that (a) the change 
in the thickness of the plates is small, and (b) the total volume of material between the 
plates is conserved. We can use the expression for the capacitance of a dielectric-filled 
parallel-plate capacitor and the definition of Young's modulus to express the change in 
the capacitance AC of the given capacitor when the pressure on its plates is increased by 
AP. 



Express the change in capacitance 
resulting from the decrease in 
separation of the capacitor plates by 
Ad: 



Because the volume is constant: 



AC = c'-c = * G ° A ' Ke ° A 



d-Ad 



d 



A'd' = Ad 
or 



A' = 



yd'j 



A = 



V 



d - Ad 



Substitute for A' in the expression 
for AC and simplify to obtain: 



AC = K ^ A ' 



d-Ad 



d(d -Ad) 



K£ Q A 



d-Ad 
d 



rce 0 A 



d 



c 



{d-Ad) 



{d-Ad) 
1 



From the definition of Young's 
modulus: 



Ad_ 
d 



P_ 

Y 



■Ad 



w J 



Substitute for Ad in the expression 
for AC to obtain: 



AC 



KG 0 A 



d 



d + 



= C 



Expand 
obtain: 



binomially to 



P 

1-2- + 3 
Y 



P 

\Yj 



+ ... 
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Provided P « Y: 



-2 



«l-2- 



Substitute in the expression for AC 
and simplify to obtain: 



AC = C 



'l-2*-l" 










-2 P -C 


Y 




Y 



Spherical Capacitors 

*55 

Picture the Problem We can use the definition of capacitance and the expression for the 
potential difference between charged concentric spherical shells to show that 
C = Atte 0 R 1 R 2 /{R 2 -R 1 ). 



(a) Using its definition, relate the 
capacitance of the concentric 
spherical shells to their charge Q 
and the potential difference V 
between their surfaces: 



C = 



Q 

V 



Express the potential difference 
between the conductors: 

Substitute to obtain: 



V = kQ 



C 



\ R 1 R 2j 



R l R 2 



Q 



R l R 2 



kQ 



R 2~ R ! kfa-Bj 



An e 0 R X R 2 
R 2 -R l 



(b) Because R 2 = Ri + d: 



Rft 2 =R l (R l +d) 
= R^+R x d 
*R?=R 2 

because d is small. 



Substitute to obtain: 
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56 » 

Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 
electric field is radial. We can apply 
Gauss's law to spherical surfaces of radii r 
<R u Ri<r< R 2 , and r > R 2 to find the 
electric field and, hence, the energy density 
in these regions. 



(a) Apply Gauss's law to a spherical 
surface of radius r < R x to obtain: 



E r [Axr 2 ) = Q^ = 0 



and 



Because E = 0 for r < Ri, 



U r<R, = 0 



Apply Gauss's law to a spherical 
surface of radius Ri<r <R 2 to 
obtain: 



E r {4nr 2 ) = 



2inside _ Q 



Solve for is,. to obtain: 



Q 



An e 0 r 



kQ 



Express the energy density in the 
region 7?i < r < R 2 : 



u - J- (= F 2 - J- f= 



(kQ) 2 
lr 2 ) 



k 2 go Q 2 
2r 4 



Apply Gauss's law to a cylindrical 
surface of radius 
r > R 2 to obtain: 



E r (47rr 2 )- 
and 



0 



Because E = 0 for r > R 2 . 



U r> Rl = 



0 
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(b) Express the energy in the 
electrostatic field in a spherical shell 
of radius r, thickness dr, and volume 
Anr 2 dr between the conductors: 



dU = 4nr 2 u{r)dr = 47ir : 



f 1,2 



Q 



2^ 



2r 4 



dr 



2r 2 



dr 



(c) Integrate dU from r = Ri to 7? 2 to 
obtain: 



U 



kQ 2 Jdr _ kQ 2 (R 2 -/?,) 



2 ir 



2R X R 2 



R 2 -R 1 



2 [4*e 0 K,K 2 , 



Note that the quantity in parentheses is 1/C , so we have U =\Q 2 IC. 
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Picture the Problem We know, from Gauss's law, that the field inside the shell is zero. 
Applying Gauss's law to a spherical surface of radius R > r will allow us to find the 
energy density in this region. We can then express the energy in the electrostatic field in a 
spherical shell of radius R, thickness dR, and volume AnR 2 dR outside the spherical shell 
and find the total energy in the electric field by integrating from r to oo. If we then 
integrate the same expression from r to R we can find the radius R of the sphere such that 
half the total electrostatic field energy of the system is contained within that sphere. 



Apply Gauss's law to a spherical shell 
of radius R > r to obtain: 



E r [4nR 2 ) = Q^ = — 



Solve for E r outside the spherical 
shell: 

Express the energy density in the 
region R> r. 



E. = 



kQ 
R 2 



u 2 t 0 2 C 0 



k 2 gg Q 2 
2R 4 



Express the energy in the 
electrostatic field in a spherical shell 
of radius R, thickness dR, and 
volume ArtR 2 dR outside the spherical 
shell: 



dU = 4tt R 2 u{R)dR 



= 4ttR' 



^0 e 2A 



2R 4 



dR 



2R 2 



dR 



Integrate d U from r to oo to obtain: 



kQ 2 }dR kQ 2 



U„ 



R 2 



2r 
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Integrate dU from r to R to obtain: 



U 



kQ 2 R rdR' kQ 2 



2 } R' 2 2 



\r Rj 



Set [/ =\U M to obtain: 



^e 2 



4r 



Solve for R: 



R= 2r 



Disconnected and Reconnected Capacitors 

58 

Picture the Problem Let C\ represent the capacitance of the 2.0-//F capacitor and C 2 the 
capacitance of the 2 nd capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C 2 to C\ and to the charge stored in and the 
potential difference across the equivalent capacitor. 



Using the definition of capacitance, 
find the charge on capacitor C\. 



e i =C i y=(2//F)(l2V)=24/^ 



Express the equivalent capacitance 
of the two-capacitor system and 
solve for C2. 



c eq =c l + c 2 

and 

C =C -C 



Using the definition of capacitance, 
express C eq in terms of Q2 and V 2 : 



v 0 V, 



2 * 2 

where V 2 is the common potential 
difference (they are in parallel) across the 
two capacitors and <2i and Q 2 are the 
(equal) charges on the two capacitors. 



Substitute to obtain: 



c 2 =—-c l 
v 2 



Substitute numerical values and 
evaluate C 2 : 



4V 



4.00 //F 
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Picture the Problem Because, when the capacitors are connected as described in the 
problem statement, they are in parallel, they will have the same potential difference 
across them. In part (b) we can find the energy lost when the connections are made by 
comparing the energies stored in the capacitors before and after the connections. 



(a) Because the capacitors are in parallel: 



V„« = V, 



100 



400 



2.00kV 



(b) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors before 
and after their connection: 



A£/=t/ before -£/ aft e r 



Express and evaluate Ubefoie- 



U 



before 



^100 + ^400 

1(7 v 2 + L C V 2 

0 100 100 0 AfV\ v M 



'400 ' 400 



~~ 2 V (QoO + ^40o) 

= !(2kV) 2 (500pF) 
= 1.00mJ 



Express and evaluate U^: 



U 



after 



^100 + ^400 

ir V 2 + L C V 2 

0 100 100 i; 



'400 ' 400 



= ±y 2 (r +r ) 

2 v V^lOO T ^400/ 

= !(2kV) 2 (500pF) 
= 1.00mJ 



Substitute to obtain: 



AU =1.00 mJ- 1.00 mJ 



0 
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Picture the Problem When the capacitors are reconnected, each will have the charge it 
acquired while they were connected in series across the 12-V battery and we can use the 
definition of capacitance and their equivalent capacitance to find the common potential 
difference across them. In part (b) we can use U = \ CV 2 to find the initial and final 

energy stored in the capacitors. 



(a) Using the definition of 
capacitance, express the potential 
difference across each capacitor when 
they are reconnected: 



V = 



2Q 



(1) 



where Q is the charge on each capacitor 
before they are disconnected. 
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Find the equivalent capacitance of 
the two capacitors after they are 
connected in parallel: 

Express the charge Q on each 
capacitor before they are 
disconnected: 

Express the equivalent capacitance 
of the two capacitors connected in 
series: 



c =c +c 

= 4//F + 12//F 
= 16//F 



_ C,C 2 _ (4 / /F)(l2 / /F) _ 
C x +C 2 4//F + 12//F 



Substitute to find Q: 



Substitute in equation (1) and 
evaluate V: 



<2 = (3//F)(l2V) = 36//C 



V 



_ 2(36 juC) _ 
16//F 



4.50V 



(b) Express and evaluate the energy 
stored in the capacitors initially: 



216/J 



Express and evaluate the energy 
stored in the capacitors when they 
have been reconnected: 



U,=\C eq y f 2 =i(l6//F)(4.5V) 2 



162 //J 
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Picture the Problem Let C\ represent the capacitance of the 1.2-//F capacitor and C 2 the 
capacitance of the 2 nd capacitor. Note that when they are connected as described in the 
problem statement they are in parallel and, hence, share a common potential difference. 
We can use the equation for the equivalent capacitance of two capacitors in parallel and 
the definition of capacitance to relate C2 to C\ and to the charge stored in and the 
potential difference across the equivalent capacitor. In part (b) we can use U =\CV 1 to 

find the energy before and after the connection was made and, hence, the energy lost 
when the connection was made. 

(a) Using the definition of Q x = Cy = (l .2//F)(30 V) = 36//C 

capacitance, find the charge on 
capacitor C\. 

Express the equivalent capacitance C eq = C; + C 2 

of the two-capacitor system and an( j 
solve for C 2 : 
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Using the definition of capacitance, 
express C eq in terms of Q 2 and V 2 . 



Substitute to obtain: 



C 2 = c eq 



c, 



_ Qi _ a 



2 ' 2 

where V 2 is the common potential 
difference (they are in parallel) across the 
two capacitors. 



C 2 = 



C, 



Substitute numerical values and 
evaluate C 2 . 



36//C 
10V 



-1.2//F= 2.40 //F 



(&) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors 
before and after their connection: 



A£/=t/ before -£/ aft e r 



= - L CV 

2 H'l 



2 °eq V f 



= i(c 1 v 1 2 -c eq y f 2 ) 



Substitute numerical values and evaluate At/: 

AU = .2 //F)(30 V) 2 - (3.6 //F)(lOV) 2 ]= I 360 /J 



62 

Picture the Problem Because, when the capacitors are connected as described in the 
problem statement, they are in parallel, they will have the same potential difference 
across them. In part (b) we can find the energy lost when the connections are made by 
comparing the energies stored in the capacitors before and after the connections. 



(a) Using the definition of 
capacitance, express the charge Q 
on the capacitors when they have 
been reconnected: 



2 = 2400 -2, 



400 

C V 

*- 400 v 400 



iioo 



C V 

^100 v 100 



= (^400 ~Cioor 
where V is the common potential difference 
to which the capacitors have been charged. 



Substitute numerical values to obtain: Q = (400pF - 100pF)(2kV) = 600nC 



Using the definition of capacitance, 
relate the equivalent capacitance, 
charge, and final potential difference 
for the parallel connection: 



e=(c 1+ c 2 )v f 
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Solve for and evaluate Vf. 



(b) Express the energy lost when the 
connections are made in terms of the 
energy stored in the capacitors before 
and after their connection: 



Q 



600 nC 



Q+c 2 



100pF + 400pF 



1.20kV 



across both capacitors. 



AU=U 



before 



■U 



after 



= Lev 2 +±r V 2 - X C V 2 

2 M v l T 2 ^2 V 2 2 °eq v f 



(cy 2 + c 2 v 2 -c eq v 2 ) 



Substitute numerical values and evaluate AU: 

AU =i[(l00pF)(2kV) 2 +(400pF)(2kV) 2 -(500pF)(l.2kV) 2 



0.640mJ 
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Picture the Problem When the capacitors are reconnected, each will have a charge equal 
to the difference between the charges they acquired while they were connected in parallel 
across the 12-V battery. We can use the definition of capacitance and their equivalent 
capacitance to find the common potential difference across them. In part (b) we can use 
U = \ CV 2 to find the initial and final energy stored in the capacitors. 



(a) Using the definition of 
capacitance, express the potential 
difference across the capacitors 
when they are reconnected: 

Express the final charge <2f on each 
capacitor: 

Use the definition of capacitance to 
substitute for Q 2 and Q\. 



Q f Q f 



c 



eq 



c, +c 2 



(1) 



where Q f is the common charge on the 
capacitors after they are reconnected. 

a =q 2 -Qi 



Q f =c 2 v-cy = {c 2 -c 1 )v 



Substitute in equation (1) to obtain: 



C -C 

c l+ c 2 



Substitute numerical values and 
evaluate Vf. 



12//F-4//F 
12//F + 4//F 



(12V): 



6.00V 
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(b) Express and evaluate the energy 
stored in the capacitors initially: 



U, 



= iv 2 (c,+c 2 ) 

= |(l2V) 2 (l2//F+4//F) 



= 1.15mJ 



Express and evaluate the energy 
stored in the capacitors when they 
have been reconnected: 



= iv f 2 (c 1+ c 2 ) 

= |(6V) 2 (l2//F+4//F) 



= 0.288mJ 
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Picture the Problem Let the numeral 1 refer to the 20-pF capacitor and the numeral 2 to 
the 50-pF capacitor. We can use conservation of charge and the fact that the connected 
capacitors will have the same potential difference across them to find the charge on each 
capacitor. We can decide whether electrostatic potential energy is gained or lost when the 
two capacitors are connected by calculating the change AU in the electrostatic energy 
during this process. 

(a) Using the fact that no charge is Q = Q x + Q 2 (1) 

lost in connecting the capacitors, 

relate the charge Q initially on the 20- 

pF capacitor to the charges on the two 

capacitors when they have been 

connected: 

Because the capacitors are in parallel, y — y => — 

the potential difference across them is C, C 2 



the same: 



Solve for <2i to obtain: 



<2,= 



c, 



Substitute in equation (1) and solve 
for Q 2 to obtain: 



Q 2 = 



Q 



(2) 




Use the definition of capacitance to 
find the charge Q initially on the 20- 
pF capacitor: 



Q = Cy = (20pF)(3kV) = 60nC 
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Substitute in equation (2) and 
evaluate Q 2 : 



e 2 



60 nC 



l + 20pF/50pF 



42.9 nC 



Substitute in equation (1) to obtain: 



= 60nC-42.9nC= 17.1nC 



(b) Express the change in the 
electrostatic potential energy of the 
system when the two capacitors are 
connected: 



AU = U t -U i 

Q 2 Q 2 



2C eq 2C X 



2 



J 1 

v C C 



1 ; 



Substitute numerical values and 
evaluate AU: 



AU 



_ (60 nC) 2 



1 



1 



70 pF 20 pF 



= -64.3 juJ 



Because AU < 0, electrostatic energy is lost when the two capacitors are 
connected. 
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Picture the Problem Let upper case Qs refer to the charges before S 3 is closed and lower 
case qs refer to the charges after this switch is closed. We can use conservation of charge 
to relate the charges on the capacitors before S3 is closed to their charges when this 
switch is closed. We also know that the sum of the potential differences around the circuit 
when S 3 is closed must be zero and can use this to obtain a fourth equation relating the 
charges on the capacitors after the switch is closed to their capacitances. Solving these 
equations simultaneously will yield the charges q u q 2 , and <? 3 . Knowing these charges, we 
can use the definition of capacitance to find the potential difference across each of the 
capacitors. 



(a) With Si and S 2 closed, but S 3 
open, the charges on and the 
potential differences across the 
capacitors do not change and: 



V t =V 2 



■■V, 



200 V 



(b) When S3 is closed, the charges 
can redistribute; express the 
conditions on the charges that must 
be satisfied as a result of this 



ft -ft 

q 3 -q 2 

and 



Q2 



Q 2 > 



288 Chapter 24 
redistribution: 



Express the condition on the 
potential differences that must be 
satisfied when S3 is closed: 

Use the definition of capacitance to 
eliminate the potential differences: 

Use the definition of capacitance to 
find the initial charge on each 
capacitor: 



Let Q = Qi. Then: 

Express q 2 and q 3 in terms of q x and 
Q: 



Substitute in equation (1) to obtain: 



V l+ V 2 +V 3 =0 

where the subscripts refer to the three 
capacitors. 

^ + ^ + ^ = 0 (1) 
Cj C 2 C 3 

Q l = cy = (2 //F)(200 V) = 400 //C , 
Q 2 = C 2 V = (4 //F)(200 V) = 800 //C , 
and 

Q 3 = C 3 V = (6 //F)(200 V) = 1200 juC 

Q 2 = 2Q and Q 3 = 3Q 

q 2 =Q + q l (2) 
and 

q 3 =q,+2Q (3) 

Cj C 2 C 3 
or 

2juF 4//F 6//F 



Solve for and evaluate q x to obtain: (?i= __z_g = __z_ (400 //C) = I -254//C 



Substitute in equation (2) to obtain: 



q 2 = 400//C-254//C = 146//C 



Substitute in equation (3) to obtain: ft = -254 //C + 2(400 //C) = 546 //C 



(c) Use the definition of capacitance to 
find the potential difference across 
each capacitor with S 3 closed: 



= *L = 



^2 = 



and 



-254//C 

2//F 
146 /JZ _ 

4//F 

546//C _ 
6//F 



■127 V 



36.5V 



91.0V 
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*66 

Picture the Problem We can use the expression for the energy stored in a capacitor to 
express the ratio of the energy stored in the system after the discharge of the first 
capacitor to the energy stored in the system prior to the discharge. 

Express the energy U initially q 2 
stored in the capacitor whose U = — — 

capacitance is C: 



The energy U' stored in the two 
capacitors after the first capacitor 
has discharged is: 



U' = 



2C 



■ + 



Q 

UJ _ 

2C 



AC 



Express the ratio of U to U: Q 



2 



U 2 LJ — 

2C 



Dielectrics 



67 • 

Picture the Problem The capacitance of a parallel-plate capacitor filled with a dielectric 

„ k e n A 
of constant kis given by C = . 



Relate the capacitance of the 
parallel-plate capacitor to the area of 
its plates, their separation, and the 
dielectric constant of the material 
between the plates: 

Substitute numerical values and 
evaluate C: 



C 



K i 



d 



c 



_ 2.3(8.85xl0' 12 C 2 /N-m 2 )(400cm 2 ) 
0.3 mm 



= 2.7 InF 
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Picture the Problem The capacitance of a cylindrical capacitor is given by 

C = 2tzk L/ln(r 2 /r[), where L is its length and r\ and r 2 the radii of the inner and 

outer conductors. We can use this expression, in conjunction with the definition of 
capacitance, to express the potential difference between the wire and the cylindrical shell 
in the Geiger tube. Because the electric field E in the tube is related to the linear charge 
density /Ion the wire according toi? = 2kA/hr, we can use this expression to find 2k2JK 

for E = E max . In part (b) we'll use this relationship to find the charge per unit length A on 
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the wire. 



(a) Use the definition of capacitance 
and the expression for the 
capacitance of a cylindrical capacitor 
to express the potential difference 
between the wire and the cylindrical 
shell in the tube: 



AV = Q = 



Q 



c 



2mc e 0 L 
\n(R/r) 



22 



-In 





_ 2kA 


In 








-} 




K 







An t 

where A is the linear charge density, is 
the dielectric constant of the gas in the 
Geiger tube, r is the radius of the wire, and 
R the radius of the coaxial cylindrical shell 
of length L. 



Express the electric field at a 
distance r greater than its radius from 
the center of the wire: 



E = 



2kA 



KT 



Solve for IkAltc : 



2kA 



= Er 



(1) 



Noting that £ is a maximum at 
r = 0.2 mm, evaluate 2kAJtc : 



2kA 



^ = (2xl0 6 V/m)(0.2mm) 
400V 



Substitute and evaluate AV m 



AV max =(400V)ln 



f 1.5cm A 
v 0.2mniy 



1.73kV 



(b) Solve equation (1) for A: 



Substitute numerical values and 
evaluate A: 



2k 



x _ 1.8(2 xl0 6 V/m)(0.2mm) 
2(8.99 xl0 9 N-m 2 /C 2 ) 



= 40.0 nC/m 
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Picture the Problem The diagram shows a 
partial cross-sectional view of the inner and 
outer spherical shells. By symmetry, the 
electric field is radial. We can apply 
Gauss's law to spherical surfaces of radii r 
<R u Ri<r< R 2 , and r > R 2 to find the 
electric field and, hence, the energy density 
in these regions. 




(a) Apply Gauss's law to a spherical 
surface of radius r < R\ to obtain: 



E r Unr 2 )=Q^ = 0 



and 

f = 



Because E = 0 for r < Ri. 



U r<R, = 0 



Apply Gauss's law to a spherical 
surface of radius Ri < r < R 2 to 
obtain: 



E r {4nr 2 ) = 



Ginside _ Q 



Solve for Zs ; .to obtain: 



Express the energy density in the 
region Ri < r < R 2 : 



Q kQ 



r , 2 2 

47T/C G n r Kr 



r kQ\ 

K KT 2 ) 



k 2 s 0 Q 2 
2kt 4 



Apply Gauss's law to a cylindrical 
surface of radius r > R 2 to obtain: 



E r Unr 2 )=Q^ = 0 

K(= n 



and 

f - 



0 



Because E = 0 for r > R 2 : 



0 
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(b) Express the energy in the 
electrostatic field in a spherical shell 
of radius r, thickness dr, and volume 
4m~ 2 dr between the conductors: 



dU = 4nr 2 u{r)dr 



( 1 2 



= 4k r' 



k ic ^ Q 
2K 2 r A 



2 \ 



dr 



kQ 2 
2kt 2 



dr 



(c) Integrate dU from r = R\ to R2 to 
obtain: 



kQ 2 R fdr 
~lKir 2 



U 



kQ 2 {R 2 -R,) 
2kR { R 2 



Q : 



r R z~ R i ^ 

47T/C£ 0 R l R 2 j 



Note that the quantity in pai - entheses is 1/C, 
so we have U =\Q 2 /C. 

70 

Picture the Problem We can use the relationship between the electric field between the 
plates of a capacitor, their separation, and the potential difference between them to find 
the minimum plate separation. We can use the expression for the capacitance of a 
dielectric-filled parallel-plate capacitor to determine the necessary area of the plates. 



(a) Relate the electric field of the 
capacitor to the potential difference 
across its plates: 
Solve for d: 



E = 



V 



where d is the plate separation. 



Noting that d min corresponds to E n 
evaluate d^n- 



d^ = 



2000 V 



E 4xl0 7 V/m 



50.0 /mi 



(b) Relate the capacitance of a 
parallel-plate capacitor to the area of 
its plates: 



c = /ce 1 A_ 



Solve for A: 



A = 



Cd 



K 1 



Substitute numerical values and 
evaluate A: 
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A _ MM 

24(8.85 xl0 12 C 2 /N-m 2 ) 
= 2.35xlCT 2 m 2 



235 cm 2 



71 

Picture the Problem We can model this system as two capacitors in series, C\ of 
thickness d/4 and C 2 of thickness 3d/4 and use the equation for the equivalent capacitance 
of two capacitors connected in series. 



Express the equivalent capacitance 1 1 1 

of the two capacitors connected in C eq C x C 2 

series: 



or 



C C 



Ceq C ( 



Relate the capacitance of C\ to its 
dielectric constant and thickness: 



c _ K \ E o A _ 4k x e 0 A 
1 \d d 



Relate the capacitance of C 2 to its 
dielectric constant and thickness: 



c _ K 2 £ o A _ Ak 2 e Q A 
3d 



Substitute and simplify to obtain: 



4k 



C 



1 ^0 
d 



AY 4« 



2 ^0 
3d 



- 

) 



\ a J 



4k 2 



c,! 4^ g 0 A ( 4r 2 g 0 A 



3d 



3 A", AT-, 

— L + ^- 

3d 3d 



4k x k 2 



3k x + k 2 



4k x k 2 



3k, + K 



2 V 



4k x k 2 

y3K x +K 2 j 



*72 

Picture the Problem Let the charge on the capacitor with the air gap be Q\ and the 

charge on the capacitor with the dielectric gap be Q 2 . If the capacitances of the capacitors 
were initially C, then the capacitance of the capacitor with the dielectric inserted is C = 
kC. We can use the conservation of charge and the equivalence of the potential 
difference across the capacitors to obtain two equations that we can solve simultaneously 
for 2i and Q 2 . 



Apply conservation of charge during Q x + Q 2 = 2Q 



(1) 
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the insertion of the dielectric to 
obtain: 



Because the capacitors have the 
same potential difference across 
them: 



Q±_ _ Qi_ 

C kC 



(2) 



Solve equations (1) and (2) simultaneously 

to obtain: 2i 



2Q 

l + K 



and Q 2 



IQk 

l + K 
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Picture the Problem We can model this system as two capacitors in series, C\ of 
thickness t and C 2 of thickness d — t and use the equation for the equivalent capacitance 
of two capacitors connected in series. 

Express the equivalent capacitance of 1 11 

the two capacitors connected in series: C eq C x C 

C,C 



eq 1 2 

or 



C.„ = 



eq 



c 1+ c 2 



Relate the capacitance of C\ to its 
dielectric constant and thickness: 



ke q A 



Relate the capacitance of C 2 to its 
dielectric constant and thickness: 



d-t 



Substitute and simplify to obtain: 



c„ = 



^0 

d-t 



J 



U J 



r 



d-t) 



eq 



*" g 0 A , g 0 



JC 1 

— + 



A = 



K 



r 



fc(d-t)+t 0 



U ) 



f 



d-t) 



K 1 

— + 

t d -t 
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Picture the Problem Because d « r, we can model the membrane as a parallel-plate 
capacitor. We can use the definition of capacitance to find the charge on each side of the 
membrane in part (b) and the relationship between the potential difference across the 
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membrane, its thickness, and the electric field in it to find the electric field called for in 
part (c). 



(a) Express the capacitance of a 
parallel-plate capacitor: 



Substitute for the area of the plates: 



_ Itzk e 0 rL _ ktL 
d 2kd 



Substitute numerical values and 
evaluate C: 



c _ 3(l(T 5 m)(0.1m) 
~ 2(8.99 xl0 9 N-m 2 /C 2 )(lCr 8 m) 



= 16.7 nF 



(b) Use the definition of capacitance 
to find the charge on each side of the 
membrane: 



Q = CV = (l6.7nF)(70mV) = 



1.17nC 



(c) Express the electric field through 
the membrane as a function of its 
thickness d and the potential 
difference V across it: 



E = 



V 



Substitute numerical values and 
evaluate E: 



E = 



70 mV 
lCT 8 m 



7.00MV/m 



*75 

Picture the Problem The bound charge density is related to the dielectric constant and 



the free charge density according to <J h = 



1- 



1 



Solve the equation relating o\» a, 
and k for /cto obtain: 

(a) Evaluate this expression for 
ot/Of=0.8: 

(Jb) Evaluate this expression for 
Ob/ Of = 0.2: 

(c) Evaluate this expression for 
(7 b /c7f=0.98: 



K = 



1 



l-crja f 
1 



K = 



K - 



K = 



1-0.8 
1 

1-0.2 ~ 

1 

1-098 



5.00 



1.25 



50.0 
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76 

Picture the Problem We can use the definition of the dielectric constant to find its value. 
In part (b) we can use the expression for the electric field in the space between the 
charged capacitor plates to find the area of the plates and in part (c) we can relate the 
surface charge densities to the induced charges on the plates. 



(a) Using the definition of the 
dielectric constant, relate the 
electric field without a dielectric E 0 
to the field with a dielectric E: 



Solve for and evaluate k : 



K 



K 



_E 0 _ 2.5xlQ 5 V/m 
~ E ~ 1.2xl0 5 V/m 



2.08 



(b) Relate the electric field in the 
region between the plates to the 
surface charge density of the plates: 



"0 "-0 



Solve for A: 



A = 



Q 



Substitute numerical values and 
evaluate A: 



A 



_ lOnC 

~ (2.5 x 10 5 V/m)(8.85 x 1(T 12 C 2 /N ■ m 2 ) 

= 4.52xl(T 3 m 2 



= 45.2cm 2 



(c) Relate the surface charge 
densities to the induced charges on 
the plates: 



f 1 A 



or 



^ = ^ = 1-1 
cr f Q f K 



Solve for Q h : 

Substitute numerical values and 
evaluate Q b : 



Q b 



Q f 



— Vl0nC) = 
2.08 r 



5.19nC 
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*77 « 

Picture the Problem We can model this parallel-plate capacitor as a combination of two 
capacitors C\ and C2 in series with capacitor C3 in parallel. 



Express the capacitance of two 
series-connected capacitors in 
parallel with a third: 



Express each of the capacitances C\, 
C 2 , and C3 in terms of the dielectric 
constants, plate areas, and plate 
separations: 



c = c 3 +c s 

where 
C. = 



c, 



and 

C, = 









c 1 + c 2 










A 








^2 (2^) _ 


^2 ^0 


A 












A 



(1) 

(2) 



2d 



Substitute in equation (2) to obtain: 



C. = 



_ V 



/r 2 e 0 A 



iM + ff 2 ^0 A 



d 



_ K X K 2 
K, + K 



2 V 



d 



Substitute in equation (1) to obtain: 



2d 



K x + K 



2 V 



K 3 +- 



2k,k, 



l' v 2 



K \ +K 2 J 



2d 
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Picture the Problem The electric field E between the plates of a parallel-plate capacitor 
is related to the potential difference V between the plates and their separation d according 
to V = Ed and the electrostatic energy U depends on the electric field according to 
U =\ e {) E^Ad . We can use these relationships to find E, V, and U with and without 

the dielectric in place. 



(a) Relate the electric field E 0 to the 
potential difference V between the 
plates and the plate separation d: 



„ V 100V 

£()= — = 

d 4mm 



25.0kV/m 
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Use the definition of energy density 
to relate the electrostatic energy U 0 
to the volume of the space between 
the plates: 



U 0 = u u Ad 



Express the energy density in the 
electric field: 



u = l g E l 

M 0 2 & 0 



Substitute to obtain: 

Substitute numerical values and 
evaluate Uq. 



U 0 =±e 0 E*Ad 



U 0 = ±(8.85 x 10 12 C 2 /N • m 2 )(25kV/m) 2 
x(600cm 2 )(4mm) 



0.664 /J 



(b) With the dielectric in place the 
electric field becomes: 

(c) Relate the potential difference V 
to the electric field E and the 
separation of the plates: 



6.25 kV/m 



„ E n 25kV/m 

E = — = 

x- 4 

V = Ed = (6.25kV/m)(4mm) = 



25.0V 



(d) Relate the new electrostatic 
energy U to the initial electrostatic 
energy Uq and the dielectric 
constant k : 



U 



U 0 _ 0.664 /J 



K 



0.166 /J 
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Picture the Problem We can use the definition of capacitance and the relationship 
between the electric field in the capacitor and the potential difference across its plates to 
express C. In part (b) we can use <J b = (l — l//f )cr f and k = 1 + (3/yo)y to express the 

ratio Ob/ Of and evaluate it at y = 0 and y = y 0 . The application of Gauss's law in part (c) 
will yield an expression for p (y) within the dielectric that we can integrate in part (d) to 
find the total induced bound charge. 

(a) Using its definition, express the q _ Q _ 

capacitance of the parallel-plate V V 

capacitor: 

Express the potential difference V dV = Edy 

between the plates in terms of the 
electric field E between the plates: 
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Express the electric field in the 
region between the plates: 



ic(y) e, x{y) 



Substitute to obtain: 



dV = - 



dy = ■ 



a 





r 3 ^ 






•) 









dy 



Integrate from y = 0 to y = yo: 



V 



<j r t 



iy 



-o 0 
= qVo 

= qVo 
3& 



(3/y 0 ). 



y 



\n(My/y 0 X 

ln(4) 



Substitute in equation (1) and 
simplify to obtain: 



C = 



oA 



3 e n 



ln(4) 



3^o A 
y 0 ln(4) 



(b) Relate cr b to cr f and /f : 



and 



cr, 



b _ 



Substitute for /r to obtain: 



^b =1 i 

<r f l + (3/y 0 )y 



Evaluate at/Of at y = 0: 



= 1- 



y = 0 



i+(3/y 0 )(o)' 



0 



Evaluate Cb/cr f at y = y 0 : 



= 1- 



l + (3/j 0 )jo 



0.750 



(c) Consider a Gaussian surface of 
area A and width dy and recall that E 
into the surface is taken to be 
negative. Apply Gauss's law to obtain: 



[E{y)-E{y + dy)]A 



side 



_ Adyp(y) 
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Divide both sides of the equation by 

dy: 



[E(y)-E{y + dy)] _ p{y) 

dy e 0 

or 

dE = p(y) 

dy e Q 



Solve for p (y) to obtain: 



p(y)= 



dE_ 
0 dy 

d_ 
0 dy 



= -G- 



d_ 
dy 



1 

i+(3/y„)y. 



3a 



(l + 3j/jo) 2 



(<i) Integrate p(y) from v = 0 to 
j = j 0 to obtain: 



General Problems 



P = 3(T 



dy 



+iy/y 0 Y 



-a 



the charge per unit area in 

the dielectric, and just cancels out 
the induced surface charge density. 
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Picture the Problem We can use the expression U 0 = \ C V 2 to express the total energy 
stored in the combination of four capacitors in terms of their equivalent capacitance C eq . 



The energy stored in one capacitor 
when it is connected to the 100-V 
battery is: 

When the four capacitors are 
connected to the battery in some 
combination, the total energy stored 
in them is: 



u = ic eq v 2 



Equate U and Uo and solve for C ( 
to obtain: 



C =C 



The equivalent capacitance C of 
two capacitors of capacitance C 
connected in series is their product 
divided by their sum: 

If we connect two of the capacitors 
in series in parallel with the other 
two capacitors connected in series, 
their equivalent capacitance will be: 
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C 2 



c 



c + c 



rC 



c eq = c + c = \c + \c = c 



Thus, a series combination of two of the capacitors in parallel with a series 
combination of the other two capacitors will result in total energy U 0 
stored in all four capacitors. 
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Picture the Problem We can use the equations for the equivalent capacitance of three 
capacitors connected in parallel and in series to find these equivalent capacitances. 

(a) Express the equivalent C eq = C l + C 2 + C 3 

capacitance of three capacitors 
connected in parallel: 



Substitute numerical values and C eq = 2.0//F + 4.0//F + 8.0//F 

evaluate C eq : _ I 14 QjU p 



(b) Express the equivalent ^ C l C 2 C 3 

capacitance of the three capacitors eq C l C 2 + C 2 C 3 + C X C 

connected in series: 



Substitute numerical values and evaluate C eq : 



C (2//F)(4//F)(8//F) -[uT^f 

eq (2//F)(4//F) + (4/i ? )(8//F)+(2//F)(8//F) 1 ' 
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Picture the Problem We can first use the equation for the equivalent capacitance of two 
capacitors connected in parallel and then the equation for two capacitors connected in 
series to find the equivalent capacitance. 
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Find the equivalent capacitance of a 
1.0-//F capacitor connected in 
parallel with a 2.0-//F capacitor: 

Find the equivalent capacitance of a 
3.0-juF capacitor connected in series 
with a 6.0-//F capacitor: 



c =c +c 

^eq,l 1 T ^2 

= 1.0/^F + 2.0//F 
= 3.0//F 



'eq,2 



c c 

c +c 

eq,l T ^6 



(3.0/^X6.0/^) 
3.0//F + 6.0/zF 



2.00//F 
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Picture the Problem The charge Q and the charge density cr are independent of the 
separation of the plates and do not change during the process described in the problem 
statement. Because the electric field E depends on a, it too is constant. We can use 
U 



\CV 2 and the relationship between V and E, together with the expression for the 



capacitance of a parallel-plate capacitor, to show that U <x d. 



Express the energy stored in the 
capacitor in terms of its capacitance C 
and the potential difference across its 
plates: 



u = \cv 



Express V in terms of E: 



V = Ed 

where d is the separation of the plates. 



Express the capacitance of a parallel- 
plate capacitor: 



c = g A 



Substitute to obtain: 



U = 



_ i 



k e n A 



^(Edf ={\k e Q AE 2 )d 



Because U °c d, to double U one must 
double d. Hence: 



d { = 2d = 2(0.5 mm): 



1.00 mm 
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Picture the Problem We can use the equations for the equivalent capacitance of 
capacitors connected in parallel and in series to find the single capacitor that will store 
the same amount of charge as each of the networks shown above. 



(a) Find the capacitance of the two 
capacitors in parallel: 



C. 



eq,l 



2C n 



Electrostatic Energy and Capacitance 303 



Find the capacitance equivalent to 
2C 0 in series with C 0 : 



C 



Ceq.lQ) _ (2C Q )C 0 



eq.2 



^eq,l + Co 



ic + c 



3 ^0 



(b) Find the capacitance of two 
capacitors of capacitance Co in 
parallel: 



C =2C 

^eq.l ^0 



Find the capacitance equivalent to 
2C 0 in series with 2C 0 : 



C 



eq,2 



c c 



(2C 0 )(2C 0 ) 



(c) Find the equivalent capacitance 
of three equal capacitors connected 
in parallel: 



3C n 
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Picture the Problem Note that with V applied between a and b, C\ and C3 are in series, 
and so are C2 and C4. Because in a series combination the potential differences across the 
two capacitors are inversely proportional to the capacitances, we can establish 
proportions involving the capacitances and potential differences for the left- and right- 
hand side of the network and then use the condition that V c = V d to eliminate the potential 
differences and establish the relationship between the capacitances. 



Letting Q represent the charge on 
capacitors 1 and 2, relate the 
potential differences across the 
capacitors to their common charge 
and capacitances: 



V = 



Q_ 
c, 



and 

V, = 



Q_ 



Divide the first of these equations by 
the second to obtain: 



v 3 c, 



(1) 



Proceed similarly to obtain: 



(2) 



Divide equation (1) by equation (2) 
to obtain: 



v 3 v 2 



c c 
c c 



(3) 



If y = Va then we must have: 



V, =V 2 and V 3 =V 4 



Substitute in equation (3) and 



C 2 C 3 



c c 
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rearrange to obtain: 
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Picture the Problem Because the spheres are identical, each will have half the charge of 
the initially charged sphere when they are connected. We can find the fraction of the 
initial energy that is dissipated by finding the energy stored initially and the energy stored 
when the two spheres are connected. 



Express the fraction of the initial 
energy that is dissipated when the 
two spheres are connected: 



u l -u f _ l u f 

U: U, 



(1) 



Express the initial energy of the 
sphere whose charge is Q: 



2 C 



Relate the capacitance of a an 
isolated spherical conductor to its 
radius: 



C = 4tt e 0 R 



Substitute to obtain: 



1 Q 2 



1 kQ 2 



2 4ne n R 2 R 



Express the energy of the connected 
spheres: 



U f = 



_ 1 k{Q/2f | 1 k{Q/2f _ 1 kQ 2 



2 R 



2 R 



4 R 



Substitute in equation (1) and 
simplify: 



1 kQ 2 

f = i-4UL_ = l-! 
1 kQ 2 2 
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Picture the Problem We can use the expression for the capacitance of a parallel-plate 
capacitor as a function of A and d to determine the effect on the capacitance of doubling 
the plate separation. We can use V = Ed to determine the effect on the potential 
difference across the capacitor of doubling the plate separation. Finally, we can use 
U = CV 2 /2to determine the effect of doubling the plate separation on the energy stored 
in the capacitor. 



(a) Express the capacitance of a 
capacitor whose plates are separated 
by a distance 2d: 



2d 
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(b) Express the potential difference 
across a parallel-plate capacitor 
whose plates are separated by a 
distance d: 



V = Ed 

where the electric field E depends solely on 
the charge on the capacitor plates. 



Express the new potential difference 
across the plates resulting from the 
doubling of their separation: 



V new =E{2d) = 2(Ed) = 



2V 



(c) Relate the energy stored in a 
parallel-plate capacitor to the 
separation of the plates: 



u = L C v 2 =-^Av 2 

2 2d 



When the plate separation is 
doubled we have: 



new 2 2d V J 



AV 



d 



(d) Relate the work required to 
change the plate separation from d 
to 2d to the change in the 
electrostatic potential energy of the 
system: 



W = AU = U nev/ -U i 
_e Q AV 2 e 0 AV 2 



2d 



AV Z 



2d 



88 

Picture the Problem We can use the equation for the equivalent capacitance of two 
capacitors in series to relate Co to C and the capacitance of the dielectric-filled parallel- 
plate capacitor and then solve the resulting equation for C. 



Express the equivalent capacitance 
of the system in terms of C and C, 
where C is the dielectric-filled 
capacitor: 



C'C 

c+c 



Solve for C to obtain: 



C 



c 0 c 
c-c n 



Express the capacitance of the 
dielectric-filled capacitor: 



Substitute to obtain: 



C 



C 0 {kC 0 ) _ 

KC<\ ~ Cn 



K 
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Picture the Problem Modeling the Leyden jar as a parallel-plate capacitor, we can use 
the equation relating the capacitance of a parallel-plate capacitor to the area A and 
separation d of its plates to find the jar's capacitance. To find the maximum charge the jar 
can carry without undergoing dielectric breakdown we can use the definition of 
capacitance to express Q max in terms of V max . . . and then relate V max to E maK using 
V m „ = E m d , where d is the thickness of the glass wall of the jar. 

IIldA IIldA f J 



(a) Treating it as a parallel-plate 
capacitor, express the capacitance of 
the Leyden jar 



C = 



K 



K 



(2nRh) 



An e n xRh 



d 
KRh 



2d 2kd 
where h is the height of the jar and R is its 
inside radius. 



Substitute numerical values and 
evaluate C: 



C = 



5(0.04 m)(0.4m) 
2(8.99 x 10 9 N • m 2 /C 2 )(2 x 10~ 3 m) 



= 2.22 nF 



(b) Using the definition of <2 max = CV r 

capacitance, relate the maximum 
charge of the capacitor to the 
breakdown voltage of the dielectric: 



Express the breakdown voltage in V max = E max d 

terms of the dielectric strength and 
thickness of the dielectric: 



Substitute to obtain: 

Substitute numerical values and 
evaluate Q m . dX : 



Q =CE d 

^max max 

2 max =(2.22nF)(l5MV/m)(2xl0- 3 m) 



66.6//C 
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Picture the Problem The maximum voltage is related to the dielectric strength of the 
medium according to V max = E max d and we can use the expression for the capacitance of 

a parallel-plate capacitor to determine the required area of the plates. 

(a) Relate the maximum voltage that V max = E max d 

can be applied across this capacitor 
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to the dielectric strength of silicon 
dioxide: 



Substitute numerical values and 
evaluate V max : 



K,ax=(8xl0 6 V/m)(5xlCr 6 m) 



= 40.0V 



(b) Relate the capacitance of a 
parallel-plate capacitor to area A of 
its plates: 

Solve for A to obtain: 



Substitute numerical values and 
evaluate A: 



c = K gp A 



Cd 



K • 



A = 



(l0pF)(5xlQ' 6 m) 
3.8(8.85x10 12 C 2 /N-m 2 ) 
1.49xl0~ 6 m 2 



1.49 mm 2 



(c) Express the number of capacitors n (lcm) 2 100mm 

n = 



2 



67 



in terms of the area of a square 1 cm ^ 1.49 mm 2 

by lcm and the area required for each 
capacitor: 
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Picture the Problem When the battery is removed, after having initially charged both 
capacitors, and the separation of one of the capacitors is doubled, the charge is 
redistributed subject to the condition that the total charge remains constant; i.e., 
Q - Q\ + Qi where Q is the initial charge on both capacitors and Q 2 is the charge on the 
capacitor whose plate separation has been doubled. We can use the conservation of 
charge during the plate separation process and the fact that, because the capacitors are in 
parallel, they share a common potential difference. 



Find the equivalent capacitance of 
the two 2-/jF parallel-plate 
capacitors connected in parallel: 

Use the definition of capacitance to 
find the charge on the equivalent 
capacitor: 



Q = C e( y = (4//F)(l00 V) = 400 f£, 
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Relate this total charge to charges Q = Q x + Q 2 (1) 

distributed on capacitors 1 and 2 
when the battery is removed and the 
separation of the plates of capacitor 
2 is doubled: 



Because the capacitors are in parallel: 



v,=v 2 

and 

a = Qi = Qi = 2«2 2 

Cj C 2 y C 2 C 2 



Solve for 0! to obtain: 



a =2 



V^2 7 



02 



(2) 



Substitute equation (2) in equation 
(1) and solve for Q 2 to obtain: 

Substitute numerical values and 
evaluate Q 2 : 



Substitute in equation (1) or 
equation (2) and evaluate Q\. 



Q 2 = 



Q 



2(CJC 2 ) + 1 



e 2 = 



400 //C 



2(2//F/2/^F) + l 



133/^C 



Gi= 267/^ 
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Picture the Problem We can relate the electric field in the dielectric to the electric field 
between the capacitor's plates in the absence of a dielectric using 

E = Eq/k. In part (b) we can express the potential difference between the plates as the sum 
of the potential differences across the dielectrics and then express the potential 
differences in terms of the electric fields in the dielectrics. In part (c) we can use our 
result from (b) and the definition of capacitance to express the capacitance of the 
dielectric-filled capacitor. In part (d) we can confirm the result of part (c) by using the 
addition formula for capacitors in series. 



(a) Express the electric field £ in a ^ _ E 0 

dielectric of constant /fin terms of K 
the electric field Eq in the absence 
of the dielectric: 



Express the electric field E 0 in the 
absence of the dielectrics: 



Q 

e 0 A 
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Substitute to obtain: 



E = 



Q 



xe 0 A 



Use this relationship to express the 
electric fields in dielectrics whose 
constants are K\ and k 2 : 



Q 



k x e Q A 



and E 2 = 



Q 



k 2 e 0 A 



(b) Express the potential difference 
between the plates as the sum of the 
potential differences across the 
dielectrics: 



v=v l+ v 2 



Relate the potential differences to 
the electric fields and the 
thicknesses of the dielectrics: 



2 2/r, e 0 A 



and 



V 2 =E 2 



Qd 



2 2k 2 e {) A 



Substitute and simplify to obtain: 



v= Qd | Qd 



Qd 



2e Q A 



1 1 

— + — 

\ K l K 2 J 



(c) Use the definition of capacitance 
to obtain: 



V 



Q 



Qd 



2e 0 A 



1 1 

— + — 

\ K l K 2 J 



2e 0 A _ 2 e 0 A 



V K \ K 2 , 



\ K \ + K 2 J 



2C r 



\ K l + K 2 J 



where C 0 = e 0 A/d . 



(d) Express the equivalent 
capacitance C of capacitors C\ and 
C2 in series: 



C = 



c c 

Cj+C 2 
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Express d: Q = ^ e 0 A = 2k x e Q A _ ^ Q 

1 d/2 d 10 



Express C 2 : r _ k 2 e Q A _ 2k 2 e Q A _ ^ 

2 d/2 d 



Substitute to obtain: _ ( 2 «iC 0 \2k 2 C 0 ) 



2k ] C q + 2/c 2 C 0 



2C 0 



K \ K 2 



a result in agreement with part (c). 
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Picture the Problem Recall that within a conductor E = 0. We can use the definition of 
capacitance to express C in terms of the charge on the capacitor Q and the potential 
difference across the plates V. We can then express V in terms of E and the thickness of 
the air gap between the plates. Finally, we can express the electric field between the 
plates in terms of the charge on them and their area. Substitution in our expression for C 
will give us C in terms of d - t. In part (b) we can use the expression for the equivalent 
capacitance of two capacitors connected in series to derive the same expression for C. 

(a) Use its definition to express the ^ _ Q 

capacitance of this parallel-plate V 

capacitor: where Q is the charge on the capacitor. 

Relate the electric potential between V = E(d —t) 
the plates to the electric field 
between the plates: 

Express the electric field E between ^ _ cr Q 
the plates but outside the metal slab: ^ 0 s 0 A 



Substitute and simplify to obtain: Q Q 



E(d-t) _Q 



-o 



(d-t) 
A x ' 



-o 



A 



d-t 



(b) Express the equivalent ^ _ C l C 2 

capacitance C of two capacitors C\ C x + C 2 

and C 2 connected in series: 



Express the capacitances C\ and C 2 q _ e o A 

of the plates separated by a and b, a 
respectively: and 
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Substitute and simplify to obtain: 



C = 







I a ) 


I b ) 



a + b 



Solve the constraint that 

a + £ + f = for a + & to obtain: 



a + b = d —t 



Substitute for a + b to obtain: 



C 



g 0 A 
d-t 
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Picture the Problem We can express the ratio of C eq to Co to show that the capacitance 
with the dielectrics in place is (k\ + k 2 )/2 times greater than that of the capacitor in the 
absence of the dielectrics. 



(a) 



Because the capacitor plates are conductors, the potentials are 
the same across the entire upper and lower plates. Hence, the 
system is equivalent to two capacitors, each of area A/2, in parallel. 



(b) Relate the capacitance Co, in the 
absence of the dielectrics, to the 
plate area and separation: 



d 



Express the equivalent capacitance 
of capacitors C\ and C2, each with 
plate area A/2, connected in parallel: 



c efl = c 1 + c 2 



d 



d 



l i ^0 



2d 



Express the ratio of C eq to Co and 
simplify to obtain: 



_ 2q 



-0 
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Picture the Problem We can use U = Q 2 /2C and the expression for the capacitance as a 
function of plate separation to express U as a function of x. Differentiation of this result 
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with respect to x will yield dU. Because the work done in increasing the plate separation 
a distance dx equals the change in the electrostatic potential energy of the capacitor, we 
can evaluate F from dU/dx. Finally, we can express F in terms of Q and E by relating E 
to x using E-Vx and using the definition of capacitance and the expression for the 
capacitance of a parallel-plate capacitor. 



(a) Relate the electrostatic energy U 
stored in the capacitor to its 
capacitance C: 



U = 



1G1 
2 C 



Express the capacitance as a 
function of the plate separation: 



C = 



x 



Substitute for C to obtain: 



U = 



Q 2 



2e Q A 



(b) Use the result obtained in (a) to 
evaluate dU: 



dU = ^—dx = — 
dx dx 



Q 2 



2e Q A 



-x 



dx 



Q 2 



2e Q A 



-dx 



(c) Relate the work needed to move 
one plate a distance dx to the change 
in the electrostatic potential energy 
of the system: 



W = dU = Fdx 



Solve for and evaluate F: 



F = 



dU d 



dx dx 



Q 2 



2e Q A 



Q 2 



2e 0 A 



(d) Express the electric field 
between the plates in terms of their 
separation and their potential 
difference: 



E = 



x 



Use the definition of capacitance to 
eliminate V: 



E = 



Q_ 
Cx 



Use the expression for the 
capacitance of a parallel-plate 
capacitor to eliminate C: 



E = 



Q 



Q 



x 



Substitute in our result from part (c) 
to obtain: 
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_ _ Q{e 0 AE) _ 



2e 0 A 



:QE 



The field E is due to the sum of the fields from charges +Q and -Q on the opposite plates 
of the capacitor. Each plate produces a field Vi E and the force is the product of charge Q 
and the field Vi E. 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel. Let the numeral 1 denote the capacitor with the dielectric material 
whose constant is /rand the numeral 2 the air-filled capacitor. 

(a) Express the equivalent C(x) = C, + C 2 (1) 

capacitance of the two capacitors in 

parallel: 



Use the expression for the ^ _ K £ 0 A\ _K e Q bx 

capacitance of a parallel-plate d d 

capacitor to express C\. 



Express the capacitance C 0 of the r _e Q ab 

o ~ i 



capacitor with the dielectric 
removed, i.e., x = 0: 



Divide C x by C 0 to obtain: K go bx 

Q = d = KX 
C 0 ab a 



or 

C =-C 
a 



Use the expression for the r _ f 0 A _ e o b(a — x) 

capacitance of a parallel-plate 
capacitor to express C2'. 



Divide C 2 by C 0 to obtain: gp b(a - x) 



C2 _ d ® — 

C 0 g 0 ab a 



or 
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_ a-x 
a 



Substitute in equation (1) and simplify 
to obtain: 



/ \ kx a-x 

C{x) = —C 0 + C 0 

a a 

= ^-[a + {K-l)x] 
a 



- [a + (k - l)x] 



(b) Evaluate C for x = 0: 



c(o) = ^M = ^ 

d d 
as expected. 



Evaluate C for x = a: 



C(a) = ^[a + (fc-l)a] 
d 



k e Q ab 



as expected. 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel, one with an air gap and other filled with a dielectric of constant/r. 
Let the numeral 1 denote the capacitor with the dielectric material whose constant is k 
and the numeral 2 the air-filled capacitor. 



(a) Using the hint, express the 
energy stored in the capacitor as a 
function of the equivalent 
capacitance C eq : 



U = 



2C„ 



The capacitances of the two 
capacitors are: 



Because the capacitors are in 
parallel, C eq is the sum of C\ and d: 



c =C] , q = g£ o ax , £ o a(a-x) 



d 



e A a 



- — (ia + a-x) 
d V ' 

= fo£[( JC _l) x+fl ] 

d 
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Substitute for C eq in the expression 
for U and simplify to obtain: 



(b) The force exerted by the electric 
field is given by: 



U = 



Q 2 d 



2 e 0 a[(ic — l)x + a\ 



F = 



dU 
dx 
d_ 
dx 



Q 2 d 



2 e 0 a[(/r-l)x + (5[] 



2 e 0 a dx 



{K-\)Q 2 d 



2a e 0 [(k -l)x + a 



(c) Rewrite our result in (b) to 
obtain: 




(K-l)ae Q V 2 
~ 2d 
Note that this expression is independent of 
x. 



This force originates from the fringing fields around the edges of the 
(d) capacitor. The effect of the force is to pull the dielectric into the space 
between the capacitor plates. 
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Picture the Problem Because capacitors connected in series have a common charge, we 
can find the charge on each capacitor by finding the charge on the equivalent capacitor. 
We can also find the total energy stored in the capacitors, with and without the dielectric 

inserted in one of them, by using 

U =i C eq V -In part (d) we can use our knowledge of 

the charge on each capacitor and the definition of capacitance to the potential differences 
across them. 

(a) Using the definition of Q = Q x = Q 2 = C eq V 

capacitance, relate the charge on 
each capacitor to the equivalent 
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capacitance: 



Express the equivalent capacitance 
of two capacitors in series: 

Substitute numerical values and 



evaluate C, 



C C 



eq 



eq- 



Substitute numerical values and 
evaluate Q: 



Q l = Q 2 = (2juF)(2AV)= 48.0//C 



(b) Express the energy U stored in 
the capacitors as a function of C eq 
and V: 



U = L C V 2 



= }(2//F)(24V) 2 = 576 //J 



(c) Using the definition of 
capacitance, relate the charge on 
each capacitor to the new equivalent 
capacitance C eq ': 



Q' = Qi = Q2=cjv 



(i) 



Express the new equivalent 
capacitance C eq ' when the dielectric 
of constant tc has been inserted 
between the plates of one of the 
capacitors: 



C'C ' 

C ' = -^2 



eq 



Letting the capacitor with the 
dielectric between its plates be 
denoted by the numeral 1 , express 
d' and C{: 



c; = kc x 

and 



Substitute to obtain: 



CJ = 



eq 



Substitute numerical values and 
evaluate C eq ': 



C 



,_ 4.2(4 juFjAjuF) _ 
1 4.2(4 //F)+4//F 



3.23 //F 



Substitute in equation (1) to obtain: 



Q; = Q 2 ' = {3.23 juF){2AV)= 77.5 juC 



(d) Express the potential difference 
across each capacitor in terms of its 



1 ~ r- ' ~ 



c; kc x 4.2(4 //f) 



4.61V 
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charge and capacitance: 



and 



V' = 



Q2 = Q 2 ' = 77.5/^: 

C 2 4//F 



C ' 

2 



19.4V 



(e) Express the total stored energy in 
terms of the equivalent capacitance: 



= |(3.23//F)(24V) 2 = 930 /J 
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Picture the Problem We can find the work required to pull the glass plate out of the 
capacitor by finding the change in the electrostatic energy of the system as a consequence 
of the removal of the dielectric plate. 



Express the change in the 
electrostatic energy of the system 
resulting from the removal of the 
glass plate: 



W = AU = U f -U i 
2 C n 2 C 



Express the capacitance C with the 
dielectric plate in place in terms of 
the dielectric constant k and the air- 
only capacitance Co: 



C = KC n 



where C n 



A 



d 



Substitute and factor to obtain: 



W 



IQ 2 1 Q 2 



Q 2 



2 Cn 2 kC(\ 



0 V K) 



Use the definition of capacitance to 
relate the charge on the capacitor to 
the potential difference across its 
plates: 



Q = CV= kC 0 V 



Substitute to obtain: 



W 



K 2 cy 2 f 



i 



2C 

k 2 s q AV 2 f 



k 2 C 0 V 2 f 



2d 



_ n 



Substitute numerical values and evaluate W: 



TI7 (5) 2 (8.85xl0" 12 C 2 /N-m 2 )(lm 2 )(l2V) ; 
2(0.5 x 10" 2 m) 



2 / 



2.55/J 
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100 

Picture the Problem The problem statement provides us with two conditions relating the 
potential between the plates of the capacitor and the charge on them. We can use the 
definition of capacitance to obtain simultaneous equations in Q and V and solve these 
equations to determine the capacitance of the capacitor and the initial and final voltages. 



Using the definition of capacitance, 15 jL/C = CV i 

relate the initial potential between 
the plates of the capacitor to the 
charge carried by these plates: 

Again using the definition of 18 juC = CV { 

capacitance, express the relationship = c(V; + 6 V) 

between the charge on the capacitor 
and the increased voltage: 

Divide the second of these equations 18//C _ Cfc+GV) 

by the first to obtain: 15//C CV i 

or 

ev { =5(Vi+6 V) 



Solve for V to obtain: y = 

and 



30.0V 



V f =V i +6V= 36.0 V 



0.500 //F 



Substitute in either of the first two Q 
equations to obtain: 

101 

Picture the Problem Let £ be the variable separation of the plates. We can use the 
definition of the work done in charging the capacitor to relate the force on the upper plate 
to the energy stored in the capacitor. Solving this expression for the force and substituting 
for the energy stored in a parallel-plate capacitor will yield an expression that we can use 
to decide whether the balance is stable. We can use this same expression and a condition 
for equilibrium to find the voltage required to balance the object whose mass is M. 



(a) Express the work done in dW = dE = —Fdi 

charging the capacitor (the energy or 

stored in it) in terms of the force F — — — 
between the plates: dl 



The energy stored in the capacitor is 
given by: 

Differentiate E with respect to I to 
obtain: 
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— \ 

V I ) 



E = ±CV 2 =- 
2 2 



V 



F = 



d_ 

d£ 



V I J 



V 



21 



Because/ 7 increases as I decreases, a decrease in plate separation will 
unbalance the system and the balance is unstable. 



(b) Apply = 0 to the object whose 
mass is M to obtain: 



f ^ a\ 



Mg 



K 2£ 2 j 



V 2 =0 



Solve for V: 


V = 


£ 


2Mg 








e 0 A 
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Picture the Problem Recall that the dielectric strength of air is 3 MV/m. We can express 
the maximum energy to be stored in terms of the capacitance of the air-gap capacitor and 
the maximum potential difference between its plates. This maximum potential can, in 
turn, be expressed in terms of the maximum electric field (dielectric strength) possible in 
the air gap. We can solve the resulting equation for the volume of the space between the 
plates. In part (b) we can modify the equation we derive in part (a) to accommodate a 
dielectric with a constant other than 1 . 



(a) Express the energy stored in the 
capacitor in terms of its capacitance 
and the potential difference across it 

Express the capacitance of the air- ^ _ e o ^ 

gap parallel-plate capacitor: d 



U = 1 CV 

u max 2^ v m 



Relate the maximum potential V max = E max d 

difference across the plates to the 
maximum electric field between 
them: 



Substitute to obtain: 



U 



max 2 



d 



(E df 

V max / 



1 - (Ad)E 2 ma 



2 c 0 



\e Q vE 



where v = Ad is the volume between the 
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plates. 



Solve for u: 



Substitute numerical values and 
evaluate o: 



v 



V = 



2U„ 



- E z 

- 0 max 



(1) 



2(100 kj) 
(8.85 x 10 12 C 2 /N • m 2 )(3MV/m) 2 



= 2.51xl0 3 m 3 



(b) With the dielectric in place 
equation (1) becomes: 

Evaluate equation (2) with k- 5 
and Z? max = 3xl0 8 V/m: 



V = 



2U„ 



K ^0 £ max 



V = 



(2) 



2(100 kj) 



5(8.85 x 10 12 C 2 /N • m 2 )(3 x 10 8 V/m) 2 



5.02 xlO 2 m 3 
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Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor in part (a). In part (b) we can express the total energy stored as the sum of the 
energy stored on the two capacitors . . . using our result from (a) for the charge on each 
capacitor. When the dielectric is removed in part (c) each capacitor will carry half the 
charge carried by the capacitor system previously and we can proceed as in (b). Knowing 
the total charge stored by the capacitors, we can use the definition of capacitance to find 
the final voltage across the two capacitors in part (d). 



(a) Use the definition of capacitance 
to express the charge on each 
capacitor as a function of its 
capacitance: 



Q l = cy= (200 v)^ 



and 



q 2 = c 2 v = ncy = (200 v)*e, 



(b) Express the total stored energy 
of the capacitors as the sum of 
stored energy in each capacitor: 



U = U l + U 2 = ±C l V 2 +±C 2 V x 

= \cy 2 +\Kcy 2 
= \cy\\ + K) 

= }(200V) 2 C 1 (l + /f) 



(2xl0 4 V 2 )(l + /t-)C, 
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(c) With the dielectric removed, 
each capacitor carries charge Q/2. 
Express the final energy stored by 
the capacitors under this condition: 

Using the definition of capacitance, 
express the total charge carried by 
the capacitors with the dielectric in 
place in C2. 

Substitute to obtain: 



(d) Use the definition of capacitance 
to express the final voltage across the 
capacitors: 



1 Q 2 , 1 Ql 1 Q 2 , 1 Q 2 



2 C x 2 C 2 2 2 4Ci 
Q 2 



AC, 

Q = Q 1 + Q 2 = C l V + C 2 V 

= c l v+Kcy = cy(i+rc) 

= (200V)C 1 (l + r) 



4C 



(10 4 V 2 )C 1 (1 + *:) 2 



_ 2 _ (200V)C 1 (l + /r) 



2C, 



100(1+ «-)v 
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Picture the Problem We can use the definition of capacitance and the expression for the 
capacitance of a cylindrical capacitor to find the potential difference between the 
cylinders. In part (b) we can apply the definition of surface charge density to find the 
density of the free charge cr f on the inner and outer cylindrical surfaces. We can use the 
fact that that Q and Q h are proportional to E and E b to express Q b at a and b and then 
apply the definition of surface charge density to express Ob(a) and Ob{b). In part (d) we 
can use U = jrQV to find the total stored electrostatic energy and in (e) find the 

mechanical work required from the change in electrostatic energy of the system resulting 
from the removal of the dielectric cylindrical shell. 



(a) Using the definition of 
capacitance, relate the potential 
difference between the cylinders to 
their charge and capacitance: 

Express the capacitance of a q _ 2;r e {) 1<L 

cylindrical capacitor as a function of ln(^/ a) 

its radii a and b and length L: 

2kQ\n(b/Fj 
kL 




Substitute to obtain: Q\n(b/a) 



2tt e n kL 
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(b) Apply the definition of surface 
charge density to obtain: 



(c) Noting that Q and Q b are 
proportional to E and E b , express Q h 
at a and b: 



cr f (o) = 
and 

a f {b) = 



and 



2;zaL 



27ibL 



_-gM 



_ 6(^-1) 



Apply the definition of surface 
charge density to express cr b (a) and 
ob(6): 



(d) Express the total stored 
electrostatic energy in terms of the 
charge stored and the potential 
difference between the cylinders: 

(e) Express the work required to 
remove the dielectric cylindrical 
shell in terms of the change in the 
electrostatic potential energy of the 
system: 

Substitute for U and U' to obtain: 



a b {a) = 



and 



-Q(k-\) 



2maL 



-6(^-1) 

ItvciLk 



A 2^L 



u = wv = w 



2kQ\n(b/a) 



k-L 



kQ 2 \n(b/a) 



kL 



W = AU =U'-U 

where [/ ' = kU is the electrostatic potential 
energy of the system with the dielectric 
shell in place. 

W = kU-U =U(k-1) 



kQ 2 (ic-l)\n(b/a) 



kL 



Electrostatic Energy and Capacitance 323 



105 ••• 

Picture the Problem Let the numeral 1 denote the 35-//F capacitor and the numeral 2 the 
10-//F capacitor. We can use U = yC eq V 2 to find the energy initially stored in the system 

and the definition of capacitance to find the charges on the two capacitors. When the 
dielectric is removed from the capacitor the two capacitors will share the total charge 
stored equally. Finally, we can find the final stored energy from the total charge stored 
and the equivalent capacitance of the two equal capacitors in parallel. 



(a) Express the stored energy of the 
system in terms of the equivalent 
capacitance and the charging 
potential: 



U 



2 ^eq v 



Express the equivalent capacitance: 



c eq =c l + c 2 



Substitute to obtain: 

Substitute numerical values and 
evaluate U: 



u = ±(c l + c 2 )v 2 

U = }(35 //F + 10 //FXlOOV) 2 



0.225 J 



(b) Use the definition of capacitance 
to find the charges on the two 
capacitors: 



<2 1 = C i y = (35 y wF)(l00V): 



3.50mC 



and 



Q 2 =C 2 V = (10//F)(100V): 



l.OOmC 



(c) Because the capacitors are 
connected in parallel, when the 
dielectric is removed their charges 
will be equal; as will be their 
capacitances and: 



Q,=Q 2 =\Q 

= j(3.5mC + lmC) 



2.25 mC 



(d) Express the final stored energy 
in terms of the total charge stored 
and the equivalent capacitance: 

Substitute numerical values and 
evaluate Uf. 



lot 
2 a 



1 (4.5 mC) 2 

2 2(lO//F) 



0.506 J 
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Picture the Problem We can express the two conditions on the voltage in terms of the 
charges <2i and Q 2 and the capacitances C\ and C 2 and solve the equations simultaneously 
to find Qi and Q 2 . We can then use the definition of capacitance to find the initial 
voltages V\ and V 2 . 



Express the condition for the series 
connection: 



V x +V 2 =80V 



or 

^L+2i = 80V 

c c 



Substitute numerical values to 
obtain: 



6. , 62 _ 



0.4//F 1.2//F 



80V 



or 



3Q 1 + (2 2 =96^ 



(1) 



Use the definition of capacitance to 
express the condition for the parallel 
connection: 



Qi + Q 



^ = 20V 



Because the capacitors are now 
connected in parallel: 



c e q =C X + C 2 =0.4^ + 1.2^ = 1.6/^ 



Substitute to obtain: 



Q, + Q 2 
1.6 /zF 



20 V 



or 



(2) 



Solve equations (1) and (2) 
simultaneously to obtain: 



2, =32//Cand£ 2 =0 



Use the definition of capacitance to 
obtain: 



V, = 



_ £ _ 32//C 



C, 0.4 



80.0V 



and 



0 



C 2 0.4 //F 



0 
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Picture the Problem Note that, with switch S closed, C\ and C 2 are in parallel and we 
can use t/ closed = \ C eq V 2 and C eq = C, + C 2 to obtain an equation we can solve for C 2 . 
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We can use the definition of capacitance to express Q 2 in terms of V 2 and C2 and 



U 



open 2 



C l V l + \ C 2 V 2 to obtain an equation from which we can determine V2. 



Express the energy stored in the 
capacitors after the switch is closed: 



7/ -If V 2 

u closed 2 ^eq v 



Express the equivalent capacitance 
of C\ and C2 in parallel: 



c =c +c 

^eq ^1 T ^2 



Substitute to obtain: 



Solve for C2. 



u closeA =i{c l + c 2 )v 7 

2U 

f closed (-< 

^2 - y 2 0 1 



Substitute numerical values and 
evaluate C2'. 



" (80 V) 2 1 — 



Express the charge on C2 when the 
switch is open: 



Q 2 = c 2 v 2 



(i) 



Express the energy stored in the 
capacitors with the switch open: 



77 = Ifl/ 2 + i rV 2 

U open 2 1 V 1 ^2^2 K 2 



Solve for V 2 to obtain: 



y = ^open-QV, 2 



Substitute in equation (1) to obtain: 



Q 2 = C 2 ' J= — 



= V C 2 ( 2C/ ope„-C 1 V 1 2 ) 



Substitute numerical values and evaluate Q 2 : 



2 2 = A /(0.1//F)[2(l440/j)-(0.2 / uF)(40V) 2 J = I 16.0 
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Picture the Problem We can express the electric fields in the dielectric and in the free 
space in terms of the charge densities and then use the fact that the electric field has the 
same value inside the dielectric as in the free space between the plates to establish that 
<j\ = 2cr 2 . In part (c) we can model the system as two capacitors in parallel to show that 



326 Chapter 24 



the equivalent capacitance is 3soA/2d and then use the definition of capacitance to show 
that the new potential difference is j-V . 



(a) 



The potential difference between the plates is the same for both halves (the 
plates are equipotential surfaces). Therefore, E = VI d must be the same 
everywhere between the plates. 



(b) Relate the electric field in each 
region to cr and k : 



E = 



Solve for cr : 



cr = k e Q E 



Express a\ and c^: 



cr, = k x e 0 E,=2e Q E l 
and 

O 2 — ^0 ^"2. — ^0 



Divide the 1 st of these equations by 



the 2 nd and simplify to obtain: 



cr, = 2cr 2 



(c) Model the partially dielectric- 
filled capacitor as two capacitors in 
parallel to obtain: 



c eq = c 1 + c 2 

wh( 



eq 

where 

= *"^o iiA) = tce 0 A 
d ~ 2d 
and 

= go (^ A ) = ^o A 
d 2d 



C 



Substitute and simplify to obtain: 



c _ K £ q A ! e o A _ 2 e 0 A ^ g Q A 
eq 2d 2d ~ 2d 2d 



3_gp A 
2d 



Use the definition of capacitance to 
relate Vf, Qf, and Cf. 



Ql 



Because the capacitors are in 
parallel: 
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Substitute to obtain: 



Vt 



C f d 



V 



2d 
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Picture the Problem Note that when the capacitors are connected in the manner 
described they are in parallel with each other. Let the numeral one refer to the capacitor 
with the air gap and the numeral 2 to the capacitor that receives the dielectric and let 
primes denote physical quantitities after the insertion of the dielectric. We can find the 
energy stored in the system from our knowledge of the charge on and capacitance of each 
capacitor. In part (b) we can find the final charges on the two capacitors by first finding 
the equivalent capacitance and the potential difference across the modified system of 
capacitors. We can use the final potential difference across the system and our knowledge 
of the stored charge to find the final stored energy of the system. 



(a) Express the stored energy in the 
system as the sum of the energy 
stored in the two capacitors: 



V 



2 C, 2 C, 



c, 



Substitute numerical values and 
evaluate U: 



U = 



(100//C) 2 
10//F 



l.OOmJ 



(b) Relate the final charges Q{ and 
Q 2 ' to the total charge stored by the 
capacitors: 



+ = 200 //C 



Express the common potential 
difference across the capacitors: 

Express the equivalent capacitance 
when the dielectric is inserted 
between the plates of capacitor 2: 



V = 



C, 



eq 



C ai = C 1 + C 2 = C l + KC 1 = C 1 (l+ic) 



Substitute to obtain: 



V 



C, (! + «•) 



Substitute numerical values and 
evaluate V: 



v y 4 . 76v 

(lO//F)(l + 3.2) 



Use the definition of capacitance to 
find Q{ and Q 2 ': 



q; = vc; = (4.76 V)(10 f$) = \ 47.6//C 
and 
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Q'=VC' = VkC 2 



= (4.76V)(3.2)(lO//F)= 152//C 



(c) Express the final stored energy 
of the system in terms of the total 
charge stored and the final potential 
difference across the capacitors 
connected in parallel: 



u f =leV={(200/^)(4.76V) 



= 0.476 mJ 
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Picture the Problem Choose a coordinate system in which the positive x direction is the 
right and the origin is at the left edge of the capacitor. We can express an element of 
capacitance dC and then integrate this expression to find C for this capacitor. 



Express an element of capacitance 
dC of length b, width dx and 
separation 
d-y 0 + (yo/a)x: 



dC 



y 0 



(l + x/a) 



dx 



These elements are all in parallel, so 
the total capacitance is obtained by 
integration: 



C = 



-o 

^0 „ 



1 

f dx = 

i l+x/a 



^ln2 

y 0 



in ••• 

Picture the Problem The diagram to the left shows the dielectric-filled parallel-plate 
capacitor before compression and the diagram to the right shows the capacitor when the 
plate separation has been reduced to x. We can use the definition of capacitance and the 
expression for the capacitance of a parallel-plate capacitor to derive an expression for the 
capacitance as a function of voltage across the capacitor. We can find the maximum 
voltage that can be applied from the dielectric strength of the dielectric and the separation 
of the plates. In part (c) we can find the fraction of the total energy that is electrostatic 
field energy and the fraction that is mechanical stress energy by expressing either of these 
as a fraction of their sum. 

t 

d 

I 
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(a) Use its definition to express the 
capacitance as a function of the 
voltage across the capacitor: 



C(V) = 



Q 



(i) 



The limiting value of the 
capacitance is: 



o _ , 



Substitute numerical values and 
evaluate Co: 



C 



_ 3(8.85 xlCT 12 C 2 /N-m 2 )A 
0.2 mm 

= 0.133AC 2 /N-m 3 



Let x be the variable separation. 
Because /cis independent of x: 



C(x) = 



X 



and 

Q( x )=c{ x y = 



K e o A y 

x 



Substitute in equation (1) to obtain: 



c(v)=- 



K£ a A 
d-Ax 



X 



(2) 



The force of attraction between the 
plates is given in Problem 95c: 



2k e Q A 



Substitute to obtain: 



Apply Hooke's law to relate the stress 
to the strain: 



F = 



V x J 
2k e 0 A 



k e 0 AV 2 
2x 



where the minus sign is used to indicate 
that the force acts to decrease the plate 
separation x. 



Y = 



F/A 
Ax/x 



or 

x ~ YA 



Substitute for F to obtain: 



Ax 



x 



2Yx 2 
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The voltage across the capacitor is: 



and 

Ax = - K 



2Yx 

provided Ax«d 



2Yd 



(3) 



V = E m . dx d = (40kV/mm)(0.2mm) 
= 8.00kV 



Substitute numerical values in 
equation (3) and evaluate Ax: 



^_ 3(8.85xlQ 12 C 2 /N-m 2 )(8kV) 2 
2(5xl0 6 N/m 2 )(0.2mm) 
= 8.50 x 10~ 7 m = 8.50 x 10~ 4 mm 



Substitute in equation (2) to obtain: 



d _^£oV_ 
2Yd 

provided Ax « d. 



/ce Q A 



d 



= r 

2 \ ^0 



2Yd 2 



v 



2Yd l 



J 



V 



2Yd' 



J 



(b) Express the maximum voltage that can be applied in terms of the maximum 
electric field: 



V max = £ max (d-Ajt) = (40kV/mm)(0.2mm-8.5xl0- 4 mm) = 



7.97 kV 



(c) The fraction of the total energy 
of the capacitor that is mechanical 
stress energy is: 

Express the maximum electric field 
energy: 



/= Um 



u M +u E 



u =±c(v )v 2 

E,max 2 \ max / m 



(4) 



Evaluate C(V max ): 

C(7.97kV) = (0.133A)[l + (6.64xl0" n )(7.97kV) 2 J//F/m 2 =0.134A//F/m 2 



Substitute for C(V max ) and evaluate 

U E 



^ E , max =i(0-134A / /F/m 2 )(7.96kV) 2 
= 4.25J/m 2 
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The mechanical stress energy is given 
by: 

Substitute numerical values and 
evaluate Uu- 



__ i {axJy 

~ 2 d 

_ 1 (8.5xlQ- 4 mm) 2 (5xlQ 6 N/m 2 ) 



2 

= 8.92mJ 



0.2 mm 



Substitute numerical values in 
equation (4) and evaluate/: 



/ = 



8.92 mJ 



0.209% 



8.92mJ + 4.25J/m 2 

and the fraction of the total energy that is 
electrostatic field energy is 
l-f =1-0.209% = ! 99.8% 
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Picture the Problem Note that, due to symmetry, the electric field, wherever it exists, 
will be radial. We can integrate the electric flux over spherical Gaussian surfaces with 
radii r < R u Ri < r < R 2 , and r > R 2 to find the electric field everywhere in space. Once we 
know the electric field everywhere we can find the potential of the conducting sphere by 
using dV = -Edr and integrating E in the regions R\<r <R 2 and r > R 2 . Finally, knowing 
the electrostatic potential at the surface of the conducting sphere we can use 
U tot = \ QV{R ] ) to find the total electrostatic potential energy of the system. 



(a) Integrate the electric flux over a 
spherical Gaussian surface with 
radius r < R\ to obtain: 



E r {4nr 2 )-- 



inside 



0 



because <2inside the conducting surface is 
zero. 



Solve for E r (r < R\) to obtain: 



E r {r<R l ) = 



Integrate the electric flux over a 
spherical Gaussian surface with 
radius R t < r < R 2 to obtain: 



E r {4nr 2 )= ^ inside =-^- 



ke 0 ke q 



Solve for E r {R\ <r< R 2 ) to obtain: 



E r {R 1 <r<R 2 ) = —® 



ATT £ q KT 



kQ 



KT 



Integrate the electric flux over a 
spherical Gaussian surface with 
radius r > R 2 to obtain: 



E r (Anr 2 ) = 



2inside _ Q 



-0 ^0 
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Solve for E r (r > R 2 ) to obtain: 



E r {r>R,) = -2- 

bit 



kQ 



(b) Express the potential at the 
surface of the conducting sphere in 
terms of the electric fields 
E r (R x <r<R 2 ) and E r (r > R 2 ): 



"1 

V(R 1 )=-jEdr 



= -kQ\\dr- k ^\\dr 



kQ ( R x (/c-l)+R 2 
k I R X R 2 



(c) Express the total electrostatic 
potential energy of the system in terms 
of V(Ri) and Q: 



U tot =\QV{R x ) 



R X R 2 



J J 



kQ 2 



2k 



R x (/c-l) + R 2 
R X R 2 
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Electric Current and Direct- Current Circuits 



Conceptual Problems 

*i * 

Determine the Concept When current flows, the charges are not in equilibrium. In that 
case, the electric field provides the force needed for the charge flow. 

2 

Determine the Concept Water, regarded as a viscous liquid flowing from a water tower 
through a pipe to ground is another mechanical analog of a simple circuit. 

3 

Picture the Problem The resistances of the wires are given by R = pL /A , where L is 

the length of the wire and A is its cross-sectional area. We can express the ratio of the 
resistances and use our knowledge of their lengths and diameters to find the resistance of 
wire A. 




Express the resistance of wire A: „ _ pL A 




where p is the resistivity of the wire. 



Express the resistance of wire B: 



R = 



pL, 



'13 



Divide the first of these equations 
by the second to obtain: 



P L A 





R PL, 



or, because L A 



= L 




(1) 



Express the area of wire A in terms 
of its diameter: 
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Express the area of wire B in terms A B = j 7vd B 

of its diameter: 



Substitute in equation (1) to obtain: 



d A 

or, because c/a = 2ds, 



{2d B ) 



2 R = \R 



and (e) is correct. 



4 

Determine the Concept An emf is a source of energy that gives rise to a potential 
difference between two points and may result in current flow if there is a conducting path 
whereas a potential difference is the consequence of two points in space being at different 
potentials. 



*5 

Picture the Problem The resistance of the 
metal bar varies directly with its length and 
inversely with its cross-sectional area. 
Hence, to minimize the resistance of the 
bar, we should connect to the surface for 
which the ratio of the length to the contact 
area is least. 

Denoting the surfaces as a, b, and c, 
complete the table to the right: 



Because connecting to surface c 
minimizes R: 



2 




4 



Surface 


L 


A 


LIA 


a 


10 


8 


0.8 


b 


4 


20 


0.2 


c 


2 


40 


0.05 



(c) is correct. 



6 

Picture the Problem The resistances of the wires are given by R = pL /A , 

where L is the length of the wire and A is its cross-sectional area. We can express the 
ratio of the resistances and use the definition of density to eliminate the cross-sectional 
areas of the wires in favor of the ratio of their lengths. 
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Express the resistance of wire A: 



P L A 

A, 



where p is the resistivity of copper. 



Express the resistance of wire B: 



R, 



Divide the first of these equations 
by the second to obtain: 



Ra _ 4a 

R n PL E 



A u 



La A b 
L B A a 



or, because L A = 2L B , 
.A B 



A* 



(1) 



Using the definition of density, 
express the mass of wire A: 



m A = p'V A = p'L A A A 

where p 1 is the density of copper. 



Express the mass of wire B 



m B = p'V B = P'L B A B 



Because the masses of the wires are 
equal: 



P'L A A A = p'L B A E 



or 

4b _ La_ 
^a L B 



Substitute in equation (1) to obtain: 



R A =2^R B =2{2)R B =4R E 



and 



(b) is correct. 



7 

Picture the Problem The power dissipated in the resistor is given by P = I 2 R. We 
can express the power dissipated when the current is 31 and, assuming that the 
resistance does not change, express the ratio of the two rates of energy dissipation 
to find the power dissipated when the current is 37. 



Express the power dissipated in the 



P = I 2 R 
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resistor when the current in it is /: 



Express the power dissipated in the 
resistor when the current in it is 31: 



P' = (3lfR = 9I 2 R 



Divide the second of these 
equations by the first to obtain: 



P' 9I 2 R 



P I Z R 
or 

P' = 9Pand 



(d) is correct. 



8 

Picture the Problem Assuming the current (which depends on the resistance) to 
be constant, the power dissipated in a resistor is directly proportional to the 
voltage drop across it. 



Express the power dissipated in the 
resistor when the voltage drop 
across it is V: 



P = 



v_ 

R 



Express the power dissipated in the 
resistor when the voltage drop 
across it is increased to 2V: 



„_{2Vf _4V : 



R 



R 



Divide the second of these equations 
by the first to obtain: 



P 



4V Z 
R 

R 



A^> P' = 4P 



(c) is correct. 



Determine the Concept You should decrease the resistance. Because the voltage across 
the resistor is constant, the heat out is given by P = V 2 /R . Hence, decreasing the 

resistance will increase P. 



*io • 

Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that R\ » R 2 . 



Express the equivalent resistance of 
Ri and R2 in parallel: 



1 _J_ + J_ 

R.„ R-> 
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Solve for R eq to obtain: 



R l R 2 

R x +R 2 



Factor R\ from the denominator and 
simplify to obtain: 



R 



eq 



R, 



R ^ 
V R lJ 



R 



1 R -> 
R 



\fR x »R 2 , then: 



R n =R eB ^R 2 ^A 



(b) is correct 



11 • 

Picture the Problem We can find the equivalent resistance of this two-resistor 
combination and then apply the condition that R\ » R 2 . 



Express the equivalent resistance of 
Ri and R 2 in series: 



R eq = R l + R 2 



Factor R] to obtain: 



f R ^ 



If Ri»R 2 , then: 



R = R eff « R l and (a) is correct 



12 • 

Picture the Problem Because the potential difference across resistors connected in 
parallel is the same for each resistor; we can use Ohm's law to relate the currents through 
the resistors to their resistances. 



Using Ohm's law, express the 
current carried by resistor A: 



h = 



V V 



R A 2R B 



Using Ohm's law, express the 
current carried by resistor B: 



Divide the second of these equations 
by the first to obtain: 



and 



V_ 

A 
v 

2R C 



= 2 



I B =2/ A and 



(b) is correct. 
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*13 • 

Determine the Concept In a series circuit, because there are no alternative 
pathways, all resistors carry the same current. The potential difference across each resistor, 
keeping with Ohm's law, is given by the product of the current and the 
resistance and, hence, is not the same across each resistor unless the resistors 
are identical. 



(a) is correct. 



14 

Picture the Problem Because the potential difference across the two combinations 
of resistors is constant, we can use P = V 2 / R to relate the power delivered by the 
battery to the equivalent resistance of each combination of resistors. 

Express the power delivered by the V 2 
battery when the resistors are s R 

connected in series: 

Letting R represent the resistance of R eq = R + R = 2R 

the identical resistors, express R eq : 

Substitute to obtain: V 2 

S = 2R (1) 



Express the power delivered by the _ V 

battery when the resistors are p R 

connected in parallel: 



eq 



Express the equivalent resistance of p 
the ident 
parallel: 



R eq = v /v ' =\R 
the identical resistors connected in R + R 



Substitute to obtain: _ V 2 2V 2 



\R R 



Divide equation (2) by equation (1) 2V 2 

p 

to obtain: fp_ R 

p s ~ r?_ 

2R 



Solve for and evaluate P v : 



p p =4P s =4(20W) = 80W 
and (e) is correct. 
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15 • 

Determine the Concept While Kirchhoff s loop rule is a statement about potential 
differences around a closed loop in a circuit, recall that electric potential at a 
point in space is the work required to bring a charged object from infinity to the 
given point. Hence, the loop rule is actually a statement that energy is conserved 



around any closed path in an electric circuit, (b) is correct 



16 • 

Determine the Concept An ideal voltmeter would have infinite resistance. A voltmeter 
consists of a galvanometer movement connected in series with a large resistance. The 
large resistor accomplishes two purposes; 1) it protects the galvanometer movement by 
limiting the current drawn by it, and 2) minimizes the loading of the circuit by the 
voltmeter by placing a large resistance in parallel with the circuit element across which 



the potential difference is being measured, (a) is correct 



*17 • 

Determine the Concept An ideal ammeter would have zero resistance. An ammeter 
consists of a very small resistance in parallel with a galvanometer movement. The small 
resistance accomplishes two purposes: 1) It protects the galvanometer movement by 
shunting most of the current in the circuit around the galvanometer movement, and 2) It 
minimizes the loading of the circuit by the ammeter by minimizing the resistance of the 



ammeter. 



(b) is correct. 



18 • 

Determine the Concept An ideal voltage source would have zero internal resistance. 
The terminal potential difference of a voltage source is given by V = £ — Ir, where s is 

the emf of the source, / is the current drawn from the source, and r is the internal 



resistance of the source, (b) is correct 



19 • 

Determine the Concept If we apply Kirchhoff s loop rule with the switch closed, we 
obtain s- IR - Vq — 0. Immediately after the switch is closed, 1=0 and we have a = V c . 



(b) is correct. 



20 

Determine the Concept The energy stored in the fully charged capacitor is U = \ C£ 2 . 

During the charging process, a total charge Qf = sC flows through the battery. The battery 
therefore does work W= QfS= Cs 2 . The energy dissipated in the resistor is the difference 
between W and U. (b) is correct. 
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*21 » 

Determine the Concept Applying Kirchhoff s loop rule to the circuit, we obtain 

£ — V R — V c = 0 , where V R is the voltage drop across the resistor. Applying Ohm's law to 

the resistor, we obtain V R = IR. Because / decreases as the capacitor is charged, V R 
decreases with time, (e) is correct. 



22 

Picture the Problem We can express the variation of charge on the discharging capacitor 
as a function of time to find the time T it takes for the charge on the capacitor to drop to 
half its initial value. We can also express the energy remaining in the electric field of the 
discharging capacitor as a function of time and find the time f for the energy to drop to 
half its initial value in terms of T. 



Express the dependence of the Q{t) = Q 0 e 

charge stored on a capacitor on time: where r= RC 



For Q(t) = y 2 Q Q : \Q^=Q^ Th 

or 

_L = p l 
2 e 



Take the natural logarithm of both T = r In 2 

sides of the equation and solve for T 
to obtain: 

Express the dependence of the l/(t) = \ CV^ 

energy stored in a capacitor on the 
potential difference V c across its 
terminals: 

Express the potential difference V c = V Q e~'^ RC 

across a discharging capacitor as a 
function of time: 



Substitute to obtain: U{f) = \ C^e , ' RC J = \ CV 0 2 e~ 2t > 



/RC 



= U 0 e 



-2t/RC 



For U{t) = V% U 0 : 



Wo=U 0 e 



-2t'/RC 



or 

2 — e 
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Take the natural logarithm of both = y r In 2 = 

sides of the equation and solve for f 
to obtain: 



23 • 

Determine the Concept A small resistance because P = f?IR. 
*24 • 

Determine the Concept The potential difference across an external resistor of resistance 

R is given by V, where r is the internal resistance and Fthe voltage supplied by the 

r + R 

source. The higher R is, the higher the voltage drop across R. Put differently, the higher 
the resistance a voltage source sees, the less its own resistance will change the circuit. 

25 • 

Determine the Concept Yes. Kirchhoff s rules are statements of the conservation of 
energy and charge and hence apply to all circuits. 



26 

Determine the Concept All of the current provided by the battery passes through R u 
whereas only half this current passes through R 2 and R3. Because P- 1 2 R, the power 
dissipated in R\ will be four times that dissipated in R 2 and R3. (c) is correct. 



Estimation and Approximation 



27 

Picture the Problem We can use Ohm's law and the definition of resistivity to find the 
maximum voltage that can be applied across 40 m of the 16-gauge copper wire. In part (b) 
we can find the electric field in the wire using E = VIL. In part (c) we can use P = I 2 R to 
find the power dissipated in the wire when it carries 6 A. 



(a) Use Ohm's law to relate the V max = / max /? 

potential difference across the wire 
to its maximum current and its 
resistance: 



Use the definition of resistivity to ^ _ L 

relate the resistance of the wire to its A 
length and cross-sectional area: 



Substitute to obtain: T/ T L 
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Substitute numerical values (see 
Tables 25-1 and 25-2) for the 
resistivity of copper and the cross- 
sectional area of 16-gauge wire: 



^ x =(6A)(l.7xlO^-m) 

40m 
1.309 mm 2 



3.12V 



(b) Relate the electric in the wire to 
the potential difference between its 
ends and the length of the wire: 



E = 



V 3.12V 



L 40m 



78.0 mV/m 



(c) Relate the power dissipated in 
the wire to the current in and the 
resistance of the wire: 



P = I 2 R 



Substitute for R to obtain: 



P = I 2 p- 
A 



Substitute numerical values and 
evaluate P: 



P = (6A) 2 (l.7xlO _8 Q-m) 



' 40m x 
1.309 mm 2 



= 18.7W 



28 

Picture the Problem We can use the definition of resistivity to find the resistance of the 
jumper cable. In part (b), the application of Ohm's law will yield the potential difference 
across the jumper cable when it is starting a car, and, in part (c), we can use the 
expression for the power dissipated in a conductor to find the power dissipation in the 
jumper cable. 



(a) Noting that a jumper cable has 
two leads, express the resistance of 
the cable in terms of the wire's 
resistivity and the cable's length, 
and cross-sectional area: 



R = p 



L 

~A 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate R: 



R = (l.7xlO~ 8 Q-m) 



6m 



10 mm 2 



= 0.0102Q 



(b) Apply Ohm's law to the cable to 
obtain: 



v = m = {90 a)(o mom) -- 



0.918V 
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(c) Use the expression for the power 
dissipated in a conductor to obtain: 



P = /K = (90A)(0.918V) = 



82.6W 



29 » 

Picture the Problem We can combine the expression for the rate at which energy is 
delivered to the water to vaporize it (P = s 2 IR) and the expression for the resistance of a 
conductor ( R = pL /A ) to obtain an expression for the required length L of wire. 



Use an expression for the power 
dissipated in a resistor to relate the 
required resistance to rate at which 
energy is delivered to generate the 
steam: 



R 



Relate the resistance of the wire to 
its length, cross-sectional area, and 
resistivity: 

Equate these two expressions and 
solve for L to obtain: 

Express the power required to 
generate the steam in terms of the 
rate of energy delivery: 



R = p 



L 



L_ 
~A 



£ 2 A 
~p~P 



P = 



AE _ A(mL v ) _ Am 
At At v At 



Substitute to obtain: 



L 



8 1 A 



PL, 



Am 
At 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
Nichrome and Table 18-2 for the 
latent heat of vaporization of water) 
and evaluate L: 



(l 20 V) 2 ^ (1.80 mm) 2 
(l0~ 6 Q • m)(2257 kJ/kg)(8 g/s) 



L = 



2.03 m 



*30 

Picture the Problem We can find the annual savings by taking into account the costs of 
the two types of bulbs, the rate at which they consume energy and the cost of that energy, 
and their expected lifetimes. 



Express the yearly savings: 



A$ — Cost incandescent Cost fluorescent (1) 
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Express the annual cost with the 
incandescent bulbs: 



Cost incandescent - Cost bulbs + Cost energy 



Express and evaluate the annual cost of the incandescent bulbs: 



Cost bulbs = number of bulbs in use x annual consumption of bulbs x cost per bulb 



= («) 



f 24h A 

365.24 dx 

d_ 

1200 h 



($1.50) = $65.74 



Find the cost of operating the incandescent bulbs for one year: 



Cost energy = energy consumed x cost per unit of energy 



= 6(75W)(365.25d)(24h/d)($0.115/kW-h) 
= $453.64 



Express the annual cost with the 
fluorescent bulbs: 



Cost fluorescent - Cost bulbs +Cost energy 



Express and evaluate the annual cost of the fluorescent bulbs: 



Cost bulbs = number of bulbs in use x annual consumption of bulbs x cost per bulb 



= (6) 



24h 

365.24dx 

d_ 

8000 h 



($6) = $39.45 



Find the cost of operating the fluorescent bulbs for one year: 



Cost energy = energy consumed x cost per unit of energy 



= 6(20W) 
= $120.97 



365.24dx 



24h 



($0.115/kW-h) 



Substitute in equation (1) and evaluate the cost savings A$: 



A$ = Cost 



incandescent C O St fl uorescen t 



= ($65.74 + $453.64)- ($39.45 + $120.97) 



= $358.96 
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31 

Picture the Problem We can use an expression for the power dissipated in a resistor to 
relate the Joule heating in the wire to its resistance and the definition of resistivity to 
relate the resistance to the length and cross-sectional area of the wire. 



Express the power the wires must P = I 2 R 
dissipate in terms of the current they 
carry and their resistance: 

Divide both sides of the equation by P I 2 R 

L to express the power dissipation L L 
per unit length: 



Using the definition of resistivity, ^ _ ^ ^ _ ^ ^ _ ^P^ 

relate the resistance of the wire to its A fd 2 Tid 2 

resistivity, length and cross- 
sectional area: 



Substitute to obtain: P A pi 2 



Solve for d to obtain: 



L nd 1 



d = 21 



P 



n{PIL) 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper wire) and evaluate d: 



d = 2(20 A) 



1.7xl(rQ-m 



ft 



(2W/m) 



= 2.08 mm 



*32 

Picture the Problem Let r be the internal resistance of each battery and use Ohm's law 
to express the current in laser diode as a function of the potential difference across r. We 
can find the power of the laser diode from the product of the potential difference across 
the internal resistance of the batteries and the current delivered by them / and the time-to- 
discharge from the combined capacities of the two batteries and /. 

(a) Use Ohm's law to express the current j _ internal resistance 
in the laser diode: 2r 



The potential difference across the internal internal resistance — £ ~ 

2.3V 

resistance is: 
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Substitute to obtain: 



g-2.3V 
2r 



Assuming that r = 125 Q: 



2(l.55)-2.3V 
2(125 Q) 



3.20 mA 



(b) The power delivered by the batteries is P = IV = (3.2mA)(2.3 V) = 7.36mW 
given by: 



The power of the laser is half this 
value: 



ZU = iP = i(7.36mW) = 



3.68 mW 



Express the ratio of P\ asa to /"quoted 



_ 3.68mW _ 123 



" quoted 



3mW 



or 

P = 

laser 



123%P 



quoted 



(c) Express the time-to-discharge: 



At = 



Capacity 



Because each battery has a capacity 
of 20 mA-h, the series combination 
has a capacity of 
40 mA-h and: 



At 



40 mA-h 
3.20mA 



12.5h 



Current and the Motion of Charges 

33 • 

Picture the Problem We can relate the drift velocity of the electrons to the current density 
using / = nev A A . We can find the number density of charge carriers n using 

n = pN A /M , where p is the mass density, N A Avogadro's number, and Mthe molar 

mass. We can find the cross-sectional area of 10-gauge wire in Table 25-2. 

Use the relation between current and I = nev d A 

drift velocity to relate / and n: 



Solve for v d : 



I 

d neA 
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The number density of charge 
carriers n is related to the mass 
density p, Avogadro's number N A , 
and the molar mass M: 

For copper, p= 8.93 g/cm 3 and 
M= 63.5 g/mol. Substitute and 
evaluate n: 



n = 



M 



_ (8.93 g/cm 3 )(6.02 x 10 23 atoms/mol) 

63.5 g/mol 
= 8.47xl0 28 atoms/m 3 



Using Table 25-2, find the cross- 
sectional area A of 10-gauge wire: 



^ = 5.261mm 2 



Substitute and evaluate Vd: 



20 A 



Vd (8.47 x 10 28 m- 3 )(l.60xlO -19 C)(5.261mm 2 ) 



0.281mm/s 



34 • 

Picture the Problem Note that, while the positive and negative charges flow in opposite 
directions, the total current is their sum. 



Express the total current I in the 
tube as the sum of the electron 
current and the ion current: 



^ ^electron "Aon 



The electron current is the product 
of the number of electrons through 
the cross-sectional area each second 
and the charge of each electron: 

Proceed in the same manner to find 
the ion current: 



-^electron ne 



= (2xl0 18 electrons/s) 

x(l.60xlCT 19 C/electron) 
= 0.320 A 



"^ion ^ion^ion 

= (0.5xl0 18 electrons/s) 

x(l .60x10 19 C/electron) 
= 0.0800 A 



Substitute to obtain: 



/ = 0.320 A + 0.0800 A = 0.400 A 



35 • 

Picture the Problem We can solve K = jftn e v 2 for the velocity of an electron in the 
beam and use the relationship between current and drift velocity to find the beam current. 
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(a) Express the kinetic energy of the 
beam: 



K=\m e v 2 



Solve for v: 



v = 



2K 



Substitute numerical values and 
evaluate v: 



(2(l0keV)(l.60xl(T 19 J/eV) 
9.11xl(T 31 kg 



= 5.93xl0 7 m/s 



(b) Use the relationship between 
current and drift velocity (here the 
velocity of an electron in the beam) 
to obtain: 



/ = nev d A 



Express the cross-sectional area of 
the beam in terms of its diameter D: 



A = \xD 2 



Substitute to obtain: 



/ = j7mev d D 



Substitute numerical values and 
evaluate /: 

Substitute numerical values and evaluate /: 



/ = j;r(5 x 10 6 cnT 3 )(l.60 x 1(T 19 c)(5.93 x 10 7 m/s)(l(T 3 m) 2 = I 37.3//A 



36 

Picture the Problem We can use the definition of current, the definition of charge 
density, and the relationship between period and frequency to derive an expression for 
the current as a function of a, X, and a>. 



Use the definition of current to 
relate the charge AQ associated with 
a segment of the ring to the time At 
it takes the segment to pass a given 
point: 



AQ 
At 



Because each segment carries a 
charge AQ and the time for one 



AQ 



AQf 



(1) 
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revolution is T: 



Use the definition of the charge 
density X to relate the charge AQ to 
the radius a of the ring: 

Solve for AQ to obtain: 

Substitute in equation (1) to obtain: 

Because co = Irf we have: 



X = 



AQ 
2m 



AQ = 2mX 
I = 2mXf 



I = aXco 



*37 

Picture the Problem The current will be the same in the two wires and we can relate the 
drift velocity of the electrons in each wire to their current densities and the cross- 
sectional areas of the wires. We can find the number density of charge carriers n using 
n = pN A /M , where p is the mass density, Na Avogadro ' s number, and M the molar 

mass. We can find the cross-sectional area of 10- and 14-gauge wires in Table 25-2. 



Relate the current density to the drift 
velocity of the electrons in the 1 0- 
gauge wire: 



1 0 gauge 



A 



nev A 



1 0 gauge 



Solve for v d : 



_ 10 gauge 

V d, 10 



neA 



0 gauge 



The number density of charge 
carriers n is related to the mass 
density p, Avogadro 's number N A , 
and the molar mass M: 

For copper, p= 8.93 g/cm 3 and 
M = 63.5 g/mol. Substitute and 
evaluate n: 



n = 



M 



_ (8.93g/cm 3 )(6.02xl0 23 atoms/mol) 

63.5 g/mol 
= 8.47xl0 28 atoms/m 3 



Use Table 25-2 to find the cross- 
sectional area of 10-gauge wire: 



A l0 = 5.261mm 2 



Substitute numerical values and evaluate Vd.io: 
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15A 



"d,10 



(8 .47 x 1 0 2S m 3 )(l .60 x 1 0 ~ 19 C)(5 .26 1 mm 2 ) 



0.210mm/s 



Express the continuity of the current 
in the two wires: 



10 gauge A 4 gauge 



or 



neV A,V)A\Q g auge neV d, 14 A 4 gauge 



Solve for v d l4 to obtain: 



4 



V d,14 = V ±10 



10 gauge 



14 gauge 



Use Table 25-2 to find the cross- 
sectional area of 14-gauge wire: 



A u =2.08 1mm 2 



Substitute numerical values and 
evaluate v d i4 : 



"414 



(0.210 mm/s) 



5.261mm 2 
2.081mm 2 



= 0.531 mm/s 



38 

Picture the Problem We can use / = neAv to relate the number n of protons per unit 
volume in the beam to current /. We can find the speed of the particles in the beam from 
their kinetic energy. In part (b) we can express the number of protons N striking the target 
per unit time as the product of the number of protons per unit volume n in the beam and 
the volume of the cylinder containing those protons that will strike the target in an elapsed 
time A? and solve for N. Finally, we can use the definition of current to express the charge 
arriving at the target as a function of time. 



(a) Use the relation between current / = neAv 

and drift velocity to relate / and n: 



Solve for n to obtain: I 

n = 



eAv 



Express the kinetic energy of the ,2 2iC 

protons and solve for v: 2 m ^ V V m 



p 



Relate the cross-sectional area A of A = jTiD 2 

the beam to its diameter D: 
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Substitute for v and A to obtain: 




41 

neD 1 




Substitute numerical values and evaluate n: 



4(1 mA) 1.67xl(T 27 kg 
x(l .60 x 1 (T 19 C)(2 mm) 2 \ 2(20 MeV)(l .60 x 1 (T 19 J/eV) 



3.21xlO IJ mm 



-3 



(b) Express the number of protons N 
striking the target per unit time as the 
product of the number n of protons 
per unit volume in the beam and the 
volume of the cylinder containing 
those protons that will strike the 
target in an elapsed time At and solve 
for TV: 



N_ 
At 



= niyA) => N = nvAAt 



Substitute for v and A to obtain: 



N = \nD 1 nAt — 
A m„ 



Substitute numerical values and evaluate N: 



A , , h X2^ 01 1ft i 3 -3V1 • \ |2(20MeV)(l.60xl0 19 J/eV) 
yY = {^-(2mmj (3.21x10 m j(lmin) M ^ '- = 



1.67xl0 _i!/ kg 



3.75x10' 



(c) Using the definition of current, 
express the charge arriving at the 
target as a function of time: 



Q = It = {\.mA)t 



(lmC/s)f 



*39 

Picture the Problem We can relate the number of protons per meter TV to the number n of 
free charge- carrying particles per unit volume in a beam of cross-sectional area A and then 
use the relation between current and drift velocity to relate n to /. 



(a) Express the number of protons 
per meter TV in terms of the number 
n of free charge-carrying particles 
per unit volume in a beam of cross- 



N = nA 



(1) 
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sectional area A: 



Use the relation between current and 
drift velocity to relate / and n: 



I = enAv 



Solve for n to obtain: 



n = 



eAv 



Substitute to obtain: 



I A _ I 

eAv ev 



Substitute numerical values and 
evaluate N: 



N = 



5mA 



(l.60xl(T 19 C)(3xl0 8 m/s) 



= 1.04x10" 



(b) From equation (1) we have: 



N 1.04xl0 8 m^ 

n = 1 o 

A 10" 6 m 2 



14 _-3 



= 1.04xl0 14 m 



Resistance and Ohm's Law 



40 



Picture the Problem We can use Ohm's law to find the potential difference between the 
ends of the wire and V= EL to find the magnitude of the electric field in the wire. 



(a) Apply Ohm's law to obtain: 

(b) Relate the electric field to the 
potential difference across the wire 
and the length of the wire: 



V = RI = (0.2Q)(5 A) = 



1.00 V 



V IV 
E = — 



L 10m 



O.lOOV/m 



41 • 

Picture the Problem We can apply Ohm's law to both parts of this problem, solving first 
for R and then for /. 

(a) Apply Ohm's law to obtain: R = — = 1Q0V = I 333Q 

/ 3A I : 
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(b) Apply Ohm's law a second time 
to obtain: 



V 25V 



R 33.30 



0.751A 



42 • 

Picture the Problem We can use R = pL j A to find the resistance of the block and 
Ohm's law to find the current in it for the given potential difference across its length. 



(a) Relate the resistance of the block 
to its resistivity p, cross-sectional 
area A, and length L: 

Substitute numerical values (see 
Table 2625-1 for the resistivity of 
carbon) and evaluate R: 

(b) Apply Ohm's law to obtain: 



R = p 



L_ 
~A 



i? = (3500xl(T 8 Q-m) 



3 cm 



(0.5 cm) 2 



42.0mQ 



V 8.4V 



R 42.0 m^ 



200A 



43 • 

Picture the Problem We can solve the relation R = pL/ A for L to find the length of the 
carbon rod that will have a resistance of 10 D.. 



Relate the resistance of the rod to its 
resistivity p, cross-sectional area A, 
and length L: 



R = p 



L_ 

~A 



Solve for L to obtain: 



L = 



AR nr 2 R 



P P 



Substitute numerical values (see 
Table 2625-1 for the resistivity of 
carbon) and evaluate L: 



L 



(0.1mm) 2 (lOQ)_ 
~ 3500xlO~ 8 Q-m ~ 



8.98mm 



*44 



Picture the Problem We can use R = pL /A to find the resistance of the track. 



(a) Relate the resistance of the track 
to its resistivity p, cross-sectional 
area A, and length L: 



R = p 
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Substitute numerical values and 
evaluate R: 



* = (lO- 7 Q.m)^V 
V ^cm 2 



0.182Q 



45 • 

Picture the Problem We can use Ohm's law in conjunction with R = pLj A to find the 
potential difference across one wire of the extension cord. 



Using Ohm's law, express the 
potential difference across one wire 
of the extension cord: 



V = IR 



Relate the resistance of the wire to 
its resistivity p, cross-sectional area 
A, and length L: 



R = p 



L 
A 



Substitute to obtain: 



V = p 



LI 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 1 6-gauge wire) and 
evaluate V: 



r = (i.7xio-n. m ) ( 3Qm )(5A) 

v ' 1.309 mm 2 



1.95 V 



46 • 

Picture the Problem We can use R = pLj 'A to find the length of a 14-gauge copper wire 
that has a resistance of 2 Q. 



(a) Relate the resistance of the wire 
to its resistivity p, cross-sectional 
area A, and length L: 



R = P L 



Solve for L to obtain: 



L = 



RA 



Substitute numerical values (see 
Table 2625-1 for the resistivity of 
copper and Table 2625-2 for the 
cross-sectional area of 14-gauge 
wire) and evaluate L: 



L 



_ (2Q)(2.081mm 2 )_ 
1.7xl(T 8 Q-m 



245 m 
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Picture the Problem We can use R = pLj A to express the resistances of the glass 
cylinder and the copper wire. Expressing their ratio will eliminate the common cross- 
sectional areas and leave us with an expression we can solve for the length of the copper 
wire. 



Relate the resistance of the glass 
cylinder to its resistivity, cross- 
sectional area, and length: 



n = n 

glass Aglass 



L 



glass 



A 



glass 



Relate the resistance of the copper 
wire to its resistivity, cross- 
sectional area, and length: 



L, 



Cu 



Divide the second of these 
equations by the first to obtain: 



R 



Pcu 



L, 



Cu 



Cu 



^Cu _ Pcu A 



Cu 



R 



glass 



P 



Aglass Pglass A 



glass 



glass glass 



A 



glass 



or, because J glass = A Cu and R Cu = ^giass, 



Pglass A 



glass 



Solve for La to obtain 



Cu 



P glass 
Pcu 



L 



glass 



Substitute numerical values (see Table 25- 
1 for the resistivities of glass and copper) 
and evaluate L Cu - 



L 10 12 Q-m , , 

Cu 1.7xl(T 8 Q-m 1 ° m) 



= 5.88xl0 17 mx- 



lc-y 



9.461xl0 15 m 



62.2c -y 
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Picture the Problem We can use Ohm's law to relate the potential differences across the 
two wires to their resistances and R = pL /A to relate their resistances to their lengths, 

resistivities, and cross-sectional areas. Once we've found the potential differences across 
each wire, we can use E = V/L to find the electric field in each wire. 



(b) Apply Ohm's law to express the V Cu — IR Cu 

potential drop across each wire: arK j 



Relate the resistances of the wires to 
their resistivity, cross-sectional area, 
and length: 



Substitute to obtain: 



Substitute numerical values (see 
Table 2625-1 for the resistivities of 
copper and iron) and evaluate the 
potential differences: 



^Cu = Pen 



*Cu 



and 

^Fe = Pfe 



Fe 



and 

v Fe = 



V, 



Cu 



and 



A 



Cu 
Fe^Fe j 



Fe 



(l.7xlQ- 8 Q-m)(80m) ^ A j 
\ 7r(l mm) 2 



3.46 V 



V Fe = 



(l0xl(T 8 Q-m)(49m)^ ^ 

i~~A ¥ \ 2A ) 
j 7r{\ mm J 



12.5V 



(a) Express the electric field in each 
conductor in terms of its length and 
the potential difference across it: 



and 



Cu 



L, 



Cu 



L 



Fe 



Substitute numerical values and 
evaluate the electric fields: 



3.46 V 
80m 



43.3 mV/m 
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and 



E Fe = 



12.5V 
49 m 



255mV/m 



*49 •• 

Picture the Problem We can use Ohm's law to express the ratio of the potential 
differences across the two wires and R = pL/A to relate the resistances of the wires to 

their lengths, resistivities, and cross-sectional areas. Once we've found the ratio of the 
potential differences across the wires, we can use E = V/L to decide which wire has the 

greater electric field. 



(a) Apply Ohm's law to express the V Cu — IR Cu 

potential drop across each wire: an( j 



Divide the first of these equations V Cu _ _ ^c u ^ 

by the second to express the ratio of V Fe IR Fe R Fe 
the potential drops across the wires: 

Relate the resistances of the wires to n A: u 



. . ^Cu Pcu . 

their resistivity, cross-sectional area, A Cu 
and length: an( j 

4e 



Divide the first of these equations 
by the second to express the ratio of 
the resistances of the wires: 



Substitute in equation (1) to obtain: 



Substitute numerical values (see 
Table 2625-1 for the resistivities of 
copper and iron) and evaluate the 
ratio of the potential differences: 



R, 



A 



Cu 



Cu _ 



A Cu = ACu 
h*. A F e 



because L Cu = L Fe and A Cu = A Fe . 



Cu 



A Cu 

'Fe AFe 



V Cu _ 1.7xlO' 8 Q-m 

^Fe 



10xlO" 8 Q-m 



0.170 
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(b) Express the electric field in each 
conductor in terms of its length and 
the potential difference across it: 



^Cu 



V V 
Cu and E Fe = ^ 



L, 



Cu 



L 



Fe 



Divide the first of these equations 
by the second to obtain: 



r Cu 

F T 

^Cu _ ^Cu 



J Fe 



L, 



Cu 



or 

F 



J Fe 



0.17 



Cu 



= 0.170 



Fe 



5.88£, 



Cu 



Because E Fe = 5.88i? ( 



Cu- 



E is greater in the iron wire. 



50 

Picture the Problem We can use R = pL /A to relate the resistance of the salt solution to 

its length, resistivity, and cross-sectional area. To find the resistance of the filled tube 
when it is uniformly stretched to a length of 2 m, we can use the fact that the volume of 
the solution is unchanged to relate the new cross-sectional area of the solution to its 
original cross-sectional area. 



(a) Relate the resistance of the filled 
tube to the resistivity, cross- 
sectional area, and length of the salt 
solution: 



R = p 



A 



Substitute numerical values and 
evaluate R: 



i? = (lO~ 3 Q-m) 



lm 



7r(2 mm) 2 



79.6Q 



(b) Relate the resistance of the 
stretched tube to the resistivity, 
cross-sectional area, and length of 
the salt solution: 



R' = p — = p — 
A' A' 



(1) 



Letting V represent volume, express 
the relationship between the before- 
stretching volume V and the after- 
stretching volume V: 



V = V 
or 

LA = LA' 



Solve for A' to obtain: 



A' = — A = \A 
V 
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Substitute in equation (1) to obtain: 



R' 



P 



2L_ 
A 



= 4(79.6 Q): 



318Q 



51 

Picture the Problem We can use R = pL /A to relate the resistance of the wires to their 

lengths, resistivities, and cross-sectional areas. To find the resistance of the stretched wire, 
we can use the fact that the volume of the wire does not change during the stretching 
process to relate the new cross-sectional area of the wire to its original cross-sectional 
area. 



Relate the resistance of the 
unstretched wire to its resistivity, 
cross-sectional area, and length: 



R = p 



L 



Relate the resistance of the stretched 
wire to its resistivity, cross-sectional 
area, and length: 



A' 



Divide the second of these equations 
by the first to obtain: 



L' 

R' _ P ^[> _L' A 
P ~A 

or 

R' = 2 — R 
A' 



(1) 



Letting V represent volume, express 
the relationship between the before- 
stretching volume V and the after- 
stretching volume V: 



V = V 
or 

LA = LA' 



Solve for Al A' to obtain: 



A__V_ 
~A'~~L 



= 2 



Substitute in equation (1) to obtain: 



R' = 2(2)R = 4R = 4(0.3 Q): 



1.20Q 
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Picture the Problem We can use R = pL /A to find the resistance of the wire from its 
length, resistivity, and cross-sectional area. The electric field can be found using E = VIL 
and Ohm's law to eliminate V. The time for an electron to travel the length of the wire can 
be found from L = v^At, with Vd expressed in term of I using I = neAv A . 



(a) Relate the resistance of the 
unstretched wire to its resistivity, 
cross-sectional area, and length: 



R = p 



L 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 1 0-gauge wire) and 
evaluated: 



R = (l.7xl(T 8 Q-m) 



100 m 



5.261mm 2 



0.323Q 



(b) Relate the electric field in the 
wire to the potential difference 
between its ends: 



E = 



V_ 
L 



Use Ohm's law to obtain: 



E = 



IR 
L 



Substitute numerical values and 
evaluate E: 



(30A)(0.323H) 



100m 



96.9 mV/m 



(c) Express the time At for an 
electron to travel a distance L in the 
wire in terms of its drift speed Vd: 



At 



L 



Relate the current in the wire to the 
drift speed of the charge carriers: 



/ = neAv, 



Solve for Vd to obtain: 



neA 



Substitute to obtain: 



At = 



neAL 



Substitute numerical values (in Example 25-1 it is shown that n = 8.47x1 0 28 m 3 ) and 
evaluate At: 



'Electric Current and Direct-Current Circuits 361 



At 



(8.47xlQ 28 m' 3 )(l.6xl0 19 c)(5.261mm 2 )(l00m) 
30A 



2.38xl0 5 s 
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Picture the Problem We can use R = pL /A to find express the resistance of the wire 
from in terms of its length, resistivity, and cross-sectional area. The fact that the volume of 
the copper does not change as the cube is drawn out to form the wire will allow us to 
eliminate either the length or the cross-sectional area of the wire and solve for its 
resistance. 



Express the resistance of the wire in 
terms of its resistivity, cross- 
sectional area, and length: 



R = p- 



Relate the volume V of the wire to 
its length and cross-sectional area: 



V = AL 



Solve for L to obtain: 



A 



Substitute to obtain: 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 14-gauge wire) and 
evaluated: 



tf = (l.7xlO- 8 Q.m) r -^ 



(2.081mm 2 ) 2 



0.0314Q 



*54 

A spreadsheet program to plot / as a function of V is shown below. The formulas used to 
calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


2 


h 


A5 


-200 


K(mV) 


A6 


A5 +25 


V+AV 


B5 


$B$l*(EXP(A5/25)- 1) 


j I V 1 25 mV A 





A 


B 


c 


1 


I 0= 


2 


nA 


2 








3 


V 


I 
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4 


(mV) 


(nA) 




5 


-200.0 


-2.00 




6 


-175.0 


-2.00 




7 


-150.0 


-2.00 












15 


50.0 


12.78 




16 


75.0 


38.17 






100.0 


107.20 





The following graph was plotted using the data in spreadsheet table shown above. 




V(mV) 



A spreadsheet program to plot ln(7) as a function of V for V> 0.3 V follows. The 
formulas used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


2 


2nA 


A5 


300 


V 


A6 


A5 + 10 


V+AV 


B5 


LN($B$l*(EXP(A5/25) - 1)) 


ln[/ 0 (/ /25mV -l)J 



A 




C 


I 0= 


2 


nA 








V 


ln(I) 




(mV) 






300 


12.69 




310 


13.09 




320 


13.49 




330 


13.89 




340 


14.29 




350 


14.69 




970 


39.49 





Electric Current and Direct-Current Circuits 363 



980 


39.89 




990 


40.29 




1000 


40.69 





A graph of ln(7) as a function of V follows. Microsoft Excel's Trendline feature was used 
to obtain the equation of the line. 





45 -I 




40 - 




35 




30 




25 








20 




15 




10 - 




5 - 




0 - 



300 



























wn 


= 0.04V + 0.6931 





























































































400 



500 



600 700 

V (mV) 



800 



900 



1000 



For V» 25 mV: 



Take the natural logarithm of both 
sides of the equation to obtain: 



V / 25 mV 

e 

and 



V 1 25 mV 



K/25mV 



ln(/) = ln(/ 0 / /25mV ) 
= ln(/„)- 1 



25 mV 



-V 



which is of the form y = mx + b. 
where 

1 



m = 



0.04 (mV)" 



25 mV 

in agreement with our graphical result. 



55 

Picture the Problem We can use the first graph plotted in Problem 55 to conclude that, 
if V < 0.5 V, then the diode's resistance is effectively infinite. We can use Ohm's law to 
estimate the current through the diode. 



(a) 



From the first graph plotted in Problem 55 we see that, if V < 0.5 V, then 
the current is negligible and the diode has essentially infinite resistance. 



(b) Use Ohm's law to express the 
current flowing through the diode: 



V . 

J resistor 

R 
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For a potential difference across the 
diode of approximately 
0.5 V: 



5V-0.5V 
50Q 



90.0mA 
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Picture the Problem We can use, as our element of resistance, a semicircular strip of 
width t, radius r, and thickness dr. Then dR = [wpjt)dr . Because the strips are in 

parallel, integrating over them will give us the reciprocal of the resistance of half ring. 



Integrate dR from r = a to r = b to 
obtain: 



1 t r dr t , 

— = — — = — In 

R Tip J a r np 



\a) 



Take the reciprocal of both sides of 
the equation to obtain: 



R 



pn 


tin 
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Picture the Problem The element of resistance we use is a segment of length dx and 

cross-sectional area n[a + (b - a)x/L] 2 . Because these resistance elements are in series, 

integrating over them will yield the resistance of the wire. 
b, 




Express the resistance of the chosen 
element of resistance: 



dR = p — = 



P 



A 7r[a + (b-a)(x/L)] 



-dx 



Integrate dR from x = 0 to x = L and 
simplify to obtain: 



*=-Jr- 

n J n \a + 



dx 



[a + (b-a)(x/L,)]' 



pL 



n{b-a) 


pL 




nip -a) 


pL 




7r(b-a) 


pL 




mb 





1 



1_ 

a a + {b-a) 
1 f 



a b 



fb-a] 
{ ab J 
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*58 ••• 



Picture the Problem The diagram shows a 
cross-sectional view of the concentric 
spheres of radii a and b as well as a 
spherical-shell element of radius r. Using 
the Hint we can express the resistance dR 
of the spherical-shell element and then 
integrate over the volume fdled with the 
material whose resistivity p is given to find 
the resistance between the conductors. 
Note that the elements of resistance are in 
series. 




Express the element of resistance 
dR: 



, n dr dr 

dR = p — = p T 

A Am 1 



Integrate dR from r = a to r = b to 
obtain: 



R=JL !dr = P_ 
An' r An 



a b 



J 



Substitute numerical values and 
evaluate R: 



R = 



10 9 Q-m 



An 



1 



1 



1.5 cm 5 cm 



J 



= 3.71xlO y Q 



59 ••• 

Picture the Problem The diagram shows a 
cross-sectional view of the coaxial 
cylinders of radii a and b as well as a 
cylindrical-shell element of radius r. We 
can express the resistance dR of the 
cylindrical-shell element and then integrate 
over the volume fdled with the material 
whose resistivity p is given to find the 
resistance between the two cylinders. Note 
that the elements of resistance are in series. 

Express the element of resistance 
dR: 




Integrate dR from r = a to r = b to 
obtain: 



R 



p r dr 
2nL r 



P 

2nL 



In 
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(b) Apply Ohm's law to obtain: 



Substitute numerical values and 
evaluate /: 



V V 



R p , fb} 
- J — In — 



pin 



in (50cm)(lOV) 
(30Q-m)ln 



2.5cm 



v 1.5 cm j 



2.05A 



Temperature Dependence of Resistance 
*60 • 

Picture the Problem We can use R = pLIA to find the resistance of the rod at 20°C. 
Ignoring the effects of thermal expansion, we can we apply the equation defining the 
temperature coefficient of resistivity, a, to relate the resistance at 40°C to the resistance at 
20°C. 



(a) Express the resistance of the rod 
at 20°C as a function of its 
resistivity, length, and cross- 
sectional area: 



-^20 — PlO 



L 



Substitute numerical values and 
evaluate R20: 



R 20 =(5.5xl(T 8 Q-m) 



0.5 m 
(l mm) 2 



= 27.5 mQ 



(b) Express the resistance of the rod 
at 40°C as a function of its 
resistance at 20°C and the 
temperature coefficient of resistivity 
a: 



R 



40 — P40 



L 

~A 



/? 20 [l + a(? c -20C°)] 



= ^20^ + Pio^^c -20C°) 
= i? 20 [l + a(? c -20C°)] 



Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 
of tungsten) and evaluate R40: 



R 40 = (27.5 mQ) [l + (4.5 x 1(T 3 K 1 )(20 C 0 )] = 



30.0 mQ 
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Picture the Problem The resistance of the copper wire increases with temperature 
according to R t = R 20 [l + a(? c -20C°)] . We can replace R t by 1 . li?2o and solve for tc to 

find the temperature at which the resistance of the wire will be 110% of its value at 20°C. 

Express the resistance of the wire at 1 . li? 2 o = ^20 [l + a {fc ~ 20C°)] 

1.1^2o: 

Simplify this expression to obtain: 1 . 1R 20 — R 2 o + ^2o a i^c ~ 20C°) 

or 

0.1 = a(? c -20C°) 



Solve to tc to obtain: ^ _ 0J_ + 2QQ 0 



"c 

a 



Substitute numerical values (see , _ 0-1 20C° 

Table 25-1 for the temperature ° 3 .9 x 1 (T 3 K" 1 



= 45.6°C 



coefficient of resistivity of copper) 
and evaluate t c : 

62 

Picture the Problem Let the primed quantities denote the current and resistance at the 
final temperature of the heating element. We can express R' in terms of R20 and the final 
temperature of the wire tc using R ' = R 20 [l + a(t c - 20C°)] and relate T , R', ho, and R20 

using Ohm's law. 

Express the resistance of the heating R ' = R 20 [l + oc(t c — 20C°)] (1) 

element at its final temperature as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 

Apply Ohm's law to the heating V = / 2 o^2o 

element when it is first turned on: 

Apply Ohm's law to the heating V = PR' 

element when it has reached its final 

temperature: 

Because the voltage is constant, we PR ' = ^20^20 

have: or 
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Substitute in equation (1) to obtain: 



^-R 20 =R 20 [\ + a{t c -20C°)] 
or 

^ = l + a(; c -20C°) 



Solve for t c to obtain: 



^20 _ J 

t c =— + 20C° 

a 



Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate tc- 



1.5 A 
1.3 A 



tc 0.4xlO~ 3 K _I 



+ 20C° = 



405°C 



63 

Picture the Problem We can apply Ohm's law to find the initial current drawn by the 
cold heating element. The resistance of the wire at 1 000°C can be found using 
i? 1000 = R 20 \} + cc{t c - 20C°)] and the power consumption of the heater at this 

temperature from P = V 2 IR\ 



^1000- 

(a) Apply Ohm's law to find the 
initial current 7 2 q drawn by the 
heating element: 

(b) Express the resistance of the 
heating element at 1 000°C as a 
function of its resistance at 20°C and 
the temperature coefficient of 
resistivity for Nichrome: 

Substitute numerical values (see 
Table 25-1 for the temperature 
coefficient of resistivity of 
Nichrome) and evaluate R\ooo'. 

(c) Express and evaluate the 
operating wattage of this heater at 
1000°C: 



V_ 
R 



2t) 



120V 
SO, 



15.0A 



R mo =R 20 [\ + a(t c -20C°)] 



R 



1000 



(8Q)[l + (0.4xlCT 3 K" 1 ) 
x(l000°C-20C°)] 



= ii. in 



V 2 _ (120 V) 2 _ 



R 



1000 



ii. in 



1.30kW 
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Picture the Problem We can find the resistance of the copper leads using 

R Cu = p Cu L I A and express the percentage error in neglecting the resistance of the leads as 

the ratio of R Cu to i?Ni C hrome- I n P art (c) we can express the change in resistance in the 
Nichrome wire corresponding to a change At c in its temperature and then find Atc by 
substitution of the resistance of the copper wires in this equation. 

(a) Relate the resistance of the n L_ 

, , , . ... -^Cu ~~ Pcu ~ 7 

copper leads to their resistivity, A 

length, and cross-sectional area: 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper) and evaluate Rqu- 

(b) Express the percentage error as 
the ratio of R C u to # N ichrom e : 



^(LTxlO-n.m)-^ 
^7r(0.6mrn) 

= 30.1mQ 
% error = — — 

D 

Nichrome 

ion 1 1 



(c) Express the change in the 
resistance of the Nichrome wire as 
its temperature changes from tc to 
*c': 



Solve for At c to obtain: 



AR = R'-R 

= i? 20 [l + a(^'-20C o )] 
-R 20 [l + a(t c -20C 0 )] 



= R 20 aAt c 



At r 



AR 

R 20 a 



Set AR equal to the resistance of the 
copper wires (see Table 25-1 for the 
temperature coefficient of resistivity 
of Nichrome wire) and evaluate At c : 



Atr 



30.1m£} 



(lO£l)(0.4xl(T 3 K _1 ) 



7.53C C 
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Picture the Problem Expressing the total resistance of the two current-carrying (and 
hence warming) wires connected in series in terms of their resistivities, temperature 
coefficients of resistivity, lengths and temperature change will lead us to an expression in 
which, if p\L\(X\ + P2L2CC2 = 0, the total resistance is temperature independent. In part (b) 
we can apply the condition that p\L\CC\ + piL 2 a2 = 0 to find the ratio of the lengths of the 
carbon and copper wires. 
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(a) Express the total resistance of these two wires connected in series: 



R = R l +R 2 



= p l —(\ + a l AT)+ p 2 —(\ + a 2 AT)+ — \p x L x (l + a x AT) + p 2 L 2 (l + a 2 AT)] 
A A A 



Expand and simplify this expression to obtain: 



If piLi a\ + piL 2 a2 = 0, then: 



R = 



X ~\pl L \ +P2 L l] 



A 



independently of 



the temperature. 



(b) Apply the condition for 
temperature independence obtained 
in (a) to the carbon and copper 
wires: 



p c L c a c +p Cu L Cu a Cu =0 



Solve for the ratio of L Cu to L c : 



^cu _ Pc a c 



Cu 



Substitute numerical values (see Table 25-1 for the temperature coefficient of resistivity 
of carbon and copper) and evaluate the ratio of Lc u to L c : 



L Cu _ (3500 x 1(T 8 D • m)(- 0.5 x 10' 3 K' 1 ) _ 
L c ~ (1.7x10 ^n-m^.QxlO^K ~') 



264 
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Picture the Problem We can use the relationship between the rate at which energy is 
transformed into heat and light in the filament and the resistance of and potential 
difference across the filament to estimate the resistance of the filament. The linear 
dependence of the resistivity on temperature will allow us to find the resistivity of the 
filament at 2500 K. We can then use the relationship between the resistance of the 
filament, its resistivity, and cross-sectional area to find its diameter. 



(a) Express the wattage of the 
lightbulb as a function of its 
resistance R and the voltage V 
supplied by the source: 



P = 



R 
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Solve for R to obtain: 



R 



V 2 



Substitute numerical values and 
evaluated: 

(b) Relate the resistance R of the 
filament to its resistivity p, radius r, 
and length t 

Solve for r to obtain: 



R 



R 



(lOOV) 2 
40 W 

pi 



250Q 



nr 



r = 



\pi_ 
nR 



and the diameter d of the filament is 

(1) 



d = 2 



pi 



nR 



Because the resistivity varies 
linearly with temperature, we can 
use a proportion to find its value at 
2500 K: 



P2500K-/W = 2500K-293K 
/W-A93K 3500K-293K 

_ 2207 

~ 3207 



Solve for pi 50a k to obtain: 



_ 2207/ _ \ 

P2500K — 22Qy v' 3500K P293k)+ P293K 



Substitute numerical values and evaluate />25oo k: 

2207 / x 
A500K = 3207 (l-l/^' m ~56nf2-rn) + 56nQ-m = 774.5 nQ-m 



Substitute numerical values in 
equation (1) and evaluate d: 



d = 2 



1(774.5 nD-m)(0.5 cm) 



n 



(250 Q) 



4.44 jum 
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Picture the Problem We can use the relationship between the rate at which an object 
radiates and its temperature to find the temperature of the bulb. 

(a) At a temperature T, the power P = aAT 4 

emitted by a perfect blackbody is: where G = 5 . 67xl(r 8 W /m 2 -K 4 is the 

Stefan-Boltzmann constant. 



Solve for T: 



FF P 

T = 4 — = * 

V oA V cjndL 
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or, because P = V IR, 



T = i 



V 1 



(TTidLR 



Relate the resistance R of the 
filament to its resistivity p: 

Substitute for R in the expression for 
T to obtain: 



R = 



pL _ 4pL 



T = 



V 2 



= 4 



V 2 d 



(TTulL 



4pL V 4oL 2 p 



7td z 



Substitute numerical values and evaluate T: 



T = f (5V) 2 (40xlQ- 6 m) 

V 4(5 .67 x 1 0~ 8 W/m 2 • K 4 )(0.03 m) 2 (3x10 5 Q- m) 



636K 



(b) 



As the filament heats up, its resistance increases, leading to more power 
being dissipated, leading to further heat, leading to a higher temperature, 
etc. This thermal runaway can burn out the filament if not controlled. 
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Picture the Problem We can use P = V 2 /R to find the power dissipated by the 
two resistors. 



Express the power dissipated in a 
resistor as a function of its resistance 
and the potential difference across it: 

(a) Evaluate P for V= 120 V and 
R = 5 Q: 



P = 



11 
R 



(120 V) 2 
5Q 



2.88kW 



(b) Evaluate P for V= 120 V and 
R= 10 Q: 



_ (120 v) 2 _ 
ion 



1.44kW 



69 • 

Picture the Problem We can solve P mov = I 2 R for the maximum current the 

max m.aX 

resistor can carry and apply Ohm's law to find the maximum voltage that can be 
placed across the resistor. 
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(a) Express the maximum power the 
resistor can dissipate in terms of the 
current flowing through it: 



P = I R 

max max 



Solve for 7 max to obtain: 



P 

J _ I I1K1X 



R 



Substitute numerical values and 
evaluate 7 ma x: 



0.25 W 
lOkfi 



5.00 mA 



(b) Apply Ohm's law to relate the 
maximum voltage across this 
resistor to the maximum current 
through it: 

Substitute numerical values and 
evaluate V max : 



V =1 R 

max max 



^ax=(5mA)(l0k£>) = 



50.0V 
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Picture the Problem We can use P = V 2 /R to find the resistance of the heater and 
Ohm's law to find the current it draws. 



(a) Express the power output of the 
heater in terms of its resistance and 
its operating voltage: 

Solve for and evaluate R: 



R 



R 



_V^_ (240 V) 2 _ 
~ P ~ lkW 



57.6Q 



Apply Ohm's law to find the current 
drawn by the heater: 

(b) Evaluate the power output of the 
heater operating at 120 V: 



V 240 V 



R 51.6Q. 



4.17A 



P = 



(120 V) 2 
57.6^ 



250 W 
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Picture the Problem We can use the definition of power and the relationship between the 
battery's power output and its emf to find the work done by it under the given conditions. 

Use the definition of power to relate p _ AW 

the work done by the battery to the A£ 
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time current is drawn from it: 

Solve for the work done AW = PAt 

in time At: 

Express the power output of the P = SI 

battery as a function of the battery's 

emf: 

Substitute to obtain: AW = SI At 

Substitute numerical values and AW = (l2 V)(3 A)(5 s) : 

evaluate AW: 
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Picture the Problem We can relate the terminal voltage of the battery to it emf, 
internal resistance, and the current delivered by it and then solve this relationship 
for the internal resistance. 

Express the terminal potential V a —V b = S — Ir 

difference of the battery in terms of 
its emf and internal resistance: 

Solve for r: _S-(V a -V\ 



180J 



r = 



Substitute numerical values and 12V — 11.4 V 

r = 

evaluate/-: 20 A 



0.0300Q 



*73 • 

Picture the Problem We can find the power delivered by the battery from the 

product of its emf and the current it delivers. The power delivered to the battery 

can be found from the product of the potential difference across the terminals of 

the starter (or across the battery when current is being drawn from it) and the 

current being delivered to it. In part (c) we can use the definition of power to 

relate the decrease in the chemical energy of the battery to the power it is 

delivering and the time during which current is drawn from it. In part (d) we can 

use conservation of energy to relate the energy delivered by the battery to the heat develops 

the battery and the energy delivered to the starter 



(a) Express the power delivered by p — g[ — (l2 V)(20 A) = 

the battery as a function of its emf 



240 W 
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and the current it delivers: 



(b) Relate the power delivered to the 
starter to the potential difference 
across its terminals: 



P =V I 

starter starter 



= (ll.4V)(20A) = 



228 W 



(c) Use the definition of power to 
express the decrease in the chemical 
energy of the battery as it delivers 
current to the starter: 



AE = PAt 

= (240W)(3min) = 



43.2 kJ 



(d) Use conservation of energy to 
relate the energy delivered by the 
battery to the heat developed in the 
battery and the energy delivered to 
the starter: 



delivered by battery transformed into heat 

+ E 

delivered to starter 

= O + E 

delivered to starter 



Express the energy delivered by the 
battery and the energy delivered to 
the starter in terms of the rate at 
which this energy is delivered: 



PAt = Q + P s At 



Solve for Q to obtain: 



Q = (P-P s )At 



Substitute numerical values and 
evaluate Q: 



Q = (240 W - 228 W)(3 min) 



2.16kJ 



74 • 

Picture the Problem We can use conservation of energy to relate the emf of the 

battery to the potential differences across the variable resistor and the energy 

converted to heat within the battery. Solving this equation for / will allow us to 

find the current for the four values of R and we can use P = 1 2 R to find the power delivered 

the battery for the four values of R. 



Apply conservation of energy £ = IR + Ir 

(Kirchhoff s loop rule) to the circuit 
to obtain: 



Solve for / to obtain: 



376 Chapter 25 



Express the power delivered by the 
battery as a function of the current 
drawn from it: 



P = I 2 R 



(a) For R = 0: 



7 = 



6V 



R + r 0.3Q 

and 

P = (20A) 2 (0) = 



20A 



0 



(b) For# = 5Q: 



6V 



7 = = 

R + r 5Q + 0.3C2 

and 

P = (1.13A) 2 (5Q) = 



1.13A 



6.38W 



(c) For R = 10 Q: 



6V 



7 = = 

R + r 10Q + 0.3H 

and 

7 J = (0.583A) 2 (10Q) = 



0.583A 



3.40W 



(d) For R = co: 



R + r 



lim £ 



6V 



R + 03Q, 



and 



P= 0 



75 

Picture the Problem We can express the total stored energy AJ7 in the battery in terms of 
its emf and the product IAt of the current it can deliver for a period of time At. We can 
apply the definition of power to relate the lifetime of the battery to the rate at which it is 
providing energy to the pair of headlights 



(a) Express AU in terms of s and the 
product IAt: 

Substitute numerical values and 
evaluate AU: 



AU = SIAt 

AU = (12 V)(l60 A • h) = 1.92kW • h 
3.6 MJ 



= 1.92kW-hx 



kW-h 



= 6.91MJ 
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(b) Use the definition of power to ^ _ AE/ 
relate the lifetime of the battery to P 
the rate at which it is providing 
energy to the pair of headlights: 

Substitute numerical values and ^ _ l-92kW • h _ i — 

evaluate At: 150W 1 : 



76 

Picture the Problem We can use conservation of energy (aka Kirchhoff s loop 

Rule) to relate the emf at the fuse box and the voltage drop in the wires to the 

voltage at the outlet box (delivered to the space heater). We can find the number of 60- W li 

bulbs that could be supplied by the this line without blowing the fuse by 

dividing the current available by the current drawn by each 60-W bulb. 



(a) Apply Kirchhoff s loop rule to 
the circuit to obtain: 



S -V -V = 0 

' wires ' outlet w 



or 

£-IR 



-V = 0 

wires outlet 



Solve for V ou ,\ et to obtain: 



V — P JR 

' outlet ° wires 



Relate the resistance of the copper 
wires to the resistivity of copper, the 
length of the wires, and the cross- 
sectional 

area of 12-gauge wire: 



^wires P(Z\x 



L 

~A 



Substitute to obtain: 



^outlet — & ' 



Substitute numerical values (see 
Table 25-1 for the resistivity of 
copper and Table 25-2 for the cross- 
sectional area of 

12-gauge wire) and evaluate F out iet: 



V =120V 

Y outlet 1Z,U v 



(l2.5A)(l.7xlQ' 8 Q-m)(60m) 
3.309 mm 2 



= 116V 



(b) Relate the number of bulbs jVto 
the maximum current available and 
the current drawn by each 60-W 
bulb: 



T -12.5 A 



l bulb 



(1) 
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Use Ohm's law to relate the current 
drawn by each bulb to the potential 
difference across it and it's 
resistance: 



bulb 



R 



bulb 



Express the resistance of each 60-W 
bulb: 

Substitute to obtain: 



R 



bulb 



bulb 



P 

PV 



Substitute in equation (1) to obtain: 



N = - 



12.5A 



PV 

r-2 



PV 



(7 max -12.5A) 



Substitute numerical values and 
evaluate N: 



(120 V) 2 ( 2QA _ 125A ) 
(60W)(116V) V ' 



= 15 bulbs 



*77 

Picture the Problem We can use P =fv to find the power the electric motor must 
develop to move the car at 80 km/h against a frictional force of 1200 N. We can find the 
total charge that can be delivered by the 1 0 batteries using AQ = NIAt . The total 

electrical energy delivered by the 1 0 batteries before recharging can be found using the 
definition of emf. We can find the distance the car can travel from the definition of work 
and the cost per kilometer of driving the car this distance by dividing the cost of the 
required energy by the distance the car has traveled. 



(a) Express the power the electric 
motor must develop in terms of the 
speed of the car and the friction 
force: 



p = jv = (l200N)(80km/h) 



26.7 kW 



(b) Use the definition of current to 
express the total charge that can be 
delivered before charging: 



AQ = NIAt = \0(\60A-h) 



3600s 



5.76MC 



where N is the number of batteries. 
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(c) Use the definition of emf to 
express the total electrical energy 
available in the batteries: 



W = 0£ = (5.76MC)(l2V) 



69.1MJ 



(d) Relate the amount of work the 
batteries can do to the work required 
to overcome friction: 



W = fd 



Solve for and evaluate d. 



W 69.1MJ 



/ 1200 N 



57.6km 



(e) Express the cost per kilometer as the ratio of the ratio of the cost of the energy to the 
distance traveled before recharging: 



Cost/km = 



_ ($0.09/kW-h)gft _ ($0.09/kW-h)(l20V)(l60A-h) _ 



57.6km 



$0.03 /km 
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Picture the Problem We can use the definition of power to find the current drawn 
by the heater and Ohm's law to find its resistance. In part (b) we'll use the hint to 
show that AP/P « 2AVIV in part (c) use this result to find the approximate power 
dissipated in the heater if the potential difference is decreased to 115V. 

(a) Use the definition of power to j _ 

relate the current / drawn by the V 
heater to its power rating P and the 
potential difference across it V: 

Substitute numerical values and j _ 100 W _ I q 333 a 
evaluate/: 120 V ^ 



Apply Ohm's law to relate the 120 V _ ^ _^ 0 

resistance of the heater to the I 0.833 A 
voltage across it and the current it 
draws: 



(b) Approximate dP/dV by dP ^ AP_ ^ ^ ^ dP_ ^ y 

differentials: dV ~ AV ~ dV 



Express the dependence of P on V: V 



2 
R 
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Assuming R to be constant, evaluate 
dPIdV: 



dP _ d 
dV ~ dV 



R 



2V_ 
R 



Substitute to obtain: 



2V 



V 2 AV 



AV 



AP*—AV = 2 — — = 2P 

R R V V 



Divide both sides of the equation by 
P to obtain: 

(c) Express the approximate power 
dissipated in the heater as the sum 
of its power consumption and the 
change in its power dissipation 
when the voltage is decreased by 
AV: 

Substitute numerical values and 
evaluate P: 



AP _ 
P 


2 AV 
V 




P » P 0 + AP 




-P + 2P AV 


= p« 


v V J 




( 





p»(ioow) 



f 



1 + 2 

V v 



■5V 
120V 



91.7W 



J J 



Combinations of Resistors 
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Picture the Problem We can either solve this problem by using the expression 
for the equivalent resistance of three resistors connected in parallel and then using 
Ohm's law to find the current in each resistor, or we can apply Ohm's law first to 
find the current through each resistor and then use Ohm's law a second time to 
find the equivalent resistance of the parallel combination. We'll follow the first 
procedure. 



(a) Express the equivalent resistance 
of the three resistors in parallel and 
solve for R e 



1 

and 



1 1 1 

+ + 

4Q 3Q 6Q 



1.33Q 



(b) Apply Ohm's law to each of the 
resistors to find the current flowing 
through each: 



V 12V 



4Q 

V 



4Q 
12V 



3Q 3Q 



3.00A 



4.00A 



and 
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V _12V 
6Q ~ 6Q 



2.00A 



Remarks: You would find it instructive to use Kirchhoff's junction rule 
(conservation of charge) to confirm our values for the currents through the three 
resistors. 
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Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We can then add that resistance and the 3-D 
resistance to find the equivalent resistance between points a and b. In part (b) we'll denote 
the currents through each resistor with subscripts corresponding to the resistance through 
which the current flows and apply Ohm's law to find those currents. 



(a) Express the equivalent resistance 
of the two resistors in parallel and 
solve for R eq y. 



1 



^eq,l 

and 

^eq,l 



1 1 

■ + - 



1 



- + ■ 



1 



R, R, 6Q 2Q 



1.50Q 



Because the 3-D resistor is in series 
with R eq y. 

(b) Apply Ohm's law to the network 
to find h\ 



R =R,+R . 

eq 3 eq,l 

= 3Q + 1.5Q 

V ah 12V 



h = 



R. 



eq 



4.5Q 



4.50Q 



2.67A , 



Find the potential difference across 
the parallel resistors: 



V = V -V 

' 6 &2 ' ab r 3 



= 12V-(2.67A)(3Q) = 4V 



Use the common potential 
difference across the resistors in 
parallel to find the current through 
each of them: 



6 R 6 6Q 
and 



0.667A 



6&2 



4V 
2Q 



2.00A 
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Picture the Problem Note that the resistors between a and c and between c and b are in 
series as are the resistors between a and d and between d and b. Hence, we have two 
branches in parallel, each branch consisting of two resistors R in series. In part (b) it will 
be important to note that the potential difference between point c and point d is zero. 
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(a) Express the equivalent resistance 
between points a and b in terms of 
the equivalent resistances between 
act and adb: 



R. 



eq 



R 



neb 



R 



(u/b 



J_ J_ 
2R 2R 



Solve for R eq to obtain: 



R 



(b) 



Because the potential difference between points c and d is zero, 
no current would flow through the resistor connected between 
these two points, and the addition of that resistor would not 
change the network. 
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Picture the Problem Note that the 2-D. resistors are in parallel with each other and with 
the 4-Q. resistor. We can Apply Kirchhoff s loop rule to relate the current 7 3 drawn from 
the battery to the emf of the battery and equivalent resistance R eq of the resistor network. 
We can find the current through the resistors connected in parallel by applying 
Kirchhoff s loop rule a second time. In part (b) we can find the power delivered by the 
battery from the product of its emf and the current it delivers to the circuit. 



(a) Apply Kirchhoff s loop rule to 
obtain: 



Solve for A: 



R 



(1) 



eq 



Find the equivalent resistance of the 
three resistors in parallel: 



1111 

= — + — + ■ 



1 1 1 

■ + + ■ 



^2 ^2 ^4 2Q 2Q 4Q 

and 

i? eql =0.8Q 



Find the equivalent resistance of 
/? eq ,i andi?3 in series: 



R =R i +R eql =3Q + 0.8Q = 3.8Q 



Substitute in equation (1) and 
evaluate ^3: 



6V 
3.8Q 



1.58A 



Express the current through each of 
the parallel resistors in terms of their 
common potential difference V: 



V_ 



and I, 



V_ 
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Apply Kirchhoff s loop rule to 
obtain: 



£-I 3 R 3 -V = 0 



Solve for V: 



V = £-I 3 R 3 



= 6V-(l.58A)(3fi) = 1.26V 



Substitute numerical values and 
evaluate h and I4. 



and 



1.26V 
2D 



1.26V 
4Q 



0.630A 



0.315A 



(b) Express P in terms of s and 73: 



P = £I 3 =(6V)(l.58A) = 



9.48 W 



Remarks: Note that the currents / 3 , 1 2 , and / 4 satisfy Kirchhoff's junction rule. 
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Picture the Problem Let r represent the 
resistance of the internal resistance of the 
power supply, s the emf of the power 
supply, R the resistance of the external 
resistor to be placed in series with the 
power supply, and I the current drawn from 
the power supply. We can use Ohm's law 
to express the potential difference across R 
and apply Kirchhoff s loop rule to express 
the current through R in terms of s, r, and 
R. 




Express the potential difference 
across the resistor whose resistance 
\sR: 



V R =IR 



(1) 



Apply Kirchhoff s loop rule to the 
circuit to obtain: 



£-Ir-IR = 0 



Solve for I to obtain: 



r + R 



Substitute in equation (1) to obtain: 



I £ ^ 
yr + Rj 



R 
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Solve for R to obtain: R _ V R r 



£-V R 



Substitute numerical values and ^ _ (4.5 V)(50Q) _ i ^^qq 
evaluated: 5V-4.5V ' 
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Picture the Problem We can apply Kirchhoff s loop rule to the two circuits described in 



the problem statement and solve the resulting 


equations simultaneously for r and 


£. 


(a) and (b) Apply Kirchhoff s loop 


£-I x r-I x R 5 =0 




rule to the two circuits to obtain: 


and 






£-I 2 r-I 2 R n =0 




Substitute numerical values to 


£-(0.5A)r-(0.5A)(5Q)=0 




obtain: 


or 






£-(0.5A)r = 2.5V 


(1) 




and 






£ - (0.25 A)r- (0.25 A)(l 1 Q) = 


0 




or 

8- (0.25 A)r = 2.75 V 


(2) 



Solve equations (1) and (2) 
simultaneously to obtain: 



£ = 



3.00V 



and r = 



1.00Q 



85 

Picture the Problem We can use the formula for the equivalent resistance for two 
resistors in parallel to show that R eq = Rix/(\ + x). 



(a) Express the equivalent resistance 
of Ri and R2 in parallel: 



Letx = R2/R1 to obtain: 



R l +xR l 



l + x 



-R 



(b) The following graph of R eq /R\ versus x was plotted using a spreadsheet program. 



Electric Current and Direct-Current Circuits 385 




86 

Picture the Problem We can use KirchhofP s loop rule to relate the required resistance to 
the emf of the source and the desired current. We can apply KirchhofP s rule a second 
time to the circuit that includes the load resistance r to establish the largest value it can 
have if it is to change the current drawn from the source by at most 1 0 percent. 



(a) Apply KirchhofP s loop rule to 
the circuit that includes the source 
and the resistance R to obtain: 



£-IR = 0 



Solve for R to obtain: 



R = 



Substitute numerical values and 
evaluate R: 

(b) Letting T represent the current 
in the loaded circuit, express the 
condition that the current drops by 
less than 10%: 



R = 



5V 
10mA 



500Q 



/-/' r 

= 1 <0.1 

/ I 



(1) 



Letting r represent the load 
resistance, apply KirchhofP s loop 
rule to the circuit to obtain: 



£-I'r- I'R = 0 



Solve for T to obtain: 



r = 



r + R 



Substitute for / and T in equation 
(1): 



1_Z±A<0.1 ^1— !L_ 
£ r + R 

R 



<0.1 
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Solve for r to obtain: 

Substitute the numerical value for R 
to obtain: 



r < 



OAR 



r < 



0.9 

0. 1(500 Q)_ 
0.9 



55.6Q 



87 » 

Picture the Problem We can simplify the network by first replacing the resistors that are 
in parallel by their equivalent resistance. We'll then have a parallel network with two 
resistors in series in each branch and can use the expressions for resistors in series to 
simplify the network to two resistors in parallel. The equivalent resistance between points 
a and b will be the single resistor equivalent to these two resistors. In part (b) we'll use 
the fact that the potential difference across the upper branch is the same as the potential 
difference across the lower branch, in conjunction with Ohm's law, to find the currents 
through each resistor. 



(a) Express and evaluate the 
equivalent resistance of the two 6-D. 
resistors in parallel and solve for 



RfR, 

R - 



(6Q) 2 
6Q + 6Q 



= 3Q 



Find the equivalent resistance of the 
6-D resistor is in series with R eq ,i'- 



R eq ,2 - R 6+ Req.1 

= 6Q + 3Q = 9Q 



Find the equivalent resistance of the 
12-Q resistor in series with the 6-D. 
resistor: 



^eq,3 - ^6 + ^12 

= 6Q + 12Q = 18Q 



Finally, find the equivalent 

resistance of 

^eq,3 hi parallel with R eq ,2- 



R 



^eq,2 + ^eq,3 

(9Q)(l8Q) 
9Q + 18Q 



6.00Q 



(b) Apply Ohm's law to the upper 
branch to find the current I u = I i2 = 



12V 



V. 



ah 



R 



eq,3 



18Q 



0.667A 
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Apply Ohm's law to the lower 
branch to find the current 

I — i ■ ■ ■ 

I I 1 6-Q resistor in series ■ 



v 

1=1 . . - 

I 6-Q. resistor in series 



R 



eq,2 



12V 
~9Q~ 



1.33A 



Express the current through the 6-Q 
resistors in parallel: 



/ . = L I 

6-Q resistors in parallel 2 / 



= i(l.33A) 



= 0.667 A 
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Picture the Problem Assign currents in each of the resistors as shown in the diagram. We 
can simplify the network by first replacing the resistors that are in parallel by their 
equivalent resistance. We'll then have a parallel network with two resistors in series in 
each branch and can use the expressions for resistors in series to simplify the network to 
two resistors in parallel. The equivalent resistance between points a and b will be the 
single resistor equivalent to these two resistors. In part (b) we'll use the fact that the 
potential difference across the upper branch is the same as the potential difference across 
the lower branch, in conjunction with Ohm's law, to find the currents through each 
resistor. 

4Q 

4.1 W— 



4 



6i2 

-vW- 



4 



2Q 4£2 




(a) Express and evaluate the 
equivalent resistance of the resistors 
in parallel in the upper branch and 
solve for R eq y. 



^eq,l - 



(^2+^4)^4 

{R 2 +R 4 ) + R 4 

(6Q)(4Q) 
2Q+4Q+4Q 



= 2.4Q 



Find the equivalent resistance of the 
6-Q resistor is in series with R eq ,i- 



^eq,2 - ^6 + ^eq,l 

= 6Q + 2.4Q = 8.4Q 



Express and evaluate the equivalent 
resistance of the resistors in parallel 
in the lower branch and solve for 
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R 



eq,2- 



Find the equivalent resistance of the 
4-D. resistor is in series with R eq ,2- 



= 4Q + 4Q = 8Q 



Finally, find the equivalent 
resistance of R eq ^ in parallel with 



R 



cq,3 • 



n _ ^eq,2^eq,3 
^ ^eq,2 + ^eq,3 

_ (8.4 O) (8 O) 
~ 8.4Q + 8Q 



4.10Q 



(b) Apply Ohm's law to the upper 
branch to find the current I\ : 



*eq,2 8.4Q 



1.43 A 



Find the potential difference across 
the 4-Q and 6-Q parallel 
combination in the upper branch: 



V 4&6 =\2V-V 6 =\2V-I U R 6 
= 12V-(l.43A)(6n) 
= 3.43 V 



Apply Ohm's law to find the current 

u 



7 _V 6 _ 3.43 V 
4 R 6 6Q 



0.572A 



Apply Ohm's law to find the current 



= V 4 = 3.43 V 
3 i? 4 4Q 



0.858A 



Apply Ohm's law to the lower 
branch to find the current 7 2 : 



/ _ ^ _ 12V 

2 ^eq,2 8Q 



1.50A 



Find the potential difference across 
the 8-Q and 8-Q parallel 
combination in the lower branch: 



^ &8 =12V-/ 3 i? 4 



= 12V-(l.5A)(4n) 
= 6V 



Apply Ohm's law to find I 5 = h\ 



L=L = 



8Q 8Q 



0.750A 



*89 

Picture the Problem We can use the equation for N identical resistors connected 

in parallel to relate TV to the resistance R of each piece of wire and the equivalent resistance 



Express the resistance of the N 
pieces connected in parallel: 



J_ 



N_ 
R 



where R is the resistance of one of the TV 
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Relate the resistance of one of the TV 
pieces to the resistance of the wire: 



pieces. 

r=* 



N 



Substitute to obtain: 



1 _ N 
R R 

eq wire 



Solve for N: 



N = 



R. 



eq 



Substitute numerical values and 
evaluate N: 



N = 



/ 120Q 
L875Q 
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Picture the Problem We can assign currents as shown in the diagram of the first 
arrangement of resistors and apply Kirchhoff s loop rule to obtain an expression for 




Assign currents as shown in the diagram below for the second arrangement of the resistors 
and apply Kirchhoff s loop rule to obtain an expression for / 8 2 that we can equate to 7 8 ,i 
and solve for R. 

8£2 R 16 O. 

VW v/W nAAA- 




Apply Kirchhoff s loop rule to the 
first arrangement of the resistors: 



o 



where I\ is the current drawn from the 
battery. 
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Solve for /, to obtain: 



R 



eq,l 



Find the equivalent resistance of the 
first arrangement of the resistors: 



eq '' sn + R 

_ (24Q)i? + 128Q 2 
R + 8Q 



Substitute to obtain: 



Apply Kirchhoff s loop rule to the 
loop containing R and the 8-Q 
resistor: 



S 



(24Q)i? + 128Q 2 
i? + 8Q 
£(R + 8Q) 
~ (24Q)i? + 128Q 2 

7 8 (8Q)+7?(/ I -/ 8 ) = 0 



Solve for 7 8;] to obtain: 



Express 7g,2 in terms of I\ and I%y. 

Substitute for I\ and 7 8 ,i and simplify 
to obtain: 



R 



R 



R + SQ y 
SR 



£(R + $n) 
(24Q)i? + 128Q 2 



(24Q)i? + 128Q 2 



-^8,2 h ^8,1 



! 8,2 



s{r + %q) 

(24Q)i? + 128Q 2 
£R 



(24Q)i? + 128Q 2 
(8Q)g 



(24Q)i? + 128Q 2 



Apply Kirchhoff s loop rule to the 
second arrangement of the resistors: 



^-^e q ,2=0 

where h is the current drawn from the 
battery. 
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Solve for I 2 (= ^8,2) to obtain: 



^2 ~ ^8,2 



R 



eq.2 



Find the equivalent resistance of the 
second arrangement of the resistors: 



R n7 =R + 24Q, 

eq,2 



Substitute to obtain: 



-^8,2 ~~ 



R + 24Q 



Equate 7s,i and 



£R 



(24Q)i? + 128Q 2 (24Q)i? + 128Q 2 



Solve for R to obtain: 



R= 8.00Q 
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Picture the Problem We can find the equivalent resistance R ab between points a and b 
and then set this resistance equal, in turn, to R\, Ri, and R\ and solve for R3, R 2 , and R\, 
respectively. 



(a) Express the equivalent resistance 
between points a and b: 



" b R x +R 2 3 



Equate this expression to R\. 



„ R,R 7 „ 
R, = — l -^ + R, 
R,+R 2 



Solve for Rt, to obtain: 



R 



R l +R 2 



(b) Set R 3 equal to R } 



ah- 



_ RtR-> „ 
R, = — l -^ + R, 
J R, + R 2 



Solve for R 2 to obtain: 
(c) Set Ri equal to R a i,: 



R 2 = 0 



or 



1 2 - + & 



R { +R 2 



i?j — Rt,R\ ~ R 2 R i ~ ^ 
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Solve the quadratic equation for R\ 
to obtain: 



i? 3 + + 4i? 2 i? 3 



where we've used the positive sign because 
resistance is a non-negative quantity. 
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Picture the Problem We can substitute the given resistances in the equations 
derived in Problem 91 to check our results from Problem 78. 



(a) For fii = 4Q and R 2 = 6 Q: 



and 

R ah 



Rt 



R x +R 2 



R l R 2 

R x +R 2 



(4n)' 

4Q + 6Q 



1.60Q 



+ R, 



(4Q)(6Q) + 1 
4Q + 6Q 



6Q = 



4.00Q 



(b) For fii = 4Q and R 3 = 3 Q: 



R 2 -- 
and 



R 



ah 



R+0 



+ R, = 0 + 3Q 



= 3.00Q 



(c) For R 2 = 6 Q and R 3 = 3 Q: 



3Q + V(30) 2 +4(6Q)(3Q) 



Kirchhoff's Rules 



3Q + 9Q 



6.00Q 



and 



R 1 +R 2 



_ (6Q)(6Q) 
~ 6Q+6Q 



3Q = 



6.00Q 



*93 • 

Picture the Problem We can relate the current provided by the source to the 
rate of Joule heating using P = I 2 R and use Ohm's law and Kirchhoff s rules to 
find the potential difference across R and the value of r. 
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(a) Relate the current / in the circuit 
to rate at which energy is being 
dissipated in the form of Joule heat: 

Substitute numerical values and 
evaluate /: 



P 

P = I R or / 



1 8W 




4.00A 




0.5Q ~ 





(b) Apply Ohm's law to find V R \ 

(c) Apply Kirchhoff s loop rule to 
obtain: 



V R =/i? = (4A)(0.5n) = 
£-Ir-IR = 0 



2.00V 



Solve for r. 



£-iR £ p 

r = = R 

I I 



Substitute numerical values and 
evaluate r. 



4A 



1.00Q 



94 • 

Picture the Problem Assume that the current flows clockwise in the circuit and let £\ 

represent the 12-V source and £j the 6-V source. We can apply Kirchhoff s loop rule 
(conservation of energy) to this series circuit to relate the current to the emfs of the 
sources and the resistance of the circuit. In part (b) we can find the power delivered or 

absorbed by each source using P= £1 and in part (c) the rate of Joule heating using 
P = I 2 R. 



(a) Apply Kirchhoff s loop rule to 
the circuit to obtain: 



S x -IR 2 -£ 2 -IR 4 =0 



Solve for /: 



R 2 +R 4 



Substitute numerical values and 
evaluate /: 



12V-6V 
2^ + 4^ 



1.00A 



(b) Express the power 
delivered/absorbed by each source in 
terms of its emf and the current 
drawn from or forced through it: 



P 12 = £ 12 / = (12V)(1A) = 
and 

P 6 =£ 6 / = (-6V)(lA) = 



12W 



6W 
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where the minus sign means that this 
source is absorbing power. 



(c) Express the rate of Joule heating 
in terms of the current through and 
the resistance of each resistor: 



P 2 =I 2 R 2 ={\Af{2£L) = 
and 

P 4 =I 2 R 4 ={\Af{4Cl) = 



2.00 W 



4.00 W 
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Picture the Problem The circuit is shown in the diagram for part (a). £\ and r\ denote 

the emf of the "sick" battery and its internal resistance, £ 2 and r 2 the emf of the second 
battery and its internal resistance, and R is the load resistance. Let I\, I 2 , and I R be the 
currents. We can apply Kirchhoff s rules to determine the unknown currents. In part (c) 

we can use P = SI to find the power delivered or absorbed by each battery and P = I 2 R to 
find the power dissipated in the internal and load resistors. 



(a) The circuit diagram is shown to 
the right: 



/ 



(b) Apply Kirchhoff s junction rule 
to junction 1 to obtain: 



(1) 



Apply Kirchhoff s loop rule to loop 
1 to obtain: 



Apply Kirchhoff s loop rule to loop 
2 to obtain: 



S x -r x I x -RI R =Q 



or 



11.4V-(0.01D)/ 1 -(2D)/^ =0 (2) 



£ 2 -r 2 I 2 -RI R =0 



or 



12.6V - (0.01Q)/ 2 - {2Q.)l R =0 (3) 



Solve equations (1), (2) and (3) 
simultaneously to obtain: 



and 



■57.0A 



63.0A 
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(c) Express the power delivered by 
the second battery in terms of its 
emf and the current drawn from it: 



I R = 6.00 A 



where the minus sign for I\ means that the 
current flows in the direction opposite to the 
direction we arbitrarily chose, i.e., the 
battery is being charged. 



p i =^2 I i =(12.6V)(63.0A) = 



794 W 



Express the power absorbed by the 
second battery in terms of its emf 
and the current forced through it: 

Find the power dissipated in the 
internal resistance r\ : 



p i =£ l I l =(ll.4V)(57.0A) = 



P =/ 1 V 1 =(57A) 2 (0.0in) = 



650 W 



32.5 W 



Find the power dissipated in the 
internal resistance r 2 : 



p r =l 2 2 r 2 =(63A) 2 (0.0m): 



39.7 W 



Find the power dissipated in the 
load resistance R: 



P R =I 2 R R = (6Af(2Q): 



72.0 W 



Remarks: Note that the sum of the power dissipated in the internal and load 
resistances and that absorbed by the second battery is the same as that delivered by 
the first battery ... just as we would expect from conservation of energy. 
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Picture the Problem Note that when both switches are closed the 50-D. resistor 
is shorted. With both switches open, we can apply Kirchhoff s loop rule to find the 
current I in the 1 00-D. resistor. With the switches closed, the 1 00-D. resistor and R are in 
parallel. Hence, the potential difference across them is the same and we can express the 
current 7 10 o in terms of the current I tot flowing into the parallel branch whose resistance is 
R, and the resistance of the 1 00-Q resistor. 7 tot , in turn, depends on the equivalent 
resistance of the closed-switch circuit, so we can express 7ioo = I in terms of R and solve 
fori?. 



Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit with both switches open: 



£ - (300 Q)I - (l 00 Q)/ - (50 Q)/ = 0 
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Solve for / to obtain: 

Relate the potential difference 
across the 100-Q resistor to the 
potential difference across R when 
both switches are closed: 

Apply Kirchhoffs junction rule at 
the junction to the left of the 100-Q 
resistor andR: 



1.5V 



Substitute to obtain: 



/ = 

450Q 450Q 
{\00Q)l m =RI R 



= 3.33mA 



-'tot ~~ A 00 + *r 

or 

I r = Aot — A oo 

where 7 tot is the current drawn from the 
source when both switches are closed. 

(100Q)/ I00 =i?(7 tot -/ I00 ) 



or 



100 



i? + 100Q 



(1) 



Express the current I tot drawn from 
the source with both switches 
closed: 

Express the equivalent resistance 
when both switches are closed: 



_£ 
R 



eq 



(ioon)n +300n 

q i? + 100Q 



Substitute to obtain: 



1.5V 



(l00Q)i? 
i? + 100Q 



+ 300Q 



Substitute in equation (1) to obtain: 



'100 



R 



1.5V 



R+\oon (lQQQ)i? 

i? + 100Q 
(l.5V)i? 
(400 Q)R + 30,000 Q 2 
3.33mA 



+ 300Q 



Solve for and evaluate R: 



R= 600Q 
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Remarks: Note that we can also obtain the result in the third step by applying Kirchhoff's 
loop rule to the parallel branch of the circuit. 

*97 ** 

Picture the Problem Let Ii be the current delivered by the left battery, I 2 the current 
delivered by the right battery, and h the current through the 6-Q. resistor, directed down. 
We can apply Kirchhoff s rules to obtain three equations that we can solve simultaneously 
for I u I 2 , and h. Knowing the currents in each branch, we can use Ohm's law to find the 
potential difference between points a and b and the power delivered by both the sources. 



(a) Apply Kirchhoff s junction rule 
at junction a: 

Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 

Apply Kirchhoff s loop rule to a 
loop around the left-hand branch of 
the circuit to obtain: 



Solve these equations 
simultaneously to 
obtain: 



or 



12V-(4Q)/ 1 +(3Q)/ 2 -12V = 0 

-(4Q)/ I + (3Q)/ 2 =0 

12 V- (4 QX -(6Q)/ 3 =0 



* i 

h = 
and 
/, = 



0.667 A 



0.889A 



1.56A 



(b) Apply Ohm's law to find the V ab = (6Q)/ 3 = (6Q)(l.56 A) 

potential difference between points _ \ g 26V 

a and b: 



(c) Express the power delivered by 
the 12-V battery in the left-hand 
branch of the circuit: 



= (12V)(0.667A) : 



8.00W 



Express the power delivered by the 
12-V battery in the right-hand 
branch of the circuit: 



^right — 



= (12V)(0.889A) = 



10.7W 
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Picture the Problem Let I\ be the current delivered by the 7-V battery, I 2 the current 
delivered by the 5-V battery, and I 3 , directed up, the current through the 1-Q resistor. We 
can apply Kirchhoff s rules to obtain three equations that we can solve simultaneously for 
I\, h, and 7 3 . Knowing the currents in each branch, we can use Ohm's law to find the 
potential difference between points a and b and the power delivered by both the sources. 



(a) Apply Kirchhoff s junction rule 
at junction a: 

Apply Kirchhoff s loop rule to a 
loop around the outside of the 
circuit to obtain: 



7V-(2Q)/ 1 -(lQ)/ 3 =0 



Apply Kirchhoff s loop rule to a 
loop around the left-hand branch of 
the circuit to obtain: 



7 V - (2 QX - (3 Q)/ 2 + 5 V = 0 
or 

(2Q)/ 1 + (3Q)/ 2 =12V 



Solve these equations 
simultaneously to obtain: 



h = 
and 



3.00A 



2.00A 



1.00A 



(b) Apply Ohm's law to find the 
potential difference between points 
a and b: 



V ab =-5V + {3Q)I 2 
= -5V + (3Q)(2A) 



1.00 V 



(c) Express the power delivered by 
the 7-V battery: 



P 7 =£r i= (7 V)(3A) = 



21.0W 



(c) Express the power delivered by 
the 5-V battery: 



P 5 =£/ 2 =(5V)(2A) = 



10.0W 
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Picture the Problem We can apply Kirchhoff s rules to the two circuits to 
determine the current, and hence the power, supplied to the load resistor R for the 
two connections of the batteries. Differentiation, with respect to the load resistor, 
of the expressions for the power delivered to the load resistor will allow us to 
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identify the conditions under which the power delivered is a maximum and to 
decide whether the power supplied to R greater when R < r or when R > r. 



The series connection of the batteries 
is shown to the right: 



Express the power supplied to R: 



nMM — AV — lh 



R 



Apply KirchhofPs loop rule to 
obtain: 



rI s +£-rI s +£-RI s =0 



Solve for L to obtain: 



1 = 



2S 



2r + R 



Substitute to obtain: 



P = 



28 



2r + R 



R = 



4£ 2 R 
J^R) 2 



(1) 



Set the derivative, with respect to R, 
of equation (1) equal to zero for 
extrema: 



dP^ = d_ 
dR dR 



4£ 2 R 



{2r + Rf 

_ (2r + R) 2 4s 2 - 4s 2 R(2)(2r + R) 
~ (2r ■ Rf 

= 0 for extrema. 



Solve for R to obtain: 



R = 2r 



Examination of the second derivative of P s at R = 2r shows that R = 2r corresponds to a 
maximum value of P v and hence, for the series combination, 



the power delivered to the load is greater if R > r and is greatest when R = 2r. 



400 Chapter 25 



The parallel connection of the 
batteries is shown to the right: 



Express the power supplied to R: 



— ih 



h-vw ih 



R 



p p 



Apply Kirchhoffs junction rule to 
point a to obtain: 



Apply Kirchhoffs loop rule to loop 
1 to obtain: 



- rl x + £ - £ + rl 2 = 0 
or 



Apply Kirchhoffs loop rule to the 
outer loop to obtain: 



£-RI v -rl x =0 



or 

£-RI p -±rI p =0 



Solve for I p to obtain: 



/ = 



P \r + R 



Substitute to obtain: 



R = 



£ 2 R 



& + rY 



(2) 



Evaluate equation (1) when 
r = R\ 



P s {r = R) = 



4£ 2 R 4 £ 2 



(2R + R) 2 9 R 



Evaluate equation (2) when 
r = R: 



P p {r = R) = 



£ 2 R 4 £ 2 



i^R + Rf 9 R 



Thus, we see that if r = R, both arrangements provide the same power to the load. 
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Set the derivative, with respect to R, 
of equation (2) equal to zero for 
extrema: 



<K 

dR 



d_ 
dR 



S 2 R 



_ (\r + R) 2 £ 2 -s 2 R{l){\r + R) 



0 for extrema. 



Solve for R to obtain: 



R 



_ i 



Examination of the second derivative of P at R 



r shows that R = \r 



corresponds to a maximum value of P and hence, for the parallel 
combination, the power delivered to the load is greater if R < r and a 



maximum when R = ±-r. 



*100 

Picture the Problem Let the current drawn from the source be /. We can use Ohm's law 
in conjunction with Kirchhoff s loop rule to express the output voltage as a function of V, 
Ri, and R 2 . In (b) we can use the result of (a) to express the condition on the output 
voltages in terms of the effective resistance of the loaded output and the resistances R\ 
and R 2 . 



(a) Use Ohm's law to express V out in 
terms of R 2 and /: 



v out = IR 2 



Apply Kirchhoff s loop rule to the 
circuit to obtain: 



V-IR,-IR 2 =Q 



Solve for /: 



7 = 



V 



R l+ R 2 



Substitute for / in the expression for 
V out to obtain: 



V 



\ R \ +R 2J 



R, 



V 



R, 



\ R \+ R 2J 



(b) Relate the effective resistance of 
the loaded circuit R eff to R 2 and 



1 1 1 

■ = + - 



^eff ^2 ^load 



Solve for R 



load- 



D ^2^eff 
-^load — 



^2 ~ ^eff 



(1) 



Letting V' out represent the output 

voltage under load, express the 
condition that V out drops by less 
than 1 0 percent of its unloaded 



V -V V 

out _j 21!L< 0.1 (2) 



out 
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value: 



Using the result from (a), express 
V' out in terms of the effective output 
load R e ff. 



V =V 

' out ' 



R 



eff 



\ R i + R e ffJ 



Substitute for V out and V' out in 
equation (2) and simplify to obtain: 



R 



eff 



i-A±^ <0 .i 



R l +R 2 



or 



X _ R {R l+ R 2 ) A 
R 2 [R l +R eff ) 



Solve for R ef f. 



0 .9R A 



v eff 



R, +0.1R, 



Substitute numerical values and 
evaluate R eff : 

Finally, substitute numerical values 
in equation (1) and evaluate R\oad' 



o^iokn^okn] I 

eff 10kQ + 0.l(l0kQ) 



(l0kQ)(8.18kQ)_ 
10kQ-8.18kQ ~ 



44.9kQ 
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Picture the Problem In the equivalent 
Thevenin circuit shown to the right, R 2 is in 
parallel withi? load . We can apply Ohm's 
law to express V out in terms of R e ff and / 
and then use Kirchhoff s loop rule to 
express I in terms of V, R\, and R e s. 
Simplification of the resulting equation 
will yield both of the indicated results. 




(a) and (b) Use Ohm's law to 
express V out in terms of R e ff and /: 



^o Ut =^eff 



Apply Kirchhoff s loop rule to the 
circuit to obtain: 



V-IR 1 -IR ee =0 



Solve for /: 



V 



R x +R eff 



Substitute for / in the expression for 
V mt to obtain: 



' v ^ 

V R i +R e ff J 



R eS = v 



R 



eff 



\ R \ +R tff J 
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Express the effective resistance R e ff 
in terms of 7?i oad and R2. 



R 



eft 



R 2 R l<nd 
R 2 + ^load 



Substitute for R ef f in the expression 
for V mt to obtain: 



V =V 

r out ' 



R 2 R \oad 
R 2 + ^load 

R 2 +R \oz&J 



Simplify to obtain: 



F = V- 

' nut ' 



R 2 R \oad 



R \ R \™d + ^load + ^1^2 



y R i 

R \ +R 2J 



R 



load 



load 



V 



R \ +R 2 J 



R X +R 2J 

yi "load 
^,oad+^' 



\ R \™a +R ' J 



where 



R \ R 2 
R l+ R 2 



and F = 



R l+ R 2 
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Picture the Problem Let /i be the current in the 1 -Q resistor, directed to the right; let I 2 
be the current, directed up, in the middle branch; and let I 3 be the current in the 6-Q 
resistor, directed down. We can apply Kirchhoff s rules to find these currents, the power 
supplied by each source, and the power dissipated in each resistor. 



(a) Apply Kirchhoff s junction rule 
at the top junction to obtain: 

Apply Kirchhoff s loop rule to the 
outside loop of the circuit to obtain: 



(1) 



8V-(lQ)/ 1 +4V-(2Q)/ 1 -(6Q)/ 3 =0 
or 

(3Q)/, +(6Q)/ 3 =12V (2) 



Apply the loop rule to the inside 
loop at the left-hand side of the 
circuit to obtain: 



8V-(lQ)/, +4V-(2Q)/ 1 
+ (2Q)/ 2 - 4V = 0 



or 



8V-(3Q)/ 1 +(2Q)/ 2 =0 (3) 
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Solve equations (1), (2), and (3) 


/, = 


2.00A 


5 


simultaneously to obtain: 






h = 


-1.00A 




and 






h = 


1.00A 





where the minus sign indicates that the 
current flows downward rather than upward 
as we had assumed. 



(b) Express the power delivered by 
the 8-V source: 



P 8 =^ 8 / 1 =(8V)(2A) = 



16.0W 



Express the power delivered by the 
4-V source: 



P 4 =£ 4 / 2 = (4V)(-1A) = 



4.00 W 



where the minus sign indicates that this 
source is having current forced through 
it. 



(c) Express the power dissipated in 
the 1-Q resistor: 



= (2A) 2 (in) = 



4.00 W 



Express the power dissipated in the 
2-D. resistor in the left branch: 



Express the power dissipated in the 
2-D resistor in the middle branch: 



P — T 2 R 



= (2 A) 2 (2fl) = 



8.00 W 



P — TP 



= (1A) 2 (2H) = 



2.00W 



Express the power dissipated in the 
6-D. resistor: 



6n 



ll R 6C1 



= (1A) 2 (6^) = 



6.00 W 
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Picture the Problem Let I\ be the current in the left branch resistor, directed up; let 7 3 be 
the current, directed down, in the middle branch; and let I 2 be the current in the right 
branch, directed up. We can apply Kirchhoff s rules to find I3 and then the potential 
difference between points a and b. 



Relate the potential at a to the 
potential at b: 



V a -R A I,-AN = V b 
or 
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V a -V b =R 4 I,+4V 



Apply Kirchhoffs junction rule at a 
to obtain: 

Apply the loop rule to a loop around 
the outside of the circuit to obtain: 



(1) 



2V-(lQ)/ 1 +(lQ)/ 2 -2V 

+ (iq)/ 2 -(lQ)/! =0 



or 

W 2 =o 



(2) 



Apply the loop rule to the left side 
of the circuit to obtain: 



2V-(lQ)/ 1 -(4Q)/ 3 -4V 
-{1^)1, = 0 



or 



■(in)/, -(2q)/ 3 = iv 



(3) 



Solve equations (1), (2), and (3) 
simultaneously to obtain: 



Substitute to obtain: 



/, =-0.200 A, 
1 2 =-0.200 A, 
and 

7 3 =-0.400 A 

where the minus signs indicate that all the 
directions we chose for the currents were 
wrong. 

V a -V b = (4Q)(-0.4A)+4V 



= 2.40 V 



Remarks: Note that point a is at the higher potential. 
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Picture the Problem Let s\ be the emf of 

the 9-V battery and r\ its internal resistance 
of 0.8 D., and s 2 be the emf of the 3-V 
battery and r 2 its internal resistance of 0.4 
D.. The series connection is shown to the 
right. We can apply Kirchhoffs rules to 
both connections to find the currents I s and 
I p delivered to the load resistor in the series 
and parallel connections. 



s 2 



r-MM — AV — 1 1- 



R 
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(a) Apply Kirchhoff s loop rule to 
the batteries connected in series: 



Solve for L to obtain: 



r x + r 2 + R 



12V 



1.2Q + i? 



Suppose the two batteries are 
connected in parallel and their 
terminals are then connected to R. 
Let I\ be the current 
delivered by s\, h be the current 
delivered by s 2 , and I p the current 
through the load resistor R in the 
parallel connection. 



v 



© 



-vW- 

R 



Apply the junction rule at a to 
obtain: 



(1) 



Apply the loop rule to a loop around 
the outside of the circuit: 



£ x -RI-rJ,=0 



or 



9V-RI -(0.8Q)/] =0 



(2) 



Apply the loop rule to loop 2 to 
obtain: 



S x -£ 2 +r 2 I 2 -r/j =0 



or 



9 V - 3 V + (0.4 Q)/ 2 - (0.8 Q)l, = 0 
or 

6V + (0.4Q)/ 2 -(0.8Q)/, =0 (3) 



Eliminate h between equations (1) 
and (3) to obtain: 



(4) 



Substitute equation (4) in equation 
(2) and solve for I p to obtain: 



7 p = 



7.5 V 



1.5i? + 0.4Q 



(b) Evaluate I s and I p for 
i? = 0.2Q: 



/ s (i? = 0.2Q) = 



12V 



1.2Q + 0.2Q 



8.57A 



and 
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/ (R = 0.2Q) = — , 7-5 , V 

pV ; 1.5(0.2Q)+0.4Q 



= 10.7A 



(c), (d), and (e) Proceed as in (b) to 
complete the table to the right: 





R 


Is 


/„ 




(Q) 


(A) 


(A) 




0.6 


6.67 


5.77 


id) 


1.0 


5.45 


3.95 


(e) 


1.5 


4.44 


2.83 



Note that for R = 0.4 Q, I s =I p = 7.5 A. When R > 0.4 Q, the series 
connection gives the larger current through R. 



Ammeters and Voltmeters 
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Picture the Problem Let I be the current drawn from source and R eq the resistance 
equivalent to R and 10 MQ connected in parallel and apply Kirchhoff s loop rule to 
express the measured voltage V across R as a function of R. 



The voltage measured by the 
voltmeter is given by: 

Apply Kirchhoff s loop rule to the 
circuit to obtain: 

Solve for I: 



V = m eq (i) 



10V-/i? eq -/(2i?) = 0 
10V 



1 = 



R +2R 

eq 



Express R eq in terms of R and 
10-MQ resistance in parallel with it: 



Solve for R eq : 



1 



1 1 

■ + - 



i? 10MQ R 



R 



(lOMQ)i? 
~ tf + 10MQ 



Substitute for I in equation (1) and 
simplify to obtain: 



V = 



10V 



10V 



1 + 



2R 



Substitute for R eq and simplify to 
obtain: 



V 



_ (10V)(5MQ) 
R + X5MQ. 



(2) 
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(a) Evaluate equation (2) for 
R = 1 kQ: 



V 



(10V)(5MQ) 
lkQ + 15MQ 



3.33V 



(b) Evaluate equation (2) for 
R=\0kD.: 



V 



(10V)(5MQ) 
10kQ + 15MQ 



3.33V 



(c) Evaluate equation (2) for 
R =1 MQ: 

(d) Evaluate equation (2) for 
R^IOMD.: 

(e) Evaluate equation (2) for 
R =100 MQ: 

if) Express the condition that the 
measured voltage to be within 1 0 
percent of the true voltage V^: 

Substitute for V and F true to obtain: 



V = 



V = 



V = 



(10V)(5MQ) _ 
1MQ + 15MQ ~ 

(10V)(5MQ) 
10MQ + 15MQ 

(10V)(5MQ) 
100MQ + 15MQ ~ 



3.13V 



2.00V 



0.435V 



V -V 

' true _ Y 

v 



V 



<0.1 



(10V)(5MQ) 

, i? + 15MQ 

1 < 0.1 

IR 

or, because 7=10 V/3R, 
(10V)(5MQ) 

, i? + 15MQ 
1 — < 0.1 



10 



V 



Solve for R to obtain: 



R< 



1.5 Mn 

0.9 



1.67MQ 
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Picture the Problem The diagram shows a 
voltmeter connected in parallel with a 
galvanometer movement whose internal 
resistance is R. We can apply Kirchhoff s 
loop rule to express R in terms of I and V. 




Apply Kirchhoff s loop rule to the 
loop that includes the galvanometer 
movement and the voltmeter: 



V-IR = 0 



Solve for R: 



R = 
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Substitute numerical values and evaluate R: 



R 



0.25V 
50/A 



5.00kQ 
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Picture the Problem When there is a 
voltage drop of 0.25 V across this 
galvanometer, the meter reads full scale. 
The diagram shows the galvanometer 
movement with a resistor of resistance r in 
parallel. The purpose of this resistor is to 
limit the current through the movement to 
I g = 50 juA. We can apply Kirchhoff s loop 
rule to the circuit fragment containing the 
galvanometer movement and the shunt 
resistor to derive an expression for r. 

Apply Kirchhoff s loop rule to the 
circuit fragment to obtain: 

Apply Kirchhoff s junction rule at 
point a to obtain: 

Substitute for I r in the loop equation: 
Solve for r. 



Substitute numerical values and 
evaluate r: 




-#/ g +r/ r =0 



I, =I-L 



-RI g+ r(l-lJ=0 

r = — 

where RI B = 0.25 V 

0.25V 
V ~ 100mA -50/zA 



2.50Q 
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Picture the Problem The circuit diagram shows the ammeter connected in series with a 
100-Q resistor and a 10-V power supply. We can apply Kirchhoff s rules to obtain an 
expression for / as a function of r, I g , the potential difference provided by the source, and 
the resistance of the series resistor. 
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(a) Apply Kirchhoff s loop rule to 
the inner loop of the circuit to 
obtain: 



10V-(l00Q)/-r/ r =0 



Apply Kirchhoff s junction rule at 
point a to obtain: 

Substitute for I r in the loop equation: 
Solve for /: 



10V-(l00Q)/-r(/-/J=0 

10V + r/ 

/ = s - (1) 



lOOQ + r 



In Problem 107 it was established 
that r = 2.50 D.. Substitute numerical 
values and evaluate /: 



10V + (2.50Q)(50M) 
100Q + 2.50Q 



= 97.6mA 



(b) Under these conditions, equation 
(1) becomes: 



lV + r/„ 

/ = s - 

lOQ + r 



Substitute numerical values and 
evaluate /: 



1V + (2.50Q)(50//A) 
10Q + 2.50Q 



= 80.0mA 



Remarks: Our result in (b) differs from that obtained in (a) by about 18 percent. 
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Picture the Problem The circuit diagram 
shows a fragment of a circuit in which a 
resistor of resistance r is connected in 
series with the meter movement of Problem 
106. The purpose of this resistor is to limit 
the current through the galvanometer 
movement to 50 //A and to produce a 
deflection of the galvanometer movement 
that is a measure of the potential difference 
V. We can apply Kirchhoff s loop rule to 
express r in terms of V g , I g , and R. 

Apply Kirchhoff s loop rule to the 
circuit fragment to obtain: 




V-rI g -RI g =0 



Solve for r. 



V 



R 



(1) 
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Use Ohm's law to relate the current 
I g through the galvanometer 
movement to the potential 
difference V g across it: 



V V 
g R L 



Use the values for V g and I g given in 
Problem 106 to evaluate R: 

Substitute numerical values in 
equation (1) and evaluate r: 



0 25V 



r = 



50/A 

10V 

50 juA 



5000Q = 



195kQ 



Remarks: The total series resistance is the sum of r and R or 200 kQ. 
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Picture the Problem The voltmeter shown 
in Figure 25-64 is equivalent to a resistor 
of resistance R g = 200 kQ as shown in the 
circuit diagram to the right. The voltage 



reading across R\ is given by V x = IR { . We /; — I— 



can use Kirchhoff s loop rule and the 
expression for the equivalent resistance of 
two resistors in parallel to find /. 




The voltage reading across R\ is 
given by: 



V x = IR { 



Apply Kirchhoff s loop rule to the 
loop including the source, R\, and 
Ri- 



£-IR eq -IR 2 =0 



Solve for I to obtain: 



Substitute for / in the expression for 



(1) 



Express R eq in terms of Ri and R g . 



R - RlR * 
eq R.+R.. 



Substitute numerical values and 
evaluate R eq : 



r = (200kn)(200kn) = 100kn 

eq 200kQ + 200kQ 
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Substitute numerical values in 
equation (1) and evaluate V\. 



(lOV)(200kQ) 
200kQ + 200kQ 



5.00V 



RC Circuits 



in 



Picture the Problem We can use the definition of capacitance to find the initial charge on 
the capacitor and Ohm's law to find the initial current in the circuit. We can find the time 
constant of the circuit using its definition and the charge on the capacitor after 6 ms using 
Q(t) = Q 0 e" r . 



(a) Use the definition of capacitance 
to find the initial charge on the 
capacitor: 



Q o =CV 0 =(6//F)(l00V)= 600 //C 



(b) Apply Ohm's law to the resistor 
to obtain: 



J _V 0 _ 100V 
0 R 500Q 



0.200A 



(c) Use its definition to find the time 
constant of the circuit: 



r = i?C = (500Q)(6//F): 



3.00 ms 



(d) Express the charge on the 
capacitor as a function of time: 



Q(t) = Q 0 e' /r 



Substitute numerical values and 
evaluate Q(6 ms): 



e(6ms) = (600/C)e 



-6ms/3ms 



81.2 //C 
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Picture the Problem We can use U 0 =\CV$to find the initial energy stored in the 
capacitor and U(t) = \C(V c {t)f with V c (t) = V 0 e~ t/T to show that U= U 0 e' 2tlT . 



(a) The initial energy stored in the 
capacitor is given by: 



u 0 2 ^ v 0 



= i(6//F)(l00V) 2 = 



30.0 mJ 



(b) Express the energy stored in the 
discharging capacitor as a function 
of time: 



U{t) = \C{V c {t)f 
where 

V c {t) = V^ 
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Substitute to obtain: jj(t) = \ c(v o e~' /T J 

= {CF 0 V 2 ' /r = 

(c) A graph of U versus t is shown below. U is in units of U 0 and t is in units of t. 



1.0 - 

0.8 - 
0.6 - 

U 

0.4 - 
0.2 - 
0.0 - 

0 0.5 1 1.5 2 

t 
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Picture the Problem We can find the resistance of the circuit from its time constant and 
use Ohm's law and the expression for the current in a charging RC circuit to express r as a 
function of time, Vq, and V{t). 

Express the resistance of the resistor 
in terms of the time constant of the 
circuit: 

Using Ohm's law, express the V{t) = l(t)R 

voltage drop across the resistor as a 
function of time: 

Express the current in the circuit as l(t) = I 0 e ^ r 

a function of the elapsed time after 
the switch is closed: 

Substitute to obtain: V(t) = I 0 e ' /T R = {l 0 R)e~' /T = V 0 e~'' 



U Q e^ 




R = 



C 



(1) 
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Take the natural logarithm of both 
sides of the equation and solve for t 
to obtain: 



In 


\v(t)] 







Substitute in equation (1) to obtain: 



Substitute numerical values and 
evaluate R using the data given for t 
= 4s: 



R = 



Cln 


\v(t)] 




„ V o _ 



R = 



4s 



(2 //F)ln 



^20V A 
v 50V y 



2.18MQ 
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Picture the Problem We can find the resistance of the circuit from its time constant and 
use the expression for the charge on a discharging capacitor as a function of time to 
express ras a function of time, Qo, and Q(t). 

Express the effective resistance R-— (1) 

across the capacitor in terms of the C 
time constant of the circuit: 



Express the charge on the capacitor Q{t) = Q 0 e^ T 

as a function of the elapsed time 
after the switch is closed: 

Take the natural logarithm of both _ _ t 

sides of the equation and solve for r ^ 
to obtain: Q 0 



Substitute in equation (1) to obtain: 



Substitute numerical values and 
evaluate R: 



R = 



Cln 



m 

Q 0 



R = 



4s 



(0.12//F)ln^ 

Qo 



48.1MQ 
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Picture the Problem We can use the definition of capacitance to find the final charge on 
the capacitor and Q{t) = Q { (l — e~^ T ) to express the charge on the capacitor as a function 
of time. In part (b) we can let Q(t) = 0.99£?f and solve for t to find the time required for the 
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capacitor to reach 99% of its final charge. 



(a) After a very long time has 
elapsed, the capacitor will be fully 
charged. Use the definition of 
capacitance to find its charge: 

(b) Express the charge on the 
capacitor as a function of time: 

When Q = 0.99g f : 



Take the natural logarithm of both 
sides of the equation and solve for t 
to obtain: 



Qt =CT = (l.6/ff)(5V) = 



fi(f) = ft(l-e*) 
where r= RC. 

0.99ft =a(l-e^') 
or 

0.01 = e //r 

t = -RC \n{0.0\) 



Substitute numerical values and 
evaluate t: 



? = -(l0kQ)(l.6//F)ln(0.0l) 



= 73.7 ms 
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Picture the Problem We can use Kirchhoff s loop rule (conservation of energy) to find 
both the initial and steady-state currents drawn from the battery and Ohm's law to find the 
maximum voltage across the capacitor. 

(a) Apply Kirchhoff s loop rule to a £-(\2 MQ)/ 0 - V co = 0 

loop around the outside of the 
circuit to obtain: 



Because the capacitor initially is 
uncharged: 



v co = o 

and 



120V 



1.2MQ 1.2MQ 



0.100 mA 



(b) When a long time has passed: I Cx — 0 

Apply Kirchhoff s loop rule to a £" - (l .2 MQ)l m - (600 k£l)I cr = 0 
loop that includes the source and 
both resistors to obtain: 
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Solve for and evaluate 7 X : 



1.2MQ + 600kQ 

120V 
1.2MQ + 600kQ 



66.7 //A 



(c) The maximum voltage across the 
capacitor equals the potential 
difference across the 600-kQ under 
steady-state conditions. Apply 
Ohm's law to obtain: 



V =1 R 



= (66.7//A)(600kQ) 



= 40.0 V 
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Picture the Problem We can use Q(t) = Q f (l - <T' /r ) = Cs(l - e~ t/r ) to find the charge 

on the capacitor at t = r and differentiate this expression with respect to time to find the 
rate at which the charge is increasing (the current). The power supplied by the battery is 
given by P T = I T £ and the power dissipated in the resistor by P R r = I 2 T R . In part (f) we 

can differentiate U{t) = Q 2 (t)/2C with respect to time and evaluate the derivative at t = r 
to find the rate at which the energy stored in the capacitor is increasing. 



(a) Express the charge Q on the 
capacitor as a function of time: 



Q(t) = Q f (l-e l/T )=C£(l-e t/T ) (1) 
where r= RC. 



Evaluate Q( r) to obtain: 



0(r) = (1.5 //F)(6V)(l- £> ')= I 5.69 



(b) and (c) Differentiate equation (1) 
with respect to t to obtain: 
Apply Kirchhoff s loop rule to the 
circuit just after the circuit is 
completed to obtain: 



dt ~ 06 

£-RI 0 -V co =0 



Because Vra = 0 we have: 



Substitute to obtain: 



R 



dt w R 



■t/r 



Substitute numerical values and 
evaluate I(r): 



/(r) = 



6 V 
2M^ 



-e = 



1.10/zA 
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(d) Express the power supplied by 
the battery as the product of its emf 
and the current drawn from it at t = 
v. 



p( T ) = i{ T )s = (l . 1 0 //C/s)(6 V) 



6.60 /AV 



(e) The power dissipated in the 
resistor is given by: 



P r (t) = I 2 (t)R 



(1.10M) 2 (2MQ)= 2.42 //W 



(J) Express the energy stored in the 
capacitor as a function of time: 

Differentiate this expression with 
respect to time to obtain: 



Evaluate this expression when 
t - r to obtain: 



U{t): 



Q 2 it) 



dU(t) _ 



dt 



[Q 2 (t)\ 



2C 

J_d_ 
2Cdt 



c 



'/(') 



dU(r) = Q(v) I{z) 
dt C 



= ^f(U0 M ) 
1.5 jut 



4.17//W 



Remarks: Note that our answer for part (f) is the difference between the power delivered by 
the battery at t = rand the rate at which energy is dissipated in the resistor at the same time. 
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Picture the Problem We can apply Kirchhoffs junction rule to find the current in each 
branch of this circuit and then use the loop rule to obtain equations solvable for R h R 2 , and 
R 3 . 



(a) Apply Kirchhoffs junction rule ^ bat — i 10 n + 

5A (1) 

at the junction of the 5-//F capacitor 
and the 10-D. and 50-Q resistors 
under steady-state conditions: 



Because the potential differences j _ ^ion _ Vp 

across the 5-//F capacitor and the l ° n 10Q 10Q 

10-Q resistor are the same: 
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Express the potential difference 
across the capacitor to its steady- 
state charge: 



c 



Substitute to obtain: 



lon (10Q)C 



Substitute in equation (1) to obtain: 



bat (10Q)C 



+ 5A 



Substitute numerical values and 
evaluate /bat: 



_ 1000 //C 

bat (ion)(5^F) 



25.0A 



(b) Use Kirchhoff s junction rule to 
find the currents I 5 n , 7 R3 , and I Ri : 



7 5n =10A, 
and 

^=Aat=25A 



Apply the loop rule to the loop that 
includes the battery, R h and the 50- 
Q. and 5-D. resistors: 



3 1 0 V - (25 AjR, - (5 A)(50 Q) 
-(10A)(5Q) = 0 



Solve for/?! to obtain: 

Apply the loop rule to the loop that 
includes the battery, R\, the 10-Q 
resistor and R 3 : 
Solve for R 3 to obtain: 



R, = 0.400 Q 



310V-(25A)(0.4Q)-(20A)(10Q) 
-(l5A)i?3 =0 



*3 = 



6.67Q 



Apply the loop rule to the loop that 
includes the 10-D. and 50-D. 
resistors and R2'. 



(20A)(lOQ)-(5A)i? 2 
+ (5A)(50Q) = 0 



Solve for R 2 to obtain: 



*2 = 



10.0Q 
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Picture the Problem We can solve Equation 25-35 for dQIdt and separate the variables 
in order to obtain the equation given above. Integrating this differential equation will 
yield Equation 25-36. 
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Solve Equation 25-35 for dQIdt to 
obtain: 



dQ _ £C-Q 
dt ~ RC 



Separate the variables to obtain: 



Integrate dQ' from 0 to Q and df 
from 0 to t: 



dQ 



dt 



£C-Q RC 



f dQ' _ 1 r 
J £C-Q' RC* 



o 

and 
In 



df 



SC 



£C-Q 



RC 



Transform from logarithmic to 
exponential form to obtain: 

Solve for Q to obtain Equation 25- 
36: 



EC 



,RC 



8C-Q 

Q = £C{l - e-' /RC ) = I Q f (l-e ' /RC ) 
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Picture the Problem We can find the time-to-discharge by expressing the voltage across 
the capacitor as a function of time and solving for t. We can use U{t) = \ CV 2 {t) to find 

the energy released/stored in the capacitor when the lamp flashes. In part (c) we can 
integrate dU bat = sdl(t) to find the energy supplied by the battery during the charging 
cycle. 



(a) Express the voltage across the 
capacitor as a function of time: 



Solve for t to obtain: 



V(t) = ^}=&(l-e"« c ) 



C C 

= V f (\-e- l/RC ) 



t = -RC\n 



Substitute numerical values and 
evaluate t: 



* = -(l8kn)(0.15/zF)ln 



v 9V y 



= 4.06 ms 



(b) Express the energy stored in the ll(t) = \CV 2 {t) 

capacitor as a function of time: 
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Substitute for V{f) to obtain: jjfy = ±CV f 2 (l- e~' /RC f 

Substitute numerical values and evaluate f/(4.06 ms): 

1/(4.06 ms) = | (0. 1 5 //F)(9 V) 2 (l - e ^*W(i««nXo.i5,*) f = I 3.67 /J 



(c) Relate the energy provided by , s \ t ,\, S 1 ' 



the battery to its emf and the current bat v ' J v ' j? 

J o " o 



it delivers: 



R 



[RC(\-e' /RC )] 
= C£ 2 (\-e-' /RC ) 

Substitute numerical values and evaluate f/b a t(4.06 ms): 

U hat (4.06ms) = (0.15 //F)(9 V) 2 (l - ^wdowXais^) ) = I 9.45^ 



Express the fraction / of the energy j _ U R 

supplied by the battery during the C/ bat 
charging cycle that is dissipated in 
the resistor: 

Use conservation of energy to relate U bat = U R +U flash 

the energy supplied by the battery to or 

the energy dissipated in the resistor JJ = {7 —JJ a u 

and the energy released when the 

lamp flashes: 

Substitute to obtain: r _ U h at~U flash _ ^ _ ^nash 

U hat u bat 



Substitute numerical values and f ~\ ^.67juJ 



61.2% 



evaluate f. 9.45 juJ 

mi ••• 

Picture the Problem Let R l = 200 Q, R 2 = 600 Q., I\ and I 2 their currents, and 7 3 the 
current into the capacitor. We can apply Kirchhoff s loop rule to find the initial battery 
current I 0 and the battery current I x a long time after the switch is closed. In part (c) we 
can apply both the loop and junction rules to obtain equations that we can use to obtain a 
linear differential equation with constant coefficients describing the current in the 600-Q 
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resistor as a function of time. We can solve this differential equation by assuming a 
solution of a given form, differentiating this assumed solution and substituting it and its 
derivative in the differential equation. Equating coefficients, requiring the solution to hold 
for all values of the assumed constants, and invoking an initial condition will allow us to 
find the constants in the assumed solution. 



(a) Apply Kirchhoff s loop rule to 
the circuit at the instant the switch is 
closed: 



£-(200Q)/ 0 



v co = o 



Because the capacitor is initially 
uncharged: 



v co =o 



Solve for and evaluate I 0 : 



£ 50V 



200Q 200Q 



0.250A 



(b) Apply Kirchhoff s loop rule to 
the circuit after a long time has 
passed: 



50 V - (200 Q)4 -(6000)4 = 0 



Solve for I x to obtain: 



L = 



50V 
800Q 



62.5 mA 



(c) Apply the junction rule at the 
junction between the 200-Q resistor 
and the capacitor to obtain: 
Apply the loop rule to the loop 
containing the source, the 200-Q 
resistor and the capacitor to obtain: 



/,=/ 2 +/ 3 



Q 



£-R,L -^ = 0 

1 1 C 



(1) 



(2) 



Apply the loop rule to the loop 
containing the 600-Q resistor and 
the capacitor to obtain: 



Q-R 2 I 2 =0 

C 2 2 



(3) 



Differentiate equation (2) with 
respect to time to obtain: 



d_ 
dt 



or 



£-R x I x 



Q 
C 



= 0-7?, 



dl x 1 dQ 
dt C dt 



1 dt C 3 



-^-1/3=0 
1 dt C 3 



(4) 
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Differentiate equation (3) with 
respect to time to obtain: 



Q 
c 



d_ 

dt 
or 



R 2 I 2 



= -/, 



dt C 



C dt dt 



(5) 



Using equation (1), substitute for/ 3 
in equation (5) to obtain: 



dh 



dt R 2 C 



(6) 



Solve equation (2) for I\ : 



j S-Q/C _ S-R 2 I 2 



R 



R 



Substitute for/i in equation (6) and 
simplify to obtain the differential 
equation for I 2 : 



dl 2 _ 1 



dt R 2 C 



R^R 2 C 



£-R 2 h j 
v 4 2 



r R,+R 2 ^ 

V R l R 2 C J 



To solve this linear differential 
equation with constant coefficients 
we can assume a solution of the 
form: 



I 2 (t) = a+be-" T 



(7) 



Differentiate I 2 (t) with respect to 
time to obtain: 

Substitute for I 2 and dl 2 ldt to obtain: 



*> = *-[ a + be-+]=-±e-+ 
dt dt t 



T 



R\R 2 C 



v R i R 2 C j 



(a+be- ,/T ) 



Equate coefficients of e to obtain 



r = 



RyR 2 C 

R x +R 2 



Requiring the equation to hold for 
all values of a yields: 



a = 



R x +R 2 



If I 2 is to be zero when t = 0: 



0 = a + b 
or 

b = -a = 



7?! +R 2 
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Substitute in equation (7) to obtain: 



where 



R,R 2 C _ (200Q)(600Q)(5//F) 



i?, + R 2 
= 0.750 ms 



200Q + 600Q 



Substitute numerical values and 
evaluate I 2 (t): 



50V 



(i 



-(/0.750e 



200Q + 600Q 

(62.5mA)(l-e-' /0 750ms ) 
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Picture the Problem Let R\ represent the 1.2-MQ resistor and R 2 the 600-kQ resistor. 
Immediately after switch S is closed, the capacitor has zero charge and so the potential 
difference across it (and the 600 kQ-resistor) is zero. A long time after the switch is 
closed, the capacitor will be fully charged and the potential difference across it will be 
given by both QIC and IoM 2 . When the switch is opened after having been closed for a 
long time, both the source and the 1.2-MQ resistor will be out of the circuit and the fully 
charged capacitor will discharge through R\. We can use Kirchhoff s loop to find the 
currents drawn from the source immediately after the switch is closed and a long time 
after the switch is closed, as well as the current in the RC circuit when the switch is again 
opened and the capacitor discharges through R 2 . 



(a) Apply Kirchhoff s loop rule to 
the circuit immediately after the 
switch is closed to obtain: 

Solve for and evaluate Iq: 



£-I 0 R,-V co =0 

or, because V C o = 0, 
£-1^ =0 

, £ 50V I ~ ~ - 

/„= — = = 41.7 uA 

0 R, 1.2MQ 1 — 



(b) Apply Kirchhoff s loop rule to 
the circuit a long time after the 
switch is closed to obtain: 



£-LR,-LR 2 =0 
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Solve for and evaluate I^: 



/ = 



R x +R 2 



50V 



1.2Mft + 600kQ 



27.8//A 



(c) Apply Kirchhoff s loop rule to V c (t) - R 2 l(t) = 0 

the RC circuit sometime after the 
switch is opened and solve for I{f) to 



or 



, {t)= yJt) 



obtain: w P 

jv 2 



Substitute for V c (t): 



Substitute numerical values to 
obtain: 



'(>)- 



V, 



Cod -t/ 



R, 



where t=R.2C. 

/(^) = (27.8M)^' /(60 ° kn)(2 - 5/iF) 



(27.8 ^A)e' 



-f/1.5s 
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Picture the Problem In part (a) we can apply Kirchhoff s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current I 0 . We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff s loop 
rule to find the voltage across the resistor when this condition is satisfied and then using 
the expression l(t) = I 0 e~'^for the current through the resistor as a function of time and 

solving for t. 



(a) Apply Kirchhoff s loop rule to 
the circuit immediately after the 
switch is closed: 
Solve for and evaluate I 0 : 



£-\2V-I 0 R = 0 

_ £-\2V 

°" R 

36V-12V I — - - 

= = 48.0//A 

0.5 MQ 1 — 



(b) Apply Kirchhoff s loop rule to 36 V-24V -l(t)R = 0 

the circuit when Vc = 24 V and and 

solve for V R : l(t)R=\2V 



Express the current through the 
resistor as a function of Io and r : 



where r= RC. 
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Substitute to obtain: 



RI n e - ,/r =12V 



or 



-t/r = 12V 

RI n 



Take the natural logarithm of both 
sides of the equation to obtain: 



t , 12V 

— = In 

T RIn 



Solve for t: 



t = -r In 



'l2V^ 



= -i?Cln 



'l2V^ 



V RI o J 



Substitute numerical values and evaluate t: 



^ = -(0.5MQ)(2.5//F)ln 



12V 



(0.5MQ)(48M). 



0.866s 
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Picture the Problem In part (a) we can apply Kirchhoff s loop rule to the circuit 
immediately after the switch is closed in order to find the initial current I 0 . We can find the 
time at which the voltage across the capacitor is 24 V by again applying Kirchhoff s loop 
rule to find the voltage across the resistor when this condition is satisfied and then using 
the expression l{t) = I 0 e^ T for the current through the resistor as a function of time and 

solving for t. 



(a) Apply Kirchhoff s loop rule to 
the circuit immediately after the 
switch is closed: 



£ + 12V-/ n i? = 0 



Solve for and evaluate In: 



g + 12V 
R 

36V + 12V 
0.5 MQ 



96.0/A 



(b) Apply Kirchhoff s loop rule to 
the circuit when Vc = 24 V and solve 
for V R : 



36V-24V-/(4k = 0 
and 

l(t)R = 12V 



Express the current through the 
resistor as a function of I 0 and r : 



where r= RC. 
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Substitute to obtain: 



RI n e' /r =12V 



or 



-t/r = 12V 

RI n 



Take the natural logarithm of both 
sides of the equation to obtain: 



f , 12V 

— = In 

T RIn 



Solve for t: 



t = -r In 



'l2V^ 



= -i?Cln 



'l2V^ 



V RI o J 



Substitute numerical values and evaluate t: 



^ = -(0.5MQ)(2.5//F)ln 



12V 



(0.5MQ)(96//A) 



1.73 s 



General Problems 
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Determine the Concept Because all of the current drawn from the battery passes through 
Ri, we know that I\ is greater than I 2 and I3. Because Rj * Ri, h * h and so (b) is false. 



Because Rj, > R 2 , h < h and so (c) is false, (a) is correct 



126 A 25-W lightbulb is connected in series with a 100-W lightbulb and a voltage 
V is placed across the combination. Which lightbulb is brighter? Explain. 

Determine the Concept The 25-W bulb will be brighter. The brightness of a bulb is 
proportional to the power it dissipates. The resistance of the 25-W bulb is greater than 
that of the 100-W bulb, and in the series combination, the same current / flows through 
the bulbs. Hence, I 2 R 25 > I 2 R\oo- 
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Picture the Problem We can apply Ohm's law to find the current drawn from the battery 
and use Kirchhoff s loop rule to find the current in the 6-Q resistor. 



Using Ohm's law, express the 
current I\ drawn from the battery: 



R 



Find R eq : 



eq 6Q + 12Q 



8Q 
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Substitute and evaluate II : 



24 V 
/, = =^ = 3 A 
8Q 



Apply Kirchhoff s loop rule to a 
loop that includes the battery and the 
4-D. and 6-D. resistors: 



24 V - (4 n)(3 A) - (6 Q)/ 2 = 0 



Solve for I 2 to obtain: 



I 2 = 2 A and 



(b) is correct. 
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Picture the Problem We can use P = I max R to find the maximum current the resistor 

can tolerate and Ohm's law to find the voltage across the resistor that will produce this 
current. 



(a) Relate the maximum current the 
resistor can tolerate to its power and 
resistance: 



Solve for and evaluate I„ 




0.707A 



(b) Use Ohm's law to relate the 
voltage across the resistor to this 
maximum current: 



r = (0-707 A)(l0O)= 



7.07 V 
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Picture the Problem We can use Ohm's law to find the short-circuit current drawn from 
the battery and the relationship between the terminal potential difference, the emf of the 
battery, and the current being drawn from it to find the terminal voltage when the battery 
is delivering a current of 20 A. 



(a) Apply Ohm's law to the shorted 
battery to find the short-circuit 
current: 



0.4Q 



30.0A 



(b) Express the terminal voltage as 
the difference between the emf of 
the battery and the current being 
drawn from it: 



V Xem =S-Ir 
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F term =12V-(20A)(0.4Q) = 



4.00V 



Substitute numerical values and 
evaluate V teim : 
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Picture the Problem We can use Kirchhoff s loop rule to obtain two equations relating s 
and r that we can solve simultaneously to find these quantities. 



Use Kirchhoff s loop rule to relate 
the emf of the battery to the current 
drawn from it and the internal and 
external resistance: 

When/= 1.80 A and a 7.0-fi 
resistor is connected across the 
battery terminals equation (1) 
becomes: 

When /= 2.20 A and a 12-Q resistor 
is connected in parallel with the 7.0- 
Q. resistor: 

Find the equivalent resistance: 



£-IR-Ir = 0 



(1) 



£-(l.8A)(7n)-(l.8A)r = 0 
or 

£ -12.6V- (1.8 A)r = 0 (2) 



£-(2.2A)R -(2.2A)r = 0 



R. 



(7Q)(l2Q) 
^ eq 7Q + 12Q 



4.42Q 



Substitute to obtain: 



£-(2.2A)(4.42Q)-(2.2A)r = 0 

3r 

£ -9.72 V- (2.2 A)r = 0 (3) 



Solve equations (2) and (3) 
simultaneously to obtain: 



£ = 



25.5V 



and r = 



7.19Q 
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Picture the Problem We can apply Kirchhoff s loop rule to the circuit that includes the 
box and the 2 1 -V source to obtain two equations in the unknowns s and R that we can 
solve simultaneously. 
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Apply Kirchhoff s loop rule to the 2 1 V + £ - (l k)R = 0 

circuit when the polarity of the 21- 
V source and the direction of the 
current are as shown in the diagram: 

Apply Kirchhoff s loop rule to the - 2 1 V + 8 + (2 A)R = 0 

circuit when the polarity of the 
source is reversed and the current is 
2 A in the opposite direction: 
Solve these equations R 
simultaneously to obtain: 



14.0Q 



and £ 



7.00V 
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Picture the Problem When the switch is closed, the initial potential differences across 
the capacitors are zero (they have no charge) and the resistors in the bridge portion of the 
circuit are in parallel. When a long time has passed, the current through the capacitors will 
be zero and the resistors will be in series. In both cases, the application of Kirchhoff s 
loop rule to the entire circuit will yield the current in the circuit. To find the final charges 
on the capacitors we can use the definition of capacitance and apply Kirchhoff s loop rule 
to the loops containing two resistors and a capacitor to find the potential differences 
across the capacitors. 

(a) Apply Kirchhoff s loop rule to 50 V - 7 0 (l 0 Q) - I 0 R eq = 0 

the circuit immediately after the 
switch is closed: 

Solve for L: T 50 V 



° 10Q + i? eq 



Find the equivalent resistance of 15 1 11 1 
Q, 12 Q, and 15 Q in parallel: i? eq ~ 15Q 12Q 15Q 



and 

R ea =4.62Q 



Substitute for R eq and evaluate Iq. j 50 V 



" 10Q + 4.62Q 



3.42A 



(b) Apply Kirchhoff s loop rule to 50V-4(l0Q)-/ OD i? eq = 0 

the circuit a long time after the 



switch is closed: 
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Solve for I x 



50V 



10Q + i? eq 



Find the equivalent resistance of 1 5 
Q, 12 Q, and 15 D. in series: 



R = 15Q + 12Q + 15Q = 42Q 

eq 



Substitute for R eq and evaluate 



(c) Using the definition of 
capacitance, express the charge on 
the capacitors in terms of their final 
potential differences: 

Apply Kirchhoff s loop rule to the 
loop containing the 15-D. and 12-Q 
resistors and the 1 0 //F capacitor to 
obtain: 

Solve for V i0pF : 

Substitute in equation (1) and 
evaluate Qi 0f $: 



Apply Kirchhoff s loop rule to the 
loop containing the 15-D. and 12-Q 
resistors and the 5 //F capacitor to 
obtain: 

Solve for V 5 ^ F : 

Substitute in equation (2) and 
evaluate Q 5 ^. 



/ 50V 
00 ~ 10Q + 42Q " 

and 



0.962 A 



(1) 
(2) 



r 10 *-(i5n)r„ -(120)^=0 



F 1VF =(27Q)4 

a 0 , F =C 10/iF (27QK 

= (10//F)(27Q)(0.962A) 



260 /jC 



V 5fiF -(l5ri)l x - (120^=0 



F 5/;F =(27QK 

= (5//F)(27Q)(0.962A) 



130//C 
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Picture the Problem Let the current flowing through the galvanometer by Iq- By 
applying Kirchhoff s rules to the loops including 1) R it the galvanometer, and R x , and 2) 
R 2 , the galvanometer, and R 0 , we can obtain two equations relating the unknown 
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resistance to Ri, R 2 and Ro. Using R = pLIA will allow us to express R x in terms of the 
length of wire L\ that corresponds to R\ and the length of wire L 2 that corresponds to R2. 



Apply Kirchhoff s loop rule to the 
loop that includes R u the 
galvanometer, and R x to obtain: 

Apply Kirchhoff s loop rule to the 
loop that includes R 2 , the 
galvanometer, and Ro to obtain: 



(i) 



-R 2 {l 1 -I G ) + R 0 {l 2 +I G ) = 0 (2) 



When the bridge is balanced, 
Iq = 0 and equations (1) and (2) 
become: 



and 

R ih = R 0 J 2 



(3) 



(4) 



Divide equation (3) by equation (4) 
and solve for x to obtain: 



(5) 



Express R\ and R 2 in terms of their 
lengths, cross-sectional areas, and 
the resistivity of their wire: 



i?! = p— and R 2 = p- 



Substitute in equation (5) to obtain: 



L 2 



(a) When the bridge balances at the 
18-cm mark, L t = 18 cm, 
L 2 = 82 cm and: 



^ = (2000) 



18cm 
82 cm 



43.9Q 



(b) When the bridge balances at the 
60-cm mark, L\ = 60 cm, 
L 2 = 40 cm and: 



R x =(200Q) 



60 cm 
40 cm 



300Q 



(c) When the bridge balances at the 
95-cm mark, L\ = 95 cm, 
L 2 = 5 cm and: 



R x =(200Q) 



95 cm 
5 cm 



3.80kQ 
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Picture the Problem Let the current flowing through the galvanometer by Iq. By 
applying Kirchhoff s rules to the loops including 1) R u the galvanometer, and R x , and 2) 
R 2 , the galvanometer, and Rq, we can obtain two equations relating the unknown 
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resistance to R\, R 2 and Ro. Using R = pLIA will allow us to express R x in terms of the 
length of wire L\ that corresponds to R\ and the length of wire L 2 that corresponds to R2. 
To find the effect of an error of 2 mm in the location of the balance point we can use the 
relationship AR X = (dR x / dL)AL to determine AR X and then divide by R x = R 0 L/(\ - L) 

to find the fractional change (error) in R x resulting from a given error in the determination 
of the balance point. 



Apply Kirchhoff s loop rule to the 
loop that includes R\, the 
galvanometer, and R x to obtain: 



(i) 



Apply Kirchhoff s loop rule to the 
loop that includes R2, the 
galvanometer, and R 0 to obtain: 



■7? 2 (/ 1 -/ G )+7? 0 (/ 2 +/ G ) = 0 (2) 



When the bridge is balanced, 
la = 0 and equations (1) and (2) 
become: 



R Ji = RJ2 
and 

R 2 I X = R 0 I 2 



(3) 



(4) 



Divide equation (3) by equation (4) 
and solve for x to obtain: 



0 R. 



(5) 



Express R\ and R2 in terms of their 
lengths, cross-sectional areas, and 
the resistivity of their wire: 



R,=P^ and R 2 =P^- 
A A 



Substitute in equation (5) to obtain: 



R =rA 



(6) 



(a) When the bridge balances at the 
98-cm mark, L\ = 98 cm, 
L 2 = 2 cm and: 



R x =(200Q) 



98 cm 
2 cm 



9.80kQ 



(b) Express R x in terms of the 
distance to the balance point: 



L 



1-L 



Express the error AR X in R x resulting 
from an error AL in L: 



A R x= ^ AL=Ro ± 

dL dL 



L 



1-L 



AL 



= R« 



(l-Lj 



■AL 
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Divide AR X by R x to obtain: 



Rn 



(l-Lj 



AL 



R n 



L 



1 AL 
l-L L 



l-L 



Evaluate ARJR X for L = 98 cm and 
AL = 2 mm: 



AR, 



lm 2 mm 



R r lm-0.98m lm 



10.0% 



(c) Solve equation (6) for the ratio of 
L\ to L 2 : 



L 2 R 0 



For L x = 50 cm, L 2 = 50 cm, and R 0 =R X = 9.80 kQ. Hence, a resistor of 
approximately 10 kQ will cause the bridge to balance near the 50 - cm mark. 
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Picture the Problem Knowing the beam current and charge per proton, we can use 
/ = ne to determine the number of protons striking the target per second. The energy 
deposited per second is the power delivered to the target and is given by 
P = IV. We can find the elapsed time before the target temperature rises 300C° using AQ 
= PAt = mccuAT. 

(a) Relate the current to the number I = ne 

of protons per second n arriving at 
the target: 



Solve for and evaluate n: 



n = 



3.50//A 
e 1.60x10 19 C 



2.19xl0 13 /s 



(b) Express the power of the beam in 
terms of the beam current and 
energy: 



p = = (3.5 //A)(60 MeV) : 



210 J/s 



(c) Relate the energy delivered to the 
target to its heat capacity and 
temperature change: 



AQ = PAt = C Cu AT = mc Cu AT 



Solve for A?: 
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Substitute numerical values (see . = (50g)(0.386kJ/kg • K)(300C o ) 

Table 19-1 for the specific heat of 210 J/s 

copper)and evaluate At: _ I ~ 7 7~ 
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Picture the Problem We can use the definition of current to express the current delivered 
by the belt in terms of the surface charge density, width, and speed of the belt. The 
minimum power needed to drive the belt can be found from P = IV. 



(a) Use its definition to express the 
current carried by the belt: 



dQ dx 
1 = = ow — = owv 

dt dt 



Substitute numerical values and 
evaluate /: 



/ = (5mC/m 2 )(0.5m)(20m/s) 



= 50.0mA 



(b) Express the minimum power of 
the motor in terms of the current 
delivered and the potential of the 
charge: 



Substitute numerical values and 
evaluate P: 



P = IV 



P = (50mA)(l00kV) = 



5.00 kW 
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Picture the Problem We can differentiate the expression relating the amount of heat 
required to produce a given temperature change with respect to time to express the mass 
flow-rate required to maintain the temperature of the coils at 50°C. We can then use the 
definition of density to find the necessary volume flow rate. 



Express the heat that must be 
dissipated in terms of the specific 
heat and mass of the water and the 
desired temperature change of the 
water: 



e = «c water Ar 



Differentiate this expression with 
respect to time to obtain an 
expression for the power 
dissipation: 



p= dQ = dm c ^ AT 
dt dt 
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Solve for dmldt: 



dm 



dt c , AT 

water 



Substitute for the power dissipated 
to obtain: 

Substitute numerical values and 
evaluate dmldt: 



dm 
dt 
dm 



IV 



(l 00 A) (240 V) 



dt (4.18kJ/kg-K)(50°C-15°C) 
= 0.164kg/s 



Using the definition of density, 
express the volume flow rate in 
terms of the mass flow rate to 
obtain: 



dV 1 dm 0.164kg/s 



dt p dt 10 3 kg/m 3 



= (o.164x10 3 m 3 /s) 



f 1L ^ 



v .0~ 3 m 3 y 



0.164L/S 
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Picture the Problem We can use the expressions for the capacitance of a dielectric- 
filled parallel-plate capacitor and the resistance of a conductor to show that RC = £opK. 



Express the capacitance of the 
dielectric-filled parallel-plate 
capacitor: 

Express the resistance of a 
conductor with the same 
dimensions: 



R = 



pd 



The product of C and R is: 



RC 



pd kg 0 A 
A d 



e 0 P k 
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Picture the Problem We can use the expressions for the capacitance of a dielectric-filled 
cylindrical capacitor and the resistance of a cylindrical conductor to show that RC = 



Express the capacitance of the 
dielectric-filled cylindrical capacitor 
whose inner and outer radii are r\ 
and r 2 , respectively: 



Express the resistance of a 
cylindrical resistor with the same 
dimensions: 



c= 2Mk<= 0 



In 



where t is the length of the capacitor. 



f \ 



p In 



R = 



27d 
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The product of C and R is: 



pin 



RC = 



2nl 



In 



PK 



This result holds independently of the geometries of the capacitor and 
the resistor. 



*140 

Picture the Problem We'll assume that 
the capacitor is fully charged initially and 
apply Kirchhoff s loop rule to the circuit 
fragment to obtain the differential equation 
describing the discharge of the leaky 
capacitor. We'll show that the solution to 
this equation is the familiar expression for 
an exponential decay with time constant 



HI 



R 



(a) 



If we think of the leaky capacitor as a resistor/capacitor combination, 
the voltage drop across the resistor must be the same as voltage drop 
across the capacitor. Hence, they must be in parallel. 



(b) Assuming that the capacitor is 
initially fully charged, apply 
Kirchhoff s loop rule to the circuit 
fragment to obtain: 



Q 
c 



RI = 0 



or, because / = 



dQ 

dt ' 



C 



dt 



Separate variables in this differential 
equation to obtain: 



dQ = _ 
Q RC 



-dt 



From Problems 138 and 139 we 
have: 



RC =e 0 p/c 



Substitute for RC in the differential 
equation to obtain: 



dQ 
Q 



-dt 



PK 



Integrate this equation from 
Q' = go to Q to obtain: 



Q = Q 0 e~ t/T 



where 
t = 



e 0 pK 
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(c) Because 0/00 = 0.1: 



e t/T =0A 



Solve for t by taking the natural 
logarithm of both sides of the 
equation: 



= ln0.1 =^> t = -e 0 p/clnOA 



Substitute numerical values and evaluate t: 



t = -(8.85 x I0 n C 2 /N • m 2 )(9 x 10 13 Q • m)(5)ln0.1 = 9.17 x 10 3 s = 



2.55h 
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Picture the Problem We can use its definition to find the time constant of the charging 
circuit in part (a). In part (b) we can use the expression for the potential difference as a 
function of time across a charging capacitor and utilize the hint given in the problem 
statement to show that the voltage across the capacitor increases almost linearly over the 
time required to bring the potential across the switch to its critical value. In part (c) we 
can use the result derived in part (b) to find the value of Ri such that C charges from 0.2 
V to 4.2 V in 0.1 s. In part (d) we can use the expression for the potential difference as a 
function of time across a discharging capacitor to find the discharge time. Finally, in part 
(e) we can integrate / 2 R\ over the discharge time to find the rate at which energy is 
dissipated in R\ during the discharge of the capacitor and use the difference in the energy 
stored in the capacitor initially and when the switch opens to find the rate of energy 
dissipation in resistance of the capacitor. 



(a) When the capacitor is charging, 
the switch is open and the resistance 
in the charging circuit is R\. Hence: 

(b) Express the voltage across the 
charging capacitor as a function of 
time: 



x = R x c = (0.5MQ)(0.02/*F) 



10.0ms 



V(t) = s(l-e-' /T ) 



Solve for the exponential term to 
obtain: 



-t/r 



V{t) 



(1) 



Noting that V(t) « e, let rj = V(t)ls 



e 
or 



■t/r _ 



1 -?] 



e' /T =(1-tj)~ 1 *l + 7] 
because rj « 1. 
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Use the power series for e to 
expand e'^ T : 



e'lr =1 + - + 



t l r ^ 2 



r 2! 



t 



1+1, 



provided t/r « 1 . 



Substitute in equation ( 1 ) to obtain: 1 +— f«l + 77 = l + 



Solve for t to obtain the linear 
relationship: 



vit) = -t 

T 



(1) 



(c) Using the result derived in (b), 
relate the time At required to change 
the voltage across the capacitor by 
an amount AFto AF: 



AV{t) = —At 

T 



or 



T =RC= pr 

AV{t) 



At 



Solve fori?. 



Substitute numerical values and 
evaluate R\\ 



R, = 



-At 



1 CAV(t) 

(800V)(0.1s) 



R< = 



(0.02//F)(4.2V-0.2V) 



= l.OOGfi 



(d) Express the potential difference 
across the capacitor as a function of 
time: 



V c {t) = V co e-<« 

where 
if = R 2 C. 



Solve for t to obtain: 



t = -r'ln 



V *co J 



= -R 2 C\n 



V 



Substitute numerical values and 
evaluate t: 



? = -(0.001Q)(0.02//F)ln 



v 4.2Vj 



60.9ps 



(e) Express the rate at which energy 
is dissipated in R\ as a function of its 
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resistance and the current through it: 



Because the current varies with time, 
we need to integrate over time to 
find AE l : 



AE l = ^I 2 R x dt = j"J 



v(t) 



R 



R x dt 



i J 



4 



£t 
tR, 



R x dt 



0.105s 




1 0.005 s 



A 800VY 1 



v 20s ) IGQ. 
= 6.17xl0~ 10 J 



0.105s 



0.005s 



Substitute and evaluate P\ : 



6.17xlQ" u J 
0.1s 



6.17nW 



Express the rate at which energy is 
dissipated in the switch resistance: 



Substitute numerical values and 
evaluate P 2 . 



P = 



AU c _U Cl -U Cf 



At 



At 



cv 2 -\cv 2 _\c{v 2 -v 2 ) 



At 



At 



P =■ 



(0.02 //F)[(4.2V) 2 - (0.2 V) 2 
60.9ps 



2.89kW 
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Picture the Problem We can apply both the loop and junction rules to obtain equations 
that we can use to obtain a linear differential equation with constant coefficients 
describing the current in R 2 as a function of time. We can solve this differential equation 
by assuming a solution of an appropriate form, differentiating this assumed solution and 
substituting it and its derivative in the differential equation. Equating coefficients, 
requiring the solution to hold for all values of the assumed constants, and invoking an 
initial condition will allow us to find the constants in the assumed solution. Once we 
know how the current varies with time in R 2 , we can express the potential difference 
across it (as well as across C because they are in parallel). To find the voltage across the 
capacitor at t = 8 s, we can express the dependence of the voltage on time for a 
discharging capacitor (C is discharging after t = 2 s) and evaluate this function, with a 
time constant differing from that found in (a), at t = 6 s. 
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(a) Apply the junction rule at the 
junction between the two resistors to 
obtain: 



/,=/ 2 +/ 3 



(1) 



Apply the loop rule to the loop 
containing the source, R\, and the 
capacitor to obtain: 



Q 



£-RX -^ = 0 

1 1 C 



(2) 



Apply the loop rule to the loop 
containing R 2 and the capacitor to 
obtain: 



Q 
c 



-R 2 I 2 =0 



(3) 



Differentiate equation (2) with 
respect to time to obtain: 



d_ 
dt 



S-R X I X 



Q 
C 



= 0-R 



dI^_}_dQ 
1 dt C dt 



-*,^-I/ 3 =o 

1 dt C 3 



or 



1 dt C 3 



(4) 



Differentiate equation (3) with 
respect to time to obtain: 



d_ 
dt 



Q 
c 



R 2 I 2 



J-S-j^-o 

C dt dt 



or 



2 dt c 3 



(5) 



Using equation (1), substitute for/ 3 
in equation (5) to obtain: 



(W 2 ) 

dt R 2 C yi 2) 



(6) 



Solve equation (2) for I\\ 



S-Q/C _ £-R 2 I 2 



Substitute for/i in equation (6) and 
simplify to obtain the differential 
equation for I 2 : 



dl 2 _ 1 



dt R 2 C 



RyR 2 C 



£j-R 2 I 2 __ 

v *, 1 



r R 1 + R 2 ^ 

V R 1 R 2 C J 



To solve this linear differential 
equation with constant coefficients we 
can assume a solution of the form: 



I 2 {t)=a + be-" T 



(7) 
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Differentiate I 2 {t) with respect to 
time to obtain: 



*>=A-[a + be-+]=-±e-* 
dt dt " t 



Substitute for I 2 and dl 2 ldt to obtain: 



T 



R^R 2 C 



y R^R 2 C 



\(a+be-' /T ) 



Equate coefficients of e to 
obtain: 



_ R l R 2 C 
R l +R 2 



Requiring the equation to hold for 
all values of a yields: 



a = 



R x +R 2 



If I 2 is to be zero when t = 0: 



0 = a + b 
or 

b = -a = — 



7?! +R 2 



Substitute in equation (7) to obtain: 



Substitute numerical values and 
evaluate t: 



i?j + R 2 R i + R 2 



R l +R 2 



where 



r = 



R X R 2 C 
R i+R 2 



_ (2MQ)(5MQ)(l//F) _ l 
2 Mil ■ 5 Mil 



43 s 



Substitute numerical values and 
evaluate h{t)\- 



Because C and R 2 are in parallel, 
they have a common potential 
difference given by: 



10V 



(l-e-' /L43s ) 



2MQ+5MQ 
= (l.43//A)(l-^ /143s ) 

V c (t) = V 2 (t) = I 2 (t)R 2 

= (l.43^A)(5MQ)(l- e - t/L43s ) 
= (7.15V)(l-e- t/L43s ) 



Evaluate V c at t = 2 s: 



F c (2s) = (7.15V)(l-e- 2s/L43s ) = 5.38 V 
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The voltage across the capacitor as a function of time is shown in the figure. The current 
through the 5-MQ resistor R 2 follows the same time course, its value being Fc/(5xl0 6 ) A. 




(b) The value of Vc at t = 2 s has 
already been determined to be: 

When S is opened at t = 2 s, C 
discharges through R 2 with a time 
constant given by: 



V c {2s) = 



5.38V 



r '=i? 2 C = (5MQ)(l//F) = 5s 



Express the potential difference 
across C as a function of time: 



V c (t)=V co e- t/T ' ={53SV)e 



t/5s 



Evaluate V c at t = 8 s to obtain: 



K c (8s) = (5.38V)e- 6s/5s 



1.62 V 



in good agreement with the graph. 
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Picture the Problem Let I\ be the current 
delivered by s\, h the current delivered by 
£2, and h the current through the resistor R. 
We can apply Kirchhoff s rules to obtain 
three equations in the unknowns I\, 72, and 
h that we can solve simultaneously to find 
h. We can then express the power 
delivered by the sources to R. Setting the 
derivative of this expression equal to zero 
will allow us to solve for the value of R 
that maximizes the power delivered by the 
sources. 



vW — \[ 



r 2 <S 2 

VW— 1|- 



R 



Apply Kirchhoff s junction rule at a 
to obtain: 



h+h=h 



(1) 



Apply the loop rule around the 
outside 

of the circuit to obtain: 



8 X -I 3 R-r x I x = 0 



(2) 



Apply the loop rule around the 
inside of the circuit to obtain: 



£ 2 -I^R-r 2 I 2 =0 



(3) 



Eliminate I\ from equations (1) and 
(2) to obtain: 



ff 1 -/ 3 i?-r 1 (/3-/ 2 ) = 0 



(4) 



Solve equation (3) for I 2 to obtain: 



£ 2 -I 3 R 



Substitute for I 2 in equation (4) to 
obtain: 



1 \ 

r 2 J 



Solve for h to obtain: 



r x r 2 +R(r x +r 2 ) 
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Express the power delivered to R: 



P = It R = 



f V 
r x r 2 + R(r x +r 2 ) 

\ 2 I 



R 



R 



(r+a) 2 



where 



r x +r 2 



Noting that the quantity in 
parentheses is independent of R and 
that therefore we can ignore it, 
differentiate P with respect to R and 
set the derivative equal to zero: 



dP _ d 
dR dR 



R 



(r+a) 2 



(R + A) 2 -R^(R + A) 2 
_ {R + A) 2 -2R(R + A) 

{r~1~aJ 

= 0 for extrema 



Solve for R to obtain: 



R = A = 



r x +r 2 



To establish that this value for R 
corresponds to a maximum, we need 
to evaluate the second derivative of 
P with respect to R at R = A and 
show that this quantity is negative, 
i.e., concave downward: 



d 2 P _ d 
dR 2 ~ dR 



and 
d 2 P 



dR 2 



(R + Af-2R(R + A) 



(r + a) 4 



2R-AA 



2A 



R - A {R + *Y 



<o 



We can conclude that: 



R = 



r x +r 2 



maximizes the power 



delivered by the sources. 
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Picture the Problem Let Q\ and Q 2 represent the final charges on the capacitors C\ and 
C 2 . Knowing that charge is conserved as it is redistributed to the two capacitors and that 
the final-state potential differences across the two capacitors will be the same, we can 
obtain two equations in the unknowns Q\ and Q 2 that we can solve simultaneously. We 
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can compare the initial and final energies stored in this system by expressing and 
simplifying their ratio. We can account for any difference between these energies by 
considering the role of the resistor in the circuit. 



(a) Relate the total charge stored 
initially to the final charges Q\ and 
Q2 on Ci and C2. 



Q = C l V 0 =Q i +Q 2 



(1) 



Because, in their final state, the 
potential differences across the two 
capacitors will be the same: 



c c 



(2) 



Solve equation (2) for Ql and 
substitute in equation (1) to obtain: 



Q 2 +Q 2 =C 1 V 0 



Solve for Q 2 to obtain: 



Q 2 = 



c c 
c, + c 2 



Substitute in either (1) or (2) and 
solve for Q\ to obtain: 



a = 



c 



c x +c 2 



(b) Express the ratio of the initial 
and final energies of the system: 



2 h'o 



2 c 2 c 

< -2 



cy, 



c, 



-v 0 

2 J 



- + - 



c c 



^0 

2 7 



Simplify this expression further to 
obtain: 



1 C 2 



or Uj is greater than C/f by a factor of 
1 + C 2 /Ci. 



(c) 



The decrease in energy equals the energy dissipated as Joule heat in 
the resistor connecting the two capacitors. 
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Picture the Problem Let q\ and q 2 be the time-dependent charges on the two 

capacitors after the switches are closed. We can use Kirchhoff s loop rule and the conservai 

charge to a obtain a first-order linear differential equation describing 

the current I 2 through R after the switches are closed. We can solve this differential equatio: 

assuming a solution of the form q 2 (t) = a + be *^ and requiring that the solution satisfy the 

boundary condition that q 2 (0) = 0 and the differential equation 

be satisfied for all values of t. Once we know I 2 , we can find the energy dissipated 

in the resistor as a function of time and the total energy dissipated in the resistor. 



(a) Apply Kirchhoff s loop rule to 
the circuit to obtain: 



c c 

or, because / = dq 2 ldt, 



C, 



R 



dq 2 
dt 



qi_ 
C, 



0 



Apply conservation of charge during 
the redistribution of charge to 
obtain: 



<i\ = Q-q 2 = c l v 0 -q 2 



Substitute for q x to obtain: 



q 2 R dq 2 q 2 
C dt C, 



Rearrange to obtain the first- order 
differential equation: 

Assume a solution of the form: 



dt 



Q+C 2 



c c 

q 2 {t) = a + be^ T 



q 2 =v a 



(1) 



Differentiate the assumed solution 
with respect to time to obtain: 

Substitute for dqjldt and q 2 in the 
differential equation to obtain: 



-t/r 



R 



dt 




dt 


f 


b 

— e 


\ 

-t/r 




T 


J 



+ 



c c 

V ^1^2 J 



(a + be-' /T )=V 0 
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Rearrange to obtain: 




b + 






T 




c c 



+ 



r c x +c 2 ^ 
c c 

V ^1^2 J 



-t/r 



b = V n 



If this equation is to be satisfied for 
all values of t: 



a = 



C,C 



12 v n = cv n 



c x + c 2 



0 ^eq r 0 



and 



T 



b + 



c x + c 2 
c c 

V ^1^2 J 



b = 0 



or 



R C+C 



■ + ■ 



1 1 ^2 



r C X C 2 



0 



Solve for rto obtain: 



C C 

c, + c 2 



Substitute the boundary condition 
#2(0) = 0 in equation (1): 



0 = a + b 
or 

b = -a = -C eq V 0 



Substitute for a and b in equation 
(1) to obtain: 

Differentiate #2<X) with respect to 
time to find the current: 



q,{t)=CJ,-Cjr,e«" 
= C n V„(l-e-") 

l(t) = ^ = C„V 0 f t (l-e-*) 
-CvX-e-"VA 



C V 

= ^eq y 0 c -t/r = 



V, 



R 



(b) Express the energy dissipated in 
the resistor as a function of time: 



P( t ) = I 2 R = 



<L e -'A 



R 



R 



V 0 c -2t/r 

R 



(c) The energy dissipated in the 
resistor is the integral of P(t) 



E 



V 2 r 

= — < 
R i 



-2t'/RC, 



dt' = 



2 F 0 '-eq 
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between t = 0 and t =co: 



This is exactly the difference between the initial and final stored energies 
found in the preceding problem, which confirms the statement at the end 
of that problem that the difference in the stored energies equals the energy 
dissipated in the resistor. 
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Picture the Problem We can apply Kirchhoff s loop rule to find the initial current drawn 
from the battery and the current drawn from the battery a long time after Si is closed. We 
can also use the loop rule to find the final voltages across the capacitors and the current in 
the 150-Q resistor when S2 is opened after having been closed for a long time. 

(a) Apply Kirchhoff s loop rule to 1 2 V - 7 bat (0) (l 00 O) - V co = 0 

the loop that includes the source, the 

100-Q resistor, and the capacitor 

immediately after Si is closed to 

obtain: 

Because the capacitor is initially V co = 0 

uncharged: an d 

12V-/ bat (0)(l00Q) = 0 

Solve for and evaluate 7bat(0): j ^ _ 12F 



0.120A 



100Q 



(b) Apply Kirchhoff s loop rule to 12V-4(100Q)-/ od (50Q) 
the loop that includes the source, the - 7^ (l 50 Q) = 0 

100-Q, 50-Q, and 150-Q resistor a 
long time after Si is closed to obtain: 

Solve for and evaluate I x : T 12 V 



100Q + 50Q + 150Q 



40.0 mA 



(c) Apply Kirchhoff s loop rule to 12 V - 7 bat (l 00 Q) - V a = 0 

the loop that includes the source, the 

100-Q resistor, and C\ a long time 

after both switches are closed to 

obtain: 
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Solve for and evaluate V< 



ci- 



V cl =12V-(40mA)(l00Q) = 



8.00V 



(d) Apply Kirchhoff s loop rule to 
the loop that includes the 150-Q 
resistor and C 2 a long time after both 
switches are closed to obtain: 



F C2 +/ bat (l50Q) = 0 



Solve for and evaluate V C i. 



F C2 =/ bat (l50Q) = (40mA)(l50Q) 



6.00V 



(e) Apply Kirchhoff s loop rule to 
the loop that includes the 150-Q 
resistor and C2 after S2 is opened to 
obtain: 



v C2 (t)-i(t)(i5oa)=o 

3r 

V c (0)e ' /T -/(^)(150Q) = 0 



Solve for I(t) to obtain: 



i5on 



150O 



(40mA) e -' /7 50!1 
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Picture the Problem We can use the definition of differential resistance and the 
expression for the diode current given in problem 54 to express R d and establish the 
required results. 



The differential resistance R A is 
given by: 



From Problem 54, the current in the 
diode is given by: 

Substitute for I to obtain: 



dV 
dl 



dl 
\dVj 



7 = / 0 ( e ' //25mV -l) 



(1) 



R. = >—[l Q {e vl25mV 



d_ 
dV 
25 mV 



4 



(2) 



-K/25mV 



For V> 0.6 V, equation (1) 
becomes: 



7»V 



C/25mV 



Solve for the exponential factor to 
obtain: 



F/25mV 



-K/25mV -<0 
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Substitute in equation (2) to obtain: 



R ^25mV/ 0 



25 mV 
I 



Examination of equation (2) shows that, for V < 0, R d increases exponentially. 
This result, together with that for V > 0.6 V, justifies the assumptions made in 
Problem 55. 
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Picture the Problem We can approximate the slope of the graph in Figure 25-77 and 
take its reciprocal to obtain values for R A that we can plot as a function of V. 



Use the graph in Figure 25-77 to complete 
the table to the right. 



V(V) 


i? d (Q) 


0 


6.67 


0.1 


17.9 


0.3 


-75.2 


0.4 


42.9 


0.5 


8 



The following graph was plotted using a spreadsheet program. 
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Picture the Problem We can use the definition of current to find the number of 
electrons accelerated in each pulse and the average current in the beam. The 
average and peak power of the accelerator can be found using P m = I m V and 
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^peak = ^peak^ an d the duty factor from its definition. 



(a) Use the definition of current to 
relate the number of electrons 
accelerated in each pulse to the 
duration of the pulse: 



-^pulse 



AQ _ ne 
At At 

where n is the number of electrons in 
each pulse. 



Solve for and evaluate n: 



= (l.6A)(0.1y) 
1.602x10 19 C 



10 



12 



(b) Using the definition of current 
we have: 



j C?pulse W€ 

^^between pulses ^ ^ ^ 

_ 10 12 (l. 60x10 19 c) 
10" 3 s 



0.160 mA 



(c) Express the average power 
output in terms of the average 
current: 

(d) Express the peak power output 
in terms of the pulse current: 



p av = l w V = (0.160 mA)(400MV) 



64.0 kW 



P peak =/ pulse F = (l.6A)(400MV) 



= 640 MW 



(e) The duty factor is defined to be: 



duty factor = 



At 



time between pulses 
O.ljus 



10 3 s 



10 
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Picture the Problem Let R be the 

resistance of each resistor in the ladder and 
let R eq be the equivalent resistance of the 
infinite ladder. If the resistance is finite 
and non-zero, then adding one or more 
stages to the ladder will not change the 
resistance of the network. We can apply the 
rules for resistance combination to the 
diagram shown to the right to obtain a 
quadratic equation in R eq that we can solve 
for the equivalent resistance between 
points a and b. 




The equivalent resistance of the 
series combination of R and 
(R || R eq ) is R eq , so: 



ii RR 
r=r + r\\r =R + - 

II eq R R 



eq 



eq 



Simplify to obtain: 



R 2 -RR -R 2 = 0 

eq eq 



Solve for R eq to obtain: 



R„ = 



eq 



1 + V5 



R 



ForR= 1Q: 



R, 



1 + V5 



(in)= 



1.62Q 
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Picture the Problem Let R? 



be the 



equivalent resistance of the infinite ladder. 
If the resistance is finite and non-zero, then 
adding one or more stages to the ladder 
will not change the resistance of the 
network. We can apply the rules for 
resistance combination to the diagram 
shown to the right to obtain a quadratic 
equation in R eq that we can solve for the 
equivalent resistance between points a and 
b. 




The equivalent resistance of the 
series combination of R\ and 
(R 2 1| R eq ) is ^ eq , so: 



R eq =R l+ R 2 R eq =R l + 



R,R 



2 eq 



*2+*eq 



Simplify to obtain: 



<-^eq-^2=0 



Solve for the positive value of R eq to 
obtain: 



R. 



eq 



R { + iJRi + AR X R 2 



Chapter 26 

The Magnetic Field 



Conceptual Problems 

*i * 

Determine the Concept Because the electrons are initially moving at 90° to the magnetic 
field, they will be deflected in the direction of the magnetic force acting on them. Use the 
right-hand rule based on the expression for the magnetic force acting on a moving charge 
F = qvxB , remembering that, for a negative charge, the force is in the direction 
opposite that indicated by the right-hand rule, to convince yourself that the particle will 



follow the path whose terminal point on the screen is 2. (b) is correct. 



2 

Determine the Concept One cannot define the direction of the force arbitrarily. By 
experiment, F is perpendicular to B . 

3 

Determine the Concept False. An object experiences acceleration if either its speed 
changes or the direction it is moving changes. The magnetic force, acting perpendicular to 
the direction a charged particle is moving, changes the particle's velocity by changing the 
direction it is moving and hence accelerates the particle. 

4 

Determine the Concept Yes; it will be deflected upward. Because the beam passes 
through undeflected when traveling from left to right, we know that the upward 
electric force must be balanced by a downward magnetic force. Application of the 
right-hand rule tells us that the magnetic field must be out of the page. When the 
beam is reversed, the magnetic force (as well as the electric force) acting on it is 
upward. 

*5 • 

Determine the Concept The alternating current running through the filament is changing 
direction every 1/60 s, so in a magnetic field the filament experiences a force which 
alternates in direction at that frequency. 

6 

Determine the Concept The magnitude of the torque on a current loop is given by 

T = juB sin 6, where 9 is the angle between the magnetic field and a normal to the surface 

of the loop. To maximize r , sin#= 1 and 0- 90°. Hence the normal to the plane of the 
loop should be perpendicular to B . 



453 



454 Chapter 26 



7 

(a) True. This is an experimental fact and is the basis for the definition of the magnetic 
force on a moving charged particle being expressed in terms of the cross product of 
v and B ; i.e. F =qvxB . 



(b) True. This is another experimental fact. The torque on a magnet is a restoring torque, 
i.e., one that acts in such a direction as to align the magnet with magnetic field. 

(c) True. We can use a right-hand rule to relate the direction of the magnetic field around 
the loop to the direction of the current. Doing so indicates that one side of the loop acts 
like a north pole and the other like a south pole. 

(d) False. The period of a particle moving in a circular path in a magnetic field is given 
by T = In^mrjqvB and, hence, is proportional to the square root of the radius of the 
circle. 



(e) True. The drift velocity is related to the Hall voltage according to v d = VyJBw where w 
is the width of the Hall-effect material. 

*8 • 

Determine the Concept The direction in which a particle is deflected by a magnetic field 
will be unchanged by any change in the definition of the direction of the magnetic field. 
Since we have reversed the direction of the field, we must define the direction in which 
particles are deflected by a "left-hand" rule instead of a "right-hand" rule. 

9 

Determine the Concept Choose a right-handed coordinate system in which east is the 
positive x direction and north is the positive y direction. Then the magnetic force acting 
on the particle is given by F = qvi xBj = qvB\i x jj = qvBk . Hence, the magnetic 
force is upward. 



10 • 

Determine the Concept Application of the right-hand rule tells us that this positively 
charged particle would have to be moving in the northwest direction with the magnetic 
field upward in order for the magnetic force to be toward the northeast. The situation 
described cannot exist, (e) is correct. 



11 • 

Picture the Problem We can use Newton's 2 nd law for circular motion to express the 
radius of curvature R of each particle in terms of its charge, momentum, and the magnetic 
field. We can then divide the proton's radius of curvature by that of the 7 Li nucleus to 
decide which of these alternatives is correct. 
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Apply ^F radml = ma c to the lithium 
nucleus to obtain: 



qvB = m 



R 



Solve for r. 



R = 



mv 
~qB 



For the 7 Li nucleus this becomes: 



Pu 
3eB 



For the proton we have: 



Divide equation (2) by equation (1) 
and simplify to obtain: 



R p _ eB 



R 



Li 



Pll. Pu 
3eB 



Because the momenta are equal: 



3i 

R, 



= 3 and 



(a) is correct. 



*12 • 

Determine the Concept Application of the right-hand rule indicates that a positively 
charged body would experience a downward force and, in the absence of other forces, be 
deflected downward. Because the direction of the magnetic force on an electron is 
opposite that of the force on a positively charged object, an electron will be deflected 
upward, (c) is correct. 



13 

Determine the Concept From relativity; this is equivalent to the electron moving from 
right to left at velocity v with the magnet stationary. When the electron is directly over 
the magnet, the field points directly up, so there is a force directed out of the page on the 
electron. 



14 



Similarities 


Differences 


Magnetic field lines are similar to electric 
field lines in that their density is a measure 
of the strength of the field; the lines point 
in the direction of the field; also, magnetic 
field lines do not cross. 


They differ from electric field lines in 
that magnetic field lines must close on 
themselves (there are no isolated magnetic 
poles), and the force on a charge depends 
on the velocity of the charge and is 
perpendicular to the magnetic field lines. 
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15 • 

Determine the Concept If only F and / are known, one can only conclude that the 
magnetic field B is in the plane perpendicular to F . The specific direction of B is 
undetermined. 



Estimation and Approximation 



*16 

Picture the Problem If the electron enters the magnetic field in the coil with speed v, it 
will travel in a circular path under the influence of the magnetic force acting on. We can 
apply Newton's 2 nd law to the electron in this field to obtain an expression for the 
magnetic field. We'll assume that the deflection of the electron is small over the distance 
it travels in the magnetic field, but that, once it is through the region of the magnetic 
field, it travels at an angle Tj'with respect to the direction it was originally traveling. 



Apply ^ F = ma c to the electron 
in the magnetic field to obtain: 

Solve for B: 

The kinetic energy of the electron is: 
Solve for v to obtain: 



evB = m - 



B = 



mv 



er 



K = eV = \mv 2 



v = 



2eV 



111 



Substitute for v in the expression for 
r. 



B = 



m \2eV 1 \2mV 



er 



Because 9« 1: 



d w r sin 6 



sin# 



Substitute for r in the expression for 
B to obtain: 



B 



s'm0 2mV 



For maximum deflection, 

6& 45°. Substitute numerical values 

and evaluate B: 



B 



sin 45° | 2(9.11xlCT 31 kg)(l5kV) 



0.05 m 



1.60xlO _19 C 



= 5.84mT 



17 

Picture the Problem Let h be the height of the orbit above the surface of the earth, m the 
mass of the micrometeorite, and v its speed. We can apply Newton's 2 nd law to the 
orbiting micrometeorite with F m:ig = qvB to derive an expression for the charge-to-mass 
ratio of the micrometeorite. 
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(a) Apply ^F = ma c to the D v 2 



<7vi? = m - 

micrometeorite orbiting under the n + K 

earth 

influence of the magnetic force: 

Solve for qlm to obtain: q_ _ V 



m B(h + R^) 



Substitute numerical values and evaluate qlm: 



88.6 C/kg 



q 30km/s 
m ~ (5 x 10 5 T)(400km + 6370km) 

(6) Solve the result for qlm q = (88.6C/kg)m 
obtained in (a) for q to obtain: 

Substitute numerical values and q = (88.6C/kg)(3xl(T 10 kg) 

evaluate q: =[26^C 



Force Exerted by a Magnetic Field 

18 • 

Picture the Problem The magnetic force acting on a charge is given by F = qvxB . 
We can express v andi? , form their vector (a.k.a. "cross") product, and multiply by the 
scalar q to find F . 

Express the force acting on the proton: F = qvxB 

Express v : v = (4.46 Mm/s)/ 

Express B : B = (lJ5T)k 

Substitute numerical values and evaluate F : 



F = (l.60x 10 19 c)[(4.46Mm/s)/ x (l .75 T)k\ = \ -(l.25pN)J 



19 • 

Picture the Problem The magnetic force acting on the charge is given by F = qvxB . 
We can express v and 2? , form their vector (a.k.a. "cross") product, and multiply by the 
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scalar q to find F . 

Express the force acting on the 
charge: 

Substitute numerical values to 
obtain: 

(a) Evaluate F for B = 0.38 Tj : 



F = qvxB 



F = (-3.64nC)[(2.75xl0 6 m/s)/x2? 



F = (-3.64nC)[(2.75xl0 6 m/s)/x(0.38T)jJ = | -(3.80mN>fc 



(b) Evaluated for B = 0.75 T i + 0.75 T j : 



F = (- 3.64nC)[(2.75 x 10 6 m/s)/ x |o.75T)/ + (0.75T)j)j = I -(7.51mN)fc 



(c) Evaluate F for B = 0.65 T i : 



F = (-3.64nC)[(2.75xl0 6 m/s)/x(0.65T)/ 



0 



(cf) Evaluate F for B = 0.75 T i + 0.75 Tk : 

F = (-3.64nC)[(2.75xl0 6 m/s)/ x(o.75T)i + (0.75T)*]= I (7.51mN)j 



20 • 

Picture the Problem The magnetic force acting on the proton is given by F = qv x B . 
We can express v and B , form their vector (a.k.a. "cross") product, and multiply by the 
scalar q to find F . 

Express the force acting on the proton: F = qvxB 

(a) Evaluate F for v = 27 Mm/s / : 



F = (l.60 x 1(T 19 C)[(2.7 x 10 6 m/s)/ x (l .48 T)jfc] = I -(0.640pN)j 



(b) Evaluated for v = 3.7 Mm/s j : 



F = (l .60 x 1(T 19 c)[(3.7 x 10 6 m/s) j x (l .48 T)k \ = I (0.876pN)/ 
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(c) Evaluate F for v = 6.8 Mm/s k : 



F = (l.60xl0~ 19 c)[(6.8xl0 6 m/s)^x(l.48T)^ 



(J) Evaluated for v = 4.0 Mm/s i + 3.0 Mm/s / : 



F = (l.60xl0~ 19 C)[{(4.0 Mm/s)/ + (3 .0 Mm/s) jjx (l .48 T)* 



(0.7 10pN)/- (0.947 pN)y 



21 • 

Picture the Problem The magnitude of the magnetic force acting on a segment of wire is 
given by F = IIB sin 6 where I is the length of the segment of wire, B is the magnetic 
field, and 9 is the angle between the segment of wire and the direction of the magnetic 
field. 



Express the magnitude of the 
magnetic force acting on the 
segment of wire: 



Substitute numerical values and 
evaluate F: 



F = HB sin 8 



F = (2.6A)(2m)(0.37T)sin30 c 



= 0.962 N 



*22 • 

Picture the Problem We can use F = IL x B to find the force acting on the wire 
segment. 



Express the force acting on the wire 
segment: 



F =ILxB 



Substitute numerical values and 
evaluate F : 



F = (2.7 A) (3cm)/ + (4cm)j x(l.3T)/ 



(0.140N)£ 



23 • 

Picture the Problem The magnetic force acting on the electron is given by F = qvxB . 
We can form the vector product of v and B and multiply by the charge of the electron to 
find F and obtain its magnitude using F = ^F^ + F^ + F^ . The direction angles are 
given by Q x = tan 1 (FjF), 6 y = tan ^ /F), and 0 Z = tan 1 (FjF). 
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Express the force acting on the proton: F = qvxB 

Express the magnitude of F in terms p — ^jp 2 + F 2 + F 2 (1) 

of its components: 

Substitute numerical values and evaluate F : 



F = (- 1.60 x 10~ 19 c)[{(2Mm/s)/ - (3Mm/s) j}x (o.8/ + 0.6 j - 0Ak)j 
= (- 0. 192 pN)£ + (- 0. 128 pN) ) + (- 0.384 pN)^ + (- 0. 192 pN)/ 



(0. 192 pN)/ - (0.128 pN) j - (0.576pN)^ 



Substitute in equation (1) to obtain: 



F = 7(- 0.192pN) 2 + (-0.1 28 pN) 2 +(- 0.576 pN) 2 =1 0.621pN 



Express and evaluate the angle 
F makes with the x axis: 



0, = cos 



fp\ 



= cos 



-0.192pN 
0.621pN 



= 108° 



Express and evaluate the angle 
F makes with the y axis: 





f F? 




cos 1 




= cos 1 




\F j 





-0.128pN 
0.621pN 



= 102 c 



Express and evaluate the angle 
F makes with the z axis: 



6, = cos 



(F^ 






= cos 1 


{Fj 


V 



-0.576pN 
0.621pN 



= 158° 



24 

Picture the Problem We can use F = II x B to find the force acting on the segments of 
the wire as well as the magnetic force acting on the wire if it were a straight segment 
from a to b. 

Express the magnetic force acting F = F 3 + F, 

on the wire: 
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Evaluate F 3cm : 



Evaluate F. 



4 cm 



= (l.8A)[(3cm)/x(l.2T)it 
= (0.0648 N)(- j) 
= -(0.0648 N)j 

= (l.8A)[(4cm)jx(l.2T)&J 
= (0.0864 N)/ 



Substitute to obtain: 



-(0.0648 N)j + (0.0864 N)/ 



(0.0864 N)/- (0.0648 N)j 



If the wire were straight from a to b: 



= (3 cm) j +(4cm)y 



The magnetic force acting on the wire is: 



F = (1.8 A) (3cm)/ + (4cm)/ x (l.2T>fc = -(0.0648 N)j + (0.0864 N)/ 



(0.0864 N)/- (0.0648 N)j 



in agreement with the result obtained above when we treated the two straight segments of 
the wire separately. 



25 

Picture the Problem Because the magnetic field is horizontal and perpendicular to the 
wire, the force it exerts on the current-carrying wire will be vertical. Under equilibrium 
conditions, this upward magnetic force will be equal to the downward gravitational force 
acting on the wire. 



Apply X F venicai = Oto the wire: 



F -w = 0 

mag 



Express F„ 



Substitute to obtain: 



F ^ = MB 
because (9=90°. 

I£B-mg = 0 



Solve for /: 



Substitute numerical values and evaluate /: 



7 = 



mg_ 
IB 



/ = (50g)(9.81m/s 2 ) 
(25cm)(l.33T) 



1.48A 
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*26 

Picture the Problem The diagram shows 
the gaussmeter displaced from equilibrium 
under the influence of the gravitational and 
magnetic forces acting on it. We can apply 
the condition for translational equilibrium 
in the x direction to find the equilibrium 
angular displacement of the wire from the 
vertical. In part (b) we can solve the 
equation derived in part (a) for B and 
evaluate this expression for the given data 
to find the horizontal magnetic field 
sensitivity of this gaussmeter. 



/ / / / / 




(a) Apply ^ F x =0 to the wire to 
obtain: 



mgsind- FcosO = 0 



Substitute for F and solve for 6? to 
obtain: 



mg sin6>- UB cos6> = 0 
and 



6 = tan 



mgj 



(1) 



Substitute numerical values and 
evaluate 6: 



6 = tan 



(0.2A)(0.5m)(0.04T) 
(0.005kg)(9.81m/s 2 ) 



= 4.66 c 



(b) Solve equation (1) for B to 
obtain: 



B = 



mg tan 0 



For a displacement from vertical of 
0.5 mm: 



0.5mm 

tan 0 ~ sin 6 = = 0.001 



0.5m 



and 

# = 0.001rad 



Substitute numerical values and 
evaluate B: 



_ (0.005kg)(9.81m/s 2 )(0.001rad) 
(20A)(0.5m) 



4.91//T 



27 » 
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Picture the Problem With the current in 
the direction indicated and the magnetic 



field in the z direction, pointing out of the 
plane of the page, the force is in the radial 
direction and we can integrate the element 
of force dF acting on an element of length 
dl between #=0 and n to find the force 
acting on the semicircular portion of the 
loop and use the expression for the force on 




a current-carrying wire in a uniform 
magnetic field to find the force on the 
straight segment of the loop. 



Express the net force acting on the 
semicircular loop of wire: 

Express the force acting on the 
straight segment of the loop: 

Express the force dF acting on the 
element of the wire of length dl: 

Express the x and y components of 
dF: 



semicircular loop straight segment 

F stmight „ t =fixB = -2RIB 

dF = IdlB = IRBdO 

dF x = dF cos 6 
and 

dF„ = dF sin 0 



Because, by symmetry, the x 
component of the force is zero, we 
can integrate the y component to 
find the force on the wire: 



dF y = IRBsinOdO 
and 

F y =RIB\sm0d0 = 2RIB 



Substitute in equation (1) to obtain: 



F = 2MB - 2MB = 



0 
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Picture the Problem We can use the information given in the 1 st and 2 nd sentences to 
obtain an expression containing the components of the magnetic field B . We can then 
use the information in the 1 st and 3 rd sentences to obtain a second equation in these 
components that we can solve simultaneously for the components of B . 

Express the magnetic field B in B = BJ + B Y j + BJi (1) 

terms of its components: 

Express F in terms of B : F = II xB 




(0.4 A • m)BJ - (0.4 A • m)BJ 



Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 



(0.4 A -m)B y =0.2N 



and 



(0.4A-mX =0.2N 



Noting that B z is undetermined, 
solve for B x and B,: 



B x = 0.5Tand B =0.5T 



When the wire is rotated so that the 



F = I£xB 



current flows in the positive x 
direction: 




(0.4 A • m); x [BJ + B y j + B z k) 
-(0.4 A • m)BJ + (0.4 A • m)B k 



Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 



-(0.4A-m)5. =0 



and 



(0.4A-m)5 v =0.2N 



Solve for B z and B v to obtain: 



B z =0 

and, in agreement with our results above, 
B =0.5T 



Substitute in equation (1) to obtain: 



B= (0.5T)/+(0.5T)j 
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29 

Picture the Problem We can use the information given in the 1 st and 2 nd sentences to 
obtain an expression containing the components of the magnetic field B . We can then 
use the information in the 1 st and 3 rd sentences to obtain a second equation in these 
components that we can solve simultaneously for the components of B . 



Express the magnetic field B in 
terms of its components: 



B = BJ+BJ + B z k 



(1) 



Express F in terms of B 



F = IixB 

= (2 A)[(0. 1 m)i ] x (bJ + BJ + B z k) 
= (0.2 A • m); x [BJ + BJ + B z k) 
= -(0.2 A • m)B z j + (0.2 A • m)B r k 



Equate the components of this 
expression for F with those given 
in the second sentence of the 
statement of the problem to obtain: 



-(0.2A-m)5 z =3N 
and 

(0.2A-m)5 v =2N 



Noting that B x is undetermined, 
solve for B 7 and B v : 



B z = -15T 
and 

B v =10T 



When the wire is rotated so that the 
current flows in the positive y 
direction: 



Equate the components of this 
expression for F with those given 
in the third sentence of the problem 
statement to obtain: 



F = ilxB 

= (2 A)[(0. lm)j] x [b) + BJ + B z k) 
= (0.2 A • m)j x [BJ + BJ + B z k) 
= (0.2 A • m)BJ - (0.2 A • m)B x k 

(0.2 A -mX =-3N 
and 

-(0.2A-m)fl_ =-2N 



Solve for B y and B 7 to obtain: 



B x =-15T 

and, in agreement with our results above, 
B. =10T 
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Substitute in equation (1) to obtain: 



B = 



(lOT)/ + (lOT)y-(l5T)fe 



30 ••• 

Picture the Problem We can integrate the expression for the force dF acting on an 
element of the wire of length dL from a to b to show that F = ILx B. 



Express the force dF acting on the 
element of the wire of length dL : 



dF = IdLxB 



Integrate this expression to obtain: 



Because B and / are constant: 



F 


-I 


IdLxB 






a 


f b \ 




F 


= i 


jdL \xB = 


ILxB 






Vfl J 





where L is the vector from a to b. 

Motion of a Point Charge in a Magnetic Field 



Picture the Problem We can apply Newton's 2 nd law to the orbiting proton to relate its 
speed to its radius. We can then use T- 2m~/v to find its period. In Part (b) we can use the 
relationship between T and v to determine v. In Part (c) we can use its definition to find 
the kinetic energy of the proton. 



(a) Relate the period T of the 
motion of the proton to its orbital 
speed v. 

Apply X^adid = ma c to the P roton 
to obtain: 



T = 



2m 



qvB = m - 



(1) 



Solve for vlr to obtain: 



Substitute to obtain: 



Substitute numerical values and 
evaluate T: 



v _qB 
r m 



T = 



qB 



2;r(l-67xlQ- 27 kg) 
(1.60x10 "> C)(0.75T) 



87.4ns 



(b) From equation (1) we have: 
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2m _ 2^(0.65 m) 



87.4ns 



= 4.67xl0 7 m/s 



(c) Using its definition, express and evaluate the kinetic energy of the proton: 



K = \mv 2 = i(l.67 x 1(T 27 kg)(4.67 x 10 7 m/s) 2 = 1.82 x 10 -12 J : 



leV 



1.60x10 19 J 



= 11.4MeV 



32 



Picture the Problem We can apply Newton's 2 nd law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. Using the definition of its kinetic energy will allow us to express r in 
terms of m, q, B, and its kinetic energy K. We can use 

T= 2m/v to find the period of the motion and calculate the frequency from the reciprocal 
of the period of the motion. 



(a) Apply ^F radial = ma c to the 
proton to obtain: 



qvB = m - 



Solve for r. 



mv 



qB 



(1) 



Express the kinetic energy of the 
electron: 



K = \mv 



Solve for v to obtain: 



\ 2K 
m 



(2) 



Substitute in equation (1) to obtain: 



m_ 2K 
qB\m qB 



/' = — J =— 42K> 



m 



Find the frequency from the 
reciprocal of the period: 



/-!--!— 

T 0.110ns 



9.10GHz 



Substitute numerical values and evaluate r. 
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r = 



i 



2(45 keV) 



9.11x10 31 kg x 



1.6xlQ 19 J^ 
eV 



(l.6xl0 19 C)(0.325T) 



2.20mm 



(b) Relate the period of the 
electron's motion to the radius of its 
orbit and its orbital speed: 



2nr 



Substitute equation (2) to obtain: 



2m 
V m 



nr. 



1 2m 
K 



Substitute numerical values and evaluate T: 



T = ^"(2. 20mm) 



i 



2(9.1 lxlQ- 3 'kgj~ 



45keVx 



1.6x10 v J 
eV 



0.110ns 
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Picture the Problem We can apply Newton's 2 nd law to the orbiting electron to obtain an 
expression for the radius of its orbit as a function of its mass m, charge q, speed v, and the 
magnetic field B. 



(a) Apply X Radial = ma c to the 
proton to obtain: 



qvB = m- 



Solve for r. 



Substitute numerical values and 
evaluate r. 



(Z>)ForS = 2xlO -5 T: 



mv 



qB 



r = 



(9.11xlQ' 31 kg)(l0 7 m/s) 
(1.60x10 19 C)(4xlO- 7 T) 



142m 



r = 



(9.11xlQ- 31 kg)(l0 7 m/s) 
(l.60xlO" 19 C)(2xlO" 5 T) 



2.84m 
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34 



Picture the Problem We can apply Newton's 2 nd law to an orbiting particle to obtain an 
expression for the radius of its orbit R as a function of its mass m, charge q, speed v, and 
the magnetic field B. 



Apply ^F radial = ma c to an orbiting 
particle to obtain: 



qvB = m- 



Solve for r. 



mv 



qB 



Express the kinetic energy of the 
particle: 



K = \mv 2 



Solve for v to obtain: 



2K 



m 



Substitute in equation (1) to obtain: 



m 2K 1 /—— 

r = — = — -JlKm (1) 

qB V m qB 



Using equation (1), express the ratio 
RJR V : 



-^—JlKm A | 

R A = q A B^ = q p U 

P 



2m„ 



e \ m„ 



4i 



Using equation (1), express the ratio 
R a /R p : 



R 




p _ 



2e\\ m 



35 

Picture the Problem We can apply Newton's 2 nd law to the orbiting particles to derive 
an expression for their velocities as a function of their charge, their mass, the magnetic 
field in which they are moving, and the radii of their orbits. We can then compare their 
velocities by expressing their ratio. In parts (b) and (c) we can proceed similarly starting 
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with the definitions of kinetic energy and angular momentum. 



(a) Apply ^ Radial = ma c to an 
orbiting particle to obtain: 



qvB = m — 

r 



Solve for v: 



qBr 



m 



Express the velocities of the 
particles: 



% Br A <la Br 
v p = — — and v„ = — - — 



777 , 



m 



Divide the second of these equations 
by the first to obtain: 



q a Br 



in, 



m„ 



(b) Express the kinetic energy of an 
orbiting particle: 



K = 4- 777V 2 =4-777 



fqBr^ 2 _ , gW 



m 



Using this relationship, express the 
ratio of K a to K p : 



2 D 2 2 
1 <la B r 

1 m„ q 2 a m 



a _ la P 

2 



(2ef 



772,, 



¥•0 



=0 



(c) Express the angular momenta of 
the particles: 

Express the ratio of L a to L p : 



L a = m a V a r W & L p = M^/ 



L p m p v p r m p v p 
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Picture the Problem We can use the definition of momentum to express p in terms of v 
and apply Newton's 2 nd law to the orbiting particle to express v in terms of q, B, R, and m. 
In part (b) we can express the particle's kinetic energy in terms of its momentum and use 
our result from part (a) to show that K = ^B 2 q 2 R 2 jm. 
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(a) Express the momentum of the 
particle: 

Apply ^F radial = ma c to the 
orbiting particle to obtain: 

Solve for v: 



p = mv 



qvB = m 



R 



v = 



qBR 



in 



(1) 



Substitute in equation (1) to obtain: 



p = m 


< qBR^ 




qBR 




V m j 







(b) Express the kinetic energy of the 
orbiting particle as a function of its 
momentum: 



K = 



P 
1m 



Substitute our result from part (a) to 
obtain: 



K 



_ (qBRf _ 
2m 



q 2 B 2 R 2 
2m 
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Picture the Problem The particle's velocity has a component vi parallel to B and a 
component v 2 normal tol? . V\ = v cos 9 and is constant, whereas v 2 = v sind?, being 
normal to B , will result in a magnetic force acting on the beam of particles and circular 
motion perpendicular to B . We can use the relationship between distance, rate, and time 
and Newton's 2 nd law to express the distance the particle moves in the direction of the 
field during one period of the motion. 



Express the distance moved in the 
direction of B by the particle 
during one period: 

Express the period of the circular 
motion of the particles in the beam: 

Apply X Radial = ma c to a particle 
in the beam to obtain: 



x = v x T 



T = 



2m 



qv 2 B = m - 



(1) 



Solve for v 2 : 



qBr 

v 2 = 

m 
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Substitute to obtain: 



Iw Ijun 



qBr q B 
m 



Because vi = v cosO, equation (1) 
becomes: 



x = (vcosff) 







In 


f \ 
m 








I 1 B J 






y qB) 



VCOS0 
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Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
(f>. The application of Newton's 2 nd law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r-d and to determine their 
value. 




From symmetry, it is evident that 
the angle 6? in Figure 26-35 equals 
the angle (/>: 



<j>= 60.0 C 



Use trigonometry to obtain: 



sin(90°-6') = sin30 o = - = c//2 



2 r 



or r = d. 



Apply ]>]F radial = ma c to the proton 

while it is in the magnetic field to 
obtain: 



qvB = m - 



Solve for r. 



mv 



r = 



qB 



Substitute numerical values and 
evaluate r-d: 



d _ (l-67 x 1(T 27 kg)(l0 7 m/s) 
(l.60xl(r 19 C)(0.8T) 



= 0.130m 
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Picture the Problem The trajectory of the 
proton is shown to the right. We know that, 
because the proton enters the field 
perpendicularly to the field, its trajectory 
while in the field will be circular. We can 
use symmetry considerations to determine 
(f>. The application of Newton's 2 nd law to 
the proton while it is in the magnetic field 
and of trigonometry will allow us to 
conclude that r-d and to determine their 
value. 




(a) From symmetry, it is evident 
that the angle 6? in Figure 26-33 
equals the angle (f>: 



</> = 



24.0° 



Use trigonometry to obtain: 



sin(90°-#) = sin24 c 



d/2 



or 



r 



0.4 m 



p 2 sin 24° 2 sin 24° 



0.492m 



Apply J^radml = mfl c t0 the P r0t0n 

while it is in the magnetic field to 
obtain: 



q p v p B = m p ^- 



Solve for and evaluate v n 



1A B 



77?,, 



Substitute numerical values and 
evaluate v p : 



(l.60xl(T 19 c)(0.492m)(0.6T) 
1.67xl0" 27 kg 



2.83xl0 7 m/s 



(b) Express va- 



m d 2m p 
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Substitute numerical values and 
evaluate v d : 



_ (l.60xl0 19 c)(0.492m)(0.6T) 
~ 2(l.67xl(T 27 kg) 



= 1.41xl0 7 m/s 
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Picture the Problem We can apply Newton's 2 nd law of motion to express the orbital 
speed of the particle and then find the period of the dust particle from this orbital speed. 



The period of the dust particle's 
motion is given by: 

Apply = ma c to the particle: 



T = 



2m 



qvB = m - 



Solve for v to obtain: 



v = 



qBr 



m 



Substitute for v in the expression for 
Tand simplify: 

Substitute numerical values and 
evaluate T: 



2mm 2mn 



T = 



qBr qB 

2;r(l0xl(T 6 gxl(r 3 kg/g) 
(0.3nC)(l(r 9 Tj 

iy 



= 2.094xlO n sx- 



31.56Ms 



6.64xl0 3 y 



The Velocity Selector 
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Picture the Problem Suppose that, for positively charged particles, their motion is from 
left to right through the velocity selector and the electric field is upward. Then the 
magnetic force must be downward and the magnetic field out of the page. We can apply 
the condition for translational equilibrium to relate v to E and B. In (b) and (c) we can use 
the definition of kinetic energy to find the energies of protons and electrons that pass 
through the velocity selector undeflected. 



(a) Apply ^^F =0 to the particle 
to obtain: 



F - F =0 

elec mag 



or 

qE - qvB = 0 
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Solve for v to obtain: 



B 



Substitute numerical values and 
evaluate v: 

(b) Express and evaluate the kinetic 
energy of protons passing through 
the velocity selector undeflected: 



v = ■ 



0. 46 MV/m 
0.28T 



1.64x10° m/s 



K P =jm p v 2 

= l (l .67 x 10~ 27 kg )(l .64 x 10 6 m/s) 2 
leV 



= 2.26x10 ~ 13 Jx ■ 



1.60x10 19 J 



= 14.0keV 



(c) The kinetic energy of electrons 
passing through the velocity selector 
undeflected is given by: 



K e = ±m e v 



= ^(9.11xlOA g )(l.64xl0 6 m/s) 2 
leV 



= 1.23x10 ~ ls Jx 



1.60x10 19 J 



= 7.66eV 
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Picture the Problem Because the beam of protons is not deflected; we can conclude that 
the electric force acting on them is balanced by the magnetic force. Hence, we can find 
the magnetic force from the given data and use its definition to express the electric field. 



(a) Use the definition of electric 
field to relate it to the electric force 
acting on the beam of protons: 

Express the magnetic force acting on 
the beam of protons: 



p 

elec 



F ™ R = <jvi x Bj = qvBk 



Because the electric force must be equal in magnitude but opposite in direction: 

^eiec = -q vB k = -(l-60x 10~ 19 c)(l2.4km/s)(0.85T)A = -(l.69x 10~ 15 n)a 



Substitute in the equation for the 
electric field to obtain: 



"'elec 



(i.69x1Q' 5 n)a 
1.6xl0~ 19 C 



(l0.5kV/m)A 
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(b) 



Because both F mag and F elec are reversed, electrons are not deflected. 



Thomson's Measurement oiqlm for Electrons and the Mass 
Spectrometer 
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Picture the Problem Figure 26-18 is reproduced below. We can express the total 
deflection of the electron beam as the sum of the deflections while the beam is in the field 
between the plates and its deflection while it is in the field-free space. We can, in turn, 
use constant-acceleration equations to express each of these deflections. The resulting 
equation is in terms of vo and E. We can find vo from the kinetic energy of the beam and 
E from the potential difference across the plates and their separation. In part (b) we can 
equate the electric and magnetic forces acting on an electron to express B in terms of E 
and Vq. 



Deflection 
plates 

\ 


n 


v 


Screen 




A y 2 




.a V 


F 











(a) Express the total deflection Ay of 
the electrons: 



Ay = Ay,+Ay 2 (1) 
where 

Ay i is the deflection of the beam while it is 
in the electric field and Ay 2 is the deflection 
of the beam while it travels along a 
straight-line path outside the electric field. 



Use a constant-acceleration equation 
to express Ay t : 



Ay x =\a y {At) 2 (2) 

where At = x\Ivq is the time an electron is in 
the electric field between the plates. 



Apply Newton's 2 nd law to an 
electron between the plates to 
obtain: 



qE = ma y 



Solve for a Y and substitute into qE 
equation (2) to obtain: m 

and 
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Express the vertical deflection Ay 2 of 
the electrons once they are out of the 
electric field: 



Ay 2 = v y At 2 



— 1 




v W J 





(3) 



(4) 



Use a constant-acceleration equation 
to find the vertical speed of an 
electron as it leaves the electric 
field: 



v =v 0 y + a At, 



= 0 + ^— 
m 



qEfx,^ 1 



v v oy 



Substitute in equation (4) to obtain: 



Ay 2 = 



qE 



m 



v v oy 



v v oy 



(5) 



Substitute equations (3) and (5) in 
equation (1) to obtain: 



\ m J 



x. 



v v oy 



or 



Ay = 



qEx x 



mv, 



-+ Xr. 



o V 



(6) 



Use the definition of kinetic energy 
to find the speed of the electrons: 



K = \mv. 



2 " lv 0 



and 



12K _ I 2(2.8keV) 
~ "^.llxlO^kg 



V m 
= 3.14xl0 7 m/s 



Express the electric field between 
the plates in terms of their potential 
difference: 



E = 



d 



Substitute numerical values and 
evaluate E: 



V 25V 
E = — = — — = 2.08kV/m 
d 1.2cm 



Substitute numerical values in equation (6) and evaluate Ay: 



_ (l. 60x10 - 19 c)(2.08kV/m)(6cm) 
(9.11x10 ~ 31 kg)(31. 4 Mm/s) 2 



6 cm 



+ 30cm = 



7.34 mm 



478 Chapter 26 



(b) Because the electrons are 
deflected upward, the electric field 
must be downward and the magnetic 
field upward. Apply ^F v = 0 to an 

electron to obtain: 



F - F =0 

mag elec 

or 

qvB = qE 



Solve for B: 



B = 



Substitute numerical values and 
evaluate B: 



B = 



2.08 kV/m 
3.14xl0 7 m/s 



66.2 juT 
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Picture the Problem The diagram below represents the paths of the two ions entering the 
magnetic field at the left. The magnetic force acting on each causes them to travel in 
circular paths of differing radii due to their different masses. We can apply Newton's 2 nd 
law to an ion in the magnetic field to obtain an expression for its radius and then express 
their final separation in terms of these radii that, in turn, depend on the energy with which 
the ions enter the field. We can connect their energy to the potential through which they 
are accelerated using the work-kinetic energy theorem and relate their separation As to 
the accelerating potential difference AV. 




chlorine ions: 



qvB = m — 
r 



Apply X^radial = mCl c t0 an ion in 

the magnetic field of the mass 
spectrometer: 



Solve for r to obtain: 



_ mv 
~ qB 



(2) 
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Relate the speed of an ion as it qAV = \tnv 2 

enters the magnetic field to the 
potential difference through which it 
has been accelerated: 



Solve for v to obtain: 




Substitute in equation (2) to obtain: m \2qAV \2mAV 

r ~^B\ m ~\ qB 2 



Use this equation to express the 
radii of the paths of the two chlorine 
isotopes to obtain: 



'35 



2m, 5 AV 
1 — ^ — andr 37 



2m 31 AV 



qB 2 



Substitute in equation (1) to obtain: 



As = 2 



2m 35 AV 



2m 35 AV 



= 2 



V qB 2 \ qB 2 
1 \2AV, 



B 



Solve for AT: _ qB 2 (2Asf 



Substitute numerical values and 
evaluate A V: 



AV 



(l.60xlO" 19 c)(l.2T) 2 



1.4 cm 



2(73711" -^35u) 
5.65xl0' 24 C-T 2 -m 2 
(V37 - V35) 2 (l .66 x 1CT 27 kg) 
= 122kV 
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Picture the Problem We can apply Newton's 2 nd law to an ion in the magnetic field to 
obtain an expression for r as a function of m, v, q, and B and use the work-kinetic energy 
theorem to express the kinetic energy in terms of the potential difference through which 
the ion has been accelerated. Eliminating v between these equations will allow us to 
express r in terms of m, q, B, and AV. 
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Apply X^radial = mCl c t0 an ion in 

the magnetic field of the mass 
spectrometer: 



qvB = m - 



Solve for r to obtain: 



r = ■ 



mv 
qB 



(1) 



Apply the work-kinetic energy 
theorem to relate the speed of an ion 
as it enters the magnetic field to the 
potential difference through which it 
has been accelerated: 



qAV = \mv 



Solve for v to obtain: 



v = . 



\2qAV 



m 



Substitute in equation (1) to obtain: 



_ m_ j lqAV _ j lmAV 



qB V m 



qB 1 



(a) Substitute numerical values and 



evaluate equation (2) for 24 Mg : 



'24 



2(3.983 xlQ' 26 kg)(2.5kV)~ 
! (l.60xl(r 19 c)(557xl(r 4 T) 2 



63.3cm 



(b) Express the difference in the 
radii for 24 Mg and 26 Mg: 



Ar = r 26- r 24 



Substitute numerical values and 



evaluate equation (2) for 26 Mg : 



'26^ 
V 24y 



(3.983 xlCT 26 kg)(2.5kV) 



(l.60xl(T 19 c)(557xl(r 4 T) 2 
= 65.9cm 



Substitute to obtain: 



Ar = 65.9cm- 63.3cm = 2.60cm 
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Picture the Problem We can apply Newton's 2 nd law to an ion in the magnetic field of 
the spectrometer to relate the diameter of its orbit to its charge, mass, velocity, and the 
magnetic field. If we assume that the velocity is the same for the two ions, we can then 
express the ratio of the two diameters as the ratio of the masses of the ions and solve for 



The Magnetic Field 481 



the diameter of the orbit of 7 Li. 



Apply £ Radial = ma c to an ion in qvB = 

the field of the spectrometer: r 



Solve for r to obtain: ^ _ mv_ 

~ qB 



Express the diameter of the orbit: j _ 2mv 

qB 

Express the diameters of the orbits ^ _ 2m 6 v ^ _ 2m 7 v 

for 6 Li and 7 Li: ' qB 7 qB 

Assume that the velocities of the 2m 7 v 

two ions are the same and divide the d 7 _ qB _ m 7 

2 nd of these diameters by the first to d 6 2m 6 v rn 6 

obtain: qB 



Solve for and evaluate d 7 : 



d 7 =—d 6 = — (l5cm)= 17.5cm 
m, 6u 1 



The Cyclotron 
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Picture the Problem The time required for each of the ions to complete its semicircular 
paths is half its period. We can apply Newton's 2 nd law to an ion in the magnetic field of 
the spectrometer to obtain an expression for r as a function of the charge and mass of the 
ion, its velocity, and the magnetic field. 

Express the time for each ion to ^ _ j_ j _ 7W_ 

complete its semicircular path: " v 

Apply / F r . tlV ,., = ma r to an ion in the „ v 2 

^ mdud c qvB = m — 

field of the spectrometer: r 



Solve for r to obtain: 



_ mv 
~ qB 
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Substitute to obtain: 



At 



Tim 



qB 



Substitute numerical values and 
evaluate At 5S and At 60 : 



58;z-(l.66xlCT 27 kg) 
58 ~ (1.60x10 19 C)(0.12T) 



15.8 //s 



and 



At. 



60^(l -66x10 27 kg) 
~ (l.60xl0 19 C)(0.12T) 



16.3 //s 
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Picture the Problem We can apply a condition for equilibrium to ions passing through 
the velocity selector to obtain an expression relating E, B, and v that we can solve for v. 
We can, in turn, express E in terms of the potential difference V between the plates of the 
selector and their separation d. In (b) we can apply Newton's 2 nd law to an ion in the 
bending field of the spectrometer to relate its diameter to its mass, charge, velocity, and 
the magnetic field. 



(a) Apply ^ F = 0 to the ions in 

the crossed fields of the velocity 
selector to obtain: 



F 



elec 



^ag=0 



or 

qE - qvB = 0 



Solve for v to obtain: 



E 

v = — 
B 



Express the electric field between 
the plates of the velocity selector in 
terms of their separation and the 
potential difference across them: 



E = 



V_ 
d 



Substitute to obtain: 



v = ■ 



V_ 
dB 



Substitute numerical values and 
evaluate v: 



160V 



(2mm)(0.42T) 



1.90xl0 5 m/s 



(b) Express the difference in the 
diameters of the orbits of singly 



Ad — fif 2 38 ^235 



(1) 



The Magnetic Field 483 



ionized 238 U and 235 U: 



Apply X Radial = ma c to an ion in 
the spectrometer's magnetic field: 



qvB = m — 
r 



Solve for the radius of the ion's 
orbit: 



mv 



qB 



Express the diameter of the orbit: 



d = 



2mv 
qB 



Express the diameters of the orbits 



for 238 U and 235 U: 



J 238 =^^and d 2 , 5 = 2m ™ V 



qB 



qB 



Substitute in equation (1) to obtain: 



Ad _ 2ffl 238 V 2m 235 V 

qB qB 

= ^-(^238 -^235) 

qB 



Substitute numerical values and evaluate Ad: 



2(l .90 x 10 5 m/s)(238 u - 235 u) 



'l.66xl(T 27 kg^ 



Ad 



(l.60xlO" 19 C)(l.2T) 



9.86mm 
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Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of the protons/deuterons. By applying Newton's 2 nd law, we can 
relate the radius of the particle's orbit to its speed and, hence, express the cyclotron 
frequency as a function of the particle's mass and charge and the cyclotron's magnetic 
field. In part (b) we can use the definition of kinetic energy and their maximum speed to 
find the maximum energy of the emerging protons. 



(a) Express the cyclotron frequency 
in terms of the proton's orbital speed 
and radius: 



1 _ 1 v 



Apply ^F radial = ma c to a proton in 
the magnetic field of the cyclotron: 



qvB = m- 



(1) 
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Solve for r to obtain: 



mv 



qB 



Substitute to obtain: 



qBv qB 



2mnv 7.7wn 



(2) 



Substitute numerical values and 
evaluate f. 



(l.60xlQ- 19 c)(l.4T) 
2^-(l.67xl0" 27 kg) 



21.3 MHz 



(b) Express the maximum kinetic -^max = 2 mv m 

energy of a proton: 

Solve equation (1) for v max to obtain: _ (jBr mdX 

^max 

m 



Substitute to obtain: 



K = \m 



Km) 



( 2 D 2A 



_ 1 

2 



q L B 



V m J 



^max (3) 



Substitute numerical values and 
evaluate K: 



K = 



(l.60xl0 19 c) 2 (l.4T) 2 
1.67xl0" 27 kg 

leV 



(0.7 m) 2 



= 7.36xlO" 12 Jx 



1.60xl0 19 J 



46.0 MeV 



(c) From equation (2) we see that 
doubling m halves f. 



deuterons 2 J protons 



2 



10.7 MHz 



From equation (3) we see that 
doubling m halves K: 



K = ±K 

deuterons 2 protons 



23.0 MeV 
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Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of the protons be accelerated in the cyclotron. By applying 
Newton's 2 nd law, we can relate the radius of the proton' s orbit to its speed and, hence, 
express the cyclotron frequency as a function of the its mass and charge and the 
cyclotron's magnetic field. In part (b) we can use the definition of kinetic energy express 
the minimum radius required to achieve the desired emergence energy. In part (c) we can 
find the number of revolutions required to achieve this emergence energy from the 
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energy acquired during each revolution. 



(a) Express the cyclotron frequency 
in terms of the proton's orbital speed 
and radius: 

Apply ^F radml = ma c to a proton in 
the magnetic field of the cyclotron: 



f = ^ = 



qvB = m- 



Solve for r to obtain: 



r 



HIV 

~qB 



(1) 



Substitute to obtain: 



Substitute numerical values and 
evaluate f. 



f = 



qBv _ qB 



2nmv 27im 



(l.60xl(T 19 c)(l.8T) 
2^-(l.67xl0" 27 kg) 



= 27.4 MHz 



(b) Using the definition of kinetic 
energy, relate emergence energy of 
the protons to their velocity: 



K=\mv z 



Solve for v to obtain: 



v = . 



2K 



m 



Substitute in equation (1) and 
simplify to obtain: 

Substitute numerical values and 
evaluate r min : 



m 



r 



IK yflKi 



m 



r = 



qB\m qB 

A /2(25MeV)(l.67xl0" 27 kg) 
(1.60x10 19 C)(l- 8 T) 



= 0.401m 



(c) Express the required number of 
revolutions N in terms of the energy 
gained per revolution: 

Because the beam is accelerated 
through a potential difference of 50 



N = 



25MeV 



E tev = 2^AF = 100keV 
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kV twice during each revolution: 



Substitute and evaluate N: 



N = - 



25MeV 
lOOkeV/rev 



250 rev 
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Picture the Problem We can express the cyclotron frequency in terms of the maximum 
orbital radius and speed of a particle being accelerated in the cyclotron. By applying 
Newton's 2 nd law, we can relate the radius of the particle's orbit to its speed and, hence, 
express the cyclotron frequency as a function of its charge-to-mass ratio and the 
cyclotron's magnetic field. We can then use data for the relative charges and masses of 
deuterons, alpha particles, and protons to establish the ratios of their cyclotron 
frequencies. 



Express the cyclotron frequency in 
terms of a particle's orbital speed 
and radius: 



1 _ 1 v 

T 2nr/v 2m~ 



Apply X F rad,ai = ma c to a particle 
in the magnetic field of the 
cyclotron: 



qvB = m - 



Solve for r to obtain: 



mv 



r = 



qB 



Substitute to obtain: 



/ = 



qBv 



B q 
2n m 



(1) 



Evaluate equation (1) for deuterons: 



B e 



2n m d 2n m d 



Evaluate equation (1) for alpha 
particles: 



and 



2n m„ 



fd fa 



B 2e Be 



2n 2m d 2n m A 



Evaluate equation (1) for protons: 



/p 



B_q^ 

2n m„ 



B 



B__e^ 
2n m 



A J 



= 2/ d 



and 
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f = f = f 

J p J d J a 
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Picture the Problem We can apply Newton's 2 nd law to the orbiting charged particle to 
obtain an expression for its radius as a function of its particle's kinetic energy. Because 
the energy gain per revolution is constant, we can express this kinetic energy as the 
product of the number of orbits completed and the energy gained per revolution and, 
hence, show that the radius is proportional to the square root of the number of orbits 
completed. 



Apply X F mm = ma c to a particle 
in the magnetic field of the 
cyclotron: 



qvB = m - 



Solve for r to obtain: 



mv 



r = • 



qB 



(1) 



Express the kinetic energy of the 
particle in terms of its speed and 
solve for v: 



K 



_ i 



mv => v = 




(2) 



Noting that the energy gain per 
revolution is constant, express the 
kinetic energy in terms of the 
number of orbits N completed by the 
particle and energy E iev gained by 
the particle each revolution: 



K = NE„ 



(3) 



Substitute equations (2) and (3) in 
equation (1) to obtain: 



r = -^-J^- = -^—yjlmK 
qB \ m qB 



qb qB 



or r oc N 



1/2 



Torques on Current Loops and Magnets 



53 • 

Picture the Problem We can use the definition of the magnetic moment of a coil to 
evaluate /j and the expression for the torque exerted on the coil f = ju x B to find the 
magnitude of r. 
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(a) Using its definition, express the 
magnetic moment of the coil: 

Substitute numerical values and 
evaluate ju\ 



M = NIA = NInr 1 



,u = (20)(3A>r(0.04m) 2 



0.302A-m 2 



(b) Express the magnitude of the 
torque exerted on the coil: 

Substitute numerical values and 
evaluate r: 



r = juB sin 0 



t = (0.302 A • m 2 )(0.5T)sin 60° 



= 0.131N-m 
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Picture the Problem The coil will experience the maximum torque when the plane of the 
coil makes an angle of 90° with the direction of B . The magnitude of the maximum 
torque is then given by r max = juB . 



Express the maximum torque acting 
on the coil: 



Use its definition to express the 
magnetic moment of the coil: 



ju = NIA = NItw 2 



Substitute to obtain: 



r = NInr'B 



Substitute numerical values and 
evaluate r: 



r max = (400)(l.6mA>r(0.75cm) 2 (0.25T) 



= 2.83xl(T 5 N-m 
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Picture the Problem We can use f = Ji x B to find the torque on the coil in the two 
orientations of the magnetic field. 



Express the torque acting on the 
coil: 



t = jixB 



Express the magnetic moment of the 
coil: 



ji = ±IAk = ±IL 2 k 
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(a) Evaluate f for B in the z 
direction: 



f = ±IL k x Bk 
= ±IL 2 B(kxk)-- 



(b) Evaluate f for B in the x 
direction: 



t = +IL 2 k x Bi = +IL 2 B(k x i ) 
= ±(2.5A)(0.06m) 2 (0.3T)j 



:(2.70xlO" 3 N-m)j 
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Picture the Problem We can use f = fi x B to find the torque on the equilateral triangle 
in the two orientations of the magnetic field. 



Express the torque acting on the 
coil: 



t = jixB 



Express the magnetic moment of the 
coil: 



// = ±IAk 



Relate the area of the equilateral 
triangle to the length of its side: 



A = \ base x altitude 



V 2 J 



Is 



Substitute to obtain: 



fi = ± k 



(a) Evaluate f for B in the z 
direction: 



J3L 2 I - 



= + 



4 

Sl 2 ib 



(kxk) = 



0 



(b) Evaluate f for B in the x 
direction: 



. Sl 2 i r - Sl 2 ib 

t = ± kxBi = ± 



_ + V3(0.08m) 2 (2.5A)(0.3T) j 



±(2.08xlO" 3 N-m)j 
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Picture the Problem The loop will start to lift off the table when the magnetic torque 
equals the gravitational torque. 

Express the magnetic torque acting r mag = juB = IttR 2 B 

on the loop: 

Express the gravitational torque r grav = mgR 

acting on the loop: 

Because the loop is in equilibrium InR 2 B = mgR 

under the influence of the two 

torques: 



Solve for B to obtain: 



mg 
InR 
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Picture the Problem The diagram to the 
right shows the coil as it would appear 
from along the positive z axis. The right- 
hand rule for determining the direction of 
h has been used to establish h as shown. 
We can use the geometry of this figure to 
determine 0 and to express the unit normal 
vector h . The magnetic moment of the 
coil is given by ju = NIAn and the torque 

exerted on the coil by f = ju x B . Finally, 
we can find the potential energy of the coil 
in this field from U = — Ji • B . 



y 




(a) Noting that 9 and the angle 
whose measure is 37° have their 
right and left sides mutually 
perpendicular, we can conclude that: 



(b) Use the components of h to 
express n in terms of i and j : 



0= 37 



h = nj + n j = cos37°i -sin37°y 



0.799/ - 0.602/" 



(c) Express the magnetic moment of 



ju = NIAn 
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the coil: 



Substitute numerical values and evaluate p 



Ji = (50)(l .75 A)(48 cm 2 )(o.799/ - 0.602j) = I (o.336 A • m 2 ) i - (0.253 A • m 2 )j 



(d) Express the torque exerted on the 
coil: 



t = /ixB 



Substitute for // and B to obtain: 



= {(o.336A-m 2 )/-(o.253A-m 2 ))}x(l.5T)j 

= (0.504 N • m)(f x ))- (0.380N • m )(j x ))= I (0.504N -m)£ 



(e) Express the potential energy of 
the coil in terms of its magnetic 
moment and the magnetic field: 

Substitute for // and B and evaluate U: 



U = -{(0.336A-m 2 )/ -(o.253A-m 2 )j|(l.5T)j 
= -(0.504 N • m)(/ • ))+ (0.380 N • m)(j ■ j) 



0.380J 
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Picture the Problem We can use the right-hand rule for determining the direction of n 
to establish the orientation of the coil for value of n and f = ju x B to find the torque 
exerted on the coil in each orientation. 



(a) The orientation of the coil is 
shown to the right: 



Evaluate r for B = 2.0 T j and 
h = I ; 



t = // x B = NIAh x B 
= (50)(l.75A)(48cm 2 )'x(2T)y 
= (0.840N-m)(/x j) 



(0.840 N-m) k 
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(b) The orientation of the coil is 
shown to the right: 



Evaluate f for B = 2.0 T j and 
h = j. 



t = // x B = NIAh x B 
= (50)(l.75A)(48cm 2 )jx(2T)j 
= (0.840N-m)(/xj) 



= 0 



(c) The orientation of the coil is 
shown to the right: 



Evaluate f for B = 2.0 T j and 
h =-j: 



t = ju x B = NIAh x B 
= -(50)(l.75A)(48cm 2 );-x(2T)j 
= (-0.840N-m)(/xj) 



(d) The orientation of the coil is 
shown to the right: 



Evaluate r for B = 2.0 T j and 
h =(/+_/)/ V2 : 



Magnetic Moments 




f = jixB = NIAh x 2? 
j50)(l.75A)(4 8 cm') (/ + j)x(2T); . 

= (0.594 N-m)(/x j) 
+ (0.594N-m)(/xj) 



(0.594 N-m)^ 
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Picture the Problem Because the small magnet can be modeled as a magnetic dipole; we 
can use the equation for the torque on a current loop to find its magnetic moment. 



Express the magnitude of the torque 



r = juB sin 0 
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acting on the magnet: 
Solve for ju to obtain: 



Substitute numerical values and 
evaluate ju: 

61 

Picture the Problem We can use the definition of the magnetic moment to find the 
magnetic moment of the given current loop and a right-hand rule to find its direction. 

Using its definition, express the IX — IA 

magnetic moment of the current 

loop: 



0.10N-m 
(0.04 T) sin 60 c 



2.89A-m 2 



Express the area bounded by the 
loop: 



A 



Rt 



Substitute to obtain: 



—(r 2 -R 2 ' 

^ V outer inner j 



Substitute numerical values and 
evaluate js. 



// = ^[(0.5mF-(0.3ffl) 2 ] 



0.377 A -m 2 



Apply the right-hand rule for determining the direction of the unit normal vector (the 



direction of //) to conclude that points into the page. 
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Picture the Problem We can use the definition of the magnetic moment of a coil to find 
the magnetic moment of a wire of length L that is wound into a circular coil of N loops. 
We can find the area of the coil from its radius R and we can find R by dividing the 
length of the wire by the number of turns. 

Use its definition to express the M = NIA (1) 

magnetic moment of the coil: 



Express the circumference of each 
loop: 



- = 2ttR 
N 
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where R is the radius of a loop. 



Solve for R to obtain: 



R = 



L 



2xN 



Express the area of the coil: 



A = nR 2 =n 



f L ^ 2 



L 1 



AttN 2 



Substitute in equation (1) and 
simplify to obtain: 



ju = NI 



' L 2 ' 
AttN 2 



AxN 
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Picture the Problem We can use the definition of current and the relationship between 
the frequency of the motion and its period to show that I - qcolln . We can use the 
definition of angular momentum and the moment of inertia of a point particle to show 
that the magnetic moment has the magnitude ju = \qoor 2 . Finally, we can express the 

ratio of // to L and the fact that // and L are both parallel to a) to conclude that 

ji = (q/2m) L . 



(a) Using its definition, relate the 
average current to the charge 
passing a point on the circumference 
of the circle in a given period of 
time: 



At T 



Relate the frequency of the motion 
to the angular frequency of the 
particle: 



/ = 



CO 

In 



Substitute to obtain: 



qco 
In 



From the definition of the magnetic 
moment we have: 



ju = IA 



\2n j 



{nr 2 \- 



\qoor 2 



(b) Express the angular momentum 
of the particle: 



L = Id) 



The angular momentum of the / = mr 2 

particle is: 
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Substitute to obtain: 

Express the ratio of // to L and 
simplify to obtain: 



L = {mr 2 ^co = 



mr 2 co 



u \qcor q q r 

— = jLJ — 1 — = — — => ju = — ! —L 
L mr co 1m 1m 



Because // and L are both parallel 
to 0) : 



1m 
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Picture the Problem We can express the magnetic moment of an element of charge dq 
in a cylinder of length L, radius r, and thickness dr, relate this charge to the length, 
radius, and thickness of the cylinder, express the current due to this rotating charge, 
substitute for A and dl in our expression for // and then integrate to complete our 
derivation for the magnetic moment of the rotating cylinder as a function of its angular 
velocity. 



Express the magnetic moment of an 
element of charge dq in a cylinder 
of length L, radius r, and thickness 
dr. 



djU = Adl 
where 
A = m 2 . 



Relate the charge dq in the cylinder 
to the length of the cylinder, its 
radius, and thickness: 



dq = InLprdr 



Express the current due to this 
rotating charge: 

Substitute to obtain: 



dl = — dq = — {ijiLprdr) = Lcoprdr 
In In 



dju = nr 2 {Lcoprdr) = Lcopnr'dr 



Integrate r from R\ to R 0 to obtain: 



% 

ju = Lcopn ^r 3 dr = \Lcopn{Rl -R?) 
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Picture the Problem We can follow the step-by-step outline provided in the problem 
statement to establish the given results. 



(a) Express the magnetic moment of 
the rotating element of charge: 



dju = Adl 



(1) 



The area enclosed by the rotating 



A = nx 2 
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element of charge: 



_dq _ Mx 
At At 
where At is the time required for one 
revolution. 



Express the time At required for one 
revolution: 



1 2n 
At = — = — 
/ co 



Substitute to obtain: 



dl = ^-dx 
2n 



Substitute in equation (1) and 
simplify to obtain: 



du = (nx 2 )\ ^-dx 
V \2n 



^Aoax 2 dx 



(b) Integrate dju from x = 0 to 
x= I: 



ju = \Xco^x 2 dx = 



-Aq)£ 



(c) Express the angular momentum 
of the rod: 



L = Ico 

where L is the angular momentum of the 
rod and / is the moment of inertia of the 
rod with respect to the point about which it 
is rotating. 



Express the moment of inertia of the 
rod with respect to an axis through 
its end: 



I = \mV 



where L is now the length of the rod. 



Substitute to obtain: 



L = \mL co 



Divide our expression for ju by L to 
obtain: 



^ _ \Xa£ _ XL 
L \mL 2 co 2m 



or, because Q = XL, 
2m 



Because cb and L = Icb point in the 
same direction: 



2-1 



2M 
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Picture the Problem We can express the 
magnetic moment of an element of current 
dl due to a ring of radius r, and thickness 
dr with charge dq. Integrating this 
expression from r = 0 to r = R will give us 
the magnetic moment of the disk. We can 
integrate the charge on the ring between 
these same limits to find the total charge on 
the disk and divide // by Q to establish the 
relationship between them. In part (b) we 
can find the angular momentum of the disk 
by first finding the moment of inertia of the 
disk by integrating r 2 dm between the same 
limits used above. 




(a) Express the magnetic moment of 
an element of the disk: 



djU = AdI 



The area enclosed by the rotating 
element of charge is: 



A = 7TK 



Express the element of current dl: 



, T dq odA „ , , 

dl = — = = fad A 

At At 



CO 

In 



a 0 — \lwdr) = C ^—r 2 dr 
R) R 



Substitute and simplify to obtain: 



du = 7W — — r dr = — r dr 

R R 



Integrate d/u from r = 0 to r = R to 
obtain: 



R I 



\<j Q n:ooR 



(1) 



Express the charge dq within a 
distance r of the center of the disk: 



dq = Inrodr = 2w 



v Rj 



dr 



2no, 



o „2 



R 



r dr 



Integrate dq from r = 0 to r = R to 
obtain: 



Q = ^}r 2 dr = ^* 0 R> 



(2) 
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Divide equation (1) by Q to obtain: 



^;ra 0 R 2 10 



ju _ \cr Q KCoR _ 3a>R 2 

Q~ ~~ 

and 



±QcoR 2 



(3) 



(b) Express the moment of inertia of 
an element of mass dm of the disk: 



dl = r dm = r a m dA 

f \ 



= r 



m 
— i 

Q 



-a 

J 

r 



7.7un 



\2mdr) 

\ 



R 



Q 



r 3 dr 



QR 



r dr 



Integrate dl from r = 0 to r = R to 
obtain: 

Divide / by equation (2) and 
simplify to obtain: 



7.7imo n 



QR i 



5Q 



I = 5Q Jm Rl 
Q \na,R 2 5Q 
and 

I = ^R 2 
5 



Express the angular momentum of 
the disk: 



L = lea = \mR 2 a> 



Divide equation (3) by L and 
simplify to obtain: 



ju _ jQcoR 2 _ Q 
L 



\mR co 2m 



and 

2m 



Because ju is in the same direction 
as cb : 



2m 
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Picture the Problem We can use the general result from Example 26- 1 1 and Problem 63 
to express /u as a function of Q, M, and L. We can then use the definitions of surface 
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charge density and angular momentum to substitute for Q and L to obtain the magnetic 
moment of the rotating sphere. 



Express the magnetic moment of the 
spherical shell in terms of its mass, 
charge, and angular momentum: 



2M 



Use the definition of surface charge 
density to express the charge on the 
spherical shell is: 



Q = aA = AnoR 2 



Express the angular momentum of 
the spherical shell: 



L = Ico = \MR 2 co 



Substitute to obtain: 



^4 OT R a Y2._ 2 > 
-MR co 



J 



V 2M j 



j7ioR 4 co 
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Picture the Problem We can use the general result from Example 26-11 and Problem 63 
to express fx as a function of Q, M, and L. We can then use the definitions of volume 
charge density and angular momentum to substitute for Q and L to obtain the magnetic 
moment of the rotating sphere. 



Express the magnetic moment of the 
solid sphere in terms of its mass, 
charge, and angular momentum: 



2M 



Use the definition of volume charge 
density to express the charge of the 
sphere: 



Q = pr = ±npR 3 



Express the angular momentum of 
the solid sphere: 



L = lco = \MR 2 co 



Substitute to obtain: 



f \npR^ r 



2M 



2 

-MR 2 co 
v5 



-npR co 
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Picture the Problem We can use its definition to express the torque acting on the disk 
and the definition of the precession frequency to find the precession frequency of the 
disk. 
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(a) The magnitude of the net torque 
acting on the disk is: 



T = juBs'm0 

where // is the magnetic moment of the 
disk. 



From example 26- 1 1 : 



1 4 

ju = — nor co 
* 4 



Substitute for // in the expression for 
t to obtain: 



X = 



1 



nor A coB sin 6 



(b) The precession frequency /2is 
equal to the ratio of the torque 
divided by the spin angular 
momentum: 



Q = 



Icq 



For a solid disk, the moment of 
inertia is given by: 

Substitute for r and / to obtain: 



J 1 2 
1 = —mr 

2 



_ \nor caB sin 0 
\mr co 



nor B . 



1m 



SVClO 



Remarks: It's interesting that the precession frequency is independent of co. 

The Hall Effect 
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Picture the Problem We can use the Hall effect equation to find the drift velocity of the 
electrons and the relationship between the current and the number density of charge 
carriers to find n. In (c) we can use a right-hand rule to decide whether a or b is at the 
higher potential. 



(a) Express the Hall voltage as a 
function of the drift velocity of the 
electrons in the strip: 



V H =v d Bw 



Solve for Vd: 



v d = 



ik. 

Bw 



Substitute numerical values and 
evaluate Vd: 



4.27 //V 
(2T)(2cm) 



0.107mm/s 



(b) Express the current as a function 
of the number density of charge 
carriers: 



/ = nAqv A 
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Solve for n: 



Substitute numerical values and evaluate n: 



Aqv d 



20A 



n = 



(2cm)(0. lcm)(l .60x 10 19 c)(0. 107 mm/s) 



5.84xl0 25 m 



28 „ -3 



(c) Apply a right-hand rule to It and B to conclude that positive charge will accumulate 
at a and negative charge at b and therefore 



v a >v h 
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Picture the Problem We can use I = nqv d A to find the drift velocity and V H = v d Bw to 
find the Hall voltage. 



(a) Express the current in the metal 
strip in terms of the drift velocity of 
the electrons: 



I = nqv d A 



Solve for v d : 



v d = 



nqA 



Substitute numerical values and evaluate 



10A 



d (8 .47 x 1 0 22 crrT 3 )(l . 60 x 1 0 ~ 19 c)(2 cm) (0. 1 cm) 



3.69xl0" 5 m/s 



(b) Relate the Hall voltage to the 
drift velocity and the magnetic field: 

Substitute numerical values and 
evaluate V H - 



V H =v d Bw 



V H = (3.69 xl0~ 5 m/s)(2T)(2cm) 



1.48//V 
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Picture the Problem We can use V H = v d Bw to express B in terms of Vn and 

I = nqv d A to eliminate the drift velocity v d and derive an expression for B in terms of V H , 

n, and t. 



Relate the Hall voltage to the drift 
velocity and the magnetic field: 



V H = v d Bw 
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Solve for B to obtain: 



B 



Express the current in the metal strip 
in terms of the drift velocity of the 
electrons: 



I = nqv d A 



Solve for Vd to obtain: 



nqA 



Substitute and simplify to obtain: 



B _ V H _ nqAV H _ nqwtV H 

I Iw Iw 

w 

nqA 



nqt 



Substitute numerical values and simplify to obtain: 

(8.47 x 10 22 cm' 3 )(l .60 x KT 19 c)(0. lcm)V H 



B 



20 A 



(6.78 xlO 5 s/m 2 )F H 



(a) Evaluate B for V H = 2.00 juV: B = (6.78 xlO 5 s/m 2 )(2.00//V) 



= 1.36T 



(b) Evaluate B for V H = 5.25 juV: B = (6.78 xlO 5 s/m 2 )(5.25 //V) 



3.56T 



(c) Evaluate B for V H = 8.00 juV: B = (6.78 x 10 5 s/m 2 )(8.00 juV) 



5.42T 
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Picture the Problem We can use V H = v d Bw to find the Hall voltage developed across 
the diameter of the artery. 



Relate the Hall voltage to the flow 
speed of the blood Vd, the diameter 
of the artery w, and the magnetic 
field B: 



V H = v d Bw 



Substitute numerical values and 
evaluate V H - 
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V H =(0.6m/s)(0.2T)(0.85cm) 



= 1.02mV 
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Picture the Problem Let the width of the slab be w and its thickness t. We can use the 
definition of the Hall electric field in the slab, the expression for the Hall voltage across 
it, and the definition of current density to show that the Hall coefficient is also given by 
V(nq). 



Express the Hall coefficient: 

Using its definition, express the Hall 
electric field in the slab: 



R = 



J r B- 



H 
W 



Express the current density in the 
slab: 



J* = — = nqv d 
wt 



Substitute to obtain: 



R 



- w 



V 



nqv d B z nqv d wB z 



Express the Hall voltage in terms of 
v d , B, and w: 



V ti =v d B z w 



Substitute and simplify to obtain: 



R= v d B z w 



nqv d wB z 



J_ 
n q 
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Picture the Problem We can determine the number of conduction electrons per atom 
from the quotient of the number density of charge carriers and the number of charge 
carriers per unit volume. Let the width of a slab of aluminum be w and its thickness t. We 
can use the definition of the Hall electric field in the slab, the expression for the Hall 
voltage across it, and the definition of current density to find n in terms of R and q 
and n & = pN A / M , to express n a . 



Express the number of electrons per 
atom jV: 



(1) 



where n is the number density of charge 
caniers and n d is the number of atoms per 
unit volume. 
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From the definition of the Hall tL y 

K = — - — 

coefficient we have: J B 

X 7. 

Express the Hall electric field in the g _ Yjb_ 

slab: > w 

Express the current density in the T I 

slab: wt 

Substitute to obtain: V H 

R = w = 

nqv d B z nqv d wB z 

Express the Hall voltage in terms of V H = v d B z w 

Vd, B, and w: 



Substitute and simplify to obtain: ^ _ v &B z w _ 1 

nqv d wB z nq 



Solve for and evaluate n: 1 

n=— (2) 

Rq 



Express the number of atoms « a per ^ _ N A ^ 

unit volume: a M 



Substitute equations (2) and (3) in ^ _ M 

equation (1) to obtain: qRpN A 

Substitute numerical values and evaluate N: 

N= 27g/mol 

(- 1 .60 x 1CT 19 C)(- 0.3 x 10" 10 m 3 /C)(2.7 x 10 3 kg/m 3 )(6.02 x 10 23 atoms/mol) 



3.46 



General Problems 
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Picture the Problem We can use the expression for the magnetic force acting on a wire 
( F = Ii x B ) to find the force per unit length on the wire. 



Express the magnetic force on the 



F = I£xB 
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wire: 



Substitute for It and B to obtain: 



F = (6.5A)«x(l.35T)j 
and 

— = (6.5A)/x(l.35T)j 



Simplify to obtain: 



(8.78 N/m)(; x j) = I (8.78 N/m)^ 
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Picture the Problem We can express the period of the alpha particle's motion in terms 
of its orbital speed and use Newton's 2 nd law to express its orbital speed in terms of 
known quantities. Knowing the particle's period and the radius of its motion we can find 
its speed and kinetic energy. 



(a) Relate the period of the alpha 
particle's motion to its orbital speed: 

Apply X F radml = mCt c t0 the al P ha 

particle to obtain: 



T = 



2nr 



qvB = m - 



(1) 



Solve for v to obtain: 



v = 



qBr 



m 



Substitute and simplify to obtain: 



Substitute numerical values and 
evaluate T: 

(b) Solve equation (1) for v: 



T = 



2nr 2nm 



qBr q B 



T _ 2^(6.65xl0' 27 kg) 
~ 2(1.60x10 19 C)(lT) 



0.131/zs 



v = 



2nr 



Substitute numerical values and 
evaluate v: 



2^(0.5 m) 
0.131/zs 



2.40 xlO 7 m/s 



(c) Express the kinetic energy of the K = \ mv 2 

alpha particle: 
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Substitute numerical values and 
evaluate K: 



^ = {(6.65xl(T 27 kg)(2.41xl0 7 mlsf 

leV 



= 1.93x10 12 Jx- 



1.60x10 19 J 



= 12.0MeV 
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Picture the Problem The configuration of 
the magnet and field are shown in the 
figure. We'll assume that a force + q m B is 
exerted on the north pole and a force 
- q m B is exerted on the south pole and 
show that this assumption leads to the 
familiar expression for the torque acting on 
a magnetic dipole. 




Assuming that a force + q m B is 
exerted on the north pole and a force 
- q m B is exerted on the south pole, 
express the net torque acting on the 
bar magnet: 



= Bq m L sin 6 



Bq m L 



sm6 



Substitute for q m to obtain: 



r = B—Lsin0 = uBs'mO 
L 



or 

T - 



/ixB 



*79 ** 

Picture the Problem We can use F = qv x B to show that motion of the particle in the x 
direction is not affected by the magnetic field. The application of Newton's 2 nd law to 
motion of the particle in yz plane will lead us to the result that /- = mvo y /qB. By expressing 
the period of the motion in terms of vo v we can show that the time for one complete orbit 
around the helix is t = Ijtm/qB. 

(a) Express the magnetic force F = qvxB 

acting on the particle: 



Substitute for v and B and simplify 
to obtain: 
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F = q(vJ + v 0 j)xBi 

= qv Qx B(ixi)+qv 0y B(jxi) 

= 0 - qv 0v Bk = -qv 0 Bk 

i.e., the motion in the direction of the 
magnetic field (the x direction) is not 
affected by the field. 



Apply X^admi = ma c to the motion 
of the particle in the plane 
perpendicular to i (i.e., the yz 
plane): 



qv Qy B = m 



y 0y 



(1) 



Solve for r. 



mv, 



<>v 



qB 



(b) Relate the time for one orbit 
around the helix to the particle's 
orbital speed: 

Solve equation (1) for vq } .: _ qBr 

m 



qB 

m 



L7W 
t= 



Substitute and simplify to obtain: 7.w 

t = ^B7 



*80 « 

Picture the Problem We can use a constant- acceleration equation to relate the velocity 
of the crossbar to its acceleration and Newton' s 2 nd law to express the acceleration of the 
crossbar in terms of the magnetic force acting on it. We can determine the direction of 
motion of the crossbar using a right-hand rule or, equivalently, by applying F = I£xB . 
We can find the minimum field B necessary to start the bar moving by applying a 
condition for static equilibrium to it. 



(a) Using a constant-acceleration v = v 0 + at 

equation, express the velocity of the or? because vo = 0, 

bar as a function of its acceleration v = at 
and the time it has been in motion: 
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Use Newton's 2" law to express the 
acceleration of the rail: 



m 



where F is the magnitude of the magnetic 
force acting in the direction of the 
crossbar's motion. 



Substitute to obtain: 



F 

v = —t 
m 



Express the magnetic force acting on 
the current-carrying crossbar: 



F = ILB 



Substitute to obtain: 



v = 



ILB 



m 



(b) 



Apply to conclude that the magnetic force is to the right and so the motion 
of the crossbar will also be to the right. 



(c) Apply ^ F x =0 to the crossbar: 



ILB . -f =0 

min J s.max 



or 



ILB mia -M s mg = 0 



Solve for B mm to obtain: 



B. 



IL 
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Picture the Problem Note that with the 
rails tilted, F still points horizontally to 
the right (/, and hence I , is out of the 
page). Choose a coordinate system in 
which down the incline is the positive x 
direction. Then we can apply a condition 
for translational equilibrium to find the 
vertical magnetic field B is needed to 
keep the bar from sliding down the rails. In 
part (b) we can apply Newton's 2 nd law to 
find the acceleration of the crossbar when 
B is twice its value found in (a). 




(a) Apply / 1 F X =0 to the crossbar 



mg sin 6-IIB cos 0 = 0 
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to obtain: 



Solve for B: 



5 = -^tan#and B = 

U 



-^tan0« ¥ 

It 



where u v is a unit vector in the vertical 
direction. 



(6) Apply ^ F v = ma to the 
crossbar to obtain: 



RB' cos 6 - mg sin 0 = ma 



Solve for a: 



llB ' a ■ a 
a = cos 0 - g sin 0 

m 



Substitute B' = 2B and simplify to 
obtain: 



It 



m 



-cos^-gsin^ 



= 2g sin 0 - g sin 6 



gsm6 



Note that the direction of the acceleration 
is up the slope. 
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Picture the Problem We're being asked to show that, for small displacements from 
equilibrium, the bar magnet executes simple harmonic motion. To show its motion is 
SHM we need to show that the bar magnet experiences a linear restoring torque when 
displaced from equilibrium. We can accomplish this by applying Newton's 2 nd law in 
rotational form and using a small angle approximation to obtain the differential equation 
for simple harmonic motion. Once we have the DE we can identify co and express / 



Apply = lot to the bar magnet: 



- juB sin 0 = I 



d 2 6 
dt 2 



where the minus sign indicates that the 
torque acts in such a manner as to align the 
magnet with the magnetic field and / is the 
moment of inertia of the magnet. 



For small displacements from 
equilibrium, 9« 1 and: 



sin#«# 
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Hence our differential equation of 
motion becomes: 



dt 2 



Thus for small displacements from 
equilibrium we see that the 
differential equation describing the 
motion of the bar magnet is the 
differential equation of simple 
harmonic motion. Solve this 
equation for d 2 @dt 2 to obtain: 




-co 2 e 



Relate /to co to obtain: 



/ = 



CO 

In 



1 


juB 


~2n\ 


I 
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Picture the Problem We can use F = qv x B to find the magnitude and direction of the 
magnetic force experienced by an electron in the conducting wire. In (b) we can use a 
condition for translational equilibrium to relate E to F . In (c) we can apply the 
definition of electric field in terms of potential difference to evaluate the difference in 
potential between the ends of the moving wire. 



(a) Express the magnetic force on 
an electron in the conductor: 

Substitute numerical values and evaluate F : 



F = qvxB = qvi x Bk 
= qvB{i xkj = -qvBj 



-(-1.60x 1(T 19 c)(20m/s)(0.5T)y = I (l.60xl(T 18 n)/ 



(b) Sum the forces acting on an 
electron under steady-state 
conditions to obtain: 



qE + F =0 



Solve for E 



Substitute our result in part (a) to 
obtain: 



E = 



E = 



(l.60xlQ 18 N)j _ 
-1.60x10 19 C ~ 



(io.ov/m)y 
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(c) The potential difference between 
the ends of the wire is: 



AV = EAx 

= (l0.0V/m)(2m): 



20.0 V 
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Picture the Problem We can use to find the period of small- 

displacement oscillations with no current flowing in the frame. With a current flowing, 
the frame will experience an additional restoring torque that will reduce its period. In part 
(c) we can apply the condition for rotational equilibrium to find the magnitude of the 
current that will put the frame in equilibrium. 



(a) Express the period of a physical 
pendulum: 



(1) 



MgD 

where D is the distance from the pivot to 
the center of mass of the pendulum. 



Express the moment of inertia of the 
frame: 



^ ^hoT. segment ^"^vert. segment 



hor. segment 

where h = 10 cm. 



^ 2 + 2 (j«ve, segment^') 



Using the linear density of the 
frame, calculate m n or. segment and m ver . 



segment- 



Substitute and evaluate I: 



Evaluate the distance D to the center 
of mass from the A- A axis: 



W ho, segment = ^ W 



and 

77? 



ver. segment 



= (20g/cm)(6 cm) = 0. 12kg 
= (20g/cm)(l0cm) = 0.2kg 



7 = (0.12kg)(0.1m) 2 



+ 2 



(0.2kg)(0.1m) 2 



D 



= 2.53xl0" 3 kg-m 2 

= 2(0.05m)(0.2kg)+(0.1m)(0.12kg) 

0.12kg + 0.2kg + 0.2kg 
= 6.15cm 



Substitute in equation (1) and 
evaluate T: 



T = l7t. 



\ 2.53xl0~ 3 kg-m 2 
(0.52kg)(9.81m/s 2 )(6.15cm) 



= 0.564 s 
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(b) Express the restoring torque with 
B and / as shown: 



T = (MgD + BIA)0 

where A is the area of the loop and 

provided 9 « 1 rad. 



Rewrite equation (1) with this 
restoring torque: 

Evaluate BIA: 

Substitute numerical values and 
evaluate T: 



T = 2n 



I 



MgD + BIA 



BIA = (0.2T)(8 A)(l0cm)(6 cm 
= 9.60x10 3 N-m 



T = 2tv. 



2.53xl0~ 3 kg-m 2 



0.314N-m + 9.60xlO~ 3 N-m 



= 0.556s 



(c) Apply 2_. T = 0 to the frame 
when it is in equilibrium to obtain: 



MgD sin 0 - BIAsin0 = 0 



Solve for /: 



Substitute numerical values and 
evaluate /: 



/ = 



MgD 
BA 



_ (0.52kg)(9.81m/s 2 )(6.15cm) 
(0.2T)(l0cm)(6 cm 



= 262 A 
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Picture the Problem We can use a constant-acceleration equation to express the height 
to which the wire rises in terms of its initial speed and the acceleration due to gravity. We 
can then use the impulse-change in momentum equation to express the initial speed of the 
wire in terms of the impulsive magnetic force acting on it. Finally, we can use the 
definition of current to relate the charge delivered by the battery to the time during which 
the impulsive force acts. 



Using a constant-acceleration 
equation, relate the height h to the 
initial and final speeds and the 
acceleration of the wire: 



v = v 0 + 2a h 

or, because v = 0 and a v = g, 



(): 



-2gh 



Solve for h: 



2g 



(1) 
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Use the impulse-momentum 
equation to relate the change in 
momentum of the wire to the 
impulsive force accelerating it: 



Ap = FAt or p f - Pi = FAt 
and, because p { = 0, mv Q = FAt 



Express the impulsive (magnetic) 
force acting on the wire: 



F = I£B 



Substitute to obtain: 



mv Q = IlBAt 



Solve for vo and substitute in 
equation (1): 



h = 



IlBAt 
\ m J 
2g 



_ {UBAtf 
2m g 



Use the definition of current to 
relate the charge delivered by the 
battery to the time during which it 
delivers the current: 



AQ = I At 



Substitute to obtain: 



Substitute numerical values and 
evaluate h: 



A= (fflAg£ 
2m g 

A _ [(0.25m)(0.4T)(2C)] 2 
2(0.02 kg) 2 (9.8 lm/s 2 ) 



5.10m 
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Picture the Problem We're being asked to show that, for small displacements from 
equilibrium, the circular loop executes simple harmonic motion. To show its motion is 
SHM we must show that the loop experiences a linear restoring torque when displaced 
from equilibrium. We can accomplish this by applying Newton' s 2 nd law in rotational 
form and using a small angle approximation to obtain the differential equation for simple 
harmonic motion. Once we have the DE we can identify a> and express the period of the 
motion T. 



Apply = /or to the loop: 



-IABsm0 = L 



d 2 e 

inertia r , 2 

at 



where the minus sign indicates that the 
torque acts in such a manner as to align the 
loop with the magnetic field and /inertia is 
the moment of inertia of the loop. 
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For small displacements from 
equilibrium, 9 « 1 and: 



Hence, our differential equation of 
motion becomes: 



d 2 e 
dt 2 



-IAB6 



Thus for small displacements from 
equilibrium we see that the 
differential equation describing the 
motion of the current loop is the 
differential equation of simple 
harmonic motion. Solve this 
equation for d 2 6ldt 2 to obtain: 



d 2 e 
dt 2 



IAB 



e 



Noting that the moment of inertia of 
a hoop about its diameter is jtnR 2 , 

substitute for 7j nert i a and simplify to 
obtain: 



d 2 e 
dt 2 



IkR 2 B 



rtnR 



6 = 



2InB 



m 



e = -a 2 e 



where co = 



\2kIB 



m 



Relate the period T of the motion to 
co and substitute to obtain: 



2k 
co 



2k. 



| m 
2kIB 
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Picture the Problem We can express Ji in terms of its components and calculate U from 
// and B using U = —ju • B . Knowing U we can calculate the components of F using F x 
- -dU/dx and F Y - -dU/dy. 

Express the net force acting on the F = F i + F j (1) 

magnet in terms of its components: 

Express /i in terms of its ^ = jj J + M y )+ M ^ 

components: 



Express the potential energy of the 
bar magnetic in the nonuniform 
magnetic field: 



U = -ji B 

= ~(mJ + M y j + M z k)~ (b x {x)i + B y {y)j) 
= -V x B x {x)-{i v B y (y) 



Because // is constant but 
B depends on x and y: 
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and 



F >=~ 



dU 
dy 



8B v 

dy 



Substitute in equation (1) to obtain: 



dB^ 
dx 



8B r 
dy 
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Picture the Problem We can apply Newton's 2 nd law to the particle to derive an 
expression for the radius of its orbit and then express its period in terms of its orbital 
speed and radius. 



(a) Because B is perpendicular to 
V , the magnitude of force on the 
particle is given by: 

Apply 2^ F = ™ to the orbiting 
particle to obtain: 



F = qvB 



qvB = m{v) — = ^(v) 



m 



Solve for r. 



IfflV 



qB 



The period Tof the particle's 
motion is related to the radius r of 
its orbit and its orbital speed v: 



T = 



7.7W 



Substitute for r and simplify to 
obtain: 



T = 



2ny{y\ 



1/72 



qB 



(b) A spreadsheet program to calculate r and Tas functions of ln(/) follows. 
The formulas used to calculate the quantities in the columns are given in the table. 



Cell 


Content/Formula 


Algebraic Form 


Bl 


9.11E-31 


m 


B2 


1.60E-19 


e 


B3 


10 


B 


B4 


3.00E+08 


c 


A7 


0.100 


vie 


A8 


0.101 


vie + 0.001 


B7 


1/SQRT(1 - (A7) A 2) 


r 


C7 


LN(B7) 


ln(f) 


D7 


B7*$B$1*A7*$B$4/($B$2*$B$3) 


ymv 
qB 


E7 


D7*10 A 8 


10V 
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F7 



(2*PI()*A7*$B$1/($B$2*$B$3))*10 A 12 



Inym 
qB 



xlO 12 





A 






1 


m= 


9.11E-31 


kg 








2 


e= 


1.60E-19 


c 








3 


B= 


10 


T 








4 


c= 


3 OOE+08 


m/s 








5 














6 


v/c 


(Jam 1TIH 




j- 


r ( microns^ 




7 


0.100 


1.0050 


0.005 


1.72E-05 


17.2 


0.358 


8 


0.101 


1.0051 


0.005 


1.73E-05 


17.3 


0.361 


9 


0.102 


1.0052 


0.005 


1.75E-05 


17.5 


0.365 


10 


0.103 


1.0053 


0.005 


1.77E-05 


17.7 


0.368 


11 


0.104 


1.0055 


0.005 


1.79E-05 


17.9 


0.372 
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0.996 


11.1915 


2.415 


1.90E-03 


1904.0 


3.563 


904 


0.997 


12.9196 


2.559 


2.20E-03 


2200.2 


3.567 


905 


0.998 


15.8193 


2.761 


2.70E-03 


2696.7 


3.570 




0.999 


22.3663 


3.108 


3.82E-03 


3816.6 


3.574 



The following graph of r as a function of ln(j) was plotted using the data in columns C 
and E. 



4000 




The following graph of T as a function of ln(/) was plotted using the data in columns C 
and F. 
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ln(gamma) 
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Chapter 27 

Sources of the Magnetic Field 



Conceptual Problems 

*i * 

Picture the Problem The electric forces are described by Coulomb's law and the laws of 
attraction and repulsion of charges and are independent of the fact the charges are 
moving. The magnetic interaction is, on the other hand, dependent on the motion of the 
charges. Each moving charge constitutes a current that creates a magnet field at the 
location of the other charge. 

(a) The electric forces are repulsive; the magnetic forces are attractive (the two charges 
moving in the same direction act like two currents in the same direction). 

(b) The electric forces are again repulsive; the magnetic forces are also repulsive. 



2 

No. The magnitude of the field depends on the location within the loop. 
3 

Picture the Problem The field lines for the electric dipole are shown in the sketch to the 
left and the field lines for the magnetic dipole are shown in the sketch to the right. Note 
that, while the far fields (the fields far from the dipoles) are the same, the near fields (the 
fields between the two charges and inside the current loop/magnetic dipole) are not, and 
that, in the region between the two charges, the electric field is in the opposite direction 
to that of the magnetic field at the center of the magnetic dipole. It is especially important 
to note that while the electric field lines begin and terminate on electric charges, the 
magnetic field lines are continuous, i.e., they form closed loops. 



4 

Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to its current is out of the page at the midpoint. Applying the right- 
hand rule to the wire to the right we see that the magnetic field due to its current is out of 
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the page at the midpoint. Hence, the sum of the magnetic fields is out of the page as well. 



(c) is correct. 



Determine the Concept While we could express the force wire 1 exerts on wire 2 and 
compare it to the force wire 2 exerts on wire 1 to show that they are the same, it is 



simpler to recognize that these are action and reaction forces, (a) is correct. 



*6 • 

Determine the Concept Applying the right-hand rule to the wire to the left we see that 
the magnetic field due to the current points to west at all points north of the wire, 
(c) is correct. 



7 

Determine the Concept At points to the west of the vertical wire, the magnetic field due 
to its current exerts a downward force on the horizontal wire and at points to the east it 
exerts an upward force on the horizontal wire. Hence, the net magnetic force is zero and 
(e) is correct. 



8 

Picture the Problem The field-line sketch follows. An assumed direction for the current 
in the coils is shown in the diagram. Note that the field is stronger in the region between 
the coaxial coils and that the field lines have neither beginning nor ending points as do 
electric-field lines. Because there are an uncountable infinity of lines, only a 
representative few have been shown. 




*9 * 

Picture the Problem The field-line sketch is shown below. An assumed direction for the 
current in the coils is shown in the diagram. Note that the field lines never begin or end 
and that they do not touch or cross each other. Because there are an uncountable infinity 
of lines, only a representative few have been shown. 
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10 • 

Determine the Concept Because all of these statements regarding Ampere's law are true, 



(e) is correct. 



11 • 

(a) True 

(b) True 



*12 • 

Determine the Concept The magnetic susceptibility % m is defined by the 

equation M = % — — , where M is the magnetization vector and B is the applied 
Mo 

magnetic field. For paramagnetic materials, j m is a small positive number that depends 
on temperature, whereas for diamagnetic materials, it is a small negative constant 



independent of temperature, (a) is correct. 



13 • 

(a) False. The magnetic field due to a current element is perpendicular to the current 
element. 

(b) True 

(c) False. The magnetic field due to a long wire varies inversely with the distance from 
the wire. 



(d) False. Ampere's law is easier to apply if there is a high degree of symmetry, but is 
valid in all situations. 



(e) True 
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14 • 

Determine the Concept Yes. The classical relation between magnetic moment and 

angular momentum is fi = -^—L . Thus, if its charge density is zero, a particle with 

2m 

angular momentum will not have a magnetic moment. 

15 • 

Determine the Concept No. The classical relation between magnetic moment and 

angular momentum is /* = —^—L . Thus, if the angular momentum of the particle is zero, 

2m 

its magnetic moment will also be zero. 

16 • 

Determine the Concept Yes, there is angular momentum associated with the magnetic 
moment. The magnitude of L is extremely small, but very sensitive experiments have 
demonstrated its presence (Einstein-de Haas effect). 

17 • 

Determine the Concept From Ampere's law, the current enclosed by a closed path 
within the tube is zero, and from the cylindrical symmetry it follows that 
B = 0 everywhere within the tube. 

*18 • 

Determine the Concept The force per unit length experienced by each segment of the 
wire, due to the currents in the other segments of the wire, will be equal. These equal 
forces will result in the wire tending to form a circle. 

19 • 

Determine the Concept H 2 , CO2, and N 2 are diamagnetic (% m < 0); O2 is paramagnetic 
(J m >0). 

Estimation and Approximation 

20 

Picture the Problem We can use the definition of the magnetization of the earth' s core 
to find its volume and radius. 

(a) Express the magnetization of the 
earth's core in terms of the magnetic 
moment of the earth and the volume 
of the core: 
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Solve for and evaluate V: 



V 



ju _ 9xlQ 2Z A-m z 
M ~ 1.5xl0 9 A/m 



6.00xl0 13 m 3 



(^)Assuming a spherical core 
centered with the earth: 



V 



-nr~ 



Solve for r. 




Substitute numerical values and 
evaluate r. 



_j 3(6xl0' 3 m 3 ) _ 
V An 



2.43xl0 4 m 



*21 

Picture the Problem We can model the lightning bolt as a current in a long wire and use 
the expression for the magnetic field due to such a current to estimate the transient 
magnetic field 100 m from the lightning bolt. 



The magnetic field due to the 
current in a long, straight wire is: 



An r 

where r is the distance from the wire. 



Assuming that the height of the 
cloud is 1 km, the charge transfer 
will take place in roughly 10~ 3 s and 
the current associated with this 
discharge is: 

Substitute numerical values and 
evaluate B: 



/ = Ae =i oc =3xlo<A 

At 1(T 3 s 



B 



_ 4;rxl(T 7 N/A 2 2(3x10 4 a) 



An 



60.0 /IT 



100m 



*22 

Picture the Problem A rotating disk with 
total charge Q and surface charge density a 
is shown in the diagram. We can find Q by 
deriving an expression for the magnetic 
field B at the center of the disk due to its 
rotation. We'll use Ampere's law to 
express the field dB at the center of the 
disk due to the element of current dl and 
then integrate over r to find B. 
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Applying Ampere's law to a 
circular current loop of radius r we 
obtain: 



B = 



2r 



The B field at the center of an 
annular ring on a rotating disk of 
radius r and thickness dr is: 

If a represents the surface charge 
density, then the current in the 
annular ring is given by: 



dB = ^dI 
2r 



(1) 



, T oilnr) , , Q 
dl = — dr, where cr = 



ttR 1 



Because T = 



In 



CO 



dl = (JO) rdr 



Substitute for dl in equation (1) to 
obtain: 



dB = ^aoordr = ^dr 
2r 2 



Integrate from r = 0 to R to obtain: 



Substitution for cr yields: 



B = 



B = 



ju Q aoo 



]dr = 



ju Q <JooR 



2 2nR 



Solve for Q to obtain: 



Q = 



2n RB 

JU 0 CO 



Substitute numerical values and evaluate Q: 

Q = 



2^-(l0 7 m)(0.1T) 
(4^xlO" 7 N/A')(l0 2 rad/s) 



5.00xl0 14 C 



The electric field above the sunspot 
is given by: 

Substitute numerical values and 
evaluate E: 



E = 



Q 



2 e 0 2n e 0 R 2 



5.00xl0 14 C 



E = 



2tt(s.S5 x 10" 12 C 2 / N • m 2 )(l0 7 m) 2 



= 90.0 GN/C 
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The Magnetic Field of Moving Point Charges 

23 • 

Picture the Problem We can substitute for v and q in the equation describing the 

- u n qvxr 

magnetic field of the moving charged particle (B = ; — ), evaluate r and r for 

Ax r 

each of the given points of interest, and substitute to find B . 

Express the magnetic field of the jj _ Mo $ x ^ 

moving charged particle: An r 1 





r 



(a) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
the origin: 



r =-l 



(2m)y\ 



r = 2m , and f = -j 



Substitute and evaluate 2?(0,0) : 




(9.00pT)£ 



(b) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(0, 1 m): 



r =-i 



1 mjy , r = lm , and f = -j 



Substitute and evaluate 2?(0,lm): 




(36.0pT)A 



(c) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(0, 3 m): 



r = lm , and f = j 



Substitute and evaluate 2?(0,3m): 




(36.0pT)£ 
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(<f) Find r and f for the particle at 
(0, 2 m) and the point of interest at 
(0,4 m): 

Substitute and evaluate 2?(0,4m): 



2m)j , r = 2m , and r = j 



5(0,4 m) = (36.0pT • m 2 )/^ 

(2 m) 



(9.00pT)£ 



24 • 

Picture the Problem We can substitute for v and q in the equation describing the 



ma: 



u (] qvxr 

gnetic field of the moving charged particle (B = — ; — ), evaluate r and r for 

Ax r 



each of the given points of interest, and substitute to find B 



The magnetic field of the moving 
charged particle is given by: 



B = 



A) W x r_ 
An r 2 



= (10- 7 N/A 2 )(12^)^1^ 
= (36.0pT-m 2 )- 



x r 



(a) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(1 m, 3 m): 

Substitute for r and evaluate 
2?(lm,3m): 



r = (lm)i' +(lm)y, r = V2m,and 

. 1 7 1 

r = —i= l + ~i= J 

2?(lm,3m) = (36.0pT-m 2 ) 

; I 1 ? 1 i 
l x —j=l +— = j 

x W2 4i J ) 

(V2m) 2 
_ (36.0pT-m 2 ) k 

V2 (72m) 2 



(12.7 pT)^ 



(b) Find r and f for the particle at 
(0, 2 m) and the point of interest at 
(2 m, 2 m): 



2m)( , r = 2m , and r = i 
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Substitute for r and evaluate 
2?(2m,2m): 



(c) Find r and r for the particle at 
(0, 2 m) and the point of interest at 
(2 m, 3 m): 

Substitute for r and evaluate B(2m,3m): 



/j(2m,2m) = (36.0pT • m 2 )-^-, 

(2 m)" 



= 0 



r = (2m)i +(lm)y , r = V5m,and 



- 2 ? 1-5 

r = —r l+ —rJ 



i(2m,3m)= (36. OpT-m 2 )- 



* I 2 ? 1 * 



(V5m) 2 



(3.22 pT)A 



25 • 

Picture the Problem We can substitute for v and q in the equation describing the 

_ ii (JX? X V 

magnetic field of the moving proton ( B = — ^ — ), evaluate r and f for each of the 

Ax r 

given points of interest, and substitute to find /J. 
The magnetic field of the moving proton is given by: 

B=^ = (l0- 7 N/A 2 )(l.60 x 10- 9 C) it 10 ' ^ + ( 2 * 1Q4 m/S ^' X f - 



An r 

(l.60x!0- 22 T.m 2 )i±^|) 



x r 



(a) Find r and r for the proton at 
(3 m, 4 m) and the point of interest 
at (2 m, 2 m): 

Substitute for f and evaluate 7i(lm,3rn): 



7i(l m,3 m) = (l .60 x 1 (T 22 T • m 2 ) 



r = -(lm)i' -(2m)y, r = V5m,and 



1 c 2 * 
r = — t= l ~~rJ 



J_ ; 2_ ^ 

V5* V5 7 



(l .60x10 22 T m 2 ) 



-2k + 2k 
(V5m) 2 



0 
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(b) Find r and f for the proton at 
(3 m, 2 m) and the point of interest 
at (6 m, 4 m): 



r = (3 m)i , r = 3m , and f = i 



Substitute for f and evaluate 2?(6m,4m): 

B{6 m,4 m) = (l .60 x 1(T 22 T ■ m 2 /^Ha = I 1 ■ 

(3 m) 



60x10 22 T-m 



-2A 

9 m 2 



(3.56x10~ 23 t)& 



(c) Find r and f for the proton at 
(3 m, 4 m) and the point of interest 
at the (3 m, 6 m): 



2m)j , r = 2m , and f = j 



Substitute for r and evaluate 2?(3m,6m): 



B{3 m,6 m) = (l .60 x 10 22 T-m 2 ) ^ 2 ^ j = (l . 

(2 m) 



60x10 22 T-m 



,4m : y 



(4.00x10 23 T)A 



26 • 

Picture the Problem The centripetal force acting on the orbiting electron is the Coulomb 
force between the electron and the proton. We can apply Newton's 2 nd law to the electron 
to find its orbital speed and then use the expression for the magnetic field of a moving 
charge to find B. 



Express the magnetic field due to 
the motion of the electron: 



Att r 



Apply Yj F ^\ = ma c to the 
electron: 



ke 1 v 1 
— t- = m — 



Solve for v to obtain: 



v = 



ike 



mr 



Substitute and simplify to obtain: 



B = 



ju 0 e ike _ ju 0 e 



An r 1 V mr Am 1 V mr 
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Substitute numerical values and evaluate B: 



g = (lQ- 7 N/A 2 )(l.6xl0 19 c) 2 
(5.29xKT n m) 2 



I 8.99xl0 9 N-m 2 /C 2 
(9.11xlCT 31 kgX5.29xl(r 11 m) 



12.5T 



*27 

Picture the Problem We can find the ratio of the magnitudes of the magnetic and 
electrostatic forces by using the expression for the magnetic field of a moving charge and 
Coulomb's law. Note that v and r , where r is the vector from one charge to the other, 
are at right angles. The field B due to the charge at the origin at the location (0, b, 0) is 
perpendicular to v and r . 



Express the magnitude of the 
magnetic force on the moving 
charge at (0, b, 0): 



qvB 



An b 2 

and, applying the right hand rule, we find 
that the direction of the force is toward the 
charge at the origin; i.e., the magnetic force 
between the two moving charges is 
attractive. 



Express the magnitude of the 
repulsive electrostatic interaction 
between the two charges: 

Express the ratio of F B to F E and 
simplify to obtain: 



F E = 



1 


2 

q 


AnS Q 


b 2 




2 2 


Mo i 


1 v 


An 


b 2 


1 


2 

q 



47l£ Q b 



£ Q /U Q V 



where c is the speed of light in a vacuum. 

The Magnetic Field of Currents: The Biot-Savart Law 



28 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 
( dB = ^ — ), evaluate r and f for each of the points of interest, and substitute to 



find dB. 
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Express the Biot-Savart law for the 
given current element: 



dB = 



jU 0 ldl x r 
An r 2 



= (10- 7 N/A 2 ) ( 2A X 2 T> 



\kxr 



= (o.400nT-m 2 ) 



k x f 



(a) Find r and f for the point whose 
coordinates are 
(3 m, 0, 0): 



f = (3m)i , r = 3m , and f = i 



Evaluate dB at (3 m, 0, 0): 



dl?(3m,0,0) = (0.400nT • m 2 ) 



kxi 



(44.4pT)^ 



(b) Find r and f for the point whose 
coordinates are 
(-6 m, 0, 0): 

Evaluate dB at (-6 m, 0, 0): 



r = -(6 m)i , r = 6 m , and f = -i 



dB(- 6 m,0,0) = (0.400nT • m 2 )^^} 

( 6m ) 



-(n.i P T)y 



(c) Find r and r for the point whose 
coordinates are 
(0, 0, 3 m): 



r = (3m)k , r = 3m , and r = k 



Evaluate dB at (0, 0, 3 m): 



Jfi(0,0,3m)= (0.400nT-m 2 ) 



kxk 

W 



(d) Find r and r for the point whose 
coordinates are 
(0, 3 m, 0): 



r = (3m)y , r = 3m , and r = j 
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Evaluate dB at (0, 3 m, 0): 



dB(0,3 m,0) = (0.400 nT • m 2 ) 



kx j 



(44.4pT)i 



29 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 

_ Jet f X V — 

( dB = — r — ), evaluate r and r for (0, 3 m, 4 m), and substitute to find dB. 

An r 



Express the Biot-Savart law for the 
given current element: 



dB 



ju Q Idi x r 
An r 2 



(o.400nT-m 2 ) 



k x f 



Find r and r for the point whose 
coordinates are (0, 3 m, 4 m): 



F = (3m)j + (4m)^, 

r = 5m, 

and 

. 3 - 4 * 
r = - i+—k 
5 5 



Evaluate dl? at (3 m, 0, 0): 



Jfi(3 m,0,0) = (0.400 nT • m 2 )- 



k x 



i+ k 

5 5 j 



(5 m) 2 



(9.60pT)i 



*30 • 

Picture the Problem We can substitute for v and q in the Biot-Savart relationship 

( dB = — r — ), evaluate r and f for the given points, and substitute to find dB . 

An r 



Express the Biot-Savart law for the 
given current element: 



d g _ Mo {a* x r 
An r 2 

= (10- 7 N/A 2 )M^ 
r 

= (0.400nT-m 2 )^ 
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(a) Find r and f for the point whose 
coordinates are 
(2 m, 4 m, 0): 



? = (2m)i +(4m)j, 

r = 2V5 m , 

and 

^ 2c- 4 ~ lc-2-: 



Evaluate Jfi at (2 m, 4 m, 0): 



Jfi(2 m,4 m,0) = (o.400 nT ■ m 2 ) 



r l 1 ? 2 * 
(2V5m) 2 



(l7.9pT)i +(8.94pT)y 



The diagram is shown to the right: 



(b) Find r and r for the point whose 
coordinates are 
(2 m, 0, 4 m): 



r = (2m)i+(4m)A , 

r = 2V5 m , 

and 

2 f 4 * 1 ? 2 r 
r = — 1=1 H ;=« = — 7=1 + —j=k 

2V5 2V5 V5 V5 



Evaluate at (2 m, 0, 4 m): 



dB(2 m,0,4 m) = (o.400 nT • m 2 ) 



a 1 a 2 a ^ 
Ax — =i +— =£ 

IV5 V5 



(2V5m) 2 



(8.94pT)y 



The diagram is shown to the right: 



Mi 



B Due to a Current Loop 



31 • 

Picture the Problem We can use R = ^-J^J— to find B on the axis of the 



^(x 2 +R 2 ) 
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current loop. 

Express B on the axis of a current 
loop: 

Substitute numerical values to 
obtain: 



B 



ju 0 2nR 2 l 



V % 2 +(0.03m) 2 f 2 



1.47xlQ^T-m J 
(x 2 +(0.03m) 2 f 



(a) Evaluate B at the center of the 
loop: 



5(0): 



1.47xl(T 9 T-m 3 



54.5 //T 



(b) Evaluate B at x = 1 cm: 



fl(0.01m): 



1.47xlQ' 9 T-m 3 
((0.01m) 2 +(0.03m) 2 ) ?/2 



46.5 //T 



(c) Evaluate B at x = 2 cm: 



fl(0.02m) = 



1.47xlCT 9 T-m 3 



((0.02m) 2 +(0.03m) 2 f 2 



31.4//T 



(d) Evaluate B at x = 35 cm: 



5(0.35 m) = 



1.47xlQ' 9 T-m 3 
((0.35 m) 2 + (0.03 m) 2 ^ 2 



33.9nT 



■=32 



Picture the Problem We can solve B 



_ // 0 2ttR 2 I 



for / with x = 0 and substitute 



the earth's magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 



Express B on the axis of the current 
loop: 

Solve for / with x = 0: 



B 



ju 0 2nR 2 l 



Mo 2x 



3/2 
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Substitute numerical values and evaluate /: 



1 (O.lm) 3 
(l(T 7 N/A 2 )2;z-(0.1m) : 



(0.7 G) 



' IT ^ 
v 10 4 G y 



11. 1A 



The orientation of the loop and 
current is shown in the sketch: 



North 




33 

Picture the Problem We can solve B =*L , ^4 . forgo, express 

4x(x 2 + R 2 J 2 

the ratio of B x to B 0 , and solve the resulting equation for x. 



Express B on the axis of the current 
loop: 

Evaluate B x for x = 0: 



B, 



B n 



ju Q ItiR I 
An R 



Express the ratio of B x to B 0 : 



ju 0 2nR 2 l 
B x = 4x{x 2 +R 2 f 2 



4tt R 



R 3 



(x 2 +R 2 ) 



,3/2 



Solve for x to obtain: 



x = R, 



f R \ 2 ' 3 



(i) 



(a) Evaluate equation (1) for 
B x = 0. 1S 0 : 



x = 10 cm. 



v 0.15 oy 



2/3 



1 = 



19.1cm 



(b) Evaluate equation (1) for 
B x = 0. 01B Q : 



x = 10cm, 



B„ 



.2/3 



0.015, 



45.3 cm 



0 J 
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(a) Evaluate equation (1) for 
B x = 0. 001£ 0 : 



x = 10 cm. 



B n 



n2/3 



0.0015, 



1 = 



o ; 



99.5 cm 



34 

Picture the Problem We can solve B — — 



for / with x = 0 and substitute 



the earth's magnetic field at the equator to find the current in the loop that would produce 
a magnetic field equal to that of the earth. 



Express B on the axis of the current 
loop: 

Solve for / with x = 0 and 
B x = B E : 



B 



jU 0 2nR I 



Mo 2x 



Substitute numerical values and evaluate /: 



f 1 0.085 m (ft7G) 

(lO~ 7 N/A 2 ) In V ' 



IT ^ 
10 4 G 



9.47 A 



The normal to the plane of the loop 
must be in the direction of the 
earth's field, and the current must be 
counterclockwise as seen from 
above. Here B E denotes the earth's 
field and B r the field due to the 
current in the coil. 




35 

Picture the Problem We can use the expression for the magnetic field on the axis of a 
current loop and the expression for the electric field on the axis of ring of charge Q to plot 
graphs of BJB Q and E(x)/(kQ/R 2 ) as functions of xIR. 



(a) Express B x on the axis of a 
current loop: 



B 



Mo 



2ttR 2 I 



p/ 2 



Express B Q at the center of the loop: 



ju 0 2nR 2 I jU 0 I 



4x(R 2 ) 



,3/2 



2R 
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Express the ratio of B x to B Q and 
simplify to obtain: 



5, 



y/2 



1+ 



R 2 



The graph of BJB Q as a function of xIR shown below was plotted using a spreadsheet 
program: 




Express E x on the axis due to a ring 
of radius R carrying a total charge 
Q: 



E(x)- 



kQx 



kQ 



x 
R 



(R 2 +x 2 



i/2 



R 2 , 2 x3/2 

1 + 



V 



R' 



J 



Divide both sides of this equation by 
kQ/R 2 to obtain: 



E{x) _ 
kQ 
R 2 



x 
R 



2 A 



3/2 



1 + 



R 2 



The graph of E x as a function of xIR shown below was plotted using a spreadsheet 
program. Here E(x) is normalized, i.e., we've set kQ/R 2 = 100. 
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(b) Express the magnetic field on the 
x axis due to the loop centered at 
x = 0: 



B l (x) = 



Mo 1 



2R 



.2 \ 



1 + 



R 2 



3/2 



V " J 
where N is the number of turns. 



Because 5 n = 



Mo 1 
2R 



B l {x) = 



1 + 



x 
R 2 



.2 A 



3/2 



or 



*ito. 



B n 



1 + 



^ 2 



-3/2 



Express the magnetic field on the x 
axis due to the loop centered at 
x = R: 
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Simplify this expression to obtain: 



B 2 {x) = 



or 



B 2 {x) 



Mo R 2 I 



2[{R-x) 2 +R 2 
Mo 1 



3/2 



2R 



3/2 



1 



X 

R 



+ 1 



V J 





f x^ 


2 




1-- 


+ 1 









3/2 







2 




1-- 


+ 1 




v Rj 





-3/2 




Note that, midway between the two loops, dB{x)ldx = 0. Also, when d-R, B(x) is nearly 
flat at the midpoint which shows that in the region midway between the two coils B(x) is 
nearly constant. 

36 

Picture the Problem Let the origin be midway between the coils so that one of them is 
centered at x = -r/2 and the other is centered at x - r/2. Let the numeral 1 denote the coil 
centered at x = -r/2 and the numeral 2 the coil centered at x = r/2. We can express the 
magnetic field in the region between the coils as the sum of the magnetic fields B\ and B 2 
due to the two coils. 



Express the magnetic field on the x 
axis due to the coil centered at 
x = -r/2: 
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B 1 (x) = 



( v 3/2 

+ x\ + r 
v2 J 



where N is the number of turns. 



Express the magnetic field on the x 
axis due to the coil centered at 
x = r/2: 



B 2 (x) = 



ju 0 Nr 2 I 



— X 
V2 j 



+ r 



3/2 



Add these equations to express the total magnetic field along the x axis: 



b, (x). Bl (x) + « 2 w . r ^: 2/ W2 + r ^: ?/ 



■ + X 

J 



+ r 



jU Q Nr 2 I 



v 1 - 



^ Y 2 

- + x +r 

v2 ) 



-3/2 



-- x 



x 

v2 y 



+ r 



3/2 



+ r 



-3/2 \ 



The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


1.13xl(T 7 


A) 


B2 


0.30 


r 


B3 


250 


N 


B3 


15 


I 


B5 


0.5*$B$1*$B$3*($B$2 A 2)*$B$4 


2 


A8 


-0.30 


-r 


B8 


$B$5*(($B$2/2+A8) A 2+$B$2 A 2) A (-3/2) 


M Q Nr 2 I 
2 


'fr > 
- + x 

U j 


2 

+ r 2 


-3/2 


C8 


$B $5 * (($B$2/2-A8) A 2+$B $2 A 2) A (-3/2) 


M Q Nr 2 I 
2 


'fr ] 
X 

U j 


2 

+ r 2 


-3/2 


D8 


10 A 4(B8+C8) 


B x =l0 4 {B l+ B 2 ) 





A 


B 


C 


D 


1 


mu_0= 


1.26E-06 


N/A A 2 




2 


r= 


0.3 


m 






N= 


250 


turns 
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4 


1= 


15 


A 




5 


Coeff= 


2.13E-04 






6 










1 


X 


H_ I 


B_2 


B(x) 


Q 
O 


-0.30 


5.63b-03 


1 1 AT7 m 

1.34b-03 


HA 

70 


y 


-0.29 


5.86b-03 


1 A 1 T7 m 

1.41b-03 


73 


10 


-0.28 


6.08b-03 


1.48b-03 


76 


1 1 
1 1 


-0.27 


6.30b-03 


1 CCT7 m 

1.55b-03 


78 


12 


-0.26 


6.52b-03 


1.62b-03 


81 


13 


-0.25 


6.72b-03 


1.70b-03 


84 


1 

14 


-0.24 


6.92b-03 


1.78b-03 


87 


15 


-0.23 


7.10E-03 


1.87b-03 


90 












Ol 


0.23 


1.87b-03 


7.10b-03 


AA 

90 


oz 


0.24 


1.78b-03 


6.92b-03 


87 




0.25 


1.70b-03 


6.72b-03 


84 




0.26 


1.6zb— 03 


6.5zb-03 


81 


65 


0.27 


1.55b-03 


6.30E-03 


78 


66 


0.28 


1.48E-03 


6.08b-03 


76 


67 


0.29 


1.41E-03 


5.86b-03 


73 


68 


0.30 


1.34b-03 


5.63b-03 


70 



The following graph of B x as a function of x was plotted using the data in the above table. 



120 -i 




40 



20 

o \ ! 1 1 ! ! , 

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 

x (m) 



The maximum value of B x is 1 13 G. Twenty percent of this maximum value is 

23 G. Referring to the table of values we see that the field is within 20 percent of 1 13 G 

in the interval - 0.23 m < x < 0.23 m. 
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Picture the Problem Let the numeral 1 denote the coil centered at the origin and the 
numeral 2 the coil centered at x = R. We can express the magnetic field in the region 
between the coils as the sum of the magnetic fields due to the two coils and then evaluate 
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the derivatives at x = R/2. 



Express the magnetic field on the x 
axis due to the coil centered at x = 0: 



2(x 2 +R 1 f 2 
where N is the number of turns. 



Express the magnetic field on the x 
axis due to the coil centered at 
x = R: 



B 2 (x) = 



^i Q NR 2 I 



(x-Rf+R 2 



3/2 



Add these equations to express the total magnetic field along the x axis: 



2(x 2 + R 2 f 2 2[(x-Rf +R f 



_ {i Q NR 2 I 



{ X 2 + R 2 f + [(x-Rf + Rf 



Evaluate x\ and X2 at x = R/2: 



/2 



x^R)=^R T 7¥ = (iR 2 } 
and 

x 2 ^R) = ^R-R) 2 + R 2 =(iR 2 ) 



V 2 



Differentiate B x with respect to x to 
obtain: 



dB x _ {i Q NR 2 I d 
dx 2 dx 

_ /u Q NR 2 I ' 



' 1 o 
—+- 

\ X l X 2 J 



x x-R^ 
+ 



5 5 



2 J 



Evaluate dBJdx at x = R/2 to obtain: 



dB, 



dx 



ju {) NR 2 I 



R 



o 



Differentiate dBJdx with respect to x to obtain: 



d 2 B x _ /u 0 NR 2 I d 
dx 2 2 dx 



x x-R 
— + 

\ X l X 2 J 



_ {i Q NR 2 I 



1 1 5x 2 5{x-R) 



5'^~ 5 1 

\^ "^2 



X 



2 J 



Evaluate d 2 BJdx 2 at x = R/2 to obtain: 



542 Chapter 27 



d 2 B. 



dx 



V 0 NR 2 I 



1 1 

■ + 



^R 2 



l* 2 



&*r fe^r &*r &*r 



0 



Differentiate <f SjAic with respect to a: to obtain: 



J 3 £, _ ju 0 NR 2 I d 
dx 3 2 dx 



1 1 5x 2 5{x-R) 



2 \ 



V X l X 2 X \ 



ju 0 NR 2 I 



35x 3 15* 15(x-R) 35{x-R) 



3 \ 



Evaluate d 3 BJdx 3 atx- RI2 to obtain: 



d 3 B, 



dx 



Mo NR 2 I 



¥R 3 



^R 

2 " 



%R 3 



h#r fc*T (**T M 



,9/2 
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Picture the Problem Let the origin be midway between the coils so that one of them is 
centered at x = —r V3/2 and the other is centered at Let the numeral 1 

denote the coil centered at x = — r V3/2 and the numeral 2 the coil centered at 

. We can express the magnetic field in the region between the coils as the 
difference of the magnetic fields B\ and B 2 due to the two coils. 



Express the magnetic field on the x 
axis due to the coil centered at 
x = -rSl2: 



*ito = 



Mo Nr 2 I 



-V3 



+ x 



+ r 



3/2 



where N is the number of turns. 



Express the magnetic field on the x 
axis due to the coil centered at 
x = rSll: 



B 2 (x) = 



M,Nr 2 I 



+ r 



3/2 



Subtract these equations to express the total magnetic field along the x axis: 



Sources of the Magnetic Field 543 



*,(*) = *,(*)-*,(*)= F ^ 



Ma Nr 2 I 



2 



■ + x 
V 2 J 

V 



- + JC 



+ r 



+ r 



-3/2 



3/2 



+ r 



V J 

^ 2 



3/2 



■ X 



+ r 



J 



3/2 \ 



The spreadsheet solution is shown below. The formulas used to calculate the quantities in 
the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


1.26xl0" 6 


A) 


B2 


0.30 


r 


B3 


250 


N 


B3 


15 


I 


B5 


0.5*$B$1*$B$3*($B$2 A 2)*$B$4 


Coeff^"* 2 ' 
2 


A8 


-0.30 


— r 


B8 


$B$5*(($B$2*SQRT(3)/2+A8) A 2 
+$B$2 A 2) A (-3/2) 


^Nr 2 I 
2 


Vx 

I 2 J 


2 

+ r 2 


-3/2 


C8 


$B$5* (($B$2*SQRT(3)/2-A8) A 2 
+$B$2 A 2) A (-3/2) 


2 


X 

I 2 J 


2 

+ r 2 


-3/2 


D8 


10 A 4*(B8-C8) 







A 


B 


C 


D 


1 


mu_0= 


1.26E-06 


N/A A 2 




2 


r= 


0.3 


m 




3 


N= 


250 


turns 




4 


1= 


15 


A 




5 


Coeffc 


2.13E-04 






6 










7 


X 


B_l 


B_2 


B(x) 


8 


-0.30 


5.63E-03 


1.34E-03 


68.4 


9 


-0.29 


5.86E-03 


1.41E-03 


68.9 


10 


-0.28 


6.08E-03 


1.48E-03 


69.2 


11 


-0.27 


6.30E-03 


1.55E-03 


69.2 


12 


-0.26 


6.52E-03 


1.62E-03 


68.9 


13 


-0.25 


6.72E-03 


1.70E-03 


68.4 


14 


-0.24 


6.92E-03 


1.78E-03 


67.5 


15 


-0.23 


7.10E-03 


1.87E-03 


66.4 
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£ 1 
01 


ait 

0.23 


1 OTF 1 AO 

1.87E-03 


7.10E-03 


-66.4 


OZ 


A O A 
0.24 


1 TOE AO 

1. /oh— U3 


6.92E-03 


-6/. 3 


t>3 


0.25 


1.70E-03 


6.72E-03 


-68.4 


04 


0.26 


1.62b— 03 


£ COC A*3 

6.S2E-03 


£Q A 

-68. y 


65 


0.27 


1.55E-03 


6.30E-03 


-69.2 


66 


0.28 


1.48E-03 


6.08E-03 


-69.2 


67 


0.29 


1.41E-03 


5.86E-03 


-68.9 


68 


0.30 


1.34E-03 


5.63E-03 


-68.4 



The following graph of B x as a function of x was plotted using the data in the above table. 




39 

Picture the Problem The diagram shows 
the two coils of radii r\ and r 2 with the 
currents flowing in the directions given. 
We can use the expression for B on the axis 
of a current loop to express the difference 
of the fields due to the two loops at a 
distance x from their common center. We'll 
denote each field by the subscript 
identifying the radius of the current loop. 




The magnitude of the field on the x 
axis due to the current in the inner 
loop is: 

The magnitude of the field on the x 
axis due to the current in the outer 
loop is: 



B = Mo 1nr x I 



Mo 



2 , 2 

x +r x 



1nr 2 1 



Mo r x l 



r 2 (*w) 



i 3/2 



Mo r l l 



4^ 2 + r 2 2 ) 3/2 ~2(* 2 + r 2 2 ) 



2^/2 



The resultant field at x is the difference between B\ and B 2 : 
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r>( 2 , 2^/2 J 2 , l\ 



3/2 



(a) The spreadsheet program to calculate B x as a function of x, for r 2 = 10.1 cm, is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 





l-H /"\t*T*Y"ll 1 1 O It Atltpnt 

Furinuid/^unLcnL 


A 1 (to K r'i i z 1 " Ihi"\»*tyi 
/\lgCUldlC FUIII1 


Bl 


1.26xl(T 6 


M) 


B2 


0.1 


r\ 


B3 


1 


I 


B4 


0.101 


r 2 


A7 


0 


X 


B7 


0.5*$B$l*$B$2 A 2*$B$3/(A7 A 2+$B$2 A 2) A (3/2) 


2(x 2 + r?Y /2 


C7 


0.5*$B$l*$B$4 A 2*$B$3/(A7 A 2+$B$4 A 2) A (3/2) 


l{x 2 + r 2 2 ) ^ 


D7 


10 A 4*(B7-C7) 


B x {x)=B 1 {x)-B 2 {x) 



The spreadsheet for B x when r- 10.1 cm follows. The other three tables are similar. 





A 


B 


C 




1 


mu_0= 


1.26E-06 


N/A A 2 




2 


r_l= 


0.1 


m 




3 


1= 


1 


A 




4 


r 2= 


0.101 


m 




5 


r 2= 


0.11 


m 




6 


r_2= 


0.15 


m 




7 


r 2= 


0.2 


m 




8 










9 


X 


B 1 


B_2 


B_x 


10 


0.00 


6.30E-06 


6.24E-06 


6.24E-04 


11 


0.01 


6.21E-06 


6.15E-06 


5.97E-04 


12 


0.02 


5.94E-06 


5.89E-06 


5.21E-04 


13 


0.03 


5.54E-06 


5.49E-06 


4.14E-04 


14 


0.04 


5.04E-06 


5.01E-06 


2.95E-04 


15 


0.05 


4.51E-06 


4.49E-06 


1.81E-04 












56 


0.46 


6.04E-08 


6.15E-08 


-1.13E-05 


57 


0.47 


5.68E-08 


5.78E-08 


-1.07E-05 


58 


0.48 


5.34E-08 


5.45E-08 


-1.01E-05 


59 


0.49 


5.04E-08 


5.13E-08 


-9.51E-06 




0.50 


4.75E-08 


4.84E-08 


-8.99E-06 



The following graph shows B(x) for r = 10.1 cm, 11 cm, 15 cm, and 20 cm. 
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x (m) 



0.40 0.45 0.50 
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Picture the Problem We can approximate B(x) by using the result from Problem 39 for 

dB 

the field due to a single coil of radius r and evaluating B[x) ~ Ar at 

dr 

r = r x . 



The magnetic field at a distance x on 
the axis of a coil of radius r is given 
by: 

Express B(x) in terms of the rate of 
change of B with respect to r: 



B{x) = 



*(*)' 



jU Q I 2nr 2 
dB 



dr 



Ar 



(1) 



Evaluate the partial derivative of B with respect to r. 
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d_ 

dr 



An 



2nr 2 



( 2 , 2V« 



Mo 1 d 
An dr 



2nr 2 



Mo 1 



An 



A. 7 



,3/2 



( 2 , 2V /2 



(x 2 +r 2 f 2 (Anr)-2nr 2 \ 3 (x 2 +r 2 ) U2 {2r) 



An 



= Mo Ir 



3/2 3 



-r-(x 2 +r 2 )' 
2 V 7 



,1/2 



1/2 



0 / 2 , 2V /2 o 2^ 2 . 2V 

2\x + r ) — 3r \x + r ) 
2(^ 2 +r 2 ) 3 

2{x 2 + r 2 )-3r 
2(x 2 +r 2 ) 3 



/ujr{x 2 + r 2 ) 
Mo 1 



1/2 



o 2 j 
2x r-r 



(x 2 +r 2 ) 



, 5 /2 



Evaluate dB/dx at r = ri to obtain: 



Substitute in equation (1) to obtain: 
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A> 7 



O 2 3 

2x r, - r x 



B(x)« 



^ Q IAr^ 



\ ^ J 



O 2 3 

2x r x - r x 
( 2 , 2W 2 



Remarks: This solution shows that the field due to two coils separated by Ar can be 
approximated by the given expression. 
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Picture the Problem We can factor x from the denominator of the equation from 



Problem 40 to show that B(x) 
From Problem 40: 



V * J 



3 - 
\* ) 

B{x\, 



2 )[(x 2 +r 2 f 



n, 2 3 

2x r x - r x 
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Factor x from the denominator of 
the expression to obtain: 



B(x) 



, 2 J 



2r x x 



x 



.2 A 



5/2 



For x » r\. 



,2\ 



5/2 



1 + 



X 



Substitute and simplify to obtain: 



// 0 /Ar 



v 2 , 
V 2 J 



2r^ 



a: 



^.3 ^.5 



For x » r. 



B(x) 



\ x j 



The spreadsheet-generated graph that follows provides a comparison of the exact and 
approximate fields. Note that the two solutions agree for large values of x. 



0.001 
0.000 
-0.001 

o 

^ -0.002 
-0.003 



-0.004 



0.00 



0.10 















# 








4 

i 


r 


Ex 


act solution 




a 

i 
i 

i 




- - - 'Approximate 
solution 




i 
I 











0.20 0.30 

x (m) 



0.40 



0.50 
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Straight-Line Current Segments 



42 • 

Picture the Problem The magnetic field due to the current in a long straight wire is given 

by B = — where / is the current in the wire and R is the distance from the wire. 

An R 



Express the magnetic field due to a 
long straight wire: 

Substitute numerical values to 
obtain: 



An R 



S = (!(>-' T-m/A)^) 
v ' R 

_ 2.00x10 6 T-m 

R 



(a) Evaluate BatR- 10 cm: 

(b) Evaluate B at R = 50 cm: 

(c) Evaluate B at R = 2 m: 



5(1 0 cm): 
5(50 cm): 
5(2 m) : 



2.00x10 6 T-m 
0.1m 

2.00x10 6 T-m 
0.5 m 

2.00 xlQ' 6 T-m _ 
2m 



20.0 //T 



4.00 //T 



1.00//T 



Problems 43 to 48 refer to Figure 27-45, which shows two long straight wires in the xy 
plane and parallel to the x axis. One wire is at y - -6 cm and the other is at y = +6 cm. 
The current in each wire is 20 A. 



y = -6 cm 




Figure 27-45 Problems 43-48 
*43 • 

Picture the Problem Let + denote the wire (and current) at y - +6 cm and - the wire (and 

current) at y = -6 cm. We can use B = — to find the magnetic field due to each of 

An R 

the current carrying wires and superimpose the magnetic fields due to the currents in the 
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wires to find B at the given points on the y axis. We can apply the right-hand rule to find 
the direction of each of the fields and, hence, of B . 



(a) Express the resultant magnetic 
field at y = -3 cm: 

Find the magnitudes of the magnetic 
fields at y = -3 cm due to each wire: 



Apply the right-hand rule to find the 
directions of IT and B : 



Substitute to obtain: 



(b) Express the resultant magnetic 
field at y = 0: 

Because B + (o) = -B_(6): 

(c) Proceed as in (a) to obtain: 



(d) Proceed as in (a) with y = 9 cm 
to obtain: 



B(- 3 cm) = B + (- 3 cm) + B (- 3 cm) 



5 + (-3cm) = (lO- 7 T.m/A)^ 
V ; V ' 0.09m 

= 44.4 juT 

and 

5(-3cm) = (lO- 7 T.m/A)^ 
~ V ' V ' 0.03m 

= 133//T 

2? + (-3cm) = (44.4//r)£ 
and 

2?_(-3cm) = -(l33//T)£ 

B(- 3 cm) = (44.4 jul)k - (l 33 //r)£ 



-(88.6//r)£ 



b{o) = bM+b_{o) 



B(0) = 



0 



2? + (3cm) = (l33//T)£ , 
B_(3cm) = -(AAA/IY)k, 
and 

B{3 cm) = (133 fll)k - (44.4 //T)£ 



(88.6//T)£ 



2? + (9cm) = 
J B_(9cm) = 
and 



-(133//T>fc, 
(26.7 //T)^ , 
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B(9 cm) = -(133 /Jl)k -(26.7 //T)£ 



(l60//I> 



44 

Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We'll denote each field by the 
subscript identifying the position of each wire. 




V, cm 



The field due to the current in the 
wire located at y = 6 cm is: 



B, 



_ A) 



21 



An 0.06 m->> 



The field due to the current in the 
wire located at y = -6 cm is: 



B 



Mo 



21 



-6 



An 0.06 m + y 



The resultant field B z is the difference between B 6 and B_ 6 : 



B : =B 6 -B 6 



Mo 



Mo 



Mo 1 



An 0.06 m -;y An 0.06 m- y An 



1 



1 



0.06m-); 0.06m+y 



The following graph of B z as a function of y was plotted using a spreadsheet program: 
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-0.10 -0.08 -0.06 -0.04 -0.02 0.00 0.02 0.04 0.06 0.08 0.10 

y (m) 



45 • 

Picture the Problem Let + denote the wire (and current) at y = +6 cm and - the wire (and 

current) at y = -6 cm. We can use B = — to find the magnetic field due to each of 

An R 

the current carrying wires and superimpose the magnetic fields due to the currents in the 
wires to find B at the given points on the y axis. We can apply the right-hand rule to find 
the direction of each of the fields and, hence, of B. 

(a) Express the resultant magnetic 2?(-3cm) = 2? + (-3cm) + 2?_(-3cm) 

field at y = -3 cm: 

Find the magnitudes of the magnetic g (-3cm) = (l0~ 7 T • m/A) 2 ^ 2 ° A ^ 

fields at y = -3 cm due to each wire: 0.09m 

= 44.4//T 

and 

^(-S^^lO-T.m/A) 2 ^ 

0.03m 

= 133//T 

Apply the right-hand rule to find the B + (- 3 cm) = -(44.4 /Jl)k 

directions of B + and B : an( j 

2L(-3cm) = -(l33//T)£ 



Substitute to obtain: 



B(- 3 cm) = -(44.4 fIY)k - (133 //T>fc 
= -(177 /IY)k 



(b) Express the resultant magnetic 
field at y = 0: 

Find the magnitudes of the magnetic 
fields at y = 0 cm due to each wire: 



Apply the right-hand rule to find the 
directions of B , and B : 



Substitute to obtain: 
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*(o) = * + (o)+£ (o) 



5,(0) = 


(lO 7 T • ml A 


\ 2(20 A) 


' 0.06 m 




66.7 juT 




and 

fl_(0) = (l(T 7 T-m/A 


\ 2(20 A) 
0.06 m 




66.7 juT 




* + (o)= 


-- -(66.7 /IY)k 




and 

B_(o) = 


■- -(66.7 /IY)k 




B(0) = 


-(66.7 juT)k - 


(66.7 /IY)k 




-(133//T)^ 





(c) Proceed as in (a) with 
y = +3 cm to obtain: 



2? + (3cm) = -(l33//r)£, 
B _(3cm) = -(44 A juT)k , 
and 

B(3 cm) = -(133 //T)£ - (44.4 juT)k 



(177 fl)k 



(d) Proceed as in (a) with 
y = +9 cm to obtain: 



J B + (9cm) = (l33//T)^, 
^_(9cm) = -(26.7//T)^, 
and 

2?(9cm) = (133 /IY)k - (26.7 /IY)k 



(106 fl)k 
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Picture the Problem The diagram shows the two wires with the currents flowing in the 
negative x direction. We can use the expression for B due to a long, straight wire to 
express the difference of the fields due to the two currents. We'll denote each field by the 
subscript identifying the position of each wire. 
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1/ i 6 cm - 
x 



^1 

if, cm 



^« 6 cm — i/ - 



The field due to the current in the 
wire located at y = 6 cm is: 



B 6 = 



21 



An 0.06 m-); 



The field due to the current in the 
wire located at y = -6 cm is: 



B 



Mo 



21 



-6 



An 0.06 m + y 



The resultant field B z is the sum of B 6 and B_ 6 : 



B Z =B 6 -B 6 



Mo 



1 + y"o 



Mo 1 



An 0.06 m -;y An 0.06 m- y An 



1 1 

■ + - 



0.06m-}; 0.06m+); 



The following graph of B z as a function of y was plotted using a spreadsheet program: 



o 



-0.10 





-0.05 



0.00 

y (m) 



0.05 



0.10 
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Picture the Problem Let + denote the wire (and current) at y = +6 cm and - the wire 

(and current) at y = -6 cm. We can use B = — to find the magnetic field due to each 

An R 

of the current carrying wires and superimpose the magnetic fields due to the currents in 
the wires to find B at the given points on the z axis. 
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(a) Apply the right-hand rule to 
show that, for the currents parallel 
and in the negative x direction, the 
directions of the fields are as shown 
to the right: 



Express the magnitudes of the 
magnetic fields at z = +8 cm due to 
the current-carrying wires at 
y = -6 cm and y = +6 cm: 



B z _ =B z+ =(l(T 7 T-m/A) 
2(20 A) 
7(0.06 m) 2 +(0.08m) 2 
= 40.0 //T 



Noting that the z components add to 
zero, express the resultant magnetic 
field at z = +8 cm: 



B(z = 8 cm) = 2(40.0 //T)sin 9 j 
= 2(40.0 //T)(0.8)j 



(64.0//T)j 



(b) Apply the right-hand rule to 
show that, for the currents 
antiparallel with the current in the 
wire at y = -6 cm in the negative x 
direction, the directions of the fields 
are as shown to the right: 

Noting that the y components add to 
zero, express the resultant magnetic 
field at z = +8 cm: 




2?(z = 8cm) = 



-2(40.0 //T)cos#£ 
-2(40.0 //T) (0.6)£ 



(48.0 //T)£ 



48 • 

Picture the Problem Let + denote the wire (and current) at y - +6 cm and - the wire (and 
current) at y - -6 cm. The forces per unit length the wires exert on each other are action 
and reaction forces and hence are equal in magnitude. We can use F = I£B to express the 

ri ju Q 21 

force on either wire and B = to express the magnetic field at the location of either 

An R 

wire due to the current in the other. 



Express the force exerted on either 
wire: 



F = I£B 
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Express the magnetic field at either 
location due to the current in the 
wire at the other location: 



An R 



Substitute to obtain: 



F = 11 



fi 0 2n_2£fi 0 I 2 _l]U 0 I 2 
An R) An R In R 



Divide both sides of the equation by 
I to obtain: 

Substitute numerical values and 
evaluate Fl I : 



2// 0 I 1 
An R 

2(lO' 7 T-m/A)(20A) 2 
0.12m 



667 //N/m 
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F 2ju 0 I 2 

Picture the Problem We can use — = to relate the force per unit length each 

t An R 

current-carrying wire exerts on the other to their common current. 



(a) 



Because the currents repel, they are antiparallel. 



(^)Express the force per unit length 
experienced by each wire: 



Vh I 2 
An R 



Solve for /: 



/ = 



AnR F 

l 2^J 



Substitute numerical values and 
evaluate /: 



I (8.6 cm) 
2(l (T 7 T • m/A) 



(3.6nN/m) 



= 39.3mA 



50 

Picture the Problem Note that the current segments a-b and e-/do not contribute to the 
magnetic field at point P. The current in the segments b-c, c-d, and d-e result in a 
magnetic field at P that points into the plane of the paper. Note that the angles bPc and 
ePd are 45° and use the expression for B due to a straight wire segment to find the 
contributions to the field at P of segments be, cd, and de. 
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Express the resultant magnetic field 
at P: 



B = B bc +B cd +B de 



Express the magnetic field due to a 
straight line segment: 



B = — — (sinO, +sin6» 2 ) (1) 
An R X 1 



Use equation (1) to express B bc and 
B de : 



An R 
Mo I 



B. = ^-(sin45° + sin0°) 
bc An R V ; 



An R 



sin 45° 



Use equation (1) to express B cd : 



B, (sin 45° + sin 45°) 

cd An R y ' 

= 2^-sin45° 
An R 



Substitute to obtain: 



ju 0 I jU 0 I 

B = ——sin 45° + 2— —sin 45° 
An R An R 

+ ^l sin4 5° 
An R 

Mo 1 
= 4— —sin 45° 

An R 



Substitute numerical values and 
evaluate B: 



£ = 4(l(T 7 T-m/A) 8A sin45 c 
v 'O.Olm 



226 //T 



51 

Picture the Problem The forces acting on the wire are the upward magnetic force F B 
and the downward gravitational force mg, where m is the mass of the wire. We can use a 
condition for translational equilibrium and the expression for the force per unit length 
between parallel current-carrying wires to relate the required current to the mass of the 
wire, its length, and the separation of the two wires. 



Apply ^ F = 0 to the floating 



F B ~ mg = 0 
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wire to obtain: 



Express the repulsive force acting ^ jU 0 I 2 £ 

on the upper wire: B An R 



Substitute to obtain: ~MoI 2 £ 

2 me = 0 

An R 



80.2A 



Solve for/: ^ \AmngR 

Substitute numerical values and evaluate /: 

J(l4xlO" 3 kg)(9.81m/s 2 Xl.5xlO" 3 m) _ 
~\ 2(lO" 7 T-m/A)(0.16m) " 



*52 « 

Picture the Problem Note that the forces on the upper wire are away from and directed 
along the lines to the lower wire and that their horizontal components cancel. We can 

F * Ma I 2 

use — = 2 to find the resultant force in the upward direction (the y direction) 

£ An R 

acting on the top wire. In part (b) we can use the right-hand rule to determine the 
directions of the magnetic fields at the upper wire due to the currents in the two lower 
„ ju a 21 

wires and use B = to find the magnitude of the resultant field due to these 

An R 

currents. 

(a) Express the force per unit length F ^jU 0 I 2 

each of the lower wires exerts on the £ 4^ R 

upper wire: 



2 



Noting that the horizontal -y-, F y ^ // 0 / ^ o 

components add up to zero, express ^ £ An R 
the net upward force per unit length u j 2 

on the upper wire: An R 

= 4^— cos 30° 
An R 



Substitute numerical values and 
evaluate V — : 
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V 5l = 4(1 0- 7 T • m/A)fi^£cos30° 
^ I ' 0.1m 



7.79xl(T 4 N/m 



(b) Noting, from the geometry of the 
wires, the magnetic field vectors 
both are at an angle of 30° with the 
horizontal and that their y 
components cancel, express the 
resultant magnetic field: 

Substitute numerical values and 
evaluate B: 



B = 2^-— cos 30°/ 
An R 



B = 2(l (T 7 T • m/A)^^cos30 



0.1m 



52.0 juT 



53 

Picture the Problem Note that the forces on the upper wire are away from the lower left 
hand wire and toward the lower right hand wire and that, due to symmetry, their vertical 

components cancel. We can use — = 2 to find the resultant force in the x 

i An R 

direction (to the right) acting on the top wire. In part (b) we can use the right-hand rule 
to determine the directions of the magnetic fields at the upper wire due to the currents in 

Mo 2/ 

the two lower wires and use B = to find the magnitude of the resultant field due 

An R 

to these currents. 



(a) Express the force per unit length 
each of the lower wires exerts on the 
upper wire: 



^ = 2^ — 
I An R 



Noting that the vertical components 
add up to zero, express the net force 
per unit length acting to the right on 
the upper wire: 



Y^ = 2^-cos60° 
^ i An R 

+ 2^— cos60° 
An R 

= 4^— cos 60° 
An R 
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Substitute numerical values and 

evaluate > — : 
^ £ 



YLl = 4 (i 0 - 7 t • m/A)^£cos 60° 
^ £ V ' 0.1m 



4.50xlO~ 4 N/m 



(b) Noting, from the geometry of the ^ _ 2 ^ ^ sin30°y 

wires, that the magnetic field vectors An R 

both are at an angle of 30° with the 

horizontal and that their x 

components cancel, express the 

resultant magnetic field: 

Substitute numerical values and ^ _ j m/A) sin 30° 

evaluateB: 0.1m 



30.0 //T 
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Picture the Problem Let the numeral 1 denote the current flowing in the positive x 
direction and the magnetic field resulting from it and the numeral 2 denote the current 
flowing in the positive y direction and the magnetic field resulting from it. We can 

ju 0 21 

express the magnetic field anywhere in the xy plane using B = and the right-hand 

An R 

rule and then impose the condition that B = 0 to determine the set of points that satisfy 
this condition. 

Express the resultant magnetic field B = B l + B 2 

due to the two current-carrying 

wires: 



Express the magnetic field due to ^ _ Mo 2/j ~ 

the current flowing in the positive x 1 An y 
direction: 

Express the magnetic field due to ^ _ Mo 2/ 2 

the current flowing in the positive y ' An x 
direction: 



Substitute to obtain: 5 Mo 21 - Mo 21 - 

li = k k 



An y An x 

k 



( Mo 2/ Mo 2/^ 



An y An x 
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because / = /| = I 2 . 



For B = 0 : 



/^27 _Mo_2I_ 
An y An x 



0=>x = y. 



Hence, B = 0 along a line that 
makes an angle of 45° with 
the x axis. 
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Picture the Problem Let the numeral 1 denote the current flowing along the positive z 
axis and the magnetic field resulting from it and the numeral 2 denote the current flowing 
in the wire located at x = 10 cm and the magnetic field resulting from it. We can express 

u Q 21 

the magnetic field anywhere in the xy plane using B = and the right-hand rule 

An R 

and then impose the condition that B = 0 to determine the current that satisfies this 
condition. 



(a) Express the resultant magnetic 
field due to the two current-carrying 
wires: 



B=B { +B 2 



Express the magnetic field at 

x = 2 cm due to the current flowing 

in the positive z direction: 

Express the magnetic field at 

x = 2 cm due to the current flowing 

in the wire at x = 10 cm: 



B l {x = 2cm) = ^^j 
An 2 cm 



B 2 {x = 2cm) = -^^j 
An 8cm 



Substitute to obtain: 



li = J J 

An 2cm An 8cm 

' Mo 21 1 Mo 21 2 " 



An 2cm An 8cm 



For B = 0 : 



Mo 2 h Mo 2/ 2 =Q 
An 2cm An 8cm 



or 



2cm 8cm 



= 0 
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Solve for and evaluate I 2 : 



I 2 =4/, =4(20 A) = 



80.0A 



(b) Express the magnetic field at 
x = 5 cm: 



Substitute numerical values and 
evaluate B(x = 5 cm): 



g _ Mo 27, j //„ 21 2 J 
4tz 5cm 4k 5cm 

4;r(5cmJ 



B 



2(lO-'T.m/ A ) (20A _ 80A)j 



5 cm 



■ (0.240 mT)y 
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Picture the Problem Choose a coordinate system with its origin at the lower left-hand 
corner of the square, the positive x axis to the right and the positive y axis upward. We 



can use B 



Mo 2/ 



and the right-hand rule to find the magnitude and direction of the 



4tt R 

magnetic field at the unoccupied corner due to each of the currents, and superimpose 
these fields to find the resultant field. 



(a) Express the resultant magnetic 
field at the unoccupied corner: 



B = B l +B 2 +B J 



(1) 



When all the currents are into the 
paper their magnetic fields at the 
unoccupied corner are as shown to 
the right: 

Express the magnetic field at the 
unoccupied corner due to the current 
h: 



B, 



Mo_2l-. 
4n L 



Express the magnetic field at the 
unoccupied corner due to the current 
h: 



B, = 



cos 45 



Mo 2/ 
4n lV2 

: SlM.il -J) 



Express the magnetic field at the 
unoccupied corner due to the current 
h: 



B 3 =^i 
4n L 
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Substitute in equation (1) and simplify to obtain: 



J a J ) A„ J A„ J \ J 1 \ J I 



An L An 2L 



+ i 



= M IL 2I_ 
An L 



r 



1 



1 + -U + 

v V 



3// 0 7 



AnL 



(b) When I 2 is out of the paper the 
magnetic fields at the unoccupied 
corner are as shown to the right: 



Express the magnetic field at the 
unoccupied corner due to the current 
h: 



2 Attl4i v ' 



An2L y ' 



Substitute in equation (1) and simplify to obtain: 



5 ju 0 21 ~ ju 0 21 ( t A ju 0 21 f ju 0 21 ( ~ W - A ~ 

B = - — — / + — — \-i + /)+ — — i =— / + - - i + / l+i 

An L An2L x An L An L y 2 ' 



= fto_2I_ 
An L 



i + 



1 



-1 + 

V 2y 



jj^_2J_ 
An L 



h 1 - 
— i j 

2 2 



Mo 1 



AnL 



i -J 



(c) When Ii and I 2 are in and I 3 is 
out of the paper the magnetic fields 
at the unoccupied corner are as 
shown to the right: 



From (a) or (b) we have: 



An L 



From (a) we have: 



Anh42 V ' 

An2L y ' 



Express the magnetic field at the 
unoccupied corner due to the current 
H 



B 3 =-^i 
An L 
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Substitute in equation (1) and simplify to obtain: 



B = 



An L An 2^ ' An L An L 



~ 1 ~.\ 



Mo_2I_ 
An L 



1 + 



1 



i + 



1 



Mo 1 



AnL 



i-y 
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Picture the Problem Choose a coordinate system with its origin at the lower left-hand 
corner of the square, the positive x axis to the right and the positive y axis upward. Let 
the numeral 1 denote the wire and current in the upper left-hand corner of the square, the 
numeral 2 the wire and current in the lower left-hand corner (at the origin) of the square, 
and the numeral 3 the wire and current in the lower right-hand corner of the square. We 
_ ju 0 21 

can use B = and the right-hand rule to find the magnitude and direction of the 

An R 

magnetic field at, say, the upper right-hand corner due to each of the currents, 
superimpose these fields to find the resultant field, and then use F = ItB to find the 
force per unit length on the wire. 

(a) Express the resultant magnetic 
field at the upper right-hand corner: 

When all the currents are into the 
paper their magnetic fields at the 
upper right-hand corner are as 
shown to the right: 

Express the magnetic field due to 
the current If. 

Express the magnetic field due to 
the current I 2 : 



Express the magnetic field due to 5 jU 0 21 * 

I) , = 1 

the current ^3: An a 

Substitute in equation (1) and simplify to obtain: 



B = B l +B 2 +B 3 



(1) 



B 3 



B, 



An a 



B, 



rCOS 



Mo 2/ 
An a 42 

An2a X ' 



45°(/-y) 
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B = 



An a An 2a 



Ml 2/ 
An a 



1 + 



I* + 



■J 



+ — i 
An a 



3// 0 7 



An a 



-A, I / ^ 1 ^ 



v 



4;zn 



Using the expression for the 
magnetic force on a current- 
carrying wire, express the force per 
unit length on the wire at the upper 
right-hand corner: 



= BI 



(2) 



Substitute to obtain: 



3ju 0 I 



2 r 



Am 



and 
F_ _ 

7~ 



Ana 



2\ 



+ 



w 

v 4;zn y 



3V2// 0 / : 

4^(3 



(£) When the current in the upper 
right-hand corner of the square is 
out of the page, and the currents in 
the wires at adjacent corners are 
oppositely directed, the magnetic 
fields at the upper right-hand are as 
shown to the right: 



Express the magnetic field at the 
upper right-hand corner due to the 
current I 2 : 



B ? =— — =cos 
4^-aV2 



45°(-/ + j) 



Mo_2I_ 
An 2a 



Using 2?j and 2? 3 from (a), substitute in equation (1) and simplify to obtain: 



5 ju 0 21 « ju 0 21 ( ? A ju 0 21 f ju 0 21 ( ~ 1 / - A ~ 

B = - ™- — J+— 1- 1 + — i =— J + — [-t +J )+i 

An a An 2a An a An a y 2 



= Mo_2I_ 
An a 



C 



1 — \i + 

v 2 



c 



1 + I 

v 2 



An a 



1 ? 1 i 
-i / 

2 2 



4;ra 
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Substitute in equation (2) to obtain: 



F Mo I : 



and 

F__ 
J' 



4m 



i -J 



Mo 1 

v 4m j 



+ 



47m 



Mo 1 
v 4tui j 
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Picture the Problem The configuration is 

shown in the adjacent figure. Here the z 

axis points out of the plane of the paper, 

the x axis points to the right, the y axis 

„ ju () 21 

points up. We can use B = and the 

4n R 

right-hand rule to find the magnetic field 
due to the current in each wire and add 
these magnetic fields vectorially to find the 
resultant field. 




Express the resultant magnetic field 
on the z axis: 



B = B l +B 2 +B 3 +B 4 +B 5 



B l is given by: 



B,=Bj 



B 2 is given by: 
2? 3 is given by: 



B 2 = (B cos 45°)/ + (B sin 45°) j 



B 3 = Bi 



2? 4 is given by: 
B 5 is given by: 



B A = (B cos 45°)/ - (B sin 45°)j 



B 5 = -Bj 



Substitute for B ] , B 2 , B 3 , B 4 , and B 5 and simplify to obtain: 



B = Bj + (B cos 45°)i + (B sin 45°)j + Bi + (B cos 45°)/ - (B sin 45°)j - 
= (B cos 45°)/ + Bi + (B cos 45°)/ =(B + 2B cos 45°)/ = (l + 4l)Bi 
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B = 



Express B due to each current at 
z = 0: 

Substitute to obtain: 



B Due to a Current in a Solenoid 



59 



Picture the Problem We can use B x = \ ju (j nl 



B = Mo_2I_ 
Att R 



(l + V2) 



2nR 



4b 2 +R 2 4a +R : 



to find B at 



any point on the axis of the solenoid. Note that the number of turns per unit length for 
this solenoid is 300 turns/0.3 m = 1000 turns/m. 



Express the magnetic field at any 
point on the axis of the solenoid: 

Substitute numerical values to obtain: 
B x =\{4xx 1(T 7 T • m/A)(l000)(2.6 A) 
= (l.63mT) 



^b 2 + (0.012 m) 2 ^ a 2 + (0.012m) 2 



a 



'b 2 + (0.012 m) 2 ^a 2 +(0.0Umf 



(a) Evaluate B x for a = b = 0. 15 m: 



B x : =(l.63mT) 



0.15m 



0.15m 



7(0.1 5 m) 2 +(0.0 12 m) 2 ^(0A5mf + (0.012m) 



3.25 mT 



(b) Evaluate B x for a = 0. 1 m and b = 0.2 m: 



5 x (0.2m) = (l.63mT) 



0.2 m 



0.1m 



> /(0.2m) 2 + (0.012m) 2 V(°- lm ) 2 + (0.012m) 



= 3.25 mT 



(c) Evaluate B x (= B end ) for a = 0 and b = 0.3 m: 
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B x = (l.63mT) 



0.3m 



1.63mT 



Notethat5 end ={5 center 
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Picture the Problem We can use 5 C = ju (j nl to find the approximate magnetic field on 
the axis and inside the solenoid. 



Express B x as a function of n and /: 



B x = ju 0 nl 



Substitute numerical values and 
evaluate B x : 



' 600 ^ 



5 A =(4^xlO- 7 N/A 2 ) — (2.5 A) 



= 0.698 mT 



v 2.7m j 
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Picture the Problem The solenoid, 
extending from x = —£/2 to x = 1/2 , with 

the origin at its center, is shown in the 
diagram. To find the field at the point 
whose coordinate is x outside the solenoid 
we can determine the field at x due to an 
infinitesimal segment of the solenoid of 
width dx' at x' , and then integrate from 
x = —£/2 to x = £/2. The segment may 

be considered as a coil ndx' carrying a 
current /. 









"R — 












vv'- 



Express the field dB at the axial 
point whose coordinate is x: 



dB r = 



Mo 



2ttR 2 I 



3/2 



dx' 



Integrate dB x from x = —£/2 to x = £/2to obtain: 



B. = 



jU 0 nIR 



2 t/2 



2 l 2 [( x - x f + R^f 2 2 {^ x + i /2f + R 2 j{x-l/2f + R 2 



dx' 



x + 112 



x-112 



Refer to the diagram to express 
cosd?! and cos Oy. 



COS0, 



and 



X+ 2 i 



R 2 +{x + \£) 2 



1/2 



Sources of the Magnetic Field 569 



cos^ 



R 2 + 



1/2 



Substitute to obtain: 



B 



ju 0 nl (cos 6 X - cos 6 2 ) 
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Picture the Problem We can use Equation 27-35, together with the small angle 
approximation for the cosine and tangent functions, to show that 6\ and Oi are as given 
and that B is given by Equation 21-31 . 



(a) The angles 9\ and 0 2 are shown 
in the diagram. Note that 
tan6>! =R/(x + £/2) and 

tan# 2 =R/(x-£/2). 



Apply the small angle 
approximation tan#« 9 to obtain: 



and 



R 



x + 



9, 



R 



(b) Express the magnetic field 
outside the solenoid: 



B = \ ju 0 nl(cos 6 X - cos 0 2 ) 



Apply the small angle 
approximation for the cosine 
function to obtain: 



cos 6 X = 1 - j 



and 



cos 6 2 =\~\ 



' R 



yX+ \ i j 



' R V 



\ A 2 V 



Substitute and simplify to obtain: 

x 2 

R 



1-i 



x + 



1 + 



2 V 



R 



\ X 2 1 J 



jU 0 nIR' 



(x-\i) 2 (x + ^if 



Let r, 



: x — \ i be the distance to 



the near end of the solenoid, 

r x = x + \ i the distance to the far 



B 





f 






4m 


4m 




4x 


r 2 
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end, andg m = nlnR 2 = fl/l , where 

// = nlnR 2 is the magnetic moment 
of the solenoid to obtain: 



Ampere's Law 

*63 • 

Picture the Problem We can apply Ampere's law to a circle centered on the axis of the 
cylinder and evaluate this expression for r < R and r > R to find B inside and outside the 
cylinder. 



Apply Ampere's law to a circle 
centered on the axis of the cylinder: 



§B-d£ = {x 0 Ic 



Note that, by symmetry, the field is the 
same everywhere on this circle. 



Evaluate this expression for 
r<R: 



£4 side -^ = /" 0 (0) = 0 



Solve for Bi ns id e to obtain: 



0 



Evaluate this expression for 
r>R: 



lB m ^-dl = B{2xR) = M{) l 



Solve for B outs ide to obtain: 



Mo 1 
2nR 



64 • 

Picture the Problem We can use Ampere's law, j)2? ■ dl = jU Q I c , to find the line integral 
B • dl for each of the three paths. 



(a) Evaluate jB ■ dl for C\ \ 



B-d£ = 



Mo 



(8 A) 



Evaluate jB ■ dt for C 2 : 



ffi-ji = // 0 (8A-8A) = 



o 



Evaluate £j? ■ dl for C 3 : 



B-dt 



// 0 (8A) 



because the field 



is opposite the direction of integration. 
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(b) 



None of the paths can be used to find B at a general point because there 
the current configuration does not have cylindrical symmetry. 



65 • 

Picture the Problem Let the current in the wire and outer shell be /. We can apply 
Ampere's law to a circle, concentric with the inner wire, of radius r to find B at points 
between the wire and the shell far from the ends (r<R), and outside the cable (r> R). 



(a) Apply Ampere's law for 
r<R: 



\ c B r<R -dl = B r<R (27rr) = M J 



Solve for B r<R to obtain: 



B 



r<R 



(b) Apply Ampere's law for 
r>R: 



§ c B r>R -d£ = M0 {0) 



Solve for B r>R to obtain: 



B r>R = 
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Picture the Problem. Let the radius of the wire be a. We can apply Ampere's law to a 
circle, concentric with the center of the wire, of radius r to find B at various distances 
from the center of the wire. 

Express Ampere's law: j)2? • dl = jU {) I c 

Using the fact that the current is I c I 

2 2 

uniformly distributed over the cross- 7tr na 

sectional area of the wire, relate the or 
current enclosed by a circle of ^ r 2 

radius r to the total current / carried c a 2 

by the wire: 

Substitute and evaluate the integral / x u n r 2 

t„ob<a,„ : *,M = ^ 

Solve for B r<a : R _ Mo r T m 

Forr>«: £ B T>a ■ dl = B r ^ {inr) = Mo I 
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Solve for B r > a : R _ Mo 1 

B r>a ~ — (2) 



(a) Use equation (1) to evaluate 5(0.1 cm): 



B 



(0. 1 c m )J 4 " 10 '' N/A2 ^ 00 ' m) ('00A), 
2;r(0.005m) 2 



8.00xlCT 4 T 



(b) Use either equation to evaluate B at the surface of the wire: 



B 



(o.oo5c m )=^ xlo " 7 / N/A '"»; OOSm) (i°QA)- 

2;r(0.005 m) 



4.00xlO" 3 T 



(c) Use equation (2) to evaluate 
5(0.7 cm): 



B(0.007m) = ( 4 " xl0 "; N/A ')(' OOA ) 
V ' 2^-(0.007m) 



= 2.86xl0" 3 T 



(d) A graph of B as a function of r follows: 




0.0 -I i , , r 

0 12 3 4 

r (arbitrary units) 
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Determine the Concept The contour integral consists of four portions, two horizontal 
portions for which j) B -dl = 0 , and two vertical portions. The portion within the 

magnetic field gives a nonvanishing contribution, whereas the portion outside the field 
gives no contribution to the contour integral. Hence, the contour integral has a finite 
value. However, it encloses no current; thus, it appears that Ampere's law is violated. 
What this demonstrates is that there must be a fringing field so that the contour integral 
does vanish. 
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Picture the Problem Let r\ - 1 mm, r 2 - 2 mm, and r 3 - 3 mm and apply Ampere's law 
in each of the three regions to obtain expressions for B in each part of the coaxial cable 
and outside the coaxial cable. 



Apply Ampere's law to a circular 
path of radius r < r\ to obtain: 



B r <fixr) = Moh 



Because the current is uniformly 
distributed over the cross section of 
the inner wire: 



n r nr. 



2 => h 



Substitute for 7 c to obtain: 



B ,<A 2 ^ r ) = nJ-rl 



Solve for fl 



B 



2 MJ r 
An r, 2 



(1) 



Apply Ampere's law to a circular 
path of radius n < r < r 2 to obtain: 



B «<r<rX 2nr ) = MO 1 



Solve for B 



r } <r<r 2 



B. 



_ W i 

An r 



(2) 



Apply Ampere's law to a circular 
path of radius r 2 < r < r 3 to obtain: 



B,. <r<l . {In r) = Mo I c = Mo (/-/') 

where /' is the current in the outer 
conductor at a distance less than r from the 
center of the inner conductor. 



Because the current is uniformly 
distributed over the cross section of 
the outer conductor: 



nr -nr 2 nr 3 -nr 2 



Solve for I': 



2 2 
..2 „2 



Substitute for /' to obtain: 



B r 2 <r<rfi 7rr )= A) 



f 2 2 A 

I- T -^I 

2 _ 2 

V r 3 r 2 J 



Solve for B 



B 



4^- 



r 2 2^ 

1- r 



2 _ 2 

V r 3 r 2 y 



(3) 
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A spreadsheet program was used to plot the following graph of equations (1), (2), and (3). 



3.0 -i 




Apply Ampere's law to a circular 
path of radius r > r 3 to obtain: 



B r> r3 { 27rr )=M 0 I C 

= // 0 (/-/)=0 



and B r>h = 
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Picture the Problem We can use Ampere's law to calculate B because of the high degree 
of symmetry. The current through C depends on whether r is less than or the inner radius 
a, greater than the inner radius a but less than the outer radius b, or greater than the outer 
radius b. 



(a) Apply Ampere's law to a 
circular path of radius r < a to 
obtain: 



§ c B r<a -dl = Mo I c = Mo {o) = 0 
and 



(b) Use the uniformity of the current I_ _ I 

over the cross-section of the n\r~ — a ) n\p —a 

conductor to express the current T 

enclosed by a circular path whose 

radius satisfies the condition a <r< 

b: 



Solve for I c = f: 



Substitute in Ampere's law to 
obtain: 
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lB a<r<h -dl = B a<r<h (2nr) 



ju 0 r = /u G i 



r 2 -a 2 
b 2 -a 2 



Solve for B a<r<h : 



B 



a<r<b 



jU Q I r -a 

Itw b 2 - a 2 



(c) Express Iq for r > b: 

Substitute in Ampere's law to 
obtain: 



iK b -di = B r>b (2nr) = M ,I 



Solve for B r>b : 



B 



r>b 



27ir 



70 

Picture the Problem The number of turns enclosed within the rectangular area is na. 
Denote the corners of the rectangle, starting in the lower left-hand corner and proceeding 
counterclockwise, as 1, 2, 3, and 4. We can apply Ampere's law to each side of this 
rectangle in order to evaluate j>2? • dl . 



Express the integral around the 
closed path C as the sum of the 
integrals along the sides of the 
rectangle: 



Evaluate 



[Bdl: 

Jl->2 



lB-d£= \B-dl+[B-dl+\B-dl 

JC J l->2 J 2->3 J 3->4 



+ [B-dt 

J 4->l 



J? • dl = aB 

ll— >2 



For the paths 2 -> 3 and 4 -> 1, B is 
either zero (outside the solenoid) or 
is perpendicular to dl and so: 

For the path 3^4, B =0 and: 



[B-dl = \B-dl = Q 

J2->3 J4->1 



J: 



B-d£ = 0 

3->4 



Substitute in Ampere's law to 
obtain: 



j>2J -dl = aB + 0 + 0 + 0 = aB 
= MoI c = M 0 ™l 
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Solve for 5 to obtain: 



B = 



71 

Picture the Problem The magnetic field inside a tightly wound toroid is given by 

where a <r <b and a and b are the inner and outer radii of the toroid. 



Express the magnetic field of a 
toroid: 



B 



(a) Substitute numerical values and evaluate 5(1.1 cm): 



B 



(1.1cm)- (^x10- 7 N/A 2 )(1000)(1.5A) = 
2;r(l . 1 cm) 



27.3 mT 



(b) Substitute numerical values and evaluate 5(1.5 cm): 

„/, . \ (4^-xl0" 7 N/A 2 )(l000)(l.5A) 

5(1 .5 cm) = i /v '- 

2k{\ .5 cm ) 



20.0 mT 
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Picture the Problem In parts (a), (b), and (c) we can use a right-hand rule to determine 
the direction of the magnetic field at points above and below the infinite sheet of current. 
In part (d) we can evaluate j> 2J • di around the specified path and equate it to jUqIc and 

solve for 5. 



At P the magnetic field points to the right (i.e., in the - i direction] since its 



(a) 



vertical components cancel. 



(b) 



Because the sheet is infinite, the same argument used in (a) applies; B is in 
the - i direction. 



(c) 



Below the sheet the magnetic field points to the left, i.e., in the i direction. 
The vertical components cancel. 



(d) Express J>2? • di , in the 

counterclockwise direction, for the 
given path: 



$B-d! = 2 jB-di + lji-dl 



parallel 



For the paths perpendicular to the 
sheet, B and dt are perpendicular 
to each other and: 

For the paths parallel to the sheet, 
B and d£ are in the same direction 
and: 

Substitute to obtain: 
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\B dl = 0 

i 

$B-dl = Bw 

parallel 

$B-dl = 2 \B-dl = 2Bw 

parallel 



Solve for B: 



B = i/vl and 2? a 



r /u Q Ai 



Magnetization and Magnetic Susceptibility 
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Picture the Problem We can use B = 5 app = ju 0 nl to find B and 5 app at the center when 
there is no core in the solenoid and B = 5 app + ju 0 M when there is an iron core with a 
magnetization M = 1.2x 10 6 A/m. 



(a) Express the magnetic field, in 
the absence of a core, in the 
solenoid : 



Substitute numerical values and 
evaluate B and B app : 



f 400 ^ 



B = B = (4^xl0 7 N/A 2 ) — (4A) 

app V / r\ o _ V / 



v 0.2m j 



lO.lmT 



(b) With an iron core with a 
magnetization M = 1.2x 10 6 A/m 
present: 



^app 

and 



lO.lmT 



B = 5 app + // 0 M = 10. 1 mT + (Att x 10" 7 N/A 2 )(l .2 x 10 6 A/m) = 



1.52T 
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Picture the Problem We can use B = 5 app = ju 0 nl to find B and B app at the center when 
there is no core in the solenoid and B = fi app + jU 0 M when there is an aluminum core. We 
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can use M = % — — to find the magnetization of the core with the aluminum present. 
Mo 



Express the magnetic field, in the 
absence of a core, in the 
solenoid : 



B = fl app = Mo nI 



Substitute numerical values and 
evaluate B and 5 app : 



f 400 ^ 



5 = 5 app =(4^x10- N/A 2 )-^ (4A) 



v 0.2m y 



= lO.lmT 



Express the magnetization in the 
core with the aluminum present: 



Mo 



Use Table 27-1 to find the value of 
Xm for aluminum: 



Z m ,M = 2-3x10- 



Substitute numerical values and 
evaluate M: 



M = 2.3x10 



-5 



lO.lmT 



4^-xlO" 7 N/A 2 



0.185A/m 
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Picture the Problem We can use 5 app = ju 0 nl to find 5 app at the center of the tungsten 

core in the solenoid. The magnetization is related to B app and % m according to 
M = Zm B , PP /Mo = X m nl and we can use B = 5 app (l + % m ) to find B. 



Express the magnetic field, for a 
tungsten core, in the solenoid : 



5 app = 



Substitute numerical values and 
evaluate B., nn : 



f 400 ^ 



S =(4^xlO- 7 N/A 2 ) — (4A) 

app V / ri o _ V / 



^0.2m j 



= 10.053 mT 



Express the magnetization in the 
core with the aluminum present: 



M=Z m — = Z m nI 
Mo 



Use Table 27-1 to find the value of 
Zm for tungsten: 



z 



m, tungstenl 



6.8x10 
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Substitute numerical values and 
evaluate M: 



Express B in terms of 5 app and % m : 

Substitute numerical values and 
evaluate B: 



f 400 ^ 



M =(6.8x10-5) _™L ( 4 A ) 



0.2 m 



0.544 A/m 



B = B dpp (l + Zm ) 

B = (10.053 mT)(l + 6.8 x 10 5 ) 



10.054 mT 
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Picture the Problem We can use B = 5 app (l + % m ) to relate B and B app to the magnetic 

susceptibility of tungsten. Dividing both sides of this equation by B app and examining the 
value of Xm, tungsten will allow us to decide whether the field inside the solenoid decreases 
or increases when the core is removed. 



Express the magnetic field inside 
the solenoid with the tungsten core 
present B in terms of 5 app and j m : 

Express the ratio of B to 5 app : 



where 5 app is the magnetic field in the 
absence of the tungsten core. 



B 



B 



= 1 + Zn 



(1) 



(a) Because % m> tungsten > 0: 



B>B^ 
and 



B will decrease when the tungsten 
core is removed. 



(b) From equation (1) the fractional 
change is: 



Jm =6.8xl0- 



6.8xl0~ 3 % 
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Picture the Problem We can use B = 5 app (l + % m ) to relate B and B app to the magnetic 
susceptibility of liquid sample. 



Express the magnetic field inside the 
solenoid with the liquid sample 
present B in terms of B app and Xm, 



B B-dpp /C m, sample } 



where S app is the magnetic field in the 
absence of the liquid sample. 
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sample- 



The fractional change in the 
magnetic field in the core is: 



AB 



B 



= Z 



m, sample 



app 



Substitute numerical values and 
evaluate j m , samp i e : 



X, 



m, sample 



AB 

£.„„ 



= -0.004% 



4.00x10" 
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Picture the Problem We can use B = 73 app = /J 0 nl to find B and B. dpp at the center when 
there is no core in the solenoid and B = 5 app (l + % m ) when there is an aluminum or silver 
core. 



(a) Express the magnetic field, in the 
absence of a core, in the solenoid: 



B = 5 a PP = V 0 nl 



Substitute numerical values and evaluate B and 5 app : 



' 50 ^ 



5 = 5 app =(4^xl0- 7 N/A 2 ) — — (10A) 



v 0.01m y 



62.8 mT 



(b) With an aluminum core: 



B = B a Jl + Zm ) 



Use Table 27-1 to find the value of %„ 
for aluminum: 



j m , A1 =2.3xlO- 5 
and 

! + =1 + 2.3x10* «1 



Substitute numerical values and evaluate B and Z? app : 



5 = 5 app =(4^xl0- 7 N/A 2 ) 



50 
v 0.01m y 



(10 A) = 



62.8 mT 



(c) With a silver core: 



B = B.(l + Zm ) 



Use Table 27-1 to find the value of % a 
for silver: 



-5 



Jm,A g =-2.6X10 

and 

l+^m,A g =l-2.6xl0^1 
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Substitute numerical values and evaluate B and B, 



fl = fl app =(4^xlO- 7 N/A 2 ) 



' 50 
v 0.01m y 



(10 A): 



62.8 niT 
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Picture the Problem We can use the data in the table and 5 app = ju 0 nl to plot B versus 
B app . We can find K m using B = K m B dpp . 



We can find the applied field 5 app 
for a long solenoid using: 



5 ap P = Mo nI 



K m can be found from 5 app and B 
using: 



K„ = 



B 



B 



app 



The following graph was plotted using a spreadsheet program. The abscissa values for the 
graph were obtained by multiplying nl by /Jq. B initially rises rapidly, and then becomes 
nearly flat. This is characteristic of a ferromagnetic material. 



2.0 



1.6 



1.2 



0.8 



0.4 - 



0.0 i 



0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 

B m (T) 



The graph of K m versus nl shown below was also plotted using a spreadsheet program. 
Note that K m becomes quite large for small values of nl but then diminishes. A more 
revealing graph would be to plot B/(nI), which would be quite large for small values of nl 
and then drop to nearly zero at nl = 10,000 A/m, corresponding to saturation of the 
magnetization. 
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6000 -t 




nl (A/m) 
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Picture the Problem We can use the definition of the magnetization of a sample to find 
M and the relationship between the Bohr magneton and the magnetic moment of the 
sample to find the number of electrons aligned in the sample. In part (c) we can express 
the magnetic moment of the disk in terms of the amperian surface current and solve for 
the latter. 



(a) Express the magnetization of the 
sample in terms of its magnetic 
moment and volume: 



M = V = 



V jjx d 



Substitute numerical values and 
evaluate M: 



M 



1.5 xl(T 2 Am 2 



K (1.4 cm) 2 (0.3 cm) 



= 8.12 xlO 3 A/m 



(b) Relate the magnetic moment of 
the sample to the Bohr magneton: 



Solve for and evaluate N: 



N = 



ju 1.5x10 2 A-m 2 
^~ ~ 9.27 x 10~ 24 A • m 



= 1.62xl0 21 



(c) Express the magnetic moment of 
the disk in terms of the amperian 



ju = AI 
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surface current: 



Solve for I and substitute for ju to 
obtain: 



Substitute numerical values and 
evaluate /: 
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Picture the Problem We can imagine the 
cylinder with the hole cut out as the 
superposition of two uniform cylinders 
with radii r and R, respectively, and 
magnetization -M and M, respectively. 
We can use the expression for B on the axis 
of a current loop to express the difference 
of the fields due to the two cylinders at a 
distance x from their common center. We'll 
denote each field by the subscript 
identifying the radius of the current loop. 

From Problem 39 we have: 



T a MV MAt „ 

I = — = = = Mt 

AAA 

where t is the thickness of the disk. 
7 = (8.12xl0 3 A/m)(0.3cm) 



= 24.4 A 




// 0 In r 7 1 n Q r 2 I 

""4^(^ + r 2 ) 3/2 "2(x 2 + r 2 ) 3/2 
and 



ju 0 2nR 2 I 



^( X 2 + R 2 Y /2 ~2( X 2 + R 2 Y /2 
The resultant field at x is the difference between B R and B r : 

B x (x) = B R (x)-B r (x)= / MoR2 \ 3/2 - T^Xm 
A J RW rW 2(x 2 +R 2 Y /2 2(x 2 + r 2 Y /2 



2 



R 2 



(x 2 + R 2 Y /2 (x 2 + r 2 ) 



3/2 



The resultant magnetization of the disks is M = B//uq: 



M(x) = - 



R 1 



(x 2 + R 2 Y' 2 (x 2 + r 2 ) 



3/2 



The magnetization current is the product of M and the thickness of the disks: 



584 Chapter 27 



The magnetization is related to the * 
amperian current: M = a J e ' 1Jn => / ampenan = \ Mdt 



dl 



Substitute for M to obtain: 



amperian 



-f 



el 



R 2 



3/2 



di = 



R 2 



x 2 + 



3/2 



2 2 

x +r 



y/i 



Atomic Magnetic Moments 
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Picture the Problem We can find the magnetic moment of a nickel atom // from its 
relationship the saturation magnetization M s using M s = nju where n is the number of 

molecules, n, in turn, can be found from Avogadro's number, the density of nickel, and 

N A P 

its molar mass using n = . 

M 



Express the saturation magnetic field 
in terms of the number of molecules 
per unit volume and the magnetic 
moment of each molecule: 

Express the number of molecules _ N A p 

per unit volume in terms of M 
Avogadro's number Af A , the 
molecular mass M, and the density 
P- 



M s = n/j 



or 



Substitute and simplify to obtain: _ M s ju 0 M s _ ju 0 M s M 

M M 



Substitute numerical values and evaluate /u: 



u = i (0.61T)(58.7xlO- 3 kg/mol) = 5 44 x iq- 24 a m 2 

(4tt x N/A 2 )(6.02 x 10 23 atoms/mol)(8.7 g/cm 3 ) 



Express the value of 1 Bohr ju B = 9.27 x 10 A ■ m 

magneton: 
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Divide ju by // B to obtain: 



JL 
Mb 
or 



5.44x10"" A-m 
9.27xlO" 24 A-m 



0.587 



M 



0.587// B 
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Picture the Problem We can find the magnetic moment of a cobalt atom // from its 
relationship to the saturation magnetization M s using M s = n/j, where n is the number of 

molecules, n, in turn, can be found from Avogadro's number, the density of cobalt, and 

N A P 

its molar mass using n = . 

M 



Express the saturation magnetic field 
in terms of the number of molecules 
per unit volume and the magnetic 
moment of each molecule: 

Express the number of molecules _ N A p 
per unit volume in terms of M 
Avogadro's number Na, the 
molecular mass M, and the density 

P- 



M s = n/j 
or 



n 



Substitute and simplify to obtain: _ M s _ jU Q M s _ ju Q M s M 

~ NaP ~ VqN a P jU 0 N A p 
M M 



Substitute numerical values and evaluate fx. 



(l.79T)(58.9xlQ' 3 kg/mol) 

(4;rxl(r 7 N/A 2 )(6.02xl0 23 atoms/mol)(8.9g/cm 3 ) 



1.57 xlO" 23 A-m 



Express the value of 1 Bohr 
magneton: 



ju B = 9.27 xlO" 24 A-m 2 



Divide /j by // B to obtain: 



fj. _ 1.57x10 A-m 
^~9.27xl0" 24 A-m 2 
or 



= 1.69 



1.69// B 
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Paramagnetism 
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Picture the Problem We can show that % m = /j/JoMJ3kT by equating Curie's law and the 

B d 

equation that defines % m ( M = % — — ) and solving for % m . 

Mo 



Express Curie's law: 



M 



1 ^app 



3 kT 

where M s is the saturation value. 



Express the magnetization of the 
substance in terms of its magnetic 
susceptibility % m : 



B 



Mo 



Equate these expressions to obtain: 



B, 



X m 

or 



Mo 



1/^pp 

3 kT 



ju Q 3 kT 



Solve for j m to obtain: 



MoMM s 
3kT 



85 

Picture the Problem We can use the assumption that M = fM s and Curie's law to solve 

these equations simultaneously for the fraction f of the molecules have their magnetic 
moments aligned with the external magnetic field. 



(a) Assume that some fraction /of 
the molecules have their magnetic 
moments aligned with the external 
magnetic field and that the rest of 
the molecules are randomly oriented 
and so do not contribute to the 
magnetic field: 



M=JM S 



From Curie's law we have: 



M 



3 kT 
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Equate these expressions and solve 
for/to obtain: 



(b) Substitute numerical values and 
evaluate/: 



and 

/ = 



3 kT 



-Af c 



ji/B 
3fcT 



because B given in the problem statement 
is the external magnetic field B. dpp . 

(9.27xl(T 24 A-m 2 )(lT) 
~3(l.381xlO" 23 J/K)(300K) 



7.46x10" 
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Picture the Problem In (a) we can express the saturation magnetic field in terms of the 
number of molecules per unit volume and the magnetic moment of each molecule and use 
n = N A p/M to express the number of molecules per unit volume in terms of Avogadro's 

number Na, the molecular mass M, and the density p. We can use 
X m = ju q juM s /3kT from Problem 84 to calculate % m . 



(a) Express the saturation magnetic field 
in terms of the number of molecules per 
unit volume and the magnetic moment 
of each molecule: 



■■"Mb 



Express the number of molecules per 
unit volume in terms of Avogadro' s 
number N A , the molecular mass M, and 
the density p: 

Substitute to obtain: 



_ N A p 
M 



N aP 
s M B 



Substitute numerical values and evaluate M s : 



and 



(6.02 x 1Q 23 atoms/mol)(2.7 x 10 3 kg/m 3 )(9.27 x 1(T 24 A • m 2 ) 

27 g/mol 



5.58xl0 5 A/m 



B s = p Q M s =(47ixlO- 7 N/A 2 )(5.58x10 5 A/m) = 



0.701T 
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(b) From Problem 84 we have: 



3kT 



Substitute numerical values and evaluate % m : 

_ (4^-xlO 7 N/A 2 )(9.27xlQ- 24 A-m 2 )(5.58xlQ 5 A/m) 
Zm ~ 3(l.381xl(r 23 J/K)(300K) 



5.23x10" 



(c) 



In calculating % m in (b) we neglected any diamagnetic effects. 
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Picture the Problem We can use Equation 27-17 to express 5 app and Equation 27-21 to 
express B in terms of 5 app and M. 



Express 5 app inside a tightly wound 
toroid: 



B, 



ML 

2m 



i or R- r<a <R + r 



The resultant field B in the ring is 
the sum of 5 app and //oM: 



fl = B +A) M 



ML 

2im 



+ jU 0 M 
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Picture the Problem We can find the magnetization using M = Xafis^pl Mo anc ^ the 
magnetic field using B = B (l + j m ) . 



(a) Using Equation 27-22, express 
the magnetization M in terms of % m 
and B :inn : 



Express 5 app inside a tightly wound 
toroid: 



B - ^ M 

apP 2nr 



Substitute to obtain: 



M=Zn 



2 ^mean 
A) 



7Cn 



NI 



2;zr m 



Substitute numerical values and 
evaluate M: 



M _ (4xl0- 3 )(2000)(15A) 
2^(0.2 m) 



= 95.5 A/m 
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(b) Express B in terms of B app and B - 5 app (l + % m ) 



Substitute for B app to obtain: „ _ JU Q NI / \ 

o \ Xm) 

2m: „„„ 



Substitute numerical values and evaluate B: 



^(4.xl0-N/A 2 )(2000)(l5A) (l + 4xl0 _3 ) = 
2^(0.2 m) V ' 



30.1mT 



(c) Express the fractional increase in AB B-B 



app 



B produced by the liquid oxygen: B B 

B (l+ r )-B y B 

app \ /t m / app /u m a 



5 5 



1 + X m J_ + 1 

Z m 

Substitute numerical values and AB 1 3 

= = 3.98x10 

evaluate AB/B: B 1 j 

4xl0~ 3 



0.398% 
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Picture the Problem We can use 

5 = B (l + % m ) and fl = = ju 0 nl to find B 

2tzt 



mean 



fl a 

within the substance and M = % m — — to find the magnitude of the magnetization. 

Mo 

(a) Express the magnetic field B B = i? app (l + % m ) 

within the substance in terms of B app 
and Xm- 



Express B app inside the toroid: R MqNI _ 7 

2^r m , s 



mean 



Substitute to obtain: B = ju 0 nl(\ + % m ) 



Substitute numerical values and evaluate B: 
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5 = (4;z-xl(r 7 N/A 2 )(60xl0 2 m" 1 )(4A)(l + 2.9xlO" 4 ) = 



30.2 mT 



(b) Express the magnetization M in 
terms of j m and £ app : 



Substitute for 5 app to obtain: 



Substitute numerical values and 
evaluate M: 



B, 



Mo 



M= Xm ^ L = Z m nI 
Mo 



M =(2.9xlO" 4 )(6000m" 1 )(4A) 



= 6.96 A/m 



(c) If there were no paramagnetic 
core present: 

Ferromagnetism 



B = B.. 



app 



30.2 mT 



*90 • 

Picture the Problem We can use B = KB„ to find B and M = [K m -1 B III. to 

in "PP v in / "PP / * yt 

find M. 



Express B in terms of M and K m : 

Substitute numerical values and 
evaluate B: 



B = K m B app 



S = (5500)(l.57xl0" 4 t) 



= 0.864T 



Relate M to K m and B 



m "m-* ^app- 



Substitute numerical values and 
evaluate M: 



m=(k -i)jgg-» KmB * w 

Mo Mo 



M 



_ (5500)(l .57x10^ t) 
4;rxlO~ 7 N/A 2 



= 6.87 xlO 5 A/m 
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Picture the Problem We can relate the permeability ti of annealed iron to % m using 

, , B 
M ~ (1 + Zm )Mo ' f m( ^ Zm using Equation 27-22 ( M = z m — )> an d use its definition 



(K m =l + zjto evaluate^ 



Express the permeability // of 
annealed iron in terms of its 
magnetic susceptibility / m : 
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m = {i+xJm 0 (i) 



Using Equation 27-22, express the 
magnetization M in terms of % m and 
B, 



'app- 



M = Xu 



B 



app 



Mo 



Solve for and evaluate j m (see Table 
27-2 for the product of /Jq and M): 



B m 0.201 T 



Use its definition to express and 
evaluate the relative permeability 
Km- 

Substitute numerical values in 
equation (1) and evaluate /j: 



K m =l + Z m =1 + 10.75 



11.75 



H = (l + 10.75) [Ak x 1(T 7 N/A 2 ) 



= 1.48 xl(T 5 N/A 2 
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Picture the Problem We can use the relationship between the magnetic field on the axis 
of a solenoid and the current in the solenoid to find the minimum current is needed in the 
solenoid to demagnetize the magnet. 



Relate the magnetic field on the axis 
of a solenoid to the current in the 
solenoid: 



B x = ^i 0 nl 



Solve for / to obtain: 



/ = 



Mo" 



Let B app = B x to obtain: 



ju 0 n 



Substitute numerical values and 
evaluate I: 



5.53xl(T 2 T 



1 = 



(4;z-xl(T 7 N/A 2 ) 



600 
0.15m 



= 11.0A 
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Picture the Problem We can use the equation describing the magnetic field on the axis 
of a solenoid, as a function of the current in the solenoid, to find 5 app . We can then use 
B = B app + ju 0 M to find M and B = K m B app to evaluate K m . 



(a) Relate the magnetic field on the 
axis of a solenoid to the current in 
the solenoid: 



B x = ^ Q nl 



Substitute numerical values to 
obtain: 



5 app =(4;z-xl(r 7 N/A 2 )(50crrT')(2A) 



= 12.6mT 



(b) Relate M to B and B 



app- 



B = B app+Mo M 



Solve for and evaluate M: 



B-B 

M = — 



1.72T-12.6mT 

AnxlQ 1 N/A 2 



= 1.36xl0 6 A/m 



(c) Express B in terms of K m and 
B, 



'app- 



B = K m B zpp 



Solve for and evaluate K„ 



K m = 



B 1.72T 



5 app 12.6mT 



137 
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Picture the Problem We can use the equation describing the magnetic field on the axis 
of a solenoid, as a function of the current in the solenoid, to find B app . We can then use 
B = B app + /j {) M to find M and B = K m B to evaluate K m . 



(a) Relate the magnetic field on the 
axis of the solenoid to the current in 
the solenoid: 



B x = ju 0 nl 



Substitute numerical values and 
evaluate B app : 



5 app =(4;rxl(r 7 N/A 2 )(50crrr')(0.2 A) 



1.26 mT 



(b) Relate M to B and B d 



B = B Rpp+/ u 0 M 
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Solve for M: 



B-B 
M = ^ 



Mo 



Substitute numerical values and 
evaluate M: 



M = 



1.58T-1.26mT 

4;rxlO~ 7 N/A 2 



= 1.26xl0 6 A/m 



(c) Express B in terms of K m and 



^app- 



B ~ ^m 5 app 



Solve for and evaluate K, r 



B 1.58T 



5 app 1.26mT 



1.25xl0 3 



95 

Picture the Problem The magnetic field in the core of a hollow solenoid is related to the 
current in its coils according to5 t = 5 app = /u Q nI . The presence of the iron increases the 

magnetic field by a factor of K m . In part (b), requiring that the magnetic field be 
unchanged when the iron core is removed will allow us to find the current that will 
produce the same field within the solenoid. 



(a) Relate the magnetic field on the 
axis of the solenoid to the current in 
the solenoid: 



Express B in terms of B app : 



Substitute to obtain: 



Substitute numerical values and evaluate B: 



B = 1200(4;rxl(r 7 N/A 2 )(2000m ^(20mA) = 



60.3 mT 



(b) We require, that with the iron 
core removed, the magnetic field is 
unchanged: 



Solve for and evaluate 7 0 : 



KJ = l 200(20 mA): 



24.0A 
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Picture the Problem Because the wires carry equal currents in opposite directions, the 
magnetic field midway between them will be twice that due to either current alone and 
will be greater, by a factor of K m , than it would be in the absence of the insulator. We can 
use Ampere's law to find the field, due to either current, at the midpoint of the plane of 
the wires and dF = Idi x B to find the force per unit length on either wire. 

(a) Relate the magnetic field in the B = K m B app 

insulator to the magnetic field in its 
absence: 

Apply Ampere's law to a closed 
circular path a distance r from a 
current-carrying wire to obtain: 

Solve for B app to obtain: „ _ JU 0 I 



§B-dl = B m (27rr) = n 0 I c = Vol 



Because there are two current 
carrying wires, with their currents in 
opposite directions, the fields are 
additive and: 

Substitute numerical values and 
evaluate B: 



(b) Express the force per unit length 
experienced by either wire due to the 
current in the other: 



Apply Ampere's law to obtain: 



B = 2K MqI = KmMo1 

ITl r\ 

2nr 



m* 



_ 120(4^ xicr 7 n/a 2 )(40a) 

;r(0.02m) 



= 96.0 mT 



BI 



\B-d! = B{2xr) = ^Ic=^I 
where r is the separation of the wires. 



Solve for B: B = ^-andB = KmMo1 

2jjx dpp 2m 



Substitute to obtain: F K mJ u 0 I 2 

I 2m 
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Substitute numerical values and 
evaluate — : 



F _ 120(4;rxl(r 7 N/A 2 )(40A) 2 
7~ 2;r(0.04m) 



= 0.960 N/m 
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Picture the Problem We can use B = 5 app + jU 0 M and the expression for the magnetic 

field inside a tightly wound toroid to find the magnetization M. We can find K m from its 
definition, /j = K m/ u 0 to find /j, and K m = 1 + % m to find % m for the iron sample. 



(a) Relate the magnetization to B 
and B., 



'app- 



Solve for M: 



B-B 

M = ^ 



/'<> 



Express the magnetic field inside a 
tightly wound toroid: 



B 

app 2nr 



Substitute and simplify to obtain: 



B 



ju 0 NI 



M = Z^ = ^_NL 

Mo Mo 2^r 



Substitute numerical values and 
evaluate M: 



M 



1.8T 2000(10 A) 



4;rxl0 7 N/A 2 2^(0.2m) 



= 1.42xl0 6 A/m 



(b) Use its definition to express K„ 



K 



B B 



2nrB 



Kv ML MoNI 



Substitute numerical values and 
evaluate K m : 



K_ = 



2^(0.2 m)(l .8 T) 
[An x 10 7 N/A 2 )(2000)(l0 A) 



90.0 



Now that we know K m we can find /u 
using: 



M = K mJ u 0 = 90(4tt x 10 7 N/A 2 ) 



= 1.13xlO~ 4 T-m/A 



Relate Zm to K m : 
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Solve for and evaluate % m : 



Z m =K m - 1 = 



89.0 



98 

Picture the Problem We can substitute the expression for applied magnetic field 

( 5 app = ) in the defining equation for K m ( B = K m B app ) to obtain an expression 

for the magnetic field B in the toroid. 



Relate the magnetic field in the 
toroid to the relative permeability 
of its core: 



B = KB 



app 



Express the applied magnetic field 
in the toroid in terms of the current 
in its winding: 

Substitute to obtain: 



B 



app 



ML 

2m 



B _ W 



Express the number of turns N of 
wire in terms of the number of 
turns per unit length n: 

Substitute to obtain: 

Substitute numerical values and 
evaluate B: 



N = Ituti 



B = 500(4;z-xl(r 7 N/A 2 )(60cm^)(0.2 A) 



= 0.754T 
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Picture the Problem We can use Ampere's law to obtain expressions for the magnetic 
field inside the wire, inside the ferromagnetic material, and in the region outside the 
insulating ferromagnetic material. 



(a) Apply Ampere's law to a circle 
of radius r < 1 mm and concentric 
with the center of the wire: 



§B-d£ = B(2xr) = ju 0 I c 



Assuming that the current is 
distributed uniformly over the cross- 
sectional area of the wire (uniform 
current density), express I c in terms 



I 

or 



" 2 7TR 2 
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of the total current /: 



Substitute to obtain: 



B(2m) = 



R 2 



Solve for B: 



B=^_r 
2nR 2 



Substitute numerical values and 
evaluate B: 



g _ (4;rxlCr 7 N/A 2 )(40A) 
2tt{\. mm) 2 



(8.00 T/m) j 



(b) Relate the magnetic field inside 
the ferromagnetic material to the 
magnetic field due to the current in 
the wire: 



B ~ K m B z PP 



Apply Ampere's law to a circle of 
radius 1 mm < r < 4 mm and 
concentric with the center of the 
wire: 



\B-dl = B. dpp {27rr) = v 0 I c =VoI 



Solve for B 



app- 



B =M 

app 2nr 



Substitute to obtain: 



2m 



Substitute numerical values and 
evaluate B: 



B 



_ 400(4^- xlQ' 7 N/A 2 )(40A) 
2m 



(3.20xl0" 3 T-m)- 



(c) Apply Ampere's law to a circle 
of radius r > 4 mm and concentric 
with the center of the wire: 



§B-d£ = B(2m-)=ju 0 I c = ju 0 I 



Solve for B: 



2m 
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Substitute numerical values and 
evaluate B: 



B 



(4^-xlO' 7 N/A 2 )(40A) 
2m 

(8.00x10 6 T-m)- 



(d) Note that the field in the ferromagnetic region is that which would be produced in a 
nonmagnetic region by a current of 400/ = 1600 A. The amperian current on the inside of 
the surface of the ferromagnetic material must therefore be (1600 - 40) A = 1560 A in 
the direction of /. On the outside surface there must then be an amperian current of 1560 
A in the opposite direction. 

General Problems 
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Picture the Problem Because point P is on the line connecting the straight segments of 
the conductor, these segments do not contribute to the magnetic field at P. Hence, we can 
use the expression for the magnetic field at the center of a current loop to find B P . 

Express the magnetic field at the ^ _ jU 0 I 

center of a current loop: 2R 

where R is the radius of the loop. 

Express the magnetic field at the g _ 1 ft Q I _ Mpl 

center of half a current loop: 2 2R AR 

Substitute numerical values and _ {An: x 10~ 7 N/A 2 )(l5 A) 

evaluateB: 4(0.2m) 



= 2.36xlO~ 5 T 
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Picture the Problem Let out of the page be the positive x direction. Because point P is 
on the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P. Hence, the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two semicircles, and we can use the 
expression for the magnetic field at the center of a current loop to find B p . 



Express the resultant magnetic 
field at P: 



B p = B t + B 2 
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Express the magnetic field at the 
center of a current loop: 



B 



2R 



where R is the radius of the loop. 



Express the magnetic field at the 
center of half a current loop: 



B = 



1 Mo 1 = Mo 1 

2 2R 4R 



Express B x and B 2 : 



B 

and 
B, 



4R t 



4R, 



Substitute to obtain: 



B v = 



MqI 7 Mo 1 



4R, 



4R„ 



i = 



Mo 1 



2 J 
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Picture the Problem We can express B as a function of N, I, and R using B = and 

2R 

eliminate R by relating £ to R through I = 2n:RN . 



Express the magnetic field at the 
center of a coil of N turns and radius 
R: 



B = 



ML 

2R 



Relate t to the number of turns ,/V: 



£ = 2nRN 



Solve for R to obtain: 



R 



2^V 



Substitute to obtain: 



B 



Mo NI 



2^V 
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Picture the Problem The magnetic field at P (which is out of the page) is the sum of the 

magnetic fields due to the three parts of the wire. Let the numerals 1,2, and 3 denote the 
left-hand, center (short), and right-hand wires. We can then use the expression for B due 
to a straight wire segment to find each of these fields and their sum. 
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Express the resultant magnetic field 
at point P: 



Bp = Bj + B 2 + 5 3 



Because B\ = B 3 : 



Bp = 25j + B 2 



Express the magnetic field due to a 
straight wire segment: 



An R y 1 i; 



For wires 1 and 3 (the long wires), 
0i = 90° and 02 = 45°: 



B = 



An a 
An a 



(sin 90° + sin 45°) 



1 + 



V2 



For wire 2,0 ] = 0 1 = 45°: 



5 2 =^-(sin45° + sin45°) 
An a 



An a 



f o \ 



Substitute and simplify to obtain: 



Bp =2 



4;r a 



1 + 



V2. 



An a 



r n \ 



2n a 

Mo J 
In a 



1 + J_ + J_' 

4i 4i 



i + 



V2", 



^(l + V2") 
In a V ; 



*104 

Picture the Problem Depending on the direction of the wire, the magnetic field due to 
its current (provided this field is a large enough fraction of the earth's magnetic field) 
will either add to or subtract from the earth's field and moving the compass over the 
ground in the vicinity of the wire will indicate the direction of the current. 



Apply Ampere's law to a circle of 
radius r and concentric with the 
center of the wire: 



§B-d! = B wue {2nr) = Mo I c = Mo I 



Solve for B to obtain: 



^wire 



2nr 



Substitute numerical values and 
evaluate S wire : 
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_ (4;rxlCT 7 N/A 2 )(50A) 

= 0.0500 G 



Express the ratio of 5 wire to B eanh : 



B wl[e _0.05G 



B 



earth 



0.7 G 



7% 



Thus, the field of the current-carrying wire 
should be detectable with a good compass. 



If the cable runs east-west, its magnetic field is in the north-south direction and thus 
either adds to or subtracts from the earth's field, depending on the current direction and 
location of the compass. Moving the compass over the region one should be able to 
detect the change. 

If the cable runs north-south, its magnetic field is perpendicular to that of the earth, and 
moving the compass about one should observe a change in the direction of the compass 
needle. 
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Picture the Problem Let I x and I 2 represent the currents of 20 A and 5 A, F x , F 2 , F 3 , 

and F A the forces that act on the horizontal wire at the top of the loop, and the other 

wires following the current in a counterclockwise direction, and B { , B 2 , B 3 , and B 4 

the magnetic fields at these wires due to I\. Let the positive x direction be to the right and 
the positive y direction be upward. Note that only the components into or out of the paper 
of B l , B 2 , B 3 , and B 4 contribute to the forces F l , F 2 , F 3 , and F 4 , respectively. 

(a) Express the forces F 2 and F 4 in F 2 = I 2 i 2 x B 2 

terms of 7 2 and B 2 and B 4 : and 

F 4 =lJ 4 xB 4 

Express B 2 and B 4 : 5 

D 2 

and 



u„ 21, * 
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Substitute to obtain: 



F 2 =-I 2 t 2 jx 
2nR 2 

and 

F A = ht A h 



Mo 

An R 



21 A 
1 k 



i J 



Mo 2I i f ( 

y An R 4 j 

/u Q £ 4 IJ 2 



2nR A 



i 



Substitute numerical values and evaluate F ? and F A : 



and 



(4^-xlQ' 7 N/A 2 )(0.1m)(20A)(5A)^ 
2;r(0.02m) ' 



(l.OOxlO^N)/ 



= _ (4, x 10- N/A')(0.1 m)(20 A)(5 A) ■ = I ( ^ 
2;r(0.07m) ^ '— 



(b) Express the net force acting on 
the coil: 



F net =F 1+ F 2 + F 3 + F 4 



(1) 



Because the lengths of segments 1 
and 3 are the same and the currents 
in these segments are in opposite 
directions: 



Fj + F 3 = 0 
and 

F =F +F 

A net 1 2 T A 4 



Substitute for F 2 and F 4 in equation (1) and simplify to obtain: 

F net = (- 0.250 x 10- 4 N)j + (l .00 x 10~ 4 n)/ + (o.250 x 10" 4 n)] 
+ (- 0.286 xl0~ 4 n)i" 



(o.714xlO~ 4 N)/ 
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Picture the Problem Let out of the page be the positive x direction and the numerals 40 
and 60 refer to the circular arcs whose radii are 40 cm and 60 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P. Hence the resultant magnetic field at P will be the 
sum of the magnetic fields due to the current in the two circular arcs and we can use the 
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expression for the magnetic field at the center of a current loop to find B p . 



Express the resultant magnetic field 
atP: 

Express the magnetic field at the 
center of a current loop: 

Express the magnetic field at the 
center of one-sixth of a current loop: 



B P =B 40 +B 60 
2R 

where R is the radius of the loop. 

B = 1 Mo 1 = M 0 I 
6 2R 12R 



Express B w and 2? 60 : 5 A 7 ; 

"40 ' 

and 



41 12^ 4 „ 



A 7 



B. n = i 

60 12^ 6 o 



Substitute to obtain: 



B c 



A. 7 7 , A> 7 



12R 



i +■ 



40 



12R. 



12 



1^60 ^ 



40 J 



Substitute numerical values and evaluate B 



p ■ 



B c 



(4;rxl(T 7 N/A 2 )(8A) 



12 



1 



1 



0.6m 0.4m 



(-6.98xl0~ 7 T)/ 
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Picture the Problem Let the positive x direction be into the page and the numerals 20 
and 40 refer to the circular arcs whose radii are 20 cm and 40 cm. Because point P is on 
the line connecting the straight segments of the conductor, these segments do not 
contribute to the magnetic field at P and the resultant field at P is the sum of the fields 
due to the two semicircular current loops. 

Express the resultant magnetic field B p = B 20 + B 40 

atP: 



Express the magnetic field at the 
center of a circular current loop: 



= A/ 
2R 
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where R is the radius of the loop. 



Express the magnetic field at the 
center of half a circular current loop: 



B 



= 1 M 0 I = Mo 1 
2 2R AR 



Express B w and B 4Q : 



B -£lLi an dB 40 = J^-i 
AR AR 

^ v 20 ^ v 40 



Substitute to obtain: 



B D = 



AR 



20 



AR 



40 



A) 7 



4 



1 1 

+ — 

yR 20 R^o j 



Substitute numerical values and evaluate B P : 



- _ (4^-xlQ' 7 N/A 2 )(3A) r 1 ; 1 

4 0.2m 0.4m 



B 



1 = 



(7.07 /jT)1 
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Picture the Problem Chose the coordinate system shown to the right. Then the current 
in the positive z direction. Assume that the electron is at (1 cm, 0, 0). We can use 

F = qv x B to relate the magnetic force on the electron to v and B and B = — j 

An r 

express the magnetic field at the location of the electron. We'll need to express v for 
each of the three situations described in the problem in order to evaluate F = qvxB . 

\ 

\ 

\ 



cm 




-f"- aO---*' 



* |d,0,0) 



/ 



/ 



Express the magnetic force acting 
on the electron: 



F = qvxB 
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Express the magnetic field due to 
the current in the wire as a function 
of distance from the wire: 



An r 



Substitute to obtain: 



- - jU 0 2I - 2qjU 0 I L 
p = q V x J -f- / = -j ru \y x j J (1) 



An r 



Anr 



(a) Express the velocity of the 
electron when it moves directly 
away from the wire: 

Substitute to obtain: 



v = VI 



Anr 



Anr 



Substitute numerical values and evaluate F : 



p _ l(An x 1(T 7 N/A 2 )(- 1 .6 x 1CT 19 c)(5 x 10 6 m/s)(20 A)k 

4^(0.01 m) 



(-3.20xl0 -16 N)A 



(b) Express v when the electron is 
traveling parallel to the wire in the 
direction of the current: 



v = vk 



Substitute in equation (1) to obtain: 



Anr v ; 



Anr 



Substitute numerical values and evaluate F : 



p _ l(An xlQ 1 N/A 2 )(-1.6xl0 19 c)(5xl0 6 m/s)(20A)/ _ 

4;r(0.0 lm) 



(3.20 xlO -16 N)/ 



(c) Express v when the electron is 
traveling perpendicular to the wire and 
tangent to a circle around the wire: 

Substitute in equation (1) to obtain: 



v =vj 



p = 2flt/ 0 / 
Anr 



0 
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Picture the Problem We can apply Ampere's law to derive expressions for the magnetic 
field as a function of the distance from the center of the wire. 



Apply Ampere's law to a closed 
circular path of radius r < r Q to 
obtain: 



Because the current is uniformly 
distributed over the cross section of 
the wire: 



71 r 



Substitute to obtain: 



Solve for B 



B = = H> 21 r 

r<r ° 2nrl An r 0 2 



(1) 



Apply Ampere's law to a closed 
circular path of radius r > r 0 to 
obtain: 



Solve for B 



An r 



(2) 



The spreadsheet program to calculate B as a function of r in the interval 

0 < r < 10r 0 is shown below. The formulas used to calculate the quantities in the columns 

are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


1.00E-07 


Mv_ 
An 


B2 


5 


I 


B3 


1 


I 


A6 


2.55E-03 


r(m) 


B6 


0.00E+00 


r (mm) 


C6 


10M*$B$1*2*$B$2*A6/$B$3 A 2 


An rl 


C17 


10M*$B$1*2*$B$2*A6/A17 


An r 





A 


B 


C 


1 


mu/4pi= 


1.00E-07 


N/A A 2 
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2 


T 


5 


A 


i 
j 


r_0= 


2.55E-03 


m 


A 

4 








J) 


r (m) 


»- / mm i 
I ^Illill ) 




u 


o oof+oo 




n oof+oo 


7 


9 ^F C\A 




^ Q9F 01 

J.7ZC Ul 


8 
o 


^ 1 OF C\A 


^ 10F 01 


7 RAF 01 


q 


7 f^F OA 


7 6^F 01 


1 1 RF-uOO 




1 hop fn 


1 09F_i_00 


1 S7P-1-00 
L.J /J_/+UU 
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2 45F-02 


2 45F+01 


4 ORF-01 


103 


2.47E-02 


2.47E+01 


4.04E-01 


104 


2.50E-02 


2.50E+01 


4.00E-01 


105 


2.52E-02 


2.52E+01 


3.96E-01 


106 


2.55E-02 


2.55E+01 


3.92E-01 



A graph of B as a function of r follows. 




r (mm) 



110 

Picture the Problem We can use X = ju x B to find the torque exerted on the small coil 
(magnetic moment = ju ) by the magnetic field B due to the current in the large coil. 

T = juxB 

or, because the planes of the two coils are 
perpendicular, 
T = /jB 

ju = NIA 

where / is the current in the coil, N is the 
number of turns in the coil, and A is the 



Relate the torque exerted by the 
large coil on the small coil to the 
magnetic moment Ji of the small 

coil and the magnetic field B due to 
the current in the large coil: 

Express the magnetic moment of the 
small coil: 
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cross-sectional area of the coil. 



Express the magnetic field at the 
center of the large coil: 



Substitute to obtain: 



B = 



2R 



where /'is the current in the large coil, N' is 
the number of turns in the coil, and R is its 
radius. 

t _ NN'II'A Mo 
2R 



Substitute numerical values and evaluate t : 



_ (50)(20)(4A)(lA)^(0.5cm) 2 (4^-xlQ- 7 N/A 2 ) _ 
r ~ 2(10 cm) 



1.97//N-m 
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Picture the Problem We can apply Newton's 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for ^when there is an external field 
and for the period T in the absence of an external field. 



Apply ^ T = la to the bar magnet 

when B ^ 0 to obtain the differential 
equation of motion for the magnet: 



■ic0-/jBsm0 = I 



d 2 0 
dt 2 



where / is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 



For small displacements from 
equilibrium (0 « 1): 



-K0-/uB0*I 



d 2 e 

dt 2 



Rewrite the differential equation as: 



d 2 0 



dt 
or 

d 2 e ' 

dt 2 



0 = 0 



J 



Because the coefficient of the linear 
term is the square of the angular 
frequency, we have: 



CO 



k + juB 



(1) 
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Express the moment of inertia (see / = mL 

Table 9-1) of the bar magnet about 
an axis through its center: 

Substitute to obtain: 2 _K + /uB 



Solve for Kto obtain: 



K = -j^ mil a) 2 - juB = J2 mL? 



(4^ 



7T 2 mL 2 
3T 2 



Substitute numerical values and evaluate k : 



K 



= ^(0.8kg)(ai6m)'_ (012Am2)(02T)! 
3(0.5 s) 



0.246 N-m/rad 



Substitute B = 0 and co = InlT'm 
equation (1) to obtain: 



An 



K 
I 



Solve for T: 



T = 2k J— = 2n,\ t ^- = 7rL.i— 
V12/T V3/T 



Substitute numerical values and 
evaluate T: 



r = ^-(0.16m) 



0.8 kg 



3(0.246 N-m/rad) 



0.523s 
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Picture the Problem We can apply Newton's 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency /of the motion. 



Apply T = la to the bar magnet 

to obtain the differential equation of 
motion for the magnet: 



- uB sin 6 = / — r- 

dt 2 

where / is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 



610 Chapter 27 



For small displacements from 
equilibrium {6« 1): 



juB0*I 



d 2 e 

dt 2 



Rewrite the differential equation as: 



dt 1 



or 



dt 2 I 



Because the coefficient of the linear 
term is the square of the angular 
frequency, we have: 



00 



juB 
I 



Solve for a> to obtain: 



oo = 





fjB 


1 


I 
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Picture the Problem We can use the potential energy of the displaced bar magnet to find 
the force acting on it to return it to its equilibrium position. While this restoring force is 
not, in general, linear, we can use a binomial expansion to show that for displacements 
that are small compared to the radius of the coil, the restoring force is linear and, hence, 
the motion of the bar magnet is simple harmonic motion. We can then apply Newton's 
2 nd law to obtain the differential equation of motion of the bar magnet and use the 
coefficient of the linear term to express the period of the motion. 



Express the potential energy of the 
displaced bar magnet: 



U = -juB 



Express the magnetic field on the 
axis of the current loop: 



B 



_ Mo 



2nNR 2 I 



4x(x 2 +R 2 J 2 



where / is the current in the loop and R is 
its radius. 



Substitute to obtain: 



V 



~4x(x 2 +R 2 } /2 



Differentiate U with respect to x to 
find the restoring force acting on the 
bar magnet: 



Factor R from the radical to obtain: 



F = 
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dU 



dx 



= iju oJ uNR 2 I-^[(x 2 + R 2 ) 
dx 



2 



3/2 



(x 2 +R 2 } 



; /2 



X 



F. =- 



3^NR 2 I 



2R 5 



1 



v R 2 j 



3ju q juNI 



x 



2R 3 



( „2 Y 5/2 
1+ ~ 

v R j 



Expand the radical factor to obtain: 



( 2 \- 5 ' 2 

1 X 

v * 2 / 
terms 



= 1 ^—r + higher order 



For x « R: 



( 2 V 5 / 2 

1 X 
1 + — 2 

v * 2 / 



«1 



Substitute in F x to obtain: 



_ 3// 0 /W7 
2i? 3 



Thus, we' ve shown that the bar magnet experiences a linear restoring force and, 
hence, its motion will be simple harmonic motion. 



A PPly = m< * to the bar 3ju q juNI r _ m d 2 x 

magnet to obtain: 



frequency we have: 



x = m- 
2R 3 dt 2 



or 

7 2 



A»0A~ X = Q 

dt 2mR 3 



Because the coefficient of the linear 2 4;r 3 ju q juNI 

term is the square of the angular T 2 2mR 3 
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Solve for J to obtain: 



2mR 3 
3jU oJ uNI 



Substitute numerical values and evaluate T: 



T = 2n. 



\ 2(0.1kg)(0.1m) 3 
3(4^ x 1CT 7 N/A 2 )(0.04 A ■ m 2 )(l00)(5 A) 



10.2s 
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Picture the Problem We can apply Newton's 2 nd law for rotational motion to obtain the 
differential equation of motion of the bar magnet. While this equation is not linear, we 
can use a small-angle approximation to render it linear and obtain an expression for the 
square of the angular frequency that we can solve for the frequency /of the motion. 



Apply = la to the bar magnet 

to obtain the differential equation of 
motion for the magnet: 



juB sin 0 = I 



d 2 e 

dt 2 



where / is the moment of inertia of the 
magnet about an axis through its point of 
suspension. 



For small displacements from 
equilibrium {9 « 1): 



dt 1 



Rewrite the differential equation as: 



dt 



or 



dt 2 I 



Because the coefficient of the linear 
term is the square of the angular 
frequency, we have: 



2 rl 



co l =4x l f 



where /is the frequency of oscillation. 



Solve for/ to obtain: 



/ 



J_ 

2n V / 

or, because // = 2.2N/Jq where ,/V is the 
number of iron atoms in the bar magnet, 

J_ j 2.2Nju B B 
1 2n\ I 
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From Table 9-1 we have: 



= j2 ml} — — 



^PVL 2 



Express the number of iron atoms in 
terms of Avogadro's number and 
the atomic weight of iron M: 



N 
N A 
and 

N = 



m 
M 



pV 
M 



N A pV 
M 



Substitute for / and N and simplify 
to obtain: 



Substitute numerical values and evaluate/: 



J_ 2.2N aP V Mb B 
2n\ ±pVL 2 M 



J_ 6.6N aMb B 
nL\ M 



/ = 



1 / 6.6(6.02 x 1Q 23 / mol)(9.27 x 1(T 24 A • m 2 )(p.5 x 10' 4 t) 
^(0.08 m) V 55.85 g/mol 



= 0.723 Hz 
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Picture the Problem We can solve the equation for the frequency /of the compass 
needle given in Problem 1 12 for magnetic dipole moment of the needle. In Parts (b) and 
(c) we can use their definitions to find the magnetization M and the amperian current 

^amperian- 



(a) In Problem 1 12 it is established that 
the frequency of the compass needle is: 



/ = 



j_ US 
2tv\ I 

where / is the moment of inertia of the 
needle. 



Solve for // to obtain: 



4x z f z I 
B 



Express the moment of inertia of the 
needle: 



/ = -L m L 2 = ^ p VL 2 = ± pxr 2 L 3 



Substitute to obtain: 



_3 rl 2x3 

n f pr L 
3B 
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Substitute numerical values and evaluate ji. 



_ ;r 3 (l .4 s' 1 ) 2 (7.96 x 10 3 kg/m 3 )(p.85 x 10' 3 m) 2 (O.Q3 m) 3 
M ~ 3(0.6 x10" 4 t) 



5.24 xlO 2 A-m 2 



(b) Use its definition to express the 
magnetization M: 



M 



E 
V 



Substitute to obtain: 



M=E= x i ppr l L i _n 2 f 2 pL 2 



V 



3BV 



3B 



Substitute numerical values and evaluate M: 



_ ^- 2 (l.4s' 1 ) 2 (7.96xl0 3 kg/m 3 )(0.03m) 2 _ 
" 3(0.6 xl(T 4 T) " 



7.70 xlO 5 A/m 



(c) Express and evaluate the amperian current on the surface of the needle: 
= ML = (7.70 x 10 5 A/m)(0.03 m) = 



ampenan 



2.31xl0 4 A 
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Picture the Problem We can use the definition of angular momentum and Equation 27- 
27, together with the definition of the magnetization M of the iron bar, to derive an 
expression for the rotational angular velocity of the bar just after it has been 
demagnetized. 



Assuming its angular momentum to 
be conserved, use the definition of L 
to express the angular momentum of 
the iron bar just after it has been 
demagnetized: 



L = Ia> 



Solve for the angular velocity or. 



L 

co = — 
I 



Assuming that Equation 27-27 holds 
yields: 



2m 2m , , 2m , , , „ 

L = ju = — e -MV = — e -Mm ' i 

q e e 

where r is the radius of the bar and I its 

length. 
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Modeling the bar as a cylinder, 
express its moment of inertia with 
respect to its axis: 

Substitute to obtain: 



-mr 



7 pVr 2 = \ pm A t 



co - 



\p7ir A i 



4m e M 
epr 2 



Substitute numerical values (see Table 13-1 for the density of iron) and evaluate co: 



co = 



4(9.11xl0' 31 kg)(l.72xl0 6 A/m) 
(l.6 x 1(T 19 C)(7.96 x 10 3 kg/m 3 )(0.01m) 2 



4.92xlCT 5 rad/s 
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Picture the Problem The dipole moment of the bar is given by // = 2.219N/j b , where N 
is the number of atoms in the bar. We can express N in terms of Avogadro's number, the 
density of iron, the volume of the bar, and the atomic weight of iron. We can use the 
definition of torque to find the torque that must be supplied to hold the iron bar 
perpendicular to the given magnetic field. 



(a) Express the magnetic dipole 
moment of the magnetized iron bar: 



ju = 2.219Nju b 

where N is the number of iron atoms in the 
bar. 



Express the number of iron atoms in 
terms of Avogadro' s number and the 
atomic weight of iron M: 



N 

and 
N = 



m 
M 



pV 
M 



N A pV 
M 



Substitute to obtain: 



2.2\9N A pV^i B 2.219N A ptAju B 



M 



M 



Substitute numerical values and evaluate ju: 

2.219(6.02xl0 23 mol')(7.96xl0 3 kg/m 3 )(0.2m) 



55.85 xlO" 3 kg/mol 
: (2 x 1(T 4 m 2 )(9.27 x 1(T 24 A • m 2 ) 



= 70.6A-m 2 
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(b) Express the torque required to 
hold the iron bar perpendicular to the 
magnetic field: 

Substitute numerical values and 
evaluate v. 



T = jjB sin 0 = jjB sin 90° = juB 



r = (70.6A-m 2 )(0.25T): 



17.7 N-m 
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Picture the Problem Note that B e and B c are perpendicular to each other and that the 
resultant magnetic field is at an angle 9 with north. We can use trigonometry to relate B c 
and B e and express B c in terms of the geometry of the coil and the current flowing in it. 



Express B c in terms of B e : 



B c =B e tm0 

where 9 is the angle of the resultant field 
from north. 



Express the field B c due to the 
current in the coil: 



5„ = 



2R 



where N is the number of turns. 



Substitute to obtain: 



2R 



Solve for /: 



2RB e 
ju 0 N 



tan6> 
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Picture the Problem Let the positive x direction be out of the page. We can use the 

expressions for the magnetic fields due to an infinite straight line and a circular loop to 
express the net magnetic field at the center of the circular loop. We can set this net field 
to zero and solve for r. 



Express the net magnetic field at the 
center of circular loop: 



B=B \ 0 o P +B Vm e 



Letting R represent the radius of the 
loop, express 2? loop : 



loop 2R 



Express the magnetic field due to the 
current in the infinite straight line: 



line nt 

L7ZT 
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Substitute to obtain: 



2R 



2nr 



2R 2m 



If B = 0 , then: 



Solve for r. 



2R 2m 



or 



I+-L-0 

R m 



R 



r = 



K 



Substitute numerical values and 
evaluate r. 



10cm 



r = 



K 



3.18cm 
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Picture the Problem Note that only the current in the section of wire of length 2a 
contributes to the field at P. Hence, we can use the expression for B due to a straight wire 
segment to find the magnetic field at P. In Part (b) we can use our result from (a), 
together with the value for 6>when the polygon has N sides, to obtain an expression for B 
at the center of a polygon of N sides. 



Express the magnetic field at P due 
to a straight wire segment: 



B„ =^—(sm0, +sin#,) 



Because 9\- &i - 9: 



B 



_ Mo 1 



(2sin#) = 
An R v ; 



In R 



Refer to the figure to obtain: 



sin^ = 



ja 2 + R 2 



Substitute to obtain: 



ju 0 al 



2nR^a 2 +R 2 



(b) Express #for an Af-sided 
polygon: 



G = 



n 
~N 



Because each side of the polygon 
contributes to B an amount equal to 
that obtained in (a): 



B = 



2nR 



sin 



fn} 
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As N — » oo: 



sin 

and 
B- 



n 
N 



[w] 






Mo 1 


v 2nR > 






2R 



, the 



expression for the magnetic field at the 
center of a current-carrying circular loop. 
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Picture the Problem We can use Ampere's law to derive expressions for B{r) for r<R,r 
= R, and r > R that we can evaluate for the given distances from the center of the 
cylindrical conductor. 



Apply Ampere's law to a closed 
circular path a distance r < R from 
the center of the cylindrical 
conductor to obtain: 

Solve for B{r) to obtain: 



Substitute for I(r): 



lB-dl = B{r\2nr) = Mo I c = MQ l{r) 



B{r) 



2m 



B(r)= Vo( 50A/m ) r = A)(50A/m) 
2nr 2n 



(a) and (b) Noting that B is 
independent of r, substitute 
numerical values and evaluate 
B(5 cm) and B(10cm): 



(c) Apply Ampere's law to a closed 
circular path a distance r > R from 
the center of the cylindrical 
conductor to obtain: 



Solve for B(r): 



5(5cm) = 5(l0cm) 

_ (4^-xlQ- 7 N/A 2 )(50A/m) 
2n 



10.0 /IT 



§ c B-d£ = B(r)(2m) = /i 0 I c =/t 0 l(R) 



2jzr 



Substitute numerical values and evaluate 5(20 cm): 
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B 



(20c m ) = < 4 " 10 ' ,N/A ;fe°f m '( ftlm ) = [5MMT 
' 2;r(0.2 m) 1 — 
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Picture the Problem The field B due to the 10-A current is in the yz plane. The net 
force on the wires of the square along the y direction cancel and do not contribute to a net 
torque or force. We can use X = I x F ,F = I£x B , and the expression for the magnetic 
field due to an infinite straight wire to express the torque acting on each of the wires and 
hence, the net torque acting on the loop. 



(a) Express the torque on the loop: 



T=lxF 

where / is the lever arm. 



Express the magnetic force on a 
current element: 



F = I£xB 



Express the magnetic field at the 
wire at y = 10 cm: 



R - ^ 21 1 I i k) 

where 

R = V(O.lm) 2 +(0.1m) 2 = 0.141m 



Substitute numerical values and evaluate B 



y=10 • 



B 



y=l0 



4.X10-W 2(l0A)L j ^) =(l0Q><1() - 5T) ( ' J A 
Att4i 0.141m V 7 V 



Proceed similarly to obtain: 



^ 10 =(l.42xlO- 5 T)(-j + £) 



Evaluate F.. 



=io ■ 



F y=10 =llxB y=l0 =(5A)(0.2m)/x(l.00xl0" 5 T)(- j-kj 
= (l .00 x 10~ 5 n)[/ x (- j - kj = (l .00 x 10~ 5 N)(- k + j) 



Evaluate F 



y=-10 ■ 



>'=-10 



= (5 A)(- 0.2 m)i x (l .00 x 10" 5 t)(- j + k) 

= (- 1 .00 x 10~ 5 N)[/ x (- j + k\ = (l .00 x 10" 5 N)(k + j) 
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Express and evaluate the net force acting on the loop: 



F = F + F 

1 1 y=l0 ^ 1 v=-10 

= (2.00xl(T 5 N)j 



(l.OO x 1(T 5 N)(- k + ))+ (l .00 x 10 5 n)(* + j) 



Express and evaluate the torque 
about the x axis acting on the loop: 



r = (0.1m)(2.00xl0~ 5 n) 



2.00xlO~ 6 N-m 



(b) The net force acting on the loop 
is the sum of the forces acting on the 
four sides (see the next to last step in 
(a)): 



F = F +F 

A A y=10 T 1 y=-10 



(2.00xl0" 5 N)j 
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Picture the Problem The force acting on the lower wire is given by F i 



lower wire 



= I£B, 



where / is the current in the lower wire, I is the length of the wire on the balance, and B is 
the magnetic field at the location of the lower wire due to the current in the upper wire. 
We can apply Ampere's law to find B at the location of the wire on the pan of the 
balance. 



The force experienced by the lower 
wire is given by: 

Apply Ampere's law to a closed 
circular path of radius r centered on 
the upper wire to obtain: 



F = IfB 

1 lower wire 1 ^ 1J 



B(27rr) = // 0 / c = /u 0 I 



Solve for B to obtain: 



B 



M 0 I 
2k r 



Substitute for B in the expression 
for the force on the lower wire: 



F = If 

lower wire 



2nr 



2nr 



Solve for / to obtain: 



2n rF, 



lower wire 



Mo* 



Noting that the force on the lower 
wire is the increase in the reading of 
the balance, substitute numerical 
values and evaluate /: 



| 2^-(2cm)(5xlQ- 6 kg) 
(4;rxl0~ 7 N/A 2 Xl0cm) 



2.24 A 
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Picture the Problem We can use a proportion to relate minimum current detectible using 
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this balance to its sensitivity and to the current and change in balance reading from 
Problem 123. 



The minimum current /min detectible ^ min _ 2.24 A 

is to the sensitivity of the balance as 0. 1 mg 5 .0 mg 

the current in Problem 123 is to the 
change in the balance reading in 
Problem 123: 



Solve for and evaluate I„ 



= (0.1mg) 



^2.24 A A 
5.0 mg 



44.8 mA 



The " standard" current balance can be made very sensitive by increasing 
the length (i.e., moment arm) of the wire balance, which one cannot do with 
this kind; however, this is compensated somewhat by the high sensitivity 
of the electronic balance. 
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Picture the Problem The diagram shows 
the rotating disk and the circular strip of 
radius r and width dr with charge dq. We 
can use the definition of surface charge 
density to express dq in terms of r and dr 
and the definition of current to show that dl 
= coar dr. We can then use this current and 
expression for the magnetic field on the 
axis of a current loop to obtain the results 
called for in (b) and (c). 

(a) Express the total charge dq that 
passes a given point on the circular 
strip once each period: 




dq = odA = Inordr 



Using its definition, express the 
current in the element of width dr. 



dl 



dq Inordr 



dt 



2k 



ooordr 



CO 
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(c) Express the magnetic field dB x at 
a distance x along the axis of the 
disk due to the current loop of 
radius r and width dr. 



ju 0 2m' dl 



1/2 



ju 0 coor 



2[x +r J 



3/2 



dr 



Integrate from r = 0 to r = R to 
obtain: 



B. 



ju Q coa 



(x 2 +r 2 ) 



3/2 



dr 



JU {) CO<J 



R 2 +2x 2 



2x 



(b) Evaluate B x for x = 0: 



s,(o)= 



JU {) CO(J 



ju 0 <jcoR 
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Picture the Problem From the symmetry 
of the system it is evident that the fields 
due to each segment of length £ are the 
same in magnitude. We can express the 
magnetic field at (x,0,0) due to one side 
(segment) of the square, find its component 
in the x direction, and then multiply by four 
to find the resultant field. 













,1 




(0,f0) 




•'/ /' 


f 









<r,0,U)i 



Express B due to a straight wire 
segment: 



B = ^-—(sm0, + sin0,) 
Ax R y 1 2! 

where 7? is the perpendicular distance from 

the wire segment to the field point. 



Use 0i = 02 and R = -^x 2 + f/A to 
express B due to one side at (x,0,0): 



B, (x,0,0) = ^- j 7 (2 sin 0, ) 
An ' 



x 2 +- 



2 *M 



L== (sinflj 
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Referring to the diagram, express 
sin^: 



£_ 



2 



it 

X H 



Substitute to obtain: 



_ Mo 



2n 



Mo 1 



An Ax + 



£ 
2 



2 ? 2 ? 

x + — Ax + — 
I 4 V 2 



By symmetry, the sum of the y and z 
components of the fields due to the 
four segments must vanish, whereas 
the x components will add. The 
diagram to the right is a view of the 
xy plane showing the relationship 
between B l and the angle ft it makes 
with the x axis. 

Express B\ x : 




B u = B 1 cos f3 



Substitute and simplify to obtain: 



B lx = 



Mo 1 



£ 



An Ax + 



£_ 
2 



'- Jx 2 +— Jx 2 + 



e 



ju 0 lf 



Sn 



■>2\ 



x 2 +- 



x 2 + 



The resultant magnetic field is the 
sum of the fields due to the 4 wire 
segments (sides of the square): 



B = ABJ 
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Factor x from the two factors in the 
denominator to obtain: 



Forx» t 



B = 



ju 0 It 



27DC' 



1+ 2 






\ t 2 ] 




2 

X 










V ^ A J 



2m 



1 + 



4x 2 



,2 \ 



1+ 



2x 



M 1 
27a 



2ja 



where // = It 
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Conceptual Problems 

Determine the Concept We know that the magnetic flux (in this case the magnetic field 
because the area of the conducting loop is constant and its orientation is fixed) must be 
changing so the only issues are whether the field is increasing or decreasing and in which 
direction. Because the direction of the magnetic field associated with the clockwise 
current is into the page, the changing field that is responsible for it must be either 
increasing out of the page (not included in the list of possible answers) or a decreasing 



field directed into the page, (d) is correct 



2 

Determine the Concept Note that when R is constant, B in the loop to the right points 
out of the paper. 

(a) If R increases, / decreases and so does B. By Lenz's law, the induced current is 
counterclockwise. 



(b) If R decreases, the induced current is clockwise. 



3 

Determine the Concept If the counterclockwise current in loop A increases, so does the 
magnetic flux through B. To oppose this increase in flux, the induced current in loop B 
will by clockwise. If the counterclockwise current in loop A decreases, so does the 
magnetic flux through B. To oppose this decrease in flux, the induced current in loop B 
will be counterclockwise. We can use F = II x B to determine the direction of the forces 
on each loop and, hence, whether they will attract or repel each other. 



(a) If the current in B is clockwise the loops repel one another. 

(b) If the current in B is counterclockwise the loops attract one another. 



4 

Determine the Concept We know that, as the magnet moves to the right, the flux 
through the loop first increases until the magnet is half way through the loop and then 
decreases. Because the flux first increases and then decreases, the current will change 
directions, having its maximum values when the flux is changing most rapidly. 

(a) and (b) The following graph shows the flux and the induced current as a function of 
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time as the bar magnet passes through the coil. When the center of the magnet passes 
through the plane of the coil d(/) m ldt = 0 and the current is zero. 





1 n 










>0 8 


\ *" — 




5 






/ 0.6 




k 

» 






A — 9t4^ 




\ 






0t3- 


/ 


- \ 

V \ 








I 


^ — *- 






070- 

-0.2 , 


I 
















\ 


— < 


I 


- - - Current 






\ 

% 




















S .0.8 










-irO- 








3 


2 


1 ( 
time (arbit 


) ] 
rary units) 


1 

l 2 : 
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Determine the Concept Because the magnet moves with simple harmonic motion, the 
flux and the induced current will vary sinusoidally. The current will be a maximum 
wherever the flux is changing most rapidly and will be zero wherever the flux is 
momentarily constant. 

(a), (b) The following graph shows the flux, <j> m , and the induced current (proportional to 
-d(f>Jdi) in the loop as a function of time. 
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Determine the Concept The magnetic energy stored in an inductor is given by 



t LI . Doubling I quadruples U m . (c) is correct 



7 

Determine the Concept The protection is needed because if the current is suddenly 
interrupted, the resulting emf generated across the inductor due to the large flux change 
can blow out the inductor. The diode allows the current to flow (in a loop) even when the 
switch is opened. 

8 

Determine the Concept The inductance of a coil depends on the product n 2 t, where n is 
the number of turns per unit length and I is the length of the coil. If n increases by a 
factor of 3, £ will decrease by the same factor, because the inductors are made from the 
same length of wire. Hence, the inductance increases by a factor of (3) 2 (l/3) = 



9 

(a) False. The induced emf in a circuit is proportional to the rate of change of the 
magnetic flux through the circuit. 



(b) True. 



(c) True. 



(d) False. The inductance of a solenoid is determined by its length, cross-sectional area, 
number of turns per unit length, and the permeability of the matter in its core. 



(e) True. 
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Determine the Concept In the configuration shown in (a), energy is dissipated by eddy 
currents from the emf induced by the pendulum movement. In the configuration shown 
in (b), the slits inhibit the eddy currents and the braking effect is greatly reduced. 



11 • 

Determine the Concept The time varying magnetic field of the magnet sets up eddy 
currents in the metal tube. The eddy currents establish a magnetic field with a magnetic 
moment opposite to that of the moving magnet; thus the magnet is slowed down. If the 
tube is made of a nonconducting material, there are no eddy currents. 

12 

Determine the Concept When the current is turned on, the increasing magnetic field in 
the coil induces a large emf in the ring. As described by Lenz's law, the direction of the 
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current resulting from this induced emf is in such a direction that its magnetic field 
opposes the changing flux in the coil, i.e., the current induced in the ring will be in such a 
direction that the magnetic field in the coil will repel it. The demonstration will not work 
if a slot is cut in the ring, because the emf will not be able to induce a current in the ring. 

Estimation and Approximation 

*13 

Picture the Problem We can use Faraday's law to relate the induced emf to the angular 
velocity with which the students turn the jump rope. 



(a) It seems unlikely that the 
students could turn the "jump rope" 
wire faster than 5 revolutions per 
second. This corresponds to a 
maximum angular velocity of: 

(b) The magnetic flux <j) m through 
the rotating circular loop of wire 
varies sinusoidally with time 
according to: 

Because the average value of the 
cosine function, over one 
revolution, is l A, the average rate at 
which the flux changes through the 
circular loop is: 

From Faraday's law, the magnitude 
of the induced emf in the loop is: 



. rev In rad 

oo = 5 x 

s rev 



31.4rad/s. 



(j) m = BA sin cot 
and 



dt 



= BA co cos cot 



dt 



= \BAco = \nrBco 



£ = 



d <t> m 
dt 



1 2 

_L 77- V 



nr Boo 



Substitute numerical values and evaluate £: 



S = \n 



1.5m 



0.7Gx 



IT 



(31.4rad/s) = 



1.94mV 



(c) 



No. To generate an emf of 1 V, the students would have to rotate 
the jump rope about 500 times faster. 



id) 



The use of multiple strands of lighter wire (so that the composite wire 
could be rotated at the same angular speed) looped several times 
around would increase the induced emf. 
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Picture the Problem We can compare the energy density stored in the earth's electric 
field to that of the earth's magnetic field by finding their ratio. 
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The energy density in an electric 
field E is given by: 



ie 0 E 2 
2 0 



The energy density in a magnetic 
field B is given by: 



2 /"o 



Express the ratio of u m to u e to 
obtain: 



u 

tr 



B 2 
2 Mo 



B 1 



2 0 



Substitute numerical values and evaluate uj u e : 



or 



^ (sxiq- 5 t) 2 

u e (4^-xl0" 7 N/A 2 )(8.85xl0" 12 C 2 /N-m 2 )(l00V/m) 2 
(2.25xl0 4 ) Me 



2.25 xlO 4 



15 

Picture the Problem We can apply Faraday's law to estimate the maximum emf induced 
by the lightning strike in the antenna. 



Use Faraday's law to express the 
magnitude of the induced emf in antenna: 

Because the lightning strike has such 
a short duration: 

The magnetic field induced in the 
loop is given by: 



Substitute for B to obtain: 



[BA] 



dt dt 
where A is the area of the antenna. 

e* BA 



At 

Mo 21 _ Mo 1 



B 

Ak r 7.nr 

where r is the distance from the antenna to 
the lightning strike. 



£ = 



InrAt 



Substitute numerical values and 
evaluate £: 



^30C^ 



(4^xl0 7 N/A 2 ) — (O.lm 2 ) 



£ = 



1 jus 



in (300 m)(l//s) 



= 2.00 kV 
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Magnetic Flux 

16 • 

Picture the Problem Because the surface is a plane with area A and B is constant in 
magnitude and direction over the surface and makes an angle 6? with the unit normal 
vector, we can use <f) m = BA cos 6 to find the magnetic flux through the coil. 



Substitute for B and A to obtain: 



0 

r rr 



2000 G 



IT 
10 4 G 



(5xl0~ 2 m) 2 cos# 



= (5.00xlO- 4 Wb)cos6> 



(a) For 9 = 0°: 



0 m = (5.00 xl0~ 4 Wb)cos0° 
= 5.00xlO~ 4 Wb 



0.500 mWb 



(b) For 9 = 30°: 



(j) m =(5.00xlO" 4 Wb)cos30 c 
= 4.33xl0~ 4 Wb 



0.433 mWb 



(c) For 9 = 60°: 



^ m =(5.00xlO" 4 Wb)cos60 c 
= 2.50xl0~ 4 Wb 



0.250 mWb 



(c0 For 9 = 90°: 



0 m =(5.00xl0" 4 Wb)cos90° 



= 0 
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Picture the Problem Because the coil defines a plane with area A and B is constant in 
magnitude and direction over the surface and makes an angle d?with the unit normal 
vector, we can use <p m = NBA cos 6 to find the magnetic flux through the coil. 

Substitute for N, B, and A to obtain: 



<j) m =NBxr 2 cosO = 25 



0.7G- 



IT 
10 4 G 



;r(5xl0~ 2 m) 2 COS0 



= (l.37xl0~ 5 Wb)cos6> 
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(a) When the plane of the coil is 
horizontal, 0= 90°: 



(b) When the plane of the coil is 
vertical with its axis pointing north, 
0=0°: 

(c) When the plane of the coil is 
vertical with its axis pointing east, 
0=90°: 

(d) When the plane of the coil is 
vertical with its axis making an 
angle of 30° with north, 0= 30°: 



<j) m =(l.37xl(T 5 Wb)cos90 c 



0 m =(l.37xl(T 5 Wb)cos0° 



1.37 xl(T 5 Wb 



</, m =(l.37xl(T 5 Wb)cos90 o 



(j) m =(l.37xl(T 5 Wb)cos30 c 



1.19xl(T Wb 
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Picture the Problem Because the square coil defines a plane with area A and B is 
constant in magnitude and direction over the surface and makes an angle #with the unit 
normal vector, we can use 0 m = NBA cos 6 to find the magnetic flux through the coil. 



Substitute for N, B, and A to obtain: 



(a) For 0=0°: 



<p m =NBAcos0 

= 14(l.2T)(5xlCT 2 m) 2 cos# 
= (42.0mWb)cos# 

<f> m =(42.0mWb)cosO° 



= 42.0 mWb 



(b) For 0=60°: 



<f) m =(42.0mWb)cos60 c 



= 21.0mWb 
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Picture the Problem Noting that the flux through the base must also penetrate the 
spherical surface, we can apply its definition to express ^ m . 



Apply the definition of magnetic 
flux to obtain: 



(f> m =AB = 



ttR 2 B 



632 Chapter 28 



20 

Picture the Problem We can use (J) m = NBA cos 6 to express the magnetic flux through 
the solenoid and B = ju 0 nl to relate the magnetic field in the solenoid to the current in its 
coils. 



Express the magnetic flux through a 
coil with TV turns: 



<j) m = NB A cos 0 



Express the magnetic field inside a 
long solenoid: 



Substitute to obtain: 



B = ju 0 nl 

where n is the number of turns per unit 
length. 

<p m = N/u 0 nIA cos 6 

or, because n = NIL and 9= 0°, 
N 2 /j 0 IA N 2 ^Inr 2 



L 



L 



Substitute numerical values and evaluate ^ m : 

(400) 2 (An x 1 Q 1 N/A 2 )(3 A)7t(0.0 1 m) 2 



0.25 m 



7.58 xlCT 4 Wb 



21 

Picture the Problem We can use <j) m = NBA cos 6 to express the magnetic flux through 
the solenoid and B = ju 0 nl to relate the magnetic field in the solenoid to the current in its 
coils. 



Express the magnetic flux through a 
coil with TV turns: 



0 m = NBA cos 0 



Express the magnetic field inside a 
long solenoid: 



Substitute to obtain: 



B = ju 0 nl 

where n is the number of turns per unit 
length. 

</) m = N/u o nIAcos0 

or, because n = NIL and 6=0°, 
N 2 ^ 0 IA _N 2 /u 0 Inr 2 



L 



L 
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Substitute numerical values and evaluate <f> m : 



<f>* 



(800) 2 {Att x 10' 7 N/A 2 )(2 A>r(0.02 m) 2 



0.3m 



6.74xlO~ J Wb 
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Picture the Problem We can apply the definitions of magnet flux and of the dot product 
to find the flux for the given unit vectors. 



Apply the definition of magnetic 
flux to the coil to obtain: 

Because B is constant: 



Evaluate B : 

Substitute numerical values and 
simplify to obtain: 

(a) Evaluate (f) m for n =i : 

(b) Evaluate <j> m for h = j : 

(c) Evaluate <j> m for n = {i + y )/ 4l : 



0 m =N$B-ndA 

s 

<fi m = NB -n^dA = n(b ■ n)A 

s 

= N{B-nj7ir 2 
B = (0AT)i 

^ m =(l5)[(0.4T)]^(0.04m) 2 
= (0.0302 T-m 2 )/ •« 

<f> m = (0.0302 T-m 2 )/ • i 



0.0302 Wb 



^ m =(0.0302T-m 2 )/-j: 



6= (0.0302 T-m 2 )/-^ii 

v V2 



0.0302 T-m 2 
V2" 



0.0213Wb 



(d) Evaluate (f> m for n = k : 



^ m = (o.0302 T-m 2 )i-k = 



(e) Evaluate ^ m for n = 0.6i + O.87 : 



0 m = (0.0302 T • m 2 )i ■ (0.6/ + 0.8 j) = 0.6(0.0302 T • m 2 )/ • i 
+ 0.8(0.0302 T-m 2 )/ • j 
= 0.6(0.0302 T-m 2 ) = 



0.0181Wb 
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Picture the Problem The magnetic field outside the solenoid is, to a good approximation, 
zero. Hence, the flux through the loop is the flux in the core of the solenoid. The magnetic 
field inside the solenoid is uniform. Hence, the flux through this small loop is given by the 
same expression with i? 3 replacing R\: 



(a) Express the flux through the 
large circular loop outside the 
solenoid: 



^ m = NBA = ju Q nINnR{ 



(b) Express the flux through the 
small loop inside the solenoid: 



(j) m = NBA = ^ 0 nINnR 



*24 

Picture the Problem We can use the hint to set up the element of area dA and express the 
flux d(f> m through it and then carry out the details of the integration to express <j> m - 



(a) Express the flux through the 
strip of area dA: 



d(/) m = BdA 
where dA = bdx. 



Express B at a distance x from a 
long, straight wire: 



4n x 2n x 



Substitute to obtain: 



d^=^Udx-^ IbdX 



In x 



2n x 



Integrate from x = dto x = d + a: 



TIT 



ju 0 Ib d+ r a dx 
2n I x 



uJb , d + a 
— — In 

In d 



(b) Substitute numerical values and evaluate <j) m : 



_ (4;rxl(T 7 N/A 2 )(20A)(0.1m) 

r m ~ 

2n 



In 



7 cm 
2 cm 



5.01 xlfr 7 Wb 
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Picture the Problem Consider an element of area dA = Ldr where r < R. We can use its 
definition to express d<f> m through this area in terms of B and Ampere's law to express B 
as a function of /. The fact that the current is uniformly distributed over the cross- 
sectional area of the conductor allows us to set up a proportion from which we can obtain 
/ as a function of r. With these substitutions in place we can integrate d(/) m to obtain (f>JL. 
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Express the flux d<f> m through an area 
Ldr. 

Apply Ampere's law to the current 
contained inside a cylindrical region 
of radius r < R: 



Using the fact that the current / is 
uniformly distributed over the cross- 
sectional area of the conductor, 
express its variation with distance r 
from the center of the conductor: 

Substitute and simplify to obtain: 



Substitute in equation (1): 



Integrate d$m from r = 0 to r - R to 
obtain: 



Divide both sides of this equation by 
L to express the magnetic flux per 
unit length: 

26 ••• 

Picture the Problem We can use its definition to express the flux through the rectangular 
region and Ampere's law to relate the magnetic field to the current in the wire and the 
position of the long straight wire. 

(a) Note that for 0 < x < b, B is ^ m , net = 0 

symmetric about the wire, into the 

paper for the region below the wire 

and out of the paper for the region 

above the wire. Thus, for the area 

2{b -x)a: 



d(/) m = BdA = BLdr 



(1) 



• dt = 2nrB = /z 0 / c 

and 

Mo J c 



B = 



2w 



I(r) w 1 



I 



or 



l{r) = I c =I 



R 2 



^1 r 2 // 0 7 
is = = -r 

2m R 2 2nR 2 



d</>„ 



^rdr 
27tR 2 



2nR 2 



^rdr 



An 



L 



An 



To find the flux through the 



d<j) m = BdA 
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remaining area of the rectangle, 
express the flux through a strip of 
area dA : 



where dA = adx. 



Using Ampere's law, express B at a 
distance x from a long, straight 
wire: 



B = 



Mo 21 = ju 0 I 
An x 2n x 



Substitute to obtain: 



In x In x 



For 0 < x < b, integrate from 
x' = b -x to x' =x : 



— J v ' 



2tt x' 



In 



2n \b-x 



For x > Z), integrate from 
x' = x to x' = x + b: 



— j \- 



In 



x 



In 



x J 



(b) From the expressions derived in 
(a) we see that \0 m — > go as: 



The flux is a minimum = 0) for: 



x = \b 



as expected from symmetry. 



Induced EMF and Faraday's Law 

*27 • 

Picture the Problem We can find the induced emf by applying Faraday's law to the 
loop. The application of Ohm's law will yield the induced current in the loop and we can 
find the rate of joule heating using/ 5 = I 2 R . 



(a) Apply Faraday's law to express 
the induced emf in the loop in terms 
of the rate of change of the 
magnetic field: 



^ = ^(AB)=A^ = nR^ 
dt dt dt dt 



Substitute numerical values and 



|£| = ;r(0.05m) 2 (40mT/s) = 



0.314mV 
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evaluate \£\ 



(b) Using Ohm's law, relate the 
induced current to the induced 
voltage and the resistance of the 
loop and evaluate /: 



(c) Express the rate at which power 
is dissipated in a conductor in terms 
of the induced current and the 
resistance of the loop and evaluate 
P: 



£ _ 0.314mV 
~ R ~ OAQ 



0.785 mA 



P = I 2 R = (0.785 mA) 2 (0.4 Q) 



0.247 juW 
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Picture the Problem Given 0 m as a function of time, we can use Faraday's law to 
express £ as a function of time. 



(a) Apply Faraday's law to express 
the induced emf in the loop in terms 
of the rate of change of the 
magnetic field: 



(b) Evaluate tp m at t = 0: 



Evaluate £ at t = 0: 



Proceed as above to complete the 
table to the right: 



dt dt 
-(2f-4)xl0 _1 Wb/s 



[(f 2 -4f)xlO _1 Wb] 



■(0.2f-0.4)v 



4(0s)=[(0) 2 -4(0) 



xlO 1 Wb: 



f(0s) = -[0.2(0)-0.4]V 



= 0.400V 



t 




£ 


(s) 


(Wb) 


(V) 


0 


0 


0 


2 


-0.400 


0 


4 


0 


-0.400 


6 


1.20 


-0.800 
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Picture the Problem We can find the time at which the flux is a minimum by looking for 
the lowest point on the graph of £ versus t and the emf at this time by determining the 
value of V at this time from the graph. We can interpret the graphs to find the times at 
which the flux is zero and the corresponding values of the emf. 
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Referring to the graph, we see that the flux is a minimum at t = 2 s and 
that V = 0 at this instant. 








The flux is zero at t = 0 and t = 4 s. At these times, 8 = 0.4 V and - 0.4 V, 
respectively. 
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Picture the Problem We can use its definition to find the magnetic flux through the 
solenoid and Faraday's law to find the emf induced in the solenoid when the external 
field is reduced to zero in 1.4 s. 



(a) Express the magnetic flux 
through the solenoid in terms of N, 
B, A, and 9: 



</) m =NBAcos6 
= NBttR 2 cos0 



Substitute numerical values and 
evaluate $ n : 



^ m = (400)(0.06T)^(0.008m) 2 cos 50° 



= 3.10mWb 



(b) Apply Faraday's law to obtain: 



£ = 
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d<j> m 0-3.10mWb 



dt 



1.4s 



2.22 mV 
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Picture the Problem We can use the definition of average current to express the total 
charge passing through the coil as a function of I m . Because the induced current is 
proportional to the induced emf and the induced emf, in turn, is given by Faraday's law, 
we can express AQ as a function of the number of turns of the coil, the magnetic field, the 
resistance of the coil, and the area of the coil. Knowing the reversal time, we can find the 
average current from its definition and the average emf in the coil from Ohm's law. 



(a) Express the total charge that 
passes through the coil in terms of 
the induced current: 



A0 = / av A* 



Relate the induced current to the 
induced emf: 



Using Faraday's law, express the 
induced emf in terms of ^ m : 



At 



Substitute and simplify to obtain: 



R R R 



2NBA 
R 

NBnd 7 



2NB 



—d 
4 



R 



2R 

where d is the diameter of the coil. 



Substitute numerical values and 
evaluate AQ: 



AQ = 



(l00)(lT>r(0.02 m 
2(50 Q) 



1.26 mC 



(b) Apply the definition of average 
current to obtain: 



Ag_1.26mC 



At 



0.1s 



12.6mA 
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(c) Using Ohm's law, relate the 
average emf in the coil to the 
average current: 



£ av =/ av * = (l2.6mA)(50n) 



630 mV 
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Picture the Problem We can use the definition of average current to express the total 
charge passing through the coil as a function of I m . Because the induced current is 
proportional to the induced emf and the induced emf, in turn, is given by Faraday's law, 
we can express AQ as a function of the number of turns of the coil, the magnetic field, the 
resistance of the coil, and the area of the coil. 



Express the total charge that passes 
through the coil in terms of the 
induced current: 



AS = / av A* 



Relate the induced current to the 
induced emf: 

Using Faraday's law, express the 
induced emf in terms of ^ m : 

Substitute to obtain: 



/ = /„., =- 



AQ- 



R 



H 

At 



R 



-At 



H 

At 



R 



At 
R 

2NBA 
R 



Substitute numerical values and evaluate AQ: 



2(l000)(0.7 x 10' 4 t)(300 x 10' 4 m 2 ) 
15Q 



0.280 mC 
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Picture the Problem We can use Faraday's law to express the earth's magnetic field at 
this location in terms of the induced emf and Ohm's law to relate the induced emf to the 
charge that passes through the current integrator. 



Using Faraday's law, express the 
induced emf in terms of the change 
in the magnetic flux as the coil is 
rotated through 90°: 



H 



At 



NBA NBttt 



At 



At 
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Solve for B: R SAt 



Nnr 1 



Using Ohm's law, relate the induced £ — IR — —^-R 

emf to the induced current: At 



where AQ is the charge that passes through 
the current integrator. 



Substitute to obtain: AQ ^ 



g-_At _ ^QR 



'Nnr 1 Nnr 1 



Substitute numerical values and „ _ (9-4|aC)(20^) _ 

evaluated: (300);r(0.05m) 2 



79.8 juT 
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Picture the Problem We can use Faraday's law to express the induced emf in the coil in 
terms of the rate of change of the magnetic flux. We can use its definition to express the 
magnetic flux through the rectangular region and Ampere's law to relate the magnetic 
field to the current in the wire and the position of the long straight wire. 

(a) Apply Faraday's law to relate 
the induced emf to the changing 
magnetic flux: 

Note that for 0 < x < b, B is 
symmetric about the wire, into the 
paper for the region below the wire 
and out of the paper for the region 
above the wire. Thus, for the area 
2(b —x)a: 

To find the flux through the 
remaining area of the rectangle, 
express the flux through a strip of 
area dA : 

Using Ampere's law, express B at a „ _ J^_^L_ _ j 

distance x from a long, straight wire: 4n x n x 



dt 

d> =0 

t m,net 

d<f> m = BdA 
where dA = adx. 
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Substitute to obtain: 



For 0 < x < b, integrate from 
x' = b -x to x' =x : 



Differentiate this expression with 
respect to time to obtain: 



d(j) m = ——adx 
n x 



n x 



</> m {0<x<b) = ^ \ — 
n , J x' 

b-x 

_ jU Q ta 



•In 



K 



b-x 



d 



jU^ta 



dt dt 
_ Mo" 



In 



K 



f X ^ 



b-x 



In 



x 



b-x , 



Substitute in equation (1) and 
evaluate £ for x = b/4: 



£ = - 



M 0 a 

K 



In 



b/4 
b-b/4 



/fog 

71 



In 



1.10 



M 0 a 

K 



(b) Using Ohm's law, express and 
evaluate R: 



R 



£ _ \ A0ju Q a 
I ~ nl 

1.10(4^-xlQ- 7 N/A 2 )(l.5m) 

^(o.ia) 



6.60/^ 



Because the magnetic flux due to I is increasing into the page, the 
induced current will be in such a direction that its magnetic field 
will oppose this increase; i.e, it will be out of the page. Thus the 
induced current is counterclockwise. 
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Picture the Problem We can use Faraday's law to express the induced emf in the coil in 
terms of the rate of change of the magnetic flux. We can use its definition to express the 
magnetic flux through the rectangular region and Ampere's law to relate the magnetic 
field to the current in the wire and the position of the long straight wire. 



(a) Apply Faraday's law to relate 
the induced emf to the changing 
magnetic flux: 



dt 



(1) 
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Note that for 0 < x < b, B is 
symmetric about the wire, into the 
paper for the region below the wire 
and out of the paper for the region 
above the wire. Thus, for the area 
2(b -x)a: 



^m.net = 0 



To find the flux through the 
remaining area of the rectangle, 
express the flux through a strip of 
area dA : 



d0 m = BdA 
where dA = adx. 



Using Ampere's law, express B at a 
distance x from a long, straight 
wire: 



B 



An x n x 



Substitute to obtain: 



d^=^ t -adx = ^ d ^ 
n x n x 



For 0 < x < b, integrate from 
x' = b -x to x' =x : 



n , J x 

b-x 

_ jU 0 ta 



In 



71 



b-x 



Differentiate this expression with 
respect to time to obtain: 



d(/> m = d 
dt dt 



/J 0 ta 
n 



In 



b-x 



n 



In 



b-x . 



Substitute in equation (1) and 
evaluate £ for x = b/3 : 



£ = - 



n 



In 



' b/3 ^ 
b-b/3 



0.693 



n 



n 



In 



r 1 \ 



(b) Using Ohm's law, express and 
evaluate R: 



£ 0.693// 0 a 

a — — — 

/ nl 

_ 0.693(4^- xlO 7 N/A 2 )(l.5m) 

" /t((). I A ) 



4.16/^1 
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Because the magnetic flux due to I is increasing into the page, the 
induced current will be in such a direction that its magnetic field 
will oppose this increase, i.e, it will be out of the page. Thus, the 
induced current is counterclockwise. 



Motional EMF 
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Picture the Problem We can apply the equation for the force on a charged particle 
moving in a magnetic field to find the magnetic force acting on an electron in the rod. We 
can use E =vxBto find E and V = El , where I is the length of the rod, to find the 
potential difference between its ends. 



(a) Relate the magnetic force on an 
electron in the rod to the speed of 
the rod, the electronic charge, and 
the magnetic field in which the rod 
is moving: 

Substitute numerical values and 
evaluate F: 



F =qvxB 
and 

F = qvB sin 0 



F = (l.6 x 1(T 19 c)(8 m/s)(0.05 T)sin90 c 



= 6.40xl(T 20 N 



(b) Express the electrostatic field 
E in the rod in terms of the 
magnetic field B : 

Substitute numerical values and 
evaluate B: 

(c) Relate the potential difference 
between the ends of the rod to its 
length £ and the electric field E : 



E=vxB 
and 

E = vB sin 6 



£ = (8m/s)(0.05T)sin90° 



0.400 V/m 



V = El 



Substitute numerical values and 
evaluate V: 



F = (0.4V/m)(0.3m) = 



0.120V 
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Picture the Problem We can use E = v x B to relate the speed of the rod to the electric 
field in the rod and magnetic field in which it is moving and V = E£ to relate the electric 
field in the rod to the potential difference between its ends. 
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Express the electrostatic field E in 
the rod in terms of the magnetic 
field B and solve for v: 



E=vxB 
and 

E 



v = ■ 



BsinO 



Relate the potential difference 
between the ends of the rod to its 
length £ and the electric field E and 
solve for E: 



V = El => E = 



V 



Substitute for E to obtain: 



v = - 



Bl sin 9 



Substitute numerical values and 
evaluate v: 



6V 



v = 



(0.05T)(0.3m) 



400 m/s 
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Picture the Problem Because the speed of the rod is constant, an external force must act 
on the rod to counter the magnetic force acting on the induced current. We can use the 
motional-emf equation £ = vBi to evaluate the induced emf, Ohm's law to find the 
current in the circuit, Newton's 2 nd law to find the force needed to move the rod with 
constant velocity, and P = Fv to find the power input by the force. 



(a) Relate the induced emf in the 
circuit to the speed of the rod, the 
magnetic field, and the length of the 
rod: 



£ = vB£ = (10 m/s)(0.8 T)(0.2 m) 



1.60 V 



(b) Using Ohm's law, relate the 
current in the circuit to the induced 
emf and the resistance of the circuit: 



0.800A 



g_ 1.6V 
~ R ~ 2Q 



Note that, because the rod is moving to the 
right, the flux in the region defined by the 
rod, the rails, and the resistor is increasing. 
Hence, in accord with Lenz's law, the 
current must be counterclockwise if its 
magnetic field is to counter this increase in 
flux. 



(c) Because the rod is moving with 
constant velocity, the net force 
acting on it must be zero. Apply 



and 



0 



646 Chapter 28 



Newton's 2" law to relate F to the 
magnetic force F m : 



F = F m =BI£ 

= (0.8T)(0.8AX0.2m) = 



0.128N 



(d) Express the power input by the 
force in terms of the force and the 
velocity of the rod: 



P = Fv = (0. 128 N)(lO m/s) = 



1.28 W 



P = I 2 R = (0.8 A) 2 (2Q.)- 



1.28W 



(e) The rate of Joule heat production 
is given by: 

39 « 

Picture the Problem We'll need to determine how long it takes for the loop to 
completely enter the region in which there is a magnetic field, how long it is in the region, 
and how long it takes to leave the region. Once we know these times, we can use its 
definition to express the magnetic flux as a function of time. We can use Faraday's law to 
find the induced emf as a function of time. 



(a) Find the time required for the 
loop to enter the region where there 
is a uniform magnetic field: 

Letting w represent the width of the 
loop, express and evaluate 0 m for 
0<?<4.17s: 



^sideofloop 10 Cm 

t = = = 4.17 s 

v 2.4cm/s 



(j) m = NBA = NBwvt 

= (l.7T)(0.05m)(0.024m/s> 
= (2.04mWb/sV 



Find the time during which the loop 
is fully in the region where there is a 
uniform magnetic field: 



_ ^ side of loop _ 10 cm _ ^ 
v 2.4cm/s 

i.e., the loop will begin to exit the region 
when t = 8.33 s. 



Express <j> m for 4.17s < t < 8.33s : 



The left-end of the loop will exit the 
field when t = 12.5 s. Express <fr m for 
8.33s < ? < 12.5s : 



<p m = NBA = NBlw 

= (l.7T)(0.1m)(0.05 m 
= 8.50mWb 

0 m = mt + b 

where m is the slope of the line and b is the 
^-intercept. 



For t = 8.33 s and 
fa = 8.50 mWb: 



8.50mWb = m(8.33s) + 6 (1) 



For t = 12.5 s and <j> m = 0: 
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0 = m(l2.5s) + 6 (2) 



Solve equations (1) and (2) 
simultaneously to obtain: 



0 m =-(2.04 mWb/s)f + 25.5 mWb 



The loop will be completely out of 
the magnetic field when t> 12.5 s 
and: 



The following graph of 0 m (t) was plotted using a spreadsheet program. 



S 




(b) Using Faraday's law, relate the 
induced emf to the magnetic flux: 



£ = 



dt 



During the interval 0<£<4.17s: 



£ = [(2.04 mWb/s)f] = -2.04 mV 

dt 



During the interval 
4.17s<^<8.33s: 



£ = [8.50mWb] = 0 

dt 



During the interval 
8.33s < ? < 12.5s : 



£ = [(- 2.04mWb/s)f + 25.5 mWb] 

dt 

= 2.04mV 



For?> 12.5 s: 



£ = 0 
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The following graph of s(t) was plotted using a spreadsheet program. 
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Picture the Problem The rod is executing simple harmonic motion in the xy plane, i.e., 
in a plane perpendicular to the magnetic field. The emf induced in the rod is a 
consequence of its motion in this magnetic field and is given by \£\ = vBl . Because 

we're given the position of the oscillator as a function of time, we can differentiate this 
expression to obtain v. 



Express the motional emf in terms 
of v, B, and £ : 



£ = V BI = Bl 



dx 
dt 



Evaluate dxldt: 



— = — [(2cm)cosl20^"^] 
dt dt 

= -(2cm)(l20s _1 )^-sinl20^? 

= -(7.54 m/s)sin 120;r t 



Substitute numerical values and evaluate \£\ 



\S\ = -(l .2 T)(0. 1 5 m)(7.54 m/s)sin 120tt t = - (l .36 V)sin 120;r t 
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Picture the Problem Let m be the mass of the rod and F be the net force acting on it due 
to the current in it. We can obtain the equation of motion of the rod by applying 
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Newton's 2 nd law to relate its acceleration to B, I, and£ . The net emf that drives / in this 
circuit is the emf of the battery minus the emf induced in the rod as a result of its motion. 



(a) Letting the direction of motion 
of the rod be the positive x 
direction, apply V F x = ma to 



the rod: 



BI£ = 
where 



m- 



dv 
dt 



£-B£v 
R 



(1) 



(2) 



Substitute to obtain: 



dv 
dt 



Bt 
mR 



(£-B£v) 



(b) Express the condition on dv/dt 
when the rod has achieved its 
terminal speed: 



Bl 
mR 



(£-Btv t ) = 0 



Solve for v, to obtain: 



£ 

~B£ 



(c) Substitute v, for v in equation 
(2) to obtain: 



£-B£ 
/ = BL = 

R 



*42 

Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 

can use the definition of power and the expression for a motional 

emf to express the power dissipated in the resistance in terms of B, £ , v, and R. We can 
then separate the variables and integrate over all time to show that the total energy 
dissipated is equal to the initial kinetic energy of the rod. 



Express the power dissipated in 
terms of s and R: 



p- £ - 

R 



Express s as a function of B, I , and 
v: 



£ = B£v 
where 



v 0 e 



-(B 2 e 1 /mRjt 



Substitute to obtain: 



P = 



{B£vf 



R 
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The total energy dissipated as the 
rod comes to rest is obtained by 
integrating dE = P dt: 



_}(B£vf 



R 



dt 



D 2/j2 2 oo 

R J 



dt 



Evaluate the integral (by changing 

2B 2 £ 2 

)to 



variables to u = 
obtain: 



mR 



2 " 2 - 2 ^ mR ^ 



R 



2B 2 l 2 j 
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Picture the Problem In Example 28-9 it is shown that the speed of the rod is given 

, -\B 2 £ 2 /mR)t 

by v = v 0 e y ' . We can write v s 
the total distance traveled by the rod. 



by v = v 0 e ^ ' ^ mR ' t . We can write v as dxldt, separate the variables and integrate to find 



Apply the result from Example 28-9 
to obtain: 



dx _ 
dt 

where 



-ct 



C = 



B 2 t 2 
mR 



Separate variables and integrate x' 
from 0 to x and f from 0 to go: 



j"dx' = v Q ^e~ c 'dt 



Evaluate the integrals to obtain: 



x = 



C 



Substitute for C and simplify: 



x = 



mv 0 R 



B 



2„2 
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Picture the Problem Let m be the mass of the rod. The net force acting on the rod is due 

to the current in it. We can obtain the equation of motion for the rod by applying 
Newton's 2 nd law to relate its acceleration to B, I, andi . The net emf that drives / in this 
circuit is the emf of the capacitor minus the emf induced in the rod as a result of its 
motion. 



(a) Letting the direction of motion 
of the rod be the positive x 
direction, apply ^ > J F X = ma ^ to the 

rod: 



BI£ = m 
where 

Q 

i=c- 



dv 
dt 



-Biv 



R 



(1) 



(2) 



Solve equation (1) for /: 



_ m dv 

or, because the capacitor is discharging, 
dQ _ m dv 

dt Bi dt 



Simplify to obtain: 



dQ = — —dv 
Bi 



Integrate Q' from go to Q and V 
from 0 to v. 



Q„ 
and 



Q = Q 0 



m 



BI 



Substitute in equation (2) to obtain: 



Qo 



m 

B~£ 



C 



Blv 



R 



Qo 



m 



Bi Biv 



CR 



R 
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Substitute in equation (1) to obtain 
the equation of motion of the rod: 



dv _ M 
dt mR 



f n m 

Q 0 : v 



Bi 



c 



-Blv 



B£Q 0 
mRC 



' 1 B 2 f 2 ^ 



RC mR 



(b) When the rod has achieved its 
terminal speed: 



BI£ = m — = 0 
dt 



and 



Ql 

c 



-B£v t 



R 



Solve for v, to obtain: 



v t = 



CBi 
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Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of F m 
acting up the incline, i.e., in the —x 
direction. We can express F m using the 
expression for the force acting on a 
conductor moving in a magnetic field. 
Recognizing that only the horizontal 
component of the rod's velocity v produces 
an induced emf, we can apply the 
expression for a motional emf in 
conjunction with Ohm's law to find the 
induced current in the rod. In part (b) we 
can apply Newton's 2 nd law to obtain an 
expression for dvldt and set this expression 
equal to zero to obtain v t . 




(a) Express the retarding force 
acting on the rod: 



F = F m cosO (1) 

where 
F m = I IB 

and / is the current induced in the rod as a 
consequence of its motion in the magnetic 
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Express the induced emf due to the 
motion of the rod in the magnetic 
field: 



field. 

S = Biv cos e 



Using Ohm's law, relate the current 
/ in the circuit to the induced emf: 



£ Blv cos 0 



R R 



Substitute in equation (1) to obtain: 



F = 



Blv cos 6 
R 



iBcosO 



B 2 l 2 v 
R 



cos 2 6 



(b) Apply /,F X = ma x to the rod: 



mg sin 6 - 
and 

dv . n B 2 £ 2 v 

— = g sin 0 

dt mR 



B 2 £ 2 v 2 . dv 

cos v = m — 

R dt 



cos 2 0 



When the rod reaches its terminal 
velocity v t , dvldt = 0 and: 



B 2 £ 2 v 



0 = g sin 0 - 



1 cos 2 e 



mR 



Solve for v, to obtain: 
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Picture the Problem The diagram shows 
the square loop being pulled from the 

magnetic field B by the constant force 

F . The time required to pull the loop out of 
the magnetic field depends on the terminal 
speed of the loop. We can apply Newton's 
2 nd law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 
motion for the loop and, from this 
equation, an expression for the terminal 
speed of the loop. 

Apply — m & to the square 
loop to obtain: 



mgR sin 0 

B 2 ( 2 cos 2 e 



X 


X I 


X 


X 1 


B 

e x 


X 1 


X 


X | 

1 


X 


X | 



F — F_ 



m- 



dv 
dt 



(1) 
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The magnetic force is given by: 



Substitute for Fm in equation (1) to 
obtain: 

The induced emf s is related to the 
speed of the loop: 

Substitute for in equation (2) to 
obtain the equation of motion of the 
loop: 

When the loop reaches its terminal 
speed, dvldt = 0 and: 



F m =I£B 



ElB 
R 



where R is the resistance of the loop. 



F 



StB dv 

= m — 

R dt 



(2) 



£ = vB£ 



F 



F 



l 2 B 2 dv 

v = m — 

R dt 



^B 2 



a R 



F 



R 1 1 tB l 

This result tells us that doubling F doubles the terminal speed v t . Hence, doubling F will 



halve the time required to pull the loop from the magnetic field and (c) is correct. 
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Picture the Problem The diagram shows 
the square loop being pulled from the 

magnetic field B by the constant force 

F . The time required to pull the loop out of 
the magnetic field depends on the terminal 
speed of the loop. We can apply Newton's 
2 nd law and use the expressions for the 
magnetic force on a moving wire in a 
magnetic field to obtain the equation of 
motion for the loop and, from this 
equation, an expression for the terminal 
speed of the loop. 

Apply = wflto the square 
loop to obtain: 

The magnetic force is given by: 



Substitute for F m in equation (1) to 
obtain: 



X 


\ 


B 




e x 


X 


X 


X 1 






X 


X | 



F -F m = m — 
dt 



F = KB = 



eiB 

R 



(1) 



where R is the resistance of the loop. 

_, SIB dv 

F — = m— (2 

R dt 



The induced emf s is related to the £ = vBl 

speed of the loop: 
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Substitute for in equation (2) to g 2 g 2 rf v 

obtain the equation of motion of the F - — v = m— — 

loop: R dt 



When the loop reaches its terminal £ 2 B 2 R 
speed, dvldt = 0 and: F — v t = 0 => v t = —^F 

This result tells us that halving R halves the terminal speed v t . Hence, halving R will 



double the time required to pull the loop from the magnetic field and (b) is correct 
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Picture the Problem The diagram shows ' = o 

the initial position of the sphere and its @ y = = 45 m 

position at t = 3 s. We can find the velocity 
of the sphere and the magnetic field when t 



ftlt-J 



3 s and use E = v x B to find E . We can f-\ y - ? 

- ; 1> = ?/ = 20A 



find the voltage across the sphere at this 
time from the electric field at its center and 
its diameter. , ' 



- V -/ fr - 

/ 



/ 
x 



(a) Relate the electric field at the E =v xB 

center of the sphere to the magnetic 
field at that location: 



Express the magnetic field as a ^ _ /^o_ 27 ^ r \ _ _ //^ 7^ r 

function of the distance y from the An y In y 

current-carrying wire: 



Using a constant-acceleration 
equation, find the position of the 
sphere at t = 3 s: 



y = y 0 +v 0j At+±a(At) 2 

or, because y 0 = h, v 0y} . = 0, and a = -g, 
y = h-\g{te) 2 

= 45 m- 1(9.8 lm/s 2 )(3s) 2 
= 0.855m 



Substitute and evaluate B : B = — — i 



In y 

4;rxl(T 7 N/A 2 20 A f 
In 0.855m 1 

= (-4.68x10~ 6 t)/ 
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Using a constant-acceleration 
equation, find the velocity of the 
sphere at t = 3 s: 



Substitute and evaluate E : 



v = v 0 +aAt 



or, because v 0 = 0 and a =-gj 
v=-gAo- = -(9-81m/s 2 )(3s)j 
= (-29.4m/s)j 

£ =(-29.4 m/s)jx(- 4.68x1 0 6 t)/ 



(-0.138mV/m)* 



(b) The potential difference across 
the sphere depends on the electric 
field at the center of the sphere and 
the diameter of the sphere: 



V = 2RE 



Substitute numerical values and 
evaluate V: 



V = 2(0.02 m)(0.138mV/m)= 5.52 //V 
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Picture the Problem The free-body 
diagram shows the forces acting on the rod 
as it slides down the inclined plane. The 
retarding force is the component of F m 
acting up the incline; i.e., in the —x 
direction. We can express F m using the 
expression for the force acting on a 
conductor moving in a magnetic field. We 
can apply the expression for a motional 
emf in conjunction with Ohm's law to find 
the induced current in the rod. In part (b) 
we can apply Newton's 2 nd law to obtain an 
expression for dvldt and set this expression 
equal to zero to obtain v t . 



/y 




(a) Noting that only the horizontal G = Blv cos 6 

component of the rod's velocity 
v produces an induced emf, express 
£ due to the motion of the rod in 
the magnetic field: 
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Substitute numerical values and 
evaluate £ : 



£ = (L2T)(l5m)v(cos30°) 



(l5.6T-m)v 



(b) Apply Newton's 2 law to the 
rod: 



mg sin 6 - F m cos 0 = m 



dv 
dt 



and 
dv 



F.„ 



= gsin6>-^cos6> (1) 
dt m 

where 
F m = ItB 

and / is the current induced in the rod as a 
consequence of its motion in the magnetic 
field. 



Using Ohm's law, relate the current j BlvcosO 

I in the circuit to the induced emf: R R 

and 

„ B 2 t 2 vcos0 
F„, = - 



R 



Substitute in equation (1) to obtain 
the equation of motion of the rod: 

When the rod reaches its terminal 
velocity v t , dvldt = 0: 



dv . B 2 t 2 v lQ 

— = gsin6' cos 0 

dt mR 

0 = gsin# L cos 0 

mR 



Solve for v t ; 



Substitute numerical values and 
evaluate v t : 



mgRsmO 



B 2 £ 2 cos z 0 



_ (0.4kg)(9.81m/s 2 )(2n)sin30 c 
(l.2T) 2 (l5m) 2 cos 2 30° 



= 1.61cm/s 
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Picture the Problem Let Ft be the friction force between the rails and cylinder, F m the 
magnetic force on the cylinder, and I m the cylinder's moment of inertia. Because the 
current through the rod is uniformly distributed, we can treat the current as though it were 
concentrated at the center of the rod. We can find the magnitude of B by applying 
Newton's 2 nd law to the cylinder. The application of Ohm's law to the circuit will allow 
us to express the net force acting on the cylinder in terms of its speed. Setting this net 
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force equal to zero will lead us to a value for the terminal velocity of the cylinder. We can 
use the definition of kinetic energy (both translational and rotational) to find the kinetic 
energy of the cylinder when it has reached its terminal velocity. 



(a) Apply J^F X = ma x to the 
cylinder: 



F m -Ff=ma x 
or 

dv dco 

Bla -F ( =m — = mr 

dt dt 



Apply ^ t = la to the cylinder: 



F t r = I T 



dco 
dt 



Solve for F f and substitute to obtain: 



/ dco dco 

Bla- — = mr 

r dt dt 



Solve for r - 



dco 
dt 



dco 
dt 



Bla 



m + 



Bla 



2BIa 



m + 



\mr 2 3m 



or 

dv 2BIa 



dt 3m 



(1) 



Solve for B: 



3m 



B = 



dv 
dt 



21a 



Apply Ohm's law to the circuit to 
find/: 



R 6Q 



Substitute numerical values and 
evaluate B: 



^ = 3(4kg)(0.1m/s 2 ) 
2(2 A) (0. 4 m) 



0.750T 



Apply F = It x B to determine the 
direction of B : 



B is downward. 



(b) Multiply both sides of equation 
(1) by m to express the net force 
acting on the cylinder: 



dv 2Bla 

F net =m — = 

dt 3 



Use Ohm's law to express the 
current as a function of the emf of 



/ = 



£-Bav 
R 
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the battery and the induced emf in 
the cylinder: 

Substitute to express the net force 
acting on the cylinder as a function 
of the velocity of the cylinder: 



2B 



£ - Bav 
R 



2 2 



2Ba£ IB a 



3R 



3R 



(c) Set F net = 0 and solve for the 
terminal velocity of the cylinder: 



2 _2 



2Ba£ 2B z a 



3R 
and 

v t = 



3R 



-v =0 



12V 



Ba (0.75T)(0.4m) 



40.0 m/s 



(d) Express the total kinetic energy 
of the cylinder when it has reached 
its terminal velocity: 



K = \mv t +\I m co t 



1 2, ifl 2^V t 



= \mv\ 



Substitute numerical values and 
evaluate K: 



K = |(4 kg) (40 m/s) 2 



4.80 kJ 
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Picture the Problem We can use the expression for a motional emf and Ampere's law to 
express the net emf induced in the moving loop. We can also use express the magnetic 
flux through the loop and apply Faraday's law to obtain the same result. 



(a) Express the motional emf 
induced in the segments parallel to 
the current-carrying wire: 

Using Ampere's law, express 
B(d + vt) and B(d + a + vt): 



£ = B(x)vb 



M 0 I 



B(d + vt)^ 

' 2n{d + vt) 

and 

B(d + a + vt) = 



2n{d + a + vt) 



Substitute to express s\ for the near 
wire and s 2 for the far wire: 



£, = 



2n{d + vt) 
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and 

1 2n{d + a + vt) 

Noting that the emfs both point £ = £ x — £ 2 

upward and hence oppose one Mo^ y b Mo^b 

another, express the net emf induced 2x(d + vt) 2n{d + a + vt) 



in the loop: 



ju 0 Ivb 


' > _ > ) 


2n 


yd + vt d + a + vt) 



The motion of the segments perpendicular to the long wire does not change 
the flux through the rectangular loop. Consequently, these segments do not 
contribute to the the induced emf. 

(b) From Faraday's law we have: e _ d(/) m 

dt 



Express the magnetic flux in an area d(/) m = B{x)dA = B{x)b dx 

of length b and width vdt: where, from Ampere' s law, 

B{x) = ^L 
2m 



Substitute and integrate from 
x = d + vt to d + a + vt : 



d+a+vt T j d+a+vt j 

d+vt 



d+vt 



2n 



-In 



d + a + vt 
d + vt 



Differentiate with respect to time and simplify to obtain: 



£ = 



d_ 
dt 



ju 0 Ib ^d + a + vt 
2n 



2n 
ju 0 Ibv 



d + vt 

V 



/j 0 Ib d 



2n dt 



In 



d + a + vt 



d + vt 



d + vt 
d + a + vt 



(d + vt)v-(d + a + vt)v 



V 



v 



{d + vtf 



2n 



(d + vt)-(d + a + vt) 
(d + vt)(d + a + vt) 



Malbv 



2n 



1 



1 



d + a + vt d + vt 



ju 0 Ibv 


1 1 


2n 


d + vt d + a + vt] 



Magnetic Induction 661 



52 ••• 

Picture the Problem We can use F = qv x B to express the magnetic force acting on the 
moving charged body. Expressing the emf induced in a segment of the rod of length dr 
and integrating this expression over the length of the rod will lead us to an expression for 
the induced emf. 



(a) Using the equation for the 
magnetic force on a moving charged 
body, express the force acting on the 
charged body a distance r from the 
pivot: 



F =qvxB 
and 

F = qvB sin 6 



Because V _L B and v = rax 



F = qBrco 



(b) Use the motional emf equation to 
express the emf induced in a 
segment of the rod of length dr and 
at a distance r from the pivot: 



d£ = Brdv 
= Brcodr 



Integrate this expression from 
r = 0 to r = I to obtain: 



\d£' = Bco\rdr 



o 

and 
£ = 



\Bcot 



(c) Using Faraday's law, relate the 
induced emf to the rate at which the 
flux changes: 



\£\ = 



d<t> m 
dt 



Express the area dA, for any value of 
6, between r and r + dr. 



dA = rOdr 



Integrate from r = 0 to r = I to 
obtain: 



A = 6\rdr =\0t 



Using its definition, express the 
magnetic flux through this area: 

Differentiate 0 m with respect to time 
to obtain: 



<P m =BA 



Bte 



£\ = -[\Bfe\= 



dt 



■Bt 



d6_ 
dt 



-Btco 
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Inductance 
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Picture the Problem We can use <p m = LI and the dependence of / on t to find the 

magnetic flux through the coil. We can apply Faraday's law to find the induced emf in 
the coil. 



(a) Use the definition of self- 
inductance to express 0 m : 

Express / as a function of time: 

Substitute to obtain: 

Substitute numerical values and 
express ^ m : 



/ = 3A + (200A/sV 
0 m =l[3A + (200A/s)f] 
0 m =(8H)[3A+(200A/s>] 



24Wb + (l600H-A/s)* 



(b) Use Faraday's law to relate s, L, 
and dlldt: 



£ = -L 



dl_ 
dt 



Substitute numerical values and 
evaluate s : 



-(8H)(200A/s): 



1.60kV 
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Picture the Problem We can apply (j) m = LI to find ^ m and Faraday's law to find the 
self-induced emf as functions of time. 



<p m = LI = LI 0 sin luft 



Use the definition of self-inductance 
to express $ n : 



The graph of the flux <j> m as a function of time shown below was plotted using a 
spreadsheet program. The maximum value of the flux is LI 0 and we have chosen 2;zf = 1 
rad/s. 



Magnetic Induction 




Apply Faraday's law to relate s , L, 
and dlldt: 



£ = -L — = -L — [l 0 sin 2rft] 
dt dt 



■2nfLI 0 cos27zft 



The graph of the emf s as a function of time shown below was plotted using a 
spreadsheet program. The maximum value of the induced emf is 2nfLI 0 and we 
have chosen 2nf= 1 rad/s. 




a o.o 
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Picture the Problem We can use B = ju 0 nl to find the magnetic field on the axis at the 

center of the solenoid and the definition of magnetic flux to evaluate 0 m . We can use the 
definition of magnetic flux in terms of L and / to find the self- inductance of the solenoid. 
Finally, we can use Faraday's law to find the induced emf in the solenoid when the 
current changes at 150 A/s. 



(a) Apply the expression for B 
inside a long solenoid to express and 
evaluate B: 



B = ju 0 nl 
= (4;rxl(T 7 N/A 2 ) 



400 
0.25 m 



(3A) 



= 6.03 mT 



(b) Apply the definition of magnetic 
flux to obtain: 



0 m =NBA 

= (400)(6.03mT>r(0.01m) 2 



= 7.58xlO~ 4 Wb 



(c) Relate the self-inductance of the 
solenoid to the magnetic flux 
through it and its current: 



L = 



<j> m _ 7.58 xlO 4 Wb 
I ~ 3A 



0.253 mH 



(d) Apply Faraday's law to obtain: 



S = -L— = -(0.253mH)(l50A/s) 
dt 



38.0 mV 



56 « 

Picture the Problem We can find the mutual inductance of the two coaxial solenoids 
using M 2 j = ■^ s2 - = ju (j n 2 n y i7n'y . 



Substitute numerical values and evaluate M 2 y. 



M 21 =(4;rxlO- 7 N/A 2 ) 



300 
v 0.25m y 



1000 

v 0.25m y 



(0.25mV(0.02 m 



1.89mH 



*57 » 

Picture the Problem Note that the current in the two parts of the wire is in opposite 
directions. Consequently, the total flux in the coil is zero. We can find the resistance of 
the wire-wound resistor from the length of wire used and the resistance per unit length. 
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Because the total flux in the coil is 
zero: 

Express the total resistance of the 
wire: 



L = 



R 



18 — 



L 



( 

18 — 



(9m) = 



162Q 
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Picture the Problem We can apply Kirchhoff s loop rule to the galvanometer circuit to 
relate the potential difference across L 2 to the potential difference across R 2 . Integration of 
this equation over time will yield an equation that relates the mutual inductance between 
the two coils to the steady-state current in circuit 1 and the charge that flows through the 
galvanometer. 



Apply Kirchhoff s loop rule to the 
galvanometer circuit: 



M ^ + L 2 ^-R 2 I 2 =0 
dt dt 



or 

Mdl x + L 2 dl 2 - R 2 I 2 dt = 0 



Integrate each term from t = 0 to 

t — oo: 



M^dl x +L 2 ^dl 2 -R 2 ^I 2 dt = 0 

0 0 0 

and 

MI lx +L 2 I 2oo -R 2 Q = 0 



Because hx, = 0: 
Solve for M: 



MI laa -R 2 Q = 0 



M 



R 2 Q 



[ l0O 



Substitute numerical values and 
evaluate M: 



M 



_ (300Q)(2xl(T 4 c)_ 
5 A 



12.0mH 
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Picture the Problem We can use Ampere's law to express the magnetic field inside the 
rectangular toroid and the definition of magnetic flux to express <j) m through the toroid. We 
can then use the definition of self-inductance of a solenoid to express L. 



Using the definition of the self- 
inductance of a solenoid, express L 
in terms of <j) m , N, and /: 



(1) 
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Apply Ampere's law to a closed path 
or radius a<r<b: 



§B ■ d£ = B2w = {i 0 I c 

or, because Ic = NI, 
B2w = ju 0 NI 



Solve for B to obtain: 



B = 



/VV7 
2w 



Express the flux in a strip of height 
H and width dr. 



d(j> m = BHdr 



Substitute for B and integrate d<f> m 
from r = a to r = b to obtain: 



_ ju 0 NIH r dr _ ju 0 NIH 



2.n \ r 



2k 



In 



Substitute in equation (1) and 
simplify to obtain: 



L 



2n 



In 
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Picture the Problem The current in an LR circuit, as a function of time, is given by 
/ = I f (l — e~'^ ) , where I f = s 0 /R and r = LIR. The energy stored in the inductor under 
steady-state conditions is stored in its magnetic field and is given by U m = \ Ll\ . 



(a) Express and evaluate I f : 



24 V 



R 12Q 



2.00A 



(b) Express and evaluate the energy 
stored in an inductor: 



f/ m =!I/ f 2 =i(2H)(2A) 2 = 



4.00 J 



■=61 



Picture the Problem We can examine the ratio of u m to ue with E= cB and 
c = I/^SqjUq to show that the electric and magnetic energy densities are equal. 



Express the ratio of the energy 
density in the magnetic field to the 
energy density in the electric field: 



B^ 

2 b 0 I2/ 



B 1 



Substitute E = cB: 



B 2 



1 



ju Q s Q c 2 B 2 ^s a c 
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Substitute for c: 



u 

n 
U, 



62 

Picture the Problem We can use L = /u 0 n 2 A£ to find the inductance of the solenoid and 
B = jU 0 nI to find the magnetic field inside it. 



(a) Express the magnetic energy 
stored in the solenoid: 



U m =\LI 2 



Relate the inductance of the 
solenoid to its dimensions and 
properties: 



L = ju 0 n 2 A£ 



Substitute to obtain: 



U m =±ju 0 n 2 A£I 2 



Substitute numerical values and 
evaluate U m : 



U m =}(4;z-xl(r 7 N/A 2 ) 



2000 
v 0.3m j 



:(4xl0~ 4 m 2 )(0.3m)(4A) 2 



= 53.6mJ 



(b) The magnetic energy per unit 
volume in the solenoid is: 



U m _U m _ 53.6mJ 
V Al (4xl0~ 4 m 2 )(0.3m) 



447 J/m 3 



(c) Express the magnetic field in the 
solenoid in terms of n and /: 



N 



B = n 0 nl = ju Q —I 

_ (4^-xlQ' 7 N/A 2 )(2000)(4A) 
0.3m 



33.5 mT 



(d) The magnetic energy density is: 



u m = 



B 2 (33.5 mT) 2 

2(4^-xlO" 7 N/A 2 ) 



447 J/m 3 



in agreement with our result in Part (b). 



668 Chapter 28 



63 » 

Picture the Problem Consider a 
cylindrical annulus of thickness dr at a 
radius r < a. We can use its definition to 
express the total magnetic energy 
dU m inside the cylindrical annulus and 

divide both sides of this expression by the 
length of the wire to express the magnetic 
energy per unit length dU' m . Integration of 

this expression will give us the magnetic 
energy per unit length within the wire. 




Express the magnetic energy within 
the cylindrical annulus: 



dU„ 



B 2 



B 2 



annulus 

2ju 0 2// ( 

= ^— wldr 
Mo 



- Imldr 



Divide both sides of the equation by 
£ to express the magnetic energy per 
unit length dU' m : 



B 2 

dU' m = — wdr 
Mo 



(1) 



Use Ampere's law to express the 
magnetic field inside the wire at a 
distance r < a from its center: 



2wB = ju Q I c 
and 

B= Mo I c 



7.7W 

where Ic is the current inside the cylinder 
of radius r. 



Because the current is uniformly 
distributed over the cross-sectional 
area of the wire: 



I r w 2 T r 2 T 

~f = — => 7 c =— 1 
I na a 



Substitute to obtain: 



B = 



2m 2 



Substitute for B in equation (1) to 
obtain: 



dU 



> _ V 



2m 2 



Mo 



-wdr = ^° . r 3 dr 
Ana 
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Integrate dU' m from r = 0 to r = a: 



U' 



Mo 1 
4m' 



2 a 



Am 



2 a 4 



^I 2 
\6n 



Remarks: Note that the magnetic energy per unit length is independent of the radius 
of the cylinder and depends only on the total current. 
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Picture the Problem The wire of length d and radius a is shown in the diagram, as is the 
inductor constructed with this wire and whose inductance L is to be found. We can use 
the equation for the self-inductance of a cylindrical inductor to derive an expression for 
L. 

A 




(XXX) ••• oou 

■+ 1 — 



The self-inductance of an inductor 
with length I, cross-sectional area A, 
and number of turns per unit length 
n is: 



L = ju 0 n 2 Al 



(1) 



The number of turns N is given by: 

The number of turns per unit length 
n is: 

Assuming that a « r, the length of 
the wire d is related to n and r. 



N = — 
2a 

H ~ I ~ 2a 



d = N(27ir) = 



f o \ 



\2aj 



2k r = 



nr 



Solve for I to obtain: 



ad 
nr 



Substitute for t, A, and n in equation 
(1) to obtain: 



\2aj 



(nr 2 ) 



' ad^ 



K nrj 
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Picture the Problem We can substitute numerical values in the expression derived in 
Problem 64 to find the self-inductance of the inductor. 



670 Chapter 28 



From Problem 64 we have: 



L = 



4a 



Substitute numerical values and evaluate L: 
L 



_ (4^xlQ- 7 N/A 2 )(0.25cm)(l0cm)_ 
4(0.5 mm) 



0.157//H 
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Picture the Problem We can find the number of turns on the coil from the length of the 

superconducting wire and the cross-sectional radius of the coil. We can use 

B = (// 0 A^/)/(2^r mean )to find the magnetic field at the mean radius. We can find the 

energy density in the magnetic field from u m = B 2 /(2jU 0 ) and the total energy stored in 

the toroid by multiplying u m by the volume of the toroid. 



(a) Express the number of turns in 
terms of the length of the wire L and 
length required per turn 2 m". 



(b) Use the equation for B inside a 
tightly wound toroid to find the 
magnetic field at the mean radius: 



N- 



L 1000m 



2^-(0.02m) 



7958 



B = 



M 0 NI 
2/zr 

mean 

_ (4^-xlQ- 7 N/A 2 )(7958)(400A) 



2^(0.25 m) 



= 2.55 T 



(c) Express and evaluate the energy 
density in the magnetic field: 



B 2 (2.55 T) 2 

Um ~lJ^~ 2(4;z-xlO~ 7 N/A 2 ) 



= 2.59xl0 6 J/m 3 



Relate the total energy stored in the U m = u m V tomid 

toroid to the energy density in its 
magnetic field and the volume of 
the toroid: 



Think of the toroid as a cylinder of 
radius r and height 2^r mean to 
obtain: 

Substitute for F tor0 id to obtain: 



Ceroid = ^ 2 ( 2 ^mea„) = ^ V \ 



U m = 27i 2 r 2 r mean u m 
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5.11kJ 



Substitute numerical values and evaluate U m : 

U m = In 2 (0.02 m) 2 (0.25 m)(2.59 x 1 0 5 J/m 3 ) = 
RL Circuits 
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Picture the Problem We can find the current using / = I f (l — e~^ x ) where U = So/R and 
r = LIR and its rate of change by differentiating this expression with respect to time. 



Express the dependence of the 
current on I { and v. 

Evaluate If and v. 



I = I,{l-e-») 



^ = ioov =125A 

f R SQ 
and 

r = — = = 0.5s 

R 8Q 



Substitute to obtain: 



7 = (l2.5A)(l-e-' /05s ) 
= (l2.5A)(l-e" 2 ' s 



Express dl/dt: 



(a) When t = 0: 



f = (l2.5A)(- e -')(-2s-') 

= (25A/s>- 2 ' s " 

7 = (l2.5A)(l- e °): 



and 

dl_ 

dt 



(25A/s)< 



25.0 A/s 



(b) When? = 0.1 s: 



(c) When t = 0.5 s: 



and 
dl_ 

dt 



= (25A/s)e- a2 = 



7 = (l2.5A)(l-e^): 
and 



)- 


2.27 A 






20.5 A/s 






7.90A 
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(d) When t= 1.0 s: 



dl_ 
dt 



= (25A/s)e~ 



7 = (l2.5A)(l-^ 2 ) = 



and 
dl_ 

dt 



(25A/s)< 



-2 



9.20 A/s 






)- 


10.8A 






3.38A/s 
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Picture the Problem We can find the current using I = I 0 e , where To is the current at 
time t = 0 and r = Z/R. 



Express the current as a function of 
time: 

Evaluate v. 



Substitute to obtain: 

(a) When t = 0.5 ms: 

(b) When t = 10 ms: 



I = I 0 e- ,/T ={2A)e- ,/T 



L lmH 



r ion 



= 10 4 s 



7 = (2A) e - lo4 ' s " 

/ = (2A)e- lo4 (°- 5x10 "^ 1 =(2A)t 



13.5 mA 



/ = (2A)( 



-10 4 10x1 0" J s Is" 



.(2A) £ 



-100 



= 7.44x10 44 A* 0 
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Picture the Problem We can find the current using I = 7 f (l — e \ where 

7f = SqIR, and r = LIR, and its rate of change by differentiating this expression with respect 

to time. 



Express the dependence of the 
current on I f and v. 

Evaluate If and v. 



I = I,(l-e-") 



R 3Q 



and 
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Substitute to obtain: 
Express dlldt: 



(a) Find the current at t = 0.5 s: 



The rate at which the battery 
supplies power at t = 0.5 s is: 



L 0.6H 

r = — = = 0.2s 

R 3Q. 



7 = (4A)(l-e-' /02s )=(4A)(l-, 



-5ts~~ 



dl_ 

dt 



= (4A)(-e- 5(s ")(-5s- 1 ) 
= (20A/s)e- 5 ' s " 



7(0.5s) = (4A)(l-e- 5(05s)s ") 
= 3.67 A 

P(0.5s)=/(0.5s)£- 

= (3.67A)(12V) 



= 44.0 W 



(b) The rate of joule heating is: 



Pj(0.5s) = [/(0.5s)] 2 i? 

= (3.67 A) 2 (3 Q) 



= 40.4 W 



(c) Using the expression for the 
magnetic energy stored in an 
inductor, express the rate at which 
energy is being stored: 

Substitute for L, I, and dlldt to 
obtain: 

Substitute numerical values and evaluate 



^ = ^kLI 2 } = LI^- 
dt dt dt 



dU L . 
dt 



dl 



<^ = ^LI>]=LI , 
dt dt dt 



dt 



= (0.6 H)(4 A)(l - e- 5ls " )(20 A/s)e" 5 ' s " = (48 w)(l - )e 



Evaluate this expression for 
? = 0.5s: 



dt 



= (48W)(l-e- 5(0 - 5s)s ")e- 5(0 ' 5s)s_ 

= (48W)(l-e- 25 )e- 25 
= 3.62 W 
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Remarks: Note that, to a good approximation, dUJdt = P - Pj. 
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Picture the Problem We can find the current using / = I { (l — e~'^ ) , where If = sJR and 
r=LIR, and its rate of change by differentiating this expression with respect to time. 

Express the dependence of the / = I { (l — e~^ x ) 

current on If and v. 

Evaluate I { and v. j _ &o_ _ 12V _ . . 

f ~ R ~ 3D. ~ 

and 

L 0.6H 

r = — = = 0.2s 

R 3Q. 

Substitute to obtain: I = (4 A)(l - e~' /0 2s ) 

= {4A)(l-e- 5,s ~') 

Express dlldt: §_ ^ A ^_ ^ )(_ 5 § -. ) 

= (20A/s)e- 5 ' s " 

(a) Find the current at t = 1 s: /(l s ) = (4 A)(l - <T 5(ls)s j 

= 3.97A 

The rate at which the battery i*( ls ) = /(ls)£ = (3.97 A)(l2 V) 



supplies power at t = 1 s: = 47 7 W 



Find the current at f = 100 s: /(lOOs) = (4 A)(l - (T 5(l00s)s ' ) 

= 4.00A 

The rate at which the battery P(lOOs) = /(lOOs)^ = (4 A)(l2 V) 



supplies power at t = 100 s: = 48 0 W 



(b) The rate of joule heating at 
t = 1 s is: 



^(ls) = [/(ls)] 2 * 

= (3.97A) 2 (3Q) 
= 47.3 W 
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The rate of joule heating at 
t= 100 sis: 



P J (l00s) = (4A) 2 (3Q) = 



48.0W 



Using the expression for the 
magnetic energy stored in an 
inductor, express the rate at which 
energy is being stored: 

Substitute for L, I and dlldt to 
obtain: 



Evaluate dUJdt for t = 1 s: 



Evaluate dUJdt for t = 100 s: 



dU L 
dt 



dl 



^ = ^LI 2 ] = LI 
dt dt dt 



d ^ = ^LI 2 ] = LI d ^ 
dt dt dt 

= (0.6H)(4A)(l-e- 5 ' s 

x(20A/s)e ^' 
= (48W)(l 



-5ts I -5t$ 

e )e 



dt 



(48W)(l 
(48W)(l-e~ 5 )e 



e -5(ls)s-' \ M s:, 



0.321W 



= (48W)(l 



l-e 



-5(l00s)s~' | -5(l00s)s 



(48W)(l- e - 500 )e 



-500 



Remarks: Note that, to a good approximation, dU\)dt = P -P } . 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = 7 f fl — e ) , where If = eqIR and r = LIR is the time constant 
for the circuit. We can find the time constant of the circuit from the given information 
and then use the definition of the time constant to find the self-inductance. 



(a) Express the current in the circuit 

as a function of time: 

Express the current when t = 4 s: 



I = I f (\-e ' /T ) where r = - 

R 

0.51 f =I { (l-e- 4s/r ) 
or 

0.5 = l-£>~ 4s/r => 0.5 = e- 4s/T 



(1) 
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Take logarithms of both sides of this 
equation to obtain: 



In, 



4s 



Solve for and evaluate r. 



T = ■ 



4s_ 
ln2 



5.77s 



(b) Solve equation (1) for and 
evaluate L: 



Z = i?r = (5Q)(5.77s) = 



28.9H 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = 7 f (l — e~^ r ) , where If = sqIR and r = LIR is the time constant 

for the circuit. We can find the number of time constants that must elapse before the 
current reaches any given fraction of its final value by solving this equation for tlx . 



Express the fraction of its final value 
to which the current has risen as a 
function of time: 



= 1- 



-t/r 



Solve for tl x : 



= -ln 



(a) Evaluate ?/r for = 0.9: 



= -ln(l-0.9): 



2.30 



40",, 



(b) Evaluate tlx for I/I { = 0.99: 



= -ln(l-0.99) = 



4.61 



99% 



(c) Evaluate f/rfor Ilk = 0.999: 



= -ln(l- 0.999) = 



6.91 



99.9% 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by I = I { fl — e~^ x ) , where If = SqIR and x = LIR is the time constant 
for the circuit. We can find the rate of increase of the current by differentiating / with 
respect to time and the time for the current to reach any given fraction of its initial value 
by solving for t. 



(a) Express the current in the circuit 
as a function of time: 



I = ^(i- e -iA 

R v ' 
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Express the initial rate of increase 
of the current by differentiating this 
expression with respect to time: 



dl _ £ 0 d 



dt R dt 

C» / -tlr\ I 



8 --' 
tR 



= ^L e L 

L 



Evaluate dlldt at t = 0 to obtain: 



dl_ 
dt 



1=0 



L 



12V 
4mH 



3.00kA/s 



(b) When/=0.5/ f : 



0.5 = \-e t,T => <T' /r = 0.5 



Evaluate dTM with e = 0.5 to 
obtain: 



dl_ 
dt 



e~' /r =0.5 



0.5^ = 0.5 



f 12V N 
4mH 



1.50kA/s 



(c) Calculate 7 f from f and i?: 



j _£ 0 _ 12V 

f /? i5on 



80.0mA 



(J) When/=0.99/ f : 



0.99 = l-e _ ' /r => e-' /T =0.01 



Solve for and evaluate ?: 



f = -rln(0.0l) = -— ln(0.0l) 



4mH 

ison 



ln(0.0l) = 



0.123ms 
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Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = I { (l — e~^ T ) , where If = sqIR and r = LIR is the time constant 
for the circuit. We can find the time for the current to reach any given value by solving 
this equation for t. 



Evaluate /fand r : 



^ = 250V =3125A 
f R 8^ 

and 

L 50H 

t = — = = 6.25s 

i? 8£2 
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Solve I = I f (l-e ' /T ) for?: 



-rln 



= -(6.25s)ln 



f J 

v 31.25A, 



(a) Evaluate t for /= 10 A: 



l A =-( 6 - 25s ) ln 



2.41s 



10A 
31.25A 



(6) Evaluate ? for / = 30 A: 



t A =-( 6 - 25s ) ln 



30A 
31.25A 



= 20.1s 
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Picture the Problem The self-induced emf in the inductor is proportional to the rate at 
which the current through it is changing. Under steady-state conditions, dlldt = 0 and so 
the self- induced emf in the inductor is zero. We can use Kirchhoff s loop rule to obtain 
the current through and the voltage across the inductor as a function of time. 



(a) Because, under steady-state 
conditions, the self-induced emf in 
the inductor is zero and because the 
inductor has negligible resistance, 
we can apply Kirchhoff s loop rule 
to the loop that includes the source, 
the 1 0-D. resistor, and the inductor to 
find the current drawn from the 
battery and flowing through the 
inductor and the 10-D. resistor: 



10V-(l0Q)/ = 0 
and 

10V 



10Q 



1.00A 



By applying Kirchhoff s junction 
rule at the junction between the 
resistors, we can conclude that: 



100-Q resistor 



~ battery 



~ inductor 



(b) When the switch is closed, the current cannot immediately go to zero in the circuit 
because of the inductor. For a time, a current will circulate in the circuit loop between 
the inductor and the 100-Q resistor. Because the current flowing through this circuit is 
initially 1 A, the voltage drop across the 1 00-Q resistor is initially 

100 V. Conservation of energy (Kirchhoff s loop rule) requires that the voltage drop 



across the inductor is also 100 V 
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(c) Apply Kirchhoff s loop rule to 
the RL circuit to obtain: 



L* + IR = 0 
dt 



The solution to this differential 
equation is: 



I(t) = h 



L _ 



he 



L 2 H 

where r = — = = 0.02 s 

R 100Q 



A spreadsheet program to generate the data for graphs of the current and the voltage 
across the inductor as functions of time is shown below. The formulas used to calculate 
the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


2 


L 


B2 


100 


L R 


B3 


1 


h 


A6 


0 


to 


B6 


$B$3 *EXP((-$B$2/$B$ 1 )*A6) 


R 

( 

I e 1 





A 


B 


C 


1 


L= 


2 


H 


2 


R= 


100 


ohms 


3 


I 0= 


1 


A 


4 








5 


t 


I(t) 


V(t) 


6 


0.000 


1.00E+00 


100.00 


7 


0.005 


7.79E-01 


77.88 


8 


0.010 


6.07E-01 


60.65 


9 


0.015 


4.72E-01 


47.24 


10 


0.020 


3.68E-01 


36.79 


11 


0.025 


2.87E-01 


28.65 


12 


0.030 


2.23E-01 


22.31 










32 


0.130 


1.50E-03 


0.15 


33 


0.135 


1.17E-03 


0.12 


34 


0.140 


9.12E-04 


0.09 


35 


0.145 


7.10E-04 


0.07 


36 


0.150 


5.53E-04 


0.06 



The following graph of the current in the inductor as a function of time was plotted using 
the data in columns A and B of the spreadsheet program. 
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Picture the Problem We can evaluate the derivative of Equation 28-26 with respect to 
time at t - 0 to find the slope of the linear function of current as a function of time. 
Because the /-intercept of this equation is Iq, we can evaluate 1(f) att= rto show that the 
current is zero after one time constant. 

Equation 28-26 describes the current — 

I = 1 e T 

in an LR circuit from which the 0 
source has been removed: 
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Differentiate this expression with 
respect to t to obtain: 



di r d ' r -'-( n 



T 



Evaluate dlldt at t = 0: 



(=0 



r 



Assuming that the current decreases 
steadily at this rate, express / as a 
linear function of t to obtain: 



/(<)=- h 



t + h 



Evaluate this function when 
t= t: 



as was to have been shown. 
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Picture the Problem The current in an initially energized but source-free RL circuit is 
given by I = I 0 e ■ We can find r from this equation and then use its definition to 

evaluate L. 



(a) Express the current in the RL 
circuit as a function of time: 



I = I 0 e^ 



Solve for and evaluate r : 



T = — 



In 



In 



45 ms 
2.5A 



88.1ms 



(b) Using the definition of the 
inductive time constant, relate L to 
R: 



Substitute numerical values and 
evaluate L: 



L = tR 



L = (0.0881s)(0.4Q) = 



35.2 mH 
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Picture the Problem We can model this coil as a resistance-free inductor in series with 
an inductance-free resistor and express the potential difference across the coil as the sum 
of the potential differences across the inductor and the resistor. We can then use the 
given data to obtain two equations in the unknowns R and L and solve these equations 
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simultaneously for the resistance and self-inductance of the coil. 



Express the potential difference 
across the coil as the sum of the 
potential difference across a resistor 
and the potential difference across 
an inductor: 

When 7=5 A and 

dlldt = 10 A/s: 



v = v R +v L 



= IR + L 



dl_ 
dt 



140V = (5A)i? + (lOA/s)l 



When I = 5 A and 
dlldt = -10 A/s: 



60V = (5A)i?-(lOA/s)Z 



Add these equations to obtain: 



200V = (lOA)i? 
and 

200V 



R = 



10A 



20.0Q 



Substitute in either of the equations to 
obtain: 



L = 



4.00H 
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Picture the Problem We can use the definition of inductance to express the rate at 
which the current changes through the inductors and the resistor and the result of 
Problem 88 to find the effective inductance in the circuit. We can find the final/steady - 
state current by applying Ohm's law. 



(a) Express the rate of change of the 
current through the resistor: 



dir. 



dt L 



eft- 



Using the result given in Problem 
88, fmdLeff: 



1 



1 



1 



8mH 4mH 



J eff 

and 

L eff = 2.67 mH 



Substitute numerical values and 
evaluate dI R ldt at t = 0: 



dL 



dt 



1=0 



24 V 
2.67mH 



9.00 kA/s 
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Express the rate of change of the 
current through the 8-mH inductor: 

Express the rate of change of the 
current through the 4-mH inductor: 



dl 



8mH 



dt 



L, 



8 mH 



dl 



4 ml I 



dt 



(1) 



(2) 



Because IR = 0 when t = 0: 



^4,, ^8mH ^4mH 24 V 



Substitute numerical values in 
equation (1) and evaluate 
dh^jdt; 



dh 



dt 



24 V 
8mH 



3.00kA/s 



Substitute numerical values in 
equation (2) and evaluate 
dI 4mR /dt: 



dl 



4mH 



dt 



24 V 
4mH 



6.00kA/s 



(b) After a long time has passed, the 
inductors will act as a short and the 
final current will be determined 
solely by the resistance in the 
circuit: 



_ £ _24V 
f ~ R ~ ISO, 



1.60A 



*80 

Picture the Problem If the current is initially zero in an LR circuit, its value at some 
later time t is given by / = I { (l — e I where If = sqIR and r = LIR is the time constant 
for the circuit. We can find the time at which the power dissipation in the resistor equals 
the rate at which magnetic energy is stored in the inductor by equating expressions for 
these rates and using the expression for / and its rate of change. 



Express the rate at which magnetic 
energy is stored in the inductor: 



dU L _ d 



dl 



\\LI 2 ] = LI 
dt dt dt 



Express the rate at which power is 
dissipated in the resistor: 



p = rR 



Equate these expressions to obtain: 



I 2 R = LI^ 
dt 



Simplify to obtain: 



I = T 



dl 
dt 



(1) 
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Express the current and its rate of 
change: 



/ = / f (l-^) 
and 

— = / f — (l - e~' lz ) = -I f e~' lz 
dt f dt y ' f 

= k e -'/* 
T 



(-- 



Substitute in equation (1) to obtain: ^-i/t^_ t 



if -0r 

— e ' 



or 



1-e ' = e ' => 1 = 2e ' 



Solve for t: 



t = -t ln- 



Using r = 333 jus from Example 28- 
1 1 , evaluate t to obtain: 



t = -(333//s)ln| = 231/ys 
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Picture the Problem We can integrate dE/ dt = £ 0 I, where I = I { (l - e"^ r ) , to find the 
energy supplied by the battery, dEjdt = I 2 R to find the energy dissipated in the 
resistor, and U l {t) = yi,(i(r)) 2 to express the energy that has been stored in the 
inductor when t = t. 



(a) Express the rate at which energy 
is supplied by the battery: 



dE_ 
dt 



= £ 0 I 



Express the current in the circuit as a 
function of time: 



R v ' 



Substitute to obtain: 



^ = £o_(i_ e -'A) 
dt R y ' 



Separate variables and integrate 
from t = 0 to t = r to obtain: 



J(l- e -<") 



dt 



R 



[t - (- t e 1 + r)] 



R e R 2 e 
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Substitute numerical values and 
evaluate E: 



(12V) 2 (0.6H) 
(3Q) 2 e 



3.53J 



(b) Express the rate at which energy 
is being dissipated in the resistor: 



dt 



= I 2 R = 



R 



R 



R 



(\-2e-' /T +e- 2,/T ) 



Separate variables and integrate 
from t = 0 to t = r to obtain: 



E^^l^-le- 1 ' +e- 2t l T )dt 



£ Q ( 2t t 



Rye 2 2e j 
2 1 P 



R' 



V 



e 2 2e 



Substitute numerical values and 
evaluate E s : 



_ (12V) 2 (0.6H) 



(3D) 2 



2 1 1 



e 2 2e 2 j 



1.61J 



(c) Express the energy stored in the 
inductor when t = r : 



U L (r) = iL(l(r)f 



LS, 



2 
0 



Substitute numerical values and evaluate 
E L : 



(f)= (0.6H)(l2V)' (l , 
2(3H) 2 V 



1.92 J 



Remarks: Note that, as we would expect from energy conservation, E = E S + E L . 



General Problems 
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Picture the Problem We can apply the definition of magnetic flux to find the flux 
through the coil in its two orientations with respect to the magnetic field. 
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(a) Using its definition, express the 
magnetic flux through the coil: 



(/) m = NBA cos 6 = NBnr 2 cos G 
= (6)(0.5T>r(0.03m) 2 cosO c 



8.48 mWb 



(b) Proceed as in (a) with 0=20°: 



<p m = NBA cos 6 = NBw 1 cos 0 
= (6)(0.5T>r(0.03m) 2 cos 20° 



= 7.97 mWb 
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Picture the Problem We can apply the definition of magnetic flux to find the flux 
through the coil in its two orientations with respect to the magnetic field and then use 
Faraday's law to find the emfs induced in the coil. 



Using Faraday's law, express the 
emf induced in the coil: 



AS 

8 = ^5- = - 

At 

because $ n> f = 0 



At At 



(a) Using its definition, express the 
magnetic flux through the coil: 



<fi m = NBAcos0 = NBtw 2 cos0 



Substitute to obtain: 



NBnr cos6> 
At 



Substitute numerical values and 
evaluate s: 



(6)(0.5T)z-(0.03m) 2 cosO° 



1.2s 



= 7.07 mV 



(b) Proceed as in (a) with 
<9=20°: 



_ (6)(0.5T)z-(0.03m) 2 cos20 c 



1.2s 



= 6.64 mV 
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Picture the Problem We can apply Faraday's and Ohm's laws to obtain expressions for 
the induced emf that we can equate and solve for the rate at which the perpendicular 
magnetic field must change to induce a current of 4.0 A in the coil. 

Using Faraday's law, relate the 1^.1 _ d(/) m _ dB^ 

induced emf in the coil to the dt dt 
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changing magnetic flux: 



Using Ohm's law, relate the 
induced emf to the resistance of the 
coil and the current in it: 



£ = IR 



Equate these expressions and solve 
for dBldt: 



Substitute numerical values and evaluate 
dBldt: 



dB 

NA — = IR 
dt 

and 

dB IR IR 



dt NA Ntw 2 



dB _ (4A)(25fl) 



dt (l 00)^(0.04 m 



199T/s 
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Picture the Problem We can apply Faraday's law and the definition of magnetic flux to 
derive an expression for the induced emf in the coil (potential difference between the slip 
rings). In part (b) we can solve this equation for sunder the given conditions. 



(a) Use Faraday's law to express the 
induced emf: 

Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 
velocity: 



£ = 



dt 



<j>Jt)= NBA cos cot 



Substitute to obtain: 



£ = 



dt 



[NBA cos cot] 



= -NBabco(- sin cot) 



NBab co sin cot 



(b) Express the condition under 
which s= £- max : 



sin cot = 1 
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Solve for and evaluate co under this 
condition: 



co = 



NBab 



110V 



(l000)(2T)(0.01m)(0.02m) 



= 275rad/s 
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Picture the Problem We can apply Faraday's law and the definition of magnetic flux to 
derive an expression for the induced emf in the rotating coil gaussmeter. 



Use Faraday's law to express the 
induced emf: 

Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 
velocity: 



£ = 



d <fi m 

dt 



0m{t) = NBA cos cot 



Substitute to obtain: 



£ = [NBAcoscot] 

dt L J 

= -NBAco(- sin cot) 
= NBA co sin cot = 6" max sin cot 
where 

£• = NBA co 



Substitute numerical values and evaluate s m <, x : 



^ m ax=(400)(0.45T)(l.4xl0- 4 m 2 ) 



A , nn rev 2?rrad lmin A 

180 x x 

min rev 60 s 



0.475 V 



The maximum induced emf occurs at the moment the plane of the coil is 
parallel to the magnetic field B. At this instant, <j) m is zero, but £ is a 
maximum. 
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Picture the Problem We can use the equality of the currents in the inductors connected 
in series and the additive nature of the total induced emf across the inductors to show that 
the inductances are additive. 
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Relate the total induced emf to the c — t ^ 

— eff 

effective inductance L e ff and the rate dt 
at which the current is changing in 
the inductors: 



Because the inductors L\ and L 2 are I x = I 2 = I 

in series: and 

dl x _ dl 2 _ dl 



dt dt dt 



Express the total induced emf: _ _ T dl dl 

M 



1 dt 2 dt 



= (A + 4), ( 



L l+ L 2 



Substitute in equation (1) and L 
simplify to obtain: 

*88 « 

Picture the Problem We can use the common potential difference across the parallel 
combination of inductors and the fact that the current into the parallel combination is the 
sum of the currents through each inductor to find an expression of the equivalent 
inductance. 



Define L e ff by: r _ £ 

eff " dl/dt 

or 

dl _ 1 



dt L eS 



(1) 



Relate the common potential „ _ T <U± 
difference across the inductors to dt 

their inductances and the rate at and 

which the current is changing in p — t 4Il cx\ 
each: at 



Because the current divides at the I = I { + 1 2 

parallel junction: and 

dl _ dl x + dl 2 
dt dt dt 
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Solve equations (2) and (3) for dl\ldt df_ _ £j_ ^ 

and (i/ 2 /^ and substitute to obtain: dt L x L 2 

Express the relationship between an £ = £ l = £ 2 

emf s applied across the parallel 

combination of inductors and the 

emfs S\ and Si across the individual 

inductors: 



Substitute to obtain: dl £ £ 

— = — + — = £ 
dt ^2 



r \ i A 
— +— 

v A L 2 j 



Substitute in equation (1) and solve 1 
forl/Leff: L eS 



1 1 

— + — 

A ^2 
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Picture the Problem 



(a) 



As the magnet passes through the coil, it induces an emf because of the 
changing flux through the coil. This allows the coil to " sense" when the 
magnet is passing through it. 



(b) 



One cannot use a cylinder made of conductive material because eddy 
currents induced in it by a falling magnet would slow the magnet. 



(c) 



As the magnet approaches the loop, the flux increases, resulting in the 
increasing voltage signal. When the magnet is passing the coil, the flux 
goes from increasing to decreasing, so the induced emf becomes zero 
and then negative. The time at which the induced emf is zero is the time 
at which the magnet is at the center of the coil. 



(d) Each time represents a point when the distance has increased by 1 0 cm. The 
following graph of distance versus time was plotted using a spreadsheet program. The 
regression curve, obtained using Excel's "Add Trendline" feature, is shown as a dashed 
line. 
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1.4 i 
1.2 
1.0 
0.8 
0.6 
0.4 
0.2 
0.0 









— *n 
# 

♦' 










y = 4.9257* 2 + 1.3931? +0.0883 
















♦' ' 












.♦* ' 


















0 



0.1 



0.2 

« (s) 



0.3 



0.4 



The coefficient of the second-degree term is jg. Consequently, 



g = 2(4.9257 m/s 2 ) = 



9.85 m/s 2 
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Picture the Problem The current equals the induced emf divided by the resistance. We 
can calculate the emf induced in the circuit as the coil moves by calculating the rate of 
change of the flux through the coil. The flux is proportional to the area of the coil in the 
magnetic field. We can find the direction of the current from Lenz's law. 

(a) and (c) Express the magnitude of ^ \s\ 

the induced current: R 

Using Faraday's law, express the i^j _ d(/) m 

magnitude of the induced emf: dt 



When the coil is moving to the right ^ _ d(j) m 

(or to the left), the flux does not dt 
change (until the coil leaves the and 
region of magnetic field). Thus: \s\ 

~~ R ~ 



(b) and (d) Letting x represent the (/> m = NBwx 

length of the side of the rectangular 
coil that is in the magnetic field, 
express the magnetic flux through 
the coil: 
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Compute the rate of change of the 
flux when the coil is moving up or 
down: 



dd> Arr) dx 
— os- = NBw — 

dt dt 

= (80)(l.4T)(0.25m)(2m/s) 

= 56.0 V 



Substitute in equation (1) to obtain: 



56V 
24 £2 



2.33A 



(b) 



When the coil is moving upward, the outward flux increases and the 
induced current will be in the sense as to produce inward flux. / is 
clockwise. 



{d) 



When the coil is moving downward, the outward flux decreases and the 
induced current will be in the sense as to produce outward flux. / is 
counterclockwise. 
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Picture the Problem We can apply Faraday's law and the definition of magnetic flux to 
derive an expression for the induced emf in the coil. We can then apply Ohm's law to 
find the induced current as a function of time. Note that only half of the loop is in the 
magnetic field. 



Apply Ohm's law to relate the 
induced current to the induced emf: 

Use Faraday's law to express the 
induced emf: 

Using the definition of magnetic 
flux, relate the magnetic flux 
through the loop to its angular 
velocity: 



r(r)=£Q 

V ' R 



(1) 



d<f>Jt) 



dt 



<p m (t) = NBA cos cot 



Substitute to obtain: 



£{t) = [NBAcoscot] 

dt 

= -NBA co(- sin cot) 
= NBA co sin cot 



Substitute in equation (1) to obtain: 
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Substitute numerical values and evaluate 1(f): 



(t)= (80)( 1 .4T)(0.25m)(0. 1 5m)(2rad/s) s . n(2rad/s)( 



24Q 



(0.350 A)sin(2rad/s> 
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Picture the Problem We can use the laws of Ohm and Faraday to express the charge dQ 
passing through the coil in time dt and integrate this expression to show that Q = 7V($ni - 



Use Ohm's law to express the 
induced current in terms of the 
induced emf: 



dQ S , _ £ , 
— = —=> dQ = —dt 
dt R R 



Apply Faraday's law to obtain: 



, _ N dS , N 

dQ = —dt = dd 

R dt R m 



Integrate dQ from 0 to Q and 
d(f) m = <j) m \ to ^ m2 to obtain: 



o 

and 
0 = 



N 
R 



fenl-Ac) 
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Picture the Problem We can apply Faraday's law to relate the induced electric field E to 
the rates at which the magnetic flux is changing at distances r < R and 
r > R from the axis of the solenoid. 



(a) Apply Faraday's law to relate 
the induced electric field to the 
magnetic flux in the solenoid within 
a cylindrical region of radius r < R: 



\E-dl 
or 

E(2w) -- 



d<t> m 
dt 

dt 



(1) 



Express the field within the 
solenoid: 



B = ju 0 nl 



Express the magnetic flux through 
an area for which r < R: 



0 m =BA = 7rr 2 jU o nI 
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Substitute in equation (1) to obtain: 



E{l7zr)= -^-\n:r 2 ju a nl\ 



2 dl 
= -7cr u n n — 
^° dt 



Because I = L sin cot : 



E = -\r]u 0 n — [/ 0 sin^] 
dt 



r rju 0 nl 0 co cos cot 



(b) Proceed as in (a) with r > R to 
obtain: 



E(2nr)=-—[xR 2 /J 0 nl] 



dt' 
p2 dl 
dt 

= —it R 2 jU 0 nI 0 co cos cot 



Solve for E to obtain: 



E = 



ju 0 nR I 0 co 
2r 



cos cot 



94 ••• 

Picture the Problem The system exhibits cylindrical symmetry, so one can use 

Ampere's law to determine B inside the inner cylinder, between the cylinders, and 
outside the outer cylinder. We can use u m = B 2 /2jU 0 and the expression for B from part 

(a) to express the magnetic energy density in the region between the cylinders. We can 
integrate this expression for u m over the volume between the cylinders to find the total 
magnetic energy in a volume of length £ . Finally, we can use our result in part (c) and 
U m = \LI 2 to find the self-inductance of the cylinders per unit length. 



(a) For r <r\ and for r > r 2 the net 
enclosed current is zero; 
consequently, in these regions: 



B= 0 



For r\ < r < r 2 : 



2wB = ju 0 I c => B 



Mo 1 
2w 



(b) Express the magnetic energy 
density in the region between the 
cylinders: 



w„ = 



2a, 
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Substitute for B and simplify to 
obtain: 



u m = ■ 



2nr 



2 M) 



Sn 2 r 2 



(c) Express the magnetic energy 
dU m in the cylindrical element of 
volume dV: 



dU = u dV 

v — m in ' 



T 2 



m m 



2 ..2 



\ilmdr) 



ju 0 I £ dr 
An r 



Integrate this expression from 
r = r\ to r = r 2 to obtain: 



ju 0 l £ r dr 
An .. r 



Mo 
An 



ran 



(d) Express the energy in the 
magnetic field in terms of L and /: 



U m = \LI 2 



Solve fori: 



L = 



2U„ 



From our result in (c): 



I An r. 



Substitute to obtain: 



L = 2 



K An r XJ 



2n r. 



Express the ratio LI £ : 



L 



2n r. 
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Picture the Problem We can use its definition to express the magnetic flux through a 
rectangular element of area dA and then integrate from r = r\ to r = r 2 to express the total 
flux through the region. Substituting in L = <f>JI will yield the same result found in Part 
(d) of Problem 94. 



Use the definition of self-inductance 
to relate the magnetic flux through 
the region of interest to the current /: 



L = 



(1) 



Consider a strip of unit length I and 
width dr at a distance r from the 



d(f> m = BdA = B£dr = Bdr 
because 1=1. 
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axis. The flux through this area is 
given by: 

Apply Ampere's law to express the 2nrB — ju I => B — ^ 

magnetic field at a distance r from 2nr 
the axis: 



Substitute to obtain: AA _ ju 0 I dr 



2n r 



Integrate from r = r\ to r = r 2 to u J % d r 



obtain: 



2n J r 
and 

Z7T r x 



Substitute in equation (1) to obtain: 



L = 



In r x 
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Picture the Problem We can use / = sIR and s = Bvl to find the current induced in the 
loop and Lenz's law to determine its direction. We can apply the equation for the force 
on a current- carrying wire to find the net magnetic force acting on the loop and then sum 
the forces to find the net force on the loop. Separating the variables in the differential 
equation and integrating will lead us to an expression for v(t) and a second integration to 
an expression for y{t). We can solve the latter equation for y = 1.40 m to find the time it 
takes the loop to exit the magnetic field and our expression for v(t) to find its exit speed. 
Finally, we can use a constant-acceleration equation to find its exit speed in the absence 
of the magnetic field. 

(a) Relate the magnitude of the j _ £ 

induced current to the induced emf R 
and the resistance of the loop: 

Relate the induced emf to the £ = Bvl 

motion of the loop: 



Substitute for s to obtain: 



Bi 
— v 
R 
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As the loop falls, the flux into the page decreases. The direction of the induced 
current is such that its magnetic field opposes this decrease, i.e., clockwise. 



(b) Express the velocity-dependent 
force that acts on the loop in terms 
of the current in the loop: 



F, = Bit 



Substitute for / to obtain: 



F=B 



v£ = 



2 />2 



B z £ 



Apply dF = Id I x B to the horizontal portion of the loop that is in the 
magnetic field to conclude that the net magnetic force is upward. 



Note that the magnetic force on the left side of the loop is to the left and the magnetic 
force on the right side of the loop is to the right. 



(c) The net force acting on the loop 
is the difference between the 
downward gravitational force and 
the upward magnetic force: 



F net =mg-F v 



mg- 



B 



2 „ 2 



R 



(d) Apply Newton's 2 nd law of 
motion to the loop to obtain its 
equation of motion: 



B z t dv 

mg v = m — 

R dt 



or 



>2«2 



dv B- 

— = g v 

dt mR 



Factor g to obtain an alternate form 
of the equation of motion: 



dv 
dt 



g 



B 2 e ^ 



mgR 
mgR 

where v t = — r— r 

1 B 2 £ 2 



g 



t j 



(e) Separate the variables to obtain: 



dv 



2 n 2 



g — 



B z £ 
mR 



= dt 



or 



dv 



a-bv 



= dt 
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where a = g and b = 



B 



2 i)2 



mR 



Integrate v ' from 0 to v and t ' from 
0 to V. 



in. An' J A 



0 a-Z>v 0 



In 



a-bv 



= t 



Transform from logarithmic to 
exponential form and solve for v to 
obtain: 



Noting that v t = — , we have: 
6 



(/) Write v as dyldt and separate 
variables to obtain: 



v(t) = \v t (l-e-"r) 



u V t V t 

where r = — = — . 

a g 

dy = v t (l-e-' /T )dt 



Integrate y' from 0 to y and from 0 to t: 



\dy' = v t \(\-e-'' /T )dt' 



o o 



and 



y(t) = \ Vt [t- T (\-e^l 



(g) A spreadsheet program to generate the data for graphs of position y as a function of 
time t is shown below. The formulas used to calculate the quantities in the columns are as 
follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


0.05 


m 


B2 


0.2 


R 


B3 


0.4 


B 


B4 


0.3 


L 


B5 


$B$ 1 *$B$7*$B$2/($B$3 A 2*$B$4 A 2) 


v t 


B6 


$B$5/$B$7 


T 


B7 


9.81 


* 


A10 


0.00 


t 


BIO 


$B$5*(A10-$B$6*(1-EXP(-A10/$B$6))) 


y 


CIO 


0.5*$B$7*A10 A 2 


\gt 2 
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B 


C 


1 


m= 


0.05 


kg 


2 


R= 


0.2 


ohms 


3 


B= 


0.4 


T 


4 


L= 


0.3 


m 


5 


vt= 


6.813 


m/s 


6 


tau= 


0.694 


s 


7 


g= 


9.81 


m/s A 2 


8 








9 


t 


y 


y (no B) 1 


10 


0.00 


0.000 


0.000 


11 


0.05 


0.012 


0.012 


12 


0.10 


0.047 


0.049 


13 


0.15 


0.103 


0.110 


14 


0.20 


0.179 


0.196 


15 


0.25 


0.273 


0.307 


16 


0.30 


0.384 


0.441 


17 


0.35 


0.511 


0.601 


18 


0.40 


0.654 


0.785 


19 


0.45 


0.809 


0.993 


20 


0.50 


0.978 


1.226 


21 


0.55 


1.159 


1.484 


22 


0.60 


1.351 


1.766 


23 


0.65 


1.553 


2.072 


24 


0.70 


1.764 


2.403 


25 


0.75 


1.985 


2.759 


26 


0.80 


2.214 


3.139 


27 


0.85 


2.451 


3.544 


28 


0.90 


2.695 


3.973 


29 


0.95 


2.946 


4.427 


30 


1.00 


3.202 


4.905 



Examining the table, we see that j> = 1.4 m when t ■ 



0.60 s. 



The following graph shows y as a function of t for B * 0 (solid curve) and B = 0 (dashed 
curve). 
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Picture the Problem We can use the expression for the period of this spring-and-mass 
oscillator to find the spring constant k. We can express the induced current in the loop by 
relating it to the induced emf and relating the induced emf to the velocity of the loop. 
Knowing that the loop is executing SHM, we can express its velocity as a sinusoidal 
function of time. We can use the expression for the magnetic force on a current-carrying 
wire in a magnetic field to express the damping force acting on the loop. 



(a) Express the period of the mass- 
spring system: 




Solve for k to obtain: 



An m 



K = 



Substitute numerical values and 
evaluate k : 



k ■ 



An 1 (0.5 kg) 
(0.8 s) 2 



30.8 N/m 



(b) Express the current in the loop in 
terms of its resistance and the 
induced emf: 



7 = 



R 



Relate the induced emf in the wire to 
the motion of the wire: 



£ = Bvl 
or, because 
the loop), 
£ = Bvw 



w (where w is the width of 



Express the position of the mass- 
spring system as a function of time: 



y = y 0 sin at 
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Differentiate this expression with 
respect to time to express the 
velocity of the system: 



dy 

v = — = y 0 a>cosa>t 
dt 



Substitute in our expression for / to 
obtain: 



/ = 



By 0 cow 
R 



cos cot 



(c) Express the damping force F d 
acting on the loop: 



F A = BIw 



Substitute for I and simplify to 
obtain: 



„ By n cow 
-Bw^- 1 cos cot 



R 



2 2 



Bw 
R 



- y 0 co cos cot 



Because v = y 0 cocosa>t: 



B 2 w 2 



R 

where (3 = 



-v = 



BW 
R 



(d) Choosing the static equilibrium 
position of the coil as the origin, 
a PPly = to tne coU when 
it is displaced slightly from this 
equilibrium position to obtain: 



-F A —F r = m 



d 2 y 
dt 2 



where F r is the restoring force exerted by 
the plastic spring. 



Substituting for F r and F A yields the 
differential equation describing the 
motion of the coil: 



„ dy d 2 y 
- B — -Ky = m — f- 
dt dt 2 

or 

d 2 y B dy k _ 
— ^- + — — H — y = 0 
dt m dt m 

Note: compare this equation to Equation 
14-35 on page 446 of Volume 1 of your 
textbook. 



For weak damping, the solution to 
this differential equation is: 



y{t)={y 0 cos cot)e-^< 

Note: see Equation 14-36 on page 447 of 
your textbook. 
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Differentiate y(t) with respect to 
time to obtain the velocity of the 
coil: 



J3y 0 

ary 0 sin cot + — - cos cot 



Jim, 



V 



2m 



A spreadsheet program to generate the data for graphs of position y and velocity v as 
functions of time t is shown below. The formulas used to calculate the quantities in the 
columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


0.05 


yo 


B2 


0.8 


T 


B3 


0.4 


B 


B4 


0.2 


R 


B5 


0.3 


w 


B6 


0.05 


m 


B7 


2*PI()/$B$2 


CO 


B8 


$B$3 A 2*$B$5 A 2/$B$4 


P 


All 


0.00 


t 


Bll 


$B$l*COS($B$7*All)* 
EXP((-$B$8/(2*$B$6))*A1 1) 


y(t) 


Cll 


-($B$ 1 *$B$7*SIN($B$7*A 1 1 ) 
+($B$8*$B$1/(2*$B$6))*C0S($B$7*A11)) 
*EXP((-$B$8)/(2*$B$6))*A1 1) 


v(t) 



1 






2 


y 0= 


0.05 


m 


3 


T= 


0.8 


s 


4 


B= 


0.4 


T 


5 


R= 


0.2 


ohms 


6 


w= 


0.3 


m 


7 


m= 


0.05 


kg 


8 


omega= 


7.85 


s A -l 


9 


beta= 


0.072 


kg/s 


10 








11 


t 


y 


V 


12 


0.00 


0.050 


-0.036 


13 


0.01 


0.049 


-0.066 


14 


0.02 


0.049 


-0.096 


15 


0.03 


0.048 


-0.124 


16 


0.04 


0.046 


-0.151 


17 


0.05 


0.045 


-0.177 










235 


2.24 


0.003 


0.072 


236 


2.25 


0.004 


0.069 


237 


2.26 


0.004 


0.066 


238 


2.27 


0.005 


0.062 


239 


2.28 


0.006 


0.057 
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The graph of v(t) follows: 
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Picture the Problem If the coil is twisted through an angle 6, a restoring torque equal to 
k9 acts on it return it its equilibrium position. However, if it rotates back with angular 
speed co = dO/dt, there will be an emf induced in the coil. The direction of the current 

resulting from this induced emf will be such that its magnetic field will oppose the 
change in flux resulting from the rotation of the coil. The net effect is that the motion of 
the coil is damped. We can apply Newton's 2 nd law to relate the net restoring torque to 
the moment of inertia of the coil and its angular acceleration and use the laws of Faraday 
and Ohm to find the emf and current induced in the coil. 



Apply ^ t = la to the rotating 
coil to obtain: 



' restoring retarding 



d 2 e 
dt 2 
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The magnitude of the retarding 
(damping) torque is given by: 



Starting =^&4 COS 0 

where i is the current induced in the coil 
whose cross-sectional area is A. 



Substitute for r res toring and r retard j ng to 
obtain: 



-tc0-MBAcos0 = I 



d 2 e 
dt 2 



(i) 



Apply Faraday's law to express the 
emf induced in the coil: 



£ = -— (NBA sin 0) = -(NBA cos 0)— 
dt dt 



From Ohm's law, the magnitude of 
the induced current i in the coil is: 



._£ _ NBAcosO dO 
~ R ~ R dt 



Substitute for the induced current i 
in equation (1) to obtain: 



. N 2 B 2 A 2 cos 2 0 dG T d 2 0 
-k9 = I- 



R 



dt dt 1 



For small displacements from 
equilibrium, cos^« 1 and: 



. N 2 B 2 A 2 d6 T d 2 6 

k9 « / — T 

R dt dt 



Rearrange terms to obtain the 
differential equation of motion of 
the coil: 



d 2 6 NBA d6 k . n 

— T + + — 0 ~ 0 

dt 2 RI dt I 



_ N 2 B 2 A 2 \k 

Let B = and a> = J— to 

RI V/ 

obtain: 



d 2 6 „d6 



+ J3 — + a> z 0*O 



dt dt 



The solution to this second-order, 
homogeneous, linear differential 
equation with constant coefficients 



e(t)= 



6> 0 e- {m)t cos cot 



is: 
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Alternating- Current Circuits 



Conceptual Problems 



Determine the Concept Because the rms current through the resistor is given by 



/ ms = £ rm jR and both £- rms and R are independent of frequency, (b) is correct. 



Picture the Problem We can use the relationship between V and V pea k to decide the effect 
of doubling the rms voltage on the peak voltage. 



Express the initial rms voltage in 
terms of the peak voltage: 



V 

t 7 max 

rms ~ V2 



Express the doubled rms voltage in 
terms of the new peak voltage 
V : 

max 

Divide the second of these equations 
by the first and simplify to obtain: 



2V = 



2V 



V,. 



V' 



V' 



V2 9 V' n 
or 2 = 



V. 



4i 



Solve for V' 



^'rnax = 2 ^max and 



(a) is correct. 



Determine the Concept The inductance of an inductor is determined by the details of its 
construction and is independent of the frequency of the circuit. The inductive reactance, 



on the other hand, is frequency dependent, (b) is correct 



Determine the Concept The inductive reactance of an inductor varies with the frequency 



according to X L = coL. Hence, doubling co will double X L . (a) is correct. 
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*5 

Determine the Concept The capacitive reactance of an capacitor varies with the 



frequency according to I c = 1/coC . Hence, doubling co will halve X c . (c) is correct 



6 

Determine the Concept Yes to both questions. While the current in the inductor is 
increasing, the inductor absorbs power from the generator. When the current in the 
inductor reverses direction, the inductor supplies power to the generator. 

7 

Determine the Concept Yes to both questions. While charge is accumulating on the 
capacitor, the capacitor absorbs power from the generator. When the capacitor is 
discharging, it supplies power to the generator. 

8 

Picture the Problem We can use the definitions of the capacitive reactance and 
inductive reactance to find the SI units of LC. 

Use its definition to express the X L = 27tfL 

inductive reactance: 

Solve for L: j _ X L 



Use its definition to express the capacitive v 

c ~ 

reactance: 2nfC 



Solve for C: C - ' 



27tfX c 

Express the product of L and C: ^ _ X L 1 _ X L 



2rf 2nfX c An 2 f 2 X 



Because the units of X L and X c cancel, the units of LC are those of 1/f 2 or s 2 . 



(a) is correct. 



*9 

Determine the Concept To make an LC circuit with a small resonance frequency 
requires a large inductance and large capacitance. Neither is easy to construct. 
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10 • 

(a) True. The Q factor and the width of the resonance curve at half power are related 
according to Q = 0l> 0 /Ao> ; i.e., they are inversely proportional to each other. 



(b) True. The impedance of an RLC circuit is given by Z = ^R 2 + {X L — X c ) 7 . At 
resonance X L = X c and so Z = R. 

X — X 

(c) True. The phase angle 5 is related to X L and X c according to 5 = tan 1 — — . At 

R 

resonance X L = X c and so 8- 0. 
11 • 

Determine the Concept Yes. The power factor is defined to be cos S = R/Z and, 
because Zis frequency dependent, so is cosJ. 

*12 • 

Determine the Concept Yes; the bandwidth must be wide enough to accommodate the 
modulation frequency. 

13 • 

Determine the Concept Because the power factor is defined to be cos 8 = R/Z , if R = 
0, then the power factor is zero. 

14 • 

Determine the Concept A transformer is a device used to raise or lower the voltage in a 



circuit without an appreciable loss of power, (c) is correct. 



15 • 

True. If energy is to be conserved, the product of the current and voltage must be 
constant. 

16 » 

Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. Assuming no loss of power in the transformer, we can equate the power in the 
primary circuit to the power in the secondary circuit and solve for the current in the 
primary windings. 



Assuming no loss of power in the 
transformer: 



P = P 
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Substitute for Pi and P 2 to obtain: 



W = i 2 v 2 



Solve for /1: 




17 



(a) False. The effective (rms) value of the current is not zero. 

(b) True. The reactance of a capacitor goes to zero as/approaches very high frequencies. 

Estimation and Approximation 

*18 

Picture the Problem We can find the resistance and inductive reactance of the plant's 
total load from the impedance of the load and the phase constant. The current in the 
power lines can be found from the total impedance of the load the potential difference 
across it and the rms voltage at the substation by applying Kirchhoff ' s loop rule to the 
substation-transmission wires-load circuit. The power lost in transmission can be found 
from P_ = I^R„ ,n. ■ We can find the cost savings by finding the difference in the 

trans rins iidns o ■/ <^> 

power lost in transmission when the phase angle is reduced to 18°. Finally, we can find 
the capacitance that is required to reduce the phase angle to 1 8° by first finding the 
capacitive reactance using the definition of tan 8 and then applying the definition of 
capacitive reactance to find C. 



AAAAAAA 




Z = R + iX L 



S = 25' 



= 40 kV 



(a) Relate the resistance and 
inductive reactance of the plant's 
total load to Z and 8. 



R = Z cos 8 
and 



X L = ZsinS 



Express Z in terms of the current / in 
the power lines and voltage s rms at 
the plant: 




rms 



/ 



Express the power delivered to the 
plant in terms of £; ms , 7 rms , and 8 and 



and 



Alternating-Current Circuits 709 



solve for /„ 



j av 

rms ^ r» 

£ m . cos o 



(1) 



Substitute to obtain: 



z= fL cosS 



Substitute numerical values and evaluate Z: (40 kV) 2 cos 25° 

Z = ±- '- — = 630Q 

2.3 MW 



Substitute numerical values and evaluate R R = (630Q)cos 25° = 
and X L : 

and 

X L =(630Q)sin25° = 



571Q 



266 Q 



(b) Use equation (1) to find the 
current in the power lines: 



2.3 MW 

rms "(40kV)cos25 c 



63.4A 



Apply Kirchhoff ' s loop rule to the 
circuit: 



^"sub ^rms^trans ^tot ~~ ^ 



Solve for £ sub : 



^"sub ~~ 4ms (^trans + ^tot ) 



Evaluate Z„ 



z tot = > 2 + ^ 2 

= V(57 1 Q) 2 + (266 Q) 2 = 630Q 



Substitute numerical values and 
evaluate £- sub : 



^ sub =(63.4A)(5.2Q + 630Q) 



= 40.3 kV 



(c) The power lost in transmission 
is: 



^a„ s =O tra „ s =(63.4A) 2 (5.2Q) 



20.9 kW 



(d) Express the cost savings AC in 
terms of the difference in energy 
consumption 

(P 2 5°- P\&°)At and the per-unit cost u 
of the energy: 



AC = (P 25a -P n .)Atu 



Express the power list in 



^18° ~~ ^18°-^trans 
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transmission when 8- 18°: 



Find the current in the transmission 
lines when 8- 18°: 



2.3MW 
= -7 s = 60.5 A 



(40kV)cosl8 c 



Evaluate P lgo : 



P 18 o =(60.5 A) 2 (5.2Q) = 19.0 kW 



Substitute numerical values and evaluate AC: 



AC = (20.9kW-19.0kW)(l6h/d)(30d/month)($0.07/kW-h)= $63.84 



Relate the new phase angle 8 to the 
inductive reactance X L , the reactance 
due to the added capacitance X c , and 
the resistance of the load R: 



tanS = — — — 
R 



Solve for and evaluate X r : 



X^ = X, -RtanS 



= 266 Q - (57 1 Q) tan 1 8° = 80.5 Q 



Substitute numerical values and evaluate 
C: 



C = 



2^(60 s _1 )(80.5Q) 



33.0 //F 



Alternating Current Generators 

19 • 

Picture the Problem We can use the relationship 6" max = 27iNBAf between the 

maximum emf induced in the coil and its frequency to find/ when s max is given and £ ma; 
when/ is given . 



(a) Relate the induced emf to the 
angular frequency of the coil: 



£ = £ m „ cos cot 



where 



NBA a = IxNBAf 



Solve for/: 



/ = 



InNBA 



Substitute numerical values and 
evaluate/: 



/ = 



10V 



2;r(200)(0.5T)(4xl0- 4 m 2 ) 



= 39.8Hz 



(b) From (a) we have: 

Substitute numerical values and 
evaluate £ mn - 
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S aa = NBAa = 2nNBAf 

£ nwx = 2;r(200) (0. 5 T) (4 x 1 (T 4 m 2 )(60 s - 1 ) 



= 15.1V 



20 • 

Picture the Problem We can use the relationship 6" max = 27iNBAf between the 

maximum emf induced in the coil and the magnetic field in which it is rotating to find B 
required to generate a given emf at a given frequency. 



Relate the induced emf to the 
magnetic field in which the coil is 
rotating: 



£ max = NBA co = InNBAf 



Solve for B: 



f 

max 



Substitute numerical values and 
evaluate B: 



B = 



10V 



2;z-(200)(60s- 1 )(4xl(r 4 m 2 ) 



= 0.332T 



*21 • 

Picture the Problem We can use the relationship £ max = 27iNBAf to relate the 

maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 

(a) Relate the induced emf to the magnetic £" max = NBA co = InNBAf (1) 
field in which the coil is rotating: 



Substitute numerical values and evaluate s m ^. 

£ max = 2;zr(300)(0.4T)(2xl(T 2 m)(l.5xl(T 2 m)(60s -1 )=| 13.6 V 



(b) Solve equation (1) for/: r _ ^max 

2nNBA 



Substitute numerical values and evaluate/: 
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/ = 



110V 

2^-(300)(0.4T)(2x 1(T 2 m)(l.5 x 10 2 m) 



486 Hz 



22 • 

Picture the Problem We can use the relationship S mRX = 2jiNBAf to relate the 

maximum emf generated to the area of the coil, the number of turns of the coil, the 
magnetic field in which the coil is rotating, and the frequency at which it rotates. 



Relate the induced emf to the magnetic 
field in which the coil is rotating: 



£ wa =NBAa) = 2aNBAf 



Solve for B: 



B = 



2nNfA 



Substitute numerical values and evaluate B: 



B 



24 V 



2;r(300)(60s- 1 )(2xlCT 2 m)(l.5xl(T 2 m) 



0.707 T 



Alternating Current in a Resistor 



*23 • 

Picture the Problem We can use P av = £ im J [ms to find 7 rms , 7 max = V27 rms to find I n 
and P„ = to find P mm . 



max max max 



(a) Relate the average power 
delivered by the source to the rms 
voltage across the bulb and the rms 
current through it: 

Solve for and evaluate 7 rms : 



P = F I 

av rms rms 



rms 



P„ 100W 



120V 



0.833A 



(b) Express 7 max in terms of I^: 



V27, 



Substitute for 7 rms and evaluate I n 



^max=V2(0.833A) = 



1.18A 



(c) Express the maximum power in 
terms of the maximum voltage and 
maximum current: 



P = I F 

max max max 
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Substitute numerical values and evaluate p = (l.l8 A)V2~(l20 V) = 
P 

* max • 



200 W 



24 



Picture the Problem We can /_„ = v2/„ to find the largest current the breaker can 

IlklA I Ilia *— ' 

carry and P av = / rms V rms to find the average power supplied by this circuit. 



(a) Express 7 max in terms of 7 rms : 

(b) Relate the average power to the 
rms current and voltage: 



' max =V2/ rms =V2(l5A) = 



21.2A 



^=A ms K ms =(l5A)(l20V) 



= 1.80kW 



Alternating Current in Inductors and Capacitors 



25 • 

Picture the Problem We can use X L = coL to find the reactance of the inductor at any 
frequency. 



Express the inductive reactance as a 
function of/: 

(a) At/= 60 Hz: 

(b) At/= 600 Hz: 

(c) At/= 6 kHz: 



X L = coL = litfL 



X L = 2^(60s _1 )(lmH) = 
X L = 2^(600 s"')(lmH): 



0.377 Q 



3.77Q 



X L = 2^(6000 s _1 )(lmH) = 



37.7Q 



26 • 

(a) Relate the reactance of the 
inductor to its inductance: 



X L = coL = 2;z/L 



Solve for and evaluate L: 



(b) At 160 Hz: 



X £ 100Q 
~ 2jrf~ 2^(80 s -1 )' 



X L =2^(l60s _1 )(0.199H) = 



0.199H 



200 Q 
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27 • 

Picture the Problem We can equate the reactances of the capacitor and the inductor and 
then solve for the frequency. 

Express the reactance of the X L = a>L = 27tfL 
inductor: 

Express the reactance of the x 1 1 

capacitor: C coC 27ifC 

Equate these reactances to obtain: Oirff - \ 



Solve for /to obtain: 1 I 1 

f ~ 27ti~LC 



Substitute numerical values and I I 



1.59kHz 



evaluate/: 2n \ (lO//F)(lmH) 



28 • 

Picture the Problem We can use X c = 1/coC to find the reactance of the capacitor at 
any frequency. 

Express the capacitive reactance as v ^ 

A c — — 

a function off: coC IjjfC 

(a)At/=60Hz: x 1 

c ~ 2^(608 ' )(lnF) 



2.65 MQ 



(£)At/=6kHz: x 1 



c 



26.5 kQ 



26.5Q 



2;r(6000s 1 )(lnF) 

(c) At/= 6 MHz: x 1 

c 2;r(6xlOV 1 )(lnF) 



*29 • 

Picture the Problem We can use 7 max = s lWd JX c and X c = l/<yC to express /max as a 
function of e m - iX ,f, and C. Once we've evaluate 7 max , we can use 7 rms = 7 max / V2 to find 1^. 
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Express 7 max in terms of s mm and X c : 



Express the capacitive reactance: 



1 



1 



coC 2zfC 



Substitute to obtain: 

(a) Substitute numerical values and 
evaluate 7 max : 

(b) Express 7 rms in terms of 7 max : 



I = InfCS 

max V ma> 



= 2^(20 s _1 )(20//F)(lOV) 



25.1mA 



7™. = 



25.1mA 



V2 V2 



17.8mA 



30 • 

Picture the Problem We can use X c = 1/ coC = 1/2^C to relate the reactance of the 
capacitor to the frequency. 



Using its definition, express the reactance v 
of a capacitor: 



1 1 



coC 27fC 



Solve for/to obtain: 



/ = 



IttCX, 



(a) Find/when X c =10: 



/ = 



2^-(lO//F)(lQ) 



15.9 kHz 



(b) Find/when X c = 100 Q: 



/ = 



2;r(l0//F)(l00Q) 



159 Hz 



(c) Find/ when X c = 0.01 Q: 



/ 



2tz-(10//F)(0.01Q) 



1.59 MHz 



31 

Picture the Problem We can use the trigonometric identity 

cos 0 + cos <j) = 2 cos \ {0 + ^)cos \ {6 - <f) to find the sum of the phasors V x and V 2 and 

then use this sum to express / as a function of time. In (b) we'll use a phasor diagram to 
obtain the same result and in (c) we'll use the phasor diagram appropriate to the given 
voltages to express the current as a function of time. 
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(a) Express the current in the resistor: 



I = v = v k +v 1 

R R 



Use the trigonometric identity cos 0 + cos (j) = 2 cos \ {0 + ^)cos \ {O - (f) 
to find Vi + V 2 : 

V l +V 2 = (5.0V)[cos(^-«) + cos(^ + «)] = (5V)[2cosi(2^)cos4-(-2a)] 

= (lOV)cos— coscot = (8.66V)cos»? 
6 



Substitute to obtain: 



/ = (8.66V)co Sffl f l (Q346A) 
25Q ^ 



cos cot 



(b) Express the magnitude of the 
current in R: 



I =■ 



\V\ 
R 



The phasor diagram for the 
voltages is shown to the right. 



Use vector addition to find V 




\V\ = 2|Vj | cos 30° = 2(5 V)cos30° 
= 8.66 V 



Substitute to obtain: 



, . 8.66V 
/ = = 0.346A 



25 Q 



and 
/ = 



(0.346 A)cos cot 



(c) The phasor diagram is shown to 
the right. Note that the phase angle 
between V\ and V 2 is now 90°. 



Use the Pythagorean theorem to 
find |V| : 




M=VW 2 +KI 2 =V(5v) 2 + (w) 2 

= 8.60 V 
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Express / as a function of t: 



I = — cos(a)t + S) 
R v ' 

where 

£ = 45°-(90°-a) = a-45° 



= tan 



'7V^ 



-45° = 9.46° = 0.165rad 



Substitute numerical values and 
evaluate /: 



. 8.60 V , n1 „ ,x 

/ = cos(<yf + 0.165rad) 

25Q V 7 



(0.344 A)cos(«f + 0. 1 65 rad) 
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*32 • 

Picture the Problem We can use X L = coL and X c = 1/eoC to show the \j -JLC has the 
unit s~ . Alternatively, we can use the dimensions of C and L to establish this result. 



Substitute the units for L and C in 
the expression l/yjLC to obtain: 



l 



VfTF 



1 













1 



Alternatively, use the defining 
equation (C = Q/V) for capacitance 
to obtain the dimension of C: 



\c\M 

1 J M 



Solve the defining equation 

(V = L dl / dt ) for inductance to 

obtain the dimension of L: 



W- 







V 


dl 




Q 


dt 


[Tf 



_ [v][tY 



Express the dimension of 1/ V LC : 



1 






_4lc _ 







[e] M 



[T] 



Because the SI unit of time is the second, we've shown that 1/ y/LC has units of s 
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Picture the Problem We can use T = 27if co and co = l/ ^LC to relate T (and hence/) to 
L and C. 



(a) Express the period of oscillation 
of the LC circuit: 



T = 



2k 



CO 



For an LC circuit: 



co = 



Substitute to obtain: 

Substitute numerical values and 
evaluate T: 



T = 2ttJLC 



(1) 



T = 2^(2 mH)(20//F) 



1.26 ms 



(b) Solve equation (1) for L to 
obtain: 



L = 



4tt 2 C 47r 2 f 2 C 



Substitute numerical values and 
evaluate L: 



4^- 2 (60s^) 2 (80//F) 



88.0mH 



34 

Picture the Problem We can use the expression f 0 = l/lTT^ LC for the resonance 

frequency of an LC circuit to show that each circuit oscillates with the same frequency. In 
(b) we can use 7 max = coQ 0 , where Q 0 is the charge of the capacitor at time zero, and the 

definition of capacitance Q Q = CV to express 7 max in terms of co, C and V. 



Express the resonance frequency for 
an LC circuit: 



fo = 



1 



(a) Express the product of L and C 
for each circuit: 



Circuit 1 : L l C 1 , 

Circuit 2 : L 2 C 2 = {lL x )(\C x ) = Lf x , 



and 



Circuit 3 : L 3 C 3 = (\ L 1 )(lC l ) = L\C X 



Because L\C X = L 2 C 2 = L 3 C 3 , the resonance frequencies of the three 
circuits are the same. 



(b) Express 7 max in terms of the 



7 max = «£o 
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charge stored in the capacitor: 



Express Q Q in terms of the 
capacitance of the capacitor and the 
potential difference across the 
capacitor: 



Qo = cv 



Substitute to obtain: 



or, for co and V constant, 
/ oc C 

max 



The circuit with C = C 3 has the 
greatest / max . 



35 

Picture the Problem We can use U = \CV 2 to find the energy stored in the electric 
field of the capacitor, co () = 2;zf 0 = l/V LC to find/ 0 , and 7 max = coQ 0 and Q 0 = CV to 

find / ma x. 



(a) Express the energy stored in the 
system as a function of C and V: 



U =\CV' 



Substitute numerical values and 
evaluate U: 



C/=i(5//F)(30V) 2 



2.25 mJ 



(b) Express the resonance frequency 
of the circuit in terms of L and C: 



Solve for^o: 



fo = 



1 



Substitute numerical values and 
evaluate f 0 : 



fo 



2^(10 mH) (5 //F) 



712Hz 



(c) Express 7 max in terms of the 
charge stored in the capacitor: 



'max = «2o 



Express Qo in terms of the 
capacitance of the capacitor and the 
potential difference across the 
capacitor: 



Q 0 = cv 
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Substitute to obtain: 

Substitute numerical values and evaluate 



2^(712s"')(5//F)(30V) 



= 0.671A 



36 • 

Picture the Problem We can use its definition to find the power factor of the circuit and 
= sIZ to find the rms current in the circuit. In (c) we can use P av = I^ ms R to find the 

average power supplied to the circuit. 



(a) Express the power factor of the 
circuit: 



Js R 

cos o = — 
Z 



Express Z for the circuit: 



Z = ^R 2 + X 



Substitute to obtain: 



cosS = 



R 



R 



^R 2 +X 2 L ^R 2 + {2nfLf 



Substitute numerical values and 
evaluate cos 8: 



cosS = 



100Q 



^/(lOOQ) 2 + [2^(60 s _1 )(0.4H)] 



= 0.553 



(b) Express the rms current in terms 
of the rms voltage and the 
impedance of the circuit: 



Substitute numerical values and 
evaluate / rms : 



120V 



(l00Q) 2 + [2^-(60s^)(0.4H)] 



0.663A 



(c) Express the average power 
supplied to the circuit in terms of 
the rms current and the resistance of 
the inductor: 



Substitute numerical values and evaluate p — (0.663 A) 2 (l00Q) : 



44.0 W 
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*37 

Picture the Problem Let Q represent the instantaneous charge on the capacitor and apply 
Kirchhoff ' s loop rule to obtain the differential equation for the circuit. We can then solve 
this equation to obtain an expression for the charge on the capacitor as a function of time 
and, by differentiating this expression with respect to time, an expression for the current 
as a function of time. We'll use a spreadsheet program to plot the graphs. 

Apply Kirchhoff s loop rule to a Q dl 

clockwise loop just after the switch + ^ ~ ® 

is closed: 

Because /= dQ/dt : d 2 Q Q d 2 Q 1 _ _ 

L — — + — = 0or —- + Q = 0 



The solution to this equation is: 



dt 2 C dt 2 




Because 2(0) = Q 0 , 5= 0 and: Q(t) = Q 0 cos cot 

The current in the circuit is the dQ d r -i 

derivative of Q with respect to t: 1 = = ~^ L2o cos 0)1 \ = _( »2o s i n ^ 

(a) A spreadsheet program was used to plot the following graph showing both the charge 
on the capacitor and the current in the circuit as functions of time. L, C, and <2o were all 
arbitrarily set equal to one to obtain these graphs. Note that the current leads the charge 
by one-fourth of a cycle or 90°. 
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(b) The equation for the current is: 



The sine and cosine functions are 
related through the identity: 



/ = -coQq sin cot 
- sin 6 = cos 



(1) 



e+- 

2 
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Use this identity to rewrite equation 
(1): 
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38 



-coQ () sin cot 



coQ 0 cos 



COt H 

V 2y 



showing that the current leads the charge 
by 90°. 



Picture the Problem We can express the ratio of V R to V L and solve this expression for 
the resistance R of the circuit. In (b) we can use the fact that, in an LR circuit, V L leads V R 
by 90° to find the ac input voltage. 



(a) Express the potential differences 
across R and L in terms of the 
common current through these 
components: 



V L = IX L = IcoL 
and 

V R =IR 



Divide the second of these equations 
by the first to obtain: 



V R _ IR _ R 
V L IcoL coL 



Solve for R: 



R = 



' R 



coL 



Substitute numerical values and 
evaluate R: 



R = 



40 V 



2^(60s _1 )(l.4H) = 



396 Q 



(b) Because V R leads V L by 90° in an 
LR circuit: 



Substitute numerical values and 
evaluate V: 



V =7(30V) 2 + (40V) 2 



50.0V 



39 

Picture the Problem We can solve the expression for the impedance in an LR circuit for 
the inductive reactance and then use the definition of X L to find L. 



Express the impedance of the coil in 
terms of its resistance and inductive 
reactance: 



Z = ^jR 2 + X 



Solve for X L to obtain: 



x L = 4z 2 -R 2 
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Express X L in terms of L: 

Equate these two expressions to 
obtain: 

Solve for L: 



X L = 27jfL 
2n$L = 4z 1 -R 2 



L = 



JZ 2 -R 2 
2nf 



Substitute numerical values and 
evaluate L: 



L _ a /(200Q) 2 -(80Q) 2 _ 
2^(1 kHz) 



29.2 mH 



40 

Picture the Problem We can express the two output voltage signals as the product of the 
current from each source and R = 1 kQ. We can find the currents due to each source 
using the given voltage signals and the definition of the impedance for each of them. 



(a) Express the voltage signals 
observed at the output side of the 
transmission line in terms of the 
potential difference across the 
resistor: 

Express I\ and I 2 : 



Substitute for I\ and I 2 to obtain: 



V h0Vt =hR 

and 

V 2 , m ,=I 2 R 



(lOV)coslOO/ 1 



(lo^ + Kioos'Xmf 



(9.95mA)cosl00f 



and 



(lOV)coslO 4 ? 



(lO^ + KlOV'XlHjf 



= (0.995 mA)cosl0 4 ? 
V l >out = (l0 3 Q)(9.95mA)cosl00? 



(9.95V)cosl00f 



and 



^ 2 ,ou, =(l0 3 Q)(0.995mA)cosl0 4 



(0.995 V)cosl0 4 r 
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(b) Express the ratio of Vi j0U t to 

Vzout^ 



V, 



9.95 V 



V 2 , 0M 0.995 V 



10.0 
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Picture the Problem The average power supplied to coil is related to the power factor by 
P,* = £mJr™ cos 8 . In (b) we can use P = l^R to find R. Because the inductance L 

dv niia nils v ' d.v mis 

is related to the resistance 7? and the phase angle 8 according to I t = coL = R tan 8 , we 
can use this relationship to find the resistance of the coil. Finally, we can decide whether 
the current leads or lags the voltage by noting whether X L is less than or greater than R. 



(a) Express the average power 
supplied to the coil in terms of the 
power factor of the circuit: 



P. =£../ . cos £ 



rins rms 



Solve for the power factor: 



cos J - 



F I 



Substitute numerical values and 
evaluate cos 8. 



cos 8 = 



60 W 



(l 20 V) (1.5 A) 



0.333 



(b) Express the power supplied by 
the source in terms of the resistance 
of the coil: 



Solve for and evaluate R: 



R 



60 W 



IL (1-5A) 2 



26.7 Q 



(c) Relate the inductive reactance to 
the resistance and phase angle: 



X L =a>L = R tan 8 



Solve for L: 



L 



_Rtm8 _ i?tan(cos _1 0.333) 



CO 



Substitute numerical values and 
evaluate L: 



L _ (26.7 Q)tan 70.5° _ 
2^60s T j 



0.200H 



(d) Evaluate X L : 



X L =(26.7 Q)tan 70.5° = 75 .4Q 



Because X L > R, the circuit is 
inductive and: 



/lags £ by 70.5° 
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Picture the Problem We can use / v = £" and 

V, „„ = Z„ ov X , = coLI ,, v to find the maximum current in the circuit and the maximum 
voltage across the inductor. Once we've found VL.max we can find V^rms using 

rms = max / ^ • We can use ^av = 2 to tne avera g e power dissipation, and 
U , m „ = \LI 2 to find the maximum energy stored in the magnetic field of the inductor. 

The average energy stored in the magnetic field of the inductor can be found from 
U, = [P dt. 

L,av I av 



Express the maximum current in the 
circuit: 

Substitute numerical values and 
evaluate 7 max : 



J max 

max r-j 



■^R 2 +(g)L) 2 
345 V 



7(40Q) 2 + [(l50^s^)(36mH)] 2 



= 7.94A 



Relate the maximum voltage across 
the inductor to the current flowing 
through it: 



^L,max ^max^L 0)L1 max 



Substitute numerical values and 
evaluate V L , max : 



^, max =(l50^s 1 )(36mH)(7.94A) 



135V 



V Ljms is related to V L , max according 
to: 



V, 



^,max = B5V 

4i 4i 



95.5V 



Relate the average power dissipation 
to 7 max and R: 



P = L I 2 R 

1 av 2 1 max" 



Substitute numerical values and 
evaluate P av : 



P m = |(7.94 A) 2 (40Q): 



1.26kW 



The maximum energy stored in the 
magnetic field of the inductor is: 



£/,,max=^max=i(36mH)(7.94A) 2 



1.13J 



The definition of U Lm is: 



u L , dV =^]u(t)dt 
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U(t) is given by: 



u(thU[i(tf 



Substitute for U(t) to obtain: 



u„=±j[i(t)] 2 * 



o 



Evaluating the integral yields: 



2T 



2 ma 



1 9 

T = -LI 2 
4 ma 



Substitute numerical values and evaluate 

U LAV : 



f/ iav =i(36mH)(7.94A) 2 = 



0.567 J 



43 

Picture the Problem We can use the definition of the power factor to find the 
relationship between X L and R when/= 60 Hz and then use the definition of X L to relate 
the inductive reactance at 240 Hz to the inductive reactance at 60 Hz. We can then use 
the definition of the power factor to determine its value at 240 Hz. 



Using the definition of the power 
factor, relate R and X L : 



_ R R 

cos o = — = , 

Z ^R 2 + X 



(1) 



Square both sides of the equation to 
obtain: 

Solve for X 2 L (60 Hz): 

Substitute for cos 5 and simplify to 
obtain: 



cos 8 ■ 



R 2 



R 2 + X 2 L 



X 2 L (60Uz) = R 2 
X 2 L (60Hz) = R 2 



1 



cos 8 



1 



(0.866) : 



= \R 2 



Use the definition of X L to obtain: 


xl(f) = 


4;f 2 L 2 






and 










A7f 2 L 2 




Divide the second of these equations 


Kif) 


A7f 2 L 2 


f 2 


by the first to obtain: 




4nf 2 L 2 


~f 2 




K{f)_ 


_ A7f 2 L 2 _ 


f 2 






4rf 2 L 2 


" f 2 




or 
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xl(f) = U) xl(f) 



Substitute numerical values to 
obtain: 



X L 2 (240Hz): 



^240s^ 2 



v 60s 1 



X 2 (60 Hz) 



= 16 



R 2 

V^> J 



3 



Substitute in equation (1) to obtain: 



(cos 8) 



R 



240 Hz 



R 2 + ^R 2 



0.397 



*44 

Picture the Problem We can apply Kirchhoff's loop rule to obtain expressions for I R and 
I L and then use trigonometric identities to show that I - I R + I L - 7 max cos {at - 8), where 
tan S = RIX L and 7 max = s m JZ with Z 2 = R 2 + X L 2 . 



(a) Apply Kirchhoff ' s loop rule to a 
clockwise loop that includes the 
source and the resistor: 



^max COS COt- I R R=0 



Solve for I R : 



I R = 



R 



-cos cot 



(b) Apply Kirchhoff s loop rule to a 
clockwise loop that includes the 
source and the inductor: 

Solve for /, : 



£ mdX cos{cot-90°)-I L X L =0 

because the current lags the potential 
difference across the inductor by 90°. 



h = 



-cos(<yr-90°) 



(c) Express the current drawn from 
the source in terms of I mdX and the 
phase constant S: 

Use a trigonometric identity to 
expand cos(a>t - S): 



I=I R +I L =/ m ax C OS 



{cot -8) 



I = 7 max (cos cot cos 8 + sin cot sin S) 
= cos cot cos 8 + / „ sin cot sin 8 
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From our results in (a): 



I = h+h 



ma> 

R 



-cos cot 



-^^cos(^-90°) 



X, 



R 



X, 



A useful trigonometric identity is: 



Acosoot + B sin cot 

= ^A 2 +B 2 cos(cot-S) 

where 

S = t<m - 1 - 



Apply this identity to obtain: 




( £ ^ 


2 


' £ \ 




"i 


max 

I R j 


+ 


max 
V X L ) 



cos(cot-S) (1) 



and 



5 = tan 



f p ^ 

"'max 



X, 



= tan 



(2) 



Simplify equation (1) and rewrite 




( £ ^ 


2 


f £ \ 


equation (2) to obtain: 




max 

I R j 


+ 


max 
V X L J 





2 






+ 




,R; 




V X L ) 



cos(cot - S) 

> 

i(cot-S) 



cos 



= £„ 



cos 



(cot - S) 



max 



COS 



(cot- S) 



where 
tan 8 = 



R 



, 1 1 1 

and — T = — T H ; 

z 2 r 2 x; 
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Picture the Problem We can use the complex numbers method to find the impedances of 
the parallel portion of the circuit and the total impedance of the circuit. We can then use 
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Kirchhoff ' s loop rule to obtain an expression for the current drawn form the source. 
Knowing the current drawn from the source, we can find the potential difference across 
the parallel portion of the circuit and then use this information to find the currents drawn 
by the load and the inductor. 



(a) Express the rms currents in R, 
C, and R L : 



T _ ^rms T _ ^P.rms „ nf l 

Z R L 
V 

j p,rms 

L, rms 



Express the total impedance of the 
circuit: 



Z = R + Z p 

where Z p is the impedance of the parallel 
branch of the circuit. 



Use complex numbers to relate Z p 
to R L and X c : 



1 



1 1 

- + - 



or 



Z„ = 



iR L X L 
R L +iX L 



Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of R L + iX L and 
simplify to obtain: 

Substitute numerical values and 
evaluate X L : 



2 - iR L X L R L~ iX L 

p R L +iX L R L -iX L 
_ R L X 2 L + . R[X L 



R 2 L +X 2 L R 2 L +X 2 L 

X L =coL = 2nfL 

= 2^(500 s _1 )(3. 2 mH) = 10.1Q 



Substitute numerical values and 
evaluate Z„: 



(20Q)(10.1Q) 2 
p ~ (20Q) 2 +(10.1Q) 2 



+ i 



. (20Q) 2 (10.1Q) 



(20Q) 2 +(10.1Q) 2 
= 4.06Q + /(8.05Q) 



and 



|Z p | = A /(4.06Q) 2 + (8.05Q) 2 = 9.02Q 



Substitute to evaluate Z: 



Z = 4Q + 4.03Q + z'(8.05Q) 
= 8.03Q + j(8.05Q) 
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and 



|z| = > /(8.03n) 2 +(8.05n) 2 = 1 1.4Q 



Express and evaluate the power 
factor: 



R 8.05Q n __ 

cos 8 = — = = 0.706 

Z 11.4Q 



Apply Kirchhoff's loop rule to 
obtain: 

Solve for and evaluate I R rms : 



F -J 7-0 

°rms 1 fl.rms \^ \ ~ u 



J rms 

1 R, rms 



6 m _ 100V/V2 



11.4Q 



6.20A 



Express and evaluate V p> rms: 



V = I Z 

p, rms « L ,rms p 



= (6.20A)(9Q) = 55.8 V 



Substitute numerical values and 
evaluate 7 S;rms : 



R L , rms 



55.8V 
20Q 



2.79A 



Substitute numerical values and 
evaluate 7 L>rms : 

(b) Proceed as in (a) with 

/= 2000 Hz. Substitute numerical 

values and evaluate X L : 

Substitute numerical values and 
evaluate Z p : 



Substitute to evaluate Z: 



L, rms 



55.8V 
10.1Q 



5.52A 



X L = coL = 2xfL 



= 2^(2000s^)(3.2mH) = 40.2Q 



Z„ = 



and 

IzJ 



(20Q)(40.2Q) 2 
(20Q) 2 +(40.2Q) 2 
. (20Q) 2 (40.2Q) 
(20Q) 2 +(40.2Q) 2 
16.0Q + i(7.98Q) 



+ 1 



= • N /(l6.0Q) 2 +(7.98Q) 2 = 17.9Q 



Z = 4Q + 16.0Q + /(7.97Q) 

= 20.0Q + /(7.98Q) 
and 

|Z| = A /(20.0Q) 2 +(7.98Q) 2 = 21.5Q 
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Find the power factor: 



R 20.0 Q 

cos 8 = — = = 0.930 

Z 21.5Q 



Apply Kirchhoff's loop rule to 
obtain: 



£ -/„ Z=0 

rms fi.rms 



Solve for and evaluate 



s 100V/V2 



y rms 

S.rms- | Z | -' 2L5Q 



3.29A 



Express and evaluate V, 



p, rms- 



V = I z 

p, rms R L ,ims p 



= (3.29A)(l7.9Q)= 58.9 V 



Substitute numerical values and 
evaluate h rm S : 



58.9V 
20 Q 



2.95 A 



Substitute numerical values and 
evaluate 4, rms: 



58.9V 
40.2 Q 



1.47 A 



(c) Express the fraction of the 
power dissipated in the resistor: 



I 2 7? 

1 R, , rrn^L 



£ I B cosS 

rms R,ims 



Evaluate this fraction for 
/= 500 Hz: 



(2.79A) 2 (20Q) 



/=500Hz 



100V 



(6.20A)(0.706) 



= 0.503= 50.3% 



When/= 2000 Hz: 



(2.95A) 2 (20Q) 



/ =2000 Hz 



100V 



4i 



(3.29A)(0.930) 



= 0.804= 80.4% 
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Picture the Problem We can treat the ac and dc components separately. For the dc 
component, L acts like a short circuit. For convenience we let S\ denote the maximum 
value of the ac emf. We can use P = £^ 1 1 R x 2 to find the power dissipated in the resistors 

due to the dc source. We'll apply Kirchhoff's loop rule the loop including L, R u and R 2 to 
derive an expression for the power dissipated in the resistors due to the ac source. Note 
that only the power dissipated in the resistor R 2 due to the ac source is frequency 
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dependent. 



(a) Express the total power 
dissipated in Ri and R 2 : 



(1) 



Express and evaluate the dc power 
dissipated in Ri and R 2 : 



P = 

M,dc 



and 



2,dc 



r, ion 



_ £\ _ (16V) 2 _ 

r 2 8n 



32.0W 



Express and evaluate the average ac 
power dissipated in Rf. 



i^ = i(2oyl = 20 0W 



2^ 2 ion 



Apply Kirchhoff ' s loop rule to a 
clockwise loop that includes R h L, 
and R 2 : 



RJ, -Z 2 I 2 =0 



Solve for I 2 : 



2 — 1 — — 

^^2 '^^2 "^^1 ^^2 



Express the average ac power 
dissipated in R 2 : 



P = L I 2 R =i 

r 2,ac 2 J 2 JV 2 2 



V-^2 7 



R, = 



2 Z 2 



Substitute numerical values and 
evaluate P 2 , a C : 



P = 

- 1 2,ac 



1 (20V) 2 (8n) 

2 (8n) 2 +(2^-{l00s 1 }{6mH}) 2 ] 
= 20.5W 



Substitute in equation (1) to obtain: 



P = 25.6 W + 20.0 W= 45.6W 



P 2 =32.0 W + 20.5 W = 
and 



52.5W 



P = P 1 + P 2 = 



98. 1W 



(ft) Proceed as in (a) to evaluate P 2 , 
ae with/= 200 Hz: 



P = 

^ 2,ac 



1 (20V) 2 (8n) 

2 _(8n) 2 +(2^-{200s- 1 }{6mH}) 2 ] 
= 13.2W 
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Substitute in equation (1) to obtain: 



R =25.6W + 20.0W= 45.6W 



P 2 =32.0 W + 13.2 W = 
and 



45. 2 W 



P = P l+ P 2 



90.8W 



(c) Proceed as in (a) to evaluate P 2 , ac 
with/= 800 Hz: 



^2, ac ~~ 



(20V) 2 (8Q) 



(8 Q) 2 + (2^-{800 s }{6 mH}) 2 



= 1.64W 



Substitute in equation (1) to obtain: 



P =25.6W + 20.0W 



P 2 =32.0 W + 1.64 W 
and 



45.6W 



33.6W 



P = P l+ P 2 = 



79.2W 



47 

Picture the Problem We can use the phasor diagram for an RC circuit to find the voltage 
across the resistor. 



V, 



Sketch the phasor diagram for the voltages 
in the circuit: 




Use the Pythagorean theorem to 
express V R : 



Substitute numerical values and 
evaluate V R : 



V R = V(l00V) 2 -(80V) 2 = I 60.0V 



Filters and Rectifiers 



*48 

Picture the Problem We can use Kirchhoff's loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We'll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. Repeating this process for the output 
side of the filter will yield the desired equation. 
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Apply Kirchhoff ' s loop rule to the 
input side of the filter to obtain: 



Substitute for V in and / to obtain: 



V in -V-IR = Q 

where V is the potential difference across 
the capacitor. 

VL.„ cosat-V-R— = 0 



peak 



dt 



Because Q = CV: 



^ = ±[CV] = C^ 

dt dt dt 



Substitute for dQIdt to obtain: 



Assume a solution of the form: 

Substitution of this assumed 
solution and its first derivative in 
the differential equations, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 

Solve these equations 
simultaneously to obtain: 



Note that the output voltage is the 
voltage across the resistor and that it 
is phase shifted relative to the input 
voltage: 

Assume that V H is of the form: 

The input, output, and capacitor 
voltages are related according to: 

Substitute for V H (t), V peak (/), and 

V(t) and use the previously 

established values for V c and V s to 
obtain: 



dV 

Keak COS COt-V-RC = 0 

pedk dt 
the differential equation describing the 
potential difference across the capacitor. 

V = K cos cot + V sin cot 



V c +a>RCV s =V^ 
and 

V-coRW =0 



l + (coRC) 



2 peak 



and 



2 peak 



\ + {coRC) 

Kut =V H cos(cot-S) 

where Vh is the amplitude of the signal. 



v r H (0=v ta (0-vW 



and 

v„ = -V. 



Substitute for V c and V s to obtain: 



v„ = 



(coRCf 
l + {coRC) 



2 peak 
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and 

v„ = ■ 



coRC 



\ + {(oRC) 



2 ^peak 



Vh, v c , and v s are related according 
to the Pythagorean relationship: 

Substitute for v c and v s to obtain: 



coRC 



V u = 



tJi + (coRC) 



2 ^peak 



^peak 


i 




( 1 ^ 


2 


\^coRC j 



49 

Picture the Problem We can use some of the intermediate results from Problem 48 to 
express the tangent of the phase constant. 



(a) Because, as was shown in 
Problem 48, V H = ^v 2 c +v; : 

Also from Problem 48: 



tan 8 = 



V c = 

and 

V. = 



V.. 



Substitute to obtain: 



tan 8 



(coRCf 

i+Mc) 2 ' peak 

coRC 
l + (coRCf peak 

coRC 

i+Mc) 2 peak 



(b) Solve for 5: 



As co -^>0: 



(c) Asco—>co: 



8 = tan 



(coRCf 
1 • ((oRCf ' 

1 

coRC 



coRC 



8 



90 c 



£-> 0 



50 

Picture the Problem We can use the results obtained in Problems 48 and 49 to find/ 3 dB 
and to plot graphs of log(V out ) versus log(/) and 8 versus log(/). 



736 Chapter 29 



(a) Express the ratio V out /Vi n : 



V. 



peak 



1 + 



coRC 



peak 



1 + 



c i \ 2 



coRC 



When V, =V,l4l: 



1 + 



f 1 A 



\coRC j 



1 



Square both sides of the equation 
and solve for coRC to obtain: 

Substitute numerical values and 
evaluate f 3dB : 

(b) From Problem 48 we have: 



From Problem 49 we have: 



coRC = 1 => a> = — — => f, HR = — - — 
RC 3dB 2;tf?C 



/3dB ~~ 



V =■ 

* out 



1 



2^-(20kQ)(l5nF) 



peak 



531Hz 



1 + 



8 = tan 1 



1 

,coRC 
1 



Rewrite these expressions in terms 
of/3dB to obtain: 



V = 

* out 



and 

8 = tan 



peak 



V. 



peak 



1 + 



' l ^ 2 



ylTfRCj 
1 

2t$RC 



1 + 



J3dB 



= tan 



v / , 

fldB 
/ 



A spreadsheet program to generate the data for a graph of Vo Ut versus / and 8 versus /is 
shown below. The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


2.00E+03 


R 


B2 


1.50E-08 


C 


B3 


1 


^peak 


B4 


531 


/3dB 


A8 


53 


o.i/ 3dB 
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C8 


$B $3/SQRT( 1 +( 1 ($B $4/A8)) A 2) 


^peak 


f 


(f Y 

I / J 


D8 


LOG(C8) 


log(Kut) 


E8 


ATAN(-$B$4/A8) 


tan 1 


/ J 


F8 


E8*180/PI() 


S in degrees 





A 








1 


R= 


2.00E+04 


ohms 








2 


C= 


1.50E-08 


F 








3 


V_peak= 


1 


V 








4 


f_3 dB= 


531 


Hz 








5 














o 














7 


f 


log(f) 


V_out 


log(V_out) 


delta(rad) 


delta(deg) 


8 


53 


1.72 


0.099 


-1.003 


-1.471 


-84.3 


9 


63 


1.80 


0.118 


-0.928 


-1.453 


-83.2 


10 


73 


1.86 


0.136 


-0.865 


-1.434 


-82.2 


11 


83 


1.92 


0.155 


-0.811 


-1.416 


-81.1 


55 


523 


2.72 


0.702 


-0.154 


-0.793 


-45.4 


56 


533 


2.73 


0.709 


-0.150 


-0.783 


-44.9 


57 


543 


2.73 


0.715 


-0.146 


-0.774 


-44.3 
















531 


5283 


3.72 


0.995 


-0.002 


-0.100 


-5.7 


532 


5293 


3.72 


0.995 


-0.002 


-0.100 


-5.7 


533 


5303 


3.72 


0.995 


-0.002 


-0.100 


-5.7 


534 


5313 


3.73 


0.995 


-0.002 


-0.100 


-5.7 



The following graph of log(V out ) versus log(/) was plotted for V peak = 1 V. 




log(f) 



A graph of Jin degrees as a function of log(/) follows. 
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log(f) 



Referring to the spreadsheet program, we see that when/=/ 3d B, 8 
result is in good agreement with its calculated value of -45.0°. 



-44.9 C 



This 
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Picture the Problem We can use Kirchhoff's loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. Because the voltage drop across the 
resistor is small compared to the voltage drop across the capacitor, we can express the 
voltage drop across the capacitor in terms of the input voltage. 



Apply Kirchhoff ' s loop rule to the 
input side of the filter to obtain: 



V in -V c -IR = 0 

where V c is the potential difference across 
the capacitor. 



Substitute for V m and / to obtain: 



V pedk cos o)t-V c -R 



dQ 
dt 



= 0 



Because Q = CV C - 



^- = ^-[cv c ] = c^- 

dt dt dt 



Substitute for dQ/dt to obtain: 



V pe . dk coscot-V c -RC 



dt 



0 



the differential equation describing the 
potential difference across the capacitor. 



Because the voltage drop across the 
resistor is very small compared to 
the voltage drop across the 
capacitor: 



and 



Consequently, the potential 
difference across the resistor is 
given by: 



RC^ 



dt 



dt 
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52 

Picture the Problem We can use the expression for V H from Problem 48 and the 
definition of fi given in the problem to show that every time the frequency is halved, the 
output drops by 6 dB. 



From Problem 48: 



or 



V, 



peak 



V. 



peak 



1 + 



1 



\coRC j 
1 



1 + 



1 

\coRC j 



Express this ratio in terms of/ and 



V. 



peak 



1 + 



^3dB 

v / J 



fi 



r j-2 \ 



1+ 



t 
f 2 



For f«f MB - 



V, 



H ^ 



V, 



peak 



/ 



/ 



2 

3dB 



f y-2 A 



1 + 



r 
f- 



f: 



3 dB 



V ^3dB J 



From the definition of fi we have: 



/3 = 201og 10 -^ 



V. 



peak 



Substitute for Vn/V pea k to obtain: 



/3 = 201og 10 



_f_ 

/3dE 



Doubling the frequency yields: 



P = 201og 



10 



3dB 



The change in decibel level is: 



= 201og 10 ^-201og 10 ^- 



dB 



3dB 



= 201og 10 2 



6.02 dB 



*53 

Picture the Problem We can express the instantaneous power dissipated in the resistor 
and then use the fact that the average value of the square of the cosine function over one 
cycle is Vi to establish the given result. 
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The instantaneous power P{t) 
dissipated in the resistor is: 

The output voltage V out is: 
From Problem 48: 



V 2 

P(t) = 1°* 

R 



Ku, =V H cos{cot-S) 



V 



peak 



1 + 



\coRC j 



Substitute in the expression for P(i) 
to obtain: 



V 

P(t) = cos 2 (cot -8) 
R 



V. 



peak 



R 



1 + 



f \ \ 2 



coRC 



cos 



(cot -8) 



Because the average value of the 
square of the cosine function over 
one cycle is Vr. 



P =■ 

ave 



V 



peak 







f 1 > 


2 


2R 


1 + 




\coRC ) 





Simplify this expression to obtain: 



^peak 


f {coRCf } 


2R 


K l + (coRCf ) 



54 

Picture the Problem We can solve the expression for V H from Problem 48 for the 
required capacitance of the capacitor. 



From Problem 48: 



We require that: 



V. 



peak 



1 + 



v 



v, 



H _ 



coRC 
1 



V, 



peak 



1 + 



1 \ 2 10 



coRC 



or 



1 + 



coRC 



10 



Solve for C to obtain: 



C = 



1 



1 



99coR l7r^99Rf 
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Substitute numerical values and 
evaluate C: 



C 



2;rV99(20kQ)(60Hz) 



13.3nF 



55 

Picture the Problem We can use Kirchhoff's loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We'll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 
equations will yield the amplitude of the output voltage. 



Apply Kirchhoff ' s loop rule to the 
input side of the filter to obtain: 



V m -IR-V=0 

where V is the potential difference across 
the capacitor. 



Substitute for V- m and / to obtain: 



V^coscot-R 



dQ 
dt 



-V = 0 



Because Q = CV: 



ae = ±[cv]=cM 

dt dt dt 



Substitute for dQ/dt to obtain: 



dV 

cos at -RC V = 0 

peik dt 

the differential equation describing the 
potential difference across the capacitor. 



Assume a solution of the form: 



V = V cos cot + V. sin cot 



Substitution of this assumed 
solution and its first derivative in 
the differential equation, followed 
by equating the coefficients of the 
sine and cosine terms, yields two 
coupled linear equations: 

Solve these equations 
simultaneously to obtain: 



Note that the output voltage is the 
voltage across the capacitor and that 
it is phase shifted relative to the 
input voltage: 



V+coRCV, =V 



peak 



and 

V-coRCV, =0 



and 

y = 



i 



-VL 



l + (coRCf peak 

coRC 
l + {coRCf peak 



Ku, =V L cos(a*-S) 

where V L is the amplitude of the signal. 



V L , V c , and V s are related according 
to the Pythagorean relationship: 



v L =jv c 2 +v> 
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Substitute for V c and V s to obtain: 



1 



-v.. 



i+Mc) 2 peak 

Simplify algebraically to obtain: 



+ 



V, 



coRC 
l + (coRC) 



2 ^peak 



peak 



As/ ^0,V L _>y As/ ->co,y £ ->0. 



56 

Picture the Problem We can use some of the intermediate results from Problem 55 to 
express the tangent of the phase constant. 



From Problem 55: 



v L =Jv c 2 +v; 



Also from Problem 55: 



where tan 8 - 



y = 



y 



l + (cvRC) 



2 ^peak 



Substitute to obtain: 



and 

y= " RC y v 

■ i+Mc) 2 peak 

coRC 

lTMcf peak 



tan 8 



1 



-y, 



coRC 



Solve for J: 
As co ->Q: 

(c) As ft> —> oo: 



i+Mc) 2 peak 

<y = tan _1 (fflRC) 



£-> 0 



90 c 



Remarks: See the spreadsheet solution in the following problem for additional 
evidence that our answer for Part (c) is correct. 

*57 

Picture the Problem We can use the expressions for V L and 8 derived in Problem 56 to 
plot the graphs of V L versus/and 8 versus/for the low-pass filter of Problem 55. We'll 
simplify the spreadsheet program by expressing both V L and 8 as functions of / 3 d B- 
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From Problem 56 we have: 



V L = 



peak 



Vi+Mc) 2 

and 

S = tan 1 (coRC) 



Rewrite each of these expressions in terms 
of/3dB to obtain: V' = 



Vl + (2^RC) 2 



V. 



peak 



1+ 



and 

£ = tan _1 (2;gtf?C)=tan~ 



f 



f: 



V J 3 dB J 



A spreadsheet program to generate the data for graphs of V L versus /and 8 versus /for 
the low-pass filter is shown below. Note that y pea k has been arbitrarily set equal to 1 V. 
The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


2.00E+03 


R 


B2 


5.00E-09 


C 


B3 


1 


^peak 


B4 


(2*PI()*$B$1*$B$2) A -1 


/3dB 


B8 


$B $3/SQRT( 1 +((A8/$B $4) A 2)) 


^peak 


i 


1 + 


' f ) 

v /3dB j 


2 


C8 


ATAN(A8/$B$4) 


tan" 1 


{ f ' 


\ 
/ 


D8 


C8*180/PI() 


5 in degrees 





A 


B 


C 




1 


R= 


1.00E+04 


ohms 




2 


C= 


5.00E-09 


F 




3 


V_peak= 


1 


V 




4 


f_3 dB= 


3.183 


kHz 




5 










6 


f(kHz) 


V_out 


delta(rad) 


delta(deg) 


7 


0 


1.000 


0.000 


0.0 


8 


1 


0.954 


0.304 


17.4 


9 


2 


0.847 


0.561 


32.1 


10 


3 


0.728 


0.756 


43.3 












54 


47 


0.068 


1.503 


86.1 


55 


48 


0.066 


1.505 


86.2 


56 


49 


0.065 


1.506 


86.3 
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57 


50 


0.064 


1.507 


86.4 



A graph of V out as a function of / follows: 




/ (kHz) 



A graph of 8 as a function of / follows: 



100 -i 




/ (kHz) 
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Picture the Problem We can use Kirchhoff's loop rule to obtain a differential equation 
relating the input, capacitor, and resistor voltages. We'll then assume a solution to this 
equation that is a linear combination of sine and cosine terms with coefficients that we 
can find by substitution in the differential equation. The solution to these simultaneous 
equations will yield the amplitude of the output voltage. 



Apply Kirchhoff ' s loop rule to the 
input side of the filter to obtain: 

Substitute for V m and / to obtain: 



v in -iR-v c =o 

where V c is the potential difference across 
the capacitor. 

V peak cos^-i?^-V c =0 
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Because Q = CVc'. 



d ® = d -[cv c ] = c d ^ 

dt dt dt 



Substitute for dQIdt to obtain: 



dV 

V^cosat-RC-^-V^O 

the differential equation describing the 
potential difference across the capacitor. 



The output voltage is the voltage 
across the capacitor. Because this 
voltage is small : 



V^co&at-RC^-vO 
peak dt 



Separate the variables in this 
differential equation and solve for 
V c : 



-Lf 

RC } 



^peak COS OJtdt 
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Picture the Problem We can apply Kirchhoff's loop rule to both the input side and 
output side of the trap filter to obtain an expression for the impedance of the trap. 
Requiring that the impedance of the trap be zero will yield the frequency at which the 

circuit rejects signals. Defining the bandwidth as Aco = \co — Q) t \ and requiring that 



trap | 



R will yield an expression for the bandwidth and reveal its dependence on R. 



Apply Kirchhoff ' s loop rule to the 
output of the trap circuit to obtain: 

Solve for Vo Ut : 



v m -nc L 



IX c =0 



V oat =l{X L + X c )=IZ 



trap 



Where Z ,ra P = X L+ X C 



(1) 



Apply Kirchhoff s loop rule to the 
input of the trap circuit to obtain: 



V m -IR-IX L -IX c =0 



Solve for /: 



Substitute for / in equation ( 1) to 
obtain: 



R + X L + X C R + Z 
Z 



trap 



V =V 

out in 



trap 



R + Z 



trap 



Because X r = icjL and 



x c = 



coC 



coL 



coC 



Note that Z lmp = 0 and V out = 0 
provided: 
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Let the bandwidth Acobe: 



Aco = \a>-co. 



I rap 



(2) 



Let the frequency bandwidth to be 
defined by the frequency at 

which Z, I = R . Then: 



coL 



coC 



R 



or 



co LC-\=coRC 



Because *»,.„,, = 



trap 



( \ 2 
CO 



V ^irap J 



\ = coRC 



For co ~ co. 



trap- 



f 2 2 \ 



Solve for co 2 -col ap \ 



Because co & co, rap , 

03 ~ <°trap ~ lc0 ,rap '■ 



a )2 -a>Lp={a>-<» lra p^' > + ^ 



= {(0-(Otrap% 
® 2 -®lap*Mrap{®-®,rap) 



Substitute in equation (2) to obtain: 



Aco = \co-co,\ = - 



RCco, 



trap 



R_ 
2L 



60 

Picture the Problem For voltages greater than 0.6 V, the output voltage will mirror the 
input voltage minus a 0.6 V drop. But when the voltage swings below 0.6 V, the output 
voltage will be 0. A spreadsheet program was used to plot the following graph. The 
angular frequency and the peak voltage were both arbitrarily set equal to one. 
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Picture the Problem We can use the decay of the potential difference across the 
capacitor to relate the time constant for the RC circuit to the frequency of the input signal. 
Expanding the exponential factor in the expression for V c will allow us to find the 
approximate value for C that will limit the variation in the output voltage by less than 50 
percent (or any other percentage). 



The voltage across the capacitor is 
given by: 



V r =V in e 



-t/RC 



Expand the exponential factor to 
obtain: 

For a decay of less than 50 percent: 
Solve for C to obtain: 



e ->/zc xl _J_ t 
RC 



1 



1 



RC 



t<0.5 



R 



Because the voltage goes positive 
every cycle, t = 1/60 s and: 



C< 



IkQ 



60 



33.3 //F 



LC Circuits with a Generator 



62 



Picture the Problem We know that the current leads the voltage across and capacitor 
and lags the voltage across an inductor. We can use I Lmax = £ nVdX /X L and 

max = ^max/^c to ^ m< ^ amplitudes of these currents. The current in the generator 

will vanish under resonance conditions, i.e., when \l L \ = \l c . To find the currents in the 

inductor and capacitor at resonance, we can use the common potential difference across 
them and their reactances . . . together with our knowledge of the phase relationships 
mentioned above. 



(a) Express the amplitudes of the 
currents through the inductor and 
the capacitor: 



p 

J "max 

L,max 



and 

Ir 

C ,ma? 



X, 



Express X L and X c : 



X L = coL and X c 



coC 
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Substitute to obtain: 



L,max 



and 



C.max 



100 V 



(4H) 



to 



25V/H 



co 



lagging £ by 90° 



100V 



1 



(25 juF} 



(2.5xlO~ 3 V-F)«, 
leading 8 by 90° 



(b) Express the condition that 
7=0: 



or 
£ _ , 

coL 



= coC£ 



ooC 



Solve for ft) to obtain: 



<z> = 



Substitute numerical values and 
evaluate &>: 

(c) Express the current in the 
inductor at co = a^: 



Express the current in the capacitor 
at co - coq\ 



co = 



h = 



V(4H)(25//F) 



lOOrad/s 



^25V/H A 
100s" 1 



cos [(l00rad/s>-90°] 



(0.250A)sin[(l00s^)r 



I c =(2.5x10" 3 V-f)(100s^) 
xcos [(l00rad/s> + 90°] 

-(0.25A)sin[(l00s ~ l )t 



(d) The phasor diagram is shown to 
the right. 
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63 

Picture the Problem We can differentiate Q with respect to time to find / as a function 
of time. In (b) we can find C by using co = l/*jLC . The energy stored in the magnetic 
field of the inductor is given by U m =\LI 2 and the energy stored in the electric field of 



the capacitor by U 



e 2 



el 

c 



(a) Use the definition of current to 
obtain: 



/ = 



dQ _d 
dt dt 



(l5//C) cos 
(15//C)(l250s _1 )sin 



1250? + 



71 



1250?+ 



71 



(l 8.75 mA) sin 



1250? + - 
V 4 



(b) Relate C to L and or. 



co = 



Solve for C to obtain: 



C = 



co 2 L 



Substitute numerical values and 
evaluate C: 



C = 



(l250s^) 2 (28mH) 



22.86//F 



(c) Express and evaluate the magnetic energy U m : 



U m = \LI 2 = ^ (28 mH)(l 8.75 mA) 2 sin : 



1250? + 



71 



V 



(4.92 fd) sin : 



1250? + 



K 



Express and evaluate the electrical 
energy U e : 



U 



e 2 



,Gl 
c 

L (15/iP) 

2 22.86 //F 



■ 2 / 
2 



-cos 



1250? + 



(4.92 / J) 



cos 



1250? + 



V 



The total energy stored in the electric and magnetic fields is: 
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U=U m +U e =(4.92juS)si 



sin 



1250f+ 



n 



+ 



(4.92 jui) 



cos' 



1250f+ 



K 



4.92 /J 
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Picture the Problem We can use the definition of the capacitance of a dielectric-filled 
capacitor and the expression for the resonance frequency of an LC circuit to derive an 
expression for the fractional change in the thickness of the dielectric in terms of the 
resonance frequency and the frequency of the circuit when the dielectric is under 
compression. We can then use this expression for At/t to calculate the value of Young's 
modulus for the dielectric material. 



Use its definition to express 
Young's modulus of the dielectric 
material: 



Y = 



stress AP 



strain At t 



(1) 



Letting t be the initial thickness of 
the dielectric, express the initial 
capacitance of the capacitor: 



c„ 



fCG 0 A 



Express the capacitance of the 
capacitor when it is under 
compression: 



c = 



*" e o A 
t-At 



Express the resonance frequency of 
the capacitor before the dielectric is 
compressed: 



G) n 



\icg 0 AL 



When the dielectric is compressed: 



Vc7 



k-<e 0 AL 
t-At 



Express the ratio of a> c to a>o and 
simplify to obtain: 



co,. 



co n 



k e 0 AL 



At 



|xre 0 AL 
t-At 



Expand the radical binomially to 
obtain: 



CO.. 



co„ 



At 



y/2 



t ) 



At_ 
2t 



provided At « t. 
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Solve for At/t: 



At 



co,. 



CO, 



Substitute in equation (1) to obtain: 



Y = 



AP 



co,. 



CO, 



■o J 



Substitute numerical values and 
evaluate Y: 



(800atm)(l01.325kPa/atm) 
_116MHz^ 
120 MHz 



= 1.22xl0 9 N/m 2 
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Picture the Problem We can model this capacitor as the equivalent of two capacitors 
connected in parallel. Let C\ be the capacitance of the dielectric-filled capacitor and C 2 be 
the capacitance of the air-filled capacitor. We'll derive expressions for the capacitances 
of the parallel capacitors and add these expressions to obtain C(x). We can then use the 
given resonance frequency when x = w/2 and the given value for L to evaluate C 0 . In Part 
(b) we can use our result for C(x) and the relationship between/, L, and C(x) at resonance 
to express/^). 



(a) Express the equivalent 
capacitance of the two capacitors in 
parallel: 



C(x) = C[ + C 2 = 



K G 0 A, 



A 2 



d 



d 



(1) 



Express A 2 in terms of the total area 
of a capacitor plate A, w, and the 
distance x: 



x 
w 



A, = A- 



w 



Express A\ in terms of A and A 2 : 



1-- 



Substitute in equation (1) and 
simplify to obtain: 



C(x) = 



KG n A 



r 



d 

. A 



d 



= i<C, 



1-- 



+ ■ 



e n A x 



K 



1- 



W J 



w 



1 K ~ l 

1 X 

KW 



w 
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where C 0 = — 



Find C(w/2): 



= KC r 



= kC, 



1- 



K-\ W 
KW 2 
K-l 



2k 



= C, 



tc + l 



Express the resonance frequency of 
the circuit in terms of L and C(x): 

Evaluate f(w/2): 



1 



/ 



2tt^LC(x) 
1 



InALC, 



tc + l 



(2) 



In \ (k + 1)LC () 



Solve for Co to obtain: 



C 0 = 



1 



2^/f"W + l) 

\2J 



Substitute numerical values and evaluate 

C 0 : 



C n = 



° 2^- 2 (90MHz) 2 (2mH)(4.8 + l) 



= 5.39x10 F 



(b) Substitute for C(x) in equation 
(2) to obtain: 



IttJLkC, 



1 x 

KW 



Substitute numerical values and evaluate /(x): 



2;r (2mH)(4.8)(5.39xl0 16 f) 



1 4.8-1 
4.8(0.2m) X 



70.0 MHz 



Vl- (3.96 m- 1 )* 
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RLC Circuits with a Generator 



66 



Picture the Problem We can use the expression for the resonance frequency of a series 
RLC circuit to obtain an expression for C as a function of/. 



Express the resonance frequency as 
a function of L and C: 



co = 2rf = 



1 



Solve for C to obtain: 



C = 



1 



4;r 2 f 2 L 



Substitute numerical values and 
evaluate the smallest value for C: 



C 



1 



smallest 



4tt 2 (1600 kHz) 2 (1//H) 
= 9.89nF 



Substitute numerical values and 
evaluate the largest value for C: 



C, 



1 



lu ^ 1 4;r 2 (500kHz) 2 (l//H) 
= 101nF 



Therefore: 



9.89nF<C<101nF 
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Picture the Problem The diagram shows 
the relationship between 8, X L , X c , and R. 
We can use this reference triangle to 
express the power factor for the circuit in 
Example 29-5. In (b) we can use the 
reference triangle to relate co to tanJ. 

(a) Express the power factor for the 
circuit: 

Evaluate X L and X c : 




x R 
cose) = — = 



R 



X L -Xc 



z Jr 2 + (x l -xJ 

X L =coL = (400 s" 1 )(2 H) = 800 Q 
and 

x c= — = 7 r\7 x = 1250Q 

c coC (400s-')(2//F) 
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Substitute numerical values and 
evaluate cos 8. 



cos 8 



20 Q 



V(20Q) 2 +(800 Q- 1250 Q) 2 



0.0444 



(b) Express tanJ: 



tmS= XL ~ Xc = 
R 



coL 



coC 



R 



Rewrite this equation explicitly as a 
quadratic equation in ox 



LCor -O?tan&y-l = 0 



Substitute numerical values to obtain: 

[(2H)(2 / uF)]» 2 -[(2//F)(20Q)tan(cos 1 Q.5%)-\ = 0 

(4x 10" 6 s 2 )co 2 ± (69.3 x 10" 6 s)» - 1 = 0 



or 



Solve for a> to obtain: 



«= 491rad/s or <y = 509rad/s 
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Picture the Problem The diagram shows 
the relationship between 8, X L , X c , and R. 
We can use this reference triangle to 
express the power factor for the given 
circuit. In (b) we can find the rms current 
from the rms potential difference and the 
impedance of the circuit. We can find the 
average power delivered by the source 
from the rms current and the resistance of 
the resistor. 

(a) The power factor is defined to 
be: 




x R 
cose) = — = 



R 



X, - X c 



Z ^R 2 + (X L -X c f 



With no inductance in the circuit: 



X L =0 
and 

cos£ = 



R 



R 



^R 2 + X 



0) L 



Substitute numerical values and 
evaluate cos 8: 



cos 8 = 
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80 Q 



(80 nf 



+ 



1 



(400s-') 2 (20//F) 2 



0.539 



(b) Express the rms current in the 
circuit: 



4i 



Z ^R 2 + X 



+ 



i 

CO L 



Insert numerical values and evaluate 

*rms» 



20 V 



V2 (80 nf 



+ 



(400s^) 2 (20//F) 2 



95.3mA 



= 0.727 W 



(c) Express and evaluate the average P a = 7 r 2 ms i? = (95. 3 mA) 2 (80 Q) 

power delivered by the generator: 

*69 

Picture the Problem The impedance of an ac circuit is given by 

Z = tJr 2 + {X L — X c ) 2 . We can evaluate the given expression for P. dV first for 

X L = X c = 0 and then for R = 0. 



(a) ForX=0,Z = 7?and: 



(b),(c) Iftf = 0, then: 



R£t. RSL 



P m = 



p _ R£ rms 



R 



z 2 {x L -x c y 



0 



Remarks: Recall that there is no energy dissipation in an ideal inductor or 
capacitor. 



70 

Picture the Problem We can use a> 0 = 1/-JlC to find the resonant frequency of the 
circuit, 7 rms = <S" rms j R to find the rms current at resonance, the definitions of X c and X L to 
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find these reactances at co = 8000 rad/s, the definitions of Z and 7 rms to find the impedance 
and rms current at co = 8000 rad/s, and the definition of the phase angle to find 8. 



(a) Express the resonant frequency 
coq in terms of L and C: 



1 



Substitute numerical values and 
evaluate co^: 



w 0 = 



VllOmH)^/^) 



= 7.07x10' rad/s 



(b) Relate the rms current at 
resonance to £; ms and the impedance 
of the circuit at resonance: 

(c) Express and evaluate X c and X L 
at ft>=8000 rad/s: 



£ 8 100V 

J rms max 

rms 



R 4lR V2(5Q) 



14.1A 



X 



c coC (8000 s ^(2^) 



62.5Q 



and 



X L =coL = (8000 s 1 )(l0mH) = 



80.0Q 



(d) Express the impedance in terms 
of the reactances, substitute the 
results from (c), and evaluate Z: 



Z = ^R 2 +(X L -X c f 
= A /(5Q) 2 +(80Q-62.5Q) 2 



18.2Q 



Relate the rms current at 
co = 8000 rad/s to £; ms and the 
impedance of the circuit at this 
frequency: 



S £ 

rms max 



100 V 



Z V2Z V2(18.2Q) 



3.89A 



(e) Using its definition, express and 
evaluate S: 



5 = tan 



= tan 



X L~ X C 



R 



80Q-62.5Q 
5Q 



74. l c 



71 

Picture the Problem We can use / 0 = l/ln^LC to find the resonant frequency of the 

circuit, the definitions of X c and X L to find these reactances at/= 1000 Hz, the definitions 
of Z and 7 rms to find the impedance and rms current at/= 1000 Hz, and the definition of 
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the phase angle to find 8. 



(a) Express the resonant frequency 
fo in terms of L and C: 



1 



Substitute numerical values and 
evaluate f 0 : 



fo 



2^(10 mH)(2//F) 



1.13kHz 



(b) Express and evaluate X c and X L 
atf= 1000 Hz: 



X - 1 - U 
c 2^C 2^-(l000s 1 )(2 / uF) 



79.6Q 



and 



X L = 2nfL = 2^-(l000s" 1 )(l0mH) 



62.8Q 



(c) Express the impedance in terms 
of the reactances, substitute the 
results from (b), and evaluate Z: 



Z = ^R 2 +{X L -X c f 
= 7(5 Q) 2 + (62.8 Q- 79.6 Q) 2 



17.5Q 



Relate the rms current at 
/= 1000 Hz to £ [ms and the 
impedance of the circuit at this 
frequency: 



max 



100 V 



Z V2Z V2(17.5Q) 



4.04 A 



(d) Using its definition, express and 
evaluate 8. 



5 = tan 



= tan 



R j 
62.8Q-79.6Q 



5Q 



-73.4 C 
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Picture the Problem Note that the reactances and, hence, the impedance of an ac circuit 
are frequency dependent. We can use the definitions of X L , X c , and Z, 8, and cos 8 to find 
the phase angle and the power factor of the circuit at the given frequencies. 



Express the phase angle 8 and the 
power factor cos 8 for the circuit: 



8 = tan" 1 
and 



X L~ X C 

R 



(1) 
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cosS = 



R 



(2) 



(a) Evaluate X L , X c , and Z at 
/=900 Hz: 



X L = 2t$L 

= 2^(900 s" 1 )(10 mH) = 56.5 Q, 

X - 1 - 1 t 

c 2#C 2^(900 s _1 )(2^) 

= 88.4Q, 

and 

z = V* 2 +(x L -x c ) 2 

= A /(5Q) 2 +(56.5Q-88.4Q) 2 
= 32.3Q 



Substitute in equations (1) and (2) to 
obtain: 



8 = tan 1 



^56.50-88.40^ 
5Q 



-81.1° 



and 
cos 8 = 



5Q 



32.3Q 



0.155 



(b) Evaluate X L , X c , and Z at 
/= 1.1 kHz: 



X L = 27tfL 

= 2tt(i 100s _1 )(l0mH) = 69. 1Q, 

X - 1 - 1 t 

c 2^/C 2;r(ll00s I )(2//F) 



= 72.3Q, 



and 



Z = ^R 2 +{X L -X c f 



= a /(5Q) 2 +(69.1Q-72.3Q) 2 
= 5.94Q 



Substitute in equations (1) and (2) to 
obtain: 



8 = tan" 1 



/ 69.1Q-72.3Q A 
5Q 



-32.6° 



and 
cos 8 = 



5Q 
5.94Q 



0.842 
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(c) Evaluate X L , X c , and Z at 
/= 1.3 kHz: 



X L = 

= 2;r(l300s 1 )(l0mH) = 81.7 Q, 

X - 1 - 1 

c 2nfC 2^(l300s _1 )(2^) 
= 61.2Q, 

and 

Z = ^R 2 +(X L -X c f 
= J (5 Q) 2 + (81.7 Q- 61.2 Q) 2 

= 21. in 



Substitute in equations (1) and (2) to 
obtain: 



8 = tan 

and 
cos 8 



A 81.7n-61.2n^ 
5Q 



76.3° 



5Q 

21. in 



0.237 



73 

Picture the Problem The Q factor of the circuit is given by Q = co 0 L/R , the resonance 

width by Af = f 0 /Q = co 0 / ItiQ , and the power factor by cos 8 = R/Z . Because Z is 

frequency dependent, we'll need to find X c and X L at a> = 8000 rad/s in order to evaluate 
cos<5 



Using their definitions, express the 
Q factor and the resonance width of 
the circuit: 



R 

and 

Af = A = ^o_ (2) 



Q 2nQ 



(a) Express and evaluate the 
resonance frequency for the circuit: 



1 



co 0 = 



1 



LC A /(l0mH)(2//F) 
= 7.07 xlO 3 rad/s 



Substitute numerical values in 
equation (1) and evaluate Q: 



Q 



(7.07 xlO 3 rad/s)(l0mH) 



5n 



14.1 



(b) Substitute numerical values in 
equation (2) and evaluate Af: 



7.07 xlO 3 rad/s 
2^(14.1) 



79.8 Hz 
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(c) Express the power factor of the 
circuit: 

Evaluate X L , X c , and Z at 
«=8000 rad/s: 



cos 8 ■ 



R 



X L = coL 

= (8000 s _1 )(l0mH) = 80.0 n, 

X - 1 - , \ 
c coC (8000 s ^(2^) 

= 62.5Q, 

and 

Z = ^R 2 +(X L -X c f 

= V(5O) 2 +(80Q-62.5Q) 2 
= 18.2Q 



Substitute numerical values and 
evaluate cos S: 



cosS 



5Q 
18.2Q 



0.275 



*74 ** 

Picture the Problem We can use its definition, Q = f 0 /Af to find the Q factor for the 
circuit. 



Express the Q factor for the circuit: 



Q 



A 



Substitute numerical values and evaluate 
Q: 



Q = 



100.1 MHz 
0.05 MHz 



2002 



75 

Picture the Problem We can use / = 6" max /Z to find the current in the coil and the 

definition of the phase angle to evaluate 8. We can equate XL and XC to find the 
capacitance required so that the current and the voltage are in phase. Finally, we can find 
the voltage measured across the capacitor by using V c = IX c . 



(a) Express the current in the coil in 
terms of the potential difference 
across it and its impedance: 

Substitute numerical values and 
evaluate /: 



p 

j max 



/ = 



100 V 
10Q 



10.0A 
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(b) Express and evaluate the phase 
angle 8: 



s 1 R ■ -l X 

b = cos — = sin — 

Z Z 



= sin 



V 10Qy 



53. l c 



(c) Express the condition on the 
reactances that must be satisfied if the 
current and voltage are to be in 
phase: 



X L = X c or X L 



coC 



Solve for C to obtain: 



C 



1 



1 



cdX l 1ti$X l 



Substitute numerical values and 
evaluate C: 



C = 



2^(60 s _1 )(8n) 



332//F 



(d) Express the potential difference 
across the capacitor: 



v c =ix c 



Relate the current / in the circuit to 
the impedance of the circuit when X L 
= X C : 



1 = 



V_ 
R 



Substitute to obtain: 



R 2nfCR 



Relate the impedance of the circuit to 
the resistance of the coil: 



Z = ^R 2 + X 2 



Solve for and evaluate the resistance 
of the coil: 

Substitute numerical values and 
evaluate V c - 



R = 4z 2 -X 2 = A /(10Q) 2 -(8Q) 2 
= 6Q 



V ^ 

c 2^(60 s 1 )(332//F)(6Q) 



133V 



76 

Picture the Problem We can find C using V c = I Tms X c and 7 rms from the potential 

difference across the inductor. In the absence of resistance in the circuit, the measured 
rms voltage across both the capacitor and inductor is V = W L — V c \. 
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(a) Relate the capacitance C to the 
potential difference across the 
capacitor: 



2rfC 



Solve for C to obtain: 



C = 



2xfV c 



Use the potential difference across 
the inductor to express the rms 
current in the circuit: 



X L 2t$L 



Substitute to obtain: 



c- ^ 



(2#) 2 iV c 



Substitute numerical values and 
evaluate C: 



C = 



50 V 



[2^(60s I )] 2 (0.25H)(75V) 



18.8//F 



(b) Express the measured rms 
voltage V across both the capacitor 
and the inductor when R = 0: 



v = v L -v c 



Substitute numerical values and evaluate V: y = |50 V — 75 V| 



25.0 V 
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Picture the Problem We can rewrite Equation 29-5 1 in terms of 00, L, and C and factor L 
from the resulting expression to obtain the given equation. In (b) and (c) we can use the 
expansions for cor 1 * and tan~'x to approximate 5 at very low and very high frequencies. 



(a) From Equation 29-5 1 : 



tan 5 



coL-\lcoC co L-l/C 



R coR 
_ l(co 2 - 1/LC) _ I L(co 2 -~co*) 
coR coR 



(b) Rewrite tan 8 as: 



tan^ = 



coL 



1 



R coRC 



(1) 



For co « 1 : 



tan 5 



coRC 
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and 



cot 8 = -coRC or 8 = cot l (- coRC) 



Use the expansion for cot x to 
obtain: 



-1 , K 
cot X = + X 



Recall that, for negative values of 
the argument, the angle approaches 
-nil , to obtain: 



n 

or 

s = 



S = -o)RC 



K 



+ coRC 



(c) For m» 1, equation (1) 
becomes: 

Use the expansion for tan _1 jc to 
obtain: 



tan 8 « or 8 « tan 1 
R 



tan = or <) = 



2 jc 













R 


~2 


coL 



*You can easily confirm this using your graphing calculator. 
78 

Picture the Problem We can use the definition of the power factor to express cos Jin the 
absence of an inductor and simplify the resulting equation to obtain the equation given 
above. 



(a) Express the power factor 
for a series RLC circuit: 

With no inductance in the 

circuit, 

X L = 0 and: 

Substitute for X c and simplify 
to obtain: 



cos 8 



cos 8 ■ 



R 



R 



Z ^ + (X L -X c f 

R _ R 

Z = ^ + (-X c f 



cos 8 = 




(b)A spreadsheet program to generate the data for a graph of cos 8 versus coRC is shown 
below. The formulas used to calculate the quantities in the columns are as follows: 
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c 


F 


A 


e 


o 


1 


1 


r 


g 


1 


m 


e 




u 


b 




1 


r 




a 


a 




/ 


i 




C 


c 




o 






n 


r 




*- 
i 


o 




e 


r 




n 


m 




t 




A 


n 


CO 


2 




j? 
i\ 




o 


c 


A 


A 


CO 


3 


2 


R 






C 




+ 








+ 




0 








0 




c 

J 










D 


A 




2 


2 
/ 


^\ + {coRC) 




( 






1 






+ 






A 






2 






A 






Z 






) 






A 






( 
\ 






0 






5 






) 







A 


B 


c 




R= 


l 


ohm 




C= 


l 


F 
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3 








4 


omega 


cos(delta) 




5 


0.0 


0.000 




6 


0.5 


0.447 




7 


1.0 


0.707 












13 


4.0 


0.970 




14 


4.5 


0.976 




15 


5.0 


0.981 





The following graph of cos 8 as a function of at was plotted using the data in the above 
table. Note that both R and C were set equal to 1. 




omega 



*79 ** 

Picture the Problem We can find the rms current in the circuit and then use it to find the 
potential differences across each of the circuit elements. We can use phasor diagrams and 
our knowledge the phase shifts between the voltages across the three circuit elements to 
find the voltage differences across their combinations. 

(a) Express the potential difference V AB = I rms X L (1) 

between points A and B in terms of 
/rms and X L : 

Express / rms in terms of s and Z: j _ £_ £ 
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Evaluate X L and X c to obtain: 



X L =2rfL = 2^(60 s _1 )(l 37 mH) 
= 51.6Q 



and 



1 1 

2#C ~ 2tf(60s _1 )(25/#) 
106.1Q 



Substitute numerical values and 
evaluate 7 rms : 



115V 



A /(50Q) 2 + (51.6Q-106.1Q) 2 
1.55A 



Substitute numerical values in 
equation (1) and evaluate V AB : 

(b) Express the potential difference 
between points B and C in terms of 
I ms and R: 

(c) Express the potential difference 
between points C and D in terms of 
7 rms and X c : 

(d) The voltage across the inductor 
lags the voltage across the resistor 
as shown in the phasor diagram to 
the right: 



Use the Pythagorean theorem to find 

V AC : 



y AB =(l.55A)(51.6Q) = 



80.0V 



V BC =/ nns i? = (l.55A)(50Q) 



77.5V 



Va,=/ BB X c = (l.55A)(l06.in) 



= 164V 




t2 
' BC 



Vac = 4 v2 ab+Vb 2 

= 7(80.0 V) 2 + (77.5 V) 2 



111V 



(e) The voltage across the inductor 
lags the voltage across the resistor 
as shown in the phasor diagram to 
the right: 
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Use the Pythagorean theorem to find y^ = Jy£ D + y 2 Q 

= 64 V) 2 + (77.5V) 2 =1 181V 



80 

Picture the Problem We can use P m = £ Im J im% cos 8 to find the power supplied to the 

circuit and P av = I 2 ms R to find the resistance. In (c) we can relate the capacitive reactance 

to the impedance, inductive reactance, and resistance of the circuit and solve for the 
capacitance C. We can use the condition on X L and X c at resonance to find the 
capacitance or inductance you would need to add to the circuit to make the power factor 
equal to 1 . 



(a) Express the power supplied to 
the circuit in terms of £- rnis , 7 rms , and 
the power factor cos S: 



P = £ I cos 8 

av rms rms 



Substitute numerical values and 
evaluate P av : 



P av =(l20V)(llA)cos45 c 



933W 



(b) Relate the power dissipated in p - r 2 p r i?- — 

the circi 
resistor: 



the circuit to the resistance of the I 



rms 



Substitute numerical values and 
evaluate R: 

(c) Express the capacitance of the 
capacitor in terms of its reactance: 



Relate the capacitive reactance to 
the impedance, inductive reactance, 
and resistance of the circuit: 



R = 



C = 



933 W 
(11 A) 2 

1 



7.71Q 



1 



coX c 27rfX c 
Z 2 =R 2 + (X L -X c f 



(1) 



Express the impedance of the circuit ^ 2 £ 2 

in terms of the rms emf s and the T 2 

rms 

rms current 7 rms : 



Substitute to obtain: 




= R 2 +{X L -X c f 
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Solve for \X L - X L 



\ X L~ X c\- Rl 



Note that because / leads s, the 
circuit is capacitive and X c > X L . 
Hence: 



\ X L ~ X c\ ~ ~( X L ~ X c) 

and 



x c = x L +. 



= 2xfL + . 



R 1 



Substitute numerical values and 
evaluate X c : 



X c =2tt(60s- 1 )(0.05H) 

i 



+ 



(120 V) 2 



(11 A) 2 
26.6Q 



(7.7 1Q) 2 



Substitute in equation (1) and 
evaluate C: 

(d) Express the relationship between 
X L and X c when cos S = 1 : 

Because X L = 18.1 Q, we could 
make X L = X c by adding 7.75 Q. of 

inductive reactance to the circuit. 
Find the series inductance 
equivalent to 7.75 Q of inductive 
reactance: 



C = 



1 



2^(60 s -1 )(26.6Q) 



99.7 juF 



X L ~ X C 



L _^_ 7.75Q 
~ 2rf~ 2^(60 s -1 )' 



20.6 mH 



Alternatively, we could make 

X L = X c by reducing the capacitive 

reactance by 7.75 Q.. Find the 
capacitive reactance that you have 
to added in parallel to the existing 
capacitive reactance to reduce the 
equivalent capacitive reactance by 
7.75 Q: 



1 



1 1 

- + - 



18. 1Q 26.6Q X c 
and 



X c =56.6Q 
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Find the capacitance corresponding 
to a capacitive reactance of 56.6 D.: 



C 



2nfX c 2^(60s-')(56.6Q) 



46.9 //F 
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Picture the Problem We can find X c using the equation relating X c , X L , R, and tan 8 and 
then solve the defining equation for X c for C. 



Express the capacitance of the 
circuit in terms of its capacitive 
reactance: 



C = 



1 



1 



ooX c 27rfX c 



Express the phase angle 8 in terms 
ofX L ,X c , and/?: 



tan£= ^~ Zc 
R 



Solve for X c to obtain: 

Substitute numerical values and 
evaluate X c : 



X c = 2rfL-RtanS 

X c = 2tt(500s 1 )(0. 15 H) - (35 Q) tan 75° 
= 341Q 



Substitute numerical values and 
evaluate C: 



C = 



2^-(500s ^)(341Q) 



0.933 //F 
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Picture the Problem We can use the condition on X L and X c at resonance to find/ 0 - By 
expressing the phase angle 8 in terms of X L , X c , and R we can obtain a quadratic equation 
in co that we can solve for the frequencies corresponding to the given phase angles. We 
can then use these frequencies to express the ratios of/to/ 0 for the given phase angles. 



(a) Relate X c and X L at resonance: 



or 



2rf Q L = 



27tf 0 C 



Solve for/ 0 : 

Substitute numerical values and 
evaluate f 0 : 



/o 2n\hC 



fo = 



1 



2^-\(0.35H)(5//F) 



120 Hz 
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(b) Express the phase angle 5 in 
terms of X L , X c , and R: 



Rewrite this equation explicitly as a 
quadratic equation to obtain: 

Substitute numerical values and 
simplify to obtain: 



For 5= 60°: 



tan£=^~* c 



R 



or 



R tan 5 = coL 



coC 



LCco 2 -(RC tan d)oo -1 = 0 

(i.75x10~ 6 F-h)» 2 

- [(2 xlO~ 3 Q- H)tan s]co -1 = 0 



or 



(lF-H)» 2 -[(l.l4xl0 3 Q-H)tan^](y 
-5.71xl0 5 =0 

(lF-H)« 2 -(l.97xl0 3 Q-H)» 
-5.71xl0 5 =0 



Solve for the positive value of or. 



« = 2.23x10V 1 
and 

/ = ^ = 2.23x10V =355Hz 
In In 



Calculate the ratio f/f 0 : 



For 8= -60°: 



2.96 



/ _ 355 Hz 
fo ~ 120Hz 

(IF • u)co 2 + (l .97 x 10 3 Q • u)co 
-5.71xl0 5 =0 



Solve for the positive value of co and 
then for/: 



&> = 256s 1 
and 

/ = ^ = 256V =407Hz 
2n 2n 



Calculate the ratio f/f 0 : 



f _ 40.7 Hz 

Jo ~ 120 Hz 



0.339 



Remarks: Note that these ratios are reciprocals of each other. 
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Picture the Problem The impedance for the three circuits as functions of the angular 
frequency is shown in the three figures below. Also shown in each figure (dashed line) is 
the asymptotic approach for large angular frequencies. 
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Picture the Problem We can substitute for X L and X c in Equation 29-48 and simplify the 
resulting equation to obtain the given equation for 7 max . 

Equation 29-48 is: T £" max 



^R 2 +{X L -X c f 



Substitute for X L and X c to obtain: 



R 2 + 



coL 



coC 



Simplify algebraically to obtain: 



R 2 +co 2 L 2 



1 



co l LC 



-^co 2 R 2 + L 2 (co 2 -co 2 f 



CO 



\R 2 +co 2 L 2 



( 2\ 2 

1 2 

V 03 J 



R 2 +^j(a> 2 - co 2 ) 2 

CO 



coS 

max 



co 2 R 2 +L 2 (co 2 -co 2 ) 2 
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Picture the Problem We can use the constraints on L and C at resonance and the given 
values for X L and X c to obtain simultaneous equations that we can solve for L and C. In 
(b) we can find Q from its definition and in (c) we can calculate 7 max from s mdX and Z. 

(a) Relate X L and X c at resonance: v v T 1 
w L L X, =X r or co n L~ 
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Solve for the product of L and C: 



LC 



<»l (lO 4 rad/s) 2 



KTV (1) 



Express X c and X L : 



X c = = 16Q 

coC 

and 

X L =0)L = 4Q, 



Eliminate co between these 
equations to obtain: 



= 64Q 2 



(2) 



Solve equations (1) and (2) 
simultaneously to obtain: 



0.800 mH 



and C 



12.5 //F 



(b) Express Q in terms of R, L, and 

Substitute numerical values and 
evaluate Q: 



0 = a) o L 
R 



Q 



_ (l0 4 rad/s)(0.800mH)_ 



5Q 



1.60 



(c) Relate the maximum current in 
the circuit to £ m „ x and Z: 



z ^ + {X L -Xj 



Substitute numerical values and 
evaluate 7 max : 



26V 

A /(5Q) 2 +(4Q-16Q) 2 



= 2.00 A 



86 

Picture the Problem We can find the maximum current in the circuit from the maximum 
voltage across the capacitor and the reactance of the capacitor. To find the range of 

2 2 

inductance that is safe to use we can express Z for the circuit in terms of £ nvdX and 
max and solve the resulting quadratic equation for L. 



(a) Express the maximum current in 
terms of the maximum potential 
difference across the capacitor and 
its reactance: 



V 

j C,max 



x r 
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Substitute numerical values and 
evaluate 7 max ; 



/ max =(2500rad/s)(8//F)(l50V) 



3.00 A 



(b) Relate the maximum current in 
the circuit to the emf of the source 
and the impedance of the circuit: 

Express Z 2 in terms of R, X L , and X c : 



-or Z = 



Z 2 =R 2 +(X L -X c f 



Substitute to obtain: 



= R 2 +{X L -X c f 



Evaluate X c : 



1 



1 



X = — 
c «C (2500rad/s)(8 //F) 



= 50Q 



Substitute numerical values to 
obtain: 



(200 V) 2 
(3A) 2 



= (60Q) 2 



+ ((2500rad/s)L-50Q) 2 
844Q 2 = [(2500s"')l-50q] 2 



or 



Solve for L to obtain: 



_50Q± A /844Q 2 



2500 s 



Denoting the solutions as L+ and L , 
find the values for the inductance: 



L =31.6mHandL =8.38mH 



Express the ranges for L: 



8.00mH<L<8.38mH 



and 



31.6mH<L<40.0mH 
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Picture the Problem We can find the impedance of the circuit from the applied emf and 
the current drawn by the device. In (b) we can use P = I 2 R to find R and the 

** s ' av rms 

definition of the impedance of a series RLC circuit to find X = X L - X c . 



(a) Express the impedance of the 
device in terms of the current it 



Z = 
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draws and the emf provided by the 
power line: 



Substitute numerical values to 
obtain: 



120V 
10A 



12.0Q 



(b) Use the relationship between the 
average power supplied to the 
device and the rms current it draws 
to find R: 



R. = ILR 



av rms 



and 



R = 



720 W 



IL (10 A) 2 



7.20Q 



Express the impedance of a series 
RLC circuit: 



Z = ^R 2 +(X L -X c f 
or 

Z 2 =R 2 +(X L -X c f 



Solve for X L - X c : 



Substitute numerical values and 
evaluate X: 



x = x L -x c = 4z 2 -R 1 



X = A /(12 Q) 2 - (7.2 Q) 2 



9.60Q 



(c) 



If the current leads the emf, the reactance is capacitive. 
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Picture the Problem We can use the fact that when the current is a maximum, 

X L = Xc, to find the inductance of the circuit. In (b), we can find /max from s m - dX and the 

impedance of the circuit at resonance. 



(a) Relate X L and X c at resonance: 



X L = X c or co Q L = 



1 



co 0 C 



Solve for L to obtain: 



L 



co {) C 



Substitute numerical values and evaluate L: 

(b) Noting that, at resonance, 
X = 0, express 7 max in terms of the 
applied emf and the impedance of 
the circuit at resonance: 



(5000 s 1 ) 2 (10 //F) 

r _ g-nax _ 10V _ 

max 



4.00 mH 



100 Q 



0.100A 
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Picture the Problem We can use Ohm's law to express the current through the resistor 
as a function of time. Because the resistor and capacitor are in parallel they have the same 
potential difference across them . . . the emf of the source. We can relate the charge on 
the capacitor as a function of time to its capacitance and the potential difference across it 
and differentiate this expression with respect to time to express 7c(0- We can then apply 
Kirchhoff's junction rule to express the total current drawn from the source. Using the 
results of (a) and (b) we can show that I = I R + I c = 7 max cos (cot + S), where tan 8 = RIX C 
and 7 max = s m JZ with Z 2 = R 2 + X c 2 . 



(a) Apply Ohm's law to obtain: 



hit)- 



R 



^max COS COt 

R 



R 



-cos cot 



(b) Express the potential difference 
across the capacitor in terms of the 
instantaneous charge on the 
capacitor: 



V c <f) = &<* 4)) = CV c <f) 



Differentiate q{t) to express the 
current to the capacitor: 



I c (t)=*M = C±(V c (t)) 

= C^- {S miX cos cat) 
dt 

= -coC£ m ,„ sin cot 



Use the definition of X c and the 

trigonometric identity 

cos(a + 90°) = - sin a to obtain: 



Ic(t) = 



-cos(cot + 90°) 



(c) Apply Kirchhoff's junction rule 
to obtain: 



I = I R + I C 

- £mdX - cos cot + cos(cot + 90°) 



R 



X r 



£ £ 

' ™- cos cot — sin cot 



R 



X, 



We know that the current is also 
expressible in the form: 



/ = / m ax cos(cot + S) 
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Expand this expression, using the 
formula for the cosine of the sum of 
two angles, to obtain: 



I = „ cos cot cos 8 — 1„„ sin cot sin 8 



Equate these expressions and 
rewrite the resulting equation to 
obtain: 



R 



cos cot 



J 



V X c 



L,, sin 8 



0 



Express the conditions that must be 
satisfied if this equation is to be true 
for all values of t: 



R 

and 



/„„ cos 8 = 0 



/ sin 8 = 0 



Rewrite these equations as: 



and 

cos 8 = 



R 



(1) 



(2) 



Divide equation (1) by equation (2) 
and simplify to obtain: 



Square equations (1) and (2) and 
add to obtain: 



tan£ = 



R 

z7 



IL sm 2 8 + I 2 m . dX cos 2 8 



= 'L(sin 2 ^ + cos 2 £) 



= I 2 = 

max 



\ 2 f 



+ 



R 



1 1 

■ + - 



V A c K J 



or 



where Z 



-2 



X c 2 +R- 2 
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Picture the Problem Because we'll need to use it repeatedly in solving this problem, 
we'll begin by using complex numbers to derive an expression for the impedance Z p of 
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the parallel combination of C with L and R L in series. The total impedance of the circuit is 
then Z-R + Z p . We can apply Kirchhoff ' s loop rule to obtain expressions for the 
voltages across the load resistor with S either open or closed. 



Use complex numbers to relate Z p to 
R L ,X L , andX c : 



J_ 



or 
Z„ 



1 



1 



- + - 

- iX c R L + iX L 

_ R L + i{X L -X c ) 
X C X L -iR L X c 



iR L X c 



R L +i{X L -X c ) 



Multiple the numerator and 
denominator of this fraction by the 
complex conjugate of 
R L +i(X L -X c ): 



X c X L -iR L X c R L -i(X L -X c ) 
p R L +i{X L -X c )R L -i{X L -X c ) 



Simplify to obtain: 



Z„ = 



R L X C 



R 2 L+ (x L -x c y 

. x c [r 2 l + x l {x l -x c )} 

R 2 L +{X L -X c f 



(a) S is closed . Because L is 
shorted: 



X L =0 



Evaluate X c : 



X^ = 



1 _ 1 
2rfC ~ 2^(10 s _I )(8^) 
= 1.99kQ 



Substitute numerical values in 
equation (1) and evaluate Z p , Z, |Z| 

and S: 



Z p =30Q-/(0.452Q), 
Z = 40Q-/(0.452Q), 
and 

\z\ = - s j(40Q.f + (0.452 Q) 2 



40.0 Q 



In Problem 29-77 we showed that 
for a parallel combination of a 
resistor and capacitor, the phase 
angle 8 is given by: 



8 = tan 



\ X cJ 
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Substitute numerical values and 
evaluate S: 



(b) S is open; i.e., the inductor is 
in the circuit . Find X L : 



8 = tan 



40 Q 



-0.452Q 



-89.4 C 



No phasor diagram is shown because it is 
impossible to represent it to scale. 

X L = <HL = 2^Z, = 2;r(l0s~ 1 )(0.15H) 
= 9.42Q 



Substitute numerical values in 
equation (1) and evaluate Z p , Z, |Z| 

and S: 



Z p =30.3Q + /(9.01Q), 
Z=40.3Q + /(9.01Q), 

\Z\ = ^(40.3 Q) 2 + (9.0 1Q) 2 = 
and 



41.3Q 



8 = tan 



= tan 



v 40.3Q y 



= 12.6° 



The phasor diagram for this case is 
shown to the right. 



(c) S is closed. Apply Kirchhoff's 
loop rule to a loop including the 
source, R, and R L : 



£-IR-V R =0 



Solve for V D 



V R =£-IR 



Express the current / in the circuit: 



I = 



Substitute and simplify to obtain: 



V Rr =£- 



£R 



R 

\z\ 



S^cosiaa-S) 



From (a) we have: Z p = 30Q - /(0.452Q) , 

Z = 40Q-/(0.452Q), 



|Z| = 40.0 Q, and 
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S = tan 



-0.452 
40 



-0.647° * 0° 



Substitute numerical values to 
obtain: 



ion 



(lOOV)cos[(20s -1 )^] 



4on x 

(75V)cos[(20s -1 )^] 



S is open . Apply Kirchhoff's loop 
rule to a loop including the source, 
R, L, and R L when S is open: 

Solve for V„ : 



S-IR-IX L -V R =0 



V =S-IR-IX L =£-I(R + X L ) 



Express the current I in the circuit: 



1 = 



Substitute to obtain: 



^max COs(a*S) 



Substitute numerical values and 
evaluate Z p and Z: 



z p =30.3n + /(9.oin), 
z = 40.3n+/(9.oin), 
|z| = 4i.3n, 

and 



8 = tan 1 
= 13.2° 



X, 



= tan 



r 9A2Q^ 



40.3n 



Substitute numerical values and evaluate 



,_ion+9.42n^ 



4i.3n ) 

x(l00V)cos[(20s _1 )^-13.2°] 
(53.0 V)cos[(20s _1 )^ -13.2° 



(d) Find X L and X c when 
/= 1000 Hz: 



X L =2^(l000s _1 )(0.15H) = 942n 
and 

X c = —r ^ , = 19.9 n 

c 241000 s^(8//F) 
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S is closed . X L = 0, and Z p simplifies 
to: 

Substitute numerical values in 
equation (1) and evaluate Z p , Z, |Z| , 

and 8. 



R L X C ^L^C 



p R 2 L +X 2 R 2 L +X 2 C 

Z p =9.17Q-j(13.8Q), 
Z=19.17Q-/(i3.8Q), 

|z| = 7(l9.17Q) 2 + (l3.8Q) ; 
and 

<J = tan 



23.6Q 



' -13.8Q^ 



19.17Q 



35.7 C 



A phasor diagram for this circuit is 
shown to the right, 



S is open . Substitute numerical 
values in equation (1) and evaluate 
Z p , Z, Z , and 8: 



Find the total impedance, its 
magnitude, and phase angle for the 
circuit: 



The phasor diagram is shown to the 
right. 



0) 



\ 
x, 



Z p =0.0140Q-/(20.3Q), 
Z=10.0Q-/(20.3Q), 

|Z| = A /(10.0Q) 2 +(20.3Q) 2 = 
and 

Z=10.0Q-*"(20.4Q), 

Z = 7(10.0Q) 2 +(20.4Q) 2 = 

and 



22.6Q 



22.7 Q 



8 = tan 



20.4 Q 
10Q 



63.9° 









\" 






\ 














\z 






\ 












R 



The load voltage at the higher frequency is much more attenuated with S open, 
while opening S does not reduce the low frequency load voltage significantly. 
Therefore, S open is the better arrangement for a low - pass filter. 
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Picture the Problem We can find the resonant frequency of any parallel ac circuit by 
setting the imaginary part of the reciprocal of the impedance equal to zero. In (b) we can 
use complex numbers to find the impedance of each branch of the circuit and then relate 
the common potential difference across each branch to its impedance and the current in 
the resistors. 

(a) Express the reciprocal of the J_ _ 1 1 

impedance of the circuit: Z R x —iX c R 2 + iX L 



Multiply this expression by 1 in the form of the complex conjugate of the denominator 
divided by itself and simplify (separate the real part of the expression from the imaginary 
part) to obtain: 



Rewrite this expression with a 
common denominator and simplify 
to obtain: 





Set the imaginary part of 1/Z equal to zero to obtain: 



{X L -X c )(R 1 R 2 + X c X L )-{R l +R 2 ){R 1 X L -R 2 X c ) = 0 



and R 2 (suppress the units to save 
space and make the resulting 
equation more readable) to obtain: 



Substitute numerical values for R 




f 



4 



-6 2co 0 L- 




= 0 



V 



Simplify this equation by clearing 
the fractions and combining like 
terms to obtain: 
Solve for coq: 



(SLC 2 +L 2 C-l2LC 2 )co 2 = L 



-16C 



CO, 



'o 




Substitute numerical values for L 
and C and evaluate coq: 
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(b) Express the currents in each 
branch at resonance: 



1^ = t—^ and /, 



L \Z r 



Evaluate Z c , r es and Z 



C,res * 



Zcies 2Q Z (l.64xl0 3 s^(30xlO" 6 F) 
= 2Q-/(20.3Q), 

|z c J = 7(2 Clf+ (20.3 O) 2 = 20.4 Q, 



Substitute to obtain: 



40 V 



C,rms 



V2(20.4Q) 



1.39A 



and 



S c = tan 



f -20.30 ^ 
20 



-84.4 C 



Evaluate Z L res and Z, 



Z L,res = 4O + /(i.64x10V 1 )(i2x10~ 3 h) 
= 40 + i(l9.70), 



|z £ J = V(4Q) 2 +(19.7Q) 2 =20.10, 



Substitute to obtain: 



^L,rms 



and 



40 V 



V2 (20.1O) 



1.41A 



S L = tan 



^ 19.7Q ^ 
4Q 



78.5° 



Express and evaluate the rms 
current supplied by the source: 



= (l.41A)cos78.5° 

+ (1.39 A)cos(- 84.4°) 



0.417A 
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Picture the Problem We can use its definition to express Q in terms of a>o and Aa>. By 
expressing the current drawn from the source we can obtain an expression for the energy 
stored in the system each cycle and then use this result to establish the relationship 
between 00, R, L, and C when the energy stored per cycle is at half-maximum. Finally, we 
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can solve the resulting equation for the values of co that will allow us to determine Aco. 
The definition of Q is: 



Q 



Aco 



where Aa> is the width of the resonance at 
half maximum. 



Express the resonance frequency of 
the circuit: 

Substitute to obtain: 



Express the current to the capacitor: 



1 



Express the current in the inductor: 



G) 0 = 



Q = 



LC 
1 



V 

I r = = coCV 

with I c leading Vby 90°. 
V V 



with I L lagging V by 90°. 



X L coL 



(1) 



Express the current in the resistor: 



h = 



V_ 
R 



with 1 R in phase with V. 



Express the total current drawn from 
the source: 



( p 


2 


f 1 ^ 

- — coC 


+ 






ywL J 



coL 



coC 



At resonance, the reactive term is 
zero and the total current is the 
current in the resistor: 



h = 



R 



Substitute to obtain: 



r 



I = LA\ + R' 



1 



coC 

yO)L 



Express the total energy stored in 
the circuit per cycle: 



u tot = 



2C 
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where Q 0 is the maximum charge on the 
capacitor. 



Relate the maximum value of the 
current to the maximum value of the 
charge: 



'max = «2o 



Substitute to obtain: 



U M = ■ 



1 V 



2a> 2 C 2a> 2 C R 2 
1 ll 



2ca 2 C 



l + R 



ooL 



coC 



At resonance we have: 



U 



tot.res 



2a 2 C 



At half U, 



tot.res- 



1 tot ' res Aco 2 C 
1 



2a> 2 C 



l + R 



1 ^ 

coC 

\coL 



or 
1 



1 



l + R' 



ojC 

yO)L 



Solve for R 



coC- 



coL 



to obtain: 



R 



coC- 



coL 



= ±1 



(2) 



Rewrite equation (2) explicitly as a 
quadratic equation: 



RLCco 2 ±Lo)-R = Q 



Letting + denote the roots with a 
positive coefficient of co and - the 
roots with a negative coefficient, 
solve this equation for a> + and coj. 



2RC 



- + 



K 2RC j 



+ ■ 



LC 



and 



co = — 



2RC 



- + 



\f 1 A' 



\\2RC) 



+ - 



LC 



Express Aa>: 
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1 



Ad) = &>-&> 



RC 



Substitute in equation (1) to obtain: 



Q = 



RC 



R, 



93 

Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express a>o in terms of L 
and C. In (b) we can use the result derived in Problem 92 to find R from Q, L, and C. 



(a) Express the resonance frequency 
coq in terms of L and C: 



1 



® 0 = 



ILC 



Solve for C to obtain: 



C = 



Substitute numerical values and 
evaluate C: 



C = 



4^- 2 (4xl0 3 s" 1 ) 2 (4mH) 



0.396 juF 



(b) From Problem 92 we have: 



Q = R, 



Solve for R to obtain: 



HI 



Substitute numerical values and 
evaluate R: 



R = S 



4mH 
0.396 /jF 



804 Q 
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Picture the Problem We can use the expression for the resonance frequency derived by 
equating the capacitive and inductive reactances at resonance to express a>o in terms of L 
and C. We can use the result derived in Problem 92 to find the Q-value resulting from 
halving the capacitance and to find the resistance necessary to give 2 = 8. 



Express the resonance frequency coo 
in terms of L and C: 



1 



O) 0 = 



or fo = 



1 



2n:-\jLC 



Substitute numerical values and 
evaluate f 0 : 



fo 



2^(4mH)(0.396//F) 



= 5.66kHz 



From Problem 92 we have: 



Q = R, 



(l) 



Letting C'represent the halved 
capacitance, express Q': 



Q' = R, 



Divide Q by Q and simplify to 
obtain: 




Because C X =\C : 



Q' = 



V2 V2 



5.66 



Solve equation (1) for R to obtain: 




Substitute numerical values and 
evaluate R: 



R = S 



4mH 



\ (0.396 //F) 



1.14kQ 



95 

Picture the Problem We can use its definition to find the resonance frequency of this 
series RLC circuit and the fact that, at resonance, Z = R, to find the resonance current. 
Because, at resonance V L = V c , we can find the voltage across either element from the 
product of the current and its reactance. In (c) we can use the definition of the Q factor to 
find the angular frequency corresponding to / = f 0 +jAf and then use this result to 
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find X L , X c , and Z at this frequency. Finally, we can use these values for X L , X c , and Z to 
find the rms current and the rms voltages across the inductor and capacitor. 



(a) Express the resonance frequency 
fo in terms of L and C: 



fo = 



1 



Substitute numerical values and 
evaluate / 0 : 



fo = 



2^7(36 mH)(4nF) 



13.26 kHz 



(b) At resonance, Z-R and: 



_ £ _ 20 V 



R 100 Q 



200 mA 



Express and evaluate the equal (at 
resonance) rms voltages across the 
capacitor and the inductor: 



V c =V L = IX L = co 0 IL = 2tf 0 IL 
= 2;r(l3.26kHz)(0.2A)(36mH) 



= 600 V 



(c) Express the rms current in the 
circuit and the rms voltages across 
the inductor and capacitor: 



I=-,V L =IX L ,mdV c =IX c 



Express the Q factor for an RLC 
circuit: 



Q 



_ 0) Q L ^ G) 0 = f 0 
R ~ Aco Af 



Solve for Af: 



0) Q L 



Express/: 



f = fo + ~ 7 fo = fo 
2co 0 L 



V 2co o L J 



Substitute numerical values and 
evaluate /and co\ 



f = (13.26kHz) 



1 + 



100Q 



4^-(l3.26kHz)(36mH) 



= 13.48 kHz 



and 



co = 24 = 2^-(l3.48kHz) = 84.7 krad/s 



Calculate X L and X c at 
84.7 krad/s: 



X L = ooL = (84.7krad/s)(36mH) 
= 3.05kQ 
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and 



1 



1 



coC (84.7krad/s)(4nF) 
= 2.95 kQ 



Now we can find Z: 



Z = ^R 2 +{X L -X c f 

= 7(100 Q) 2 + (3.05 kQ - 2.95 kQ) 2 
= 141Q 



Substitute numerical values and 
evaluate /, V L , and V c : 



/ = 



20 V 
141Q 



142 mA 



V L =(l42mA)(3.05kQ) = 
and 

V c =(l42mA)(2.95kQ) = 



433 V 



419V 
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Picture the Problem We can use complex numbers to find the impedance in the 
branches of the given circuit. We can then use Kirchhoff's loop rule to find the currents 
in the branches and a current phasor diagram to find the total current and its phase 
relative to the applied voltage. 



(a) Use complex numbers to find 
Z L , |ZJ, and S L : 



Z L =R 2 +iX L =40Q + i(30 Q) , 



= A /(40Q) 2 +(30Q) 2 = 



50.0Q 



and 



8 , = tan 



K R j 



= tan 



^30Q^ 
40 Q 



36.9° 



Use complex numbers to find Z c , 
Z c I , and S c : 



Zr = 



R x +iX c =10Q-/(l0Q), 

Z c\ = *J R 1 +X C 

= V(ioq) 2 + (ioq) 2 



14.1Q 



and 



8 r = tan 



fx c ^ 




^-10Q^ 




= tan 1 




{ R j 




v 10Q J 



-45.0° 
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(b) Apply Kirchhoff ' s loop rule to 
the source and the inductive branch 
to obtain: 



v-i L x L =o 

or 

_ V _ 110V 

L ~ Z L ~ 50Q 



2.20 A lagging the voltage by 36. 9 C 



Apply Kirchhoff s loop rule to the 
source and the capacitive branch to 
obtain: 



V-I c X c =0 



or 



110V 



Z c 14.1Q 



7.80 A leading the voltage by 45.0° 



(c) The current phasor diagram is 
shown to the right. 



Express the total current in terms 
of its horizontal and vertical 
components: 




and 



2 

vert 



5 = tan 



f l N 

vert 
V ^hor J 



Find the horizontal component 7 hor 
of the total current: 



7 hor =I c cosS c +I L cosS L 

= (7.80A)cos45° + (2.20A)cos36.9 c 
= 7.27 A 



Find the vertical component / vert of 
the total current: 



7 vert =I c sin^ c -/ L smS L 

= (7.80 A)sin 45° - (2.20 A)sin 36.9° 
= 4.19 A 



Substitute numerical values and 
evaluate / and 5: 



7 = 7(4. 19 A) 2 + (7.27 A) 2 = 
and 

i) - tan 1 = 30.0° 



8.39A 



7.27 A 
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Remarks: The total current leads the applied voltage by 30.0°. 
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Picture the Problem We can manipulate Equation 29-47 into a form that has the ratio of 
L to R in it and then use the definition of Q to eliminate L and R. In (b) we can 
approximate CO 2 — COq , near resonance, as 2co 0 Aco and substitute in the result from (a) to 

obtain the desired result. 



(a) From Equation 29-47: 



tmS = 



coL-l/coC ofh-XlC 



R 



coR 



_ L(co 2 -l/Lc) _ 4 
coR 



co -co 0 
coR 



Express Q in terms of a>o, L and R: 



0 = a) o L 
R 



Solve for LIR to obtain: 



L = Q_ 

R COa 



Substitute to obtain: 



tancJ = 



Q(oo 2 -oo 2 o) 



coco n 



(1) 



(b) Near resonance: 



co 2 -col = {co + co 0 )(co - C0 Q ) 



« IcOqAco 



Substitute in equation (1) to obtain: 



tancJ 



_ Q{2co Q Aco) _ 



coco n 



2Q(co-co () ) 



CO 



(c) A following graph of Sas a function of x = co/coo was plotted using a spreadsheet 
program. The solid curve is for a high-<2 circuit and the dashed curve is for a low-<2 
circuit. 
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x 
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98 ••• 

Picture the Problem We can rewrite Equation 29-45 in terms of the current and then 
differentiate Equation 29-46. Substituting for /, dl/dt, X L , and X c will allow us to use the 
trigonometric identities for the sine and cosine of the sum of two angles to rewrite the 
equation in such a form that we can equate the coefficients of smart and cos cut to obtain 
Equation 29-47 and an equation that is satisfied provided Z is given by Equation 29-49. 



Rewrite Equation 29-45 in terms of 
the current: 

Equation 29-46 is: 



L^ + RI + 
dt C 



l -\ldt = 
/ = / ma x cos(<af-£) 



Differentiate Equation 29-50 with 
respect to time to obtain: 



Evaluate 



jldt: 



Substitute to obtain: 



dt 



I Idt = 7 max | cos {cot - S) dt 



CO 



-sin 



{cot -5) 



L{-coI max sin{cot-S)) 
+ M W cos{cot-S) 
1 ( I 

+ ^sin{cot-S) 



CO 



^max COS COt 
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Divide through by 7 max to obtain: 



Use the definitions of X L , X c , and Z 
to obtain: 



L(- cosin(cot -S)) 
+ Rcos(cot -S) 



+ ■ 



C 



— sm(cot -c>) 



yco 



- cos cot 



X L sin(a>t - 8) + Rcos(cot -8) 
+ X c sm(cot -S) = Z cos cot 



Use the trigonometric identities for sin(« + /?)and cos(<2 + /?)to obtain: 

- X L (sin cot cos 8 - cos cot sin t>) + i?(cos <ztf cost) + sin&tf sin t>) 
+ X c (sin fttf cos J - cos <ztf sin 8) = Z cos <ztf 



Collect the terms in smart and coscot: 



(- X L cos 8 + i?sin e> + X c cos t>)sin <ztf 

+ (i? cos 8 - X c sin 8 + X L sin e>)cos <ztf = Zcos cot 



Equate the coefficients of sin&ff and 
cos cot to obtain: 



- X L cos 8 + R sin 5 + X c cos 8 = 0 
and 

R cos c5> - Z c sin 8 + X L sin 8 = Z 



Solve the first of these equations for 
tan<S 



t<m8= XL ~ Xc 
R 



Equation 29-47 



Rewrite the second equation as: 



R-X c tan8+X L tan8 = 



or 



(X L -X c )tan8 + R = 



cos 8 



cos 8 



Simplify this equation to obtain Equation y _ ~ t^ — X ) 2 
29-49: ^ " — 
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Picture the Problem In (a) we can apply Kirchhoff ' s loop rule to obtain the 2 nd order 
differential equation relating the charge on the capacitor to the time. In (b) we'll assume a 
solution of the form Q = <2 max cos cot , differentiate it twice, and substitute for d 2 Q/dt 2 

and Q to show that the assumed solution satisfies the DE provided 



l[co 2 - col) 
Imax given in the problem statement 

(a) Apply Kirchhoff ' s loop rule to 
obtain: 
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. In (c) we'll use our results from (a) and (b) to establish the for 



C dt 



Substitute for s and rearrange the 
differential equation to obtain: 

Because / = dQ/dt : 



r dl Q 

L — + — = £" cos cot 
dt C 



dt C 



(b) Assume that the solution is: 

Differentiate the assumed solution 
twice to obtain: 



G = G m ax COS ^ 

coQ m „ sin cot 



dQ_ 
dt 
and 

d 2 Q 
dt 2 



Substitute in the differential 
equation to obtain: 



9 0 

a LQ mm cos cot + ^f^cos cot 

= £maxCOSGtf 



Factor cosaX from the left-hand side 
of the equation: 

If this equation is to hold for all 
values of t it must be true that: 



Q ^ 


cos cot 


C j 




= 6 wa co&ajt 




f 


C 


max 



or 

^max 



max 1 
2 r 1 



co z L + 



C 



Factor L from the denominator and 
substitute for 1/LC to obtain: 



Qmzx 



r 



max 
,2 1 



-co + 
v LC, 
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(c) From (a) and (b) we have: 



/ = — = -coQ max sine* 
at 



a>£„ 



l[co 2 - col ) 



sin cot 



where 



co£, 



max 



*"^max 



" max _ 9 

L\co 



CO, 



o — 



CO — co n 



coL 



X r -X, 



coC 



If a>> a>o, X L > X c and the current 
lags the voltage by 90°. Therefore: 

If a>< a>o, X L < X c and the current 
leads the voltage by 90°. Therefore: 



/ = / max sincot = 



7 max cos(^-90°) 



/ = -/ „ sin cot = 



+ 90°) 
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Picture the Problem We can use the condition determining the half-power points to 
obtain a quadratic equation that we can solve for the frequencies corresponding to the 
half-power points. Expanding these solutions binomially will lead us to the result that A&> 
= coi -co\ » RIL. We can then use the definition of Q to complete the proof that Q « a>o 

/A CD. 



Equation 29-58 is: 

The half -power points will occur 
when the denominator is twice the 
value near resonance, that is, when: 



L 2 {co 2 -col) 2 + co 2 R 2 
l}{o} -coo 2 ) 2 = co 2 R 2 * clk 2 R 2 



or 

(-] 



(co 2 -colJ 



co n 



Let a>\ and a>2. be the solutions of 
this equation. Then: 



R 

and 



(cof-colj 



[co 2 2 -col) 2 



CO, 



co n 



Solve these equations for a>\ and coi 
to obtain: 
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y/2 



795 



and 



R 



xl/2 



1 + 



Expand these solutions binomially 
to obtain: 



Q) x = COq 



and 



a> 2 =a> 0 



R 



2co 0 L 



+ higher order terms 



1 H — — — h higher order terms 
2a> n L 



For R « X L (a condition that holds 
for a sharply peaked resonance): 



v 2co 0 Lj 
v 2o) o L j 



and 



Aa> = co 2 - (Q x 



R 



From the definition of Q: 



R _co Q 



Substitute to obtain: 



Q 



Solve for Q: 



Aco 
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Picture the Problem We'll differentiate Q = Q 0 e Rl/2L cos co't twice and substitute this 

function and both its derivatives in the differential equation of the circuit. Rewriting the 
resulting equation in the form Acosco't + Bsin&/f = 0 will reveal that B vanishes. 

Requiring that Acos^'r = 0 hold for all values of t will lead to co'= J (l/ LC) — (R/ 2L} 2 



Equation 29-47 b is: 



dr c 



dt 
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Assume a solution of the form: 
Differentiate Q(t) twice to obtain: 
dQ 

and 



Q = Q 0 e' Rt/2L cos co' t 



= -Q^ R ' l2L \co' sin co't+ — cos co't 
dt 0 L 2L 



dt' 



4L 2 



CO 



, Rco' . , 

cos a> t-\ sm cot 

L 



Substitute these derivatives in the differential equation and simplify to obtain: 



LQ 0 e 



-RtjlL 



4L 2 



CO 



J 



, Rco' . , 

cos co t-\ sm cot 

L 



+ <ke-» /2L co&a>'t 
C 

■ RQ Q e Rt/2L [co' sin co't+ — cos co't 



= 0 



or 



' R 2 l2 ] , Rco' . 

co coscot-\ sin cot 



4L Z 



J 



1 , _r , . , R , 

H — coscot-R \co sin co t-\ cos cot 

C L 2L 



= 0 



Rewrite this equation in the form Acoscdt + Bsine/f = 0: 



(Rco'-Rco')smco't 



+ 



f R 2 . 2 ) 1 R 2 



4L Z 



co 



+ - 



C 2L 



cos co't = 0 



or 



4L 



r -2 1 R 

-Leo' + 



2 \ 



C 2L 



cos co't = 0 



If this equation is to hold for all 
values of t, its coefficient must 
vanish: 



R 2 t ,2 1 R 2 

Leo' + = 0 

4L C 2L 



Solve for cd : 



CO' = 



|_L. 


f R^ 


2 


\LC 


K 2Lj 





the condition that must be satisfied if 
Q = Qq^ R>/2L cos co't is the solution to 



Equation 29-47&. 
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Picture the Problem We can use L = /u Q n Al to determine the inductance of the empty 

solenoid and the resonance condition to find the capacitance of the sample-free circuit 
when the resonance frequency of the circuit is 6.0000 MHz. By expressing L as a 
function of/ 0 and then evaluating df 0 /dL and approximating the derivative with A/o/AL , 
we can evaluate % from its definition. 

(a) Express the inductance of an air-core L = jU 0 n 2 A£ 
solenoid: 

Substitute numerical values and evaluate L: 



L = (4;rxl(r 7 N/A 2 ) 



400 



y 



v 0.04m y 



K 



(0.003 m) 2 (0.04 m)= 35.5//H 



(b) Express the condition for 
resonance in the LC circuit: 



or 



2nf 0 L = 



2nf 0 C 



(1) 



Solve for C to obtain: 



C = 



1 



4^ 2 / 0 2 L 



Substitute numerical values and 
evaluate C: 



C 



4^- 2 (6MHz)(35.5//H) 



119//F 



(c) Express the sample's 
susceptibility in terms of L and AL: 



AL 



(2) 



Solve equation (1) for/ 0 : 



fo 



1 



Itt^JLC 



Differentiate f 0 with respect to L: 



df 0 = _ 

dL 2x4c dL 
1 



I ^_ if/* _ 1 L -m 



= = _A 



Approximate dfo/dL by A/q/AL: 



AL 2L f 0 2L 
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Substitute in equation (2) to obtain: 



X 



Substitute numerical values and 
evaluate %. 



X 



A 5.9989 MHz - 6.0000MHz ^ 
6.0000 MHz n 



3.67x10" 
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Picture the Problem We can find the angular frequency a> for the circuit in Problem 9 1 
such that the magnitudes of the reactances of the two parallel branches are equal by 
equating the reactances in the two branches. We can use P = \I 2 R = (<5"/Z) 2 (i?/2), 
where Z is, in turn, Z L and Z c , to find the power dissipated in each resistor. 



(a) When the reactances of the 
parallel branches are equal: 



X L = X c and co = 



1 



ILC 



Substitute numerical values to 
obtain: 



co = 



V(l2mH)(30/#) 



1.67krad/s 



(b) Express the power dissipation in 
a resistor in an ac circuit: 

Find Z L and Z, at 1.67 krad/s: 



p=\r-R=\ 



R 



Z L = R 2 +icoL 

= 4Q + i(\ .67 krad/s)(l2mH) 
= 4Q + «(20.0Q) 

and 

\Z L \ = 7(4Q) 2 +(20Q) 2 = 20.4Q 



Find Z c and \Z C \ at 1.67 krad/s: 



Z c -R l -i 



. 1 



coC 



= 2Q-i- 



(l.67krad/s)(30//F) 
= 2Q-/(20.0Q) 



and 



|Z C | = 7(2 Q) 2 + (20.0 Q) 2 = 20.1Q 
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Evaluate the power dissipated in Ri 
and R 2 : 



"4 



f ~ \ 



7 



3.96W 



and 



f ^ \ 



7 



r \ 2 
40V 



20. 1Q 



(2Q) 



R, = 



r \ 2 
40 V 



20.4 Q 



(4Q) 



= 7.69W 
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Picture the Problem We can equate the power dissipated in the two resistors to obtain a 
relationship between the currents in and the resistances of the two branches. Expressing 
the currents in terms of the impedances of the two branches and the common potential 
difference across them will lead us to an equation that is quadratic in co 2 that we can solve 
for co. In (b) we can use complex numbers to find the reactances of each of the two 
parallel branches and then use these results to draw the phasor diagram of (c). We can use 
the results of (b) to find the impedance of the circuit in (d). 



(a) Express the condition under 2 2 /. /?, 

/, R, = 1 7 R 7 or — - = — 
which the power dissipation in the /* R 

two resistors is the same: 



Express the ratio of the squares of 
the currents in the two resistors: 



Zc_ 



Equate these expressions to obtain: R 2 R% + X 2 L 



R l R 2 + X 2 C 



or 
R2 



(r? + x 2 c )=r 2 2 +x 2 l 



Substitute for X L , X c , and the ratio of 
R 2 toRi to obtain: 



4Q 2 + 



V 



a> C 



= 16Q 2 +co 2 L 2 



or 



8Q 2 + 



2 T 2 



co L 



16Q Z +co £ L 
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Combine like terms and clear 
fractions to obtain: 

Substitute numerical values to 
obtain: 



Use the "solver" capability of your 
calculator to solve for a?\ 



L 2 CV+(8Q 2 )cV-2 = 0 

(l.30xl0- 13 s 4 )^ 4 

+ (7.20xKTV)« 2 -2 = 0 

co 1 =3.89xl0 6 (rad/s) 2 
and 



(o= 1.97xl0 3 rad/s 



(b) Express and evaluate Z c , |Z C | , 
and S c : 



coC 



= m-i 



(l.97xl0 3 rad/s)(30//F) 
= 2Q-/(l6.9Q) 

\Z C \ = ^/(2Q) 2 +(16.9Q) 2 = 



17.0Q 



and 



8 C = tan 



v R j 



= tan 



-16.9Q" 
2Q J 



-83.3° 



Express and evaluate Z L , Z L | , and 



Z L = R 2 + icoL 



= 4Q + i(l.97 x 10 3 rad/s)(l2mH) 
= 4Q + /(23.6Q) 

\Z L \ = A /(4Q) 2 +(23.6Q) 2 = 



23.9Q 



and 



8 L = tan 



v R j 



= tan 



80.5° 



^ 23.9Q ^ 



(c) The applied voltage and the 
currents in the two branches are 
shown on the phasor diagram to the 
right. 
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(d) Express the impedance of the 
circuit and simplify to obtain: 



7 7 

7 = 



Multiply Z by 1 in the form of the 
complex conjugate of 
6 Q + /(6.70Q) divided by itself and 
simplify to obtain: 



z L +z c 



_ [4Q + /(23.6Q)][2Q-/(l6.9Q)] 
~ 4Q + /(23.6Q)+2Q-/(l6.9Q) 
_ 407Q 2 -/(20.4Q 2 ) 
6n + i(6.70n) 



407Q 2 -/(20.4Q 2 ) ' 
6Q + i'(6.70Q) 

6Q-z'(6.70Q) x 

2.58 xlQ 3 Q 3 -/(2.85xlQ 3 Q 3 ) 

80.9Q 2 
31.9Q-/(35.2Q) 



Find the magnitude of the circuit's 
impedance and the phase angle for 
the circuit: 



|7| = 7(31.9Q) 2 +(35.2Q) 2 
and 

R 



47.5Q 



tan 



r -352Q} 
31.9Q 



-47.8 C 



The Transformer 
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Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use V 2 N 1 = V l N 2 and N l I 1 = N 2 I 2 to find the turn ratio and the 

primary current when the transformer connections are reversed. 

(a) Relate the number of primary ^2^1 = ^1^2 (1) 

and secondary turns to the primary 
and secondary voltages: 



Solve for and evaluate the ratio A^ 2 V 2 24 V 1 

W; ~N^~V^ ~120V ~UL 



(b) Relate the current in the primary j _ N 2 

1 2 

to the current in the secondary and N { 



802 Chapter 29 



to the turns ratio: 



Express the current in the primary j _ V 2 

winding in terms of the voltage Z 2 
across it and its impedance: 



Substitute to obtain: 

Substitute numerical values and 
evaluate /[ : 



1 N t Z 2 



( 5 ) 


"l20V A 








50.0A 








k 12Q , 
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Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can decide whether the transformer is a step-up or step-down transformer 
by examining the ratio of the number of turns in the secondary to the number of terms in 
the primary. We can relate the open-circuit voltage in the secondary to the primary 
voltage and the turns ratio. 



Because there are fewer turns in the secondary than in the primary 
it is a step - down transformer. 



(b) Relate the open-circuit voltage y _ N 2 y 
V2 in the secondary to the voltage V\ 2 N { 1 

in the primary: 

Substitute numerical values and y _ § (l20V) - I 2 40 V 

evaluate V 2 : 2 400 ^ 



(c) Because there are no losses: 



v;/i=v a / 2 



Solve for and evaluate I 2 : 



1 = H/ - 120V 

2 V 2 1 2.40 V 



(0.1 A): 



5. 00 A 
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Picture the Problem Let the subscript 1 denote the primary and the subscript 2 the 
secondary. We can use iy i = I 2 V 2 to find the current in the primary and V 2 N l = V X N 2 to 

find the number of turns in the secondary. 



(a) Because we have 100 percent 
efficiency: 



W = i 2 v 2 
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Solve for and evaluate /i : 



Wl !i = (20A>!V- 
Vi V 120V 



1.50A 



(Z?) Relate the number of primary 
and secondary turns to the primary 
and secondary voltages: 



V 2 N l =V l N 2 



Solve for the ratio N2/N1. 



N 2 =^N, 

2 y, 1 



Substitute numerical values and 
evaluate NilN\. 



N 2 =-^—(250) = \%.% 



120V 



19 
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Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V 2 N l = V 1 N 2 . 



Relate the output voltages V 2 to the 
input voltage V\ and the number of 
turns in the primary N\ and 
secondary N 2 . 



Solve for N 2 : 



Evaluate N 2 for V 2 = 2.5 V: 



V? 

N 2 =N,— 



A^ 2 = (500) 



^ 2.5V ^ 
v 120V y 



10.4 



Evaluate N 2 for V 2 = 7.5 V: 



N 2 = (500) 



^ 7.5V ^ 

vlIoVv 



31.3 



Evaluate N 2 for V 2 = 9 V: 



A^ 2 = (500) 



' 9V ' 
v 120V y 



37.5 
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Picture the Problem We can relate the input and output voltages to the number of turns 
in the primary and secondary using V 2 N l = V X N 2 . 



Relate the output voltages V 2 to the 
input voltage V\ and the number of 



N 

y 2 =— y l 
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turns in the primary iVi and 
secondary N 2 . 



Solve for ATi : 



#1 =^2 — 
1 2 K 



Substitute numerical values and 
evaluate Ni : 



N l = (400) 



^ 2000V ^ 
v 240V j 



3333 
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Picture the Problem Note: In a simple circuit maximum power transfer from source to 
load requires that the load resistance equals the internal resistance of the source. We can 
use Ohm's law and the relationship between the primary and secondary currents and the 
primary and secondary voltages and the turns ratio of the transformer to derive an 
expression for the turns ratio as a function of the effective resistance of the circuit and the 
resistance of the speaker(s). 



Express the effective loudspeaker 
resistance at the primary of the 
transformer: 



R 



eff 



Relate Vi to V 2 , N u and N 2 : 



N 



Express I\ in terms of I 2 , Ni, and N 2 . 



I =1 *± 

1 2 M 



Substitute to obtain: 



N 

i? - 2 



V, 



\h J 



Solve for Ni/N 2 : 



Evaluate N x /N 2 for R eB = R n 



N_ 



i _ 





^eff 




^2 


\ 2000 Q _ 
8Q 




15.8 



(1) 



Express the power delivered to the 
two speakers connected in parallel: 



(2) 
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Find the equivalent resistance R sp of 
the two 8-Q speakers in parallel: 



1 



1 1 



1 



R 8Q 8Q 8Q 4Q 

sp 

and 



Solve equation (1) for R eS to obtain: 



R ett - R 2 



r \ 2 



Substitute numerical values and 
evaluate R ei f. 



R eS =(4Q)(l5.8) 2 =999Q 



Find the current drawn from the 
source: 



V _ 12V 
R^ t ~ 2000 Q + 999 fi 



= 4.00 mA 



Substitute numerical values in 
equation (2) and evaluate the power 
delivered to the parallel speakers: 



p =(4mA) 2 (999Q) : 



16.0mW 
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Picture the Problem We can substitute I 2 = V 2 /Z in Equation 29-62 to show that I\ = 
e/[(Ni/N 2 ) 2 Z] and then use this result in Z eff = sll\ to show that Z eff = (N\IN 2 ) Z. 



From Equation 29-62 we have: 



1 N, 



or, because l 2 = V 2 /Z, 



N 2 V 2 



N 1 Z 



From Equation 29-61 we have: 



N t N, 



Substitute to obtain: 



N, Z 



£_ 
Z 



{NJNJZ 



Express the effective impedance Z eff of the 7 _ ^ 

eff ~~ T~ 



speaker in terms of s and l\ : 
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Substitute for /, to obtain: 



7 = 



{NJNJZ 



(NjNjZ 



General Problems 
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Picture the Problem We can use P = to find the rms current and 

dv rms ims 

to find the maximum current drawn by the dryer. 



(a) Express the average power 
delivered by the source in terms of 

£rms and /rms. 



P = £ I 

av rms rms 



Solve for and evaluate 7™: 



P„, 5kW 



£™ 240V 



20.8 A 



(b) Relate the maximum current /„ 
to the rms current 7 r ms: 



'max=V27 rms =V2(20.8A) = 



29.5 A 



(c) Proceed as in (a) and (b) to 
obtain: 



41.6A 



and / „ = 



59.0A 
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Picture the Problem We can use its definition to find the reactance of the capacitor at 
the given frequencies. 



Express the reactance of a capacitor: 



x c = 



1 1 



coC IrfC 



(a) Evaluate X c at/= 60 Hz: 



X 



c 2^-(60Hz)(lO//F) 



265 Q 



(b) Evaluate X c at/= 6 kHz: 



2;r(6kHz)(lO//F) 



2.65Q 



(a) Evaluate X c at/= 6 MHz: 



x 1 
c 2^-(6MHz)(l0/i 7 ) 



2.65 mD 
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Picture the Problem We can use its definition, / „ = J[I 2 L to relate the rms current 
to the current carried by the resistor and find (i 2 L by integrating I 2 . 



(a) Express the rms current in terms of 
*e (/ = ).,: 



#1 



Evaluate / 



I 2 =[(5A)sinl20^ + (7A)sin240^] 2 

= (25 A 2 )sin 2 120^ + (70 A 2 )sin 1 20m sin 240^ + (49 A 2 )sin 2 240m 

Find (i 2 ) av by integrating I 2 from t = 0 to t = T = Inlco and dividing by T: 



co c 2 ^ c " j 

+ (49A 2 )sin 2 240^}rfr 



(/ 2 ) ay = ^- £" /fU {(25 A 2 )sin 2 1 20M + (70 A 2 )sin 1 20nt sin 240^ 



Use the trigonometric identity (/ 2 ) av =12.5 A 2 +0 + 24.5A 2 =37.0A 2 

sin 2 x = \ (l - cos 2x) to simplify 

and evaluate the 1 st and 3 ld integrals 
and recognize that the middle term is 
of the form sinxsin2x to obtain: 



Substitute to obtain: 



/ rms =V37-0A 2 = 



6.08 A 



(b) Relate the power dissipated in the 
resistor to its resistance and the rms 
current in it: 



P = iLr 



Substitute numerical values and 
evaluate P: 



/ 5 = (6.08A) 2 (12Q) = 



444 W 



(c) Express the rms voltage across the 
resistor in terms of R and 7 rms : 

Substitute numerical values and 
evaluate V rms : 



V =1 R 

rms rms 



V rms =(6.08A)(l2Q) : 



73.0V 
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Picture the Problem The average of any quantity over a time interval AT is the integral 
of the quantity over the interval divided by AT. We can use this definition to find both the 
average of the voltage squared, {v 2 \ v and then use the definition of the rms voltage. 



(a) From the definition of V ms we 
have: 



Noting that — V 0 2 = V 0 2 , evaluate 

V rms : 

(b) Noting that the voltage during 
the second half of each cycle is now 
zero, express the voltage during the 
first half cycle of the time interval 
±AT : 



V =JV =V 

v rms V 0 0 



V=V n 



12.0V 



Express the square of the voltage 
during this half cycle: 
Calculate \V 2 ) av by integrating V 2 
from t = 0 to t = \ AT and dividing 
by AT. 



V 2 = V 2 



Substitute to obtain: 



V rms - V 2 V 0 ~ FT 



V n 12 V 



V2 4i 



8.49 V 
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Picture the Problem We can use the definitions of 7 rms and V rms to find the rms value of 
the waveform and the average power delivered by the pulse generator. 



(a) From the definition of 7 rms we 
have: 



Evaluate (/ 2 ) av over 1 s: 



(0.1s)/ 2 +(0.9s)(0) 



Is 



= M^ = (0.1)(15A) 2 



Is 

22.5A 2 
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Substitute to obtain: 



7 rms = V22.5A 2 = 



4.74 A 



(b) Express the average power 
delivered by the pulse generator in 
terms of / rms and V rms : 



Evaluate (v 2 ) av over 1 s: 



P =1 V 

av rms rms 



From the definition of V rms we have: y = j(y 2 ) 

' rms V V /a\ 



(0.1s)/ 2 +(0.9s)(0) 



Is 



=M^ = (o.i)(ioov) 2 



Is 

= 1000 V 



Evaluate V™.; 



y rms =Vl000V 2 = 31.6V 



Substitute numerical values and 
evaluate P sv ; 



P av =(4.74A)(31.6V) = 



150W 
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Picture the Problem We can use the definition of capacitance to find the charge on each 
capacitor and the definition of current to find the steady-state current in the circuit. We 
can find the maximum and minimum energy stored in the capacitors using U = j>C eq V 2 , 

where V is either the maximum or the minimum potential difference across the 
capacitors. 



(a) Use the definition of capacitance 
to express the charge on each 
capacitor: 



<2, = Cy x and Q 2 = C 2 V 2 

or, because the capacitors are in parallel, 

Qi = Cy and Q 2 = C 2 V 

where V = S + 24V 



Substitute to obtain: 



0, =C,(£ + 24V) 

= (3//F)[(20V)cos(l20^) + 24V] 



(60//F)cos(l20^) + 72//F 



and 

£ 2 =C 2 (£ + 24V) 

= (1.5 //F)[(20V)cos(l20^)+ 24 v] 



(30//F)cos(l20^)+36//F 
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(b) Express the steady-state current 
as the rate at which charge is being 
delivered to the capacitors: 



Substitute for <2i and Q 2 and 
evaluate /: 



/ = — [(60 //F)cos(l20^) + 72 juV 
dt 

+ (30 //F)cos(l20^) + 36 juF] 
= -120;r(60//F)sin(l20;tf) 
-120^-(30//F)sin(l20^) 



(33.9mA)sin(l20^) 



(c) Express U max in terms of the 
maximum potential difference 
across the capacitors: 



U =- L C V 2 

max 2 eq max 



Because V m , dX = 44 V and 
C eq = C, + C 2 = 3//F + 1.5 //F 
= 4.5 //F: 



t/ m ax=!(4.5//F)(44V) 2 



4.36 mJ 



(d) Express in terms of the 
minimum potential difference across 
the capacitors: 



U ■ =\C V 2 

mm 2 eq mm 



The minimum energy stored in the 
capacitors occurs when 
V = 24 V - e =4V- 

" mm ^- ■ y "max ' v ■ 



[/ min =i(4.5//F)(4V) 2 = 36.0/J 
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Picture the Problem The average of any quantity over a time interval AT is the integral 
of the quantity over the interval divided by AT. We can use this definition to find both the 
average current I m , and the average of the current squared, [i 2 ) av 



From the definition of / av and 7 rms we 
have: 



(a) Express the current during the 
first half cycle of time interval AT: 



AT 

where / is in A when t and T are in 
seconds. 
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Evaluate /„ 



1 -at 4 

tdt 

AT Jo AT 



(AT) 



Jo 



(A7f 



2.00 A 



Express the square of the current 
during this half cycle: 



I 2 = 



16 



{at) 2 



Noting that the average value of the 
squared current is the same for each 
time interval AT, calculate (/ 2 ) av by 

integrating I 2 from t = 0 to t = AT 
and dividing by AT. 



n, - 



1 fAT 16 2 

Ar Jo (at) 



16 



(A7f 



2 
A7 



16 

3 



Substitute in the expression for /„ 
to obtain: 



2.31A 



(&) Noting that the current during the 
second half of each cycle is zero, 
express the current during the first 
half cycle of the time interval \ AT : 



7=4A 



Evaluate 7 av : 



Jo at 



at jo 



2.00 A 



Express the square of the current 1 2 = 16 A 2 
during this half cycle: 

Calculate (/ 2 ) av by integrating I 2 / 2 \ _ 1 6 A 2 
from t = 0tot= \AT and dividing AT Jo 



by AT: = l^.[j]f =8A 



at 



Substitute in the expression for / m / = ^JsA 2 = 2.83 A 

to obtain: 
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Picture the Problem We can apply Kirchhoff ' s loop rule to express the current in the 
circuit in terms of the emfs of the sources and the resistance of the resistor. We can then 
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find 7 max and 7 min by considering the conditions under which the time-dependent factor in / 
will be a maximum or a minimum. The average of any quantity over a time interval AT is 
the integral of the quantity over the interval divided by AT. We can use this definition to 
find average of the current squared, (i 2 ) av and then 7 rms . 



Apply Kirchhoff's loop rule to 
obtain: 



£ x + £ 2 - IR = 0 



Solve for /: 



I = £ i + £ 2 



R 



Substitute numerical values to 
obtain: 



Express the condition that must be 
satisfied if the current is to be a 
maximum: 



_ (20V)cos(2^-(l80s'')?)+18V 
36Q 

= 0.5 A + (0.556 A)cos(l 131s -1 )t 
cos(ll31s = ! 



Evaluate 



7 max = 0.5 A + 0.556 A = 1.06 A 



Express the condition that must be 
satisfied if the current is to be a 
minimum: 



cos(ll31s^ = -l 



Evaluate 



/ mm =0.5A-0.556A = 



0.0560 A 



Because the average value of cosoot 
= 0: 

Express and evaluate the average 
current delivered by the source 
whose emf is s 2 : 

Because 7j = (0.556 A)cos(l 131s- 1 )? 



/., = 0.500A 



/ 2 =^ = ^ = 0.5A 
2 R 36Q 



(/, 2 ) = 1 — { 5 56ms (0.556A) 2 cos 2 (ll31s l )tdt 

VlAv 5 56m Jo V ' V ' 



5.56ms 



Use the trigonometric identity cos 2 x = \ (l + cos 2x) to obtain: 



/ , 2 \ _ 0.309 A 2 r 556 
^ 1 ' av ~ 2(5.56ms) 
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= (27.8A 2 /s) 



t + - 



1 



2262 s" 



-sin 



(2262 s" 1 )? 



5.56 ms 



Evaluate 



(/ 1 2 ) av =(27.8A 2 /s) 
Express (/ 2 ) av : 



5.56 ms H — r sin (2262 s" 1 )(5.56 ms) 

2262 s" 1 V A ; 



0.1543A 2 



Evaluate 7 r , 



(/ 2 t=(/: 2 l+(/ 2 2 l 

= 0.1543 A 2 +(0.5 A) 2 
= 0.4043 A 2 



0.636A 
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Picture the Problem We can apply Kirchhoff ' s loop rule to obtain an expression for 
charge on the capacitor as a function of time. Differentiating this expression with respect 
to time will give us the current in the circuit. We can then find 7 max and 1^ by 
considering the conditions under which the time-dependent factor in / will be a maximum 
or a minimum. We can use the maximum value of the current to find 



Apply Kirchhoff s loop rule to 
obtain: 

Substitute numerical values and 
solve for q(t): 



£ l + £ 2 



K0_, 



c 



q(t) = (2 //F)(20 V)cos(l 131s" 1 )* 
+ (2//F)(l8V) 
= (40 //C)cos(l 13 Is -1 )? + 36 juC 



Differentiate this expression with 
respect to t to obtain the current as a 
function of time: 



/ = ^ = -[(40/X:)cos(ll31s- 1 > 
dt dt 



+ 



36/^C] 



-(45.2mA)sin(ll31s- 1 )f 



Express the condition that must be 



sin(ll31s : )f = 1 
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satisfied if the current is to be a 
minimum: 

Express the condition that must be 
satisfied if the current is to be a 
maximum: 

Because the dc source sees the 
capacitor as an open circuit and the 
average value of the sine function 
over a period is zero: 



Because the peak current is 
45.2 mA: 



and 



-45.2 mA 



sin(ll31s _1 )f = -1 
and 

/„„. = I 45.2mA 



0 



45.2 mA 



V2 V2 



32.0 mA 
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Picture the Problem The inductance acts as a short circuit to the constant voltage 
source. The current is infinite at all times. Consequently, 7 max = 7 rms = go; there is no 
minimum current. 
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Maxwell's Equations and Electromagnetic Waves 



Conceptual Problems 
*i * 

(a) False. Maxwell' s equations apply to both time-independent and time-dependent 
fields. 

(b) True 

(c) True 

(d) True 

(e) False. The magnitudes of the electric and magnetic field vectors are related according 
to E = cB. 

(/)True 

2 

Determine the Concept Two changes would be required. Gauss's law for magnetism 
would become j> B n dA = ju {) q m and Faraday's law would 

become -di = f BdA — , where I m is the current associated with the motion 

of the magnetic poles. 

3 

Determine the Concept X rays have greater frequencies whereas light waves have 
longer wavelengths (see Table 30-1). 

*4 . 

Determine the Concept The frequencies of ultraviolet radiation are greater than those of 
infrared radiation (see Table 30-1). 

5 

Determine the Concept Consulting Table 30- 1 we see that FM radio and televisions 
waves have wavelengths of the order of a few meters. 

6 

Determine the Concept The dipole antenna detects the electric field, the loop antenna 
detects the magnetic field of the wave. 



815 
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7 

Determine the Concept The dipole antenna should be in the horizontal plane and normal 
to the line from the transmitter to the receiver. 



*8 • 

Determine the Concept A red plastic filter absorbs all the light incident on it except for 
the red light and a green plastic filter absorbs all the light incident on it except for the 
green light. If the red beam is incident on a red filter it will pass through, whereas, if it is 
incident on the green filter it will be absorbed. Because the green filter absorbs more 
energy than does the red filter, the laser beam will exert a greater force on the green filter. 



Estimation and Approximation 



Picture the Problem We'll assume that the plastic bead has the same density as water. 
Applying a condition for translational equilibrium to the bead will allow us to relate the 
gravitational force acting on it to the force exerted by the laser beam. Because the force 
exerted by the laser beam is related to the radiation pressure and the radiation pressure to 
the intensity of the beam, we'll be able to find the beam's intensity. Knowing the beam's 
intensity, we find the total power needed to lift the bead. 



Apply ^ F v =0 to the bead: 



by laser beam 



mg = 0 



Relate the force exerted by the laser 
beam to the radiation pressure 
exerted by the beam: 



by laser beam r 



= PA = -7id 2 P 



Substitute to obtain: 



1 2 

— mP— mg = 0 
4 



The radiation pressure P r is the 
quotient of the intensity / and the 
speed of light c: 



P = 



Substitute for P, to obtain: 



1 nd 2 I 
4 c 



-mg = 0 



(1) 



Express the mass of the bead: 



m = pV = ^7tpd } 



Substitute for m in equation (1) to 
obtain: 



1 nd 2 I 1 



4 c 



npd g = 0 



Solve for /: 
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2 

I = -cpdg 



Substitute numerical values and evaluate /: 



/ = -(3x 10 8 m/s)(l0 3 kg/m 3 )(l5 //m)(9.81m/s 2 )= I 2.94xl0 7 W/m 2 



The power needed is the product of 
the beam intensity and the cross- 
sectional area of the bead: 



evaluate P: 



Substitute numerical values and 



P = -n (15 /an) 2 (2.94 x 10 7 W/m 2 ) 



= 5.20 mW 



10 



Picture the Problem The net force acting on the spacecraft is the difference between the 
repulsive force due to radiation pressure and the attractive gravitational force. We can 
apply Newton's 2 nd law to the spacecraft and solve the resulting equation for the 
acceleration of the spacecraft. Because the acceleration turns out to be a function of r, 
we'll need to integrate a to find v 2 . We'll assume that the sail absorbs all of the radiation 
incident on it. 

Apply Newton's 2 nd law to the F r - F g = ma 

spacecraft (including sail) to obtain: 



Solve for a: 



a 




m 



Assuming that the sail absorbs all of 
the incident solar radiation: 



F r = PA = 



IA 



c 



where A is the area of the sail. 
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Substitute for F r and F„ to obtain: 



PA GMm 



a = 



Anr c r 
m 

P A 

GM s m 

Anc 

mr 2 



PA GM. 



An r 2 mc r 1 



Neglecting the gravitational term: 



a = 



PA 



Anr mc 



(b) Because a is a function of r, the 
velocity must be found by 
integration. Note that: 



dv dv dr dv , , 

a = — = = v — => vdv = adr 

dt dr dt dr 



Substitute for a and integrate V from vo to v and f from r 0 to r. 



]v'dv' = \{v 2 -vl) = 



f pa A 

GM s m 

Anc 

m 



■dr^_ 



PA 

Anc 



- GMm 



m 



Solve for v to obtain: 



2 2 , o 

v = v 0 + 2 



r PA ^ 

-* GM s m 

4;rc 



m 



^i o 



Ignore the gravitational term to obtain: 



2 

V = 



2 . 
V 0 + 



' paYi i 



Ituhc 



(c) 



This scheme is not likely to work effectively. For any reasonable mass, the 
surface mass density of the sail would have to be extremely small and the 
sail would have to be huge. Additionally, unless struts are built into the sail, 
it would collapse during the acceleration of the spacecraft. 
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Picture the Problem We can use / = Z? rms S rms ///o and B rms = E ims /c to express Z? rms in terms 
of /. We can then use B rms = E rm Jc to find 5 rms . The average power output of the sun is 
given by P av = <\7zR 2 I where R is the earth-sun distance. The intensity and the radiation 

pressure at the surface of the sun can be found from the definitions of these physical 
quantities. 



(a) Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 



/ = 



EB. 



rms rms 



Solve for E„ 



Substitute numerical values and evaluate E Tms : 

£ rms = V(3 x 10 8 m/s)(4n x 1(T 7 N/A 2 )(l .37 kW/m 2 ) = 



719V/m 



Use B rms = E rm Jc to evaluate B„ 



B. 



719V/m 
3 x10 s m/s 



2.40 juT 



(b) Express the average power 
output of the sun in terms of the 
solar constant: 

Substitute numerical values and 
evaluate P av : 



where R is the earth-sun distance. 

P av = 4tt(i .5 x 10 1 1 m) 2 (l .37 kW/m 2 ) 



= 3.87xl0 26 W 



(c) Express the intensity at the 
surface of the sun in terms of the 
sun's average power output and 
radius r. 

Substitute numerical values and 
evaluate / at the surface of the sun: 



Express the radiation pressure in 
terms of the intensity: 

Substitute numerical values and 
evaluate P.: 



1 = 



3.87 xlQ 20 W 
An (6.96 x10 s m) 2 



6.36 xlO 7 W/m 2 



6.36 xlQ 7 W/m 2 
3 x10 s m/s 



0.212Pa 
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Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton' s law of gravitation to find the gravitational 
force the sun exerts on the earth. 



The radiation pressure exerted on 
the earth is given by: 



P=-^-=>F = PA 
1 A r r 

where A is the cross-sectional area of the 

earth. 



Express the radiation pressure in 
terms of the intensity of the 
radiation / from the sun: 



P. = 



Substituting for P r and A yields: 



IttR 2 



Substitute numerical values and 
evaluate F. : 



F. = 



^-(l370W/m 2 )(6370km) 2 
3xl0 8 m/s 



= 5.82xl0 8 N 



The gravitational force exerted on 
the earth by the sun is given by: 



Substitute numerical values and evaluate F: 



p = GOT S un OT earth 



where r is the radius of the earth's orbit. 



p _ (6-67 x 1Q-" N • m 2 /kg 2 )(l.99 x 10 30 kg)(5.98 x 10 24 kg) 1q22 n 

(l.SxIO 11 !!!) 2 



Express the ratio of the force due 
radiation pressure F T to the 
gravitational force F: 



F T _ 5.82xlQ 8 N 
T ~ 3.53xl0 22 N 



1.65x10 



The gravitational force is greater by a factor of approximately 10 



14 
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Picture the Problem We can find the radiation pressure force from the definition of 
pressure and the relationship between the radiation pressure and the intensity of the 
radiation from the sun. We can use Newton' s law of gravitation to find the gravitational 
force the sun exerts on Mars. 



The radiation pressure exerted on 
Mars is given by: 



P=^^F= PA 

r A 1 1 

where A is the cross-sectional area of Mars. 
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Express the radiation pressure on 
Mars in terms of the intensity of the 
radiation 7 Mars from the sun: 

Substituting for P r and A yields: 



P, = 



Mars 



p _ ^Mars^ ^Mars 



Express the ratio of the solar 
constant at the earth 7 earth to the solar 
constant 7 Mars at Mars: 

Substitute for 7 M ars to obtain: 



Mars 



earth 



( \ 
Y 
earth 



V r Mars J 



~^ ^Mars ^earth 



f X 

Y 

'earth 



V r Mars J 



T r)2 

p _ 1 earth JL ^Mars 



f X 

Y 

' earth 



V r Mars J 



Substitute numerical values and evaluate F r : 



_ ;r(l370W/m 2 )(3395km) 2 ( 1 .50x10'^ 

2.29xlO n m 



3xl0 8 m/s 



7.09xl0 7 N 



The gravitational force exerted on 
Mars by the sun is given by: 



Tp _ ^sun^Mars _ ^sun (0- 1 Karth ) 
t 2 " 2 

r r 
where r is the radius of Mars' orbit. 



Substitute numerical values and evaluate F: 



_ (6.67 x 1Q-" N • m 2 / kg 2 )(l .99 x 10 30 kg)(0. 1 1)(5.98 x 10 24 lg) = L66 x 1Q 2i N 

(2.29xlO n m) 2 



Express the ratio of the force due 
radiation pressure F r to the 
gravitational force F: 



F 7.09xl0 7 N 



F 1.66xl0 21 N 



= 4.27x10 



•14 



Because the ratio of these forces is 1 .65 x 10 14 for the earth and 
4.27 x 10 -14 for Mars, Mars has the larger ratio. The reason that 
the ratio is higher for Mars is that the dependence of the radiation 
pressure on the distance from the Sun is the same for both forces 
(r -2 ), whereas the dependence on the radii of the planets is different. 
Radiation pressure varies as R 2 , whereas the gravitational force 
varies as R 3 (assuming that the two planets have the same density, an 
assumption that is nearly true). Consequently, the ratio of the forces 
goes as R 2 1 R 3 = R 1 . Because Mars is smaller than earth, the ratio 
is larger. 
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Picture the Problem We can use Newton's 2 nd law to express the acceleration of an 
atom in terms of the net force acting on the atom and the relationship between radiation 
pressure and the intensity of the beam to find the net force. Once we know the 
acceleration of an atom, we can use the definition of acceleration to find the stopping 
time for a rubidium atom at room temperature. 



(a) Apply F = ma to the atom to 
obtain: 

The radiation pressure P r and 
intensity of the beam / are related 
according to: 

Solve for F to obtain: 



F = ma 

where F is the force exerted by the laser 
beam. 

P -- F A - L 

A c 



c c 



Substitute for F in the expression of 
Newton's 2 nd law to obtain: 

Solve for a: 

Substitute numerical values and evaluate a: 



a 2 



= ma 



a 2 



a = 



mc 



a = 



(lOW/m 2 )(780nm) 2 



85^x 



lmol 



mol 6.02 xlO 23 particles 



(3xl0 8 m/s) 



1.44 xlO 5 m/s 2 



(b) Using the definition of 
acceleration, express the stopping 
time At of the atom: 



v c , — v. . . , 

tmal initial 



Because Vf ina i w 0: 



At 



initial 



a 



Using the rms speed as the initial 
speed of an atom, relate v^ai to the 
temperature of the gas: 



3kT 



m 



Substitute in the expression for the 
stopping time to obtain: 



At = 



1 3kT 



a V m 
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Substitute numerical values and evaluate At. 



At 



1.44 xlO 5 m/s 2 



3(l.38xlQ' 23 J/K)(300K) 



85 -^-x 



1 mol 



mol 6.02 x 10 23 particles 



2.06 ms 



Maxwell's Displacement Current 

15 • 

Picture the Problem We can differentiate the expression for the electric field between 
the plates of a parallel-plate capacitor to find the rate of change of the electric field and 
the definitions of the conduction current and electric flux to compute 7 d . 



(a) Express the electric field 
between the plates of the parallel- 
plate capacitor: 



E = 



Q 



Differentiate this expression with 
respect to time to obtain an 
expression for the rate of change of 
the electric field: 



dE _ d 
dt dt 



Q 



]_dQ 
n A dt 



Substitute numerical values and evaluate dE/dt: 



dE^_ 5A 

dt ~ (8.85 xlO" 12 C 2 /N-m 2 )^- (0.023 m) 2 



3.40xl0 14 V/m-s 



(b) Express the displacement current 



dt 



Substitute for the electric flux to 
obtain: 



dt dt 



Substitute numerical values and evaluate 7 d : 



/ d = (8.85 x 10~ 12 C 2 / N • m 2 )x (0.023 m) 2 (3.40 x 10 14 V/m • s) = 



5.00 A 
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Picture the Problem We can express the displacement current in terms of the electric 
flux and differentiate the resulting expression to obtain 1 A in terms dEldt. 



Express the displacement current / d : 



dt 



Substitute for the electric flux to 
obtain: 

Because E = (0.05 N/C)sin 2000? : 



I d will have its maximum value 
when cos 2000? = 1. Hence: 



I i =s*[EA]=e <> A§ 
dt dt 



I d =e 0 A — [(0.05 N/C) sin 2000?] 
dt 

= (2000s A )e 0 A(0.05N/C)cos2000? 
/ d , max = (2000s 1 )^ 0 A(0.05N/C) 



Substitute numerical values and evaluate / dj „ 



/„ = (2000 s 1 )(8.85 x 10 12 C 2 / N • m 2 )(l m 2 )(0.05 N/C) = 



8.85 xKT 10 A 



17 

Picture the Problem We can use Ampere's law to a circular path of radius r between the 
plates and parallel to their surfaces to obtain an expression relating B to the current 
enclosed by the amperian loop. Assuming that the displacement current is uniformly 
distributed between the plates, we can relate the displacement current enclosed by the 
circular loop to the conduction current /. 



Apply Ampere's law to a circular 
path of radius r between the plates 
and parallel to their surfaces to 
obtain: 



§B ■ dt = 2nrB = // 0 / enclosed = // 0 / 



Assuming that the displacement 
current is uniformly distributed: 



,2 x d 



nr l 7r R R 1 
where R is the radius of the circular plates. 



Substitute to obtain: 



2nrB = ^ r I A 
R 2 
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Solve for B: 



B 



2nR 



2 x d 



Substitute numerical values and 
evaluate B: 



B 



/ x_ (4^-xlQ- 7 N/A 2 )(5A) 
In (0.023 m) 2 



(l.89xl0~ 3 T/rn)r 



18 

Picture the Problem We can use the definitions of the displacement current and electric 
flux, together with the expression for the capacitance of an air-core-parallel-plate 
capacitor to show that h = C dV/dt. 



(a) Use its definition to express the 
displacement current I d : 



d<f> e 
dt 



Substitute for the electric flux to 
obtain: 



/ =Gq ±[ EA ]=e 0 A^- 
dt dt 



Because E = V/d: 



, d 



f 0 A dV 
d dt 



The capacitance of an air-core- 
parallel-plate capacitor whose plates 
have area A and that are separated 
by a distance d is given by: 



c = EoA 
d 



Substitute to obtain: 



C 



dV 
dt 



(b) Substitute in the expression 
derived in (a) to obtain: 



/ d = (5 nF)— [(3 V)cos 500^ t] 
dt 

= -(5 nF) (3 V) (500^- s 1 ) sin 500^- 1 



(23.6^)8^500^? 
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Picture the Problem We can use the conservation of charge to find I d , the definitions of 
the displacement current and electric flux to find dEldt, and Ampere's law to evaluate 
B • dt around the given path. 
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(a) From conservation of charge we 
know that: 



I =1= 10.0 A 



(b) Express the displacement current 



7 d = e o 



d ^=e () ±-[EA]=e () A d ^- 
dt dt dt 



Substitute for dEldt: 



dE_ 
dt 



Substitute numerical values and 
evaluate dEldt: 



d£ 10 A 

~dt~ (8.85xl0- 12 C 2 /N-m 2 )(0.5m 2 ) 



2.26 xlO 12 



V 



m • s 



(c) Apply Ampere's law to a 
circular path of radius r between the 
plates and parallel to their surfaces 
to obtain: 



§B-d£ = Mo I, 



enclosed 



Assuming that the displacement 
current is uniformly distributed: 



I I nr 

1 enclosed _ 1 d T — 1 

2 a enclosed * d 

nr A A 
where R is the radius of the circular plates. 



Substitute for /enclosed to obtain: 



Substitute numerical values and evaluate jB • dl : 



B-dl 



(4^xlQ' 7 N/A 2 )^-(0.1m) 2 (lOA) 
0.5m 2 



7.90x10 7 T-m 



20 ••• 



Picture the Problem If Q = Q 0 e /T is the charge on the capacitor plates, then the 

d(h 

conduction current / = dQIdt. We can use I d =e 0 — - to find the displacement current 

dt 



and L 



dQ b 
dt 



to find the current due to the rate of change of the bound charges. The 



total current is the sum of /, I d , and I h . 
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(a) The conduction current is given 
by: 



/ = 



dQ 
dt 



The charge on the capacitor varies 
with time according to: 



Q = Q 0 e-' /T , where r = RC 



Substitute for Q to obtain: 



Qo_ e -*/r 

T 



This current is in the direction of the electric field, which is from the positive plate to the 
negative plate. By choosing the positive sign for this current we define this to be the 
positive direction. 



(b) The displacement current is 
given by: 



^= Go ±[EA]=e 0 A^ 
dt dt dt 



Relate the electric field E to the 
potential difference V between the 
plates and the separation of the 
plates d: 



E = 



Substitute to obtain: 



L =e n A- 



dt 

or, because C = 
C dV 



e 0 A dV 
d dt 
k e n A 



L =■ 



k dt 



V varies with time according to: 



V=V 0 e~ t/T A e ,lT 
0 C 



Substituting in the expression for I A 
yields: 



d k dt 



c 



KT 



--I 

K 



(c) As the voltage across the 
dielectric decreases the magnitude 
of the bound charges also decreases. 
The current h due to the flow of 
these bound charges though a 



I h = ^ b where Q b is the bound charge 
dt 

on the surface of the dielectric next to the 
plate with charge Q. 
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stationary surface is given by: 



It follows that Q and Q h are opposite 
in sign and are related by Equation 
24-27: 



Q 



Substitute in the expression for I b 
and carry out the differentiation to 
obtain: 



d_ 
dt 



K 



Q 





f 


n 




1- 











dQ 

dt 



(d) Add the currents found in (a), 
(b), and (c) to obtain: 



total 



= 1 / 

K 



= 0 



Remarks: In more sophisticated treatments of electrodynamics it is conventional to 
refer to the sum 7 d + I b as the displacement current. 
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Picture the Problem We can find the conduction current as a function of time using I ■■ 
V(t)/R and substituting for V(t). We can use I d =e 0 </> e to obtain an expression for the 

displacement current I d as a function of time. Finally, equating the conduction and 
displacement currents will yield an expression for the time at which they are equal. 



(a) Express the conduction current 
in terms of the potential difference 
between the plates of the capacitor: 



j _ V(t) _ AV{t) 
R pd 



Substitute for V(t) to obtain: 



/ = 



(0.01V/s)A 
pd 



(b) The displacement current is 
given by: 



dt 

_ e q A dV 
d dt 



dt 



d j 
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Substitute for V and simplify to _e 0 A d 



obtain: 



d dt 



[(0.01V/s>] 



(0.01V/s)eF 0 A 



(c) Set I d = I to obtain: 



(0.01V/s)e Q A _ A(0.01V/s) j 
d pd 



Solve for t: 



t = 



22 



Picture the Problem We can use I, =e. 



dt 



and the relationship between the voltage 



across the plates and the electric field between them to find the displacement current. The 

V AV 

conduction current between the plates is given by I = — = where A is the area of 

R pd 

the plates and d is their separation. 



(a) The displacement current is 
given by: 



/d=£o ^ =e 

dt u dt 



dE_ 
dt 



Relate the electric field E to the 
potential difference V between the 
plates and the separation of the 
plates d: 



E = 



V 



Substitute to obtain: 



i 0 AdV 
d dt 



V varies with time according to: 



V = V 0 cos cot 



Substituting in the expression for I d 
yields: 



e n A d r T7 1 
d dt 



cod 



sinfttf 



Substitute numerical values and evaluate I d : 
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_ _ (8.85 x 10-" g / N . m' V(20c m r-(40 V) ^ 
(1 20 7i rad/s ) (1 mm J 

- (l . 1 8 x 1 0~ 10 A )sin (l 20tt rad/s) t 



(b) The conduction current between 
the plates is given by: 

Substitute numerical values and 
simplify to obtain: 



/ = — = 



V AV AV n 



R pd pd 



- cos cot 



. ;r(0.2m) 2 (40V) x 

1 = T^i V — rAcos(120^rad/s)? 

(l0 4 Q-m)(lO" 3 m) V ' 



(0.503A)cos(l20;r rad/s)/ 1 
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Picture the Problem We can follow the step-by-step instructions in the problem 
statement to show that Equation 30-4 gives the same result for B as that given in Part (a). 



(a) Express the magnetic field at P 
using the expression for B due to a 
straight wire segment: 



B p =^-(sin#,+sin# 2 ) 



where 



sin 0 X = sin 6 2 = ,— 



a 



2 2 

+ a 



Substitute for sind?i and sind% to 
obtain: 



Mo I 



2a 



47tRj R i + a 2 



/j 0 Ia 



27rRj R i +a 2 



(b) Express the electric flux through 
the circular strip of radius r and 
width dr in the yz plane: 



d<j) e = E x dA = E x \2n rdr) 



The electric field due to the dipole 
is: 
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Substitute for E x to obtain: J± ^ 1A 2kQa 



d0 e = E x dA = 



_ [in rdr) 

[r ■ +a ) 



2Qa 



An e 0 (r 2 + a 2 ) 



3/2 



[in rdr) 



Qa 



3/2 



rdr 



(c) Multiply both sides of the expression 
for by e Q : 

Integrate r from 0 to R to obtain: 



f 0 d</) e = - — ® a rdr 



(r 2 +a 2 ) 



3/2 



f 0 ^ e = Qaj 



rdr 



[r 2 + a 2 f IVFT^ 



1 1 

- + — 




(d) The displacement current is 
defined to be: 



d<f) & _ d 
dt dt 



Q 



= -l 



^R 2 +a 2 



1- 



1- 

dQ 
dt 

\ 



4r 



2 . 2 

+ a j 



^R 2 +a 2 



The total current is the sum of / and 



I + I d =I-I 



^R 2 +a 2 



^R 2 + a 2 



(e) Apply Equation 30-4 (the 
generalized form of Ampere's law) 
to obtain: 



§ c B-d! = 2nRB = ju 0 {l + I d ) 



Solve for B: 



2nR 
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Substitute for I + h from (d) to 
obtain: 



B = 



2nR 



+ a J 



ju 0 Ia 



Maxwell's Equations and the Electromagnetic Spectrum 



24 » 

Picture the Problem The figure shows the 
end view of a pillbox surrounding a small 
area dA of the surface. The normal 
components of the magnetic field, 

^n.top and ^„, bottom - are 8h0Wn With 

different magnitudes. When performing the 
surface integral the normal to the surface is 
outward, as shown in the figure. 



1 



T 7 



^ above 



Apply Gauss's law for magnetism to the pillbox to obtain: 



§B-ndA= \B-ndA + \B-ndA+ \B-ndA = 0 



bottom surface lateral surface 



top surface 



Because the horizontal component of B is zero, | B • ndA = 0 , and: 



lateral surface 



§B-ndA= ]B-ndA+ ^B-ndA = 0 



(1) 



bottom surface 



top surface 



Because B and n are oppositely 
directed at the bottom surface: 



#below-"^ = - 5 n,below^ 



bottom surface 



Because B and n are parallel at the 
top surface: 



#below-«^ = £ n , above A 



top surface 



Substitute in equation (1) to obtain: 



" ^n, below ^ + ^n.above^ _ U 



Solve for B n , t o P : 



D D 

n, above n, below 



; i.e., the normal 



component of B is continuous across the 
surface. 
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Picture the Problem We can use c =fX to find the wavelengths corresponding to the 
given frequencies. 



Solve c-fX for X: 



X = 



f 



(a) For/= 1000 kHz: 



X 



3xl(f m/s 
1000 x 10 V 1 



300 m 



(b) For/= 100 MHz: 



x = 



3xl0 8 m/s 
lOOxlOV 1 



3.00 m 
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Picture the Problem We can use c -fX to find the frequency corresponding to the given 
wavelength. 



Solve c - fX for/: 



X 



Substitute numerical values and evaluate/: 3 x 10 8 m/s 



10 10 Hz 



3xl0~ 2 m 



10.0 GHz 
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Picture the Problem We can use c =fX to find the frequency corresponding to the given 
wavelength. 



Solve c - fX for/: 



X 



Substitute numerical values and evaluate/: 



3xl0 8 m/s 
0.1x10 9 m 



3.00xl0 18 Hz 



Electric Dipole Radiation 
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Picture the Problem We can use the intensity l\ at a distance r = 10 m and at an angle 9 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at the 
given distances and angles. 
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Express the intensity of radiation as 
a function of r and 9 : 



Express 7(90°, 10m): 



(1) 



where C is a constant of proportionality. 



/(90°,10m) = / 1 



C 



(l0m) : 



-sin 2 90 c 



C 



100 m 2 



Solve for C: 



C = (l00m 2 )/ 1 



Substitute in equation (1) to obtain: / \ (lOOm 2 7, . 

I{0,r) = s 



siri 6> (2) 



(a) Evaluate equation (2) for r = 30 
m and 9 = 90°: 



(b) Evaluate equation (2) for r = 10 
m and 9 = 45°: 



(c) Evaluate equation (2) for 
r = 20 m and 9 = 30°: 



/(90^30m) = ^^sin 2 90° 
(30 m) 



7/^0 !o \ (lOOm 2 )/, . 2 ... 

7(45°,10m) = ±- rr^sin 45° 

(10m) 2 



/(30°,20m): 



(lOO m 2 )/ 
(20 m) 2 



1 sin 2 30° 
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Picture the Problem We can use the intensity /! at a distance r = 10 m and at an angle 9 
= 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the angle for a given 
intensity and distance and the distance corresponding to a given intensity and angle. 



Express the intensity of radiation as 
a function of r and 9 : 



l{e,r) = -^-sin 2 6> 



(1) 



where C is a constant of proportionality. 
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Express 7(90°, 10 m): 



/(90°,10m) = / 1 



(l0m) : 



-sin 2 90° 



C 



100 m 2 



Solve for C: 



C = (l00m 2 )/ 1 



Substitute in equation (1) to obtain: ,/„ \ (lOOm 2 )l, . 

I{0,r) = A r^ sl 



sin 2 6> (2) 



(a) For r - 5 m and /( 9,r) - I] : 



_ (lOOm 2 )/^ . 2q 
(5 m) 



or 



sin 2 ^ 



Solve for 6? to obtain: 



(b) For 0 = 45° and /( 9,r) = h 



30.0 C 



0 = sin 1 { 
7 _ (l00m 2 )/ 1 _ 2 



sin z 45° 



Solve for r to obtain: 



or 



,2 _ 1 



(lOOm 2 ) 



= Vi(l00m 2 ) 



7.07 m 
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Picture the Problem We can use the intensity / at a distance r = 4000 m and at an angle 
0 = 90° to find the proportionality constant in the expression for the intensity of radiation 
from an electric dipole and then use the resulting equation to find the intensity at sea level 
and 1.5 km from the transmitter. 



Express the intensity of radiation as 
a function of r and 0 : 



/(#, r ) = ilsin 2 # 



(1) 



where C is a constant of proportionality. 



Use the given data to obtain: 



4xlO" 12 W/m 2 



C 

(4km) 2 
C 

(4km) 2 



-sin 2 90 c 
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Solve for C: 



C = (4km) 2 (4xl(T 12 W/m 2 ) 



= 6.40xl(T 5 W 



Substitute in equation (1) to obtain: 



j(q v 6.40xl(T 5 W . 2 . 
I{6,r) = - sin 2 6> (2) 



For a point at sea level and 1.5 km 
from the transmitter: 



0 = tan" 1 ^- = 53.1° 
1.5km 



Evaluate 7(53.1°, 1.5 km): 



/(S3.1^.Shn)= 6 -1° xl0 ^ W sin a S3.1° = 
(1.5 km) 2 



18.2pW/m 2 
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Picture the Problem The intensity of radiation from an electric dipole is equal to 
7 0 (sin 2 6?)/r 2 , where 6? is the angle between the electric dipole moment and the position 
vector f. We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate 7 0 . Knowing 7 0 we can find the intensity at a horizontal 
distance of 120 km directly in front of the station. 



Express the intensity of the signal as 
a function of r and 9 : 



l(r,0) = I, 



sin 2 6> 

» r 2 



At a horizontal distance of 120 km 
from the station and directly in front 
of it: 



/(l20km,90°) = / 0 



sin 2 90° 
(120 km) 2 



(120km) 2 



(1) 



From the definition of intensity we 
have: 



dP = IdA 
and 

P tot =\\l(r,0)dA 

where, in polar coordinates, 
dA = r 2 sin&dOdifi 



Substitute for dA to obtain: 



Ik ti 

p tot = jjl(r,0)r 2 wi0d0d^ 

0 0 
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Substitute for l(r,9): 



27T7T 



p m =/ 0 ^ sin 3 0d0d<p 



0 0 



From integral tables we find that: 



jsin 3 OdO = - {cos #(sin 2 6 + 2)]* 



* 4 



Substitute and integrate with respect 
to ^to obtain: 



Solve for 7 n : 



/ = — P 

1 0 0 J tot 



Substitute for P tot and evaluate 7 0 : 



/„ = —(500 kW) = 59.7 kW 
8^" 



Substitute for I 0 in equation (1) and 
evaluate 7(120 km,90°): 



/(I20km,90°): 



59.7 kW 
(120 km) 2 



4.15/AV7m 2 



Express the number of photons 
incident on an area A in time At: 



N 



N NI 



AAt ~ {P/l)At ~ PAt 
NI I I 

~ E ~ E/N ~ hf 



Substitute numerical values and 
evaluate I/hf. 



J__ 4.15//W/m 2 
hf ~ (6.63xl0 -34 J-s)(l.20MHz) 
21 photons 



= 5.21x10' 



m • s 



5.22x10 



17 photons 
cm 2 -s 
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Picture the Problem The intensity of radiation from an electric dipole is given by 
I Q (sm 2 0)/r 2 , where 6? is the angle between the electric dipole moment and the position 
vector f . We can integrate the intensity to express the total power radiated by the antenna 
and use this result to evaluate 7 0 . Knowing 7 0 we can find the total power radiated by the 
station. 



From the definition of intensity we 



dP = IdA 
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have: 



and 

P tat =\\l(r,0)dA 

where, in polar coordinates, 
dA = r 2 sm0d0d<f> 



Substitute for dA to obtain: 



P tm = ^l(r,0)r 2 smOdOd0 



o o 



Express the intensity of the signal as 
a function of r and 6 : 



l(r,0) = l 



sin 2 6> 

0 2 

r 



(1) 



Substitute for l(r,0): 



p w = i Q Jj" sin 3 6d6d<f> 



0 0 



From integral tables we find that: 



jsin 3 6d6 = --Lcos#(sin 2 6 + 2)]* 



n 4 



Substitute and integrate with respect 
to (hto obtain: 



From equation (1) we have: 



_ I{r,6)r 



sin 2 6> 



Substitute to obtain: 



= 8^ /(r,#)r 2 
tot 3 sin 2 0 
or, because 0- 90°, 



Substitute numerical values and 
evaluate P lot : 



P tot =^(2xl0 13 W/m 2 )(30km) 2 



1.51mW 
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Picture the Problem The intensity of radiation from the airport's vertical dipole antenna 
is given by l o (sin 2 0)/r 2 , where 6? is the angle between the electric dipole moment and the 
position vector f. We can integrate the intensity to express the total power radiated by the 
antenna and use this result to evaluate I 0 . Knowing I Q we can find the intensity of the 
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signal at the plane's elevation and distance from the airport. 



Express the intensity of the signal as 
a function of r and 0 : 



i(r,e)=i 



sin 2 6> 



0 r 2 



(1) 



From the definition of intensity we 
have: 



dP = IdA 
and 

P M =tfl{r,0)dA 

where, in polar coordinates, 
dA = r 2 sin 0d0d<p 



Substitute for dA to obtain: 



Inn 



P M = ^l(r,0)r 2 sm0d0d<p 



o o 



Substitute for I(r,ff): 



iKTt 



P M = l Q Jj" sin 3 6d6 dtp 



0 0 



From integral tables we find that: 



71 

j sin 3 OdO = - jcos #(sin 2 6 + 2j] 



* 4 



Substitute and integrate with respect 
to ^to obtain: 



3 J 3 

^0 



Solve for / 0 : 



/ = — P 

1 0 0 ^tot 



Substitute for / 0 in equation (1): 



%7T r 



At the elevation of the plane: 



0 = tan 



and 



2500 m 
4000 m 



= 32.0° 



= V(2500 m) 2 + (4000 m) 2 = 4717m 



Substitute numerical values and 
evaluate 7(4717 m,32°): 



7(4717 m,32°) = 



3(100 W) sin 2 32° 
%jc (4717 m) 2 



0.151//W/m 2 
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Energy and Momentum in an Electromagnetic Wave 

34 • 

Picture the Problem We can use Px = lie to find the radiation pressure. The intensity of 
the electromagnetic wave is related to the rms values of its electric and magnetic fields 
according to / = £ rm A ms /M>> where B rms = E m Jc. 



(a) Express the radiation pressure in 
terms of the intensity of the wave: 



p.=L 



Substitute numerical values and 
evaluate P r : 



100 W/m 2 
3xl0 8 m/s 



0.333 //Pa 



(b) Relate the intensity of the 
electromagnetic wave to E rms and 



/ = 



E E. 



rms rms 



or, because 5 rms = E m Jc, 



Mo 



M 0 c 



Solve for Em.: 



E rms = 



Substitute numerical values and evaluate E„ 



E rms = ^{Att x 10" 7 N/A 2 )(3 x 10 8 m/s)(l00 W/m 2 ) = 



194V/m 



(c) Express B rms in terms of E m 



B =^ 



Substitute numerical values and 
evaluate B ims : 



B. = 



194V/m 



' nm 3xl0 8 m/s 



0.647 juT 
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Picture the Problem The rms values of the electric and magnetic fields are found from 
their amplitudes by dividing by the square root of two. The rms values of the electric and 
magnetic fields are related according to B, ms = E m Jc. We can find the intensity of the 
radiation using / = £ rms S rms ///o and the radiation pressure using P T = lie. 



(a) Relate E rms to E 0 : 



400 V/m 



4i V2 



283 V/m 
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(b) Find B rms from £ rms : 



5™. — 



283 V/m 



c 3xl0 8 m/s 



0.943 /£T 



(c) The intensity of an 
electromagnetic wave is given by: 

Substitute numerical values and 
evaluate /: 



J rms rms 



Ml) 



(283V/m)(0.943//T) _ 

4;rxlO~ 7 N/A 2 



212 W/m 2 



(d) Express the radiation pressure in 
terms of the intensity of the wave: 



P. = 



Substitute numerical values and 
evaluate P T ; 



212 W/m 2 
3 x10 s m/s 



0.707 //Pa 
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Picture the Problem Given E ims , we can find B ims using B rms = E m Jc. The average 
energy density of the wave is given by M av = E ims B rm J/jQC and the intensity of the wave by 
/ - w av c . 



(a) Express B, ms in terms of Z? rms : 



2? = 



Substitute numerical values and 
evaluate B ims : 



400 V/m 

3 x10 s m/s 



1.33 //T 



(b) The average energy density w av is 
given by: 

Substitute numerical values and 
evaluate M av : 



EE. 



u = 

av 



rms rms 



// 0 c 



(400V/m)(l.33//T) 
(4^-xlO" 7 N/A 2 )(3xl0 8 m/s) 



1.41/J/m 3 



(c) Express the intensity as the 
product of the average energy 
density and the speed of light in a 
vacuum: 
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Substitute numerical values and 
evaluate /: 



/ = (l.41/J/m 3 )(3xl0 8 m/s) 



= 423 W/m 2 
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Picture the Problem We can simplify the units of cB to show that this product has the 
same units as E. 



Express the units of cB and simplify: 



£ x T--x— --x— - ---x-- - - — 
s s A ■ m s C C Cm C ■ in | m 

s 
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Picture the Problem Given B rms , we can find E ims using Zs rms = cB ims . The average energy 
density of the wave is given by w av = Z? rms B rms ///oc and the intensity of the wave by 
/ - w av c. 



(a) Express E ims in terms of S rms : 



Substitute numerical values and 
evaluate Z? ims : 



rms rms 



cB„ 



E rms = (3 x 10 8 m/s)(0.245 juT) 



= 73.5 V/m 



(b) The average energy density w av is 
given by: 



Substitute numerical values and 
evaluate M av : 



EB, 



rms rms 



u„„ = 



(73.5V/m)(0.245//T) 
(4tt x 10" 7 N/A 2 )(3 x 10 8 m/s) 



= 47.8 nJ/m 3 



(c) Express the intensity as the / = u m c 

product of the average energy 
density and the speed of light in a 
vacuum: 



Substitute numerical values and 
evaluate /: 



7 = (47.8nJ/m 3 )(3xl0 8 m/s) 
= 14.3 W/m 2 
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Picture the Problem We can find the force exerted on the card using the definition of 
pressure and the relationship between radiation pressure and the intensity of the 
electromagnetic wave. Note that, when the card reflects all the radiation incident on it, 
conservation of momentum requires that the force is doubled. 



(a) Using the definition of pressure, 
express the force exerted on the card 
by the radiation: 



F = PA 



Relate the radiation pressure to the 
intensity of the wave: 



p.=L 



Substitute to obtain: 



1A 



Substitute numerical values and 
evaluate F: 



F = 



(200W/m 2 )(0.2m)(0.3m) 
3xl0 8 m/s 



40.0 nN 



(b) If the card reflects all of the 
radiation incident on it, the force 
exerted on the card is doubled: 



80.0nN 



40 

Picture the Problem Only the normal component of the radiation pressure exerts a force 
on the card. 



(a) Using the definition of pressure, 
express the force exerted on the card 
by the radiation: 



F = 2P r Acosd 

where the factor of 2 is a consequence of 
the fact that the card reflects the radiation 
incident on it. 



Relate the radiation pressure to the 
intensity of the wave: 



P = 



Substitute to obtain: 



F = 



2ZAcos0 
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Substitute numerical values and 
evaluate F: 



2(200 W/m 2 )(0.2 m)(0.3 m)cos 30° 
3xl0 8 m/s 



= 69.3 nN 



*41 

Picture the Problem We can use / = P.J\mr 2 and / = E rmti B rm J/Jo to express E ms in terms 
of P av and the distance r from the station. 



Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 

The intensity is also given by: 



Equate these expressions to obtain: 



Solve for E„ 



I = 



E B E E 

rms mis rms max 



Ak r 2c// 0 



jcMj^av 




J In 





(a) Substitute numerical values and evaluate £ max for r = 500 m: 
^x(500m) 



/ (3xlQ 8 m/s)(4^-xl0- 7 N/A 2 )(50kW) 
2x 



r 1 ^ 



500 m 



3.46 V/m 



Use B max = E m .Jc to evaluate B„ 



3.46 V/m 



3 x10 s m/s 

(&) Substitute numerical values and evaluate Zs max for r =5 km: 

„ v 1(3 xlO 8 m/sjU^xlO" 7 N/A 2 )(50kW) 
^ m ax (5 kmj = p " ^ * 



11.5nT 



f 1 ^ 



2^" 



v 5km j 



0.346 V/m 



Use 5 max = E m .Jc to evaluate 5 n 



B 



_ 0.346 V/m 
m x 3 x10 s m/s 



1.15nT 



(c) Substitute numerical values and evaluate £ max for r - 50 km: 
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£ ma *(500m): 



) (3 x 10 8 m/s)(4x x 10~ 7 N/A 2 )(50kW) f 1 



In 



50 km 



0.0346 V/m 



Use £ max = E m Jc to evaluate B max : 



B„„ = 



0.0346 V/m 

3 x10 s m/s 



0.115nT 
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Picture the Problem We can use / = P av /A to express E rms in terms of /. We can then use 
B rms = EnaJc to find B rms . The average power output of the sun is given by P av = AnR 2 I, 

where R is the earth-sun distance. The intensity and the radiation pressure at the surface 
of the sun can be found from the definitions of these physical quantities. 



(a) From the definition of intensity 
we have: 



4P 

av 

TTd' 



Substitute numerical values and 
evaluate /: 



4(1.5 mW) 

;r(l0~ 3 m) 2 



1.91kW/m 2 



(b) Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 



/ = 



E E. 



rms rms 



Solve for E„ 



E r ms = 



Substitute numerical values and evaluate E„ 



E rms = ^xlO 8 m/s^TTxlO 1 N/A 2 )(l.91kW/m 2 ) = 



849 V/m 



Use S rms = E n Jc to evaluate B rms : 



849 V/m 
3 x10 s m/s 



2.83 juT 



(d) Express the radiation pressure in 
terms of the intensity: 

Substitute numerical values and 
evaluate P r : 



P. = 



1.91xlQ 3 W/m 2 
3xl0 8 m/s 



6.37 //Pa 
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Picture the Problem We can use / = Z? rms B rms ///o and B rms = E rm Jc to express Z? rms in terms 
of /. We can then use B rms = E im Jc to find 5 rms . 



Express the intensity / of the 
radiation as a function of its average 
power and the distance r from the 
station: 



E B E 2 

7 rms rms rms 



Mo 



Wo 



Solve for E„ 



Use the definition of intensity to 
relate the intensity of the 
electromagnetic wave to the power 
in the beam: 



PI , V 

J trans, line 

~ A ~ A 



Substitute for / to obtain: 



Tj _ ) C /^0^trans.line^ 
rms ^ A 



Substitute numerical values and evaluate Zs lllls : 



) (3 x 10 8 m/s)(47r x 10' 7 N/A 2 )(l0 3 A)(750kV) 



50m 2 



75.2 kV/m 



Use B rms = EmJc to evaluate B r , 



B_ = 



75.2kV/m 
3 x10 s m/s 



0.25 lmT 
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Picture the Problem The spatial length L of the pulse is the product of its speed c and 
duration At. We can find the energy density within the pulse using its definition 
(u = U/V). The electric amplitude of the pulse is related to the energy density in the beam 
according to u = e 0 E 2 and we can find B from E using B = Elc. 



(a) The spatial length L of the pulse 
is the product of its speed c and 
duration At: 



Substitute numerical values and 
evaluate L: 



L = cAt 



L = (3xl0 8 m/s)(l0ns) = 



3.00 m 
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(b) The energy density within the 
pulse is the energy of the beam per 
unit volume: 



U U 



V TtrL 



Substitute numerical values and 
evaluate u: 



20J 



u = 



K (2 mm) 2 (3. 00 m) 



531kJ/m 3 



(c) E is related to u according to: 



U _G 0 ^rms ~ 2 G 0 ^0 



Solve for E 0 to obtain: 



E 0 = 



Substitute numerical values and 
evaluate E 0 : 



2(531 kJ/m 3 ) 



8.85xl0 12 C 2 /N-m 



= 346MV/m 



Use Bq = EqIc to find B 0 : 



5 n = 



346 MV/m 
3xl0 8 m/s 



1.15T 
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Picture the Problem We can determine the direction of propagation of the wave, its 
wavelength, and its frequency by examining the argument of the cosine function. We can 
find E from 5 = E 2 j jU 0 c and B from B = Elc. Finally, we can use the definition of the 

Poynting vector and the given expression for 5 to find E and B . 



(a) 



Because the argument of the cosine function is of the form kx - cot, 
the wave propagates in the positive x direction. 



(b) Examining the argument of the 
cosine function, we note that the 
wave number k of the wave is: 



yt = ^ = l0m 1 



Solve for and evaluate A: 



2n 



10m 



0.628 m 



Examining the argument of the 
cosine function, we note that the 
angular frequency co of the wave is: 



9 „-i 



« = 2^=3xlO y s 
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Solve for and evaluate/ to obtain: 



9 „-l 



/ 



3xlQ v s 
In 



477 MHz 



(c) Express the magnitude of 5 in 
terms of E: 



figC 



Solve for E: 



Substitute numerical values and evaluate E: 



E = Ui 0 c 



E = 7(3 x 10 8 m/s)(4x x 10~ 7 N/A 2 )(l00 W/m 2 ) = 194 V/m 



1 ~ 



Because S(x,*) = (l00W/m 2 )cos 2 [l0x-(3xl0 9 ) t] i and S = —E H 

Mo 



E(x,t) = (194 V/m)cos[l0x - (3 x 10 9 ) t 



Use B = Elc to evaluate B: 



B- 194 y /m =0.647^r 
3xl0 8 m/s 



Because 5 = — £ x jB , the direction of 5 must be such that the cross product of E 
Mo 

with B is in the positive x direction: 



B(x, t) = (0.647 //T)cos[10jc - (3 x 10 9 ) t 
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Picture the Problem We can use the definition of the electric field between the plates of 
the parallel-plate capacitor and the definition of the displacement current to show that the 
displacement current in the capacitor is equal to the conduction current in the capacitor 
leads. In (b) we can use the definition of the Poynting vector and the directions of the 
electric and magnetic fields to determine the direction of the Poynting vector between the 

capacitor plates. In (c), we'll demonstrate that the flux of 5 into the region between the 
plates is equal to the rate of change of the energy stored in the capacitor by evaluating 
these quantities separately and showing that they are equal. 



(a) The electric field between the 
plates of the capacitor is given by: 

The displacement current is 
proportional to the rate at which the 



V(t) = V 
d d 



(l-e-" RC ) 



dt 



dt 



(ae)=( 



dE_ 
dt 
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flux is changing between the plates: 

Substitute for E and carry out the 
details of the differentiation to 
obtain: 



I D (t)=G 0 A 



dt 



_ g 0 AV d 
d dt 

_ e 0 AV d 
d dt 



-(l-e-" RC ) 
[(l-e—)] 



[ -t/Rc] 

[-e \ 



dRC 



Because the capacitance of an air- 
filled-parallel-plate capacitor is 

_ e n A 
given by C = : 



CV - t iRc 



li,) 



(b) Apply Ampere's law to a closed 
circular path of radius r (the radius 
of the capacitor plates) to obtain: 



B(27rr) = {i Q I c =Mo I D 



Substitute for I D from (a): 



B{2xr) = Mo 



RC 



d(RC) 



Solve for B to obtain: 



B = ju 0 e 0 



rV 



-tIRC 



2d(RC) 



Because E is perpendicular to the plates of the capacitor and B is tangent to 
circles that are concentric and whose center is through the middle of the 
capacitor plates, 5 points radially inward toward the center of the capacitor. 



(c) The magnitude of the Poynting 
vector is: 



= / = 



BE 

Mo 



Substitute for B and E and simplify 
to obtain: 



/ = 



e o Y. r c -" rc 

2 d 2 RC 



(l-e-" RC ) 



The total power is: 



dF 

P = — = 2nrdl 
dt 
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Substitute for / to obtain: 



Because the capacitance of an air- 
filled-parallel-plate capacitor is 



given by C = — 



nr 



dE V Z 7tr 2 _ tll 

— =e 0 e 

dt dRC 



\l-e-' IRC ) 



^=Yl e -^cU_ e - tlR c\ (1 

dt R v ' 



The energy in the capacitor at any 
time is: 



Differentiate E with respect to time 
to obtain: 



dE _ d 
dt dt 



\c{v{tf 



= cv(t) 



dV(t) 



dt 



Substitute for V(t) and complete the 
differentiation to obtain: 



The equivalence of equations (1) and (2) proves that the flux of 5 into this 
region is equal to the rate of change of the energy stored in the capacitor. 



dE_ 
dt 



R 



e" RC ) (2) 
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Picture the Problem The diagram shows 
the displacement of the pendulum bob, 
through an angle 9, as a consequence of the 
complete absorption of the radiation 
incident on it. We can use conservation of 
energy (mechanical energy is conserved 
after the collision) to relate the maximum 
angle of deflection of the pendulum to the 
initial momentum of the pendulum bob. 
Because the displacement of the bob during 
the absoiption of the pulse is negligible, we 
can use conservation of momentum 
(conserved during the collision) to equate 
the momentum of the electromagnetic 
pulse to the initial momentum of the bob. 




Apply conservation of energy to 
obtain: 



K s -K, +U { -U, =0 

or, since Ui = K f = 0 and K { = pf / 2m , 
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2m 



■ + U f =0 



Uf is given by: 
Substitute for Uf. 



U f = mgh = mgL(l - cos 0) 



^ + mgL(\- cos 8) = 0 
2m 



Solve for 0 to obtain: 



0 = cos 



.2 A 



Pi 



2m gL 



Use conservation of momentum to 
relate the momentum of the 
electromagnetic pulse to the initial 
momentum p\ of the pendulum bob: 



U PAt 



em wave 



Pi 



c c 

where At is the duration of the pulse. 



Substitute for pf. 



6 = cos 



P 2 {Atf ^ 
2m 2 c 2 gL 



Substitute numerical values and evaluate 0 : 



0 = cos 



(lOOOMW) 2 (200 ns) 2 



2(l0mg) 2 (3xl0 8 m/s) 2 (9.81m/s 2 )(0.04m) 



6.10 x 10 3 degrees 



Remarks: The solution presented here is valid only if the displacement of the bob 
during the absorption of the pulse is negligible. (Otherwise, the horizontal 
component of the momentum of the pulse-bob system is not conserved during the 
collision.) We can show that the displacement during the pulse-bob collision is small 
by solving for the speed of the bob after absorbing the pulse. Applying conservation 
of momentum (mv = P{At)lc) and solving for v gives v = 6.67x10 7 m/s. This speed is 
so slow compared to c, we can conclude that the duration of the collision is 
extremely close to 200 ns (the time for the pulse to travel its own length). Traveling 
at 6.67xl0" 7 m/s for 200 ns, the bob would travel 1.33xl0" 13 m— a distance 1000 
times smaller that the diameter of a hydrogen atom. (Since 6.67xl0~ 7 m/s is the 
maximum speed of the bob during the collision, the bob would actually travel less 
than 1.33xl0~ 13 m during the collision.) 
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Picture the Problem We can use the definitions of pressure and the relationship between 
radiation pressure and the intensity of the radiation to find the force due to radiation 
pressure on one of the minors. 
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(a) Because only about 0.01 percent 
of the energy inside the laser "leaks 
out", the average power of the 
radiation incident on one of the 
mirrors is: 



15W 

1(T 4 



1.50xl0 5 W 



(b) Use the definition of radiation 
pressure to obtain: 



where F is the force due to radiation 
pressure and A is the area of the mirror on 
which the radiation is incident. 



The radiation pressure is also related 
to the intensity of the radiation: 



Equate the two expression for the 
radiation pressure and solve for F: 

Substitute numerical values and 
evaluate F: 



p= U = 2P 

c Ac 

where P is the power of the laser and the 
factor of 2 is due to the fact that the mirror 
is essentially totally reflecting. 



F IP „ IP 

— = — => F = — 
A Ac c 



2(l.50xlQ 5 w) 
3xl0 8 m/s 



l.OOmN 
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Picture the Problem The card, pivoted at 
point P, is shown in the diagram. Note that 
the force exerted by the radiation acts 
along the dashed line. Let the length of the 
card be £, the width of the card be w, and 
the force acting on an area dA-wdx be 
^radiation- We can find the total torque 
exerted on the card due to radiation 
pressure by integrating d r ra diation over the 
length £ of the card and then relate the 
intensity of the light to the angle 0 by 
applying the condition for rotational 
equilibrium to the card. 



Reflected 
Light 



radiation 




Express the torque, due to F, acting d r radiation = xdF mdiatim 

at a distance x from P: 
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Relate eradiation to the intensity of 
the light: 



dF„ 



21 



cos OdA 



where the factor of 2 arises from the total 
reflection of the radiation incident on the 
mirror. 



Substitute to obtain: 



dr 



radiation 



2/ 

c 

21 



cos 9 xdA 



cos 6 xwdx 



Integrate x from 0 to £: 



' radiation 



2/w 

c 

2/w 



-cos 



6* j" xdx 



c 2 



IAI 



cos 6* 



Apply 2^, ^ p = 0 to the card: 



IAI 



cosO-{\lsmO)mg=0 



Solve for / to obtain: 



/=^tan£ 
2A 



Substitute numerical values and evaluate /: 



/ _ (2g)(9.81m/s 2 )(3xl0 8 m/s) tanlo _ 
2(0. lm) (0.15 m 



3.42 MW/m 2 
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Picture the Problem We can show that Equation 30- 17a is satisfied by the wave 

2 2 2 2 2 

function E y by showing that the ratio of 8 EJdx to 8 E y /8t is lie where c = colk. 



Differentiate 

E = E 0 sin(kx - cot) with respect 



to x: 



5£„ 



= — [E 0 sin(kx - cot)] 



dx dx 

= kE 0 cos(kx - cot) 



Evaluate the second partial 
derivative of E y with respect to x: 



d 2 E v 

dx 2 



= — [kE 0 cos(kx - cot)] 
dx (1) 

= -k 2 E 0 sin(kx - cot) 
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Differentiate E = E 0 sin(fcx - cot) 
with respect to t: 



dE v d r i 
— - = — [E 0 s'm(kx - cot)\ 
dt dt 

= -coE Q cos(fac - cot) 



Evaluate the second partial 
derivative of E y with respect to t: 



8 E y d r i 
r 2 - = — - coE n cos(kx - cot) 

dt 2 dt 1 ° 1 (2) 

= -co 2 E 0 s'm(kx - cot) 



Divide equation (1) by equation (2) 
to obtain: 



d z E y 

q x 2 _ -k 2 E 0 sm(kx-cot) _ k 
d 2 E y - co 2 E 0 sin(kx- cot) co 

or 

d 2 E r = k 2 d 2 E x = 1 d 2 E y 

dx 2 co 2 dt 2 c 2 dt 2 
provided c - cdk. 



51 • 

Picture the Problem Substitute numerical values and evaluate c: 



§47t x 10 7 N/A 2 )(8.85 x 10" 12 C 2 / N • m 2 ) 



3.00 xlO 8 m/s 
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Picture the Problem We can use Figures 30-10 and 30- 11 and a derivation similar to that 
in the text to obtain the given results. 



In Figure 30-1 1, replace B z by E z . 
For Ax small: 



ox 



Evaluate the line integral of 

E around the rectangular area AxAz: 

Express the magnetic flux through 
the same area: 



E-dl 



BE. 



dx 

[BdA = B v AxAz 
Js n - 



-AxAz 



(1) 



Apply Faraday's law to obtain: 



E-d£»-— f BdA 

dt^ 0 



8_ 

dt 

~dt 



(B y AxAz) 
" AxAz 
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Substitute in equation (1) to obtain: 



In Figure 30-10, replace E y by B y 

and evaluate the line integral of 

B around the rectangular area AjcAz: 

Evaluate these integrals to obtain: 



d_E^ 
dx 



AxAz = ■ 



dt 



-AxAz 



or 



dE z 


dB y 


dx 


dt 


§B-d£ 


= M 0 < 



provided there are no conduction currents. 



35„ 



dE. 



dx dt 



(b) Using the first result obtained in 
(a), find the second partial 
derivative of E z with respect to x: 



dx 



or 



dx 



d% _ d 
dx 2 dt 



8_ 

dx v 

dx 



dB^ 

dt 



Use the second result obtained in (a) 
to obtain: 



d 2 E. d 



dx dt 



dE^ 
dt 



Mo 



d 2 E, 

dt 2 



or, because /Jq<eo = 1/c , 



d 2 E z _ 1 d 2 E z 



dx 



c dt 



Using the second result obtained in 
(a), find the second partial 
derivative of B y with respect to x: 



Use the second result obtained in (a) 
to obtain: 



d_ 

dx v 
or 

d 2 B„ 



dB v 

dx 



Mo 



d_ 

dx 



dE z 

dt 



dx 
d 2 B 

"a? 



Mo ^0 



Mo ^0 



d_ 
dt 

d_ 
dt 



dE. 



dx 



dt 



Mo 



d 2 B y 

dt 2 



or, because /Jo£ 0 = l/c , 



d 2 B y 


1 d 2 B y 


dx 2 


c 2 dt 2 
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Picture the Problem We can show that these functions satisfy the wave equations by 
differentiating them twice (using the chain rule) with respect to x and t and equating the 
expressions for the second partial of/with respect to u. 



Let u — x — vt. Then: 



Express the second derivatives of/ 
with respect to x and t to obtain: 



df _8u8f _df 
dx dx du du 
and 

8 f _ du d f _ 
8t 8t du 

d 2 f _8 2 f 
8 x 1 du 2 
and 

8 2 f ,8 2 f 



.0/ 
du 



dt 2 



= v 



du 



Thus, for any/(w): 



Let u = x + vt. Then: 



Express the second derivatives off 
with respect to x and t to obtain: 



d 2 f 


1 d 2 f 


dx 2 


v 2 dt 2 


d£ = 


du d f c 


dx 


dx du ( 



du 
and 

df dudf df 
• - ■ = v- 



dt dt du 
d 2 f d 2 f 



du 



dx 2 

and 

d 2 f 
dt 2 



du' 



,d 2 f 



du : 



Thus, for any/(w): 



d 2 f 


l d 2 f 


dx 2 


v 2 dt 2 
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General Problems 
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Picture the Problem We can substitute the appropriate units and simplify to show that 
the units of the Poynting vector are watts per square meter and that those of radiation 
pressure are newtons per square meter. 



(a) Express the units of 5 and 
simplify: 



N 



v T 

— xT 


C 


m c 


m 






N 




N 




J 






= _c 


_ J _ - 




s 


s - 




c 





m 

s 



W 



(b) Express the units of P t and 
simply: 



w 


J 


N-m 






s • m 2 


2 

m 


N 


m 


m 


m 


n7 


s 


s 
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Determine the Concept The current induced in a loop antenna is proportional to the 
time-varying magnetic field. For maximum signal, the antenna's plane should make an 
angle 9 = 0° with the line from the antenna to the transmitter. For any other angle, the 
induced current is proportional to cos 9. The intensity of the signal is therefore 
proportional to cos 9. 
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Picture the Problem We can use c =fX to find the wavelength. Examination of the 
argument of the cosine function will reveal the direction of propagation of the wave. We 
can find the magnitude, wave number, and angular frequency of the electric vector from 
the given information and the result of (a) and use these results to obtain E (z, t). Finally, 
we can use its definition to find the Poynting vector. 



(a) Relate the wavelength of the 
wave to its frequency and the speed 
of light: 



A 



c 

7 



Substitute numerical values and 
evaluate X: 



3xlQ 8 m/s 
100MHz 



3.00 m 
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From the sign of the argument of the cosine function and the spatial dependence 
on z, we can conclude that the wave propagates in the z direction. 



(b) Express the amplitude of E : 



E = cB = (3xl0 8 m/s)(l(T 8 T) 
= 3.00V/m 



Find the angular frequency and 
wave number of the wave: 



co = 2n f ' = 2^-(l00MHz) = 6.28 x 10 8 s -1 



and 



2k 2n 



X 3.00m 



2.09 m 



Because 5 is in the positive z direction, E must be in the negative y direction in order to 
satisfy the Poynting vector expression: 



E(z, t) = -(3.00 V/m)cos[(2.09 m 1 Jz - (6.28 x 10 8 s^ 1 )t 



(c) Use its definition to express the Poynting vector: 



S=—ExB 

A) 



(3.00V/m)(l0" 8 T) 2 |7 _,\ / ,. 8 .a lA A 
± -f 11 — cos [(2.09m Jz-(6.28xl0 s )t\\jxij 



4^-xlO"' N/A 



or 



5 =(23.9 mW/m 2 )cos 2 [(2.09 m 1 )z- (6.28 xl0 8 s"')z 



The intensity of the wave is the 
average magnitude of the Poynting 
vector. The average value of the 
square of the cosine function is 1/2: 



i(23.9mW/m 2 ) 



12.0mW/m 2 
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Picture the Problem The maximum rms voltage induced in the loop is given by 

£ ms = AcoB 0 A/2 , where A is the area of the loop, B 0 is the amplitude of the magnetic 

field, and cois the angular frequency of the wave. We can use the definition of density 
and the expression for the intensity of an electromagnetic wave to derive an expression 
for B 0 - 



The maximum induced rms emf 
occurs when the plane of the loop is 
perpendicular to B : 



7rR 2 coB n 



(1) 



V2 V2 
where R is the radius of loop of wire. 
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From the definition of intensity we 
have: 



The intensity is also given by: 



Substitute to obtain: 



Solve for B Q : 



Axr 2 

where r is the distance from the transmitter. 

j _ E o B o _ B l c 
2// 0 2// 0 

Bpc_ P 
2ju 0 <\nr 2 

r\2nc 



Substitute in equation (1) to obtain: k R 2 {2k f) I ju Q P 

£rms= 42r i~2^~c 

_ R 2 f W^P 

4iA c 



Substitute numerical values and evaluate £ ms : 



(0.3m) 2 (l00MHz) \ 2n\Anx\Q- 1 N/A 2 )(50kW) 



V2(l0 5 m) 



3 x10 s m/s 



7.25 mV 
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Picture the Problem The voltage induced in the piece of wire is the product of the 
electric field and the length of the wire. The maximum rms voltage induced in the loop is 
given by £ = AcoB 0 , where A is the area of the loop, B Q is the amplitude of the magnetic 

field, and cois the angular frequency of the wave. 



(a) Because E is independent of x: 



Substitute numerical values and 
evaluate V: 



V = El 

where I is the length of the wire. 

V = [(l(T 4 N/c)cosl0 6 ?](0.5m) 



(50.0//V)cosl0 6 ? 



(b) The voltage induced in a loop is 
given by: 



8 = coB 0 A 

where A is the area of the loop and Bq is the 
amplitude of the magnetic field. 
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Eliminate B Q in favor of E 0 and 
substitute for A to obtain: 

Substitute numerical values and 
evaluate £: 



a>E n K R 
£ = g 



(l0y)(l0~ 4 N/c);r(0.2m) 2 



3 x10 s m/s 



= 41.9nV 
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Picture the Problem Some of the charge entering the capacitor passes through the 
resistive wire while the rest of it accumulates on the upper plate. The total current is the 
rate at which the charge passes through the resistive wire plus the rate at which it 
accumulates on the upper plate. The magnetic field between the capacitor plates is due to 
both the current in the resistive wire and the displacement current though a surface 
bounded by a circle a distance r from the resistive wire. The phase difference between 
the supplied current and the applied voltage may be calculated using a phasor diagram. 




(a) The current drawn by the 
capacitor is the sum of the 
conduction current through the 
resistance wire and dQ/dt, where Q 
is the charge on the upper plate of 
the capacitor: 



I = L + 



dQ 
dt 



(1) 



Express the conduction current I c in 
terms of the potential difference 
between the plates and the 
resistance of the wire: 



T V V Q . 

I = — = — sin cot 
R R 



Express the displacement current 
between the capacitor plates. Let C 
be the capacitance of the capacitor: 



Q = CV 



so 



dQ „ 
— = C 

dt 



dV 
dt 



coCV a cos cot 



Substitute in equation (1): 
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V 

I = — sin cot + ooCV Q cos cot (2) 
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Using Equation 24-10 for the 
capacitance of a parallel-plate 
capacitor with plate area A and plate 
separation d we have: 



C = 



na 



Substituting for C equation 2 gives: 



1 = 



coe,,na 2 
sin cot H cos cot 



J 



(b) Apply the generalized form of ■ dl = jU 0 {l c + I' d ) 

Ampere's law to a circular path of 
radius r centered within the plates of 
the capacitor, where /' d is the 

displacement current through the 
flat surface 5 bounded by the path 
and I c is the conduction current 
through the same surface: 

By symmetry the line integral is B B(27r r) = jU Q (l c + F d ) (3) 

times the circumference of the circle 
of radius r. 

In the region between the capacitor 
plates there is a uniform electric 
field due to the surface charges +Q 
and -Q. The associated 
displacement current through 5 is: 

To evaluate the displacement 
current we first must evaluate E 
everywhere on S. Near the surface 
of a conductor E = a/e 0 (Equation 

22-25), where cr is the surface 
charge density: 



d 0 dt 0 dr ' 

. ,dE 2 dE 

=e Q A — =^ 0 it r — 
dt dt 

provided (r < a) 

E = a/e Q , where a = Q/A = Q/(ft a 2 ) 
so 

Q 



E = 



f 0 no 1 
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Substituting for E in the equation for 
F d gives: 



2 dE 2 d 

I A =e n 7tr — =e n n r 



dt 

r 2 dQ r 2 d 



Q 



d dt d dt 

r 2 

= a>— V Q cos cot 



dt 

(V 0 sin cot) 



V"-"o 71 a j 



Substituting for I c and I' d in 
equation (3) and solving for B gives: 



Mo 



2nr 

r 



2nr 



V r 
— sin cot + co— r V n cos cot 
R a 2 ° 



Mo V o 



2nr 



1 . 



sin cot + oo— cos cot 
y R a 



(c) Both the charge Q and the 
conduction current I c are in phase 
with V. However, dQ/dt, which is 
equal to the displacement current 1 A 
through 5 for r > a, lags V by 90°. 
(Mathematically, cos cot lags behind 
sin cot by 90°.) The voltage V leads 
the current / = I c + I d by phase angle 
S. The current relation is expressed 
in terms of the current amplitudes: 



/ = /.+/„ 



or 



L sin(^ + j) = / c>inai sin^ 



The values of the conduction and 
displacement current amplitudes are 
obtained by comparison with the 
answer to part (a): 



R 



and 



_CO(E a 7TCI V Q 
d,max , 



A phasor diagram for adding the 
currents I c and I d is shown to the 
right. The conduction current l c is in 
phase with the voltage V across the 
resistor and 1 A lags behind it by 90°: 



d,max 
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From the phasor diagram we have: 



tanS = 



co e 0 n a 
I 0 j 

d,max _ (X 



4, max VJR 



Rco <e q na 



so 



8 = 



tan 



Rco e 0 7t a 
d 



Remarks: The capacitor and the resistive wire are connected in parallel. The 
potential difference across each of them is the applied voltage V 0 sin cot. 
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Picture the Problem The total force on the surface is the sum of the force due to the 
reflected radiation and the force due to the absorbed radiation. From the conservation of 
momentum, the force due to the 10 kW that are reflected is twice the force due to the 10 
kW that are absorbed. 



Express the total force on the 
surface: 



F =F +F 

tot r a 



Substitute for F r and F a to obtain: 



t tot + V" 

c c 2c 



Substitute numerical values and 
evaluate F lot : 



3(20kW) 
tot 2(3xl0 8 m/s) 



O.lOOmN 
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Picture the Problem We can use the definition of the Poynting vector and the 
relationship between B and E to find the instantaneous Poynting vectors for each of the 
resultant wave motions and the fact that the time average of the cross product term is zero 
for co\ # coi, and Vi for the square of cosine function to find the time-averaged Poynting 
vectors. 

(a) Because E x and E 2 propagate in E xB = ju 0 Si => B = Bk 

the x direction: 



Express B in terms of E\ and E 2 : 
Substitute for E\ and E 2 to obtain: 



B = -{E l+ E 2 ) 
c 
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B = — \e x 0 cos{k x x - &>jf)+ E 2 0 cos(k 2 x - <x> 2 t + S)]k 
c 

Express the instantaneous Poynting vector for the resultant wave motion: 
5 = — {e x 0 cos(^j x -G) A t)+ E 20 co$(k 2 x - co 2 t + 8 ))/" 



Mo 



— {e x 0 cos{k x x -a> l t)+E 20 cos(k 2 x - co 2 t + S))k 



= — — (is, 0 cos(fc, x - CDjt) + E 2 0 cos(k 2 x - co 2 t + S)) 2 ijxk) 



— [e? 0 cos 2 (k { x - 0)^)+ 2E lM E 2 0 cos(k l x - aj) 



HP 



: cos(k 2 x - co 2 t + S) + E 2fi cos 2 (k 2 x - co 2 t + <?)]/ 



(b) The time average of the cross 
product term is zero for ox ^ a>i, and 
the time average of the square of the 
cosine terms is Vr. 



~ [ E i,o + E lo]> 

2/u 0 c 



(c) In this case B 2 = —Bk because the wave with k = fc 2 propagates in the — i direction. 
The magnetic field is then: 

B = — \e x 0 cos(^x - co x t)- E 2 0 cos(fc 2 x + a> 2 t + S)]k 
c 

Express the instantaneous Poynting vector for the resultant wave motion: 
5 = — {e i 0 cos{k x x - co x t) + E 2 0 cos(k 2 x - a> 2 t + S))j 



Mo 



— (fij 0 cos(k l x - (Vj) -E 20 cos(k 2 x + co 2 t + S))k 



— [e 2 0 cos 2 (k l x- co x t ) - E 2 Q cos 9 (k 2 x + <x> 2 t + S)]i 



JU 0 C 



(d) The time average of the square 
of the cosine terms is Vr. 



— \e 2 -E 2 ]i 

» L 1,0 ^2.0} 1 

2// 0 c 
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Picture the Problem We can use the definitions of power and intensity to express the 
area of the surface as a function of P, I, and the efficiency e. 
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Use the definition of power to relate 
the required surface area to the 
intensity of the solar radiation: 



P = — s = IAs 
t 

where s is the efficiency of the system. 



Solve for A to obtain: 



A = 



Is 



Substitute numerical values and 
evaluate A: 



A = 



25 kW 



0.3(0.75 kW/m 2 ) 



111m 2 
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Picture the Problem We can use the relationship between the average value of the 
Poynting vector (the intensity), E 0 , and B 0 to find B Q . The application of Faraday's law 
will allow us to find the emf induced in the antenna. The emf induced in a 2-m wire 
oriented in the direction of the electric field can be found using £ = El and the 
relationship between E and B. 



(a) The intensity of the signal is 
related the amplitude of the 
magnetic field in the wave: 



s = 1 = E ° Bi) - cB ° 



2ju 0 2ju 0 



Solve for B 0 : 



Substitute numerical values and evaluate B 0 : 



B, 



^{AkxIQ- 1 N/A 2 )(l0' 14 W/m 2 ) _ 
V 3xl0 8 m/s 



9.15xlO~ 15 T 



(b) Apply Faraday's law to the 
antenna coil to obtain: 



Substitute numerical values and evaluate \£\ 



\£\ = — {BA) = A — {NK m B 0 sin eat) 
dt dt 



= NK m AB 0 a> cos, cot 



\£\ = 2000(200)^(0.01 m) 2 (9. 15 xlO~ 15 T)[2^r(l40kHz)]cos[2^(l40kHz)]? 
(l. 01 ,uV)cos(8. 80 x10 V 1 )? 



(c) The voltage induced in the wire 



S = E£ 
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is the product of its length I and the 
amplitude of electric field E 0 : 



Relate E to B: 



E = cB = cB., sin cot 



Substitute for E to obtain: 



£ = c£B n sin cot 



Substitute numerical values and evaluate \£\ : 



£ = (3x 10 8 m/s)(2m)(9. 15 x 10 15 T)sin[2^-(l40kHz)]z 
(5.49 //V)sin(8.80x 10 s s _1 )f 
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Picture the Problem We'll choose the 
curve with sides Ax and Az in the xy plane 
shown in the diagram and apply Equation 

dB, dE y 
-Mo e 0 



30-6d to show that 



d x 



dt 



m/ Am / 
/ / / 



Because Ax is very small, we can 
approximate the difference in B z at 
the points X\ and x 2 by: 



B. (x 2 ) - B_ (x, ) = Afl « Ax 

3x 



Then: 



B-d£*jU 0 e 0 — AxAz 
c or 



The flux of the electric field through 
this curve is approximately: 



J E n dA = E y AxAy 



Apply Faraday's law to obtain: 



8B dE y 
—^AxAz = -ju 0 e 0 ^— AxAz 
ox ct 



or 



8x 



= -Mo e o 



dE y 
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Picture the Problem We can use Ohm's law to relate the electric field E in the conductor 
to /, p, and a and Ampere's law to find the magnetic field B just outside the conductor. 
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Knowing E and B we can find 5 and, using its normal component, show that the rate of 
energy flow into the conductor equals I 2 R, where R is the resistance. 



(a) Apply Ohm's law to the 
cylindrical conductor to obtain: 



v = IR = IPk = JpL =EL 



na 



Solve for E: 



E = 



(b) Apply Ampere's law to a 
circular path of radius a at the 
surface of the cylindrical conductor: 



J # • d£ = B(2tt a) = // 0 / enclosed = 



Solve for B to obtain: 



B 



Mo 1 
In a 



(c) The electric field at the surface 
of the conductor is in the direction 
of the current and the magnetic field 
at the surface is tangent to the 
surface. Use the results of (a) and 
(b) and the right-hand rule to 
evaluate 5 : 



5 =— ExB 



Mo 
J_ 
Mo 



lp 



K n a j 



U parallel X 



MoL 
In a 



u 



tangent 



I'P 

27i 2 a 3 



where f is a unit vector directed radially 
outward from the cylindrical conductor. 



(d) The flux through the surface of 
the conductor into the conductor is: 



§S D dA=S(2naL) 



Substitute for 5 n , the inward 
component of S , and simplify to 
obtain: 

pL _ pL 

A TWL 1 



Since R 



J In a na 



§S a dA = 



I 2 R 
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Picture the Problem We can use Faraday's law to express the induced electric field at a 
distance r < R from the solenoid axis in terms of the rate of change of magnetic flux and 
B = njiu 0 at to express B in terms of the current in the windings of the solenoid. We can 

use the results of (a) to find the magnitude and direction of the Poynting vector S at the 
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cylindrical surface r-R just inside the solenoid windings. In part (c) we'll use the 
definition of flux and the expression for the magnetic energy in a given region to show 
that the flux of S into the solenoid equals the rate of increase of the magnetic energy 
inside the solenoid. 



(a) Apply Faraday's law to a 
circular path of radius r < R: 

Solve for E to obtain: 



§E ■ dt = E(2x r) = 



dt 



E = 



1 dK 
2nr dt 



(1) 



Express the magnetic field inside a 
long solenoid: 

The magnetic flux through a circle 
of radius r is: 



B = nju Q I = nju Q at 
</) m = BA = n/j Q at7T r 2 



Substitute in equation (1) to obtain: 



E = [njU 0 atff r 2 ] = 

2nr dt 



nju 0 a r 



(b) Express the magnitude of 5 at r 
= R: 

At the cylindrical surface just inside 
the windings: 



S = 



EB 



Mo 

B = nju Q at 



Substitute to obtain: 



S = 



tijU 0 aR 



(nju 0 at) 



Mo 



_ n 2 /u 0 a 2 Rt 
~ 2 



Because the field E is tangential 
and directed so as to give an induced 
current that opposes the increase in 
B , E x B is a vector that points 
toward the axis of the solenoid. 
Hence: 



5 = 



n 2 ju 0 a 2 Rt p 



where f is a unit vector that points radially 
outward. 



(c) Consider a cylindrical surface of 

length L and radius R. Because 

5 points inward, the energy flowing 



§S a dA=2xRLS = 2ttRL 



n ju a a Rt 1 



= n'n ju Q R 2 La 2 t 
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into the solenoid per unit time is: 



Express the magnetic energy in the 
solenoid: 



U B =u m V = 



B 2 



2A) 
(jU 0 nat) 2 



(xR 2 L) 



[xR 2 L) 



2^o 

n 2 7r jU 0 R 2 La 2 t 2 



Evaluate dUJdt: 



dU B _ d 
dt dt 



n L n ju 0 R 2 La 2 t 2 



n L n /j Q R 2 La 2 t 



= §S n dA 
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Picture the Problem We can use a condition for translational equilibrium to obtain an 
expression relating the forces due to gravity and radiation pressure that act on the 
particles. We can express the force due to radiation pressure in terms of the radiation 
pressure and the effective cross sectional area of the particles and the radiation pressure 
in terms of the intensity of the solar radiation. We can solve the resulting equation for r. 



Apply the condition for translational 
equilibrium to the particle: 



F r -F g =0 

or, since F t = PA and F g = mg, 
GMm 



PA 



R 2 



0 



(1) 



The radiation pressure P r depends on 
the intensity of the radiation /: 



The intensity of the solar radiation at 
a distance R is: 

Substitute to obtain: 



4xR 2 
P 



AnR c 



Substitute for P t , A, and m in 
equation (1): 



4xR 2 c 



2 \ ±xr 3 pGM s 



R 2 



= 0 
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Solve for R to obtain: 3P 

r = 

\6x pcGM s 

Substitute numerical values and evaluate r. 



r = 



^ 3(3.83 xlQ 26 w) 

16^-(lg/cm 3 )(3x 10 8 m/s)(6.67 x 10"' 1 N • m 2 /kg 2 )(l.99 x 10 30 kg) 



0.574 /mi 
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Picture the Problem 

(a) At a perfectly conducting surface E = 0 . Therefore, the sum of the electric fields of 
the incident and reflected wave must add to zero, and so E i = —E r . 

(b) Let the incident and reflected E- = E Qy co$(cot - kx) 
waves be described by: an( j 

E r = -E 0 cos(<yf + kx) 

Use the trigonometric identity cos(« + fi) - cosacos/?- sinasin/?to obtain: 

E i + E r = E 0 cos(cot -kx)- E 0y cos(cot + kx) = E 0y [cos(cot -kx)- cos(cot + kx)] 
= E 0y [cos cot cos(- kx) - sin cot sin(- kx) - cos cot cos kx + sin cot sin(fac)] 
= E 0 Y [cos cot cos kx + sin cot sin kx - cos cot cos kx + sin cot sin kx] 

2E 0 sin cot sin kx , the equation of a standing wave. 



(c) Because E x B = /u 0 S and 5 is in the direction of propagation of the wave, we see 

that for the incident wave 5 ; = B, cos{cot — kx) . Since both 5 and E y are reversed for the 
reflected wave, B r = B. cos(<yf + kx) . So the magnetic field vectors are in the direction 
at the reflecting surface and add at that surface. Hence B = 2B r . 

*69 ••• 

Picture the Problem Let the point source be a distance a above the plane. Consider a 
ring of radius r and thickness dr in the plane and centered at the point directly below the 
light source. Express the force of force on this ring and integrate the resulting expression 
to obtain F. 
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where we have taken into account that only 
the normal component of the incident 
radiation contributes to the force on the 
plane, and that the plane is a perfectly 
reflecting plane. 



The intensity anywhere along this 
infinitesimal ring is Pl\n(r 2 + a) 
and the element of force dF on this 
ring of area Inrdr is given by: 




Pardr 




Integrate dF from r = 0 to r = go: 




From integral tables: 




Substitute to obtain: 




Substitute numerical values and 



F = 



1MW 



= 3.33 mN 



evaluate F: 



3 x10 s m/s 
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Chapter 31 
Properties of Light 



Conceptual Problems 
1 

Determine the Concept The population inversion between the state E 2 ,n e and the state 
1.96 eV below it (see Figure 31-9) is achieved by inelastic collisions between neon atoms 
and helium atoms excited to the state E 2 ,He- 



2 

Determine the Concept Although the excited atoms emit the light of the same frequency 
on returning to the ground state, the light is emitted in a random direction, not exclusively 
in the direction of the incident beam. Consequently, the beam intensity is greatly 
diminished. 



3 

Determine the Concept The layer of water greatly reduces the light reflected back from 
the car's headlights, but increases the light reflected by the road of light from the 
headlights of oncoming cars. 



Determine the Concept When light passes from air into water its wavelength changes 
(^water = ^air /"water ). its s P eed changes (v water = c/n water ), and the d 

propagation changes in accordance with Snell's law. (c) is correct. 



*5 

Determine the Concept The change in atmospheric density results in refraction of the 
light from the sun, bending it toward the earth. Consequently, the sun can be seen even 
after it is just below the horizon. Also, the light from the lower portion of the sun is 
refracted more than that from the upper portion, so the lower part appears to be slightly 
higher in the sky. The effect is an apparent flattening of the disk into an ellipse. 

6 

Determine the Concept (a) Yes. (b) Her procedure is based on Fermat's principle in 
that, since the ball presumably travels at constant speed, the path that requires the least 
time of travel corresponds to the shortest distance of travel. 

7 

Determine the Concept Because she can run faster than she can swim, she should 
choose the path that will maximize her running distance. Path LES is the path that 
satisfies this criterion. 
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8 

Picture the Problem The intensity of the light transmitted by the second polarizer is 
given by / trans = / 0 cos 2 6> where I Q = ^/.Therefore, / trans = Jr/cos 2 6*and 

(b) is correct. 



Picture the Problem Polarized light can be produced from unpolarized light by 



absorption, reflection, birefringence, and scattering. Therefore, (d) is correct. 



*10 

Determine the Concept The diagram shows that the radiated intensity for a dipole is 

zero in the direction of the dipole moment. Because the dipole axis is in the same 

direction as the polarization, for light polarized parallel to plane of incidence, the dipole 

axis will point in the same direction as the reflected wave, i.e., in the direction described 

by Brewster's law. As the diagram indicates, there is zero field in the direction of the 

refracted ray. On the other hand, if the incoming wave is polarized perpendicular to the 

plane of incidence, the dipole axis will never point along the direction of propagation for 

the reflected or refracted wave. 

Unpolarized 




11 

Determine the Concept The diagram shows unpolarized light from the sun incident on 
the smooth surface at the polarizing angle for that particular surface. The reflected light 
is polarized perpendicular to the plane of incidence, i.e., in the horizontal direction. The 
sunglasses are shown in the correct orientation to pass vertically polarized light and block 
the reflected sunlight. 
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Light from 
the sun 



Polaroid 
sunglasses 




12 • 

(a) True. 

(b) False. Most of the light incident normally on an air-glass interface is transmitted. 

(c) False. The relationship between the angles of incidence and refraction depends on the 
indices of refraction on both sides of the interface. 

(d) False. The index of refraction of water is a function of the wavelength of light. 

(e) True. 
13 

Picture the Problem Because the speed of light in a given medium is inversely 
proportional to the index of refraction of the medium, we can decide which of the 
statements are true by referring to Figure 31-26. 

(a) The graphs of n vs. A are not horizontal lines and so the speed of light is a 
function of its wavelength. 

(b) Because the index of refraction decreases with wavelength, violet light has the 
lowest speed and red light the highest speed. 



(c) Because the index of refraction decreases with wavelength, violet light has the 



lowest speed and red light the highest speed, (c) is correct. 



(d) Examination of Figure 31-26 tells us that this statement is false. 
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(e) Examination of Figure 31-26 tells us that this statement is false. 



*14 

Picture the Problem The sound is reflected specularly from the surface of the water (we 
assume it is calm). It is then refracted back toward the water in the region above the water 
because the speed of sound depends on the temperature of the air and is greater at the 
higher temperature. The pattern of the sound wave is shown schematically below. 



Source 




15 • 

Determine the Concept In resonance absorption, the molecules respond to the frequency 
of the light through the Einstein photon relation E = hf. Thus, the color appears to be the 
same in spite of the fact that the wavelength has changed. 



Estimation and Approximation 

16 • 

Picture the Problem We can use the distance, rate, and time relationship to estimate the 
time required to travel 6 km (see Problem 31-14). 



Express the distance D to light 
traveled in terms of its speed c and 
the elapsed time At: 

Solve for At: 



Substitute numerical values and 
evaluate At: 



D = cAt 



At = 



D 



At = 



6 km 



2.998 x10 s m/s 



20.0 //s 



17 • 

Picture the Problem We can use the period of Io's motion and the position of the earth 
at B to find the number of eclipses of Io during the earth's movement and then use this 
information to find the number of days before a night-time eclipse. During the 42.5 h 
between eclipses of Jupiter's moon, the earth moves from A to B, increasing the distance 
from Jupiter by approximately the distance from the earth to the Sun, making the path for 
the light longer and introducing a delay in the onset of the eclipse. 
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(a) Find the time it takes the earth to 
travel from point A to point B: 



earth 



l A->B 



4 

_ 365.24d 
4 

= 2191h 



24 h 



Because there are 42.5 h between 
eclipses of Io, the number of 
eclipses N occurring in the time it 
takes for the earth to move from A 
to B is: 



N = 



A—>B 



2191h 
42.5 h 



= 51.55 



Hence, in one-fourth of a year, there will be 51.55 eclipses. Because we want to find the 
next occurrence that happens in the evening hours, we'll use 52 as the number of 
eclipses. We'll also assume that Jupiter is visible so that the eclipse of Io can be observed 
at the time we determine. 



Relate the time t(N) at which the 
Mh eclipse occurs to N and the 
period Tj 0 of Io: 



t{N)=NT l0 



Evaluate t(52) to obtain: 



#2) =(52) 



42.5hx 



V 

= 92.083d 



Id 
24h 



Subtract the number of whole days 
to find the clock time t: 



t = t(52)- 92d = 92.083d -92d 
24 h 

= 0.083dx = 1.992 h 



2 am 



Because June, July, and August 
have 30, 31, and 31 d, respectively, 
the date is: 



September 1 



(b) Express the time delay At in the 
arrival of light from Io due to the 
earth's location at B: 



At = 



earth -sun 
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Substitute numerical values and 
evaluate At: 



At 



1.5x10" m 
~ 2.998 xlO 8 m/s 
= 8.33 min 



500 s 



Hence, the eclipse will actually occur at 2 : 08 pm. 



18 

Picture the Problem We can express the relative error in using the small angle 
approximation and then either 1) use trial- and-error methods, 2) use a spreadsheet 
program, or 3) use the Solver capability of a scientific calculator to solve the 
transcendental equation the results from setting the error function equal to 0.01. 



Express the relative error 8 in using 
the small angle approximation: 



9-sm9 0 



sin 0 sin 0 



A spreadsheet program was used to plot the following graph of S{0). 

0.016 
0.014 




0.000 



0.00 0.05 0.10 0.15 0.20 
theta (radians) 



0.25 



0.30 



From the graph, we can see that S{9) < 1% for 9< 0.24 radians. In degree measure, 
6<V\A° 



Remarks: Using the Solver program on a TI-85 gave 0= 0.244 radians. 
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Sources of Light 
19 • 

Picture the Problem We can use the definition of power to find the total energy of the 
pulse. The ratio of the total energy to the energy per photon will yield the number of 
photons emitted in the pulse. 



(a) Use the definition of power to 
obtain: 

Substitute numerical values and 
evaluate E: 

(b) Relate the number of photons N 
to the total energy in the pulse and 
the energy of a single photon £ p hoto n : 

The energy of a photon is given by: 



Substitute for £ p hoton to obtain 



E = PAt 



£ = (lOMW)(l.5ns) = 



15.0mJ 



N 



4 photon 



' photon 



he 

T 



N = 



AE 
he 



Substitute numerical values (the wavelength of light emitted by a ruby laser is 694.3 nm) 
and evaluate N: 



N = 



(694.3 nm)(l5.0mj) leV 
1240eV-nm 1.60x10 19 J 



5.25x10 



16 



20 • 

Picture the Problem We can express the number of photons emitted per second as the 
ratio of the power output of the laser and energy of a single photon. 



Relate the number of photons per _ " 

second n to the power output of the ^photon 
pulse and the energy of a single 
photon £p ho ton: 



The energy of a photon is given by: 77 _ ^ c 

photon ^ 
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Substitute for E, 



photon 



to obtain: 



n = 



AP_ 
he 



Substitute numerical values and evaluate n: 



_ (632.8 nm)(4mW) leV 



1240eV-nm 1.60x10 19 J 



1.28 xlO 16 photons/s 



21 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
wavelength of the radiation for resonance absorption. We can use the same relationship, 
with £ Raman = £i nc - AE where AE is the energy for resonance absorption, to find the 
wavelength of the Raman scattered light. 



(a) Use the Einstein equation for 
photon energy to relate the 
wavelength of the radiation to 
energy of the first excited state: 



A = 



he 



Substitute numerical values and 
evaluate A: 



A 



1240eV-nm 
2.85eV 



435 nm 



(b) The wavelength of the Raman 
scattered light is given by: 



A 



Raman 



1240eV-nm 



Relate the energy of the Raman 
scattered light £ Raman to the energy 
of the incident light E mc : 



E -AE 

inc 

1240eV-nm 

320 nm 
1.025eV 



2.85eV 



Substitute numerical values and 
evaluate /L Raman : 



An 



1240eV-nm 
1.025eV 



1210nm 



22 

Picture the Problem The incident radiation will excite atoms of the gas to higher energy 
states. The scattered light that is observed is a consequence of these atoms returning to 
their ground state. The energy difference between the ground state and the atomic state 

he 



excited by the irradiation is given by AE = hf = 



A 
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The energy difference between the 
ground state and the atomic state 
excited by the irradiation is given 
by: 



Substitute 368 nm for A and 
evaluate AE: 



AE = hf 



he 1240eV-fm 



A 



A 



AE = 



1240eV-fm 
368 nm 



3.37 eV 



23 

Picture the Problem The ground state and 
the three excited energy levels are shown 
in the diagram to the right. Because the 
wavelength is related to the energy of a 
photon by A = hc/AE, longer wavelengths 
correspond to smaller energy differences. 



-4.35eV 
-3.2eV 
-2.11 eV 



(a) The maximum wavelength of 
radiation that will result in 
resonance fluorescence corresponds 
to an excitation to the 3.2 eV level 
followed by decays to the 2.11 eV 
level and the ground state: 

The fluorescence wavelengths are: 



1„„ = 



1240eV-fm 
3.2 eV 



387.5 nm 



A 2l - 



and 

4o 



1240eV-fm 
3.2eV-2.11eV 

1240eV-fm 



1138nm 



2.11eV-0 



587.7 nm 



(b) For excitation: 



"03 



1240eV-fm 
4.35 eV 



285. lnm 



The fluorescence wavelengths 
corresponding to the possible transitions 



are: 



A }2 - ■ 



Ar,, — 



"21 



A 



10 



1240eV-fm 
4.35eV-3.2eV 

1240eV-fm 
3.2eV-2.11eV 
1240eV-fm 



1078 nm 



1138nm 



A,, — 



2.11eV-0 

1240eV-fm 
4.35eV-2.11eV 



587.7 nm 



553.6 nm 
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and 

^20 = 



1240eV-fm 
3.2eV-0 



387.5 nm 



*24 

Determine the Concept The energy difference between the ground state and the first 
excited state is 3E 0 = 40.8 eV, corresponding to a wavelength of 30.4 nm. This is in the 
far ultraviolet, well outside the visible range of wavelengths. There will be no dark lines 
in the transmitted radiation. 

The Speed of Light 

25 • 

Picture the Problem We can use the distance, rate, and time relationship to find the 
distance to the spaceship. 



Relate the distance D to the 
spaceship to the speed of 
electromagnetic radiation in a 
vacuum and to the time for the 
message to reach the astronauts: 

Noting that the time for the message 
to reach the astronauts is half the 
time for Mission Control to hear 
their response, substitute numerical 
values and evaluate D: 



D = cAt 



D = (2.998 xlO 8 m/s)(2.5s) 

= 7.50xl0 8 m 
and 

(a) is correct. 



26 • 

Picture the Problem We can use the conversion factor, found in EP-3, to convert a 
distance in km into c-y: 



Convert D = 2xl0 19 km into light- 
years: 



D = 2xlCr kmx 



lc • y 



9.46xlO I5 m 



2.11x 10 6 c ■ y 



27 • 

Picture the Problem We can use the distance, rate, and time relationship to find the time 
delay between sending the signal from the earth and receiving it on Mars. 



Relate the distance D to Mars to the 



D = cAt 
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speed of electromagnetic radiation 
in a vacuum and to the travel time 
for the signal: 



Solve for At: 




c 



Substitute numerical values and 
evaluate At: 



9.7xl0 10 m 
2.998 x 10 s m/s 



At = 



= 324s 



= 5 min 23 s 



28 • 

Picture the Problem We can use the given information that the uncertainty in the 
measured distance Ax is related to the uncertainty in the time At by Ax = cAt to evaluate 
Ax. 



The uncertainty in the distance is: 



Substitute numerical values and 
evaluate At: 



Ax = ±cAt 

Ax = ±(2.998 x 10 s m/s)(l.0ns) 



± 30.0cm 



*29 

Picture the Problem We can use the distance, rate, and time relationship to find the time 
difference Galileo would need to be able to measure the speed of light successfully. 



(a) Relate the distance separating D = cAt 

Galileo and his assistant to the speed 

of light and the time required for it 

travel to the assistant and back to 

Galileo: 



Solve for At: 



Substitute numerical values and 
evaluate At: 



At = 



D 



At = - 



2(3 km) 
3xl0 8 m/s 



20.0 //s 



(b) Express the ratio of the human Af reaction _ 0.2 s _ ^ 4 

reaction time to the transit time for At 20 jus 

the light: or 
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At.. 



10 4 A? 



Reflection and Refraction 



30 



Picture the Problem Let the subscript 1 refer to air and the subscript 2 to water and use 
the equation relating the intensity of reflected light at normal incidence to the intensity of 
the incident light and the indices of refraction of the media on either side of the interface. 



Express the intensity / of the light 
reflected from an air-water interface 
at normal incidence in terms of the 
indices of refraction and the 
intensity I 0 of the incident light: 



/ = 



n l —n 2 
v n, +n 2j 



Solve for the ratio I/I Q : 



v «] + n 2j 



Substitute numerical values and 
evaluate 



I 

77 



a-1.33^ 2 



1 + 1.33 



= 0.0201 = 



2.01% 



*31 

Picture the Problem The diagram shows 
ray 1 incident on the vertical surface at an 
angle 9\, reflected as ray 2, and incident on 
the horizontal surface at an angle of 
incidence d%. We'll prove that rays 1 and 3 
are parallel by showing that 0\ = 0\, i.e., by 
showing that they make equal angles with 
the horizontal. Note that the law of 
reflection has been used in identifying 
equal angles of incidence and reflection. 




We know that the angles of the right 
triangle formed by ray 2 and the two 
mirror surfaces add up to 180°: 



0 2 + 90° + 9O°-0, =180° 



or 



e x -6 2 



The sum of <9 2 and 6> 3 is 90°: 



# 3 =9O°-0 2 



Because 6 l =6 2 : 



0 3 =9O°-0 l 



Properties of Light 885 



The sum of G A and ft is 90°: 0 3 + 0 A = 90° 



Substitute for ft to obtain: 90° - G l + 6> 4 = 90° => 6> = 6> 4 



32 

Picture the Problem Diagrams showing the light rays for the two cases are shown 
below. In (a) the light travels from air into water and in (b) it travels from water into air. 
(a) (b) 



Air 




"i 


Air 


Water 




»2 


Water 




"\ 
















(a) Apply Snell' s law to the air- 
water interface to obtain: 



n x sin 6 X = n 2 sin 6 2 

where the angles of incidence and 
refraction are ft and ft, respectively. 



Solve for ft: 



6 2 = sin 



K n 2 



A spreadsheet program to graph ft as a function of ft is shown below. The formulas used 
to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


1 


«i 


B2 


1.33333 


n 2 


A6 


0 


ft (deg) 


A7 


A6 + 5 


ft + A<9 


B6 


A6*PI()/180 


ft x 

1 180 


C6 


ASIN(($B$1/$B$2)*SIN(B6)) 


r \ 

• -i "i • n 
sin — sin ft 

\ n 2 J 


D6 


C6*180/PI() 


K 
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A 


B 


C 


D 


1 


nl= 


1 






2 


n2= 


1.33333 






3 










4 


thetal 


thetal 


theta2 


theta2 


5 


(deg) 


(rad) 


(rad) 


(deg) 


6 


0 


0.00 


0.000 


0.00 


7 


1 


0.02 


0.013 


0.75 


8 


2 


0.03 


0.026 


1.50 


9 


3 


0.05 


0.039 J 


2.25 












21 


87 


1.52 


0.847 


48.50 


22 


88 


1.54 


0.847 


48.55 


23 


89 


1.55 


0.848 


48.58 




90 


1.57 


0.848 


48.59 



A graph of ^ as a function of 0\ follows: 



50 n 




0 10 20 30 40 50 60 70 80 90 



Angle of incidence (deg) 



(b) Change the contents of cell Bl to 1.33333 and the contents of cell B2 to 1 to obtain the 
following graph: 
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90 -i 




Angle of incidence (deg) 



Note that as the angle of incidence approaches the critical angle for a water-air interface 
(48.6°), the angle of refraction approaches 90°. No light will be refracted into the air if 
the angle of incidence is greater than 48.6°. 
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Picture the Problem We can use the definition of the index of refraction to find the 
speed of light in water and in glass. 



The definition of the index of 
refraction is: 



n = 



Solve for v to obtain: 



Substitute numerical values and 
evaluate v wat er: 



3 x10 s m/s 
133 



2.25 xlO 8 m/s 



Substitute numerical values and evaluate 

^slass- 



glass 



3xl0 8 m/s 
~L5 



2.00 xlO 8 m/s 
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Picture the Problem Let the subscript 1 refer to the air and the subscript 2 to the silicate 
glass and apply Snell's law to the air-glass interface. 



Apply Snell's law to the air-glass 
interface to obtain: 



n x sin 6 X = n 2 sin 6 2 



Solve for &i. 



6 2 = sin 



- sin 6, 



\ n 2 
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Substitute numerical values for the 
light of wavelength 400 nm and 
evaluate $,400 n m : 



#2,400nm = sin 



1.66 



-sin 45° 



25.2° 



Substitute numerical values for the 
light of wavelength 700 nm and 
evaluate ft, 7 oonm: 



^2,700nm — S ^ n 



1.61 



-sin 45 c 



26.1 C 
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Picture the Problem Let the subscript 1 refer to the water and the subscript 2 to the glass 
and apply Snell's law to the water-glass interface. 



Apply Snell's law to the water-glass 
interface to obtain: 



n x sin 6 X = n 2 sin 6 2 



Solve for ft: 



0 2 = sin 



- sin 0 X 



\ n 2 J 



(a) Evaluate ft for ft = 60°: 



6 2 = sin 



1 33 ^ 
— sin 60° 
1.5 j 



50.2° 



(b) Evaluate ft for ft =45°: 



0 2 = sin 



1.33 

T5~ 



sin 45° 



J 



38.8° 



(c) Evaluate ft for ft = 30°: 



6 2 = sin 



1 33 

— sin 30° 
1.5 j 



26.3 C 
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Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 
and apply Snell's law to the glass-water interface. 



Apply Snell's law to the water-glass 
interface to obtain: 



n l sin 0 X = n 2 sin 0 2 



Solve for ft: 



6 2 = sin 



- sin ft- 



V"2 J 
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(a) Evaluate ft for ft = 60°: 



6 2 = sin 



1 5 ^ 
-sin 60° 



1.33 



77.6 C 



(b) Evaluate ft for ft =45°: 



6 2 = sin 



— sin 45°^ 
1.33 j 



52.9 C 



(c) Evaluate ft for ft = 30°: 



ft = sin 



V 



1 5 ^ 
—sin 30° 
1.33 j 



34.3° 
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Picture the Problem Let the subscript 1 
refer to the medium to the left (air) of the 
first interface, the subscript 2 to glass, and 
the subscript 3 to the medium (air) to the 
right of the second interface. Apply the 
equation relating the intensity of reflected 
light at normal incidence to the intensity of 
the incident light and the indices of 
refraction of the media on either side of the 
interface to both interfaces. We'll neglect 
multiple reflections at glass-air interfaces. 



r,l 



» 2 = 1 .5 



«3=1 



Express the intensity of the 
transmitted light in the second 
medium: 



V"l +n 2j 



V"l +n 2j 



Express the intensity of the 
transmitted light in the third 
medium: 



^2 ^r,2 ^2 



V n 2 + n 3j 



= L 



\ H 2 +H 3 J 



Substitute for I 2 to obtain: 



f v 

n, — n. 



K n i +n 2j 



n-, — n. 



\ H 2 + H 3 J 



Solve for the ratio /3//1 : 



f \ 2 
n,—n. 



\ U 2 +H 3J 
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Substitute numerical values and 
evaluate I^If. 





2 


1- 










U + 1.5y 






v 1.5 + lJ 



= 0.922 



92.2% 
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Picture the Problem As the line enters the muddy field, its speed is reduced by half and 
the direction of the forward motion of the line is changed. In this case, the forward 
motion in the muddy field makes an angle of 14.5° with respect to the normal of the 
boundary line. Note that the separation between successive lines in the muddy field is 
half that in the dry field. 



Picture the Problem As the line enters 
the muddy field, its speed is reduced by 
half and the direction of the forward 
motion of the line is changed. In this case, 
the forward motion in the muddy field 
makes an angle of 14.5° with respect to the 
normal of the boundary line. Note that the 
separation between successive lines in the 
muddy field is half that in the dry field. 
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Picture the Problem We can apply Snell's law consecutively, first to the n\-n 2 interface 
and then to the 7i 2 -«3 interface. 



Apply Snell's law to the n r « 2 
interface: 



n x sin 0 X = n 2 sin 0 2 



Apply Snell's law to the 112-11?, 
interface: 

Equate the two expressions for 
n 2 sin 6 2 to obtain: 



n 2 sin 6 2 = n 3 sin 0 3 



n x sin 6 X = n 3 sin 0 3 
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Picture the Problem Let x be the 

perpendicular separation between the two 
rays and let I be the separation between 
the points of emergence of the two rays on 
the glass surface. We can use the 
geometry of the refracted and reflected 
rays to express x as a function of I, d, 9 T , 
and 9\. Setting the derivative of the 
resulting equation equal to zero will yield 
the value of & l that maximizes x. 

(a) Express t in terms of d and the 
angle of refraction 9 T : 



/ 






\ / 

VKA 




Air 







i 5 I T ,/ class 

/ 



I = 2d tan 0 r 



Express x as a function of i, d, x = 2d tan 0 X cos 0 i 

0 t , and ft 



Differentiate x with respect to^: 



CX = 2d — (tan G t cos 0 i )=2d 



d6, d6; 



tan 6 r sin 6, + sec 6 r cos 0, 



d6 r 



1 dO, 



(1) 



i J 



Apply Snell's law to the air-glass 
interface: 



n l sin 0 i = n 2 sin 0 X 

or, since n\ = 1 and n 2 = n, 
sin # = n sin 6,. 



(2) 



Differentiate implicitly with respect 
to#! to obtain: 



Substitute in equation (1) to obtain: 



cos 0 i dd i = n cos 0 r d0 t 
or 

d6 r 1 cos# 



dO, n cos 6,. 



dx 



2d 



sinO,. . „ 1 cos^ cos0. 

^sin^ + r- 5 L 

cos 0 r n cos 6 r cos 0, 



1 cos 6, sin 0 r sin 6- 



2d 



r J 



n cos 0 r cos 6 1 , 



J 
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Substitute 1 - sin G l for 

2 1 
cos 0 i and — sin 0 i for sin 0 r to 

n 

obtain: 



dx 



d0 



= 2d 



'l-sin 2 ^ sin 2 # ^ 



i v 



ncos 0 r ncosO 



r J 



Multiply the second term in parentheses by cos 2 6j COS 1 0 r and simplify to obtain: 



dx 

~d~a 



= 2d 



l-sin 2 # sin 2 0 cos 2 0 



2/3 ^ 



ncos 0, ncos 0, 



2d 



r J 



ncos 9, 



(l-sin 2 ^ - sin 2 0 i cos 2 0 t ) 



Substitute 1 - sin 9 r for cos 6 T 



dx 2d 



d6, ncos 0 r 



[l-sin 2 ^ -sin 2 0;(l-sin 2 0 r )] 



Substitute — sin 0 { for sin 0 r to obtain: 
n 



dx 2d 



d6, ncos 0 r 



l-sin 2 # -sin 2 # 



' 1 . : 



1 ^sin 2 ^ 

V n 



Factor out lln , simplify, and set equal to zero to obtain: 



dx 2d 



d0 nco^O, 



[sin 4 0 i -2n 2 sin 2 0 i +n 2 ~\ = Ofor extrema 



If dx/ddi = 0, then it must be true 
that: 



sin 4 # -2n 2 sin 2 # +n z =0 



Solve this quartic equation for to 
obtain: 



0: = 




(b) Evaluate ft for n = 1.60: 



0 =sin _1 



1.6. 1- 1 



V 



(1.6) 2 



= 48.5° 



In (a) we showed that: 



x = 2d tan 0 r cos 0 i 
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Solve equation (2) for 9 r : 



6 r = sin 



^sin^ 

\' l 2 



6 r = sin 



1.6 



- sin 48. 5 c 



= 27.9° 



x = 2(4cm)tan27.9°cos48.5° 



= 2.81cm 



Substitute numerical values and 
evaluate 6?: 

Substitute numerical values and 
evaluate x: 

Total Internal Reflection 
41 • 

Picture the Problem Let the subscript 1 refer to the glass and the subscript 2 to the water 
and use Snell's law under total internal reflection conditions. 



Use Snell's law to obtain: 

When there is total internal reflection: 

Substitute to obtain: 

Solve for 9 C : 



n x sin 0 X = n 2 sin 0 2 



0 X = 0 C and 6 2 = 90° 



n l sin 0 c = n 2 sin 90° = n 2 



fl^sin 1 ^ 



Substitute numerical values and evaluate 



6* = sin 



4 1.33 



1.5 



62.5 C 
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Picture the Problem Let the index of 
refraction of glass be represented by n\ and 
the index of refraction of water by n 2 and 
apply Snell's law to the glass-water 
interface under total internal reflection 
conditions. 





j , 


Water 




Glass 


/ 


R, = IS 





Apply Snell's law to the glass-water 
interface: 



n x sin 6 X = n 2 sin 6 2 



At the critical angle, 6\ = 0 C and 



n x sin 6 Q = n 2 sin 90° 
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02 = 90°: 
Solve for 0 C : 



0„ = sin 



^sin90 c 



Substitute numerical values and 
evaluate 0 C : 



9„ = sin 



1.33 
1.5 



sin 90° 



62.5° 
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Picture the Problem We can apply Snell's law to the water-air interface to express the 
critical angle 9 C in terms of the indices of refraction of water (ti\) and air (n 2 ) and then 
relate the radius of the circle to the depth d of the point source and 6 C . 



Air, n 7 = 1 




Express the area of the circle whose 
radius is r: 



A = nr 



Relate the radius of the circle to the 
depth d of the point source and the 
critical angle 9 C : 



r = d tan 6* 



Apply Snell's law to the water-air 
interface to obtain: 



ft, sin 0 C = n 2 sin 90° = n 2 



Solve for 0~. 



6 C = sin — 
ft, 



Substitute for r and 0 C to obtain: 



A = n\d tan^J 2 = n 



d tan 



sin 



-i n 2 
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Substitute numerical values and 
evaluate A: 



A = n 



(5 m) tan 



sin 



i y 

1.33, 



= 102m 2 



44 

Picture the Problem We can use the 

definition of the index of refraction to 
express the speed of light in the prism in 
terms of the index of refraction ti\ of the 
prism. The application of Snell' s law at the 
glass-air interface will allow us to relate 
the index of refraction of the prism to the 
critical angle for total internal reflection. 
Finally, we can use the geometry of the 
isosceles-right-triangle prism to conclude 
that 0 C = 45°. 




Express the speed of light v in the 
prism in terms of its index of 
refraction ti\. 



c 



Apply Snell's law to the glass-air 
interface to obtain: 



n x sin 6 C = n 2 sin 90° = 1 



Solve for n x : 



1 



1 sin 6* 



Substitute to obtain: 



v = c sin 6* 



Substitute numerical values and 
evaluate v: 



v = (2.998 xlO 8 m/s)sin45° 



= 2.12xl0 8 m/s 



45 

Picture the Problem The observer above the surface of the fluid will not see any light 
until the angle of incidence of the light at the fluid-air interface is less than or equal to the 
critical angle for the two media. We can use Snell's law to express the index of refraction 
of the fluid in terms of the critical angle and use the geometry of card and light source to 
express the critical angle. 



896 Chapter 31 




Apply Snell's law to the fluid-air n x sin 0 X = n 2 sin 6 2 

interface to obtain: 

Light is seen by the observer when n x sin 0 C = n 2 sin 90° = n 2 

0i = 0c and 02 = 90°: 

Because the medium above the 1 

n \ ~ ~. 

interface is air, n% = 1. Solve for n\ sin 6 C 

to obtain: 



From the geometry of the diagram: 



tan<9 =— ^> 6 ' = tan" 1 — 



Substitute to obtain: 





-i r 


sin 


tan — 
d_ 



Substitute numerical values and 
evaluate n\. 



sin 



tan 



6 cm 
5 cm 



1.30 



*46 

Picture the Problem We can use the geometry of the figure, the law of refraction at the 
air-7ii interface, and the condition for total internal reflection at the n\-n% interface to 

show that the numerical aperture is given by Jn%—n% 



Referring to the figure, note that: . a 

and 



n 2 



sin 6 2 
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b 



c 



Apply the Pythagorean theorem to a 2 +b 2 = c 2 

the right triangle to obtain: or 



a 2 b 2 , 
c c 



Solve for — : 




a b 
Substitute for — and — to obtain: 

c c 



Use the law of refraction to relate 9\ 
and 6y. 



Substitute for sin 6^ and let n\ = 1 
(air) to obtain: 



sin0 2 = 

V n i 



n x sin 0 X = n 2 sin # 2 



'1 _ "2i 









/ 2 2 
V"2 ""a 







47 • 

Picture the Problem We can use the result of Problem 46 to find the maximum angle of 
incidence under the given conditions. 

From Problem 46: sin Q q = ^ n 2 -n 2 

Solve for 6?>: Q q = sin -i (jnf -n 2 2 ) 



Substitute numerical values and 
evaluate do'. 



0 O = sin V(l-492) 2 -(1.489) 2 



= 5.43° 



48 

Picture the Problem Examination of the figure reveals that, if the length of the tube is L, 
the distance traveled by the pulse that enters at an angle ^ is the ratio of a to b multiplied 
by L. Let the subscripts 1 and 2 denote the pulses entering the tube normally and at an 
angle 9 0 , respectively. 
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Express the difference in time At 
needed for the two pulses to travel a 
distance L: 



At = t 2 - t x 



c c 



Substitute for t 2 and t\ and simplify 
to obtain: 



L 

At = — — 



c 



L _ n x L 

c 



{- 



(1) 



Referring to the figure, note that: 



sin 6* 



b 
a 



From Snell's law, the sine of the 
critical angle is also given by: 



sin 6* 



b 



Substitute for bla in equation (1) 
and simplify to obtain: 

Substitute numerical values and 
evaluate At: 



At = ^— 
c 



r 



V"i J 



At 



2 -l 

15km 
3xl0 8 m/s 



= —(n 2 -n l ) 



(1.492-1.489) 



= 150ns 
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Picture the Problem Let the index of 
refraction of glass be represented by n u the 
index of refraction of water by n 2 , and the 
index of refraction of air by ;i 3 . We can 
apply Snell's law to the glass-water 
interface under total internal reflection 
conditions to find the critical angle for total 
internal reflection. The application of 
Snell's law to glass-air and glass-water 
interfaces will allow us to decide whether 
there are angles of incidence greater than 0 C 
for glass-to-air refraction for which light 
rays will leave the glass and the water and 
pass into the air. 



Air 

"3 = 1 


y 


Water 
n 2 = 1.33 


k 




ox 


Glass 
n, = 1.5 




4 





(a) Apply Snell's law to the glass- 
water interface: 



ft, sin 6 X = n 2 sin 0 2 
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At the critical angle, 9\ = 0 C and 
02 = 90°: 



n x sin 6 C = n 2 sin 90° 



Solve for 0 C : 



6„ = sin 



-sin 90° 



Substitute numerical values and 
evaluate Q- 



6 n = sin 



1 33 

— sin 90° 
1.5 



62.5 C 



(b) Apply Snell's law to a glass-air 
interface: 



n x sin 0 C = n 3 sin 90 c 



or 



1.5 sin ft =sin90° = l 



Solve for 0 C : 



r 1 a 



6„ = sin 



V 1.5y 



= 41.8° 



Apply Snell's law to a ray incident 
at the critical angle for a glass-water 
interface: 



n x sin 6 X = n 2 sin 6 2 
or 

1.5sin41.8° = 1.33sin0, 



Solve for 9i. 



6 2 = sin" 



1.5sin41.8 

L33~ 



= 48.7° 



Note that 0 2 equals the critical angle for a water - air interface. Therefore, the ray 



will not leave the water for 6 X > 41 .8°. 
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Picture the Problem The situation is 
shown in the adjacent figure. We can use 
the geometry of the diagram and 
trigonometric relationships to derive an 
expression for d in terms of the angles of 
incidence and refraction. Applying Snell's 
law will yield 0 r . 



D. 0,i 



'L 



Air 



Glass 



n = 1.5 



Express the distance x in terms of t x = 2t tan 9 T 

and G t : 
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The separation of the reflected rays 
is: 



d = xcos 0- 



Substitute to obtain: 



d = 2t tan 0 r cos 6, 



(1) 



Apply Snell's law at the air-glass 
interface to obtain: 



sin 6; = n sin 6 r 



Solve for 0 T : 



6 T = sin 



'sin^ 

V n J 



Substitute in equation (1) to obtain: 

Substitute numerical values and 
evaluate d: 



d = 2t tan sin 
d = 2(3 cm) tan 



COSO; 



V n J 

r sin 40°^ 



. -1 



sin 



v 



1.5 



cos 40° 



= 2.18cm 



Dispersion 

*51 » 

Picture the Problem We can apply Snell's law of refraction to express the angles of 
refraction for red and violet light in silicate flint glass. 



Express the difference between the 
angle of refraction for violet light 
and for red light: 



A #-#r,red-#r, violet 



(1) 



Apply Snell's law of refraction to 
the interface to obtain: 



sin 45° = nsin^,. 



Solve for 0 r : 



f 1 \ 



6 r = sin 



Substitute in equation (1): 



A6 = sin" 



' 1 ^ 



-sin 



' 1 A 

V ^"violet J 



Substitute numerical values and 
evaluate A 0 : 



AO = sin" 



' 1 ^ 



' 1 ^ 



-sin 



V2 (l .60) J ^72(1.66) 



26.23°-25.21°= 1.02 
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Picture the Problem The transit times will be different because the speed with which 
light of various wavelengths propagates in silicate crown glass is dependent on the index 
of refraction. We can use Table 31-26 to estimate the indices of refraction for pulses of 
wavelengths 500 and 700 nm. 



Express the difference in time ^ _ L _ L 

needed for two short pulses of light v 500 v 700 

to travel a distance L in the fiber: 



Substitute for L, v 500 , and v 700 and . _ n 5Q0 L _ n 700 L _ L r 

lAl — — V"500 

simplify to obtain: c c c 



Use Table 31-26 to find the indices 
of refraction of silicate crown glass 
for the two wavelengths: 

Substitute numerical values and 
evaluate At: 



Polarization 



1.55 



n 5Q0 

and 



^ * 1.50 



At= 15km 8 (1.55-1.50) 
2.998 xl0 8 m/s ' 



2.50 //s 
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Picture the Problem The polarizing angle is given by Brewster's law: 

tan 0 p = n 2 /n 1 where n x and n 2 are the indices of refraction on the near and far sides of 

the interface, respectively. 



Use Brewster's law to obtain: 



r \ 



6 V = tan 



(a) For n\ = 1 and n 2 = 1.33: 



(b) For n\ - 1 and n 2 = 1.50: 





= tan 1 


'1.331 
v 1 J 




53.1° 














a.50 A 

v 1 j 








= tan" 1 




56.3° 
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Picture the Problem The intensity of the transmitted light / is related to the intensity of 
the incident light 7 0 and the angle the transmission axis makes with the horizontal 9 
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according to / = Z 0 cos 2 6. 

Express the intensity of the I = I 0 cos 2 6 

transmitted light in terms of the 
intensity of the incident light and the 
angle the transmission axis makes 
with the horizontal: 



Solve for 0: , // 

6 = cos 



Substitute numerical values and 0 = cos 1 V015 = 67.2° 

evaluate 0: and I ( J) j s correct. 
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Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
I = I 0 COS 2 6 to find the intensity of the light transmitted through all three sheets for 

0 = 45° and 0 = 30°. 

(a) Express the intensity of the light /[ = \I Q 

between the first and second sheets: 

Express the intensity of the light I 2 = I { cos 2 6 l 2 = \I Q COS 2 45° = jl 0 

between the second and third sheets: 



1/ 

8'0 



Express the intensity of the light that [ 3 = [ 2 CO s 2 9 23 =\I Q cos 2 45° = 
has passed through the third sheet: 

(b) Express the intensity of the light I x = jl 0 
between the first and second sheets: 

Express the intensity of the light I 2 = I x cos 2 6 l2 =jl 0 cos 2 30° = f /„ 
between the second and third sheets: 



J-/ 

32 J 0 



Express the intensity of the light that / 3 = J % CO s 2 0 2 3 = |/ 0 cos 2 60° 

has passed through the third sheet: 

56 

Picture the Problem Because the light is polarized in the vertical direction and the first 
polarizer is also vertically polarized, no loss of intensity results from the first 
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transmission. We can use Malus's law to find the intensity of the light after it has passed 
through the second polarizer. 

The intensity of the beam is the ratio j _ P 

of its power to cross-sectional area: A 

Express the intensity of the light I x = I 0 and P 1 = P Q 

between the first and second 

polarizers: 

Express Malus's law in terms of the P _ Pq 2 a p—p 2 a 

— COS tj — 7^ ± — \) t/ 

power of the beam: A A 

Express the power of the beam after P 2 = P 1 cos 2 6 l 2 = P 0 cos 2 6 n 

the second transmission: 



3.97 mW 



Substitute numerical values and p 2 = (5mW)cos 2 27 c 

evaluate I 2 : 
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Picture the Problem Assume that light is incident in air (ni = 1). We can use the 
relationship between the polarizing angle and the angle of refraction to determine the 
latter and Brewster's law to find the index of refraction of the substance. 

(a) At the polarizing angle, the sum 0 p + 0 r = 90° 

of the angles of polarization and 
refraction is 90°: 

Solve for ft # r =90°-# 



p 



Substitute for 0 P to obtain: Q = 90° - 60° = 30.0° 

(b) From Brewster's law we have: ^ q _ n i 



P «, 



or, because n\ = 1, 
n 2 = tan 8 p 



Substitute for 0 P and evaluate n^. n 2 = tan 60° 



1.73 
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Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
/ = / 0 COS 2 0 to find the intensity of the light transmitted through the three sheets. 



Express the intensity of the light 
between the first and second sheets: 



1 l 2 1 0 



Express the intensity of the light 
between the second and third sheets: 



I 2 = /[ cos 2 0. 2 = \I 0 cos 2 0 



Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 



/ 3 = I 2 COS 2 e 2 3 

= i/ 0 cos 2 #cos 2 (90°-#) 
= i/ 0 cos 2 #sin 2 6> 
= {7 0 (2cos6'sin6') 2 



|/ 0 sin 2 26> 



Because the sine function is a 
maximum when its argument is 90°, 
the maximum value of 7 3 occurs 
when: 



# = 45.0 C 
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Picture the Problem Let /„ be the intensity after the nth polarizing sheet, use 

/ = / 0 COS 2 6 to find the intensity of the light transmitted through each sheet, and replace 

#wifh cot. 



Express the intensity of the light 
between the first and second sheets: 



1 1 2 1 0 



Express the intensity of the light 
between the second and third sheets: 



I j = 7j cos 2 0 X 2 = \ I Q cos 2 cot 



Express the intensity of the light that 
has passed through the third sheet 
and simplify to obtain: 



7 3 = I 2 cos- 0 2 3 



= \I Q cos 2 <2tf cos 2 (90° - cot) 
- i / n cos 2 cot sin 2 cot 



2 *0 1 



= J-7 (2 



cos cot sin 



cot) 2 



1 1 0 sin 2cot 
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Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 
/ = I 0 COS 2 6 to find the ratio of I n+l to /„. 



(a) Find the ratio of 7„ +1 to /„: 



= cos 2 



n 

2N 



Because there are N such reductions 
of intensity: 



and 



1 N+i 



COS 



2N 



f It \ 





f _ \ 


I 0 cos 2N 


n 








y 2Nj 





(b) A spreadsheet program to graph I N +i/Io as a function of ./Vis shown below. Lhe 
formulas used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A2 


2 


N 


A3 


A2+ 1 


N+ 1 


B2 


(cos(PI()/(2*A2)) A (2*A2) 


cos 2 " 71 







A 


B 


1 


N 


Ilh 


2 


2 


0.250 


3 


3 


0.422 


4 


4 


0.531 


5 


5 


0.605 








95 


95 


0.974 


96 


96 


0.975 


97 


97 


0.975 


98 


98 


0.975 


99 


99 


0.975 


100 


100 


0.976 



A graph of I/I Q as a function of N follows. 
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Picture the Problem Let /„ be the intensity after the nth polarizing sheet and use 

I = I 0 cos 2 6 to find the ratio of I n+ \ to /„. Because each sheet introduces a 2% loss of 

intensity, the net transmission after N sheets (0.98)^. 



Find the ratio of I n+] to /, 



= (0.98) 



cos 



7T 

2N 



Because there are N such reductions 
of intensity: 



- N+l 



(0.98fcos 2iV 



2N 



(b) A spreadsheet program to graph In+i/Iq for an ideal polarizer as a function of N, the 
percent transmission, and In+\IIq for a real polarizer as a function of Af is shown below. 
The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A3 


1 


N 


B2 


(cos(PI()/(2*A2)) A (2*A2) 


cos 2w K 
{2NJ 


C3 


(0.98) A A3 




D4 


B3*C3 


(0.98f cos 2N ( 71 ) 
V J [2NJ 
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A 


B 


C 


D 


1 




Ideal 


Percent 


Real 


2 


N 


Polarizer 


Transmission 


Polarizer 


3 


1 


0.000 


0.980 


0.000 


4 


2 


0.250 


0.960 


0.240 


5 


3 


0.422 


0.941 


0.397 


6 


4 


0.531 


0.922 


0.490 


7 


5 


0.605 


0.904 


0.547 


8 


6 


0.660 


0.886 


0.584 


9 


7 


0.701 


0.868 


0.608 


10 


8 


0.733 


0.851 


0.624 


11 


9 


0.759 


0.834 


0.633 


12 


10 


0.781 


0.817 


0.638 


13 


11 


0.798 


0.801 


0.639 


14 


12 


0.814 


0.785 


0.638 


15 


13 


0.827 


0.769 


0.636 


16 


14 


0.838 


0.754 


0.632 


17 


15 


0.848 


0.739 


0.626 


18 


16 


0.857 


0.724 


0.620 


19 


17 


0.865 


0.709 


0.613 


20 


18 


0.872 


0.695 


0.606 


21 


19 


0.878 


0.681 


0.598 


22 


20 


0.884 


0.668 


0.590 



A graph of Ilia as a function of N for the quantities described above follows: 




Ideal Polarizer 
Percent Transmission 
Real Polarizer 



5 10 15 

Number of sheets (N ) 



20 



Inspection of the table, as well as of the graph, tells us that the optimum number of sheets 



is 13. 
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Picture the Problem A circularly polarized wave is said to be right circularly polarized 
if the electric and magnetic fields rotate clockwise when viewed along the direction of 
propagation and left circularly polarized if the fields rotate counterclockwise. 
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For a circularly polarized wave, the 
x and y components of the electric 
field are given by: 



E x = E 0 cos cot 
and 

E = E 0 sin cot or E = -E 0 sin cot 

for left and right circular polarization, 
respectively. 



For a wave polarized along the x 



axis: 



bright + -^left = E 0 cos cot i + E 0 cos cot i 



2E 0 cos cot i 
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Picture the Problem Let /„ be the intensity after the rath polarizing sheet and use 
I = I Q cos 2 0 to find the intensity of the light transmitted by the four sheets. 



(a) Express the intensity of the light 
between the first and second sheets: 



M 2*0 



Express the intensity of the light 
between the second and third sheets: 



I 2 = I x cos 2 0 12 =\I Q cos 2 30° = |7 0 



Express the intensity of the light 
between the third and fourth sheets: 



/ 3 =/ 2 cos 2 ^3=l/ 0 cos 2 30 o = i/ 0 



Express the intensity of the light to 
the right of the fourth sheet: 



/ 4 =/ 3 cos 2 ^ 4 =i/ 0 cos 2 30° = ^/ 0 



0.21 IL 



Note that, for the single sheet between the two end sheets at 9- 45°, / = 0.125/o- Using 
two sheets at relative angles of 30° increases the transmitted intensity. 

Remarks: We could also apply the result obtained in Problem 60(a) to solve this 
problem. 
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Picture the Problem We can use the components of E to show that E is constant in 
time and rotates with angular frequency a>. 



Express the magnitude of E in 
terms of its components: 



E = JE 2 +El 
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Substitute for E x and E y to obtain: 



E = ^J[E 0 sin (foe - cot)] 2 + [E 0 cos(kx - cot)] 2 = ^E^ [sin 2 (kx - cot ) + cos 2 (kx - cot)\ 
= E 0 

and the E vector rotates in the yz plane with angular frequency a>. 
65 

Picture the Problem We can apply the given definitions of right and left circular 
polarization to the electric field and magnetic fields of the wave. 

The electric field of the wave in Problem 64 is: 

E = E 0 s'm(kx - cot)j + E (j cos(kx - cot)k 
The corresponding magnetic field is: 

B = B Q sin(fcx - cot)k - B Q cos(kx - cot)j 
Because these fields rotate clockwise when viewed along the direction of propagation, 



the wave is 



right circularly polarized. 



For a left circularly polarized wave traveling in the opposite direction: 
E = 



E 0 sin(kx + cot)j - E Q cos(kx + cot)k 



General Problems 
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Picture the Problem We can use v=fX and the definition of the index of refraction to 
relate the wavelength of light in a medium whose index of refraction is n to the 
wavelength of light in air. 

(a) The wavelength A„ of light in a ^ — — — — — 

medium whose index of refraction is / nf n 

n is given by: 

Substitute numerical values and « _ 700 nm _ 700 nm 

evaluate Awater: ' n 1.33 



526 nm 
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(b) 



Because the color observed depends on the frequency of the light, a swimmer 
observes the same color in air and in water. 
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Picture the Problem We can use Snell's law, under critical angle and polarization 
conditions, to relate the polarizing angle of the substance to the critical angle for internal 
reflection. 



Apply Snell's law, under critical 
angle conditions, to the interface: 

Apply Snell's law, under 
polarization conditions, to the 
interface: 



n x sin 0 C = n 2 



(1) 



n x sin 0 p = n 2 sin (90° - 0 p ) = n 2 cos 0 p 



or 



tan ft 



_ "2 



Solve for 0 n : 



6> p = tan 



f \ 
n 0 



(2) 



Solve equation (1) for the ratio of n 2 
to n\. 



+ = sin e„ 



Substitute for n 2 ln x in equation (2) to 
obtain: 



^tair^sinflj 



Substitute numerical values and 
evaluate 6> p : 



0 p = tan" 1 (sin 45°) 



35.3° 
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Picture the Problem Angle ADE is the 
angle between the direction of the 
incoming ray and that reflected by the two 
mirror surfaces. Note that triangle ABC is 
isosceles and that angles CAB and ABC are 
equal and their sum equals 0. Also from the 
law of reflection, angles CAD and CBD 
equal angle ABC. Because angle BAD is 
twice BAC and angle DBA is twice CBA, 
angle ADE is twice the angle 9. 




Properties of Light 911 



69 

Picture the Problem The sketch shows the 
ray from the coin passing through the water 
to the eye of the observer. We can use 
trigonometry to express the apparent depth 
d in terms of the depth h of the water, the 
20° angle, and the angle of incidence 
The application of Snell's law at the 
interface will yield an expression for 9\. 




Express the apparent depth d in 
terms of the distance x: 



d = x tan 20° 



(1) 



Relate the distance x to the depth of 
the water and the angle 



x = h tan 6, 



Substitute for x in equation (1) to 
obtain: 



J = /ztan6 , 1 tan20° (2) 



Apply Snell's law to the water-air 
interface: 



n x sin 6 { = n 2 sin 0 t 



Solve for 



6, = sin 



- sin 0,. 



Substitute for 9\ in equation (2) to 
obtain: 



d = h tan 



sin 



- sin 6 r 



J 



tan 20° 



Substitute numerical values and 
evaluate d: 



d = (4 m) tan 



sin 



1 ^ 
-sin 70° 



1.33 



tan 20° 



J 



= 1.45m 
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Picture the Problem Assume that the sound source is the voice of the fisherman and that 
the fisherman's mouth is 2 m from the surface of the water as shown below. We can 
apply Snell's law at the air-water interface to find 0 C and use trigonometry to find 9\. If 
we can show that 9\ > 9 C , then we can conclude that the noise on shore cannot possibly be 
sensed by fish 20 m from shore. 




Apply Snell's law at the air-water 
interface 20 m from the shore: 



n x sin 0 X = n 2 sin 0 2 



For Ox = 0 C : 





r ^ 




r \ 




n 2 






sin 1 




= sin 1 










v v 2 J 



Substitute numerical values and 
evaluate 9 C : 

Relate 9\ to the distance from the 
shore and the distance from the 
surface of the water to the 
fisherman's mouth: 

Solve for and evaluate 9\ : 



6„ = sin 



tan(90°-6' 1 ) = 



f 330 m/s ^ 
1450m/s 

2m 



13.2° 



20 m 



6 X =90°-tan^(0.l) = 84.3 c 



Because 0 X > 0 C , all the sound is reflected at air - water interface. 
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Picture the Problem We can apply Snell's law to the water-air interface to express the 
critical angle 0 C in terms of the indices of refraction of water (ni) and air (n 2 ) and then 
relate the radius of the circle to the depth d of the swimmer and 9 C . 



Air, ft, = 1 
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Relate the radius of the circle to the 
depth d of the point source and the 
critical angle 9 C : 



r = d tan 6> 



Apply Snell's law to the water-air 
interface to obtain: 



n x sin 0 C = n 2 sin 90° = n 2 



Solve for 6 C : 



0„ = sin 



Substitute for 9 C to obtain: 



r = d tan 



f \ 



sin 



Substitute numerical values and 
evaluate r. 



r = (3 m) tan 



sin 



1.33 



3.42m 
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Picture the Problem Let ^be the initial angle of incidence. Since the angle of reflection 
with the normal to the mirror is also^, the angle between incident and reflected rays is 2<f>. 
If the mirror is now rotated by a further angle 9, the angle of incidence is increased by 9 
to (j> + 9, and so is the angle of reflection. Consequently, the reflected beam is rotated by 
2 # relative to the incident beam. 
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Picture the Problem We can apply Snell's law at the glass-air interface to express 9 C in 
terms of the index of refraction of the glass and use Figure 31-25 to find the index of 
refraction of the glass for the given wavelengths of light. 



Apply Snell's law at the glass-air 
interface: 



n x sin 6 X = n 2 sin 0 2 
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If 9\ - O c and n 2 - I: 



n x sin ft =sin90° = l 



and 

ft = sin 1 



(a) For violet light of wavelength 
400 nm, n 2 = 1.67: 



ft = sin 



f 1 > 




36.8° 


U-67 y 







(b) For red light of wavelength 700 
nm, n 2 = 1.60: 



ft = sin 



1 1 




38.7° 


U.60; 
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Picture the Problem We'll neglect multiple reflections at the glass-air interfaces. We 
can use the expression (Equation 31-11) for the reflected intensity at an interface to 
express the intensity of the light in the glass slab as the difference between the intensity 
of the incident beam and the reflected beam. Repeating this analysis at the glass-air 
interface will lead to the desired result. 



Express the intensity of the light 
transmitted into the glass: 



^glass ~~ ^0 ^R,l 

where I R l is the intensity of the light 
reflected at the air-glass interface. 



The intensity of the light reflected at 
the air-glass interface is: 



R.I 



1-n 



Substitute and simplify to obtain: 



= Ir 



An 



(l + nf 



Express the intensity of the light 
transmitted at the glass-air interface: 



T 1 glass 1 R.2 

where 7 R , 2 is the intensity of the light 
reflected at the glass-air interface. 
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The intensity of the light reflected at 
the glass-air interface is: 



R,2 



[l + nj 
l-n 



glass 



yl + nj 



An 



(l + nf 



Substitute and simplify to obtain: 



= h 



An 



(l + nf 



l-n 
l + n 



An 



(l + nf 





An 


[l + nj _ 


l(l + n?\ 



An 



(l + nf 



An 



(l + nf 







2 




An 








[(l + nf_ 
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Picture the Problem We can write an 
expression for the total distance traveled by 
the light as a function of x and set the 
derivative of this expression equal to zero 
to find the value of x that minimizes the 
distance traveled by the light. The adjacent 
figure shows the two points and the 
reflecting surface. The x and y coordinates 
are in meters. 




(a) Express the total distance D 
traveled by the light: 



D = d x + d 2 



= ^{x + 2f +A + ^(2-xf +36 



Differentiate D with respect to x: 

V(^ + 2) 2 +4 + V(2-x) 2 + 36 



dD _ d 

dx dx 



= i[(jc+ if + 4p 2(x + 2) + \ [(2 - xf + 36] * 2(2 - x)(- 1) = 0 for extrema 



Simplify this expression to obtain: 
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jc + 2 



2-x 



^{x + lf+A ^](2-x) 2 +36 



Solve for x to obtain: 



(b) With x = -1 m: 



1.00m 



(9; = tan 

= tan 
and 

0 t = tan 1 
= tan 1 



2 -(-iy 



0-2 



26.6° 



0-6 



26.6 C 
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Picture the Problem Let the angle of refraction at the first interface by 9\ and the angle 
of refraction at the second interface be 0 2 . We can apply Snell's law at each interface and 
eliminate 9\ and n 2 to show that 9i - 0p 2 . 



Apply Snell's Brewster's law at the 
n r n 2 interface: 



^ n -> 
tan 0 pl = — 



Draw a reference triangle consistent 
with Brewster's law: 



Apply Snell's law at the n\-n 2 
interface: 




n x sin 0 Pi = n 2 sin 0 1 



Solve for 0\ to obtain: 



0 X = sin 



— sint'p, 

V n 2 J 



Referring to the reference triangle 
we note that: 



0 X = sin 



n i Jn x +n 



2 

2 J 
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i.e., 0\ is the complement of 0 pl . 



Apply Snell's law at the n 2 -n l 
interface: 



n 2 sin 0 l = n x sin 6 2 



Solve for Oi to obtain: 



6 2 = sin" 



— sin 0 X 



Refer to the reference triangle again 
to obtain: 



Equate these expressions for 
n 2 sin 0 X to obtain: 



0 2 = sin 



= sin 



2 

2 J 



2 2 
\^M H l +H 2 J 



0: 



P2 



n x sin 0 P = n x sin 6 2 => 6 2 



Picture the Problem We can use Brewster's law in conjunction with index of refraction 
data from Figure 31-29 to calculate the polarization angles for the air- glass interface. 



From Brewster's law we have: 



6 p = tan 



or, for n\ = 1, 
0„ = tan -1 n n 



For silicate flint glass, r%2 ~ 1-62 and: 

For borate flint glass, n 2 ~ 1.57 and: 

For quartz glass, n 2 ~ 1.54 and: 

For silicate crown glass, 
n 2 ~ 1.51 and: 



0 V = tan 1 (1.62): 
6 V = tan" 1 (l.57) : 
0 V = tan- 1 (l.54): 
0 V = tan^(l.5l) = 



58.3 C 



57.5 C 



57.0° 



56.5° 
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Picture the Problem The diagram to 
the right shows the angles of incidence, 
refraction, and deviation at the first 
interface. We can use the geometry of 
this symmetric passage of the light to 



symmetry argument to express the Jr I v 

deviation at the second interface and the ^ / 

total deviation 5. Finally, we can apply M i / „ 2 

Snell's law at the first interface to / 
complete the derivation of the given 
expression. 

(a) With respect to the normal to 6 X =\ct 

the left face of the prism, let the 

angle of incidence be 6j and the 

angle of refraction be 0 T . From the 

geometry of the figure, it is evident 

that: 

Express the angle of deviation at the 8 l = 0 { — 9 t = 0 1 — \ a 

refracting surface: 

By symmetry, the angle of deviation 8 = 18 x = 20 { — a 

at the second refracting surface is 
also of this magnitude. Thus: 



express 0 r in terms of a and S\ in terms 
of # and a. We can then use a 




Solve for 



4 + 



Apply Snell's law, with n\ - 1 and 
n 2 = n, to the first interface: 



sin 6* ; = n sin \ a 



Substitute for 9\ to obtain: 



a + 8 



. a 
= n sin — 
2 



sin 



2 



(b) The angular separation is: 



A8 = 8 



violet 



8 



red 



Solve equation (1) for 8: 



o = 2 sin n sin — 



2 
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Substitute to obtain: 



A£ = 2sirT 1 
= 2 sin 1 



"violet sin " 



a 



. a 



"violet Sln ' 



■ a - |2sirf ' 
2 sin -1 



n , sin - 

red 



"red Sm " 



. a 



a 



a , 



Substitute numerical values and evaluate AS: 



AS = 2 sin" 



1.52 sin 



60 c 



■ 2sin~ 



1.48 sin 



60 c 



3.47 c 
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Picture the Problem We can apply Snell's law at the critical angle and the polarizing 
angle to show that tan 0 P = sin 9 C . 



(a) Apply Snell's law at the 
medium-vacuum interface: 



n x sin 6 X = n 2 sin G r 



For 9\ = 9 C , n\ - n, and n 2 = 1: 



n sin 6> =sin90° = l 



For (9i - 6L «i - and W2 = 1: 



1 n 
tan fc/„ = — = —=> « tan 0=1 



Because both expressions equal one: 
(£) For any value of (9 : 



tan 0„ = sin 0 



tan 0 > sin 6 
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Picture the Problem Let the numeral 1 refer to the side of the interface from which the 
light is incident and the numeral 2 to the refraction side of the interface. We can apply 
Snell's law, under the conditions described in the problem statement, at the interface to 
derive an expression for n as a function of the angle of incidence (also the polarizing 
angle). 

(a) Apply Snell's law at the air- sin B x = n sin 9 2 

medium interface: 

Because the reflected and refracted 9 l +9 2 = 90° => 6 2 = 90° - 6 X 

rays are mutually perpendicular: 



920 Chapter 31 



Substitute for 0 2 to obtain: 



sin 6 X = n sin (90° -6^) = n cos 6 X 



or 

n = tan 6 X = tan 6> p 



Substitute for # p and evaluate «: 



(6) Apply Snell's law at the 
interface under conditions of total 
internal reflection: 



rc = tan58° = 1.60 



n 2 sin 6 C = n x sin 90° = n, 



Because n\=\: 









^1 


sin 1 




= sin 1 













Substitute for « and evaluate 0 C : 



6„ = sin 



I 1 




38.7° 


U.6, 
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Picture the Problem We can apply Snell's law at the glass-liquid and liquid-air 
interfaces to find the refractive index of the unknown liquid, the angle of incidence 
(glass-air interface) for total internal reflection, and the angle of refraction of a ray into 
the liquid film. 



(a) Apply Snell's law, under 
critical-angle conditions, at the 
glass-liquid interface: 



sin6> = 



liquid 



"lass 



Solve for «i iquid : 



"liquid = "glass Sill #c 



Substitute numerical values and 
evaluate n liqu i d : 



«i iq uid=(l-655)sin53.7° = 



1.33 



(b) With the liquid removed: 



0 = sin 



f 1 ' 



^ "glass J 



Substitute numerical values and 
evaluate 9 C : 



6* = sin 



f 1 > 




37.2° 


1 1.655; 







(c) Apply Snell's law at the 
glass-liquid interface: 



"glass Sil1 "liquid Sin ^2 
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Solve for &i- 



Substitute numerical values and 
evaluate ft: 



Because 6 2 is also the angle of incidence at the liquid - air interface and because 
it is larger than the critical angle for total internal reflection at this interface, no 
light will emerge. 



6*2 = shT 



"glass 
^liquid 



sin6>. 



0 2 = shT 



1.655 
1.33 



sin 37.2° 



48.8° 
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Picture the Problem We can use Equation 31-18 and the result of Problem 86 to find the 
angular separation of these colors in the primary rainbow. 



Express the angular separation A^of 
the colors: 



A 0 = 0d,blue " ^dae 



(1) 



From Equation 31-18, with 
n air - 1 and « wafKr = n: 



0 d =n + W x -4sin" 



sin^ 

\ n J 



From Problem 86: 



cos0 lm = 



or 



e lm = cos" 



2 i 

n -1 



Substitute to obtain: 



sin< 



cos 



<f> & = n + 2cos~ 



h 2 -l 



-4skT 



Evaluate </>& for blue light in water: 
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^d,biue =^ + 2cos- 



= 139.42° 



/(1.3435) 2 -1 



4sirT 



sin< 



cos 



/(1.3435) 2 -1 



1.3435 



Evaluate for red light in water: 



^d.red = ^ + 2COS~ 



= 137.75° 



/(1.3318) 2 -1 



4sirT 



sin< 



cos 



/(1.3318) 2 - 1 



1.3318 



Substitute in equation (1) and 
evaluate Aft. 



A<fi = 139.42 -137.75 c 



1.67 c 
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Picture the Problem We can use the result, obtained in Problem 74, that each slab 

-1 2 

An 

reduces the intensity of the transmitted light by 



(n + lf 



, to find the ratio of the 



transmitted intensity to the incident intensity through N parallel slabs of glass for light of 
normal incidence. 



(a) From Problem 74, each slab 
reduces the intensity by the factor: 



An 



(n + lf 



For N slabs: 



Wo 



and 



An 



(n + lf 



2;V 



An 



(n + 1) 2 



2N 



(1) 



(b) Evaluate equation (1) with 
N= 3 and n - 1.5: 



4(1.5) 
(1-5 + 1) 2 



2(3) 



0.783 



Properties of Light 923 



(c) Begin the solution of equation 
(1) for N by taking the logarithm 
(arbitrarily to base 10) of both sides 
of the equation: 



log 



= log 



An 



(n + lf 



IN 



= 2N\og 



An 



(n + lf 



Solve for N: 



Substitute numerical values and 
evaluate N: 



N = 



log 



2 log 



An 



N = 



log(O.l) 



2 log 



4(1-5) 
(1-5 + 1) 2 



= 28.2* 



28 
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Picture the Problem We can apply 
Snell's law at the air-slab interface to 
express the index of refraction n in 
terms of 9\ and $z and then use the 
geometry of the figure to relate O2 to t 
and d. 




Apply Snell's law to the first 
interface: 



sin 6 X = n sin 0 2 



Solve for n: 



n = 



sin^ 
sin #1 



From the diagram: 



d = t tan 6 2 => 0 2 = tan~ 



Substitute to obtain: 



sin 0 X 


sin 


tan 1 
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Picture the Problem The angle that the rain appears to make with the vertical, according 
to the marathoner, is the angle whose tangent is the ratio of v^nner to v ra i n . The circular 
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motion of the star is analogous to the circular motion of the cloud with v lunner = v eart h and 



^Yain — C. 



(a) The angle that the rain appears 
to make with the vertical to the 
marathoner is given by: 



0 = tan 



f \ 



V V rain J 



Substitute numerical values and 
evaluate 9: 



6 = tan 



v 9m/s j 



24.0 C 



(b) The cloud moves in a circle 
whose radius is given by: 



R = Ht<m6 



Substitute numerical values and 
evaluate R: 



R = (10 km) tan 24° 



4.45 km 



(c) Here v runner = v earth and 

Vraifi — 



6 = 



tan 



v c j 



(i) 



where 6 = \ (angular diameter) 



id) From equation (1): 



c = 



V earth _ ^^^earth-sun 



taI1 ^ dearth taI1 ^ 



Convert 20.6" to degrees: 



20.6" = 20.6" x — x — = 5.722 x 10~ 3 ° 
60" 60' 



Substitute numerical values and 
evaluate c: 



c = 



2;r(l.5xl0 n m) 
(ly)(3.156xl0 7 s/y)tan(20.6") 



= 2.99xl0 8 m/s 



Substitute numerical values and evaluate c: 



c = 



2;r(l.5xl0 11 m) 
(l y)(3. 156 x 10 7 s/y)tan(5.722 x 10~ 3 °) 



2.99 xlO 8 m/s 
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Picture the Problem We can follow the directions given in the problem statement and 
use the hint to establish the given result. 
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(a) Equation 31-18 is: 



<fi d =n + W x -4 sin 



"air sin g 

V "water J 



For n,\ T = land n mater = n: 



<j> A =n + 20 x -4sin" 



V n J 



Use the hint to differentiate <j> A with 
respect to 6\. 



d<f) A _ d 



dO x d6 x 



n + 20, -4 sin 



V n J 



4cos6> 



■^n 2 - sin 2 6 X 



(b) Set d^ldOx = 0: 

Simplify to obtain: 

Replace sin 2 6?i with 1 - cos 2 (9i and 
simplify: 

Solve for cos#i = cos(9i m : 



4cos^ 

2 — , = = 0 for extrema 

^n 2 - sin 2 

16cos 2 6> = 4(n 2 -sin 2 #,) 

12cos 2 6> =4n 2 -4 



cos# lm = 



and 



0 lm = cos 





n 2 -l 


1 


3 



n 2 -l 



Evaluate 0\ m for n = 1.33: 



0 lm = cos 



/(1.33) 2 -1 



59.6 C 
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Picture the Problem Let the thickness of 
the slab be t and the separation of the 
incident and emerging rays be ds. We can 
apply Snell's law at both interfaces and 
use the geometry of the diagram and 
trigonometric relationships to show that 
the emerging ray and incident ray are 
parallel and to derive an expression for d. 
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Apply Snell's law at the two 
interfaces to obtain: 



sin 6 X = n sin 0 2 
and 

n sin 6*3 = sin & 4 



(1) 



Because 6i and % are equal (they 
are alternate interior angles formed 
by parallel lines and a transversal): 



sin 6 X = n sin & 3 
and 

n sin 6*3 = sin 0 A 



Substitute for n sin 0 3 in the first of 
these equations to obtain: 



sin 0 X = sin 0 A => 6 X = 0 A and 



the emerging ray and incident ray 
are parallel. 



Express the distance d BD in terms of 
t and 6\. 



d BD = t tan 6 X 



The distance d B c is: 



d BC = t tan 6 2 



Use the distances d B D and d B c to express 
the distance dco- 



d C D = d BD - d BC = f (tan 6 X - tan 6 2 ) 



Because a and 9\ have their right 
and left sides mutually 
perpendicular, they are equal and: 



s = ?(tan 6 X - tan G 2 )cos a 
= ?(tan 6 X - tan 6 2 )cos G x 



(2) 



Substitute for tan#i and tan^ and 
simplify to obtain:Solve equation 
(1) for 02- 



s = t 



r sin 6 X sin 0 2 
COS0 X cos0 2// 



COS0 X 



= t 



. _ sin 0 2 cos 6, 

sin 6 X 

cos^ 



_ ?(sin 6 X cos ^ - sin 6 2 cos 6 1 , ) 



COS6 1 , 



Remarks: One can also derive this expression using the law of sines. 
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Picture the Problem We can use Snell's law to determine &i and then apply the result of 
Problem 87 to find s. 



From Problem 87 we have: 



Properties of Light 
tsm(0 1 -0 2 ) 

COS#, 
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Apply Snell's law to the first 
interface to obtain: 



sin 0 X = n sin 6 0 



Solve for ft: 



0 2 = sin 



V n J 



Substitute numerical values and 
evaluate ft: 

Substitute numerical values and 
evaluate s: 



0 2 = sin 



sin 30 
1.5 



= 19.47° 



_ (15 mm)sin(30° -19.47°) 
cos(l9.47°) 



= 2.91mm 
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Picture the Problem The figure below shows the prism and the path of the ray through 
it. The dashed lines are the normals to the prism faces. The triangle formed by the interior 
ray and the prism faces has interior angles of a, 90° - ft, and 90° - ft. Consequently, 
6 2 + 0 3 = a. We can apply Snell's law at both interfaces to express the angle of 

deviation J as a function of #3 and then set the derivative of this function equal to zero to 
find the conditions on #3 and ft that result in 8 being a minimum. 




Express the angle of deviation: 

Apply Snell's law to relate 9\ to ft 
and ft to ft: 



8 = 0 x +0 2 -a 



sin 6 X = n sin 6 2 
and 

n sin 6*3 = sin 0 A 



(1) 
(2) 

(3) 



Solve equation (2) for ft and 



6 X = sin 1 (n sin 6 2 ) 
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equation (3) for 9 4 : and 

6*4 = sirT 1 (n sin #3 ) 

Substitute in equation (1) to obtain: 
8 = sin 1 (n sin 0 2 ) + sin _1 (n sin 0 3 ) - a = sin 1 [n sin (#3 - a)]+ sin 1 {n sin 0 3 )-a 

Note that the only variable in this expression is 9 3 . To determine the condition that 
minimizes^, take the derivative of S with respect to d% and set it equal to zero. 



dS d 



d0 3 d0 3 



{sin 1 [n sin(0 3 - a)]+ sin 1 {n sin 6 3 ) - a) 

ncos(a-&) ncos6l 

— h , = 0 lor extrema 



-y/l - [n sin (or - 6 3 )] 2 -Jl-(n sin^) 2 



This equation is satisfied provided: a — 6 3 —6 3 => 6 3 —\a 



Because 6 2 =a-6 3 : 6 2 = a -\a = \a 



Because 0 2 =0 3 , we can conclude that the deviation angle is a minimum if the 
ray passes through the prism symmetrically. 



Remarks: Setting dS/d 03 = 0 establishes the condition on ft that Sis either a 

maximum or a minimum. To establish that Sis indeed a minimum when 

0 3 = 6 2 = \ a, we can either show that d 1 3/ dd 3 , evaluated at 6 3 = \ a , is positive 

or, alternatively, plot a graph of S{(h) to show that it is concave upward at 

6 3 =\a. 



Chapter 32 
Optical Images 



Conceptual Problems 
1 

Determine the Concept Yes. Note that a virtual image is "seen" because the eye focuses 
the diverging rays to form a real image on the retina. Similarly, the camera lens can focus 
the diverging rays onto the film. 

2 

Determine the Concept Yes; the mirror image is a left-handed coordinate system. 
3 

(a) False. The virtual image formed by a concave mirror when the object is between the 
focal point and the vertex of the mirror depends on the distance of the object from the 
vertex. 

(b) False. When the object is outside the focal point, the image is real. 

(c) True. 

(d) False. When the object is between the center of curvature and the focal point, the 
image is enlarged and real. 

*4 •• 

Determine the Concept Let s be the object distance and/the focal length of the mirror. 

(a) If s <f, the image is virtual, upright, and larger than the object. 

(b) If s <f, the image is virtual, upright, and larger than the object. 

(c) If s > 2f, the image is real, inverted, and smaller than the object. 

(d) Iff < s <2f, the image is real, inverted, and larger than the object. 
5 

Determine the Concept A convex mirror always produces a virtual, upright image that is s 
than the object. It never produces an enlarged image. 
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6 

Determine the Concept They appear more distant because the images are smaller than 
they would be in a flat mirror. 



7 

Picture the Problem The ray diagram shows three object positions 1, 2, and 3 as the 
object is moved from a great distance toward the focal point F of a concave mirror. The 
real images corresponding to each of these object positions are labeled with the same 
numeral. 




8 

Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the air-water interface. Because 
the index of refraction of water is greater 
than that of air, the rays are bent toward the 
normal. The diver will, therefore, think that 
the rays are diverging from a point above 
the bird and so the bird appeal s to be 
farther from the surface than it actually is. 




*9 * 

Determine the Concept 



(a) The lens will be positive if its index of refraction is greater than that of the 
surrounding medium and the lens is thicker in the middle than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be positive if it is thinner at its center than at the edges. 

(b) The lens will be negative if its index of refraction is greater than that of the 
surrounding medium and the lens is thinner at the center than at the edges. Conversely, if 
the index of refraction of the lens is less than that of the surrounding medium, the lens 
will be negative if it is thicker at the center than at the edges. 
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10 • 

Determine the Concept The focal length depends on the index of refraction, and n is a 
function of wavelength. 

11 » 

Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the parallel ray and central ray have been used to locate the 
image. 




From the diagram, we see that the image is virtual (only one of the rays from the head of 
the object actually pass through the head of the image), upright, and diminished. 
(d) is correct. 



12 



Picture the Problem We can use a ray diagram to determine the general features of the 
image. In the diagram shown, the ray parallel to the principle axis and the central ray 
have been used to locate the image. 

r 



! 

1 i 











From the diagram, we see that the image is virtual (neither ray from the head of the object 



passes through the head of the image), upright, and enlarged, (c) is correct 



13 • 

Determine the Concept The muscles in the eye change the thickness of the lens and 
thereby change the focal length of the lens to accommodate objects at different distances. 
A camera, on the other hand, has a fixed focal length so that focusing is accomplished by 
varying the distance between the lens and the film. 
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*14 • 

Determine the Concept The eye muscles of a farsighted person lack the ability to 
shorten the focal length of the lens in the eye sufficiently to form an image on the retina 
of the eye. A convex lens (a lens that is thicker in the middle than at the circumference) 



will bring the image forward onto the retina, (a) is correct. 



15 

Determine the Concept Refraction of light at the water-cornea interface is less than at 
the air-cornea interface and so an image that would normally (that is, without a corrective 



lens) be in front of the retina, is formed on the retina, (b) is correct. 



16 

Determine the Concept A nearsighted person's lenses form sharp images (unless the 
person is also astigmatic) of nearby object's on the retinas of her eyes. The corrective 
lenses (convex) give a reduced image of the object and, therefore, should be removed. 
(b) is correct. 



*17 • 

Determine the Concept Referring to the ray diagram show below we note that the image 



is always virtual and diminished, (d) is correct. 





A 
/ \ 

7- \ 

LA ^ 




F C 



18 • 

Determine the Concept Converging lenses can form real or virtual images that can be 



enlarged or reduced, (c) is correct. 



19 • 

Picture the Problem We can apply the lens maker's equation to the air-glass lens and to 
the water-glass lens to find the ratio of their focal lengths. 



Apply the lens maker's equation to 
the air-glass interface: 



J_ 

f. 

J an 



= (1.6-1) 



1 1 



'2 J 
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Apply the lens maker's equation to 
the water-glass interface: 



f w 



(1.6-1.33) 



Divide the first of these equations by 
the second to obtain: 



f w 



(1.6-1) 



V r i r 2j 



f. 



(1.6-1.33) 



V Y \ r 2j 



2.22 



or / water = 2.22 f mi . and (a) is correct. 



20 » 

(a) True. 

(&) True. 



(c) False. Where the rays intersect the axis of a spherical mirror depends on how far from 
the axis they are reflected from the mirror. 



(d) True. 



(e) False. The image distance for a virtual image is negative. 



*21 • 

Determine the Concept Microscopes ordinarily produce images (either the intermediate 
one produced by the objective or the one viewed through the eyepiece) that are larger 
than the object being viewed. A telescope, on the other hand, ordinarily produces images 
that are much reduced compared to the object. The object is normally viewed from a 
great distance and the telescope magnifies the angle subtended by the object. 



Estimation and Approximation 



22 

Picture the Problem We can use the lens-maker's equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 

For a thin lens of focal length 27 cm 1 
and index of refraction of 1.6: 27 cm 

or 

J__j_ 



= (1.6-1) 



V r i Y 2J 



1 



16.2cm 
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One solution is a plano-convex lens 
(one with a flat surface and a convex 
surface). Let r 2 = oo. Then 



16.2cm 



and r 2 = 



oo 



Another design is a double convex 
lens (one with both surfaces convex 
and radii of curvature that are equal 
in magnitude) obtained by letting 
r 2 = -r\. Then r x 



32.4cm 



and 



-32.4cm 



A third possibility is a double 
convex lens with unequal curvature, 
e.g., let r 2 = 12 cm. Then 
6.89 cm and 



12.0cm 














'l'***^*" 



r 2 l 
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Picture the Problem We can use the lens-maker's equation to obtain a relationship 
between the two radii of curvature of the lenses we are to design. 



For a thin lens of focal length -27 
cm and index of refraction of 1.6: 



= (1.6-1) 

27 cm 



V r i T 2 J 



or 

1 1 



r x r 2 -16.2cm 



One solution is a plano-concave lens 
(one with a flat surface and a 
concave surface), Let r 2 = oo. Then 



16.2cm 



andr 2 = 



oo 




Another design is a biconcave lens 
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(one with both surfaces concave) by 
letting r 2 = —r\. Then 
and 



32.4 cm 



32.4cm 




A third possibility is a lens with r 2 = 
8. 1 cm. Then r x = I 5.40cm 



and r 2 = 



16.2cm 




*24 

Picture the Problem Because the focal length of a spherical lens depends on its radii of 
curvature and the magnification depends on the focal length, there is a practical upper 
limit to the magnification. 



Use equation 32-20 to relate the 
magnification M of a simple 
magnifier to its focal length/: 



/ 



Use the lens-maker' s equation to 
relate the focal length of a lens to its 
radii of curvature and the index of 
refraction of the material from 
which it is constructed: 



7 = (»-l) 



For a plano-convex lens, r 2 = oo. 
Hence: 



1 n-1 . r, 

" => / = 



/ 



n-1 



Substitute in the expression for M 
and simplify to obtain: 



M = 



Note that the smallest reasonable value for 
r\ will maximize M. 



A reasonable smallest value for the 
radius of a magnifier is 1 cm. Use 
this value and n = 1.5 to estimate 
M • 



AT. 



_ (l.5-l)(25cm) _ 
lcm 



12.5 
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Plane Mirrors 



25 • 

Determine the Concept Rays from the source and reflected by the mirror are shown. 
The reflected rays appear to diverge from the image. The eye can see the image if it is in 
the region between rays 1 and 2. 




Image 



26 • 

Determine the Concept The mirror must 
be half the height of the person, i.e., 81 cm. 
The top of the mirror must be 7.5 cm below 
the top of the head, or 154.5 cm above the 
floor. The bottom of the mirror must be 
73.5 cm above the floor. A ray diagram 
showing rays from the person's feet and 
the top of her head reaching her eyes is 
shown to the right. 




*27 • 

Determine the Concept Draw rays of light 
from the object that satisfy the law of 
reflection at the two mirror surfaces. Three 
virtual images are formed, as shown in the 
adjacent figure. The eye should be to the 
right and above the mirrors in order to see 
these images. 




28 • 

Determine the Concept Draw rays of light from the object that satisfy the law of 
reflection at the two mirror surfaces. The images are located at the intersection of the 
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dashed lines (extensions of the reflected rays). 



(a) The diagram to the right shows 
selected rays emanating from a point 
object (P) that form the two virtual 
images directly below the horizontal 
mirror: 



The diagram to the right shows 
selected rays emanating from the 
point object (P) that form the image 
that lies on the bisector of the angle. 
There are two additional virtual 
images to the left of the mirror that 
is at 60° with the horizontal. Hence, 
the total number of images formed 
when a point object is on the 
bisector of the 60° angle is five. 




(b) The diagram to the right shows 
selected rays emanating from a point 
object (P) that form the two virtual 
images at the intersection of the 
dashed lines (extensions of the 
reflected rays): 











/ I 




J 




1 / 
! / 


/ 



29 

Determine the Concept 



(a) The first image in the mirror on the left is 10 cm behind the mirror. The mirror on the 
right forms an image 20 cm behind that mirror or 50 cm from the left mirror. This image 
will result in a second image 50 cm behind the left mirror. The first image in the left 
mirror is 40 cm from the right mirror and forms an image 

40 cm behind the right mirror or 70 cm from the left mirror. That image gives an image 
70 cm behind the left mirror. The fourth image behind the left mirror is 
110 cm behind that mirror. 
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(b) Proceeding as in Part (a) for the mirror on the right, one finds the location of the 
images to be 20 cm, 40 cm, 80 cm, and 100 cm behind the right-hand mirror. 

Spherical Mirrors 

*30 « 

Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 



(a) The ray diagram is shown to the 
right. The image is real, inverted, 
and reduced. 




The image is real, inverted, and 
reduced. 



(b) The ray diagram is shown to the 
right. 




The image is real, inverted, and 
the same size as the object. 
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(c) The ray diagram is shown to the 
right. The object is at the focal point 
of the mirror. 




The emerging rays are parallel and 
do not form an image. 



(d) The ray diagram is shown to the 
right. 




The image is virtual, erect, and 
enlarged. 



31 • 

Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s', and the 

focal length of a mirror are related according to — + — = —, where f =\r and r is the 

s s' f 

radius of curvature of the mirror. In this problem, /= 20 cm because r is positive for a 
concave mirror. 



Solve the mirror equation for s'\ 



(a) When s = 50 cm: 



f 



, _ (l 2 cm) (50 cm) _ 



s = 



50cm -12cm 



15.8cm 



The lateral magnification of the s' 15.8cm 

b m = = = -0.316 

image is: s 50 cm 



940 Chapter 32 



Because the image distance is positive and the lateral magnification is less 
than one and negative, we can conclude that the image real, inverted, and 
reduced. 



(b) When s -24 cm: 



, _ (12 cm) (24 cm) 

s — 

24cm -12cm 



24.0 cm 



The lateral magnification of the 
image is: 



s' 24cm 

m = = = -1 

s 24 cm 



Because the image distance is positive and the lateral magnification is 
one and negative, we can conclude that the image real, inverted, and 
the same size as the object. 



(c) When s = 12 cm: 



,_ (l2cm)(l2cm) _ 



12cm-12cm 



oo 



and 



there is no image. 



(d) When s = 8 cm: 



s = 



(l2cm)(8cm) 
8cm-12cm 



24.0 cm 



The lateral magnification of the s' — 24 cm 

b m = = 

image is: s 8 cm 



Because the image distance is negative and the lateral magnification is 
three and positive, we can conclude that the image virtual, erect, and 
three times the size of the object. 



32 

Picture the Problem The easiest rays to use in locating the image are 1) the ray parallel 
to the principal axis and passes through the focal point of the mirror, the ray that passes 
through the center of curvature of the spherical mirror and is reflected back on itself, and 
2) the ray that passes through the focal point of the spherical mirror and is reflected 
parallel to the principal axis. We can use any two of these rays emanating from the top of 
the object to locate the image of the object. 
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(a) The ray diagram is shown to the 
right. 




The image is virtual, upright, and 
reduced. 



(b) The ray diagram is shown to the 
right. 




(c) The ray diagram is shown to the 
right. 



(d) The ray diagram is shown to the 
right. 



The image is virtual, upright, and 
reduced. 




The image is virtual, upright, and 
reduced. 







































c 



The image is virtual, upright, and 
reduced. 
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Picture the Problem In describing the images, we must indicate where they are located, 
how large they are in relationship to the object, whether they are real or virtual, and 
whether they are upright or inverted. The object distance s, the image distance s', and the 

focal length of a mirror are related according to — I = — , where f =\r and r is the 

s s' f 

radius of curvature of the mirror. In this problem, /= -20 cm because r is negative for a 
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convex mirror. 



Solve the mirror equation for s': 



(a) When s = 55 cm: 



s = 



s-f 

,_ (-12cm)(55cm) _ 
55cm -(-12cm) 



9.85cm 



The lateral magnification of the 
image is: 



s' -9.85cm n 

m = = = 0.179 

s 55 cm 



Because the image distance is negative and the lateral magnification is less 
than one in magnitude and positive, we can conclude that the image is virtual, 
upright, and reduced. 



(b) When s = 24 cm: 



, _ (-12 cm) (24 cm) 
24cm -(-12cm) 



s = 



8.00 cm 



The lateral magnification of the 
image is: 



s' -8cm 

m = = = 0.333 

s 24 cm 



Because the image distance is negative and the lateral magnification is less 
than one in magnitude and positive, we can conclude that the image is virtual, 
upright, and reduced. 



(c) When s = 12 cm: 



, _ (-12cm)(l2cm) 
12cm -(-12cm) 



6.00 cm 



The lateral magnification of the 
image is: 



m = 



6 cm 1 



12cm 2 



Because the image distance is negative and the lateral magnification is 
one - half in magnitude and positive, we can conclude that the image 
virtual, upright, and half the size of the object. 



(d) When s = 8 cm: 



,_ (-12cm)(8cm) _ 
8cm-(-12cm) 



-4.80cm 



The lateral magnification of the 
image is: 



m ■ 



s 
s 
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4 - 8 ° Cm = 0.600 



8 cm 



Because the image distance is negative and the lateral magnification is 

less than one and positive, we can conclude that the image is virtual, upright, 

and reduced. 
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Picture the Problem We can solve the mirror equation for lis' and then examine the 
implications of/ < 0 and s > 0. 



Solve the mirror equation for lis': 



1_1 \_s-f 
s' f s sf 



For a convex mirror: 



/<0 



With s > 0, the numerator is positive 
and the denominator negative. 
Consequently: 



i< 0: 

s' 



s'<0 



*35 • 

Picture the Problem We can use the mirror equation and the definition of the lateral 
magnification to find the radius of curvature of the mirror. 



(a) Express the mirror equation: 



s s' f r 



Solve for r. 



2s s' 



r = 



s+s 



(1) 



The lateral magnification of the 
mirror is given by: 



m - 



Solve for s': 



s = -ms 



Substitute for s' in equation (1) to 
obtain: 

Substitute numerical values and 
evaluate r. 



- 2ms 
l-m 

-2(5.5)(2.1cm) 
1-5.5 



5.13cm 
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The mirror must be concave. A convex mirror always produces a 
diminished virtual image. 



36 

Picture the Problem We can use the mirror equation and the relationship between the 
focal length of a mirror and its radius of curvature to find the location of the image. We 
can then use the definition of the lateral magnification of the mirror to find the height of 
the image formed in the mirror. 

(a) and (b) Solve the mirror equation , _ fa 

for for s': s — f 



Relate the focal length of the mirror 
to its radius of curvature: 



f=\r 



Substitute to obtain: 



s' = 



rs 



rs 



s-\r 2s -r 



Substitute numerical values and 
evaluate s'\ 



(c) Express the lateral magnification 
of the mirror: 



(-1.2m)(l0m) _ 
2(l0m)-(-1.2m) 

and 



0.566 m 



the image is 56.6 cm behind the mirror. 



m = — = 



Solve for y'\ 



y - — y 

s 



Substitute numerical values and 
evaluate y': 



-0.566m/ x 

y = — 7z — ( 2m )= 

10m 



11.3cm 
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Picture the Problem We can use the mirror equation to locate the image formed in this 
mirror and the expression for the lateral magnification of the mirror to find the diameter 
of the image. 

Solve the mirror equation for the , _ fa 

location of the image of the moon: / - s 
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Because / = j r : 

Substitute numerical values and 
evaluate s': 

Express the lateral magnification of 
the mirror: 

Solve for y'\ 

Substitute numerical values and 
evaluate y': 



38 

Picture the Problem The rays from the 
point object are shown in the diagram to 
the right. Note that the rays that reflect 
from the mirror far from the axis do not 
converge at the same point as those that 
reflect from the mirror close to the mirror 
axis. For the small-angle rays, the point of 
convergence is 4.5 cm from the mirror. 
The 60° ray crosses the axis at 3 cm from 
the mirror. Consequently, the image 
extends from 4.5 cm to 3.0 cm, or about 
1.5 cm along the axis. 



\ r - s r -2s 
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*39 

Picture the Problem 

(a) The figure to the right shows the 
mirror and the four rays drawn to scale. 
Using a calibrated ruler, the spread of 
the crossing points is Sx « 1 .0 cm. Note 
that the triangles formed by the center of 
curvature, the point of reflection on the 
mirror, and the point of intersection of 
the reflected ray and the mirror axis are 
isosceles triangles. 

Express the equal angles of the 
isosceles triangles: 











— ^ — * - " — i 








— — ' — — ~ 





0,. = sin 



fy_) 



where y is the distance of the incoming ray 
from the mirror axis and R is the radius of 
curvature of the mirror. 



Using the law of cosines, the 
distance between the point of 
intersection and the mirror is given 
by: 



d=R 



2 cos 



f «A 



sin 



Evaluate d for y/R = 2/3: 



d = (6cm)<|l 
= 1.975 cm 



2 cos 



-i 



sin 



Evaluate d for y/R = 1/12: 



d = (6 cm) 



1 



2 cos 



f 










sin 1 






> 


V 


V 12y 


J 







= 2.990 cm 



Express the spread Sx: 



8x = 2.990 cm -1.975 cm = 



1.01cm 



in good agreement with the result obtained 
above. 



(b) Evaluate d for ylR = 1/3: 
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d = (6 cm) 



2 cos 



sin 



= 2.818cm 



Express the new spread Sx': 



&' = 2.990cm- 2.818cm = 0.172cm 



Express the ratio of Sx' to 8x: 



Sx' _ 0.172cm 
Sx 1.01cm 



= 17.0% 



By blocking off the edges of the mirror so that only paraxial rays within 2 cm 
of the mirror axis are reflected, the spread is reduced by 83.0%. 
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Picture the Problem We can use the mirror equation to find the focal length of the 
mirror and then apply it a second time to find the object position after the mirror has been 
moved. 



Solve the mirror equation for/: 



ss 



s +s 



Substitute numerical values and 
evaluate/: 



„ (l00cm)(75cm) Q/ 
f = ±z ^— '- = 42.86cm 



75cm + 100 cm 



Solve the mirror equation for s: 



s = 



fs' 
s'-f 



Find s forf- -42.86 cm and 
s' = - 35 cm: 



s = 



(-42.86cm)(-35cm) 
-35 cm -(-42.86 cm) 



= 190.9cm 



The distance d the mirror moved is: 



d =190.9cm-100cm= 90.9cm 



41 

Picture the Problem We can use the mirror equation, with s = oo, to find the image 
distance in the large mirror. Because this image serves as a virtual object for the small 
mirror, we can use the mirror equation a second time to find the focal length and, hence, 
the radius of curvature of the small mirror. 



(a) Express the mirror equation: 



1 + 1 - 2 
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Because s = go: 



1 2 



and s ' = \ r 



Substitute numerical values and 
evaluate s'\ 



s' = i(5m) = 2.5m 



This image serves as a virtual object 
for the small mirror at 
s - -0.5 m. Solve the mirror 
equation for the focal length of the 
small mirror: 

Substitute numerical values and 
evaluate / smaU : 

The radius of curvature is twice the 
focal length: 



f small 



SS 



small 



s+s 



r small 



_ (-0.5 m) (2 m) _ 
2m + (-0.5m)~ 

2/ small = 2(- 0.667 m) 



0.667 m 



1.33m 



(b) Because / s ~ < 0, the small mirror is convex. 



Images Formed by Refraction 



42 • 

Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the glass-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The writing on the paper will, 
therefore, appear to be closer than it 
actually is. We can use the equation for 
refraction at a single surface to find the 
distance s'. 




Object on sheet 



Use the equation for refraction at a 
single surface to relate the image and 
object distances: 

Here we have tii = n, n% = 1, and 
r-co. Therefore: 



— + — 
s s' 
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Solve for s': 



s 
n 



Substitute numerical values and 
evaluate s': 



s = ■ 



2 cm 
T5~ 



1.33cm 



where the minus sign tells us that the image 
is 1.33 cm below the glass surface. 
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Picture the Problem The diagram shows 
two rays (from the bundle of rays) of light 
refracted at the water-air interface. Because 
the index of refraction of air is less than 
that of water, the rays are bent away from 
the normal. The fish will, therefore, appear 
to be closer than it actually is. We can use 
the equation for refraction at a single 
surface to find the distance s'. We'll 
assume that the glass bowl is thin enough 
that we can ignore the refraction of the 
light passing through it. 




Image of 
Fish 



(a) Use the equation for refraction at 
a single surface to relate the image 
and object distances: 



s s' r 



Here we have n\-n and n z = 1. 
Therefore: 



n 1 _ 1 — n 

s s' r 



Solve for s'\ 



Substitute numerical values and 
evaluate s'\ 



rs 



s = 



s' = 



<!-»)■ 



nr 



(- 20cm)(l0cm) 



(l0cm)(l-1.33)-(l.33)(-20 cm 



-8.54cm 



where the minus sign tells us that the image 
is 8.54 cm from the front surface of the 
bowl. 
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(b) Repeat (a) with s = 30 cm: 



s = 



(- 20 cm) (30 cm) 



(30cm)(l-1.33)-(l.33)(-20 cm 



35.9cm 



where the minus sign tells us that the image 
is 35.9 cm from the front surface of the 
bowl. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 



Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



s s' r 



(1) 



Here we have ti\ = 1 and 
n 2 -n - 1.5. Therefore: 



l^n n -1 

s s' r 



Solve for s': 



nrs 



s = 



in -I)- 



(a) Substitute numerical values 
(s - 35 cm and r = 7.2 cm) and 
evaluate s': 



s' = 



(l.5)(7.2cm)(35 cm 
(35cm)(l.5-l)-(7.2 cm 



36.7 cm 



where the positive distance tells us that the 
image is 36.7 cm in back of the surface and 
is real. 




(b) Substitute numerical values 
(s - 6.5 cm and r - 7.2 cm) and 
evaluate s'\ 



,_ (l.5)(7.2cm)(6.5 cm 
' ~ (6.5cm)(l.5-l)-(7.2cm) 



17.8cm 



where the minus sign tells us that the image 
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is 17.8 cm in front of the surface and is 



virtual. 




(c) When s = <x>, equation (1) 
becomes: 



n n-l 
s'~ r 



Solve for s'\ 



Substitute numerical values and 
evaluate s'\ 



s = 



nr 
n^l 



(1.5) (7.2cm) 



21.6cm 



1.5-1 

i.e., the image is at the focal point, is 



real, and of zero size. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
image distance that corresponds to parallel light rays in the rod. 



Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



n, rir, n 0 - n. 



(1) 



Parallel rays imply that s' = oo. 
Therefore: 



1 n-l 

s r 



Solve for s: 



s = ■ 



n-l 



Substitute numerical values and 



s = ■ 



7.2cm 
1.5-1 



14.4cm 
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evaluate s: 



The ray diagram is shown below: 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 



Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



— + — 
s s' 



(1) 



Here we have ti\ = 1 and 
n 2 -n - 1.5. Therefore: 



l^n n -1 
s s' r 



Solve for s': 



(a) Substitute numerical values 
(s - 35 cm and r - -7.2 cm) and 
evaluate s': 



nrs 



s = 



<n-l)- 



,_ (l.5)(-7.2cm)(35cm) 
~(35cm)(l.5-l)-(-7.2 cm 



15.3cm 



where the minus sign tells us that the image 
is 15.3 cm in front of the surface of the rod 



and is virtual. 
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(b) Substitute numerical values 
(s = 6.5 cm and r - -7.2 cm) and 
evaluate s': 



s' = 



(l.5)(-7.2cm)(6.5cm) 
(6.5cm)(l.5-l)-(- 7.2cm) 



- 6.72cm 



where the minus sign tells us that the image 
is 6.72 cm in front of the surface of the rod 
(located at the object) and is 



virtual. 



(c) When s = <x>, equation (1) 
becomes: 




n 

7 



71-1 



Solve for s': 



s 



ur 



Substitute numerical values and 
evaluate s': 



s' = 



(1.5) (-7.2 cm) 



1.5-1 



21.6cm 



where the minus sign tells us that the image 
is 21.6 cm in front of the surface of the rod 



and is virtual. 
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c 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 



Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



n, 

• + ■ 
s s' 



n, - n. 



(1) 



Solve for s'\ 



s' = 



s(n 2 -n^)-n x r 



(a) Substitute numerical values 
(s = 35 cm, Tii - 1.33, n 2 = 1.5, and 
r = 7.2 cm) and evaluate s': 



s' = 



(l.5)(7.2cm)(35 cm 



(35 cm)(l .5 - 1 .33) - (l .33)(7.2 cm) 



104 cm 



where the negative distance tells us that the 
image is 104 cm in front of the surface and 



is virtual. 




(b) Substitute numerical values 
(s = 6.5 cm) and evaluate s': 



s = 



(l.5)(7.2cm)(6.5cm) 
(6.5 cm)(l. 5 -1.33) -(1.33X7.2 cm) 



-8.29cm 



where the minus sign tells us that the image 
is 8.29 cm in front of the surface and is 



virtual. 
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(c) When s = oo, equation (1) 
becomes: 




Solve for s': 



Substitute numerical values and 
evaluate s': 



1.5 



1.5-1.33 



(7.2 cm): 



63.5cm 



i.e., the image is 63.5 cm to the right of the 



surface (at the focal point) and is real 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images corresponding to these three object positions. The signs of the image distances 
will tell us whether the images are real or virtual and the ray diagrams will confirm the 
correctness of our analytical solutions. 



Use the equation for refraction at a 
single surface to relate the image 
and object distances: 



(1) 



Solve for s': 



n 2 rs 



s(n 2 -n 1 )-n 1 r 



(a) Substitute numerical values 
(s = 35 cm) and evaluate s': 



s = 



(l.5)(-7.5cm)(35 cm) 



(35cm)(l.5 -1.33)- (1.33X- 7.5 cm 



24.7 cm 



where the minus sign tells us that the image 
is 24.7 cm in front of the surface and is 



virtual. 
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(b) Substitute numerical values 
(s = 6.5 cm) and evaluate s': 



s' = 



(1.5) (-7. 5 cm) (6.5 cm) 



(6.5cm)(l.5-1.33)-(l.33)(-7.5 cm 



-6.60 cm 



where the minus sign tells us that the image 
is 6.60 cm in front of the surface and is 



virtual. 




(c) When s = oo, equation (1) 
becomes: 



n 2 _n 2 - ftj 



Solve for s': 



s=- 



n 2 r 
n 2 -n x 



Substitute numerical values and 
evaluate s'\ 



-66.2cm 



(1.5) (-7.5cm) 
1.5-1.33 



i.e., the image is at the focal point, is 



virtual, and of zero size. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 



(a) Use the equation for refraction at n x n 2 _ n 2 — n x 

a single surface to relate the image s s' r 

and object distances at the first 
surface: 



Solve for s' : ,_ n 2 rs 

s{n 2 -n^)-n x r 



Substitute numerical values 
and evaluate s': 



(l.6)(8cm)(20 cm 
(20cm)(l.6-l)-(8 cm 

64.0cm 



(b) The object for the second surface (l)(-16cm)(32cm) 

is 96 cm - 64 cm = 32 cm from the (32cm)(l-1.6)-(l.6)(-16cm) 

surface whose radius is 16 cm. _ _ go 0 cm 

Substitute numerical values and 

evaluate s': 



The final image is 96 cm - 80 cm = 16 cm from the surface whose radius 
is 8 cm and is virtual. 
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Picture the Problem We can use the equation for refraction at a single surface to find the 
images due to refraction at the ends of the glass rod. The image formed by the refraction 
at the first surface will serve as the object for the second surface. The sign of the final 
image distance will tell us whether the image is real or virtual. 
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(a) Use the equation for refraction at 
a single surface to relate the image 
and object distances at the first 
surface: 



n x ^n 2 n 2 — n x 



s s 



(1) 



Solve for s': 



s = 



n 2 rs 



s{n 2 -ny)—n x r 



Substitute numerical values 
and evaluate s'\ 



,_ (l.6)(l6cm)(20 cm 
~ (20cm)(l.6-l)-(l6 cm 



= -128cm 



(b) The object for the second surface 
is 96 cm + 128 cm - 224 cm from 
the surface whose radius is 8 cm. 
Substitute numerical values and 
evaluate s': 



(l)(-8cm)(224cm) 



(224cm)(l-1.6)-(l.6)(-8 cm) 



14.7 cm 



(c) The final image is 14.7 cm from the far end of the rod and is real. 



Thin Lenses 
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Picture the Problem We can use the lens-maker's equation to find the focal length of 
each of the lenses. 



The lens-maker's equation is: 



- = (n-l) 



V r i r 2j 



where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 



(a) For ri = 15 cm and r 2 - -26 cm: 



— = (1-5-1) 

/ 

and 

/ = 1 19.0cm 



1 



1 



15 cm -26 cm 
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A double convex lens is shown to 
the right: 



(b) For r\ = <x> and r 2 - -15 cm: 



7 

and 

/ = 



= (1.5-1) 



oo 



30.0cm 



1 



-15cm 



A plano-convex lens is shown to the 
right: 




(c) For r\ = -15 cm and 
r 2 - +15 cm: 



1 

7 

and 
/ = 



= (1.5-1) 



1 



1 



15cm 15cm 



15.0cm 



A double concave lens is shown to 
the right: 



(d) For r\ = qo and r 2 - +26 cm: 



4 = &-5-1) 



7 

and 
/ = 



j_ 1_ 

co 26 cm 



52.0cm 



A plano-concave lens is shown to 
the right: 
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Picture the Problem We can use the lens-maker's equation to find the focal length of the 
lens. 



The lens-maker's equation is: 



- = (n-l) 



V r i r 2j 



where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 



Substitute numerical values to 
obtain: 



- = (1.62-1) 



1 



1 



100 cm -40 cm 



Solve for/: 



/= 108cm 
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Picture the Problem We can use the lens-maker's equation to find the focal length of the 

s' 

lens and the thin-lens equation to locate the image. We can use m = to find the 

s 

lateral magnification of the image. 



(a) The lens-maker's equation is: 



/ 



(n-1) 



1 1 



where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 



Substitute numerical values to 
obtain: 



T = (l-45-l) 



/ 



1 



1 



30 cm 25 cm 



Solve for/: 



/ 



30.3 cm 



(b) Use the thin-lens equation to 
relate the image and object 
distances: 



I 1-1 



Solve for s': 



s = 



s-f 



Substitute numerical values and 
evaluate s': 



,_ (-30.3cm)(80 cm 
~ 80 cm -(-30.3 cm)" 



22.0 cm 
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(c) The lateral magnification of the 
image is given by: 



m 



s 
s 



Substitute numerical values and 
evaluate m: 



m 



-22 cm 
80cm 



0.275 



(d) Because s ' < 0 and m > 0, the image is virtual and upright 
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Picture the Problem We can use the lens-maker's equation to find the focal length of 
each of the lenses described in the problem statement. 



The lens-maker's equation is: 



7 = M) 



/ 



where the numerals 1 and 2 denote the first 
and second surfaces, respectively. 



(a) For r x = 20 cm, r 2 = 10 cm: 



- = (l.6-l/ 1 



1 



20cm 10cm 



and 

/ = 



-33.3cm 



A sketch of the lens is shown to the 
right: 



(b) For r\ = 10 cm, r 2 = 20 cm: 




7 = M"1) 



/ 
and 

/ = 



1 



1 



10 cm 20 cm 



33.3cm 



A sketch of the lens is shown to the 
right: 



962 Chapter 32 



(c) For r\ = -10 cm, r 2 - -20 cm: 



7 = 
and 

/ = 



(1.6-1) 



1 



1 



10cm -20cm 



J 



33.3cm 



A sketch of the lens is shown to the 
right: 




Remarks: Note that the lenses that are thicker on their axis than on their 
circumferences are positive (converging) lenses and those that are thinner on their 
axis are negative (diverging) lenses. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = l/f 

y s ' 

and the size of the image from m = — = . 

y s 




The image is real, inverted, and diminished. 

The thin-lens equation is: 1 1 _ 1 

7 7"7 



Solve for s': 



Use the definition of the power of 
the lens to find its focal length: 



Substitute numerical values and 
evaluate s': 



s-f 



f 



1 1 



P 10m 



0.1m = 10cm 



, _ (l 0 cm) (25 cm) 



s = 



25 cm-lOcm 



16.7 cm 
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Use the lateral magnification 
equation to relate the height of the 
image y' to the height y of the object 
and the image and object distances: 

Solve for y': 



m 



y_ 
y 



s 
s 



y = — y 

s 



Substitute numerical values and 
evaluate y'\ 



16.7 cm/ x 

y =— ^ (3cm): 

25 cm 



2.00 cm 



Because s ' > 0 and y ' = -2.00 cm, the image is real, inverted, and diminished 
in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = l/f 

and the size of the image from m = — = — — . 



y 




S 
















V 





The image is real and inverted and appears to be the same size as the object. 
The thin-lens equation is: j_ _j_ _ _j_ 

S 7"7 



Solve for s': 



s = 



s-f 



Use the definition of the power of 
the lens to find its focal length: 

Substitute numerical values and 
evaluate s': 



f = — = — ^ = 0.1m = 10cm 
P 10 m 1 



,_ (l 0 cm) (20 cm) _ 

i — — 

20cm-10cm 



20.0 cm 
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Use the lateral magnification y s 
b m = — = 

equation to relate the height of the y s 

image y' to the height y of the object 
and the image and object distances: 



Solve for y': , s 

y y = — y 

s 



Substitute numerical values and , 20 cm 

y = 

evaluate y'; 20 cm 



(lcm): 



■1.00 cm 



Because s ' > 0 and y' = -1 cm, the image is real, inverted, and the same size 
as the object in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = l/f 

and the size of the image from m = — = — — . 

y * 




The image is virtual, upright, and diminished. 



The thin-lens equation is: 1 _j_ _ J 

7 7"7 



Solve for s': ,_ fs 



s-f 



Use the definition of the power of 
the lens to find its focal length: 

Substitute numerical values and 
evaluate s': 



f -p- 



10m 



= -0.1m = -10cm 



, _ (-10cm)(20cm) _ 
~ 20cm -(-10cm) ~ 



6.67 cm 
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Use the lateral magnification y s 
b m = — = 

equation to relate the height of the y s 

image y' to the height y of the object 
and the image and object distances: 



Solve for y': , s 

y y = — y 

s 



Substitute numerical values and , —6. 67 cm/ \ 

y = (1.5 cm): 

evaluate y': 20 cm 



0.500 cm 



Because s' < 0 and y' =0.500 cm, the image is virtual, erect, and 

about one - third the size of the object in agreement with the ray diagram. 
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Picture the Problem The parallel and central rays were used to locate the image in the 
diagram shown below. The power P of the lens, in diopters, can be found from P = l/f 

and the size of the image from m = — — . 

s 

(a) A negative object distance implies that the object is a virtual object, i.e., that light rays 
converge on the object rather than diverge from the object. A virtual object can occur in a 
two-lens system when the first lens forms an image that is at a distance — \s\ from the 

second lens. 

(b) The thin-lens equation is: 1 1 _ 1 
Solve for s': ,_ fs 



10.0 cm 



s-f 

Substitute numerical values and , _ (20 cm) (- 20 cm) 

evaluate s' : - 20 cm - (20 cm) 

The lateral magnification is: s' 10cm 

b m = = = 

s -20cm 

The parallel and central rays were used to locate the image in the ray diagram shown 
below: 



0.500 
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Because s ' > 0 and m > 0, the image is real, erect, and one - half the size 
of the virtual object. 



(c) Proceed as in (b) with 
s - -10 cm and/= -30 cm: 



s' = 



(-30cm)(-10cm) 
-10cm -(-30cm) 



= 15.0cm 



and 

s' 



15cm 



= 1.500 



m = = - 

s 



-10cm 



The parallel and central rays were used to locate the image in the ray diagram shown 
below: 



Because s' > 0 and m = 1.5, the image is real, erect, and one and one - half 
times the size of the virtual object. 
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Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 

(a) The parallel, central, and focal rays were used to locate the image formed by the first 
lens and the parallel and central rays to locate the image formed by the second lens. 
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Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 

Substitute numerical values and 
evaluate s,' : 



3 i J\ 



(i) 



,_ (l0cm)(20cm) _ 
20cm -10cm 



20 cm 



Find the lateral magnification of the 
first image: 



s' 20cm 
m l = — - = = -1 



20 cm 



Because the lenses are separated by 
35 cm, the object distance for the 
second lens is 

35 cm - 20 cm =15 cm. Equation 
(1) applied to the second lens is: 

Substitute numerical values and 
evaluate s 2 ' '■ 



fl S 2 



S 2 fl 



,_ (I0cm)(l5 cm 
2 15cm-10cm 



30 cm 



and the final image is 
object. 



85.0cm 



from the 



Find the lateral magnification of the 
second image: 



in , 



30 cm 
15cm 



Because s \ > 0 and m = m l m 1 = 2, the image is real, erect, and twice the 
size of the object. 



The overall lateral magnification of 
the image is the product of the 
magnifications of each image: 



m 



m t m 2 =(-!)(- 2): 



2.00 
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Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 



(a) The parallel, central, and focal rays were used to locate the image formed by the first 
lens and the parallel and central rays to locate the image formed by the second lens. 
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Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 

Substitute numerical values and 
evaluate s,' : 



(I0cm)(20c m ) = 20cm 



20cm -10cm 



Find the lateral magnification of the 
first image: 



s\ 20cm 
m 1 = L = = -1 



20 cm 



Because the lenses are separated by 
35 cm, the object distance for the 
second lens is 

35 cm - 20 cm =15 cm. Equation 
(1) applied to the second lens is: 

Substitute numerical values and 
evaluate s 2 ' : 



fl S 2 



, (-15cm)(l5cm) 

2 ' = p { = -7.5 cm 

15 cm -(-15 cm) 



and the final image is 
object. 



47.5cm 



from the 



Find the lateral magnification of the 
second image: 



m 2 =• 



-7.5 cm 
15cm 



= 0.5 



Because s' 2 < 0 and m = m,m 2 = -0.5, the image is virtual, inverted, and 
half as large as the object. 



The overall lateral magnification of 
the image is the product of the 
magnifications of each image: 



m = m l m 2 = (— 1)(0.5) = 



-0.500 
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Picture the Problem We can use the thin-lens equation and the definition of the lateral 
magnification to show that s = (m - l)flm. 
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(a) Express the thin-lens equation: 1_ J_ _ _j_ 

7 7"7 



Express the lateral magnification of s , 

r & m = => s = -ms 

the image and solve for s': s 



Substitute to obtain: 1_ 1 1 



s -ms f 



Solve for s: 



WW 



m 



(b) The magnification m is: 



y' 24mm 

m = = = -0.0137 

y 1.75m 



Substitute numerical values and 
evaluate s: 



_ (-0.0137-1) (50 mm) _ 
-0.0137 



3.70m 
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Picture the Problem We can plot the first graph by solving the thin-lens equation for the 
image distance s' and the second graph by using the definition of the magnification of the 
image. 

(a) and (b) Solve the thin- lens , _ fa 

equation for s' to obtain: s — f 

The magnification of the image is s ' 
& & m 

given by: s 

A spreadsheet program to calculate s'as a function of s is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


12 


/ 


A4 


13.2 


s 


A5 


A4+ 1 


s + As 


B4 


$B$1*A4/(A4-$B$1) 


fa 






s-f 


C5 


-B4/A4 


s' 






s 
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A 


B 


C 


1 


f= 


12 


cm 


2 








3 


s 


s 


m 


A 

4 


13.2 


132.00 


-10.00 


c 

J 


14.2 


77.45 


-5.45 


6 


15.2 


57.00 


-3.75 


/ 


16.2 


46.29 


-2.86 


o 
0 


17.2 


39.69 


-2.31 


y 


18.2 


35.23 


-1.94 










108 


117.2 


13.37 


-0.11 


109 


118.2 


13.36 


-0.11 


110 


119.2 


13.34 


-0.11 


111 


120.2 


13.33 


-0.11 



A graph of s' as a function of s follows. 
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(C) 



The images are real and inverted for this range of object distances. 



{d) 



The asymptotes of the graph of s ' versus s correspond to the focal 
length of the lens. The horizontal asymptote of the graph of m versus 
s indicates the fact that, as the object moves away from the lens, the 
image formed by the lens approaches the far focal point and its size 
approaches zero. 
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63 

Picture the Problem We can plot the first graph by solving the thin-lens equation for the 
image distance s' and the second graph by using the definition of the magnification of the 
image. 

(a) and (b) Solve the thin- lens , _ fa 

equation for s' to obtain: s — f 

The magnification of the image is s ' 
b b m = 

given by: s 

A spreadsheet program to calculate s'as a function of s is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


Bl 


12 


/ 


A4 


0.12 


s 


A5 


A4 + 0.1 


s + As 


B4 


$B$1*A4/(A4-$B$1) 


fa 






s-f 


C5 


-B4/A4 


s' 






s 





A 


B 


C 


1 


f= 


12 


cm 


2 








3 


s 


s' 


m 


4 


0.12 


-0.12 


1.01 


5 


0.22 


-0.22 


1.02 


6 


0.32 


-0.33 


1.03 


7 


0.42 


-0.44 


1.04 


8 


0.52 


-0.54 


1.05 


9 


0.62 


-0.65 


1.05 










108 


10.52 


-85.30 


8.11 


109 


10.62 


-92.35 


8.70 


110 


10.72 


-100.50 


9.37 


111 


10.82 


-110.03 


10.17 



972 Chapter 32 

A graph of s' as a function of s follows. 
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(C) 



The images are virtual and erect for this range of object distances. 



(d) 



The asymptote of the graph of s' versus s corresponds to the image 
approaching infinity as the object distance approaches the focal 
length of the lens. The horizontal asymptote of the graph of m versus 
s indicates that, as the object moves toward the lens, the height of the 
image formed by the lens approaches the height of the object. 



*64 » 

Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 



Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 

Substitute numerical values and 
evaluate s,' : 



3 i J\ 



,_ (I5cm)(l5 cm 
15cm-15cm 



GO 



CD 



With = co, the thin-lens equation 
applied to the second lens becomes: 



j_ J_ 

S 2 fl 



S 2 ~ J2 



15.0cm 
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A ray diagram is shown below: 




The final image is 50 cm from the object, real, inverted, and the same 
size as the object. 
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Picture the Problem We can apply the thin-lens equation to find the image formed in the 
first lens and then use this image as the object for the second lens. 



Apply the thin-lens equation to 
express the location of the image 
formed by the first lens: 

Substitute numerical values and 
evaluate s { ' : 



s i~fi 



(1) 



,_ (I5cm)(l5cm) 

1 — 

15cm-15cm 



GO 



With s\ = oo, the thin- lens equation 
applied to the second lens becomes: 



J_ J_ 

S 2 fl 



S l fl 



15.0cm 



A ray diagram is shown below: 




The final image is 50 cm from the object, real, inverted, and the same 
size as the object. 
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Picture the Problem We can substitute x-s -/and x' = s' - fin the thin-lens equation 
and the equation for the lateral magnification of an image to obtain Newton's equations. 
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Express the thin-lens equation: 



If x = s -/and x' = s' -/: 



1 1 

- + - 



Expand this expression to obtain: 



f{x' + x + 2f) = {x + f\x' + f) 

= xx' + xf + x'f + f 2 
or, simplifying, xx' = f 2 (1) 



The lateral magnification is: 



m = 



or, because x-s -/and x' = s' -/ 
x' + f 



m = — 



x+f 



Solve equation (1) for x: 



x = 



x' 



Substitute for x and simplify to 
obtain: 



m = — 



x' + f 


f 2 

— +f 


X 




x' 




"7 





x' + f 
f(f + x') 



X 



The lateral magnification is also 
given by: 



m = — 



x'+f 
x + f 



From equation (1) we have: 



x'=^— 

X 



Substitute to obtain: 



m = 



f 

—+f 


f 




X 




yx y 


x + f 


X 











I 

X 
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The variables x, f, s, and s' are shown in the sketch below: 




67 ••• 

Picture the Problem The ray diagram shows the two lens positions and the 
corresponding image and object distances (denoted by the numerals 1 and 2). We can use 
the thin-lens equation relate the two sets of image and object distances to the focal length 
of the lens and then use the hint to express the relationships between these distances and 
the distances D and L to eliminate Si, Si, S2, and s 2 ' and obtain an expression relating/ D, 
and L. 



Relate the image and object 
distances for the two lens positions 
to the focal length of the lens: 



111 111 

— + — = — and — + — = ■ 



/ 



s 2 s 2 f 



Solve for/ to obtain: 



S 2 S 2 

s 2 +s 2 ' 



(1) 



The distances D and L can be 
expressed in terms of the image and 
object distances: 



D = s 1 + j/ = s 2 + s 2 
and 

L/ — *S*2 — $y ^2 



Substitute for the sums of the image 
and object distances in equation (1) 
to obtain: 



1 1 ^2 ^2 



D D 



From the hint: 



s l = s 2 and 5,' = s 2 



Hence D = S\ + s 2 and: 



D—L-2s 1 and D + L — 2s 2 



Take the product of D - L and 
D + L to obtain: 

From the thin-lens equation: 



(d-l)(d + l)=d 2 -l 

= 4, 

4s^ 2 = rs^ = 4fD 



Substitute to obtain: 



4fD = D 2 - L 2 
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Solve for/: 



/ = 



D 



AD 



68 

Picture the Problem We can use results obtained in Problem 67 to find the focal length 
of the lens and the two locations of the lens with respect to the object. 

(a) From Problem 77 we have: D 2 — L 2 

~ 4D 



Substitute numerical values and 
evaluate/: 



(l.7m) 2 -(0.72 m) 2 
4(1 .7 m) 



34.9 cm 



(b) Solve the thin-lens equation for 
the image distance to obtain: 



f-s 



(1) 



In Problem 77 it was established 
that: 



D-L = 2s l and D + L = 2s 2 



Solve for si and s 2 : 



D-L 



s { = and s 2 = ■ 



D + L 



Substitute numerical values and 
evaluate si and s 2 : 



and 



170cm -72cm 



170cm + 72cm 



49.0cm 



121cm 



69 ••• 

Picture the Problem The ray diagram shows four rays from the head of the object that 
locate images I x and I 2 . We can use the thin-lens equation to find the location of the 
image formed in the positive lens and then, knowing the separation of the two lenses, 
determine the object distance for the second lens and apply the thin lens a second time to 
find the location of the final image. 









/ 










Object 


V 
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(a) Express the object-to-image 
distance d: 



J=5 1 +5cm + 5 2 ' (1) 



Apply the thin-lens equation to the 
positive lens: 



— + — - — 



Solve for s r ' 



s i~fi 



s, = 



Substitute numerical values and 
evaluate s,' : 



, _ (8.5cm)(l7.5cm) _ 
1 17.5cm-8.5cm 



16.53cm 



Find the object distance for the 
negative lens: 



s 2 = 5cm - 5/ = 5cm - 16.53cm 
= -11.53cm 



The image distance j 2 ' is given by: 



A 2 — ■ 



S 2 fi 



Substitute numerical values and 
evaluate s{: 



, (-30cm)(- 11.53cm) , an 

s' = -i >-±—, { = 18.7 cm 

2 -11.53cm -(-30cm) 



Substitute numerical values in 



d = 17.5cm + 5cm + 18.7 cm 



equation (1) and evaluate d: 




41.2cm 




(b) The overall lateral magnification 
is given by: 


m = 


m,m 2 




Express m.\ and m 2 \ 


m l = 


-— and m 2 = -— 
s i s 2 


Substitute to obtain: 


m = 




s 2 J s x s 2 


Substitute numerical values and 
evaluate m: 


m = 


(I6.53cm)(l8.7cm) 
(l7.5cm)(- 11.53 cm 



1.53 



Because m < 0, the image is inverted. Because s 2 > 0, the image is real. 
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Aberrations 



*70 • 

Determine the Concept Chromatic aberrations are a consequence of the differential 



refraction of light of differing wavelengths by lenses, (a) is correct. 



71 • 

(a) False. Aberrations are a consequence of imperfections in lenses. 



(b) True. 



72 • 

Picture the Problem We can use the lens-maker's equation to find the focal length the 
this lens for the two colors of light. 



The lens-maker's equation relates 
the radii of curvature and the index 
of refraction to the focal length of 
the lens: 



/ 



1 1 



'2 J 



(a) For red light: 



1 



/red 

and 

/red = 



(1.47-1) 



1 



1 



10cm -10cm 



10.6cm 



(b) For blue light: 



— *— = (l.53-l) 

/blue 



1 



1 



10cm -10cm 



and 

/blue = 



9.43cm 



The Eye 



*73 

Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 

(a) Use the thin-lens equation to 
relate the image and object distances 
to the power of the lens: 



1 1 1 „ 

- + — = — = P 

s s' f 
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Because s' = d and, for a distance 
object, s = go: 

(b) If X np is the closest distance an 

object could be and still remain in 
clear focus on the screen, equation 
(1) becomes: 

(c) Use our result in (a) to obtain: 



Use the results of (a) and (b) to 
express the accommodation of the 
model eye: 

Substitute numerical values and 
evaluate A: 



7 



p . = 



— - 

*np d 



1 



A = P_ 



2.5cm 

P.. 



40.0D 



max mm 



J_ + l_l- J 

jc d d x. 



up 



np 



A = 



1 



25 cm 



4.00 D 
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Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 

(a) Use the thin-lens equation to ^ + ^ _ ^ _ p 

relate the image and object distances s s' f 

to the power of the lens: 



Because s' = d and s = x ip : 

min 



(b) To correct for the 
nearsightedness of this eye, we need 
a lens that will form an image 25 cm 
in front of the eye of an object at the 
eye's far point: 

75 

Picture the Problem The thin-lens equation relates the image and object distances to the 
power of a lens. 



1 1 

+ — 



P.^ = 



1 



1 



50cm -25cm 



2.00D 



(a) Use the thin-lens equation to 
relate the image and object distances 
to the power of the lens: 



111., 

- + — = — = P 

s s' f 
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Because s' - d and s - x' 



np- 



(b) For a normal eye: 



The amount by which the power of 
the lens is too small is the difference 
between equations (2) and (1): 



(c) For x D? = 15 cm and 
x' n p =150 cm: 



1 1 

— + — 



np 



(1) 



x d 

np 



(2) 



P -P' 

max max 



— + - 



1 1 

— + - 



x d 

V n P J 



1 1 



-^np X np 



P -P' = 

max max 



1 



1 



15cm 150cm 



= 6.00 D 



76 • 

Picture the Problem We can use the thin-lens equation to find the distance from the lens 
to the image and then take their difference to find the distance the lens would have to be 
moved. 



Express the distance d that the lens « - s ' ~ f 

would have to move: 

Solve the thin-lens equation for s': , _ fi 

s " w 7 



Substitute to obtain: 



d = 



fi 



f 



f 



Substitute numerical values and 
evaluate d: 



d = 



(2.5cm)(25cm) 
25 cm - 2.5 cm 



2.5cm 



0.278 cm 



That is, the lens would have to move 0.278 
cm toward the object. 



77 • 

Picture the Problem We can apply the thin-lens equation for the two values of s to find 
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Express the change A/in the focal 
length: 



A/ = /, =3m -/ J 



1=0.3 m 



Solve the thin-lens equation for s: 



Substitute to obtain: 



/ 



A/ 



ss 



s +s 



S 03m S 0.3m 



S 3m + S 3m S 0.3m + S 0.3m 



or, because s' 3m = s^m, 



Af = s' 3 



J 0.3m 



S 3m + ^3m S 0.3m + S 0.3m 



Substitute numerical values and evaluate A/: 



A/ =(2.5 cm) 



300 cm 



30 cm 



2.5cm + 300cm 2.5cm + 30cm 



0.172cm: 



1.72 mm 



78 • 

Picture the Problem We can use the thin-lens equation and the definition of the power 
of a lens to express the near point distance as a function of P and s. 



From the thin-lens equation we 
have: 



s S' / 



Solve for s': 



Ps-l 



Substitute numerical values and 
evaluate s': 



s' = 



25 cm 



(lJSnT'Xo^Sm)-! 



= -44.4 cm 



The person' s near point with lenses is 44.4 cm. 



*79 • 

Picture the Problem We can use the relationship between a distance measured along the 
arc of a circle and the angle subtended at its center to approximate the smallest angle the 
two points can subtend and the separation of the two points 
20 m from the eye. 



(a) Relate # niin to the diameter of the 
eye and the distance between the 
activated cones: 
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Solve for #,„;„: 



Q 



2jum 



eye 



Substitute numerical values and 
evaluate 0 min : 



2jum 
2.5cm 



80.0 prad 



(b) Let D represent the separation of 
the points R = 20 m from the eye to 
obtain: 



D = *£^=(20m)(80^ad) 



= 1.60 mm 



80 

Picture the Problem We can use the thin-lens equation to find/ and the definition of the 
power of a lens to find P. 



(a) Solve the thin-lens equation for 
/: 

Noting that s' < 0, substitute 
numerical values and evaluate/: 



/=3 



ss' 



s +s 



_ (45 cm) (-80 cm) _ 
- 80cm + 45 cm 



103 cm 



(b) Use the definition of the power 
of a lens to obtain: 



P = — 



1 1 



/ 1.03m 



0.971 diopters 



81 

Picture the Problem We can use the thin-lens equation to find /and the definition of the 
power of a lens to find P. 



Express the required power of the 
lens: 



P = 



7 



The thin-lens equation is: 



I 1-1 

s + s'~ f 



For s = oo: 



j__ j_ 

^"7 



f = s' 



Substitute for/to obtain: 



Substitute for s' and evaluate P: 



P = 



1 

2.25m 



0.444 diopters 
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82 

Picture the Problem We can use the lens-maker's equation with s = <x> to find the radius 
of the cornea modeled as a homogeneous sphere with an index of refraction of 1 .4. 



Use the lens-maker' s equation to 
relate the radius of the cornea to its 
index of refraction and that of air: 



n i + n 2 _ n 2~ n \ 
s s' r 



Because n 2 = n, ti\ = 1, and s = oo: 



n n — l 



s r 



Solve for r: 



;'(«-!) 



f 1 A 



Substitute numerical values and 
evaluate r: 



r = 



( 1 > 



v 1.4, 



(2.5 cm) = 



0.714cm 



The eye is not a homogeneous sphere. It is filled with a transparent liquid 
(vitreous humor) which has an index of refraction that is not known. If that 
index of refraction differs from 1 .4, there is refraction at the inner surface 
of the cornea which will result in the formation of the image nearer the 
cornea' s surface if n>\A and farther if n < 1 .4, where n is the index of 
refraction of the vitreous humor. If n < 1 .4, then r as calculated above is 
too small. 



83 

Picture the Problem We can use the definition of the power of a lens and the thin-lens 
equation to find the power of the lens that should be used in the glasses. 



Express the power of the lens that 
should be used in the glasses: 



f -ye f glasses 



Because the glasses are 2 cm from 
the eye: 



s' = -80cm + 2 cm = -78 cm 
and 

s = 25 cm- 2cm = 23cm 



Apply the thin-lens equation to the 
eye with s' = oo: 



1 1 



=> /eye = S 



eye 
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Apply the thin-lens equation to the 
glasses with s = <x>: 

Substitute for / eye and / g i asses in 
equation (1) to obtain: 



Substitute numerical values and 
evaluate P: 



1 1 



s' f^ 

J glasses 



glasses 



= s' 



s s' 



P = — - — + = 1 3.07 D 



0.23m -0.78m 
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Picture the Problem We can use the thin-lens equation and the distance from her eyes to 
her glasses to derive an expression for the location of her near point. 



(a) Express her near point, x np , at 
age 45 in terms of the location of her 
glasses: 



x np = \s'\ + 2.2cm 



(1) 



Because the glasses are 2.2 cm from 
her eye: 



s = 25cm-2.2cm = 22.8cm 



Apply the thin-lens equation to the 
glasses: 



I + I=-!- = j. 

S S /glasses 



Solve for s': 



Ps-l p _l 



Substitute in equation (1) to obtain: 



*np = 



+ 2.2cm 



(2) 



Substitute numerical values and 
evaluate x np : 



2.1m" 



1 

0.228 m 



+ 2.2cm 



= 45.9cm 



(b) At age 55: 



s = 40cm- 2.2cm = 37.8cm 
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Substitute numerical values in 
equation (2) and evaluate s': 



2.1 m 



1 

0.378 m 



+ 2.2cm 



= 185cm 



(c) Solve the thin-lens equation for/: 
From the definition of P: 



f 



ss' 



s +s 



p = 



183.3cm + 22.8cm 
(183. 3 cm) (22. 8 cm 



4.93 D 



For s = 22.8 cm and 
s'= 183.3 cm: 

The Simple Magnifier 
*85 • 

Picture the Problem We can use the definitions of the magnifying power of a lens 

( M = x np If ) and of the power of a lens ( P = 1/ f ) to find the magnifying power of the 

given lens. 



The magnifying power of the lens is 
given by: 



Substitute numerical values and 
evaluate M: 



M =^ = Px 



f 



np 



where P is the power of the lens 
M = (20m _1 )(0.3m) = 



6.00 



86 • 

Picture the Problem We can use the definition of the magnifying power of a lens to find 
the required focal length so that this person's lens will have magnification power of 5. 



The magnifying power of the lens is 
given by: 



M =^ 
/ 



Solve for /: 



M 



Substitute numerical values and 
evaluate/: 



/ = 



25 cm 



5.00 cm 
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87 • 

Picture the Problem We can use the definition of the magnifying power of a lens to find 
the magnifying power of this lens. 



The magnifying power of the lens is x np 
given by: f 



Substitute numerical values and ^ _ 35 cm _ i 
evaluate M: 7 cm 1 — : 



88 

Picture the Problem Let the numerals 1 and 2 denote the 1 st and 2 nd persons, 
respectively. We can use the definition of magnifying power to find the effective 
magnifying power of the lens for each person. The relative height of the images on the 
retinas of the two persons is given by the ratio of the effective magnifying powers. 



The magnifying power of the lens is * np 
given by: f 

Substitute numerical values and ^ _ 25 cm _ 

evaluate Mi and M 2 : 1 6 cm ' — : 

and 

40cm I - „ 

M 2 = = 6.67 

6 cm 1 



From the definition of magnifying 
power we have: 



Mi 

M 0 



A 
J_ 

A 
/ 



A 
y 2 



Substitute for Mi and M 2 and 
evaluate the ratio of y\ to y^. 



A 



4.17 
6^67 



0.625 



89 

Picture the Problem We can use the definition of angular magnification to find the 
expected angular magnification if the final image is at infinity and the thin-lens equation 
and the expression for the magnification of a thin lens to find the angular magnification 
when the final image is at 25 cm. 
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(a) Express the angular 
magnification when the final image 
is at infinity: 

Substitute numerical values and 
evaluate M: 



x„ 



M = — = xP 

f " 

where P is the power of the lens 
M = (25cm)(l2m _1 )= I 3.00 



(b) Express the magnification of the 
lens when the final image is at 25 
cm: 



m = 

s 



Solve the thin-lens equation for s: 



s = - 



fs' 

s'-f 



Substitute to obtain: 



Substitute numerical values and 
evaluate m: 



m = 



fi' 
s'-f 
1-s'P 



s'-f = s' 

f f 



+ 1 



m = l-(-0.25m)(l2m" 1 ) = [T| 



*90 

Picture the Problem We can use the definition of the angular magnification of a lens 

x n 

and the thin-lens equation to show that M = -j- + 1 . 



(a) Express the angular 
magnification of the simple 
magnifier in terms of the angles 
subtended by the object and the 
image: 

Solve the thin-lens equation for s: 
Because the image is virtual: 
Substitute to obtain: 



M = 



0_ 



s'-f 
s ' = -x„ n 



(1) 



s = 



f(-*J fa 
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Express the angle subtended by the 
object: 



Express the angle subtended by the 
image: 



Substitute for s to obtain: 



On 



op 



where y is the height of the object. 



0 = 



6 = 



*np+/ 



np 



Substitute in equation (1) and 
simplify: 



(*,+/) 



M 



Qp 



y 



X, 



np 



/ 



_BL + 1 
/ 



(&) In terms of the power of the 
magnifying lens: 

The magnification of a 20-D lens for 
a person with a near point of 30 cm 
and the final image at the near point 
is: 



M=x np P + l 



M =(0.3m)(20rrT 1 )+l = 



7.00 



A ray diagram for this situation is 
shown to the right: 




91 

Picture the Problem We can use the definitions of lateral and angular magnification and 
the result given in Problem 82 to show that, when the image of a simple magnifier is 
viewed at the near point, the lateral and angular magnifications are equal. 



Express the lateral magnification of 
the lens: 



M 



x. 



/ 
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^lateral ^angular 



Because the image is viewed at the * np 
near point,/= s and: $ 

From Problem 32-82: x np 

= y + 

and 

^ = ^ + lor 
s f 

The Microscope 

92 

Picture the Problem We can use the thin-lens equation to find the location of the object 
and the expression for the magnifying power of a microscope to find the magnifying 
power of the given microscope for a person whose near point is at 25 cm. 

(a) Using the thin-lens equation, 1 1 _ 1 

relate the object distance s to the s s' f 0 

focal length of the objective lens/ 0 : 

Solve for s to obtain: _ /qS 1 



From Figure 32-48, the image s ' = f 0 + L = 1 .7 cm + 16 cm = 17.7 cm 

distance for the image formed by the 
objective lens is: 

Substitute numerical values and U-7 cm)(17.7 cm) 

s = 



1.88cm 



evaluates: 17.7 cm -1.7 cm 



(b) Express the magnifying power of L ^ np 

a microscope: ' f Q f e 



Substitute numerical values and M~ _ m ^5cm 

evaluate M: 1 .7 cm 5 . 1 cm 



*93 

Picture the Problem The lateral magnification of the objective is m o = — L f 0 and the 

magnifying power of the microscope is M = m o M e . 



46.1 
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(a) The lateral magnification of the 
objective is given by: 



m , 



fo 



Substitute numerical values and 
evaluate m a : 



m„ = 



16cm 
8.5 mm 



1.88 



(b) The magnifying power of the 
microscope is given by: 



M = m M 

o e 

where M e is the angular magnification of 
the lens. 



Substitute numerical values and 
evaluate M: 



M = (-1.88)(lO) = 



18.8 



94 

Picture the Problem We can find the tube length from the length of the tube to which 
the lenses are fastened and the focal lengths of the objective and eyepiece. We can use 
their definitions to find the lateral magnification of the objective and the magnifying 
power of the microscope. The distance of the object from the objective can be found 
using the thin-lens equation. 



(a) The tube length L is given by: 



L = D-f -f 

Jo J e 

= 0.30m 



20 m 



20.0 cm 



(b) The lateral magnification of the 
objective m D is given by: 



m„ = 



L _ 20cm 

fo 5cm 



4.00 



(c) The magnifying power of the 
microscope is given by: 



M = m o M e = m 0 



Dp 



/e 



Substitute numerical values and 
evaluate M: 



M =(-4) 



25 cm 
5 cm 



20.0 



(d) From the thin-lens equation we 
have: 



— + — - — 

■*o S o fo 

where s o ' = f 0 + L 



Substitute to obtain: 



1 1 



*o fo+ L fo 
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6.25 cm 



Solve for s 0 : f 0 {f 0 + L ) 



Substitute numerical values and _ (5 cm) (5 cm + 20 cm) 

evaluate^: 20 cm 

*95 

Picture the Problem The magnifying power of a compound microscope is the product of 
the magnifying powers of the objective and the eyepiece. 

Express the magnifying power of M = m o m e (1) 
the microscope in terms of the 
magnifying powers of the objective 
and eyepiece: 

From Problem 82, the magnification x nn 

m =— — + l = Px +1 

of the eyepiece is given by: e e np 

The magnification of the objective L 

& m a = 

is given by: f 0 

where L = D-f o -f e 

Substitute to obtain: m _ _ D — f 0 - f e 



Substitute for m e and m Q in equation 
(1) to obtain: 

Substitute numerical values and evaluate M: 



fo 

M=(P e x ap +l) 



fo 



M =[(80D)(0.25m)+l] 



28 cm - 2.22 cm - 1 .25 cm^ 
2.22cm j 



■232 
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Picture the Problem We can find the focal length of the eyepiece from its angular 
magnification and the near point of a normal eye. The location of the object such that it is 
in focus for a normal relaxed eye can be found from the lateral magnification of the 
eyepiece and the magnifying power of the microscope. Finally, we can use the thin-lens 
equation to find the focal length of the objective lens. 
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(a) Relate the focal length of the 
eyepiece to its angular magnifying 
power: 



x x 
M e =^ => f e =^ 



Substitute numerical values and 
evaluate / e : 



25 cm 
15 



1.67 cm 



(b) Relate s to s' through the lateral 
magnification of the objective: 



=> s = 



Relate the magnifying power of the 
microscope M to the lateral 
magnification of its objective m 0 
and the angular magnification of its 
eyepiece M e : 



M = m o M e 



Solve for m. ,: 



Substitute to obtain: 



m , 



Af 
M 



Evaluate 5': 



5' = 22cm- / e 

= 22 cm -1.67 cm = 20.33 cm 



Substitute numerical values and 
evaluate s: 



(20.33 cm)(l5) _ 
-600 



0.508 cm 



(c) Solve the thin-lens equation for 

U 

Substitute numerical values and 
evaluate/ 0 : 



f = — 

J O , 



ss' 



s +s 



fa 



_ (0.508 cm)(20.33 cm 
~ 20.33cm + 0.508cm 



= 0.496 cm 



The Telescope 
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Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f a 6 to find 
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the diameter D of the image of the moon. Because angle subtended by the final image at 
infinity is given by 0 e = M6 o = MO, we can solve (b) and (c) together by first using 

M = —fjf e to find the magnifying power of the telescope. 



(a) Relate the diameter D of the D = s o '0 

image of the moon to the image 
distance and the angle subtended by 
the moon: 



Because the image of the moon is at 
the focal point of the objective lens: 

Substitute numerical values and 
evaluate D: 



= fo 

and 

f 0 o 



D 



D = (l00cm)(0.009rad) = 



9.00 mm 



(b) and (c) Relate the angle 
subtended by the final image at 
infinity to the magnification of the 
telescope and the angle subtended at 
the objective: 



0 = M6> = M6 



Express the magnifying power of the 
telescope: 



M = 



/e 



Substitute numerical values and 
evaluate M and 6> e : 



M = 



100 cm 



20.0 



5 cm 
and 

0 e =(- 20) (0.009 rad) = 



0.180rad 
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Picture the Problem Because of the great distance to the moon, its image formed by the 
objective lens is at the focal point of the objective lens and we can use D = f 0 6 to find 

the diameter D of the image of the moon. 



Relate the diameter D of the image D = s o '0 

of the moon to the image distance 
and the angle subtended by the 
moon: 



Because the image of the moon is at 



= fo 
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the focal point of the objective lens: 

Substitute numerical values and 
evaluate D: 



and 

D = f o 0 

D = (l9.5m)(0.009rad) = 



17.6cm 



*99 •• 

Picture the Problem Because the light-gathering power of a mirror is proportional to its 
area, we can compare the light-gathering powers of these mirrors by finding the ratio of 
their areas. We can use the ratio of the focal lengths of the objective and eyepiece lenses 
to find the magnifying power of the Palomar telescope. 



(a) Express the ratio of the light- 
gathering powers of the Palomar and 
Yerkes mirrors: 



Palomar 



Yerkes 



A, 



Palomar mirror 



Yerkes mirror 



Palomar mirror 



d 



-d 2 

^ Palomar mirror 

— d 2 

^ Yerkes mirror 



Yerkes mirror 



Substitute numerical values and 

evaluate Ppaloma/PYerkes^ 



Palomar 



Yerkes 



(200 in) 2 
(40in) 2 



25.0 



or 



Palomar 



(25.0)P Y 



(b) Express the magnifying power of 
the Palomar telescope: 



M = 



A 

/e 



Substitute numerical values and 
evaluate M: 



M = 



1.68m 
1.25 cm 



134 



100 

Picture the Problem We can use the expression for the magnifying power of a telescope 
and the fact that the length of a telescope is the sum of focal lengths of its objective and 
eyepiece lenses to obtain simultaneous equations in/ D and/ e . 

The magnifying power of the M — — — 7 

telescope is given by: f e 

The length of the telescope is the L = f o + f e = 32 cm 

sum of the focal lengths of the 
objective and eyepiece lenses: 
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Solve these equations 
simultaneously to obtain: 



f 0 = 



28.0cm 



and / = 



4.00 cm 



101 

Picture the Problem The magnification of a telescope is the ratio of the angle subtended 
at the eyepiece lens to the angle subtended at the objective lens. We can use the geometry 
of the ray diagram to express both 9 e and 9 Q . 



(b) The ray diagram is shown below: 




(a) Express the magnifying power 
Mof the telescope: 



Because the image formed by the 
objective lens is at the focal point, 



8 



h_ 

7o 



where we have assumed that 9 a « 1 so 
that tan 9 Q « 9 0 . 



Express the angle subtended by the 
eyepiece: 



h 

6 e = — where / e is negative. 

f 3 



Substitute to obtain: 



M = 



h_ 

f f 

J e J o 

A"/« 

fo 



and M 



L 

/e 



is positive. 



Remarks: Because the object for the eyepiece is at its focal point, the image is at 
infinity. As is also evident from the ray diagram, the image is virtual and upright. 

102 

Picture the Problem We can use the thin-lens equation to find the image distance for the 
objective lens and the object distance for the eyepiece lens. The separation of the lenses is 
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the sum of these distances. We can use the definition of the angular magnification and the 
angles subtended at the objective and eyepiece lenses to find the height of the final 
image. 



(a) Solve the thin-lens equation for 



s„ : 



I J o o 

o _ r 

S 0 -fo 



Substitute numerical values and 
evaluate s' : 



,_ (lm)(30m) 



30m-lm 



103.45cm 



where we have kept more than three 
significant figures in the answer for use in 
(c) and (d). 



(b) Solve the thin-lens equation for 



s» = 



fX 



Noting that s e ' = -25 cm, substitute 
numerical values and evaluate s e : 



-6.25 cm 



(-5cm)(- 25 cm) 
- 25 cm - (- 5 cm) e 

where the minus sign tells us that the object 
of the eyepiece is virtual. 



(c) Express the separation D of the 
lenses: 



Substitute numerical values and 
evaluate D: 



D = 103 .45 cm -6.25 cm = 97.2 cm 



(d) Express the height h' of the final 
image in terms of the magnification 
Mof the telescope: 



h' = Mh 



The magnification of the telescope 
is the product of the magnifications 
of the objective and eyepiece lenses: 



s ' s ' 

M = m 0 m e =— — - 



Substitute to obtain: 



s ' s ' 
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Substitute numerical values and 
evaluate h'\ 



h' 



'103.45 cm v 



v 3000 cm j 



25 cm 



v -6.25 cm j 



(1.5 m) 



20.7 cm 



Express the angular magnification 
of the telescope: 



M = 



0 



The angle subtended by the object 



is: 



0 = 



The angle subtended by the image 
is: 



<9 = tan 



Substitute to obtain: 



M 



tan 



h_ 



^e- tan" 1 
h 



Substitute numerical values and 
evaluate M: 



M 



30 m 
1.5m 



■tan 



r 20.7 cm ^ 
6.25 cm 



25.6 



103 ••• 

Picture the Problem The roles of the objective and eyepiece lenses are reversed. 



Express the magnifying power of the 
"wrong end" telescope: 



M = 



A 

fo 



Substitute numerical values and 
evaluate M: 



M 



1.5 cm 
2.25m 



-6.67x10 



-3 



1/150 



General Problems 
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Picture the Problem We can solve the thin-lens equation for s' and then argue that the 
signs of the numerator and denominator are such that their quotient is always negative. 



998 Chapter 32 

Solve the thin-lens equation for s': 

For a diverging lens: 



s-f 



f < Oand s > 0 for a real object. 



Consequently, the denominator is positive and the numerator is 
negative, so s' must always be negative. 
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Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 



Express the distance As that the lens 
must move to change from focusing 
on an object at infinity to one at a 
distance of 30 m: 

Solve the thin-lens equation for s': 
Substitute and simplify to obtain: 



A* = s' 30 -s' 



fs 



As 



s-f 



S 3Q f S <x f 

fiho f 



= / 



'30 



^30 / 



Substitute numerical values and 
evaluate As: 



As = (200 mm) 



30 m 



30m-0.2m 



= 1.34mm 
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Picture the Problem We can express the distance As that the lens must move as the 
difference between the image distances when the object is at 30 m and when it is at 
infinity and then express these image distances using the thin-lens equation. 

Express the distance As that the lens As = s' s — s' rM 

must move to change from focusing 
on an object at infinity to one at a 
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distance of 5 m: 



Solve the thin-lens equation for s': 



s = 



fs 



s-f 



Substitute and simplify to obtain: 



As = - 



f 



s 5 ~f l-f/s a 



= f 



*5"/ 



Substitute numerical values and 
evaluate As: 



As = (28 mm) 



5m 



5m -0.028m 



= 0.158mm 
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Picture the Problem We can use the thin-lens and magnification equations to obtain 
simultaneous equations that we can solve to find the image and object distances for the 
two situations described in the problem statement. 



(a) Use the thin-lens equation to 
relate the image and object 
distances to the focal length of 
the lens: 



I _L-_L 

S + s'~ f 



Because the image is twice as 
large as the object: 



m = => s' = -2s 

s 



Substitute to obtain: 



- + — - — 
s -25 / 



Solve for s: 



Substitute numerical values and 
evaluate s and s': 



s = i(l0cm) = 
and 

s' = -2(5 cm) = 



5.00 cm 



10.0cm 
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(b) If the image is inverted, then: 



111 

s = 2s and — I = — 

s 2s f 



Solve for s: 



s = if 



Substitute numerical values and 
evaluate s and s': 



s =^3(l0cm) = 
and 

s' = 2(l5cm) = 



15.0cm 



30.0cm 



The ray diagrams for (a) (left) and (b) (right) are shown below: 



108 » 

(a) In an astronomical telescope the eyepiece (short focal length) and objective (long 

focal length) lenses are separated by the sum of their focal lengths. Given these two 

lenses, we'll use the 25 mm lens as the eyepiece lens and the 75 mm lens as the objective 

lens and mount them 100 mm apart. The angular magnification is 

fo 75mm rr-i 

thenM = ^- = = 3 . 

/. 25 mm 1 — 1 



(b) A ray diagram showing how rays from a distant object are magnified by an 
astronomical telescope follows. A real and inverted image of the distant object is formed 
by the objective lens near its second focal point. The eyepiece lens forms an enlarged and 
inverted image of the image formed by the objective lens. 




ft 4-/H 
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Determine the Concept 



(a) Because the focal lengths appear in the magnification formula as a product, it would 
appear that it does not matter in which order we use them. The usual arrangement would 
be to use the shorter focal length lens as the objective but we get the same magnification 
in the reverse order. What difference does it make then? None in this problem. 
However, it is generally true that the smaller the focal length of a lens, the smaller its 
diameter. This condition makes it harder to use the shorter focal length lens, with its 
smaller diameter, as the eyepiece lens. If we separate the objective and eyepiece lenses by 
L +/ e +f 0 = 16 cm + 7.5 cm + 2.5 cm = 26.0cm, 



the overall magnification will be 



M 



■m Q M e 



fa fe 



16cm 25cm 
7.5cm 2.5cm 



■21.3 



In a compound microscope, the 
lenses are separated by: 



S = L + f e +f 0 



Substitute numerical values and 
evaluate S: 



5 = 16cm + 7.5cm + 2.5cm ■ 



26.0cm 



The overall magnification of a 
compound microscope is given by: 



Substitute numerical values and 
evaluate M: 



M=m (i M = -—5* 
fo /e 



M = 



16cm 25cm 
7.5cm 2.5cm 



■21.3 



(b) A ray diagram showing how rays from a near-by object are magnified by a compound 
microscope follows. A real and inverted image of the near-by object is formed by the 
objective lens at the first focal point of the eyepiece lens. The eyepiece lens forms an 
inverted and virtual image of this image at infinity. 



Eyepiece 
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Picture the Problem We can use the equation for refraction at a single surface to locate 
the image of the fish and the expression for the magnification due to refraction at a 
spherical surface to find the magnification of the image. 



(a) Use the equation describing t\_ n^. — n 2 ~ n \ 

refraction at a single surface to S s' r 

relate the image and object 
distances: 



Solve for s' : n 2 rs 

(n 2 -n^s-n^r 



Substitute numerical values and 
evaluate s'\ 



s = 



(l)(0.5m)(2.5m) 



(l-1.33)(2.5m)-(l.33)(0.5m) 



0.839 m 



Note that the fish appears to be much 
closer to the diver than it actually is. 



(b) Express the magnification due to 
refraction at a spherical surface: 

Substitute numerical values and 
evaluate m: 



m 



in 



0.446 



(l .33)(- 0.839 m) _ 
(l)(2.5m) 

Note that the fish appears to be smaller 
than it actually is. 



Ill 

Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine where the person should stand. 

Use the thin-lens equation to relate s }_ J_ _ J_ 

and s': s s' f 



The magnification of the image is 
given by: 



m = 



s 
s 

and 

s ' = -ms 



2.4cm 
175cm 



-1.37x10" 
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Substitute to obtain: 



I 1_ J_ 

S WIS f 



Solve for s: 



s = 



_J_ 



f 



Substitute numerical values and 
evaluate s: 



s = 



1 



V 



-1.37x10" 



(50 mm) 



3.70m 



112 

Picture the Problem We can use the thin-lens equation and the definition of the 
magnification of an image to determine the ideal focal length of the lens. 



Use the thin-lens equation to relate s 
and s': 



1 1 

- + — 
s s' 



7 



The magnification of the image is 
given by: 



m = - 

s 

and 

s ' = -ms 



3.6cm 
200 cm 



= -1.80x10 



-2 



Substitute to obtain: 



1 1_ j_ 

s ms f 



Solve for/: 



/ = 



m 



Substitute numerical values and 
evaluate/: 



/ = 



30 m 



1 

1.80x10 



0.530m 



-2 
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Picture the Problem Let the numeral 1 refer to the first lens and the numeral 2 to the 
second lens. We apply the thin-lens equation twice; once to locate the image formed by 
the first lens and a second time to find the image formed by the second lens. The 
magnification of the image is the product of the magnifications produced by the two 
lenses. 
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(a) Solve the thin-lens equation for 
the location of the image formed by 
the first lens: 



S l~fl 



Substitute numerical values and 
evaluate s,' : 



, (I0cm)(l2cm) 

5/ = = 60.0cm 

12cm- 10cm 



Because the second lens is 20 cm to 
the right of the first lens: 



s 2 = 20cm -60cm = -40cm 



Solve the thin-lens equation for the 
location of the image formed by the 
second lens: 



fl S 2 



S 2 fl 



Substitute numerical values and 
evaluate s 2 ' : 



9.52cm 



,_ (l2.5cm)(-40cm) _ 
2 ~ -40cm -12.5cm ~ 

i.e., the final image is 9.52 cm to the right 
of the second lens. 



(b) Express the magnification of the 
final image: 

Substitute numerical values and 
evaluate m: 



m = m l m 2 = 



f 




r 












V 




V 


S 2 J 



°\°2 
S 1 S 2 



m 



_ (60cm)(9.52 cm 
~ (l 2 cm) (-40 cm) ~ 



1.19 



i.e., the final image is about 20% larger 
than the object and is inverted. 



(c) The ray diagram is shown in the figure. The enlarged, inverted image formed by the 
first lens serves as a virtual object for the second lens. The image formed from this virtual 
object is the real, inverted image shown in the ray diagram. 
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Picture the Problem We can apply the equation for refraction at a surface to both 
surfaces of the lens and add the resulting equations to obtain an equation relating the 
image and object distances to the indices of refraction. We can then use the lens maker's 
equation to complete the derivation of the given relationship between/' and/. 



(a) Relate s and s' at the water-lens 
interface: 



n w | n = n-n v 



Relate s and s' at the lens-water 
interface: 



n n _n w -n 



Add these equations to obtain: 



fi 0 

- + — 
U s'J 



1 1 1 

Let — = — I to obtain: 

f s s' 



= (»-"w) 



The lens-maker's equation is: 



7 



(n-l) 



and 
1 1 



Substitute to obtain: 



1 



Solve for/': 



^1) 



n — n„ 



(Z?) Use the lens-maker' s equation to 
find the focal length of the lens in 
air: 



T = (1-5-1) 



I 

f 
and 
/ = 



1 



1 



-30 cm 35 cm 



-32.3cm 



Use the result derived in (a) to find 



(l.33)(l.5-l) ( _ 323cm) 
1.5-1.33 v ' 



126cm 
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Picture the Problem Here we must consider refraction at each surface separately. To 
find the focal length we imagine the object at s = oo, and find the image from the first 
refracting surface at s\. That image serves as the object for the second refracting surface. 
We'll find that this is a virtual image for the second refracting surface, i.e., s 2 is negative. 
Using the equation for refraction at a single surface a second time, we can locate the 
image formed by the second refracting surface by the virtual object at s 2 . The location of 
that image is then the focal point of the thick lens. We'll let the numeral 1 denote the first 
surface and the numeral 2 the second surface. In part (b) we can proceed as in part (a) 
(except that now n\ = 1.33 for the first refraction and n 2 = 1.33 for the second refraction) 
to determine the focal length in water, which we denote by/ w . 



(a) Use the equation for refraction 
at a single surface to relate si and 
si': 



■ + 



"2 



For s\ = oo: 



Solve for Si': 



(1) 



Substitute numerical values and 
evaluate s,' : 



,_ (l.5)(20cm) _ 
1.5-1 



s{ = J — = 60.0cm 



The object distance s 2 for the 
second lens is: 



s 2 = -(s/ - 4cm) = -(60cm - 4cm) 
= -56 cm 



Solve the equation for refraction at 
a single surface for s 2 ' ■ 



S 2 = 



n 2 r 2 S 2 



{n 2 -n x )s 



(2) 



Substitute numerical values and 
evaluate s 2 ' : 



(l)(-20cm)(-56 cm 
(l-1.5)(-56cm)-(l.5)(-20 cm 
19.3cm 



Because/ is measured from the 
center of the lens: 



f = s 2 + 2cm = 19.3cm + 2cm 



21.3cm 



(b) Substitute numerical values in 
equation (1) and evaluate : 



- (l-5)(20cm) 

s. = - — — = 176cm 

1 1.5-1.33 
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The object distance s 2 for the 
second lens is: 



s 2 = -(j/ - 4cm) = -(l76cm - 4cm) 
= -172cm 



Substitute numerical values in equation (2) and evaluate s' 2 : 

(l.33)(-20cm)(-172 cm 



(1.33 - 1.5)(- 172cm) - (l.5)(- 20cm) 



= 77.2cm 



Because / w is measured from the 
center of the lens: 



/ = s 2 ' + 2cm = 77.2cm + 2cm 



= 79.2cm 



Remarks: Note that if we use the expression given in Problem 114 we obtain / w 
83.3 cm, in only moderate agreement with the exact result given above. 
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Picture the Problem Let the numeral 1 
denote the CC1 4 -H 2 0 interface and the 
numeral 2 the H 2 0-air interface. We can 
locate the final image by applying the 
equation for refraction at a single surface to 
both interfaces. The ray diagram shown 
below shows a spot at the bottom of the 
tank and the rays of light emanating from it 
that form the intermediate and final 
images. 




Use the equation for refraction at a 
single surface to relate s and s' at the 
CC1 4 -H 2 0 interface: 



n ca 4 n H 2 o _ n H 2 o 



or, because r = go, 
n cci 4 _|_ n H 2 o _ q 



'cel. 



Solve for si': 



Substitute numerical values and 
evaluate si': 



l cci 4 



(1.33) (4 cm) 



1.46 



(1) 



-3.64 cm 
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The depth of this image, as viewed 
from the H 2 0-air interface is: 



s 2 = 20111-5/ = 2cm -(-3.64cm) 
= 5.64cm 



At the H 2 0-air interface equation 
(1) becomes: 



Substitute numerical values and 
evaluate s 2 ': 



(l)(5.64cm) 



1.33 



= -4.24 cm 



The apparent depth is 4.24 cm. 
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Picture the Problem The speed of the jogger as seen in the mirror is v' = ds'/dt.VJe can 
use the mirror equation to derive an expression for v' in terms off and dsldt. 



Solve the mirror equation for s': 



J__l 

f s 



(1) 



Differentiate s' with respect to time 
to obtain: 



v ' = 



ds' _ 


d 


'l 


s 




dt 


dt 


J 


s j 






r \ 


_\ 






ds 




v/' 






KS 1 ) 


dt 



Simplify this result to obtain: 



v' =• 



(2) 



Rewrite equation (1) in terms of r. 



Find s' when s = 5m: 



r 2 IV 1 



\r s) 



s = 



1 



2m 5m 



= -0.833m 



Use equation (2) to find v ' when 
v|= 3.5 m/s: 



f -0.833m A2 
5m 



(3.5 m/s) 



= 0.0971 m/s 
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Picture the Problem Let the numerals 1 and 2 denote to the first and second refracting 
surfaces of the spherical lens, respectively, and follow the steps given in the hint. 
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Use the equation for refraction at a 
single surface to relate S\ and si': 



When s\ = <x>: 



Solve for s/: 



s, = 



Substitute numerical values and 
evaluate Si': 



,_(l.5)(2mm)_ 



1.5-1 



6.00 mm 



Because the thickness of the glass 
sphere is 4 mm: 



s 2 = 4 mm — s,' = 4mm-6mm = -2mm 



Use the equation for refraction at a 
single surface to relate s 2 and s 2 ': 



n 2 , = n i~ n 2 



Solve for s 2 : 



Substitute numerical values and 
evaluate s 2 : 



(n, -n 2 ).< 

(l) (- 2 mm) (- 2 mm) 
~ (1-1.5) (-2 mm) -[1.5] (-2 mm) 
= 1.00 mm 



Because s 2 ' = 1 .00 mm = r/2, / = 1 .00 mm. 
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Picture the Problem We can use the thin-lens equation to locate the first image formed 
by the lens, the mirror equation to locate the image formed in the mirror, and the thin-lens 
equation a second time to locate the final image formed by the lens as the rays pass back 
through it. 



(b) and (c) The ray diagram is shown below. The numeral 1 represents the object. The 
parallel and central rays from 1 are shown; one passes through the center of the lens, the 
other is paraxial and then passes through the focal point F' . The two rays intersect behind 
the mirror, and the image formed there, identified by the numeral 2, serves as a virtual 
object for the mirror. Two rays are shown emanating from this virtual image, one through 
the center of the mirror, the other passing through its focal point (halfway between C and 
the mirror surface) and then continuing as a paraxial ray. These two rays intersect in front 
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of the mirror, forming a real image, identified by the numeral 3. Finally, the image 3 
serves as a real object for the lens; again we show two rays, a paraxial ray that then 
passes through the focal point F and a ray through the center of the lens. These two rays 
intersect to form the final real, upright, and diminished image, identified as 4. To see this 
image the eye must be to the left of the image 4. 



si': 




(a) Solve the thin-lens equation for 



Substitute numerical values and 
evaluate S\': 



, (I0cm)(l5cm) 

= — = 30cm 

15cm-10cm 



Because the image formed by the 
lens is behind the mirror: 



s 2 = 25cm-30cm = -5cm 



Solve the mirror equation for s 2 '- 



fi 2 



s 2 ~f 



Substitute numerical values and 
evaluate s 2 ': 



(5 cm) (-5 cm) 
-5 cm -5 cm 



2.50 cm and the 



image is 22.5 cm from the lens; i.e., 
Si - 22.5 cm. 



Solve the thin-lens equation for sj': 



Substitute numerical values and 
evaluate S3': 



,_ (l0cm)(22.5 cm 
3 22.5 cm -10cm 



18.0cm 
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Picture the Problem The mirror surfaces must be concave to create inverted images on 
reflection. Therefore, the lens is a diverging lens. Let the numeral 1 denote the lens in its 
initial orientation and the numeral 2 the lens in its second orientation. We can use the 
mirror equation to find the magnitudes of the radii of the lens' surfaces, the thin-lens 
equation to find its focal length, and the lens maker' s equation to find its index of 
refraction. 
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Solve the mirror equation for rJ : 



Substitute numerical values and 
evaluate rJ : 



2(30cmX6cm) 
6cm + 30cm 



10.0cm 



Solve the mirror equation for r 2 : 



r„ = 



S 2 + S 2 



Substitute numerical values and 
evaluate \n 



2 ■ 



2(30cm)(l0 cm) 
10cm + 30cm 



15.0cm 



Solve the thin-lens equation for/: 



f=T. 



ss 



s +s 



Substitute numerical values and 
evaluate/: 



(30cm)(-7.5cm) 
-7.5 cm + 30 cm 



-10.0cm 



Solve the lens-maker' s equation for 
n to obtain: 



n = 



+ 1 



V 1 r 2 J 



Because the lens is a diverging lens, 
r\ - -10 cm and r 2 - 15 cm. 
Substitute numerical values and 
evaluate n: 



1 



(-10 cm) 



1 _ 1 
10cm 15cm 



+ 1 



J 



1.60 
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Picture the Problem Assume that the object is very small compared to r so that all 
incident and reflected rays traverse 1 cm of water. The problem involves two refractions 
at the air-water interface and one reflection at the mirror. Let the numeral 1 refer to the 
first refraction at the air-water interface, the numeral 2 to the reflection in the mirror 
surface, and the numeral 3 to the second refraction at the water-air interface. 

Use the equation for refraction at a 
single surface to relate *i and S\'\ 



n L+ n^ = n 1 -n L 
s, s; r 
or, because r-<x>, 



^ + ^ = 0 
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Solve for Si': 



Let n 2 - n. Because n\ = 1: 



Find the object distance for the 



mirror: 



s 2 = 1-s/ = l + n^ 
where 1 has units of cm. 



Solve the mirror equation for s 2 ': 



r 2 



V r S 2J 



Substitute for s 2 : 



r 2 l v> 



^2 = 



v r 1 + ftSj y 



Find the object distance s 3 for the 
water-air interface: 



s 3 = 1 - s 2 ' = 1 - 



A 2 1 V 



r 1 + nSj 



Use the equation for refraction at a 
single surface to relate s 3 and 53': 



n i + n 2 _n 2 ~ n x 
s 3 s 3 r 

or, because r = 00, 

s 3 s 3 



Solve for S3': 



1 _ n 2 S 3 



Because « 2 = 1 and ti\ = n: 



1- 



2 1 



v r 1 + nsj 



Equate S3' and Si: 



1- 



2 1 



V 1 



r 1 + nSj 



Simplify to obtain: 



2 2-r 1-r _ 
Sj + s, + — — = 0 
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Substitute numerical values and 
simplify: 



Sl +- 



or 



2cm-50cm lcm-50cm 



1.33 



(1.33) 2 



0 



s, -36.09s,-27.70 = 0 
where si is in cm. 



Solve for the positive value of su 



36.8cm 
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Picture the Problem We can use the lens maker's equation, in conjunction with the 
result given in Problem 1 14, to find the index of refraction of the liquid. 



Solve the lens-maker' s equation for 
n: 



1 



+ 1 



Substitute numerical values and 
evaluate n: 



n = 



(27.5 cm) 
= 1.55 



1 



1 



+ 1 



17 cm -8 cm 



From Problem 1 14, the focal length 
of the lens in the liquid, f L , is related 
to the focal length of the lens in air, 
/, according to: 



= n L (n-l) 
n — n. 



Solve for n L : 



n, = 



L {n-l)f + f L 



Substitute numerical values and 
evaluate n L : 



(l.55)(l09cm) 



(l.55-l)(27.5cm) + 109cm 



= 1.36 
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Picture the Problem The problem involves two refractions and one reflection. We can 
use the refraction at spherical surface equation and the mirror equation to find the images 
formed in the two refractions and one reflection. Let the numeral 1 refer to the first 
refraction at the air-glass interface, the numeral 2 to the reflection from the silvered 
surface, and the numeral 3 refer to the refraction at the glass-air interface. 
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(a) The image and object distances i\ n 2 _n 2 — n x 

for the first refraction are related s x 5/ r 

according to: 



Solve for Si to obtain: 

Substitute numerical values and 
evaluate S\': 



The object for the mirror surface is 
behind the mirror and its distance 
from the surface of the mirror is: 

Use the mirror equation to relate s 2 
and s 2 ': 



1 (n 2 - n x )s l - n x r 

(l.5)(l0cm)(30 cm 
Sx ~ (1.5 - 1) (30 cm) -(l) (10 cm) 
= 90.0 cm 

s 2 = 20cm -90cm = -70cm 



— + — -- 



Solve for j 2 ': 



S 2 = — 

2s 2 - r 



Substitute numerical values and , _ (l0cm)(-70cm) _ 

$2 — / \ — ^.o / cm 

evaluate^': 2(- 70 cm) -10 cm 

The object for the second refraction s 3 = 20cm - 4.67 cm = 15.3cm 

at the glass-air interface is in front 

of the mirrored surface and its 

distance from the glass-air interface 

is: 



The image and object distances for 
the second refraction are related 
according to: 



n i , n i = n 2~ n i 



Solve for S3 to obtain: 



s 3 = 



n 2 rs 3 



( n 2- n ih~ n i r 



Noting that r = -10 cm, substitute 
numerical values and evaluate S3': 



s 3 = 



(l)(-10cm)(l5.3 cm 



(l-1.5)(l5.3cm)-(l.5)(-10cm) 
= -20.8 cm 
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The final image is - 20.8 cm + 20 cm = 0.8 cm behind the mirror surface. 



(b) 



Proceed as in (a) with s l = 20 cm to obtain s 3 = - 20 cm and the final image 
to be at the mirror surface. 
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Picture the Problem We can solve the lens maker's equation for /and then differentiate 
with respect to n and simplify to obtain dflf- -dn/(n - 1). 



(a) The lens maker's equation is: 



/ 



(n-1) 








1 _ 


1 


" C ~ 





C 



Solve for/: / = C(n-l) 

Differentiate /with respect to n and simplify: 

f{n-l) 



df _ d 
dn dn 



-2 



C(n-l) _1 =-C{n-\\ 2 = 



f 



(„-!)- 



n-1 



Solve for dflf: 



df_ 
f 



dn 



(b) Express the focal length for blue 
light in terms of the focal length for 
red light: 

Approximate dflf by A// and dn by 
An to obtain: 

Solve for A/ : 



/blue /red + A/" 



(1) 



/ ~ 

A/ = 



An 
~n~A 

fAn 
n-1 



Substitute for A/ in equation (1) to 
obtain: 



f =f Zed An = f 

J blue V red -, J red 

n-1 



An 



"red-iy 
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Substitute numerical values and 
evaluate / Mue : 



/ blue =(20cm) 



v 



1.53-1.47 
1.47-1 



= 17.4cm 
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Picture the Problem We examine the amount by which the image distance s' changes 
due to a change in s. 



Solve the thin-lens equation for s': 



Differentiate s' with respect to s: 



ds' _ d 
ds ds 



i i 



\f s j 



2 2 



S 2 

— z- = —m 



The image of an object of length As will have a length - m 2 As. 



Chapter 33 

Interference and Diffraction 

Conceptual Problems 

*i * 

Determine the Concept The energy is distributed nonuniformly in space; in some regions 
the energy is below average (destructive interference), in others it is higher than average 
(constructive interference). 

2 

Determine the Concept Coherent sources have a constant phase difference. The pairs of 
light sources that satisfy this criterion are (b), (c), and (e). 

3 

Determine the Concept The thickness of the air space between the flat glass and the lens 
is approximately proportional to the square of d, the diameter of the ring. Consequently, 
the separation between adjacent rings is proportional to lid. 

4 

Determine the Concept The distance between adjacent fringes is so small that the 
fringes are not resolved by the eye. 

5 

Determine the Concept If the film is thick, the various colors (i.e., different 
wavelengths) will give constructive and destructive interference at that thickness. 
Consequently, what one observes is the reflected intensity of white light. 

*6 • 

(a) The phase change on reflection from the front surface of the film is 180°; the phase 
change on reflection from the back surface of the film is 0°. As the film thins toward 
the top, the phase change associated with the film' s thickness becomes negligible and the 
two reflected waves interfere destructively. 

(b) The first constructive interference will arise when t = A/4. Therefore, the first band 
will be violet (shortest visible wavelength). 

(c) When viewed in transmitted light, the top of the film is white, since no light is 
reflected. The colors of the bands are those complementary to the colors seen in reflected 
light; i.e., the top band will be red. 
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7 

Determine the Concept The first zeroes in the intensity occur at angles given by 

sin 0 = A/a. Hence, decreasing a increases (9 and the diffraction pattern becomes wider. 



8 

Determine the Concept Equation 33-2 expresses the condition for an intensity maximum i 
slit interference. Here d is the slit separation, A the wavelength of the light, m an integer, i 
the angle at which the interference maximum appears. 

Equation 33-1 1 expresses the condition for the first minimum in single-slit diffraction. 
Here a is the width of the slit, A the wavelength of the light, and 9 the angle at which the 
first minimum appears, assuming m = 1. 



Picture the Problem We can solve d sin 6 = mA for #wifh m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 



The interference maxima in a 
diffraction pattern are at angles 6 
given by: 



d sin 0 = mA 

where d is the separation of the slits and 
m = 0, 1,2, ... 



Solve for the angular location 9\ of 
the first-order maximum : 



6*j = sin 



Because A 



'green light 



<A a 



ed light- 



^green light < ^red light aIld 



(a) is correct. 



*10 • 

Determine the Concept The distance on the screen to mth bright fringe is given by 
XL 

y m = m , where L is the distance from the slits to the screen and d is the separation of 

d 

the slits. Because the index of refraction of air is slightly larger than the index of 
refraction of a vacuum, the introduction of air reduces A to Aln and decreases y m . Because 
the separation of the fringes is y m - y m -\, the separation of the fringes decreases 
and (b) is correct. 



11 • 

(a) False. When destructive interference of light waves occurs, the energy is no longer 
distributed evenly. For example, light from a two-slit device forms a pattern with very 
bright and very dark parts. There is practically no energy at the dark fringes and a great 
deal of energy at the bright fringe. The total energy over the entire pattern equals the 
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energy from one slit plus the energy from the second slit. Interference re-distributes the 
energy. 

(b) True 

(c) True 

(d) True 



(<?) True 

Estimation and Approximation 

*12 • 

Picture the Problem We'll assume that the diameter of the pupil of the eye is 
5 mm and that the wavelength of light is 600 nm. Then we can use the expression for the 
minimum angular separation of two objects than can be resolved by the eye and the 
relationship between this angle and the width of an object and the distance from which it 
is viewed to support the claim. 



Relate the width w of an object that 
can be seen at a height h to the 
critical angular separation a c : 



w 

tan a = — 

h 



Solve for w: 



w = h tan « 



The minimum angular separation a c 
of two point objects that can just be 
resolved by an eye depends on the 
diameter D of the eye and the 
wavelength X of light: 



a c =1.22 — 
D 



Substitute for a c in the expression 
for w to obtain: 

In low-earth orbit: 



f 



w = h tan 



1.22- 

v Dj 



w ■ 



(400 km) tan 



1.22 



600 nm 
5 mm 



58.6m 



Because the width of the Great Wall is about 5 m, a naked eye would not 
be able to see it from the moon. 



At a distance equal to that of the distance of the moon from earth: 
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w = (3.84xl0 8 m)tan 



1^ 
5 mm 



56.2km 



Because the width of the Great Wall is about 5 m, a naked eye would not 
be able to see it from the moon. 
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Picture the Problem We can use sin # = 1 .22 — to relate the diameter D of the opaque- 
disk water droplets to the angular diameter 6? of a coronal ring and to the wavelength of 
light. We'll assume a wavelength of 500 nm. 

The angle 9 subtended by the first . A 

diffraction minimum is related to sin ~~ ' 



the wavelength X of light and the 
diameter D of the opaque-disk water 
droplet: 

Because of the great distance to the X 
cloud of water droplets, c~±.z,z, 
9« 1 and: 



D 



D 



S olve for D to obtain : 1.22/1 

e 

Substitute numerical values and 1. 22(500 nm) 



evaluate D: 



14 



10° 

180° 



3.50 /urn 



A 

Picture the Problem We can use sin 6 = 1 .22— - to relate the diameter D of a 

D 

microsphere to the angular diameter 9 of a coronal ring and to the wavelength of light in 
water. 

The angle 9 subtended by the first . X n A 

diffraction minimum is related to sin 6/ = 1 .22— = 1 - 22 ~ 

the wavelength X„ of light in water 
and the diameter D of the 
microspheres: 



Because 9«\: 



0*1.22 

nD 
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Substitute numerical values and 
evaluate 6: 



1.22(632.8nm) 
ft« ^- ^ = 0.116rad 

1.33(5 //m) 



= 6.65 c 



15 



Picture the Problem We can use sin 0 = 1 .22 — to relate the diameter D of a pollen 

D 

grain to the angular diameter 6? of a coronal ring and to the wavelength of light. We'll 
assume a wavelength of 450 nm for blue light and 650 nm for red light. 



The angle 9 subtended by the first 
diffraction minimum is related to 
the wavelength A, of light and to the 
diameter D of the microspheres: 



sin ft = 1.22— 
D 



Because 0« 1: 



ft « 1.22 



A 

nD 



Substitute numerical values and 
evaluate 0 for red light: 



ft. 



^ 1 .22(650 nm) _ 
25 /jm 



3.17xl0~ 2 rad 



1.82 c 



Substitute numerical values and 
evaluate 6? for blue light: 



ftw 



^ 1.22(450nm) _ 
25 /jm 



2.20xl0~ 2 rad 



= 1.26 c 



*16 

Picture the Problem The diagram shows the hair whose diameter d -a, the screen a 
distance L from the hair, and the separation Ay of the first diffraction peak from the 
center. We can use the geometry of the experiment to relate Ay to L and a and the 
condition for diffraction maxima to express #in terms of the diameter of the hair and the 
wavelength of the light illuminating the hair. 




Relate 6>to Ay: „ Ay 

tan ft = — 
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Solve for Ay: 

Diffraction maxima occur where: 
Solve for 6 to obtain: 



Substitute for 0 in the expression for 
Ay to obtain: 



Ay = L tan 6 

a sin 6 = (m + 
where m = 1, 2, 3, ... 



6 = sin 1 



(m + \)X 



Ay = Ltam sin 



For the first peak, m = 1. Substitute numerical values and evaluate Ay: 

"(l + j)(632.8nm) ' 



Ay = (l0m)tan< sin 



10/jm 



13.6cm 



Phase Difference and Coherence 
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Picture the Problem A path difference Ar contributes a difference 8 given 
by ^ = —360°. 



(a) Relate a path difference Ar to a 
phase shift 5 : 

Solve forAr: 



Substitute numerical values and 
evaluate Ar: 

(b) Substitute numerical values in 
equation (1) and evaluate 8: 



Ar 

5 = —360° 



(1) 



Ar 



Ar 



8k 
360° 

(180°)(600 nm 
360° 



300 nm 



^ = 300nm 36()O 
800 nm 



135 c 
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Picture the Problem The wavelength of light in a medium whose index of refraction is n 
is the ratio of the wavelength of the light in air divided by n. The number of wavelengths 
of light contained in a given distance is the ratio of the distance to the wavelength of light 
in the given medium. The difference in phase between the two waves is the sum of a n 
phase shift in the reflected wave and a phase shift due to the additional distance traveled 
by the wave reflected from the bottom of the water- air interface. 
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(a) Express the wavelength of light 
in water in terms of the wavelength 
of light in air: 



, X 500 nm 

X„ = — = 

n 1.33 



376 nm 



(b) Relate the number of 
wavelengths N to the thickness t of 
the film and the wavelength of light 
in water: 



N = 



It 2x10^ cm 



X„ 



376 nm 



5.32 



(c) Express the phase difference as 
the sum of the phase shift due to 
reflection and the phase shift due to 
the additional distance traveled by 
the wave reflected from the bottom 
of the water-air interface: 



^ ^reflection ^additional distance traveled 

= n + — 2k = n + 2n N 



Substitute for N and evaluate S: 



£ = ;rrad + 2;r(5.32rad) = 



11.6^"rad 



or, subtracting 11.6^"rad from 12^rad, 
S = \ QAn rad 
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Picture the Problem The difference in phase depends on the path difference according 
Ar 

to 8 = — 360°. The path difference is the difference in the distances of (0, 15 cm) and 

X 

(3 cm, 14 cm) from the origin. 



Relate a path difference Ar to a 
phase shift 8: 



Ar 

8 = —360 c 
X 



The path difference Ar is: 



Ar = 15cm- 7(3 cm) 2 + (14 cm) 2 
= 0.682cm 



Substitute numerical values and 
evaluate 8. 



g= 0.682cm 36QO = 
1.5 cm 



164° 
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Interference in Thin Films 



20 



Picture the Problem Because the mth fringe occurs when the path difference 2t equals m 
wavelengths, we can express the additional distance traveled by the light in air as an mX. 
The thickness of the wedge, in turn, is related to the angle of the wedge and the distance 
from its vertex to the mth fringe. 



(a) 



The first band is dark because the phase difference due to reflection by the 
back surface of the top plate and the top surface of the bottom plate is 1 80° 



(b) The mth fringe occurs when the 
path difference 2t equals m 
wavelengths: 



2t = mX 



Relate the thickness of the air wedge 
to the angle of the wedge: 



e = - => t = x6 

X 

where we've used a small-angle 
approximation to replace an arc length by 
the length of a chord. 



Substitute to obtain: 
Solve for 0 : 



2x0 = mk 



2x 2 x 



Substitute numerical values and 
evaluate 9: 



r k \ 



6 = 



van; 



(700nm) = 



1.75xl(T 4 rad 
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Picture the Problem The condition that one sees m fringes requires that the path 
difference between light reflected from the bottom surface of the top slide and the top 
surface of the bottom slide is an integer multiple of a wavelength of the light. 



The mth fringe occurs when the path 
difference 2d equals m wavelengths: 



2d = mA => d = 



mA 



Because the nineteenth (but not the 
twentieth) bright fringe can be seen, 



{ m -\)\<d<{m + \)^ 



Interference and Diffraction 1025 



the limits on d must be: 



where m- 19 



Substitute numerical values to 
obtain: 



(l9 i) 5^nn <J<(l9H) 5^0nm 



or 



5.46 jum < d < 5.75 jum 
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Picture the Problem The light reflected 
from the top surface of the bottom plate 
(wave 2 in the diagram) is phase shifted 
relative to the light reflected from the 
bottom surface of the top plate (wave 1 in 
the diagram). This phase difference is the 
sum of a phase shift of n (equivalent to a 
A/2 path difference) resulting from 
reflection plus a phase shift due to the 
additional distance traveled. 




Relate the extra distance traveled by 
wave 2 to the distance equivalent to 
the phase change due to reflection 
and to the condition for constructive 
interference: 



2t + \A = A,2A,3A,... 
or 

2t = \A,\A,^kA, ... 

and 

2t = {m + j)A where m = 0, 1,2, ... and A 
is the wavelength of light in air. 



Solve for m: 



m 



_2t 1 _ 2(2r) 1 _ 4r 1 
A 2 A 2 A 2 
where r is the radius of the wire. 



Substitute numerical values and 
evaluate m: 



m = 



4(0.025 mm) 1 



600 nm 



166 
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Picture the Problem We can use the condition for destructive interference in a thin film 
to find its thickness. Once we've found the thickness of the film, we can use the 
condition for constructive interference to find the wavelengths in the visible portion of 
the spectrum that will be brightest in the reflected interference pattern and the condition 
for destructive interference to find the wavelengths of light missing from the reflected 
light when the film is placed on glass with an index of refraction greater than that of the 
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film. 

(a) Express the condition for 
destructive interference in the thin 
film: 



Solve for A: 



2t -v^A' — -^A',^A',^A',... 
or 

2t = A',2A',3A',... 



or 



2t = mA' = m 



A 



(1) 



where m = 1, 2, 3, ... and A' is the 
wavelength of the light in the film. 



A = 



2nt 



m 



Substitute for the missing 
wavelengths to obtain: 



450 nm = and 360 nm = ^ nt 
m m + l 



Divide the first of these equations by 
the second and simplify to obtain: 



450 nm 



2nt 



m 



m + l 



360 nm 2nt m 
m + l 



Solve for m: 



m = 4 for A = 450 nm 



Solve equation (1) for t: 



t = 



mA 
2n 



Substitute numerical values and 
evaluate t: 



t = 



4(450 nm) 



600 nm 



(b) Express the condition for 
constructive interference in the thin 
film: 



2t + \A' = A',2A',?>A',. 
or 



2t = \A',\ A',\ A',... = (m + \)A' (1) 

where A' is the wavelength of light in the 
oil and m = 0, 1, 2, ... 



Substitute for A' to obtain: 



2t = (m + |) 



A 



n 

where n is the index of refraction of the 
film. 
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Solve for A: , 2nt 

m + \ 

Substitute numerical values and - = 2(l .5X600 nm) = 1800nm 

simplify to obtain: m + \ m+ 2 



Substitute for m and evaluate A to obtain the following table: 



m 


0 


1 


2 


3 


4 


5 


A (nm) 


3600 


1200 


720 


514 


400 


327 



From the table, we see that the only wavelengths in the visible spectrum are 
720 nm, 514 nm, and 400 nm. 



(c) Because the index of refraction 
of the glass is greater than that of the 
film, the light reflected from the 
film-glass interface will be shifted 
by \ X (as is the wave reflected 

from the top surface) and the 
condition for destructive 
interference becomes: 

Solve for A: ~ _ 2nt 

m + \ 

Substitute numerical values and simplify to 3 _2(l.5)(600nm)_1800 nm 
obtain: m + \ m + \ 



Substitute for m and evaluate A to obtain the following table: 



m 


0 


1 


2 


3 


4 


5 


A (nm) 


3600 


1200 


720 


514 


400 


327 



From the table we see that the missing wavelengths in the visible spectrum are 
720 nm, 5 14 nm, and 400 nm. 

24 

Picture the Problem Because there is a \A phase change due to reflection at both the 
air-oil and oil-water interfaces, the condition for constructive interference is that twice 



2t = \X' ,\X' ,\X' 
or 

n 

where n is the index of refraction of the 
film and m = 0, 1,2, ... 
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the thickness of the oil film equal an integer multiple of the wavelength of light in the 
film. 



Express the condition for 
constructive interference: 



2t — A', 2A' ,3A' 
or 

2t = mA' (1) 

where X is the wavelength of light in the oil 
= 1,2,3, ... 



Substitute for X to obtain: 



2t = m- 



Solve for t: 



Substitute numerical values and 
evaluate t: 



t = 



mA 
2n 



_ (2)(650nm) _ 
2(1.22) 



533nm 
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Picture the Problem Because there is a \A phase change due to reflection at both the 

air-oil and oil-glass interfaces, the condition for constructive interference is that twice the 
thickness of the oil film equal an integer multiple of the wavelength of light in the film. 



Express the condition for 
constructive interference: 



2t = A',2A',3A',... = mA' (1) 

where X is the wavelength of light in the oil 

and m = 0, 1, 2, ... 



Substitute for X to obtain: 



Solve for X. 



2t = m 



A 



n 

where n is the index of refraction of the oil. 



A = 



2nt 



m 



Substitute for the predominant 
wavelengths to obtain: 



rnrx 2nt . .„ 2nt 

690 nm = and 460 nm = 

m m + 1 



Divide the first of these equations by 
the second and simplify to obtain: 



2nt 



m 



690 nm 



460 nm 2nt 
m + 1 



m + l 



in 
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Solve for m: 



m = 2 for X = 690 nm 



Solve equation (1) for t: 



Substitute numerical values and 
evaluate t. 



_ mX 

_ (2)(690nm) 
T ~ 2(1.45) 



476 nm 
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Picture the Problem Because the index of refraction of air is less than that of the oil, 
there is a phase shift of ;zrad (\X) in the light reflected at the air-oil interface. Because 

the index of refraction of the oil is greater than that of the glass, there is no phase shift in 
the light reflected from the oil-glass interface. We can use the condition for constructive 
interference to determine m for A = 700 nm and then use this value in our equation 
describing constructive interference to find the thickness t of the oil film. 



Express the condition for 
constructive interference between 
the waves reflected from the air-oil 
interface and the oil-glass interface: 

Substitute for X' and solve for X to 
obtain: 



2t+±X' = X',2X',3X',... 
or 

2t = \X',\X',\X',... = (m + \)X' (1) 

where X' is the wavelength of light in the 
oil and m = 0, 1, 2, ... 

x = ^L 

m + i 



Substitute the predominant 
wavelengths to obtain: 



700 nm = and 500 nm = 



m + 



m + - 



Divide the first of these equations by 
the second to obtain: 



2nt 



700 nm m + 



2 



III ■ 



500 nm 2nt m + 



m + 



Solve for m: 



m = 2 for X = 700 nm 



Solve equation (1) for V. 



t = {m + \) 



X_ 
2n 



Substitute numerical values and 
evaluate t: 



* = (2 + ±) 



700 nm 
2(1.45) 



603 nm 
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Newton's Rings 
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Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is air. A phase change of 1 80° ( \ A ) occurs at the 

top of the flat glass plate. We can use the condition for constructive interference to derive 
the result given in (a) and use the geometry of the lens on the plate to obtain the result 
given in (b). We can then use these results in the remaining parts of the problem. 



(a) The condition for constructive 
interference is: 



2t+\A = A,2A,3A, 



or 



(m + ±)A 



where A is the wavelength of light in air and 
m = 0, 1, 2, ... 



Solve for t: 



t = 



A 

+ ,m = 0,1,2,... 



(1) 



(b) From Figure 33-39 we have: 



r 2 + 



(i?-0 2 =* 2 



or 



= r +R -2Rt + t 



For t «Rwe can neglect the last 
term to obtain: 



R x r +R -2Rt 



Solve for r. 



r = 



42Rt 



(2) 



(c) The transmitted pattern is complementary to the reflected pattern. 



(d) Square equation (2) and 
substitute for t from equation (1) to 
obtain: 



r 2 =(m + |)i?A 



Solve for m: 



m = 



_]_ 
RA 2 



Substitute numerical values and 
evaluate m: 



m 



(2 cm) 2 1 
(l0m)(590 nm 2 

and so there will be 68 



67 



bright fringes. 
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(e) The diameter of the m fringe is: 



D = 2r = 2^{m + \)RX 



Noting that m = 5 for the sixth 
fringe, substitute numerical values 
and evaluate D: 



D = 2^/(5 + {)(l0m)(590nm) 



= 1.14cm 



(/) 



The wavelength of the light in the film becomes /l air I n = 444 nm. The 
separation between fringes is reduced and the number of fringes that will 
be seen is increased by the factor n = 1 .33. 



28 

Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is air. A phase change of 1 80° ( \X ) occurs at the 

top of the flat glass plate. We can use the condition for constructive interference and the 
results of Problem 27(b) to determine the radii of the first and second bright fringes in the 
reflected light. 



The condition for constructive 
interference is: 



2t + \A=X,2X,3X, 
or 



2t = \X,\k,\X,... = (m + ±)A 

where A, is the wavelength of light in air and 
m = 0, 1,2, ... 



Solve for t: 



t = {m + ±)-, m = 0,1,2,- 



From Problem 21(b): 
Substitute for t to obtain: 

The first fringe corresponds to 
m — 0: 



r = 42~tR 

r = ^](m + \)XR 

r = Vi( 520 nm)(2m) = 



0.721mm 



The second fringe corresponds to 
m = 1: 



r = A /|(520nm)(2m) = 



1.25 mm 
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Picture the Problem This arrangement is essentially identical to a "thin film" 
configuration, except that the "film" is oil. A phase change of 180° (\ X ) occurs at lens- 
oil interface. We can use the condition for constructive interference and the results from 
Problem 27(b) to determine the radii of the first and second bright fringes in the reflected 
light. 



The condition for constructive 
interference is: 



Substitute for X' and solve for t: 



2t + \X' = X',2X',3X\... 
or 

It = \X' ,\X' ,\X = (m + \)X' 

where X' is the wavelength of light in the 
oil and m = 0, 1, 2, ... 

X 

t = (m + \) — ,m = 0,1,2,... 

V 11 In 

where X is the wavelength of light in air. 



From Equation 33-29: 



= JltR 



Substitute for t to obtain: 



r = Mm + \)— 
V n 



The first fringe corresponds to 
m — 0: 



r = 



'l (520nm)(2m) 



1.82 



0.535mm 



The second fringe corresponds to 
m = 1: 



r = 



(3 (520nm)(2m) 



1.82 



0.926 mm 



Two-Slit Interference Pattern 
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Picture the Problem The number of bright fringes per unit distance is the reciprocal of 
the separation of the fringes. We can use the expression for the distance on the screen to 
the mth fringe to find the separation of the fringes. 



Express the number Af of bright 
fringes per centimeter in terms of 
the separation of the fringes: 



N = 



j_ 
Ay 



(1) 



Express the distance on the screen to 
the mth and (m + l)st bright fringe: 



XL 

y m =m — and y m+l =(m + l) 
a 



XL 
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Subtract the second of these 
equations from the first to obtain: 



Ay 



AL 

~d 



Substitute in equation (1) to obtain: 

Substitute numerical values and 
evaluate N: 



N 



N 



d_ 
AL 



1mm 



(600nm)(2m) 



8.33cm" 
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Picture the Problem We can use the expression for the distance on the screen to the mth 
and (m + l)st bright fringes to obtain an expression for the separation Ay of the fringes as 
a function of the separation of the slits d. Because the number of bright fringes per unit 
length N is the reciprocal of Ay, we can find d from N, A, and L. 



Express the distance on the screen to 
the mth and (m + l)st bright fringe: 

Subtract the second of these 
equations from the first to obtain: 

Solve for d: 



y m = and y m+1 =(m + 1)^ 



Ay = 



AL 



d = 



d 

AL 

Ay~ 



Because the number of fringes per 
unit length N is the reciprocal of Ay: 

Substitute numerical values and 
evaluate d: 



d = NAL 



d = (28cm 1 )(589nm)(3m) = 



4.95 mm 
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Picture the Problem We can use the 

geometry of the setup, represented to the 
right, to find the separation of the slits. To 
find the number of interference maxima 
that can be observed we can apply the 
equation describing two-slit interference 
maxima and require that sin#< 1. 




y, - 0.82 m 



Because d « L, we can 
approximate sind?i as: 



sin^, 
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Solve for d to obtain: 



d 



A 



sin^, 



(1) 



From the right triangle whose sides 
are L and yi we have: 

Substitute numerical values in 
equation (1) and evaluate d: 



. 0.82m nrvcon 

sin^, = , ^= = 0.06817 



A /(l2m) 2 +(0.82m) 
633 nm 



0.06817 



9.29 /mi 



(b) The equation describing two-slit 
interference maxima is: 



d sin# = mA,m=0,l,2,... 



Because sind?< 1 determines the 
maximum number of interference 
fringes that can be seen: 



d = m m „A, 



Solve for m„ 



m = 

max 



d_ 

A 



Substitute numerical values and 
evaluate m max : 



9.29 una 

m = = 14 because m must be 

max f r\ r\ 

633 nm 
an integer. 



Because there are 14 fringes on 
either side of the central maximum: 



N = 2m TWX + 1 = 2(14)+! = 



29 
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Picture the Problem We can use the equation for the distance on a screen to the mth 
bright fringe to derive an expression for the spacing of the maxima on the screen. In (c) 
we can use this same relationship to express the slit separation d. 



(a) Express the distance on the 
screen to the mth and (m + l)st 
bright fringe: 



m^and y m+1 =(m + l) 
d 



AL 



Subtract the second of these 
equations from the first to obtain: 

Substitute numerical values and 
evaluate Ay: 



Ay = 



AL 

~d 



(1) 



Ay 



_ (500nm)(lm)_ 



lcm 



50.0 fan 
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(b) 



Not with the unaided eye. The separation is too small to be observed with 
the naked eye. 



(c) Solve equation (1) for d: 



d = 



AL 

Ay" 



Substitute numerical values and evaluate d: , _ (500 nm)(lm) 

1mm 



0.500 mm 
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Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle (f> and set this result equal to an integer 
multiple of the wavelength of the light to obtain the given equation. 



Express the total path difference: 



Ai = d sin <f> + d sin 0 a 



The condition for constructive 
interference is: 



Al = mA 

where m is an integer. 



Substitute to obtain: 



d sin (j) + d sin 8 m = mA 



Divide both sides of the equation by 
d to obtain: 



sin <fi + sin 0 m 



mA 
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Picture the Problem Let the separation of the slits be d. We can find the total path 
difference when the light is incident at an angle (f> and set this result equal to an integer 
multiple of the wavelength of the light to relate the angle of incidence on the slits to the 
direction of the transmitted light and its wavelength. 



Express the total path difference: 



Al = d sin^ + d sin 0 



The condition for constructive 
interference is: 

Substitute to obtain: 



A£ = mA 

where m is an integer. 
d sin (j) + d sin 0 = mA 



Divide both sides of the equation by 
d to obtain: 



sin (/) + sin 0 



mA 
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Set 9=0 and solve for X: ._ d sin (/) 

m 

Substitute numerical values and - _ (2.5//m)sin30° _ 1.25 jum 

simplify to obtain: m m 

Evaluate X for positive integral values of m: 



m 


X (nm) 


1 


1250 


2 


625 


3 


417 


4 


313 



From the table we can see that 625 nm and 417 nm are in the visible portion of 
the electromagnetic spectrum. 

36 

Picture the Problem The diagram shows 
the two speakers, Si and S2, the central- 
bright image and the first-order image to 
the left of the central-bright image. The 
distance y is measured from the center of 
the central-bright image. We can apply the 
conditions for constructive and destructive 
interference from two sources and use the 
geometry of the speakers and microphone 
to find the distance to the first interference 
minimum and the distance to the first 
interference maximum. 

Relate the distance Ay to the first 
minimum from the center of the 
central maximum to 9 and the 
distance L from the speakers to the 
plane of the microphone: 

Solve for y to obtain: y = Ltan6* (1) 

Interference minima occur where: J sin 0 = (m + \)X 

where m = 0, 1, 2, 3, ... 

Solve for 9 to obtain: 

9 = sin 1 



-H*h- 




1 \ \ 

I \ 

/ I * 



tan# = ^- 
L 



{m + \)X 



d 
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Relate the wavelength X of the 
sound waves to the speed of sound v 
and the frequency /of the sound: 

Substitute for X in the expression for 
9 to obtain: 



A 



f 



6 = sin 



df 



Substitute for 9 in equation (1): 



y = Ltani sin 



(m + l)v 
df 



(2) 



Noting that the first minimum corresponds to m = 0, substitute numerical values and 
evaluate Ay: 



>'ls 



(lm)tan< 



sin 



(j)(343m/s) 
(5cm)(l0kHz) 



0.365 m 



The maxima occur where: 



For diffraction maxima, equation (2) 
becomes: 



d sin 6 = mX 
where m = 1, 2, 3, ... 





mv 


1 


Jsin- 1 








af _ 





Noting that the first maximum corresponds to m- 1 , substitute numerical values and 
evaluate Ay: 



^istmax =(lm)tanjshV 



(l)(343m/s) 



(5cm)(l0kHz) 
Diffraction Pattern of a Single Slit 



0.943 m 
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Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the angles at which these zeroes occur as a function of the slit width a. 



The first zeroes in the intensity 
occur at angles given by: 

Solve for 9 : 



sin 0 = — 

a 



6 = sin 



(- 



(a) For a = 1 mm: 



6 = sin 



^600nm A 
1mm 



0.600 mrad 
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(b) For a - OA mm: 



0 = sin 



^600nm A 



0.1mm 



6.00 mrad 



(c) For a = 0.01 mm: 



6 = sin 



f 600 nm ^ 
0.01mm 



60.0 mrad 
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Picture the Problem We can use the expression locating the first zeroes in the intensity 
to find the wavelength of the radiation as a function of the angle at which the first 
diffraction minimum is observed and the width of the plate. 



The first zeroes in the intensity 
occur at angles given by: 



sin^ = 



A 



Solve for A: 



A = asm 6 



Substitute numerical values and 
evaluate A: 



A = (5cm)sin37° = 



3.01cm 



*39 

Picture the Problem The diagram shows the beam expanding as it travels to the moon 
and that portion of it that is reflected from the mirror on the moon expanding as it returns 
to earth. We can express the diameter of the beam at the moon as the product of the beam 
divergence angle and the distance to the moon and use the equation describing diffraction 
at a circular aperture to find the beam divergence angle. We can follow this same 
procedure to find the diameter of the beam when it gets back to the earth. In Parts (c) and 
(d) we can use the dependence of the power in a beam on its cross-sectional area to find 
the fraction of the power of the beam that is reflected back to earth and the fraction of the 
original beam energy that is recaptured upon return to earth. 




(a) Relate the diameter D of the 
beam at the moon to the distance to 
the moon L and the beam 
divergence angle 6 : 



D^OL 



Interference and Diffraction 1039 



The angle 0 subtended by the first 
diffraction minimum is related to 
the wavelength A of the light and the 
diameter of the telescope opening 

^telescope by . 



sin0 = 1.22- 



X 



d 



telescope 



Because 6« 1, sin (9* (9 and: 



Substitute for (9 in equation (1) to 
obtain: 



0*1.22- 



X 



D = 



u telescope 

1.22LX 



d 



telescope 



Substitute numerical values and evaluate D: 



D = (3.82xl0 8 m) 



1. 22(500 nm) 



2.54cm lm 
6inx x 



in 



10 2 cm 



1.53km 



(b) The portion of the beam 
reflected back to the earth will be 
that portion incident on the mirror, 
so the diffraction angle is: 



0*1.22- 



X 



The beam will expand back to: 



D' = L 



1.22- 



X 



d„ 



Substitute numerical values and evaluate D'\ 



D' = (3.82xl0 8 m) 



1. 22(500 nm) 



2.54cm lm 
20inx x- 



m 



10 2 cm 



459 m 



(c) Because the power of the beam 
is proportional to its cross-sectional 
area, the fraction of the power that 
is reflected back to the earth is the 
ratio of the area of the mirror to the 
area of the expanded beam at the 
moon: 



^ ^mirror _A_ 

P ~ 



"d 



2 

mirror 



beam 



— D 2 
4 



D 
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Substitute for D to obtain: 



P 



1.22L/L 

^ ^telescope J 



mirror telescope 

1.22L/1 



(1) 



Substitute numerical values and evaluate 
FIP: 



EL 
P 



2.54cm 



(20in)(6in) 

V in 

1.22(3.82 xlO 8 m)(500nm) 



1.10x10 



-7 



(d) The angular spread of the beam 
from reflection from the 20-in 
mirror is given by: 



0«1.22- 



X 



The diameter D' of the beam on 
return to earth will be: 



D'«1.22L 



d„ 



Letting P" represent the power 
intercepted by the telescope, we 
have: 



El 
p' 



X ,2 

A. "telescope 
elescope i\ 



beam 



telescope 



— D' 2 
4 



Substitute for D' and simplify: 



r 

P' 



U d \ 

telescope" mirror 

1.22ZJ, 



(2) 



Multiply equation (2) by equation (1) and simplify to obtain: 



P" P' P" 
P' P ~ P 



f d d \ 2 (d d V (d d 

" "■ "mirror" telescope «••<• --" 



V 



1 telescope" mirror 

1.22ZJ, 



1.22L2 



mirror" telescope 
T22ZI 



Substitute numerical values and evaluate 
P"/P: 



El 
p 



f 2.54cm A2 



(20in)(6in) 

V in ; 

1.22(3.82 xlO 8 m)(500nm) 



= 1.21x10 



-14 
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Interference-Diffraction Pattern of Two Slits 



40 • 

Picture the Problem We need to find the value of m for which the mth interference 
maximum coincides with the first diffraction minimum. Then there will be 
N = 2m - 1 fringes in the central maximum. 

The number of fringes N in the N = 2m — 1 (1) 

central maximum is: 



Relate the angle 0\ of the first • n A 

fe sin 0 1 = — 

diffraction minimum to the width a a 
of the slits of the diffraction grating: 



Express the angle 0 m corresponding ^ q _ fnA 

to the mth interference maxima in d 
terms of the separation d of the slits: 



Because we require that 9\ = 6 m , we mA _ 

can equate these expressions to da 
obtain: 



Solve for and evaluate m: d 5a 

m = — = — = 5 

a a 



Substitute in equation (1) to obtain: = 2(5)— 1 = 



Jfd = na: d na 

m = — = — = n 
a a 

and 
N 



2n-l 
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Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the fifth interference maximum occurs 
to find a. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using = 2m - 1 . 



(a) Relate the angle 9\ of the first 
diffraction minimum to the width a 
of the slits of the diffraction grating: 



sin 6 X = — 
a 
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Express the angle #5 corresponding ^ q _ 5/1 

to the mth fifth interference maxima 5 d 

maximum in terms of the separation 
d of the slits: 

Because we require that 0\ = 0 m s, _ ^_ 

we can equate these expressions to da 
obtain: 



Solve for and evaluate ma: d 0.1mm 

a = — = 

5 5 



20.0//m 



(b) Because m = 5: N = 2m -1 = 2(5)- 1 



42 

Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m — 1 . 

The number of fringes N in the = 2m — 1 (1) 

central maximum is: 

Relate the angle 0\ of the first • n A 

6 sin 0 i = — 

diffraction minimum to the width a a 
of the slits of the diffraction grating: 

Express the angle 6 m corresponding ^ q _ mA, 

to the mth interference maxima in d 
terms of the separation d of the slits: 

Because we require that 9\ = 9„„ we _ X 

can equate these expressions to da 
obtain: 

Solve for m: d 

m = — 

a 

Substitute in equation (1) to obtain: ^ _ 2d _ ^ 

a 
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Substitute numerical values and 
evaluate N: 



N 



2(0.2 mm) 
0.01mm 



39 



*43 

Determine the ConceptPicture the Problem There are 8 interference fringes on each 
side of the central maximum. The secondary diffraction maximum is half as wide as the 
central one. It follows that it will contain 8 interference maxima. 

44 •• 

Picture the Problem We can equate the sine of the angle at which the first diffraction 
minimum occurs to the sine of the angle at which the mth interference maximum occurs 
to find m. We can then find the number of bright interference fringes seen in the central 
diffraction maximum using N = 2m — 1 . In (b) we can use the expression relating the 

In 

intensity in a single-slit diffraction pattern to phase constant (f) = a sin 0 to find the 

X 

ratio of the intensity of the third interference maximum to the side of the centerline to the 
intensity of the center interference maximum. 



(a) The number of fringes N in the 
central maximum is: 



N = 2m-\ 



(1) 



Relate the angle 9\ of the first 
diffraction minimum to the width a 
of the slits of the diffraction grating: 



sin 6* 



X 



a 



Express the angle 0 m corresponding 
to the mth interference maxima in 
terms of the separation d of the slits: 



sin 6>„ 



mX 
~d 



Because we require that 9\ = 0 m , we 
can equate these expressions to 
obtain: 



mX _ X 
d a 



Solve for m: 



m = 



Substitute in equation (1) to obtain: 



a 



Substitute numerical values and 
evaluate ,/V: 



N 



2(0. 15 mm) { 



0.03mm 
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(b) Express the intensity for a 
single-slit diffraction pattern as a 
function of the phase difference <j>\ 



I = h 



siriy^ 



Iff 

where 6 = — a sin 0 



(2) 



For m - 3: 



sin 6, 



and 



2;r 



0 = — a sin 6*3 



2k 
— i 



f3,P 


= 6;r 






\d j 




yd) 



Substitute numerical values and 
evaluate (jr. 



</> = 6k 



r 0m mm A 



0.15mm 



6k 



Solve equation (2) for the ratio of I 3 
to/ 0 : 

Substitute numerical values and 
evaluate I 3 /I 0 : 



sin^0 



v 2V y 

i r 6tt^ 



[ 3 _ 



sin 



V J J 



h 


1 


'6*> 






2 


v 5 , 





0.255 



Using Phasors to Add Harmonic Waves 
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Picture the Problem Chose the coordinate 
system shown in the phasor diagram. We 
can use the standard methods of vector 
addition to find the resultant of the two 
waves. 



The resultant of the two waves is of 
the form: 




E = R sin(c# + S) 



Express R in vector form: 
Find the magnitude of R : 



R = 2i -3j 

tf = V(2) 2 + (-3) 2 =3.61 



Interference and Diffraction 1045 



Find the phase angle 8 between 
R and K 



5 = tan 



-56.3 C 



V * J 



Substitute to obtain: 



E = 



3.61sin(<af-56.3°) 



*46 • 

Picture the Problem Chose the coordinate system shown in the phasor diagram. We can 
use the standard methods of vector addition to find the resultant of the two waves. 




The resultant of the two waves is of 
the form: 



E = R sin(c# + S) 



Express the x component of R : 



R =4 + 3cos60° = 5.50 



Express the y component of R ; 



R. =0 + 3sin60° = 2.60 



Find the magnitude of R : 



R = A /(5.50) 2 +(2.60) 2 = 6.08 



Find the phase angle 8 between 
R and E, 



i • 



8 = tan 



r R^ 



= tan 



f 2.60 ^ 

V 5.50y 



= 25.3° 



Substitute to obtain: 



E = 



6.08 sin(e* + 25.3°) 



Remarks: We could have used the law of cosines to find R and the law of sines to 
find 8 

47 

Picture the Problem We can evaluate the expression for the intensity for a single-slit 
diffraction pattern at the second secondary maximum to express I 2 in terms of I 0 . 



The intensity at the second 
secondary maximum is given by: 



sin 
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where 

a 2n ■ a 
m = — asmtt 



At this second secondary maximum: 



a sin 6 = —X 
2 



and 



</> = 



In 

T 



V ^ J 



= 5n 



Substitute for <f> and evaluate I 2 : 



sin 



5n 



5^ 
2 



0.0162/ ft 
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Picture the Problem We can use phasor concepts to find the phase angle 8 in terms of 
the number of phasors Af (three in this problem) forming a closed polygon of ,/V sides at 
the minima and then use this information to express the path difference Ar for each of 
these locations. Applying a small angle approximation, we can obtain an expression for y 
that we can evaluate for enough of the path differences to establish the pattern given in 
the problem statement. 



Express the phase angle 8 in terms 
of the number of phasors Af forming 
a closed polygon of Af sides at the 
first minimum: 



S- — 
~ N 



Express the path difference Ar in 
terms of sin# and the separation d 
of the slits: 



Ar = d sin 0 

or, provided the small angle approximation 
is valid, 
yd 
L 

where L is the distance to the screen. 



Ar 



Solve for y: 



L L 

y = — Ar y = — o 
d 2d 



For three equally spaced sources, 
the phase angle corresponding to the 
first minimum is: 



5 = and Ar = -^8 = \X 
3 In 3 
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Substitute to obtain: 



X 



(1) 



XL 
3d 



The phase angle corresponding to 
the second minimum is: 



8 



V 3 J 



and Ar = S = ■#■ X 
In 3 



Substitute to obtain: 



y 2 = 




When the path difference is A, we have an 
interference maximum. 



The path difference corresponding 
to the fourth minimum is: 



Ar = ±X 



Substitute to obtain: 



y 2 = 



d 



AX 



XL 



, = ( 4 ) 

V 3 J 3d 



Continue in this manner to obtain: 



nXL , _ . _ _ _ 
^=—," = 1,2,4,5,7,8,. 
3d 



(b) For L = 1 m, X = 5x10 m, and d 
= 0.1 mm: 



2j n 



_ 2(500nm)(lm) _ 
3(0. 1mm) 



3.33mm 
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Picture the Problem We can use phasor concepts to find the phase angle dm terms of 
the number of phasors N (four in this problem) forming a closed polygon of N sides at the 
minima and then use this information to express the path difference Ar for each of these 
locations. Applying a small angle approximation, we can obtain an expression for y that 
we can evaluate for enough of the path differences to establish the pattern given in the 
problem statement. 



Express the phase angle 8 in terms 
of the number of phasors Af forming 
a closed polygon of N sides at the 
first minimum: 



8 = 



In 
N 



Express the path difference Ar in 
terms of sin 6? and the separation d 
of the slits: 



Ar = d sin 0 

or, provided the small angle approximation 
is valid, 
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Ar = 



yd 



where L is the distance to the screen. 



Solve for y: 



L 

y = — Ar 
d 



For four equally spaced sources, the 
phase angle corresponding to the 
first minimum is: 



8 = — and Ar = -^—8 = \A 
2 In 4 



Substitute to obtain: 



y ^~d 



V 'Ad 



The phase angle corresponding to 
the second minimum is: 



A 

8 = n and Ar = — 8 = \A 
In 2 



Substitute to obtain: 



y 2 



L 



A 



(2) 



AL 
4d 



The phase angle angle 
corresponding to the third minimum 
is: 



3n 



A 



8 = — and Ar = 
2 In 



\ ^ J 



32 



Substitute to obtain: 



?3 = 



'3/0 



(3) 



v * y 



/LL 
4J 



Continue in this manner to obtain: 



t = ^,n = 1,2,3,5,6,7,9, 
4d 



(b) For L = 2m,2 = 6x10 7 m, 
d = 0. 1 mm, and « = 1 : 

For two slits: 



2^ n 

2y n 



_ 2(600nm)(2m) _ 
4(0. 1mm) 

_ l(m + \)AL 



6.00 mm 



For L = 2 m, A = 6x10 7 m, 
ci = 0. 1 mm, and m = 0: 



2y 

J n 



_ (600nm)(2m) _ 



0.1mm 



12.0mm 



The width for four sources is half the width for two sources. 
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Picture the Problem We can use sin 6 = A/ a to find the first zeros in the intensity 

pattern. The four-slit interference maxima occur at angles given by 

d sin 0 = mX, m = 0, 1, 2, .... In (c) we can use the result of Problem 49 to find the 

angular spread between the central interference maximum and the first interference 
minimum on either side of it. In (d) we'll proceed as in Example 33-6, using a phasor 
diagram for a four-slit grating, to find the resultant amplitude at a given point in the 
intensity pattern as a function of the phase constant 8, that, in turn, is a function of the 
angle 6? that determines the location of a point in the interference pattern. 



(a) The first zeros in the intensity 
occur at angles given by: 



sin^ 



A 



Solve for 0 : 



6 = sin 



(-) 
{a) 



Substitute numerical values and 
evaluate 9: 



6 = sin 



^480nm^ 
2jum 



0.242 rad 



(b) The four-slit interference 
maxima occur at angles given by: 



d sin 0 = mA, m = 0,1, 1, 



Solve for 0 m 



6 m = sin 



mA 
~d 



Substitute numerical values to 
obtain: 



0 m = sin 



m(480nm) 
6 jum 



= sin 



'(0.08m) 



Evaluate 9 m for m = 0, 1, 2, and 3: 



0 0 = 

0, 



0, 



sin^[0(0.08)] = 
[1(0.08)] = 
[2(0.08)] 



sin 



80.1mrad 



sin 



0.161rad 



# 3 = sin 1 [3(0.08)] = 0.242rad 

where #3 will not be seen as it coincides 
with the first minimum in the diffraction 
pattern. 



(c) From Problem 49 we have: 
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For n = 1 : 



0^,„ - 



480 nm 
4(6 //m) 



0.0200 rad 



(d) Use the phasor method to show the superposition of four waves of the same amplitude 

In 

A 0 and constant phase difference 8 = d sin 0. 




Express A in terms of S' and 5": 



A = 2(A 0 cosS" + A Q cosS') (1) 



Because the sum of the external 
angles of a polygon equals 2tt. 



2a + 3S = 27r 



Examining the phasor diagram we 
see that: 



a + 8" = n 



Eliminate a and solve for S" to 
obtain: 



S" = \S 



Because the sum of the internal 30 + 28" - 3k 

angles of a polygon of n sides is (n - 

2)n: 

From the definition of a straight (f> — S' + d = 7t 

angle we have: 

Eliminate <j> between these equations 8 ' = \ 5 

to obtain: 



Substitute for ^"and ^'inequation 
(1) to obtain: 
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A = 2i4o(cosf J+cos|<?) 



Because the intensity is proportional 
to the square of the amplitude of the 
resultant wave: 



/ = 4/ 0 (cosf S + cos ±Sf 



The following graph of I/I Q as a function of sin 6? was plotted using a spreadsheet 



sin^ 

V W J 



, where 



program. The diffraction envelope was plotted using — = 4^ 
In 

<f) = a sin 0. Note the excellent agreement with the results calculated in (a), (b), and 

X 

(c). 



16 
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0.1 



0.2 



sin(theta) 



0.3 
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Picture the Problem We can find the 
phase constant 5 from the geometry of the 
diagram to the right. Using the value of 5 
found in this fashion we can express the 
intensity at the point 1 .72 cm from the 
centerline in terms of the intensity on the 
centerline. On the centerline, the amplitude 
of the resultant wave is 3 times that of each 
individual wave and the intensity is 9 times 
that of each source acting separately. 




^ /. 2.5 m 
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(a) Express 8 for the adjacent slits: 



For small angles, sin#« tan#: 



Ik 

8 = — d sin 6 

X 

y 

sin 6 « tan 6 = — 
L 



Substitute to obtain: 



8 = 



2ndy 
XL 



Substitute numerical values and 
evaluate 8 : 



8 



2;r(0.06mm)(l.72cm) 



(550 nm) (2.5 m) 



3tt 



rad = 270° 



The three phasors, 270° apart, are 
shown in the diagram to the right. 
Note that they form three sides of a 
square. Consequently, their sum, 
shown as the resultant R, equals the 
magnitude of one of the phasors. 

(b) Express the intensity at the point 
1.72 cm from the center line: 



R = A a 



I ociC 



A, 
s 




Because I Q oc 97? 



I 0 9R 2 9 



Substitute for 7 0 and evaluate I: 



0.05 W/m 2 



5.56 mW/m 2 
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Picture the Problem We can use the phasor diagram shown in Figure 33-26 to determine 
the first three values of ^that produce subsidiary maxima. Setting the derivative of 
Equation 33-19 equal to zero will yield a transcendental equation whose roots are the 
values of <f> corresponding to the maxima in the diffraction pattern. 



(a) Referring to Figure 33-26 we see 
that the first subsidiary maximum 
occurs when: 



<fi = 37T 



A minimum occurs when: 
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Another maximum occurs when: 

Thus, subsidiary maxima occur 
when: 

(b) The intensity in the single-slit 
diffraction pattern is given by: 



(j) = 5n 

<p-{2n+l)n; n = 1,2,3,... 

and the first three subsidiary maxima 

are at <j)= 3n, 5tt, and In. 



Set the derivative of this expression equal to zero for extrema: 



dl_ 

~cUf> 



= 2/,, 



sin|^ |^cos|^-|sin|^ 



= 0 for relative maxima and minima 



Simplify to obtain the transcendental tan ^<fi = \<j> 

equation: 



Solve this equation numerically (use ^ - 2.86^, 4.92^, and 6.94^- 

the "Solver" function of your 
calculator) to obtain: 



Remarks: Note that our results in (b) are smaller than the approximate values found 
in (a) by 4.80%, 1.63%, and 0.865% and that the agreement improves as n 
increases. 



Diffraction and Resolution 
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Picture the Problem We can use 

X 

6 = 1.22 — to find the angle between the 
D 

central maximum and the first diffraction 
minimum for a Fraunhofer diffraction 
pattern and the diagram to the right to find 
the distance between the central maximum 
and the first diffraction minimum on a 
screen 8 m away from the pinhole. 




(a) The angle between the central 
maximum and the first diffraction 
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minimum for a Fraunhofer 
diffraction pattern is given by: 



Substitute numerical values and 
evaluate 0: 



0 = 1.22 



700 nm 
0.1mm 



8.54 mrad 



(b) Referring to the diagram, we see 
that: 



y = L tan 6 



Substitute numerical values and 
evaluate y: 



y = (8m)tan(8.54mrad) = 



6.83cm 
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Picture the Problem We can apply Rayleigh's criterion to the overlapping diffraction 
patterns and to the diameter D of the pinhole to obtain an expression that we can solve for 
Ay. 




Rayleigh's criterion is satisfied 
provided: 



cr =1.22 



D 



Relate a c to the separation Ay of the 
light sources: 



Ay 

a c « — provided a c « 1 . 
L 



Equate these expressions to obtain: 



Solve for Ay: 



Substitute numerical values and 
evaluate Ay: 



Ay =l.22 A 



L 

Ay = 1.22 



D 

XL 

D 



Ay = 



= 1 22 (700nm)(l0m) = 
0.1mm 



8.54cm 
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Picture the Problem We can use 

Rayleigh's criterion for slits and the 
geometry of the diagram to the right 
showing the overlapping diffraction 
patterns to express x in terms of A, L, and 
the width a of the slit. 





y 


_\ 


\! 

«A L 




31 



Referring to the diagram, relate a c , 
L, and x: 



x 
L 



For slits, Rayleigh's criterion is: 



X 

a c =- 
a 



Equate these two expressions to 
obtain: 



x X 
L a 



Solve for x: 



x = 



XL 



Substitute numerical values and 
evaluate x: 



x = 



(700 nm)(5m) 
0.5 mm 



7.00 mm 




Referring to the diagram, relate a c , 
L, and x: 



x 
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For circular apertures, Rayleigh's 
criterion is: 

Equate these two expressions to 
obtain: 

Solve for L: 



Substitute numerical values and 
evaluate L: 



« =1.22 



D 



- = 1.22 
L D 



L = 



xD 
1. 22 A 



L _ (ll2cm)(5mm) _ 
1. 22(550 nm) 



8.35km 




Referring to the diagram, relate a c , 
L, and x: 

For circular apertures, Rayleigh's 
criterion is: 

Equate these two expressions to 
obtain: 

Solve for L: 



Substitute numerical values and 
evaluate L: 



x 
L 



a =1.22 



D 



— = 1.22 — 
L D 



L = 



xD 
1.22X 



L = 



(6.5 cm) (5 mm) 
1. 22(550 nm) 



484 m 
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Picture the Problem We can use 

Rayleigh's criterion for circular apertures 
and the geometry of the diagram to the 
right showing the overlapping diffraction 
patterns to express L in terms of A, x, and 
the diameter D of your pupil. 




Your pupil 



(a) Referring to the diagram, relate 
a c , L, and x: 



a c « — provided a « 1 



For circular apertures, Rayleigh's 
criterion is: 

Equate these two expressions to 
obtain: 



D 

- X 
1.22 — 
L D 



« =1.22 



x 



Solve for L: 



Substitute numerical values and 
evaluate L: 



xD 
1.22A 



(6 mm) (5 mm) 
~ 1. 22(500 nm) ~ 



49.2 m 



(b) 



Because L is inversely proportional to X, the holes can be resolved better 
with violet light which has a shorter wavelength. 
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Picture the Problem We can use Rayleigh's criterion for circular apertures and the 
geometry of the diagram to obtain an expression we can solve for the minimum 
separation Ax of the stars. 
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(a) Rayleigh's criterion is satisfied — 1 22 ^ 

provided: D 



Relate a c to the separation Ax: of the Ax 

r a c « — because a c « 1 

light sources: L 



Equate these expressions to obtain: Ax _ j. 

L ~ D 

Solve for Ax: A , 00 ^ 

Ax = 1.22 — 



Substitute numerical values and evaluate Ax: 



(550 nm) 



Ax = 1.22- 



4c • y x 



9.461xl0 15 m 
lc • y 



200 in x 



2.54cm 
lin 



5.00xl0 9 m 



*60 

Picture the Problem We can use Rayleigh's criterion for circular apertures and the 
geometry of the diagram to obtain an expression we can solve for the minimum diameter 
D of the pupil that allows resolution of the binary stars. 




(a) Rayleigh's criterion is satisfied — 1 22 ^ 

provided: D 



Solve for D: D~\T1— 

a. 
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Substitute numerical values and 
evaluate D: 



Diffraction Gratings 



D = 1.22- 



550 nm 



14" x x- 



9.89 mm 



3600" 180° 
« 1cm 



61 • 

Picture the Problem We can solve d sin 0 = ml for #with m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 

The interference maxima in a d sin 0 = mX 

diffraction pattern are at angles 0 where d is the separation of the slits and m 

given by: = 0, 1, 2, ... 

Solve for the angular location 9 m of 
the maxima : 



= sin 



mX 



Relate the number of slits N per — _ 

centimeter to the separation d of the d 
slits: 



Substitute to obtain: 
Evaluate 9\ for X = 434 nm: 

Evaluate 6\ for X = 410 nm: 



6 m =sm l {mNX) 

0 X = sin 1 [(2000 cm 1 )(434nm)j 



86.9 mrad 



6> =shr 1 [(2000cnT 1 )(410nm)J 



= 82.1 mrad 
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Picture the Problem We can solve d sin 6 — mX for X with m = 1 to express the location 
of the first-order maximum as a function of the angles at which the first-order images are 
found. 



The interference maxima in a 
diffraction pattern are at angles 9 
given by: 



d sin 6 = mX 

where d is the separation of the slits and m 
= 0, 1,2, ... 
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Solve for A: 



A 



dsin.0 



in 



Relate the number of slits N per 
centimeter to the separation d of the 
slits: 

Let m =1 and substitute for d to 
obtain: 

Substitute numerical values and 
evaluate A\ for 9\ = 9.72 xlCT 2 rad: 

Substitute numerical values and 
evaluate A\ for 9 2 = 1-32 xlCT 1 rad: 



N = — 



A = 



dsinO 
N 

sin(9.72xlQ' 2 rad)_ 
2000 cm" 1 

sin(l.32xlQ-'rad)_ 
2000 cm" 1 



485 nm 



658 nm 
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Picture the Problem We can solve d sin 6 = mA for #wifh m = 1 to express the location 
of the first-order maximum as a function of the wavelength of the light. 



The interference maxima in a 
diffraction pattern are at angles 9 
given by: 

Solve for the angular location 9 m of 
the maxima : 



d sin 6 = mA 

where d is the separation of the slits and m 
= 0, 1,2, ... 



6 m = sin 



f mA^ 



V d j 



Relate the number of slits N per 
centimeter to the separation d of the 
slits: 

Substitute to obtain: 
Evaluate 9\ for A = 434 nm: 



Evaluate 9\ for A = 410 nm: 



6 m =sm l (mNA) 

6 X = sin 1 [(15000cm 1 )(434nm)J 



= 0.7089 rad = 40.6 



0, =snT 1 [(l5000cnr 1 )(410nm)] 
= 0.6624rad = | 38.0 C 
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Picture the Problem We can use the grating equation with sind- 1 and 

m = 5 to find the longest wavelength that can be observed in the fifth-order spectrum 

with the given grating spacing. 

The interference maxima are at d. sin 6 = mA, m = 1,2,3,... 

angles 9 given by: 

Solve for A: , dsinO 

m 



Evaluate A for sin#= 1 and 
m — 5: 



1 



x _d _ 4000cm" 1 
~ 5~~ 5 



500 nm 
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Picture the Problem We can use the grating equation to find the angle at which 
normally incident blue light will be diffracted by the Morpho's wings. 



The grating equation is: 



d sin 6 = mA 
where m= 1, 2, 3, ... 



Solve for Oto obtain: 



6 = sin 



mA 



Substitute numerical values and evaluate 
ft: 



0 = sin 



(l)(440nm) 
880 nm 



30.0° 



66 

Picture the Problem We can use the grating equation to find the angular separation of 
the first-order spectrum of the two lines. In (b) we can apply the definition of the 
resolving power of the grating to find the width of the grating that must be illuminated for 
the lines to be resolved. 



(a) Express the angular separation in A0 = # 579 - 6 511 

the first-order spectrum of the two 

lines: 



Solve the grating equation for 0 : „ . _i f mA 

0 = sin 

yd) 



Substitute to obtain: 
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A6 = sin 



777 (579 nm) 
1 

2000 cm 1 



sin 



777 (577 nm) 
1 

2000 cm" 1 



For m = 1 : 



Ad = sin 



(l)(579nm) 
1 

2000cm 1 



sin 



(l)(577nm) 
1 

2000 cm 1 



0.0231° 



(b) Express the width of the beam 
necessary for these lines to be 
resolved: 



w = Nd 



(1) 



Relate the resolving power of the 
diffraction grating to the number of 
slits N that must be illuminated in 
order to resolve these wavelengths 
in the mth order: 



A 

AX 



= mN 



For m = 1 : 



N ■ 



A 

AA 



Substitute in equation (1) to obtain: 



w ■ 



AA 



Letting A be the average of the two 
wavelengths, substitute numerical 
values and evaluate w: 



(578 nm) 



1 



2000 cm 



w - 



2nm 



1.45 mm 
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Picture the Problem We can use the grating equation d sin 0 = mA, m = 1, 2, 3, ... to 

express the order number in terms of the slit separation d, the wavelength of the light A, 
and the angle 6. 

The interference maxima in the d sm 9 = m ^> m = 1, 2, 3, ... 

diffraction pattern are at angles 9 
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given by: 
Solve for m: 

If one is to see the complete 
spectrum: 

Evaluate m max : 



Because m max = 2.98, one can see the complete spectrum only for m = 1 and 2. 



Express the condition for overlap: m l X l > m 2 A 2 

Because 700 nm < 2 x 400 nm, there is no overlap of the second - order 
spectrum into the first - order spectrum; however, there is overlap of long 
wavelengths in the second order with short wavelengths in the third - order 
spectrum. 



d sin 6 

m = 

X 

sin 0 < 1 and m< — 

X 



1 1 

4800 cm 1 4800 cm" 1 

= = 2.98 

1 700 nm 



68 

Picture the Problem We can use the grating equation and the resolving power of the 
grating to derive an expression for the angle at which you should look to see a 
wavelength of 510 nm in the fourth order. 

The interference maxima in the d sin 0 = mA, m = 1, 2, 3, ... (1) 

diffraction pattern are at angles 0 
given by: 

The resolving power R is given by: R = mN 

where N is the number of slits and m is the 
order number. 



Relate d to the width w of the J - — 

grating: 



Substitute for N to obtain: ^ _ ww_ 

R 
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Substitute for d in equation (1) to 
obtain: 



mw 

sin 6 = mA 

R 



Solve for 0 : 



6 = sin 



<R*> 



\ w J 



Substitute numerical values and 
evaluate 6: 



6 = sin 



(22,000) (5 10 nm 



5 cm 



13.0° 



69 

Picture the Problem The distance on the screen to the mth bright fringe can be found 
using y m = mXLjd , where d is the slit separation. We can use 0 min = A/Nd = Ay/ 2L 

to find the width of the central maximum and the R = mN, where N is the number of slits 
in the grating, to find the resolution in the first order. 



(a) The distance on the screen to the 
mth bright fringe is given by: 



Substitute numerical values to 
obtain: 



y m = m 



XL 
d 



or, because d-n x , 
y m = mnXL 

y m =m(4000cm" 1 )(589nm)(l.5m) 
= (0.353 m)m 



Evaluate vi and y 2 : 



y, = (0.353 m)(l) = 
and 

y 2 = (0.353 m)(2) = 



0.353 m 



0.706 m 



(b) The angle $ni„ that locates the 
first minima in the diffraction 
pattern is given by: 



9 



X _ Ay 
~ Nd ~ 2L 
where Ay is the width of the central 
maximum. 



Solve for Ay: 



Substitute numerical values and 
evaluate Ay: 



Ay 



2LA 



Nd 



Ay=- 



2(1.5 m) (589 nm) 



(8000 lines) 



1 

4000 cm 



88.4 /mi 
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(c) The resolution R in the mth order R = mN 

is given by: 



Substitute numerical values and R = (l)(8000) = 8000 

evaluate R: 



70 

Picture the Problem The width of the grating w is the product of its number of lines N 
and the separation of its slits d. Because the resolution of the grating is a function of the 
average wavelength, the difference in the wavelengths, and the order number, we can 
express w in terms of these quantities. 



Express the width w of the grating w = Nd 
as a function of the number of lines 
N and the slit separation d: 

The resolving power R of the ^ _ A _ „ 
grating is given by: A A 



Solve for N to obtain: jy A 



mAA 



Substitute for N in the expression _ Ad 

for w to obtain: mAA 



Letting A be the average of the given wavelengths, substitute numerical values and 
evaluate w: 



^(519.313nm + 519.322nm) 



1 



8400 cm 



w ■ 



2(5 19.322 nm- 5 19.3 13 nm) 



3.43cm 



*71 

Picture the Problem We can use the expression for the resolving power of a grating to 
find the resolving power of the grating capable of resolving these two isotopic lines in the 
third-order spectrum. Because the total number of the slits of the grating N is related to 
width w of the illuminated region and the number of lines per centimeter of the grating 
and the resolving power R of the grating, we can use this relationship to find the number 
of lines per centimeter of the grating 
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The resolving power of a diffraction 
grating is given by: 



R 



A 

\aa\ 



mN 



(1) 



Substitute numerical values and 
evaluate R: 



R = 



546.07532 



546.07532-546.07355 



= 3.09 xlO 5 



Express n, be the number of lines 
per centimeter of the grating, in 
terms of the total number of slits N 
of the grating and the width w of the 
grating: 



N 



n = 



w 



From equation (1) we have: 



m 



Substitute to obtain: 



R 



n = 



mw 



Substitute numerical values and 
evaluate n: 



n = 



3.09 xlO 5 
(3)(2cm) 



5.15xl0 4 cm" 



72 

Picture the Problem We can differentiate the grating equation implicitly to obtain an 
expression for the number of lines per centimeter n as a function of cos 9 and dOldA. We 
can use the Pythagorean identity sin 2 6?+ cos 2 #= 1 and the grating equation to write cos# 
in terms of n, m, and A. Making this substitution and approximating d0/d/L by A0/AA, 
will yield an expression for n in terms of m, A, A/3, and A9. 



(a) The grating equation is: 



d sin 6 = mk, m = 0, 1 , 2, . . 



(1) 



Differentiate both sides of this 
equation with respect to k. 



— (d sin 6) = — (mX) 
dA dA 

or 

d cos 0 — = m 
dA 



Because n = lid: 



COS0 



d0_ 
dA 



nm 
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Solve for n to obtain: 



1 dO 

n = — cos 0 — 
m dA 



Approximate dOldA by AO I A A: 



l Ad 

n = cost' 

m AA 



Substitute for cosd : 



1 Ad r TT^ 

n = VI -sin 0 

m AA 



From equation (1): 



sin 0 = ni ^- = nmA 
d 



Substitute to obtain: 



1 A0 r 2 2j2 

n = yl — n m A 

m AA 



Solve for n: 



Substitute numerical values and evaluate n: 



1 



n = 



mjA 2 + 



AA 
yA0j 



n = 



= 6.677 xlO 3 m 



5 „-l 



480nm + 500nmV 



500nm-480nm 

12%^ 
v 180° 



= 6677 cm 1 



(b) Express m max in terms of d and 

^■max* 



d 1 



m = 

max 



A nA 

max max 



Substitute numerical values and evaluate 

^max- 



m = 

max 



(6677 cm _1 )(500nm)' 
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73 



Picture the Problem We can use the 

grating equation and the geometry of the 
diagram to derive an expression for the 
separation Ay = y 2 - y\ of the spectral lines 
in terms of the distance L to the screen, the 
wavelengths of the resolved lines, and the 
number of grating slits per centimeter n. 
We will assume that the angle 0 2 is small 
and then verify that this is a justified 
assumption. 




(a) The grating equation is: 



d sin 6 = mk, m = 0, 1 , 2, . . 



Assuming that Ox « 1 and 
m — 2: 



sin 6 2 « tan 6 2 = 



Substitute to obtain: 



d — = mX 



Solve for y: 



mLX 
~d~ 



Letting the numerals 1 and 2 refer to 
the spectral lines, express y 2 - y\. 



ky = y2-yi=^y{^2-\) 

d 



Solve for d to obtain: 



The number of lines per centimeter 
n is the reciprocal of d: 

Substitute numerical values and 
evaluate n: 



To confirm our assumption that 
&i « 1 , solve the grating equation 
for 9x. 



d= mL (4-4) 

y 2 -yi 



n = 



y 2 -yi 



mL{X 2 -/Ij) 



8.4 cm 



(2)(8m)(590nm-520nm) 



750cm" 



6 2 = snT 



'2^ 



= sin 



l (2An) 



V a j 



Interference and Diffraction 1069 



Substitute numerical values and 
evaluate Of. 



# 2 =shT 1 [2(590nm)(750cnr 1 )] 
= 8.86x10 2 «1 



Because Oi « 1 : 



sin 6 2 « tan 6 2 & 6 2 , as was assumed 
above. 



(b) The separation of the 
wavelengths is given by: 



Ay = rri ^ {X 2 — X l ) = mLn(X 2 — X\) 
d 



For m = 1 : 



Ay = (l)(8m)(750cm 1 )(590nm-520nm) = 



4.20cm 



For m-3: 



Ay = (3)(8m)(750cm 1 )(590nm-520nm) : 



12.6cm 
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Picture the Problem We can differentiate the grating equation implicitly and 
approximate dd/dA by AO I AX to obtain an expression AO as a function of m, n, AX, and 
cos 0. We can use the Pythagorean identity sin 2 d?+ cos 2 d? = 1 and the grating equation to 
write cos 0 in terms of n, m, and X. Making these substitutions will yield the given 
equation. 



The grating equation is: 



d sin 9 = mX, m = 0, 1, 2, ... (1) 



Differentiate both sides of this 
equation with respect to X: 



— (d sin 6) = — (mX) 
dX dX 



or 



d cos 0 — = m 
dX 



Because n = lid: 



d6 

cos o — = nm 
dX 



Solve for n to obtain: 



1 dO 

n = — cos & — 
m dX 



Approximate dOldX by AO I AX: 



1 A6 

n = cos 0 

m AX 



1070 Chapter 33 



Solve for A 0: 



Ad 



nmAA 

COS0 



Substitute for cosd? : 



A0 = 



nmAA 



Vl-sin 2 6 



From equation (1): 



sin 6 = ni ^- = nmA 
d 



Substitute to obtain: 



AO 



nmAA 



yll — n 2 m 2 A 2 



Simplify by dividing the numerator and denominator by nm: 



A6 = 



AA 



AA 



-il-/iVf \ \-nm 2 A 2 



nm 



2 2 

n m 



AA 



2 2 

n m 



-A 2 
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Picture the Problem We can use the grating equation and the geometry of the grating to 
derive an expression for <j> m in terms of the order number m, the wavelength of the light A, 
and the groove separation a. 



(a) The grating equation is: 



d sin 9 = mA, m = 0, 1, 2, ... (1) 



Because tf> and 9i have their left and 
right sides mutually perpendicular: 



a =6 

l rm 



Substitute to obtain: 



d sin <j> m = mA 



Solve for 



f mA^ 



sin 



V a j 



(b) For m = 2: 



(f> 2 = sin 



f \ 

(2)(450nm) 
1 

10,000 cm 1 



64.2° 
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Picture the Problem We can follow the procedure outlined in the problem statement to 
obtain R - AIAA - mN. 



(a) Express the relationship between 
the phase difference tj> and the path 
difference Ar: 



6 Ar , 2nAr 

— = — => <p = 

2,71 A A 



Because Ar = cfsind? : 



2nd 



sin^ 



(b) Differentiate this expression 
with respect to d?to obtain: 



d<f> _ d 
d6 ~ dO 



27ld 

~A~ 



sm6 



27ai 



cos 6 



Solve for dtjr. 



dip 



2nd 

A 



cos Odd 



(c) From (b): 



d6 



Adif) 



2nd cos 0 



Substitute IttIN for d0to obtain: 



d6 



A 



Nd cos 0 



33-30 



(d) Equation 33-27 is: 



ds'mff = mA, m = 0, 1 , 2, 



Differentiate this expression 
implicitly with respect to A to 
obtain: 



— [d sin 0\ = — [mA] 

dA dA 



or 



d cost/ — = m 
dA 



Solve for d9 to obtain: 



d6 



mdA 
dcosO 



33-31 



(e) Equate the two expressions for d 9 
obtained in (c) and (d): 



A 



mdA 



Nd cos 6 d cos 6 



Solve for R = AJAA: 



R = 



A 

dA 



= mN 
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General Problems 



*77 



Picture the Problem We can apply the condition for constructive interference to find the 
angular position of the first maximum on the screen. Note that, due to reflection, the 
wave from the image is 180° out of phase with that from the source. 



(a) Because ;y 0 « L, the distance 
from the mirror to the first 
maximum is given by: 



(1) 



Express the condition for 
constructive interference: 



d sin 0 = (m + j)A, m 



0,1,2,... 



Solve for 0 : 



6> = sin 1 



(m + |) 



A 



For the first maximum, m = 0 and: 



On 



sin 



ft) 



A 



Substitute in equation (1) to obtain: 

Because the image of the slit is as 
far behind the mirror's surface as 
the slit is in front of it, d = 2 mm. 
Substitute numerical values and 
evaluate y 0 : 



y Q = Ls'm 



ft) 



A 



y 0 =(lm)sin _1 



&) 



600 nm 
2 mm 



0.150 mm 



(b) The separation of the fringes on 
the screen is given by: 



Ay 



AL 



The number of dark bands per 
centimeter is the reciprocal of the 
fringe separation: 



n = 



]_ d_ 
Ay AL 



Substitute numerical values and 
evaluate n: 



2 mm 



n = 



(600nm)(lm) 



3.33xl0 3 nT 



78 

Picture the Problem The light from the radio galaxy reaches the radio telescope by two 
paths; one coming directly from the galaxy and the other reflected from the surface of the 
lake. The latter is phase shifted 180°, relative to the former, by reflection from the surface 
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of the lake. We can use the condition for constructive interference of two waves to find 
the angle above the horizon at which the light from the galaxy will interfere 
constructively. 

Telescope 
, l> 




Because the reflected light is phase 
shifted by 180°, the condition for 
constructive interference at point P 
is: 



Ar = (m + j)A 
where m = 0, 1,2, 



Referring to the figure, note that: 



sin 0 



Ar 



9 = sin 



Ar 
~d 



Substitute for Ar to obtain: 



0 = sin 



Noting that m = 0 for the first 
interference maximum, substitute 
numerical values and evaluate 9q. 



6q = sin 



^(20 cm) 
20 m 



= 5.00xl0~ 3 rad 



= 0.286 c 



79 • 

Picture the Problem We can use the 

condition determining the location of 
points of zero intensity in a diffraction 
pattern to express the location of the first 
zero in terms of y and L. The width of the 
central maximum can then be found from 
Ay = 2y. 




Express the horizontal length of the 
principal diffraction maximum on 
the screen: 



Ay = 2y 



(1) 



Referring to the diagram, relate the 
angle 9 to the distances y and L: 



tan# 



or, because 9 « 1, tan#« sind? and 
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sin 0 



The points of zero intensity for a 
single-slit diffraction pattern are 
determined by the condition: 



a sin 6? = mX,m = 1,2,.. 



Substitute for sin 6? to obtain: 



ay 



= mX 



Solve for y: 



y = m- 



XL 



Substitute for y in equation (1): 



At the first diffraction minimum, m 
= 1 . Substitute numerical values and 
evaluate Av: 



Ay = 2m 



XL 



a 



Ay = 2(l) C700nm)(6m) = 
0.5 mm 



1.68 cm 



80 • 

Picture the Problem We can use the Rayleigh criterion to express a c in terms of X and 
the diameter of the opera glasses lens D and the geometry of the problem to relate a c to 
separation y of the singer' s eyelashes and the observation distance L. 

Aperture of 
opera glasses 




The critical angular separation, 
according to Rayleigh' s criterion, is: 



a =1.22 



X_ 
D 



Given that a c « 1 , it is also given 
by: 



<2 » 



Equating these two expressions 
yields: 



^ = 1.22 A 
L D 
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Solve for D to obtain: 



D = 1.22 



XL 



Substitute numerical values and 
evaluate D: 



D = \22 



(550 nm) (25 m) 



0.5 mm 



33.6mm 



81 • 

Picture the Problem The resolving power of a telescope is the ability of the instrument 
to resolve two objects that are close together. Hence we can use Rayleigh's criterion as 
the resolving power of the Arecibo telescope. 



Rayleigh's criterion for resolution 
is: 



a =1.22 



D 



Substitute numerical values and 
evaluate a r : 



a =1.22 



3.2cm 
300 m 



0.130mrad 



*82 

Picture the Problem Note that reflection 
at both surfaces involves a phase shift of n 
rad. We can apply the condition for 
destructive interference to find the 
thickness t of the nonreflective coating. 



. A 600 mn 




Glass 



The condition for destructive 
interference is: 

Solve for t: 



2* = (m + i)/l roati =(m + i) 



coating 



[m + \) 



2n 



coating 



Evaluate t for m = 0: 



600 nm 
2(1.30) 



1 15 nm 
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Picture the Problem The Fabry-Perot 
interferometer is shown in the figure. For 
constructive interference in the transmitted 
light the path difference must be an integral 
multiple of the wavelength of the light. 
This path difference can be found using the 
geometry of the interferometer. 




Express the path difference between 
the two rays that emerge from the 
interferometer: 



Ar = 



2a 
cosd 



For constructive interference we 
Require that: 



Ar = mA, m = 0, 1, 2, 



Equate these expressions to obtain: 



Solve for a to obtain: 



mA = 



2a 

COS0 



mA 



COS0 



84 

Picture the Problem The gaps in the 
spectrum of the visible light are the result 
of destructive interference between the 
incident light and the reflected light. 
Noting that there is a ;zrad phase shift at 
the first air-mica interface, we can use the 
condition for destructive interference to 
find the index of refraction n of the mica 
sheet. 




Because there is a ^rad phase shift 
at the first air-mica interface, the 
condition for destructive 
interference is: 



lt = m K™ — ,m = 1,2,3, 
n 



Solve for n: 



n = m- 



4l 
2t 



(1) 



For A = 474 nm: 



2t = (474nm)m 
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For X = 421 nm: 



It = (421nm)(m + l) 



Equate these two expressions for 2t 
and solve for m to obtain: 



m = 8 for X = 474 nm 



Substitute numerical values in 
equation (1) and evaluate n: 



n = S 



474 nm 
2(1. 2 //m) 



1.58 



85 

Picture the Problem Note that the light 
reflected at both the air-film and film-lens 
interfaces undergoes a ;zrad phase shift. 
We can use the condition for destructive 
interference between the light reflected 
from the air- film interface and the film-lens 
interface to find the thickness of the film. 
In (c) we can find the factor by which light 
of the given wavelengths is reduced by this 
film from / oc cos 2 \ 8. 




Lens 



(a) Express the condition for 
destructive interference between the 
light reflected from the air-film 
interface and the film-lens interface: 



2t = (m + l)A ta =(^ + i)— (1) 
where m = 0, 1,2, ... 



•4* 

n 



Solve for t: 



t = {m + \) 



2n 



Evaluate t for m = 0: 



t = 



540 nm 



2(1.38) 



97.8 nm 



(b) Solve equation (1) for X® 



Evaluate /L;, for m = 1 : 



I.. 



2tn 



air i 
m+ 2 



I,. 



_ 2(97.8 nm)(l .38) _ 



1 + 



180nm 



No; because 1 80 nm is not in the visible portion of the spectrum. 



(c) Express the reduction factor /as 



/ =cos 2 |J 



(2) 
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a function of the phase difference 8 
between the two reflected waves: 



Relate the phase difference to the 
path difference Ar: 

Because Ar = 2t: 



8 Ar 



2n A 



film 



8 = 2n 



8 = In 



f It ^ 



V ^fflm J 



Substitute in equation (2) to obtain: 



/ =COS' 



\2n 



r 2t ^ 



V ^film J 





2nt 


= cos 2 





cos 



2nnt 

X~„ 



Evaluate/ for /I = 400 nm: 



/ 4 oo =cos : 



2^(l.38)(97.8 



400 nm 



0.273 



Evaluate/ for X = 700 nm: 



/400 = cos : 



2^(l.38)(97.8 nm 



700 nm 



= 0.124 



86 » 

Picture the Problem As indicated in the 
problem statement, we can find the optimal 
size of the pinhole by equating the angular 
width of the object at the film and the 
angular width of the diffraction pattern. 




Express the angular width of the a 
distant object at the film in terms of 
the diameter D of the pinhole and 
the distance L from the pinhole to 
the object: 



20 = 



D 



6 = 



D 

2L 



Using Rayleigh's criterion, express 
the angular width of the diffraction 



0. 



diffraction 



= 1.22 — 
D 
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pattern: 



Equate these two expressions to 
obtain: 



— = 1.22- 
2L D 



Solving for D yields: 



D = yjlAAXL 



Substitute numerical values and 
evaluate D: 



D = ^2.44(550 nm)(l0 cm) 



= 0.366 mm 



*87 

Picture the Problem We can use the geometry of the dots and the pupil of the eye and 
Rayleigh's criterion to find the greatest viewing distance that ensures that the effect will 
work for all visible wavelengths. 




Referring to the diagram, express 
the angle subtended by the adjacent 
dots: 



Letting the diameter of the pupil of 
the eye be D, apply Rayleigh's 
criterion to obtain: 



a =1.22 



D 



Set 9- a c to obtain: 



- = 1.22- 
L D 



Solve for L: 



L = 



Dd 
1. 22 A 



Evaluate L for the shortest 
wavelength light in the visible 
portion of the spectrum: 



_ (3mm)(2mm) _ 
~ 1. 22(400 nm) ~ 



12.3m 
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Picture the Problem It is given that with one tube evacuated and one full of air at 1-atm 
pressure, there are 198 more wavelengths of light in the tube full of air than in the 
evacuated tube of the same length. We can use this condition to obtain an equation that 
expresses this difference in terms of L, A„, and Aq. We can obtain a second equation 

X 

relating A„, n, and Aq ( X n = — ) and solve the two equations simultaneously to find n. 

n 



(a) The wavelengths are related by: 



A.,=^ 



The number of wavelengths in 
length L is the length L divided by 
the wavelength. Thus: 



= 198 



Substitute for A n : 



nL L 



= 198 



Solve for A„ to obtain: 

Substitute numerical values and 
evaluate n: 



. 19U 0 
n = l + 



L 

n = l + 198 



^5891111^ 
0.4m 



1.0002916 



(b) Replace 198 with 198 ± 0.25 and assume that the uncertainties in L and Aq are 
negligible: 



1 + ^(198 ±0.25): 



1.0002916 + 0.0000004 
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Picture the Problem We can use the 

condition that determines points of zero 
intensity for a single slit diffraction pattern 
and the geometry of the slit and screen 
shown in the diagram to derive the given 
width of the central maximum on the 
screen. 



A 


) 




— i 








Screen — 


) 



(a) The points of zero intensity for a 
single-slit diffraction pattern are 
given by: 



a sin 0 = m/L, m = 1, 2, 3, . 



(1) 
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Relate the half-width y of the . n y 

J tan 0 = — 

diffraction pattern to 0 and L: L 

Because #is very small, . n y 

J sin 6 ~ — 

tanQ « sin 0 and: L 



Substitute for sind? in equation (1) a — ~ m/L 

to obtain: L 



Solve for y: 

J y « m — 

a 



The width of the central maximum 
(m = 1) is: 



2y* 



2AL 



2LA „ 2AL 

(b) Set a = and simplify to 2y 

a 

obtain: 



2LA 
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Chapter 34 

Wave-Particle Duality and Quantum Physics 



Conceptual Problems 



*i * 

Determine the Concept The Young double-slit experiment, the diffraction of light by a 
small aperture, and the JJ. Thomson cathode-ray experiment all demonstrated the wave 
nature of electromagnetic radiation. Only the photoelectric effect requires an explanation 
based on the quantization of electromagnetic radiation. 



(c)is correct. 



Determine the Concept Since the power radiated by a source is the energy radiated per 
unit area and per unit time, it is directly proportional to the energy. The energy radiated 
varies inversely with the wavelength (E = he/ A); i.e., the longer the wavelength, the 

less energy is associated with the electromagnetic radiation. {b)is correct. 



3 

(a) True 



(b) False. The work function of a metal is a properly of the metal and is independent of 
the frequency of the incident light. 



(c) True 



(d) True 



4 

Determine the Concept In the photoelectric effect, the number of electrons emitted per 
second is a function of the light intensity, proportional to the light intensity, independent 
of the work function of the emitting surface and independent of the frequency of the light. 
(b)is correct. 



*5 • 

Determine the Concept The threshold wavelength for emission of photoelectrons is 
related to the work function of a metal through 0 = hc/A t . Hence A, = hc/tf) and 

(a) is correct. 
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6 

Determine the Concept In order for electrons to be emitted he/ A must be greater than^. 
Evidently, hclX\ < </>, but hc/A 2 > <j). 

7 

(a) True 

(b) True 

(c) True 

(d) False. Electrons are too small to be resolved by an electron microscope. 
8 

Determine the Concept If the de Broglie wavelengths of an electron and a proton are 
equal, their momenta must be equal. Since m p > m e , v p < v e . Response (c) is correct. 

9 

Picture the Problem The kinetic energy of a particle can be expressed, in terms of its 

2 

P 

momentum, as K = . We can use the equality of the kinetic energies and the fact that 

2m 

m e < m v to determine the relative sizes of their de Broglie wavelengths. 

Express the equality of the kinetic 
energies of the proton and electron 
in terms of their momenta and 
masses: 

Use the de Broglie relation for the 
wavelength of matter waves to 
obtain: 



Since m e < m p : 



pi _ pi 



2m v 2m e 



2m p \ 2m e A e 
or 

™ P 4 = ™X 



A p < A, e and A e > 2 p 
and (c) is correct. 



10 • 

Determine the Concept Yes. <x> can equal a value for which P(x) is zero. An example 
is the asymmetric well for all even numbered states. 
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*11 • 

Determine the Concept In the photoelectric effect, an electron absorbs the energy of a 
single photon. Therefore, K max = hf- (f>, independently of the number of photons incident 
on the surface. However, the number of photons incident on the surface determines the 
number of electrons that are emitted. 

12 

Picture the Problem The probability of a particular event occurring is the number of 
ways that event can occur divided by the number of possible outcomes. The expectation 
value, on the other hand, is the average value of the experiment. 



(a) Find the probability of a 1 
coming up when the die is thrown: 



6 



(b) Find the average value of a large 
number of throws of the die: 



3x1+3x2 



n = 



1.5 



13 

Determine the Concept According to quantum theory, the average value of many 
measurements of the same quantity will yield the expectation value of that quantity. 
However, any single measurement may differ from the expectation value. 

Estimation and Approximation 
14 

Picture the Problem From Einstein's photoelectric equation we have K w = hf — <fi, 

which is of the form y = mx + b , where the slope is h and the 

^max-intercept is the work function. Hence we should plot a graph of K max versus fin 

order to obtain a straight line whose slope will be an experimental value for Planck's 

constant. 



(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


A3 


544 


X (nm) 


B3 


0.36 


^max(eV) 


C3 


A3*10 A -19 


k(m) 


D3 


3*10 A 8/C3 


elk 


E3 


B3*1.6*10 A -19 


-^max (J) 



lambda 


Kmax 


lambda 


f=c/lambda 


Kmax 


(nm) 


(eV) 


(m) 


(Hz) 


(J) 
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544 


0.36 


5.44E-07 


5.51E+14 


5.76E-20 


594 


0.199 


5.94E-07 


5.05E+14 


3.18E-20 


604 


0.156 


6.04E-07 


4.97E+14 


2.50E-20 


612 


0.117 


6.12E-07 


4.90E+14 


1.87E-20 


633 


0.062 


6.33E-07 


4.74E+14 


9.92E-21 



The following graph was plotted from the data shown in the above table. Excel's "Add 
Trendline" was used to fit a linear function to the data. 



2.E-20 
1.E-20 
0.E+00 













Jf nal = 6.19E-34/-2.83E-1£ 

























































4.6E+14 4.8E+14 5.0E+14 5.2E+14 5.4E+14 5.6E+14 

/(Hz) 



(b) From the regression line we note 
that the experimental value for 
Planck's constant is: 



K P = 



6.19xl(T 34 J-s 



(c) Express the percent difference 



between h exp and h 



%dffi = H kexp 



1 



h 



= 1- 



h h 
6.19xl(T 34 J-s 
6.63xl(T 34 J-s 



6.64% 



15 

Picture the Problem From Einstein's photoelectric equation we have K imx =hf — (/>, 

which is of the form y = mx + b , where the slope is h and the 

^max-intercept is the work function. Hence we should plot a graph of K max versus fin 

order to obtain a straight line whose intercept will be an experimental value for the work 

function. 

(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


A3 


544 


X (nm) 



Wave-Particle Duality and Quantum Physics 1087 



B3 


0.36 


^max(eV) 


C3 


A3*10 A -19 


A(m) 


D3 


3*10 A 8/C3 


clA 


E3 


B3*1.6*10 A -19 


^max (J) 



lambda 


Kmax 


lambda 


f=c/lambda 


Kmax 


(nm) 


(eV) 


(m) 


(Hz) 


(J) 


544 


0.36 


5.44E-07 


5.51E+14 


5.76E-20 


594 


0.199 


5.94E-07 


5.05E+14 


3.18E-20 


604 


0.156 


6.04E-07 


4.97E+14 


2.50E-20 


612 


0.117 


6.12E-07 


4.90E+14 


1.87E-20 


633 


0.062 


6.33E-07 


4.74E+14 


9.92E-21 



The following graph was plotted from the data shown in the above table. Excel's "Add 
Trendline" was used to fit a linear function to the data. 





7.E-20 - 




6.E-20 - 




5.E-20 - 




4.E-20 - 


e 


3.E-20 - 




2.E-20 - 




1.E-20 - 




0.E+00 - 













^ max = 6.19E-34/-2.83E-1< 




















^^^^ 





































4.6E+14 4.8E+14 5.0E+14 5.2E+14 5.4E+14 5.6E+14 

/(Hz) 



(b) From the regression line we note 
that the experimental value for the 
work function <f> is: 



^ =2.83xl(T 19 Jx 



leV 



r exp 



1.6x10 J 



1.77 eV 



(c) 



The value of ^ exp = 1 .77 eV is closest to the work function for cesium. 



*16 

Picture the Problem From the Compton-scattering equation we have 

A 2 — Ay = A c (l — cos&), where A c = h/m e c is the Compton wavelength. Note that this 

equation is of the form y = mx + b provided we let y = A 2 - A\ and x = 1 - cos 6. Thus, we 
can linearize the Compton equation by plotting AA = A 2 - Ay as a function of 1 - cos 0 . 

The slope of the resulting graph will yield an experimental value for the Compton 
wavelength. 
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(a) The spreadsheet solution is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


A3 


45 


#(deg) 


B3 


1 -cos(A3*PI()/180) 


1 - COS 9 


C3 


6.47E A -13 


AA = A 2 -A l 



e 


1- cosd? 


/^2 — A\ 


(deg) 






45 


0.293 


6.47E-13 


75 


0.741 


1.67E-12 


90 


1.000 


2.45E-12 


135 


1.707 


3.98E-12 


180 


2.000 


4.95E-12 



The following graph was plotted from the data shown in the above table. Excel's "Add 
Trendline" was used to fit a linear function to the data. The regression line is 
AA = 2 AS x 1(T 12 (l - cos 6) - 1 .03 x 1(T 13 



M 3.0E-12 

B 

"° 2.0E-12 
1.0E-12 
0.0E+00 





delta lambda = 2.48E-12[1-cos(theta)]- 1 .03E-13 











































0.0 0.5 1.0 1.5 2.0 



1 -cos(theta) 



From the regression line we note 
that the experimental value for the 
Compton wavelength /tc,ex P is: 

The Compton wavelength is given 
by: 



Substitute numerical values and 
evaluate Ac'. 



A 



'C,exp 



2.48xl(T 12 m 



A 



h he 



C 2 

mx mx 



1240eV-nm 12 

A r = ; = 2.43x10 m 

c 5.11xl0 5 eV 
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Express the percent difference 
between Ac and /tc,ex P : 



%diff 



C,exp 



•/L 



C,exp 



exp exp 

2.48xl0 12 m 
2.43xl0~ 12 m 



2.06% 



*17 » 

Picture the Problem The de Broglie wavelength of an object is given by k = A^d, where 
p is the momentum of the object. 



The de Broglie wavelength of an 
object, in terms of its mass m and 
speed v, is: 

The values in the following table 
were obtained using the internet: 



The de Broglie wavelength of a 
baseball, moving with its maximum 
speed, is: 

Proceed as above to obtain the 
values shown in the table: 



mv 



Type of ball 


m 


"max 




(g) 


(m/s) 


Baseball 


142 


44 


Tennis 


57 


54 


Golf 


57 


42 


Soccer 


250 


31 



. 6.63xlQ- 34 J-s in _ 34 

/t = 7 w 7 = 1. 06x10 m 

(0.142kg)(44m/s) 



Type of 
ball 


m 


Vmax 


A 




(g) 


(m/s) 


(m) 


Baseball 


142 


44 


1.06x10 34 


Tennis 


57 


54 


2.15xl0" 34 


Golf 


57 


42 


2.77 xl0~ 34 


Soccer 


250 


31 


0.855 xlO" 34 



Examination of the table indicates that the soccer ball has the shortest 
de Broglie wavelength. 



The Particle Nature of Light: Photons 



18 • 

Picture the Problem We can find the photon energy for an electromagnetic wave of a 
given frequency / from E = hf where h is Planck's constant. 



1090 Chapter 34 
(a) For/= 100 MHz: 



(b) For/= 900 kHz: 



E = hf 

= (6.63xlCT 34 J-s)(l00MHz) 



6.63 xlO" 25 J 



6.63 xl0~ 25 Jx 



leV 



1.60 x 10 J 



4.14xlO~ 7 eV 



E = hf 

= (6.63xl0" 34 J-s)(900kHz) 



5.96x10 28 J 



= 5.96x10 28 Jx 



leV 



1.60x10 J 



= 3.73xlO~ 9 eV 



19 • 

Picture the Problem The energy of a photon, in terms of its frequency, is given by E=hf. 



(a) Express the frequency of a 
photon in terms of its energy and 
evaluate / for E = 1 eV: 



/ 



E 



leV 



4.14xl0 15 eV-s 



= 2.42xl0 14 Hz 



(b) For E = 1 keV: 



/ = 



IkeV 



4.14x10 15 eV-s 



2.42xlO I7 Hz 



(c) For E = 1 MeV: 



/ = 



lMeV 



4.14x10 15 eV-s 



= 2.42xl0 20 Hz 



*20 • 

Picture the Problem We can use E = hc/A to find the photon energy when we are given 
the wavelength of the radiation. 



(a) Express the photon energy as a 
function of wavelength and evaluate 
E for I = 450 nm: 



E = 



he 1240eV-nm 



A 



450 nm 



2.76 eV 
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(b) For X = 550 nm: 



1240eV-nm 
550 nm 



2.25 eV 



(c) For X = 650 nm: 



1240eV-nm 
650 nm 



1.91eV 



21 • 

Picture the Problem We can use E = hc/X to find the photon energy when we are given 
the wavelength of the radiation. 



(a) Express the photon energy as a 
function of wavelength and evaluate 
E for X = 0.1 nm: 



he 1240eV-nm 



X 



0.1 nm 



12.4 keV 



(b) For A=l fin: 



E = 



1240eV-nm 



10~ 6 nm 



1.24GeV 



22 

Picture the Problem We can express the density of photons in the beam as the number 
of photons per unit volume. The number of photons per unit volume is, in turn, the ratio 
of the power of the laser to the energy of the photons and the volume occupied by the 
photons emitted in one second is the product of the cross-sectional area of the beam and 
the speed at which the photons travel, i.e., the speed of light. 



Express the density of photons in _ N 

the beam as a function of the V 
number of photons emitted per 
second and the volume occupied by 
those photons: 

Relate the number of photons _ P _ PA 

emitted per second to the power of E he 

the laser and the energy of the 
photons: 

Express the volume containing the V = Ac 

photons emitted in one second as a 
function of the cross sectional area 
of the beam: 
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Substitute to obtain: 



P 



PA 

he 2 A 



Substitute numerical values and evaluate p. 

(3mW)(632nm) 



P 



(6.63 x 1 (T 34 J • s)(3 x 1 0 8 m/s) 2 - (l mm) 2 

V4 



13 _-3 



4.05x10' m 



*23 • 

Picture the Problem The number of photons per unit volume is, in turn, the ratio of the 
power of the laser to the energy of the photons and the volume occupied by the photons 
emitted in one second is the product of the cross-sectional area of the beam and the speed 
at which the photons travel; i.e., the speed of light. 



Relate the number of photons 
emitted per second to the power of 
the laser and the energy of the 
photons: 

Substitute numerical values and 
evaluate N: 



E he 



N = 



(2.5mW)(l.55^m) 
(6.63 xl0~ 34 J - s)(3xl0 8 m/s) 



= 1.95x10 



16 s- 1 



The Photoelectric Effect 

24 • 

Picture the Problem The threshold wavelength and frequency for emission of 
photoelectrons is related to the work function of a metal through <fi = hf t = hc/A t . We 

he 

can use Einstein's photoelectric equation A max = <p to find the maximum kinetic 

A 

energy of the electrons for the given wavelengths of the incident light. 



(a) Express the threshold frequency r _ _ 4.58eV 

in terms of the work function for ' h 4.14x10 15 eV-s 



tungsten and evaluate /J: _ iii x iq 15 Hz 



Using v=fl, express the threshold v 3 x 10 m/s 

A. ~ 



wavelength in terms of the threshold ' f l.llxl0 15 Hz 



270 nm 
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frequency and evaluate At. 



(b) Using Einstein's photoelectric 
equation, relate the maximum 
kinetic energy of the electrons to 
their wavelengths and evaluate K mi 



K max =E-0 = hf-<P = !j-<P 



1240eV-nm 
200 nm 



-4.58eV 



1.62eV 



(c) Evaluate K max for 
A = 250 nm: 



mOeV.nm 

max ^cn 

250 nm 



= 0.380eV 



25 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of an incident photon and his photoelectric equation to relate the work function 
for potassium to the maximum energy of the photoelectrons. The threshold wavelength 
can be found from A x = hc/0 . 



(a) Use the Einstein equation for 
photon energy to relate the energy 
of the incident photon to its 
wavelength: 



E = 



he 1240eV-nm 



A 



300nm 



4.13eV 



(b) Using Einstein's photoelectric 
equation, relate the work function 
for potassium to the maximum 
kinetic energy of the photoelectrons: 



K =E-d> 

max T 



Solve for and evaluate <j>\ 



0 = E-K mm =4.13 eV- 2.03 eV 



= 2.10eV 



(c) Proceed as in (b) with 
E = he I A : 



■</> 



he 

T 

1240eV-nm 
430 nm 



2.10eV 



= 0.784eV 
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(d) Express the threshold 
wavelength as a function of 
potassium's work function and 
evaluate Xt. 



he _ 1240eV-nm 
<fi ~ 2.10eV 



590 nm 



26 • 

Picture the Problem We can find the work function for silver using <j> = hc/X t and the 
maximum kinetic energy of the electrons using Einstein's photoelectric equation. 



(a) Express the work function for 
silver as a function of the threshold 
wavelength: 



0_hc _ 1240eV-nm 
A, 262 nm 



4.73 eV 



(b) Using Einstein's photoelectric 
equation, relate the work function 
for silver to the maximum kinetic 
energy of the photoelectrons: 



K_ = E 



1240eV-nm 
175nm 



-4.73eV 



= 2.36 eV 



27 • 

Picture the Problem We can find the threshold frequency and wavelength for cesium 
using (j> = hf t = hcj X x and the maximum kinetic energy of the electrons using Einstein's 

photoelectric equation. 



(a) Use the Einstein equation for 
photon energy to express and 
evaluate the threshold wavelength 
for cesium: 



he 1240eV-nm 



1.9eV 



653 nm 



Use v =f/L to find the threshold 
frequency: 



./; 



V 



3xl0 s m/s 
653 nm 



= 4.59xl0 14 Hz 



(b) Using Einstein's photoelectric 
equation, relate the maximum 
kinetic energy of the photoelectrons 
to the wavelength of the incident 
light and evaluate K max for X = 250 
nm: 



1240eV-nm 
250nm 



-1.90eV 



3.06 eV 
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(c) Proceed as above with 
X = 350 nm: 



1240eV.rnn _ 19()eV 
350 nm 



= 1.64eV 



*28 

Picture the Problem We can use Einstein's photoelectric equation to find the work 
function of this surface and then apply it a second time to find the maximum kinetic 
energy of the photoelectrons when the surface is illuminated with light of wavelength 365 
nm. 



Use Einstein's photoelectric 
equation to relate the maximum 
kinetic energy of the emitted 
electrons to their total energy and 
the work function of the surface: 



Using Einstein's photoelectric 
equation, find the work function of 
the surface: 



<P = E ~ K - = Y 

_ 1240eV-nm 

780 nm 
= 1.22eV 



-0.37eV 



Substitute for <f> and X and evaluate 



1240eV-nm 
410nm 



■1.22eV 



= 1.80eV 



Compton Scattering 



29 • 

Picture the Problem We can calculate the shift in wavelength using the Compton 
relationship AX = — — (l - cos 6) . 



The shift in wavelength is given by: 



= -— (l-cos 6) 

mx 



Substitute numerical values and evaluate AA,: 
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6.63xl(T 34 J-s , x 

7 = n = r(l-cos60 )= 1.21pm 

(9.11xlO- 31 kg)(3xl0 8 m/s) V ' 1 — 



AA = 



30 • 

Picture the Problem We can calculate the scattering angle using the Compton 

relationship A/L = — — (l - cos 6) . 

m e c 



Using the Compton scattering 
equation, relate the shift in 
wavelength to the scattering angle: 



AX = — (l-cos0) 



Solve for 0 : 



0 = cos 



l-^AA 



Substitute numerical values and evaluate 0 : 



0 = cos 



l> llxl0 ^%» ltfn *)(0.33pm) 



6.63x10 ^ J s 



30.2° 



31 • 

Picture the Problem We can calculate the shift in wavelength using the Compton 

relationship A/t = — — (l - cos 6) . 

m e c 

Express the wavelength of the 
incident photons in terms of the 
fractional change in wavelength: 

Using the Compton scattering 
equation, relate the shift in 
wavelength to the scattering angle: 

Substitute numerical values and evaluate k. 

6.63 xl(T 34 J-s h .~. 0 \ r— 

A = r — xr » ■t(l-cosl35 )= 180pm 

0.023(9.1 lxlO" 31 kgX3xl0 8 m/s) V ' 1 — 



X 0.023 



AA = — (l-cosfl) 



Wave-Particle Duality and Quantum Physics 1097 



*32 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of both the incident and scattered photon and the Compton scattering equation to 
find the wavelength of the scattered photon. 



(a) Use the Einstein equation for 
photon energy to obtain: 



E _hc _ 1240eV-nm 
~ \ ~ 0.071 lnm 



17.4keV 



(b) Express the wavelength of the 
scattered photon in terms of its pre- 
scattering wavelength and the shift 
in its wavelength during scattering: 



/L, = \ + AA = /Ij + (l - cos6>) 



mc 



Substitute numerical values and evaluate A 2 : 



A 2 =0.0711nm + 7 6-63 * l SL J ' S v(l-cosl80°): 

2 (9.11xlO- 31 kg)(3xl0 8 m/s) V ; 



0.0760 nm 



(c) Use the Einstein equation for 
photon energy to obtain: 



E _hc _ 1240eV-nm 
~ A 2 ~ 0.0760 nm 



16.3keV 



33 • 

Picture the Problem Compton used X rays of wavelength 71.1 pm. Let the direction the 
incident photon (and the recoiling electron) is moving be the positive direction. We can 
use p = h/X to find the momentum of the incident photon and the conservation of 
momentum to find its momentum after colliding with the electron. 

Use the expression for the h 6.63 x 10" J -s 

p. = — = 

momentum of a photon to find the ^ 71.1 pm 

momentum of Compton' s photons: 



9.32xl0- 24 kg-m/s 



Using the Compton scattering X 2 = \ + X c (l — cos 0) 

equation, relate the shift in 
wavelength to the scattering angle: 

Substitute numerical values and evaluate A 2 : 

l 2 = 1 1 . 1 pm + (2.43 x 1 0~ 12 m)(l - cosl 80°) = 76.0 pm 
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Apply conservation of momentum to p x - p e — P 2 ^> P e ~ Pi ~ Pi 

obtain: 

Substitute for p\ and pi and evaluate p e : 



;? e =9.32x1 (T 24 kg-m/s 



6.63 xl(T 34 J-s ^ 
76.0pm 



1.80 xl(T 23 kg-m/s 



34 

Picture the Problem We can calculate the shift in wavelength using the Compton 

relationship AA = — — (l - cos 6) = A c (l - cos 6) and use conservation of energy to find 
m e c 

the kinetic energy of the scattered electron. 

(a) Use the Compton scattering A/t = Z c (l - cos 9) 

equation to find the change in = (2.43 x 10" 12 m)(l - cos90°) 

wavelength of the photon: 



2.43 pm 



(b) Use conservation of energy to ^ _ hc^ _ hc_ 

relate the change in the kinetic /Ij X 2 

energy of the electron to the 
energies of the incident and 
scattered photon: 

Find the wavelength of the scattered A 2 = X x + AA = 6 pm + 2 .43 pm 

photon: = 8.43 pm 



Substitute and evaluate the kinetic 
energy of the electron (equal to the 
change in its energy since it was 
stationary prior to the collision with 
the photon): 



AE = 



he he 

K 2 2 



1240eV-nm 



1 



1 



6pm 8.43pm 



= 59.6keV 



35 

Picture the Problem We can find the number of head-on collisions required to double 
the wavelength of the incident photon by dividing the required change in wavelength by 
the change in wavelength per collision. The change in wavelength per collision can be 
found using the Compton scattering equation. 
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Express the number of collisions 
required in terms of the change in 
wavelength per collision: 



AA 



A/l/collision 



Using the Compton scattering 
equation, express the wavelength 
shift per collision: 

Substitute numerical values and 
evaluate AA: 



AA = A c (\- cos 6) 



AX = (2.43 x 1CT 12 m)(l - cosl80°) 
= 4.86 pm 



Substitute and evaluate TV: 



N = 



200 pm 
4.86pm 



42 



Electrons and Matter Waves 



36 • 

1 226 

Picture the Problem From Equation 34-16 we have A = ' — nm provided K is in 

V K 

electron volts. 



(a) For K = 2.5 eV: 



. 1.226 

A = ; — nm = 

JZ5 



0.775 nm 



(b) For^ = 250eV: 



, 1.226 

A = . nm = 

V250 



0.0775 nm 



(c) For^ = 2.5keV: 



, 1.226 

A = , nm : 



V2500 



0.0245 nm 



(d) For K = 25 keV: 



A 



1.226 
V25000 



nm : 



7.75 pm 



37 • 

Picture the Problem We can use its definition to find the de Broglie wavelength of this 
electron. 
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Use its definition to express the de A — — 

Broglie wavelength of the electron p 
in terms of its momentum: /j 



Substitute numerical values and 
evaluate A: 



6.63 xl(T 34 J-s 



A = 



(9.11xlO" 31 kgX2.5xl0 5 m/s) 



= 2.91 nm 



38 • 

Picture the Problem We can find the momentum of the electron from the de Broglie 



equation and its kinetic energy from A = 



1.226 



nm , where K is in eV. 



(a) Use the de Broglie relation to 
express the momentum of the 
electron: 



h _ 6.63xl(T 34 J-s 
A ~ 200 nm 



3.31xl(T 27 kg-m/s 



(b) Use the electron wavelength 
equation to relate the electron's 
wavelength to its kinetic energy: 



, 1.226 
A = — ^nm 



Solve for and evaluate K: 



K = 



A 1.226eV 1/2 nm^ 2 
200 nm 



3.76 xlO" 5 eV 



*39 •• 

Picture the Problem The momenta of these particles can be found from their kinetic 
energies and speeds. Their de Broglie wavelengths are given by 
X = hip. 

(a) The momentum of a particle p, p = -JlmK 

in terms of its kinetic energy K, is 
given by: 



Substitute numerical values and evaluate p e : 
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p e = Jl^K = .2(9.1 lxlO- 31 kg) 



150keVx 



1.6xlQ' 19 C^ 
eV 



2.09xl(T 22 N-s 



Substitute numerical values and evaluate p v \ 



Pv = 4 2m v K = 



2(l.67 xl(T 27 kg) 



150keVx 



1.6xlQ' 19 C^ 
eV 



= 8.95xl(T 21 N-s 



Substitute numerical values and evaluate p a : 



p a =pn^K=\2 



4ux 



1.66xl(T 27 kg ^ 
u 



= 1.79xl(T 20 N-s 



150keVx 



19 r A 



1.6x10 ~ "C 
cV~ 



(b) The de Broglie wavelengths of 
the particles are given by: 



A = - 



Substitute numerical values and 
evaluate Ap - . 



K = 



h_ 
Pv 

6.63 xl(T 34 J-s 
8.95xl(T 21 N-s 



7.41xl(T 14 m 



Substitute numerical values and 
evaluate A e : 



h_ 
P e 

6.63x1 Q- 34 J-s 
2.09xl(T 22 N-s 



3.17xl(T 12 m 



Substitute numerical values and 
evaluate A a : 



A = ■ 



Pa 
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40 • 

Picture the Problem The wavelength associated with a particle of mass m and kinetic 

, 1240eV-nm 
energy K is given by Equation 34-15 as A 



42 



mc K 



Substitute numerical data in 
Equation 34-15 to obtain: 



x = 



1240eV-nm 



^2(940 MeV)(0.02eV) 



= 0.202 nm 



41 • 

Picture the Problem The wavelength associated with a particle of mass m and kinetic 

, 1240eV-nm 
energy K is given by Equation 34-15 asA = , — . 



Substitute numerical data in 
Equation 34-15 to obtain: 



x = 



1240eV-nm 



A /2(938MeV)(2MeV) 
2.02xl(T 5 nm 



= 20.2 fm 



*42 • 

Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
this proton. 

Use its definition to express the de * _ _A_ _ h. 

Broglie wavelength of the proton: p p m P v P 



Substitute numerical values and evaluate Ap\ 



x = 



6.63 xlO" 34 J-s 



(l .67 x 1(T 27 kg)[o.003(3 x 10 8 m/s)] 



0.441pm 



43 • 

, 1240eV-nm 

Picture the Problem We can solve Equation 34-15 (A = — , — ) for the kinetic 

^2mc 2 K 

energy of the proton and use the rest energy of a proton mc 2 = 938 MeV to simplify our 
computation. 

Solve Equation 34-15 for the kinetic (l 240 eV • nm) 2 

energy of the proton: ~ 2mc 2 A 2 
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(a) Substitute numerical values and 
evaluate K for X = 1 nm: 



K _ (l240eV-nm) 2 
2(938 MeV)(l nm 



0.820 meV 



(b) Evaluate K for X = 1 nm: 



K 



(l240eV-nm) 2 
2(938 MeV)(lO" 6 nm) 2 



= 820 MeV 



44 • 

Picture the Problem We'll need to convert oz and mph into SI units. Then we can use its 
definition to calculate the de Broglie wavelength of the baseball. 



Use its definition to express the de 
Broglie wavelength of the baseball: 



aseball 



Substitute numerical values and evaluate >4asebaii: 



K 



6.63 xlO 34 J-s 



aseball 



= 1.10xl0~ 34 m 



\ lib 1kg N 

5 oz x x 

16 oz 2.20 lb j 



. 0.447 m 

95 mi x A- 

h mi 

v h J 



For the tennis ball: 



tennis ball 



tennis ball 



Substitute numerical values and evaluate ^ 



ennis ball- 



6.63 xl0~ 34 J-s 



tennis balll 



' lib 1kg x 

2 oz x x 

16oz 2.20 lb j 



. 0.447^' 

130^x A- 

h mi 



= 2.01xl0" 34 m 



h 



J 



The tennis ball has the longer de Broglie wavelength. 
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Remarks: Because X = hip, we could have solved the problem by determining which 
ball has the smaller momentum. 



45 • 

Picture the Problem If K is in electron volts, the wavelength of a particle is given 
1 226 

by X = ', — nm provided K is in eV. 



Evaluate XfmK= 54 eV: 



, 1.226 1.226 

X = — ^nm = — ^nm = 



0.167nm 



46 • 

1.226 

Picture the Problem We can use X = — j=- nm , where K is in eV, to find the energy of 



electrons whose wavelength is/L 



Relate the wavelength of the 
electrons to their kinetic energy: 



. 1-226 
X = — ^nm 



Solve for K: 



K 



1.2 26nm- eV' 

X~ 



Substitute numerical values and 
evaluate K: 



K = 



A 1.226nm-eV 1/2AJ 



0.257 nm 



22.8 eV 



*47 • 

1.226 

Picture the Problem We can use X = — — nm , where K is in eV, to find the 



wavelength of 70-keV electrons. 



Relate the wavelength of the 
electrons to their kinetic energy: 



, 1.23 
X = — j=nm 



Substitute numerical values and 
evaluate X: 



X 



1.226 



V70xl0 3 eV 



nm : 



4.63 pm 



48 • 

Picture the Problem We can use its definition to calculate the de Broglie wavelength of 
a neutron with speed 10 6 m/s. 
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Use its definition to express the de 
Broglie wavelength of the neutron: 



Substitute numerical values and evaluate 



k. = 



6.63x10"" J-s 
(l.67xl0 -27 kg)(l0 6 m/s) 



0.397 pm 



Wave-Particle Duality 

49 • 

Picture the Problem In order for diffraction to occur, the diameter of the aperture d must 
be approximately equal to the de Broglie wavelength of the spherical object. We can use 
the de Broglie relationship to find the size of the aperture necessary for this object to 
show diffraction. 



Express the de Broglie wavelength 
of the spherical object: 

Substitute numerical values and 
evaluate /Uject: 



A 



h 



h 



'object 



A>bj 



ffl V 

ect object object 



6.63 xlO" 34 J-s 
Object "(4xl0- 3 kg)(l00m/s) 



1.66xl0 -33 m 



This is many orders of magnitude smaller than even the diameter of a proton 
and so no common objects would be able to squeeze through such an aperture. 



50 • 

Picture the Problem In order for diffraction to occur, the size of the object must be 

, . . , , 1240eV-nm , 
approximately A. The wavelength of the neutron is given by A = , — . The rest 



y/2mc 2 K 



energy of the neutron is mc 2 = 940 MeV. 



Substitute numerical values and 
evaluate X: 



A 



1240eV-nm 



^2(940 MeV)(l0MeV) 
= 9.04xl0~ 6 nm 



* 10 fm 



This wavelength is of the same order - of - magnitude as a nuclear diameter 
and so nuclei would be suitable targets to demonstrate the wave nature of 
neutrons with this energy. 
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51 • 

1.226 

Picture the Problem We can use A = — ^nm , where K is in eV, to find the 

wavelength of 200-eV electrons. In order for diffraction to occur, the size of the target 
must be approximately A. 

Relate the wavelength of the n 1 -226 

b A = — 1=- nm 

electrons to their kinetic energy: V K 

Substitute numerical values and - 1.226 

A = , ^nm 



evaluate A: ^200 eV 



0.0867 nm 



This distance is of the order of the size of an atom and so atoms would be 
suitable targets to demonstrate the wave nature of electrons with this energy. 



A Particle in a Box 



■=52 



/ \ 1 2 . flTDC 

Picture the Problem The wave function for state n is w (x) = , — sin . The 

following graphs were plotted using a spreadsheet program. The graph of yAx) for 
n = 1 is shown below: 




Wave-Particle Duality and Quantum Physics 1 107 



The graph of y/ 2 (x) for n = 1 is shown below: 




The graph of yAx) for n = 2 is shown below: 
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The graph of i// 2 (x) for n 



= 2 is shown below: 
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53 

Picture the Problem We can find the ground-state energy using E x = 



SmL 2 



- and the 



energies of the excited states using E n = n E l . The wavelength of the electromagnetic 

radiation emitted when the proton transitions from one state to another is given by the 

he 

Einstein equation for photon energy (E = — ). 



(a) Express the ground-state energy: 



$m p L z 



Substitute numerical values and evaluate E\ : 



(6.63 xlQ' 34 J-s) 2 leV 

' ~ 8(l.67xl0- 27 kg)(l0 15 m) 2 1.6 xlO 19 J 



206 MeV 



Find the energies of the first two 
excited states: 



E 2 =2 2 E l = 4(206 MeV) = 
and 

E 3 =3 2 E, = 9(206 MeV) = 



824 MeV 



1.85 GeV 
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The energy-level diagram for this 
system is shown to the right: 



(b) Relate the wavelength of the 
electromagnetic radiation emitted 
during a proton transition to the 
energy released in the transition: 



E/E, 
25- 

16- 
9- 



1 - 
0 J 



X = 



he 



AE 

1240eV-nm 
AE 



For the n = 2 to n = 1 transition: 



AE = E 2 -E l =4E l -E l = 3E t 



Substitute numerical values and 
evaluate Aa->i: 



1240eV-nm 1240eV-nm 



3£, 



= 2.0 lfm 



3(206 MeV) 



(c) For the n = 3 to n = 2 transition: 



A£ = £ 3 -E 2 =9E l -4E 1 =5E i 



Substitute numerical values and 
evaluate A } ^ 2 '- 



^3^2 — 



1240eV-nm _ 1240eV-nm 
5^ ~ 5(206 MeV) 



= 1.20 fin 



(d) For the n = 3 to n = 1 transition: 



A£ = £ 3 -E l = 9E l -E i = SE t 



Substitute numerical values and 
evaluate A 3 _>i: 



1240eV-nm 1240eV-nm 



SE, 



= 0.752 fm 



8(206 MeV) 



54 



Picture the Problem We can find the ground-state energy using E, 



SmL 2 



- and the 



energies of the excited states using E n = n E l . The wavelength of the electromagnetic 
radiation emitted when the proton transitions from one state to another is given by the 
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_ he 

Einstein equation for photon energy (E = — ). 

X 



(a) Express the ground-state energy: 



Sm p L z 



Substitute numerical values and evaluate E\. 



E, = 



(6.63 xlO" 34 J-s) 2 leV 
8(l .67 x 1 0~ 27 kg)(0.2 nm) 2 1 .60 x 1 (T 19 J 



5.14meV 



Find the energies of the first two 
excited states: 



E 2 =2 2 E 1 =4(5.14meV) = 
and 

E 3 =3 2 E l =9(5.14meV) = 



20.6 meV 



46.3 meV 



(b) Relate the wavelength of the 
electromagnetic radiation emitted 
during a proton transition to the 
energy released in the transition: 



X = 



he 
AE 

1240eV-nm 
AE 



For the n = 2 to n = 1 transition: 



AE = E 2 -E l =4E l -E l = 3E t 



Substitute numerical values and 
evaluate fa-*! - - 



1240eV-nm 1240eV-nm 



3E l 3(5.14meV) 



80.4 jum 



(c) For the n = 3 to n = 2 transition: 



AE = E 3 -E 2 = 9E i -4E l = 5E l 



Substitute numerical values and 
evaluate X 3 ^ 2 - 



1240eV-nm 1240eV-nm 



5^ 5(5.14meV) 



48.2 



(d) For the n = 3 to n = 1 transition: 



AE = E 3 -E l = 9E l -E l = SE 1 



Substitute numerical values and 
evaluate X^\. 



1240 eV • nm _ 1240 eV • nm 
8E { ~ 8(5.14meV) 



30.2 jum 
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Calculating Probabilities and Expectation Values 

55 

Picture the Problem The probability of finding the particle in some range Ax is y?dx. 
The interval Ax = 0.002L is so small that we can neglect the variation in if4x) and just 
compute y?Ax. 

Express the probability of finding P = P(x)Ax = y/ 2 (x)Ax 

the particle in the interval Ax: 

Express the wave function for a / \ \l 7DC 

sin- 



particle in the ground state: u ' V £ £ 



Substitute to obtain: n 2 . 2 nx A 

P = — sin — Ax 

L L 



2' 



L 



sin 2 — (0.002Z) 



v 



= 0.004 sin 2 — 
L 



(a) Evaluate P at x = LI2: 



P = 0.004 sin 2 — = 0.004 sin 2 — 
2L 2 



= 0.004 



(b) Evaluate P at x = 2L/3: 



i 2tzL i 2k 

P = 0.004 sin 2 — = 0.004 sin 2 — 
3L 3 



= 0.003 



(c) Evaluate P at x = L: 



P = 0.004 sin 2 — = 0.004 sin 2 n 
L 



= 0 



*56 

Picture the Problem The probability of finding the particle in some range Ax is y/ 2 dx. 
The interval Ax = 0.002L is so small that we can neglect the variation in yAjc) and just 
compute ^ 2 Ax. 

Express the probability of finding P = P(x)Ax = y/ 2 (x)Ax 

the particle in the interval Ax: 
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Express the wave function for a 
particle in its first excited state: 



2 . 2tzx 

sin 

L 



Substitute to obtain: 



n 2 . 2 2m . 

P = — sin Ax 

L L 

2( . 2 2tdc^ 



sin 

V L 



L 

= 0.004 sin 



(0.002Z) 



2 2tdc 



(a) Evaluate P at x = LI2: 



P = 0.004 sin 2 — = 0.004 sin 2 n 
2L 



= 0 



(b) Evaluate P at x = 2L/3: 



AjtT Ajr 

P = 0.004 sin 2 — = 0.004 sin 2 — 
3L 3 



= 0.003 



(c) Evaluate P at x = L: 



P = 0.004 sin 2 — = 0.004 sin 2 2n 
L 



= 0 



57 

Picture the Problem We'll use (f(x)) = J f{x)y/ 2 {x)dx withy/ n {x) = J— sin-^^- 



(a) Express yAjc) for the n = 2 state: 

Express (x) using then =2 wave 
function: 

Change variables by 

, . _ 2tdc m 
letting U = . Then: 




d6 = — dx, and 



dx = — dO 
2n 

and the limits on #are 0 and 2m 
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Substitute to obtain: 



T \ ( T ^ 

e sin 2 ^ -de 



2n 



J 



L 
~2t? 



\esm 2 GdO 



Using a table of integrals, evaluate 
the integral: 



L 



x = 



2n 2 
L 



6 2 6>sin26> cos 26 
~A 4 8~ 



In 2 



71 



1 1 

■- + - 

8 8 



L 

~2 



(b) Express (x ) using then =2 
wave function: 



L r2x 2 



x = 



L 



. 2 2ttx , 

sin ax 

L 



Change variables as in (a) and 
substitute to obtain: 



x 



4f 



L 



L 



0 

2 2x 



e 

2n j 



sin 2 # 



2n 



d6 



An 1 



\ 6 2 sin 2 6 d6 



Using a table of integrals, evaluate the integral: 



L 2 



x = 



An' 



6 



f e 2 



1 



v 

1 ^ 



sin 26 



6cos26 



L 2 



An' 



An' 



n 
~2 



V 



3 %n 



0.32 LL 2 



58 

Picture 



the Problem We'll use (f{x)) = | f{x)y/ 2 {x)dx with y/ n (x) = ^J~ s ^ n 



L 



In Part (c) we'll use P\x) = y/ 2 {x)to determine the probability of finding the particle in 
some small region dx centered at x = V2L. 



(a) Express the wave function for a 
particle in its first excited state: 

Square both sides of the equation to 
obtain: 



2 . 2nx 

sin 

L 



2( \ 2. 2 2nx 

u/Jx) = — sin 

2W L L 
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The graph of y/ (x) as a function of 
x is shown to the right: 



(b) Express (xj using the n = 2 
wave function: 




x 



r 2x . 2 27ZX , 
I — sin ax 



L 



L 



Change variables by 

, . _ 2m 
letting o = . Then: 



X =— e, 

dO = — dx, and 
L 

dx = —dO 

and the limits on dare 0 and In. 



Substitute to obtain: 



W=tJ 



2 r ( L 



Li \2n 



■0 



sin' ^ 



2n 



de 



L 



2n' 



in 

\e%m 2 ede 



Using a table of integrals, evaluate 
the integral: 



(c) Express P(x): 



L 



x = 



2;r 2 



6> 2 6>sin20 cos 2^ " 
T 4 8 



2;r 2 
P{x) = ¥ 2 2 {x) 



1 1 

- + - 
8 8 



2 . 2 2m: , 

= — sin dx 

L L 



L 
2 



Evaluate P(L/2): 



2 . 2 2n L 

= — sin 

L L 2 

2 2 
= — sin n = 0 

Z 



Because P(Z/2) = 0: 







c/x = 




p 




0 




V2y 
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(d) 



The answers to Parts (b) and (c) are not contradictory, (b) states that the 
average value of measurements of the position of the particle will yield 
L/2, even though the probability that any one measurement of position 
will yield L/2 is zero. 



59 

Picture the Problem We can find the constant A by applying the normalization 

CO 

condition ^y/ 2 (x)dx = 1 and finding the value for A that satisfies this condition. As soon 

— CO 

as we have found the normalization constant, we can calculate the probability of the 

a 

finding the particle in the region -a < x < a using/ 5 = ^y/ 2 (x)dx . 



(a) Express the normalization condition: 



^y/ 2 {x)dx = 1 



Substitute y/{x) = Ae 



00 , v 00 

\{Ae M!a ) 2 dx = 2A 2 \e- 2xla dx 



From integral tables: 



—ax l 

e dx 



a 



Therefore: 



2A 2 \e 2x,a dx = 2A' 



(-) 



= aA 2 =l 



Solve for A: 



A 



(b) Express the normalized wave 
function: 



( \ 1 -W/a 
y/[x) = — -r=e 1 



The probability of finding the 
particle in the region -a < x < a is: 



P= \y/ 2 (x)dx = 2\-e- 2xla dx 

J 1 n 



= -\e- 2xl "dx = \-e 



0.865 
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Picture the Problem The probability density for the particle in its ground state is given 
by Pyx ) = — sin — x . We'll evaluate the integral of P{x) between the limits specified in 



(a), (b), and (c). 

Express P(x) for 0 < x < d: 



2 d n 
P(x) = — j" sin 2 — xdx 



L 



Change variables by 



n 



letting # = — X. Then: 
L 



x = -e, 

n 

dO = —dx, and 
L 

dx = — dO 
n 



Substitute to obtain: 



P{x) = -\%m l e 



f L } 

-de 

\x J 



= -\sm 2 M0 
n i 



Using a table of integrals, evaluate 



Jsin'tfJtf: 



p( x y. 



7Z 



6 sin26> 
2 4~ 



(1) 



(a) Noting that the limits on 0 are 0 
and nil, evaluate equation (1) over 
the interval §<x<V?L: 



P(x) = 



2 


6 


sin26 l 


7l/2 


_ 2 


71 


71 


2 


4 


0 


71 


~4_ 



0.500 



(b) Noting that the limits on 0 are 0 
and nll>, Evaluate equation (1) over 
the interval 0<x<L/3: 



P(x) = 



7T 
2_ 
K 

1_ 

3 An 



0 sin 26 
2 4 



tc/3 



7i sin 2^/3 
~6 4 

V3 



0.196 
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(c) Noting that the limits on 9 are 0 
and 3^/4, Evaluate equation (1) over 
the interval 0 < x < 3L/4: 



P (x) = 



e sin 26 
2 4 



-i3/r/4 



3^ 
8 
1 



sin 6k l 4 



_ 3 

~ A + 2k 



0.909 
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Picture the Problem The probability density for the particle in its first excited state is 

given by P{x) = — sin 2 — —x . We'll evaluate the integral of P(x) between the limits 
L L 

specified in (a), (b), and (c). 

Express P(x) for 0 < x < d: / \ 2 r ~>7.k 

P{x) = — J shr — xdx 



o 



L 



Change variables by 

letting 0 = ^-x. Then: 
L 



x = —0, 
2k 

dO = — Jx, and 
L 

dx = ^—dO 
2k 



Substitute to obtain: 



J p( x ) = |j"sin 2 6' 



-de 

2k 



= -{sm 2 6d0 
k i 



Using a table of integrals, evaluate 



u 

\sm 2 6d6: 



P(x) = I 

K 



e sin 26 
2 4 



(1) 



(a) Noting that the limits on 0 are 0 
and k, evaluate equation (1) over the 
interval 0 <x < l AL: 



P(x) = 



1 


6 


sin26 l 


*_ 1 


K 


K 


2 


4 


o n 


_~2_ 



0.500 
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(b) Noting that the limits on 0 are 0 
and lull, evaluate equation (1) over 
the interval 0<x<Z/3: 



(c) Noting that the limits on 9 are 0 
and 3;r/2, evaluate equation (1) over 
the interval 0 < x < 3L/4: 



K 

n 



6 sin 26 
2 4~ 



In -ft 



2n sin 4^/3 
~6~ 4 



1 , V3/2 
3 4tt 



0.402 



P(X): 



1 


6 


sin 26? 


3w/2 


_ 1 




71 


2 


4 


0 




4 _ 



= 0.750 
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Picture the Problem Classically, (x) = JxP(x)<ix and^x 2 ^ = Jx 2 P(x)dx . 
Evaluate (x)withP(x) = l/L: 



x 



[ — dx 
J L 



x 
2~L 



L 
2 



Evaluate (x 2 ) with P(x) = ML: 



x 



L 2 
1 X 



= j — dx - 



L 



3 

X 


L 


Z 2 


3Z_ 


0 


3 
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Picture the Problem 



We'll use (f{x)) = J f(x)y/ 2 (x)dx with ^„(x) = 



2 . n^x 

'—sin to 

L L 



L . i ,\ Z 2 Z 2 



show that (x) = — and (x ) = ■ , , 

2 x ' 3 2n n 



(a) Express (x) for a particle in the 
nth state: 

Change variables by 

, . . nm _ 
letting C7 = . Then: 




x = 0, 

dO = —dx, and 
Z 

dx = -^—dO 
nn 

and the limits on d?are 0 and nit. 
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Substitute to obtain: 



/-> n u 

W=yJ 



o 

2 2 









f— Ain 2 


e 




\nn J 




ynn J 



fl/l 

J 6 sin 2 6d6 



Using a table of integrals, evaluate the integral: 

2L 6 2 Osmie cos 26 
~4 ' 4 



x = 



2„2 



8 



2Z 



2 2 



n 2 ^ -2 n^"sin2n^" cos2nn 1 



L 
~2 



8 



■ + ■ 



8 



2L 



2 2 

n n 



4 8 + 8 



Express (^x ) for a particle in the 
«th state: 



x 



=1 



L n. 2 

2x 



. 2 n7U , 
sin ax 



Change variables by 

_ 117DC 

letting 6 = . Then: 

L 



x = —e, 

nn 

d9 = ^-dx, and 
L 

dx = ^—d6 
nn 

and the limits on #are 0 and nn. 



Substitute to obtain: 



x 



2 7 r L „X ■ 2 J L 



L J 0 \ nn 



-e\ %m l e 



-de 



2L 

3 3~ 

n n 



2 nn 



\e 2 %m 2 ede 



Using a table of integrals, evaluate the integral: 



2L 2 



x = 



3 3 

n n 



L 2 



6 " 

~T 2 



sin 26 - 



6cos26 



21} 



3 3 

nn 



3 3 

n n 



nn 
~4~ 



2_2 



2n n 
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For large values of n, the result agrees with the classical value of L 2 1 3 
given in Problem 62. 



*64 

L L 2 L 2 
Picture the Problem From Problem 63 we have (x) = — and ( x 2 ) = = — - 

W 2 W 3 2n 2 n 2 



.A 



spreadsheet program was used to plot the following graphs of <x> and <x > as a function 
of n. 



0.55 i 



0.50 



0.45 



0.40 



0.35 



0.30 



0.25 









































































- - - <x A 2> 
































* 

I 













































1 10 19 28 37 46 55 64 73 82 91 100 

n 



Asn^>ccJx 2 )^> — 
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Picture the Problem For the ground state, n = 1 and so we'll evaluate 
fi x )) = \f{^)w 2 {x)dx using ^(x) = -jj^s y . 



Because ^ 2 (x)is an even function 

of x, x\f/\ (x) is an odd function of 

x. It follows that the integral of 
xi// 2 (x) between -L/2 and L/2 is 

zero. Fhus: 



x = 



for all values of n. 
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Express (x 2 ^ : 



2\ £ f 2 2 K r 

x ) = — I x cos — xax 

^ -1/2 ' 



Change variables by letting # = 



Then: 



7VC 



x = -0, 
n 

dO = — dx, and 
L 

dx = — dO 
n 

and the limits on #are -nil and nil. 



Substitute to obtain: 



Use a trigonometric identity to 
rewrite the integrand: 



-f J I 

^ -nil 



-ff/2 V 
2 J?/ 2 



-0 



cos 2 # 



-de 

\7l j 



2V 



K 



\e 2 cos 2 ede 



x = 



2L 



n 



21} 



jt/2 
2 "12 



j>(l-sin 2 #}/# 



-x/2 



n 



2-/2 
-tt/2 



i/a njl 

\0 2 d6- \6 2 %m 2 6d6 

-a/2 



Evaluate the second integral by looking it up in the tables: 



21} 


> 




f e 2 P 


sin 2$ 






If- 




n 3 


3 




v 4 8, 





6>cos26> 



2Z 2 



n 

21} 



e 3 (e 2 O 
+ 

4 8 



v 



sin26> + 



# cos 20 



4 

a-/2 
-*/2 



2-/2 



-2-/2 



.3 



7Z" 



48 



1 

16 8 



sin n + - 



n cos n 



3 



+ — + 
48 



n 1 
To" 8 



sin n + - 



8 

7T COS 7T 



8 



2Z 2 


x 3 _ 


n 






' I 1 












L 2 






7T 3 


24 


~4_ 






_12 2;r 2 _ 
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Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = L/2, we could have arrived at the above result, without performing 
the integration, by subtracting (Ax) 2 = L 2 /4 from (x 2 ) as given in Example 34-8. 



66 

Picture the Problem For the first excited state, n = 2, and so we'll evaluate 

2 . 2m 



/W) = \ f(x)y 2 {x)dx using y/ 2 (x) = ^sin^ 



Substitute to obtain: 



Since y/ 2 (x) is an even function of (jcj = 0 

x, x (x) is an odd function of x. It 
follows that the integral of x y/ 2 (x) 
between -L/2 and L/2 is zero. Thus: 



Express (x 2 ): / 2 \ 2 L/ r , • 2 2;r , 

' ' [x ) = — I x sin — xdx 

L -L/2 L 



Change variables by letting _ J-^_ n 

£ = ^.Then: ln 
L In 



dO = — dx, and 
L 

dx = -^—dO 
In 

and the limits on d?are -n and n. 



sin z 0 



( L \ 

-de 

\2n J 



r 2 n 



1 \e 2 %m 2 ode 



47T 
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Evaluate the integral by looking it up in the tables: 



L 1 



4tt 3 
Lr 



4n 



0 3 



71 

~6 



71 



1 

8 



sin2#- 



sin 2n 



0cos2£ 
4 

71 COS271 



+ - 



L 



f \r 2 

n 



v 



sin2;r- 



4 



4k' 
4tt 3 



3 3 

n n n 
~~6 ~4 + ~6 



K 

~4 



_3 
71 

T 



71 



L 



\ \_ 

12 St? 



Remarks: The result differs from that of Example 34-8. Since we have shifted the 
origin by Ax = L/2, we could have arrived at the above result, without performing 
the integration, by subtracting (Ax) 2 = L 2 /4 from (x 2 ) as given in Example 34-8. 



General Problems 



*67 • 

Picture the Problem We can use the Einstein equation for photon energy to find the 
energy of each photon in the beam. The intensity of the energy incident on the surface is 
the ratio of the power delivered by the beam to its delivery time. Hence, we can express 
the energy incident on the surface in terms of the intensity of the beam. 



(a) Use the Einstein equation for ^ - Uf — — 

. . ^photon ~ 'V ~ „ 

photon energy to express the 
of each photon in the beam: 
Substitute numerical values i 

evaluate £photo n : ph0t ° n 400 nm 



. , ^photon ^ 

photon energy to express the energy A 
of each photon in the beam: 

Substitute numerical values and g _ 1240eV • nm _ i jQ e y 



(b) Relate the energy incident on a 
surface of area A to the intensity of 
the beam: 



E = IAAt 
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Substitute numerical values and 
evaluate E: 



£ = (l00W/m 2 )(l0" 4 m 2 )(ls) 
leV 



= 0.01Jx 



1.60x10 19 J 



6.25xlO I6 eV 



(c) Express the number of photons 
striking this area in 1 s as the ratio 
of the total energy incident on the 
surface to the energy delivered by 
each photon: 



N 



J photon 



6.25xlQ lb ev 
3.10eV 



2.02x10' 



68 



Picture the Problem The particle's nth-state energy isE n = n 2 



SmL 2 



. We can find n by 



solving this equation for n and substituting the particle's kinetic energy for E„. 



Express the energy of the particle 
when it is in its nth state: 



E=n 



SmL 2 



Solve for n: 



L 



n = — JSmE„ 
h 



Express the energy (kinetic) of the 
particle: 

Substitute to obtain: 



T7 1 2 

E „ = 2 mV 



2mvL 



Substitute numerical values and 
evaluate n: 



n = 



2(l0' 9 kg)(l0' 3 m/s)(l0' 2 m) 



6.63xlO~ 34 J-s 
= 3.02xl0 19 *| 3xl0 19 
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Picture the Problem We can use the fact that the uncertainties are given by 
Ax/L = 0.01 percent and Ap/p = 0.01 percent to find Ax and Ap. 



(a) Assuming that Ax/L = 0.01 Ax = 10^(z) = 10 4 (l0 2 m)= | l.OO^tn" 

percent, find Ax: 



1 126 Chapter 34 



Assuming that Ap/p = 0.01 percent, 
find Ap: 



Ap = l(T 4 mv = 10 4 (l0 9 kg)(l(T 3 m/s) 



lO^kg-m/s 



(b) Evaluate (AxAp)lti : 



AxAp _ (l //m)(l(T 16 kg • m/s) 



1.054x10 



-34 



= 0.949 xlO 12 
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Picture the Problem We can estimate the number of emitted photons from the ratio of 
the total energy in the flash to the energy of a single photon. 

Letting N be the number of emitted ^ _ E 

photons, express the ratio of the -^photon 
total energy in the flash to the 
energy of a single photon: 

Relate the energy in the flash to the E = PAt 

power produced: 



Express the energy of a single g _ hc^ 

photon as a function of its phot ° n X 

wavelength: 



Substitute to obtain: ^ _ PAtX 

he 

Substitute numerical values and evaluate AT _ (5 x 1 Q 15 w)(l 0' 12 s)(400 x 1 Q- 9 m) 
N: (6.63xl0- 34 J-s)(3xl0 8 m/s) 



= l.OlxlO 22 



71 • 

, 1.23 

Picture the Problem We can use the electron wavelength equation X = , — nm, where 

V K 

K is in eV to find the minimum energy required to see an atom. 

Relate the energy of the electron to 0 1-23 

OJ A = -, — nm 

the size of an atom (the wavelength v K 

of the electron) : provided K is in eV. 
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Solve for K: 



Substitute numerical values and 
evaluate K: 



K 



(l.23eV 1/2 -nm) 2 

I 2 



K 



_ (l.23eV 1/2 -nm) 2 _ 
(O.lnm) 2 



15 leV 
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Picture the Problem The flea's de Broglie wavelength is X = h/ p , where p is the flea's 
momentum immediately after takeoff. We can use a constant acceleration equation to 
find the flea's speed and, hence, momentum immediately after takeoff. 



Substitute to obtain: 



Express the de Broglie wavelength _ h_ _ h 

of the flea immediately after p mv 0 

takeoff: 



Using a constant acceleration v 2 = Vg + 2aAy 

equation, express the height the flea or s i nce V = Q an d a = -g 

can jump as a function of its takeoff v _ _j2gAy 
speed: 



X = - 



m 



Substitute numerical values and _ 6.63 x 1 0 34 J • s 

A = ■ 



evaluate k '(8x1 0" 6 kg^Q.Slm/s'Xo^m) 



= 4.18xl0" 29 m 



*73 

Picture the Problem We can relate the fraction of the photons entering the eye to ratio of 
the area of the pupil to the area of a sphere of radius R. We can find the number of 
photons emitted by the source from the rate at which it emits and the energy of each 
photon which we can find using the Einstein equation. 



Letting r be the radius of the pupil, Entering eye _ Aye 

Altering eye the number of photons per Emitted 2 

second entering the eye, and Admitted w ^ 

the number of photons emitted by = 

the source per second, express the 2 

r 

fraction of the light energy entering = j 

the eye at a distance R from the 
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source: 



Solve for R to obtain: 



R 



N. 



emitted 



2\\N, 



entering eye 



(l) 



Find the number of photons emitted 
by the source per second: 

Using the Einstein equation, express 
the energy of the photons: 



N 

' emitted 



photon 



J photon 



he 

T 



Substitute numerical values and 
evaluate £p ho ton: 



J photon 



1240eV-nm 
600 nm 



2.07 eV 



Substitute and evaluate Admitted: 



N, 



emitted 



100W 

(2.07eV)(l.60xl0 19 J/eV) 



= 3.02xl0 20 s" 1 



Substitute for Admitted in equation (1) 
and evaluated: 



20 -1 



R = 



3.5mm 3.02xl0' u s 



20s" 



= 6.80xl0 3 km 



74 

Picture the Problem The intensity of the light such that one photon per second passes 
through the pupil is the ratio of the energy of one photon to the product of the area of the 
pupil and time interval during which the photon passes through the pupil. We'll use the 
Einstein equation to express the energy of the photon. 



Use its definition to relate the 
intensity of the light to the energy of 
a 600-nm photon: 



I 



1 photon 



P E 

-* 1 photon 

A ~ A At 



Using the Einstein equation, express 
the energy of a 600-nm photon: 



E = — 

1 photon 



Substitute for E x photon to obtain: 



1 photon 



he 
AAAt 
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Substitute numerical values and evaluate I\ photon: 

_ (l240eV-nm)(l.602xl0 19 J/ev) _ 



/, 



1 photon 



(600 nm) 



"(5x10- 



4 



(Is) 



1.69xlO~ 14 W/m 2 



75 

Picture the Problem We can find the intensity at a distance of 1.5 m directly from its 
definition. The number of photons striking the surface each second can be found from the 
ratio of the energy incident on the surface to the energy of a 
650-nm photon. 



(a) Use its definition to express the 
intensity of the light as a function of 
distance from the light bulb: 



A 4ttR 2 



Substitute numerical data to obtain: 



90 W 



47r(l.5m) 2 



3.18 W/m 2 



(b) Express the number of photons 
per second that strike the surface as 
the ratio of the energy incident on 
the surface to the energy of a 650- 
nm photon: 



photon 

where A is the area of the surface. 



Use the Einstein equation to express 
the energy of the 650-nm photons: 



E = 



he 

T 



Substitute to obtain: 



Substitute numerical values and 
evaluate N: 



N = 



N 



IAA 
he 



(3.18W/m 2 )(l0' 4 m 2 )(650nm) 
~ (l240eV-nm)(l.60xl0 19 J/eV) 



= 1.04X10 1 



76 

Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 
frequency of the incident photons and the work function of the cathode material through 
the Einstein equation. We can apply this equation to the two sets of data and solve the 
resulting equations simultaneously for the work function. 



1130 Chapter 34 



Using the Einstein equation, relate 
the maximum kinetic energy of the 
emitted electrons to the frequency of 
the incident photons and the work 
function of the cathode material: 



K max =hf-<f> 
he 



A 



Substitute numerical data for the 
light of wavelength X\. 



1.8eV = — -</> 



Substitute numerical data for the 
light of wavelength A\I2\ 



5.5eV ^-0 = ^-0 



A/2 



4 



Solve these equations 
simultaneously for <j> to obtain: 



1.90 eV 



77 

Picture the Problem We can use the Einstein equation to express the energy of the 
scattered photon in terms of its wavelength and the Compton scattering equation to relate 
this wavelength to the scattering angle and the pre-scattering wavelength. 



Express the energy of the scattered 
photon E as a function of their 
wavelength A': 



E' 



he 
I 7 



Express the wavelength of the 
scattered photon as a function of the 
scattering angle 9 : 



A' = —{l-cos0)+A 

m e c 

where A is the wavelength of the incident 
photon. 



Substitute and simplify to obtain: 



E' = 



he 



h 

mx 



(\-cos0) + A 
he 



A 




-cos#) + l 


m e c A 


E 




-cos6') + l 



Wave-Particle Duality and Quantum Physics 1131 



78 

Picture the Problem While we can work with either of the transitions described in the 
problem statement, we'll use the first transition in which radiation of wavelength 1 14.8 
nm is emitted. We can express the energy released in the transition in terms of the 
difference between the energies in the two states and solve the resulting equation for n. 



Express the energy of the emitted 
radiation as the particle goes from 
the nth to n - 1 state: 



AE = E„ 



Express the energy of the particle in 
nth state: 



E. = n 2 E 



Express the energy of the particle in 
the n — 1 state: 



E^n-XjE, 



Substitute and simplify to obtain: 



AE = n 2 E l -(n-\jE l 
= (2„-lK=f 



Solve for n: 



he 1 
■ + — 



2AE, 



Substitute numerical values and evaluate n: 



n = 



1240eV-nm J_ 
2(ll4.8nm)(l.2eV) 2 



*79 ** 

Picture the Problem We can use the expression for the energy of a particle in a well to 
find the energy of the most energetic electron in the uranium atom. 
Relate the energy of an electron in 

E = 

the uranium atom to its quantum " 
number n: 



h 2 
SmL 2 



Substitute numerical values and evaluate E 92 - 



E 92 = (92) : 



(6.63xl(T 34 J-s) 2 leV 
8(9. 1 1 x 10 31 kg)(0.05 nm) 2 X 1 .6 x 1(T 19 J 



1.28MeV 



The rest energy of an electron is: 
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m e c 2 =(9.11xl(T 31 kg)(3xl0 8 m/sf 



leV 



1.6x10 J 



= 0.512MeV 



Express the ratio of £92 to m e c : 



E 92 _ 1.28MeV =25Q 



mc 2 0.512MeV 



The energy of the most energetic electron is approximately 2.5 times the 
rest - mass energy of an electron. 
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Picture the Problem We can express the kinetic energy of an electron in the beam in 

terms of its momentum. We can use the de Broglie relationship to relate the electron's 

momentum to its wavelength and use the condition for constructive interference to find A. 

' . n = 1 




Express the kinetic energy of an 
electron in terms of its momentum: 



K = 



2m 



(1) 



Using the de Broglie relationship, 
relate the momentum of an electron 
to its momentum: 



Substitute for p in equation (1) to 
obtain: 



K = 



2mA 



(2) 



The condition for constructive 
interference is: 



d sin 9 = nA 

where d is the slit separation and 

77 = 0, 1,2, ... 



Solve for X: 



A 



d sin 6* 



For 6«\, sin 9 is also given by: 



sin^ 



Wave-Particle Duality and Quantum Physics 1 133 



Substitute for sin 0 to obtain: 



A 



dAy 
nL 



Substitute for A in equation (2) to 
obtain: 



n 2 L 2 h 2 



K = 



2md 2 (Ayf 



Substitute numerical values (n = 1) and evaluate K: 



K _ (l) 2 (l.5m) 2 (6.63xl(r 34 J-s) 2 leV 
~ 2(9.11x10 31 kg)(54nm) 2 (0.68mm) 2 1.6xl0" 19 J 



2.52 keV 



81 •• 

Picture the Problem The maximum kinetic energy of the photoelectrons is related to the 
frequency of the incident photons and the work function of the illuminated surface 
through the Einstein equation. We can apply this equation to either set of data and solve 
the resulting equations simultaneously for the work function of the surface and the 
wavelength of the incident photons. 



Using the Einstein equation, relate -^max = kf ~ $ 

the maximum kinetic energy of the he 
emitted electrons to the frequency of A ^ 

the incident photons and the work 
function of the cathode material: 



Substitute numerical data for the 
light of wavelength A: 



\.2eV = — -0 

A 



Substitute numerical values for the 
light of wavelength A': 



, „, , T he , he . 

1.76eV = 6 = 6 

A' 



Solve these equations 
simultaneously for tj> to obtain: 



1.04eV 



Substitute in either of the equations 
and solve for A: 



A= 554 nm 
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Picture the Problem The diagram shows 
the pendulum with an angular displacement 
9. The energy of the oscillator is equal to 
its initial potential energy mgh = mgL{\ - 
cosff). We can find n by equating this 
initial energy to E n =[n + -=r)hf 0 and 

solving for n. In part (b) we'll express the 
ratio of AE„ to E„ and solve for An. 




(a) Express the nth-state energy as a 
function of the frequency of the 
pendulum: 

Express the energy of the pendulum: 



E n ={n + \)hf Q ={n + \) 



E n = mgL,(\ - cos 6) 



h_ g_ 
2n\L 



Substitute to obtain: 



mgL{l-cosd)=(n + ^ k 

2n \ L 



Solve for n: 



27imJgL 1/2 (\-cos0) 1 



Substitute numerical values and evaluate n: 



n = 



2^-(0.3kg) A /9.81m/s 2 (lm) 3/2 (l-cosl0°) 1 



6.63xl(T 34 J-s 



1.35x10 



32 



(b) Express the ratio of AE„ to E„: 



AE n = {n + An + \)hf 0 -{n + \)hf Q 
E n " (n + i)hf 0 

An 



= 10 



n + 



Solve for and evaluate An: 



An = \0- 4 (n + ±)~\0 ^n- 



1.35x10 



28 



*83 

Picture the Problem We can use the fact that the energy of the «th state is related to the 
energy of the ground state according to E n = n 2 E l to express the fractional change in 

energy in terms of n and then examine this ratio as n grows without bound. 
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(a) Express the ratio 

(E„ + i - E,,)/E„: 



E n+l -E n _{n + l) 2 -n 2 _2n + l 



2 1 

= " + - 
n n 



for « » 1. 



(b) Evaluate ^ 1001 ^ 100 ° 



-^lOOl -^1000 „ ^_ 



v 1000 



v 1000 



1000 



0.2% 



(c) 



Classically, the energy is continuous. For very large values of n, the 
energy difference between adjacent levels is infinitesimal. 
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Picture the Problem We can apply the definition of power in conjunction with the de 
Broglie equation for the energy of a photon to derive an expression for the average power 
produced by the laser. 



The average power produced by the 
laser is: 



P = 



AE 
At 



Use the de Broglie equation to 
express the energy of the emitted 
photons: 



AE = Nhf = 



Nhc 



where N is number of photons in each 
pulse. 



Substitute for AE to obtain: 



Substitute numerical values and evaluate P: 



Nhc 
JLAt 



p_ (5xl0 9 )(6.63xl0' 34 J-s)(3 xl0 8 m/s) 
~ (850nm)(l0" 8 s) 



117mW 



Remarks: Note that the pulse length has no bearing on the solution. 
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Picture the Problem We can find the rate at which energy is delivered to the atom using 
the definitions of power and intensity. We can also use the definition of power to 
determine how much time is required for an amount of energy equal to the work function 
to fall on one atom. 
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(a) Relate the energy per second 
(power) falling on an atom to the 
intensity of the incident radiation: 

Substitute numerical values and 
evaluate P: 



(b) Classically: 



Substitute numerical values and 
evaluate At: 



P = ^ = IA 
At 



P = (0.01W/m 2 )(0.01xl0 



18 



= l(T 22 -x 



leV 



s 1.60 xlO 19 J 



6.25 xl(T 4 eV/s 



At = 



AE _ <j> 



At = 



2eV 



6.25xl(T 4 eV/s 



= 3200 



= 53.3 min 



Chapter 35 

Applications of the Schrodinger Equation 

Conceptual Problems 
1 

True 
2 

Determine the Concept Looking at the graphs in the text for the n = 1,2, and 3 states, 
we note that the n = 4 state graph of the wave function must have four extrema in the 
region 0 < x < L and decay in toward zero in the regions x < 0 and x > L. 

(a) (b) 
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Estimation and Approximation 

*4 * 

Picture the Problem Assume a mass of 150 g for the baseball, 30 cm for the width of the 
locker, and 1 cm/s for the speed of the ball, and equate the kinetic energy of the ball and 
the quantum-mechanical energy and solve for the quantum number n. 



The allowed energy states of a 
particle of mass m in a 
1 -dimensional infinite potential well 
of width L are given by: 



E„ =n 



( 1.2 ^ 



SmL 2 



The kinetic energy of the ball is: 



v 1 ^ 
K = —mv 

2 



For E„ = K: 



' h 1 ^ 
SmL 2 



1 2 
= —mv 

2 



Solve for the quantum number n: 



n = 



2mvL 
~h~ 



Substitute numerical values and 
evaluate n: 



_ 2(0.15kg)(0.01m/s)(0.3m) 
6.63xl(T 34 J-s 



= 1.36xl0 30 « 10 



A 30 



The Schrodinger Equation 



Picture the Problem We can show that ^(x) is a solution to the time-independent 
Schrodinger equation by differentiating it twice and substituting in Equation 35-4. 



Equation 35-4 is: 



Im ax 



Because y/ x {x) and y/ 2 {x) are 
solutions of Equation 35-4: 



-f d ^ + U{x) ¥l {x) = E ¥x {x) 
2m ax 

and 

2m ax 
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Add these equations to obtain: 



2m 



d y/ t (x) d y/ 2 (x) 



dx' 



dx 



+ 



U (x)[y/ l (x) + y/ 2 (x)] = E[y/ { (x) + y/ 2 (x)] ( 1 ) 



Differentiate y/ 3 (x) = y/^x) + y/ 2 {x) twice dy/ 3 (x) _ dy/^x) dy/ 2 (x) 

dx dx dx 



with respect to x to obtain: 



and 



d 2 y/ 3 (x) _ d 2 y/ x (x) d 2 y/ 2 (x) 
dx 2 dx 2 dx 2 



Substitute in equation (1) to obtain: 



2m dx 

which shows that y/ 3 (x) = y/ 1 (x) + y/ 2 (x) satisfies Equation 35-4. 



The Harmonic Oscillator 



6 

Picture the Problem We can relate the spring constant to the mass of the hydrogen atom 
and its angular frequency and then use the relationship between the allowed energy levels 
and the angular frequency co to derive an expression for the spring constant k. 

The spring constant A: is related to k = met) 2 (1) 

the mass m of the hydrogen 
molecule and its angular frequency 
co: 



Relate the energy spacing AE to the 
angular frequency ox 



AE = hf = — = hco 
2n 



Solve for or. 



co = 



AE_ 



Substitute for coin equation (1) to 
obtain: 



k = m 



AE 



V n j 



Substitute numerical values and evaluate k: 
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k = 



27 i\ 



lux 



1.66x10"" kg 



8.7xlQ~ 20 J x 
1.05xl0~ 34 J s 



1.14kN/m 



Remarks: Our result is very similar to the stiffness constant of typical macroscopic 
springs. Note that strictly speaking one should use the reduced mass of a hydrogen 
molecule rather than the simpler model of a single atom attached to a fixed point. 



7 

Determine the 



Concept The integral = j" jc|^j dx = 0 because the integrand is an 



odd function of x for the ground state as well as any excited state of the harmonic 
oscillator. 



*8 

Picture the Problem We can differentiate yAx) twice and substitute in the Schrodinger 
equation for the harmonic oscillator. Substitution of the given value for a will lead us to 
an expression for E { . 



The wave function for the first 
excited state of the harmonic 
oscillator is: 

Compute d y/\ (x)/dx : 



y/ i (x) = A x xe 



dyf\{x) _ d 
dx 



\A x xe 

dx 



Compute d 2 y/\{x)ldx 2 : 



d 2 y/ y {x) _ d 



dx dx 



— Ue 



= -2axA 1 e- ax -^axA x e ax +4a 2 x 3 A i e- ax 



= (4a 2 x 3 - bax)A x e 
Substitute in the Schrodinger equation: 

(4a 2 x 3 -6ax)A 1 e ax2 



-.2 r 



h 

2m L 



+ \ma)lx 2 A x xe ax =E x A x xe 



Divide out A,e ax to obtain: 



2m 



[(4a 2 x 3 -6ax)]+jm© 0 V = E x x 



or 
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— (<4aV)+ — (6ax) + \mcolx i = E.x 
2m X ' 2rn ' 2 0 1 



Substitute for a to obtain: 



2m 

Solve for E\ to obtain: 



( mco 0 ^ 
K ~2hj 



x 3 + — 6 
2m 



mco, 



o 



v 2h , 



, 1 2 3 7^ 



3E n 



Picture the Problem We must show that, with^4 0 = (2ma>o/h) m , the normalization 

2 2 



condition J|^ 0 (x)| dx = J L^e 



Jx = 1 is satisfied. 



We need to show that: 



||^ 0 (x)| dx = | VA^e 



dx = l 



With 



4> = 



f V /4 
mco n 



\ n j 



V J 



, the 



normalization condition becomes: 



2 ^ ^1/2 

mco n 



\\ ¥o {x)\ dx= (Y^c/x 



In Example 35-1 it is shown that: 



a = 



mco (j 
~2h 



Substitute to obtain: 



jVoWl dx = — \ \ 



n'/2 



01 1 - * Jx 



Let 5 = 



/ y/2 
' mco, x 



x. Then: 



V n j 



ds = 
and 
dx = 



r y/ 2 



\ n j 



mco. 



-1/2 



ds 



\ n J 



Substitute for dx and simplify to 
obtain: 



oo * j oo 

1 \y/ 0 (x) I dx = —r= \e s ds 
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From integral tables (see Table D-5): 



|e s ds = yl~7r 



Therefore: 



| \y/ 0 (x) | dx = 1 provided A 0 



r 2mc0a\ 



1/4 



V n j 



10 

Picture 



the Problem We are required to evaluate (x 2 ^ = j" x 2 \y/ 0 (x) | with 



y/ 0 {x) = A Q e "* , where a = . We can then use U. dV = jtna> 2 Jx 2 ) to find the 

average potential energy of the harmonic oscillator. 



We need to evaluate: 



+00 

2\ f 91 1 2 



X 



jx 2 H 



dx 



For the ground state of the harmonic 
oscillator: 

i i 2 

Substitute for w\ to obtain: 



w\ =A e 



X 



2 -2a 



= 4\: 



x 2 e lax dx 



2Al\x 2 e 2axl dx 
o 



Use the appropriate integral from 
the inside of the back cover of the 
text to obtain: 



x 2 ) = 2A: 



1 \ It A,, It 



4 \ (2a) 2 4a V 2a 



(1) 



The normalization condition is: 



1 = 2 J X = A 2 jV 2 " 2 Jx 

— 00 —00 
+ 00 

= 2Aq j"e~ 2flA dx 



Again, use the appropriate integral 
from the inside of the back cover of 
the text to obtain: 



1 ~ 2^ 0 2 J- - Aq 

2 V 2a V 2a 



Solve for A^ to obtain: 



Substitute in equation (1) to obtain: 
From Example 36- 1 : 
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(2) 



x 2 =- 



\2a 


I n 


1 


V n 1 


\ 2a 


4a 



ma> 0 



Substitute for a in equation (2) to 
obtain: 



x 



2ti 



Amco n 



2ma> n 



The average potential energy of the 
oscillator is: 



Substitute for Ix ) and simplify: 



2 ^0 



y2ma> 0 j 



n 

Picture the Problem We can combine the result for J(x A ) from Problem 10 and the 



result for ^ from Problem 7 to obtain an expression for J^ 2 } - { x ) ■ The lowest 

h 2 

energy of the electron in an infinite potential well is given by E l = . 



(a) From Problem 10 we have: 



x 2 ) = - h 



2mco„ 



(1) 



The ground-state energy is given by: 
Solve for a>o to obtain: 



CO, 



_2E 0 



Substitute in equation (1) and 
simplify to obtain: 

From Problem 7 we have: 

Substitute equations (1) and (2) in 
the expression ^x 2 ^ — ^ 2 to 
obtain: 



4mE n 



x) = 0 



x 2 )-(x) 2 



(2) 



4mE n 



0 



h l 



2 v mE n 
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Substitute numerical values and evaluate J(x 2 \ - (x) 2 



2 1.05xlCT 34 J-s 



x =■ 



i 



(9.11xl(T 31 kg) 



= 9.49 nm 



2.1xl(T 4 eVx 



1.6xlQ-'V 
eV 



(b) The lowest energy of an electron 
trapped in an infinite potential well 



is: 



SmL 2 



Letting L = Jlx 2 )- (x) Z yields: 



Smjlx ) — (x 



Substitute numerical values and evaluate E\. 



(6.63xl0' 34 J-s) 2 leV 

8(9. 1 1 x IO- 31 kg)(9.49 x 10" 9 m) 2 1 -6 x KT 19 J 



4.19meV 



12 ••• 

Picture the Problem We can begin by equating the average kinetic energy of the 



harmonic oscillator and its average potential energy and solving for ( p ) and then 



evaluating and substituting for (x 



According to the problem statement: 



1 w .2 



2m 2 



-k(x' 



Solve for ( p 



~~ ^ mk(x 2 



or, because co n 



m 



2\ 2 2/2 

p ) = m o) 0 (x 



(1) 



We need to evaluate: 



x 



2 

)x 2 \ys\ =Al\x 2 e- 2axl dx (2) 



mco n 

where a - 



2h 
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Let j 2 = 2ax 2 . Then x 2 = — and: 

la 



dx 



ydy 
lax 



With appropriate substitutions, the integral becomes: 

°° y 2 _f ydy _r/ _y 4lady _ 1 



J O/7 0/7V ■* 



From integral tables (see Table D 
5): 



? x 2a lax ^2a lay (la) 3/2 

f 2 1 



In Problem 35-9 it was given that: 



\y 2 e~ r dy 



lmco n 



Substitute in equation (2) to obtain: 



Substitute for a and simplify: 



Substitute for (x ) in equation (1) 



13 



X = 



x = 



(2a) 



,3/2 



ImcOr, 



\ n j 



71 

\^ J 



' mco, N 



'lmco 0 ^ 


1/2 








\ h j 




v2 J 



lma> n 



2„2 



ylmco Q j 



-khmco a 



Picture the Problem We can use the definition of the standard deviation of Ax and Ap 
and the results of Problems 7, 10, and 12 to determine the uncertainty product Ax Ap for 
the ground state of the harmonic oscillator. 



Express the standard deviation of Ap 
(see Equation 17-35a); 



Because p m = 0: 



M 2 = Ip-pJI 

= [p 2 -2pp^-p 2 X 



(*p) 2 =(p 2 l 
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Express the standard deviation of Ax 
(see Equation 17-35a): 



(A*) 2 = [(*-* av )l 

= x 2 - 2xx.„, - x 2 



Because x av = 0: 



(Ax) 2 =(x 2 ) a 



We have, from Problems 10 and 12, 
for the ground state of the harmonic 
oscillator: 



x = 



and 



:(AX) 2 = 



p 2 ) = (Apf = 



2m (Or, 



hmo) n 



Express the product of (Ax) 2 and 



(Ax) 3 (Ap)'- 



f hmco. ^ 



y2ma> 0 j 



V ^ J 



Take the square root of both sides of 
the equation to obtain: 



AxA/» 



h 



Reflection and Transmission of Electron Waves: Barrier 
Penetration 

Picture the Problem We can use the total energy of the particle in the region 
x > 0 to express k 2 in terms of a and k\. Knowing k 2 in terms of ku we can use 
(k -k f 

R = 2 -^r- to find R and T = 1 - R to determine the transmission coefficient T. 

{k 1+ k 2 f 



(a) Using conservation of energy, 
express the energy of the particle in 
the region x > 0: 

Solve for ki. 



From the equation for the total 
energy of the particle: 



^ + U 0 =aU Q 
2m 



yj2mU Q (a -l) 
^2maU () 



Express the ratio of £ 2 to k\. 
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y]2mU 0 (a -l) 



a-l 



and k 2 = 



a-l 



a 



(b) The reflection coefficient R is 
given by: 

Factor k\ from the numerator and 
denominator to obtain: 



Substitute our result from (a) for 

k 2 /k\: 



The transmission coefficient is 
given by: 



(k x +k 2 ) 



R = 



r k * 

1+ *2 



7? 



_ v 



a-l 



a 



1 + 



a-l 



a 



a-l 



a 



a-l 



l + . 

v V « ; 



r = i-7? = i- 



« - 1 



a 



a-l 



1 + 

v V a j 



A spreadsheet program to plot R and T as functions of a is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A2 


1.0 


a 


B2 


(1-SQRT((A2-1)/A2))/ 
(1+SQRT((A2-1)/A2)) A 2 






a-l 1 

a 
la-l 

a j 


2 
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A 


B 


c 


1 


alpha 


R 


T 


2 


1.0 


1.000 


0.000 


3 


1.2 


0.298 


0.702 


4 


1.4 


0.198 


0.802 


5 


1.6 


0.149 


0.851 










18 


4.2 


0.036 


0.964 


19 


4.4 


0.034 


0.966 


20 


4.6 


0.032 


0.968 


21 


4.8 


0.031 


0.969 


22 


5.0 


0.029 


0.971 



The following graph was plotted using the data in the above table: 



1.0 




15 

Picture the Problem We can use the total energy of the particle in the region 

(k -k f 

x > 0 to find k 2 . Knowing k 2 , we can use R = ^ to find R and T - 1 - R to 

{k l+ k 2 f 

determine the transmission coefficient T. 
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(a) Using conservation of energy, 
express the particle in the region x > 
0: 



-U =2U 

2m 



Solve for k 2 : 



From the equation for the total 
energy of the particle: 



k, = 



h 
n 



Express the ratio of k 2 to k\ 



j6mU 0 
h 

h 



(b) The reflection coefficient R is 
given by: 



R = 



{K ^2 ) 
{k,+k 2 f 



i j 



k 



Substitute for k 2 /ki and evaluate R: 



R 



0.0102 



(c) Because R + T = 1 : 



r = l-i? = 1-0.0102= 0.990 



(d) If we let No represent the number 
of particles incident upon the 
potential step, then the number that 
continue beyond is: 



7V A r = 10 6 x 0.990: 



9.90 xlO 5 



Classically, all 10 6 would continue 
to move past the potential step. 



16 

Picture the Problem We can use the energies in the regions U = 0 and U = Uo to express 
the ratio of the potential energy to the total energy in terms of the ratio of the wave 
numbers. We can also express this ratio in terms of the reflection coefficient R to obtain 
an expression for the ratio of E to U in terms of R. 
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In the region U = 0: 



2m 



E = 



=>h=. 



2mE 



h 7 



In the region U- Uq: 



2 1,2 



E-U n = 



2m 



V n 2 



Let r equal the ratio of k 2 to k\ 



k 2 _t 



2m(E-U Q ) 



2mE 



h 2 



Letting Uq = U, solve for U/E: 



U 



= l-r 2 



(1) 



Write the reflection coefficient R as 
a function of r = — : 

K 



_ {k x k 2 ) _ 

{k x +kj 



2 

■ 

2 " > 



T /c 2 



^1 J 



Solve for r to obtain: 



r = 



i-Jr 

1 + yfR 



Substitute for r in equation (1): 



and 

U 



\-4r 
i+V# 



Substitute a numerical value for R 
and evaluate EIU: 



E_ 
U 



1-V0.5 
1 + V05 



1.03 
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Picture the Problem The probability that a proton will tunnel out of a nucleus in one 
collision with a nuclear barrier if it has a given energy is given by Equation 35-29. 



Equation 35-29 is: 



-2 a 



T = e 
where 

\ 2m{U 0 -E) pm{U 0 -E) 

a i n 2 n 



Multiply the numerator and 
denominator of a by c to obtain: 



Using m c 2 = 938 Me V, evaluate T: 



a 



^2mc 2 (U 0 -E) 



Tic 



where 

hc = 1.974 xlCT 13 MeV-m 



f / „ \J2(938MeV)(6MeV) 
T = expl - 2(10 15 m)^ '- 



1.974xlO""MeV-m 



0.341 



*18 

Picture the Problem The probability that the electron with a given energy will tunnel 
through the given barrier is given by Equation 35-29. 



(a) Equation 35-29 is: 



-2a 



T = e 
where 

l 2m{U 0 -E) _ pm{U 0 -E) 

a i n 2 n 



Multiply the numerator and 
denominator of a by c to obtain: 



Using m e c =511 keV, evaluate T: 



a 



■^2mc 2 (U () -E) 



he 



where 

fic = 1.974 xlO~ 13 MeV-m 



r = expj-2( 10 -V)^ lkeV ^ eV - 10eV ' 



1.974xlO" 1J MeV-m 



5.91x10" 



(b) Repeat with a = 10 10 m: 
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\ i , n \ J2(511keV)(25eV-10eV) 
T = exp\ - 2(1 (T 10 m)^ \ 3 '- 



1.974xlO~ 13 MeV-m 



1.89x10 
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Picture the Problems We can find the distance of closest approach by equating the 
kinetic energy of the alpha particle and the Coulomb potential energy. The probability that 
the electron with a given energy will tunnel through the given barrier is given by 



-2a 



. where a is the transmission coefficient and depends on AE. 



(a) The distance of closest approach 
is related to the kinetic energy E of 
the alpha particles: 



E = 



kleZe 



Solve for r\. 



2kZe 



For E = 4 MeV: 



'l,4MeV 



_ 2(8.99 x!0 9 N-m 2 /C 2 )(92)(l .6 xlQ 19 c) 2 _ 
1.6x10 19 J 



6.62x10 14 m 



4MeVx 



eV 



For K = l MeV: 



2(8.99 x 10 9 N • m 2 /C 2 )(92)(l .6 x 10 19 c) 2 
1.6xl0 19 J 



3.78xl0~ 14 m 



7MeVx- 



eV 



(b) The transmission coefficient Tis 
given by: 



T = e' laa 
where 

(2mAE yflmAE 



(1) 



a 



h 2 



Evaluate « 4 Me v for AE = 4 MeV: 



4ux 



1.66xlO~ 27 kg V 



4MeVx 



1.6xlQ 19 J^ 
eV 



a 



4 MeV 



1.05xlO~ 34 J-s 



8.78xl0 14 rrT 
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Evaluate « 7 Me v for AE = 7 MeV: 



4ux 



1.66xl0~ 27 kg v 



7MeVx 



1.6x10 'V 
eV 



15 



1.05xlO" 34 J-s 



1.16xl0 13 m 



Substitute numerical values in 
equation (1) and evaluate r 4MeV : 



Substitute numerical values in 
equation (1) and evaluate r 7MeV : 



_ -2(8.78xl0 14 m"')(6.62xl0" 14 i 
MMeV — e 



= 3.27x10 



-51 



rp _ -2(l.l6xl0 15 m"')(3.78xl0" l4 m) 

1 7 MeV — e 



= 8.21x10 



•39 



The Schrodinger Equation in Three Dimensions 



20 



Picture the Problem We can use E 



*2_2 ( 2 

n n 



2m 



2 2 A 

n, tin n., 
— + — + — 
L 2 L 2 L 2 , 



with the given sides 



V^l ^2 

of the box to find the quantum numbers n\,nz, «3 that correspond to the lowest ten 
quantum states of this box. 



The energies of the quantum states 

are given by Equation 

35-34: 



2_2 



h Z 7T 



2m 



( 2 2 2 \ 

ti, tin tin 
— + — + — 

jl j2 j2 
V H U l ^3 J 



For a box with sides L\, 
L 2 = 2L\, and L 3 = 3L\\ 



i-2 2 

n n 



f 2 



2 \ 



2m 

2 ' 



L 2 
V^i 



4Z 2 9Z 



8mZ 2 
ft 2 



2 2\ 

«,+—+ — 

, 4 9 , 



288mZ, 



(36«! 2 + 9n 2 2 + n 2 ) 



The energies in units of t- are listed in the following table: 

288mZ 2 



«1 


«2 


«3 




1 


1 


1 


49 


1 


1 


2 


61 



1154 Chapter 35 



1 


2 


1 


76 


1 


1 


3 


81 


1 


2 


2 


88 


1 


2 


3 


108 




1 


4 


109 




3 


1 


121 




3 


2 


133 




2 


4 


136 
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Picture the Problem The wave functions are of the form 



y/ = A sin 



-X 



sin 



V 2A 



sin 



V 3A 



22 



Picture the Problem We can use £ 



f-2 2 



2m 



+ ■ 



+ ■ 



Z 2 L 3 



with the given sides 



of the box to find the quantum numbers n\, n%, n?, that correspond to the lowest ten 
quantum states of this box. 



(a) The energies of the quantum 
states are given by Equation 
35-34: 



«[ ,/I 2 ,« 3 



h n 



1m 



lf n\_ 

L 2 
v L i 



Ii L 



3 j 



For a box with sides L\, 
L 2 = 2Lu and L 3 = 4Li: 



h 2 7T 



2m 

h 2 



2 f 2 2 2 A 
ft, n 9 «, 
_J_ _| A 

AT 1 



8mL. 



\6L\ 

2\ 



n x + - 



16 



h 



(l6nf +4n 2 +n 2 ) 



The energies in units of are listed in the following table: 

USmL 2 



n\ 


« 2 


"3 


E 


1 


1 


1 


21 


1 


1 


2 


24 


1 


1 


3 


29 


1 


2 


1 


33 
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Referring to the table, we see that 
there are two degenerate levels: 



1 


1 


4 


36 


1 


2 


2 


36 


1 


2 


3 


41 


1 


1 


5 


45 




2 


4 


48 




3 


1 


53 




1 


6 


56 




3 


2 


56 



(l,l,4)and(l,2,2) 
and 

(l,l,6)and(l,3,2) 



*23 • 

Picture the Problem The wave functions are of the form 



y/ = A sin 



sin 



v 2 A 



y 



sin 



v 4 A j 



24 • 

Picture the Problem The boundary conditions in the y and z directions are the same 
those in Figure 35-1. In the x direction, we'll require the y/- 0 at -LI2 and L/2. 

(a) The boundary conditions in the x ys{— \L) = y/(^L) = 0 

direction are: 

The general solution of the time- y/{x) = A sin kx + B cos kx 

independent Schrodinger equation 

is: 



Apply the boundary conditions to 
obtain: 



4r l) = -A sin — + B cos — = 0 

v 2 ' 2 2 

and 

u/U L) =Asin — + B cos — = 0 
V2 ' 2 2 



Eliminate the terms in B by > ■ kL 

J Asm — = 0 

subtracting the equations: 2 

For .4*0: kL . _ t 

— = sin 0 = 0, k,2k, 
2 
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or 



k = ^,n x =0,2,4, ... 
L 



Eliminate the terms in A by adding 
the equations: 



5sin— = 0 
2 



For B*0: 



kL _ ln 7C 37T 57T 

— = cos 0 = — , — , — . 
2 2 2 2 

or 

k — = ** * 

L 



Thus: 



and 



y/{x,y,z) = 5 cos 



X 



V L j 



sin 



V L j 



-y 



sin 



V L j 



n, =2n + l 



y/(x,y,z) = A sin 



V L j 



sin 



L 



y 



sin 



V L j 



The ground-state wave function is: 



^(l,l,l) = A cos 



n 



kL j 



sin 



K 



L 



y 



cos 



J 



\L j 



(b) The allowed energies are the same as those for a well with U = 0 for 0 < x < L. 
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Picture the Problem We can apply the solution to the time-independent Schrodinger 
equation in three dimensions to obtain the wave function and the allowed energies for the 
given two-dimensional region. In (c), we must find three different sets of quantum 
numbers (m,n) for which the sum of the squares are the same. 



(a) The solution to the time- 
independent Schrodinger equation in 
two-dimensions is: 



y/{x, y) = A sin k x x sin k : 



y 



. . nn . mn 

A sin — x sin y 

L L 



where n and m are integers. 
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(b) The energy is quantized to the 
values: 



n,m 



yn +m ) 



SmL 



(c) The lowest two states that are 
degenerate are: 

(d) The energies of three lowest 
states that have the same energies 

h 2 



(in units of 



SmL 2 
table to the right: 



) are listed in the 



-^1,2 _ ^2,1 ~ 



5h 2 
SmL 2 



n 


m 




1 


1 


50 


7 


1 


50 


5 


5 


50 



The quantum numbers for the three 
states are: 



(1,7), (7,1), and (5,5) 



and their energies are 

h 2 



E = (50) 



SmL 2 



25h 2 
AmL 2 



The Schrodinger Equation for Two Identical Particles 

26 • 

Picture the Problem We must differentiate Equation 35-37 twice and substitute these 
derivatives in this equation to show that it is a solution. 



With (7=0, Equation 35-35 
becomes: 



fi 2 d 2 y/(x 1 ,x 2 ) h 2 d 2 y/(x 1 ,x 2 ) 



2m dx. 



2m dx. 



= Ey/{x l ,x 1 ) 



(1) 



Differentiate Equation 35-7 with 
respect to jci: 



dy/ 
cbtj 



cbtj 
An 

cos — ^sin 

L L L 



. . 7DC, . 2tDC 0 

A sin — - sin 

L L 



7DC X . 2tDC 2 



Compute the second derivative with 
respect to X\ : 



ay 

dx 2 



_d_ 

dx. 



An Tix, . 2nx 7 

cos — - sin - 

L L L 



An . nx, . 2nx 7 

— t— sin — - sin - 

L 2 L L 
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Differentiate Equation 35-7 with 
respect to x 2 : 



dy/ 

3x, 



_8_ 
dx 2 
2 An 



Asm — L 
L 



7DC. 



sin 



2nX 0 



L 

2nx~. 



-sin — -cos- 
L L L 



Compute the second derivative with 
respect to x^. 



dxl 



A 

dx 



2An . 7cc 1 



2tdc 0 



2 

AAn 1 
L 2 



sin — ^cos- 
L L L 



7DC\ . 2tDC 2 



-sin — ^-sin 
L L 



Substitute in equation (1) to obtain: 



2m 



An 
L 2 



-sin 



nx x 
L 



2nXr, 



-sin- 



L 



2m 



4An . nx, . 2nx 7 

— r — sin — - sin - 

L 2 L L 



= EA sin 1 



2nx 0 



sin 
L L 



Solve for E to obtain: 



2„2 



5h l n 
2mL 2 



Thus we' ve shown that Equation 35 - 37 satisfies Equation 35 - 35 provided 
5/zV 



E = 



2mL 2 



27 • 

Picture the Problem Because bosons have symmetric wave functions and do not obey 
the Pauli exclusion principle, they can occupy the same ground state. 



The ground-state energy of a single 
particle in a one-dimensional box of 
length L is: 



J 0,1 particle 



SmL 2 



For 10 bosons: 



^0,10 bosons 



10h 2 
SmL 2 



5h 2 
AmL 2 



*28 • 

Picture the Problem For fermions, such as neutrons for which the spin quantum number 
is Vi, two particles can occupy the same spatial state. 



The lowest total energy for the 10 
fermions is: 
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£ = 2£ 1 (l 2 + 2 2 +3 2 +4 2 +5 2 ) 



f h 2 



SmL 2 



(55) 



55h 2 
AmL 2 



Orthogonality of Wave Functions 

29 

OO 

Picture the Problem We need to show that J^ 0 (x)^ 1 (x) dx = 0 , where y/o(x) and y/\{x) 

-00 

are given by Equations 35-23 and 35-25, respectively. 



Equations 35-23 and 35-25 are: 



y/ 0 {x)=A 0 e- c 
and 

y/ x (x) = A x xe~ 



35-23 



35-25 



Note that y/ x {x) is antisymmetric, y/ Q (x)y/ { (x) is antisymmetric 

whereas y/o(x) is symmetric. 
Because the product of an 
antisymmetric function and a 
symmetric function is 
antisymmetric: 

Because the integral of an 
antisymmetric function over 
symmetric limits is zero: 

30 

oo 

Picture the Problem We need to show that ^y/ l (x)y/ 2 {x)dx = 0 , where y/z{x) is given 

—00 

in the problem statement and y/ x {x) = A x xe~ ax . 



^y/ Q (x)y/ x {x)dx = 0 



Note that y/\{x) is antisymmetric, 
whereas ^(x) is symmetric. 
Because the product of a symmetric 
function and an antisymmetric 
function is antisymmetric: 



y/ \{x)y/ 2 (x) is antisymmetric. 
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Because the integral of an 
antisymmetric function over 
symmetric limits is zero: 

31 



^y/ x {x)y/ 2 (x)dx = 0 



L f 

Picture the Problem We need to show that J sin 



V L 



sin 



L 



dx = 0. 



Use the trigonometric identity (sin a a) (sin/) a) = y{cos[(a -Z>)a]-cos[(a + &)«]} 
to rewrite the product of the two sine functions as the difference of two cosine functions: 



sin 



117DC 



sin 



L 



1 

= — <cos 
2 



{n -m) 



TTX 

L 



cos 



(n + m) 



71X 

L 



Substitute for sin 



V L j 



and sin 



V L j 



and evaluate sin 



flTTX 

L 



sin 



mux 
L 



dx : 



Ik 





( \ 7tK 




( \ nx 




Jcos 


\n-m ) — 


-cos 


\n + m ) — 


j 




. L _ 




_ L _ 





>dx ■ 





/ \7DC 


sin 


(n-m j — 


L 


. L - 



71 n 


— m 








7DC 


sin 


(n + m 




L 




L _ 


71 


n + m 





Because n and m are integers and n^m, the sine functions vanish at the two limits x = 0 



and x-L. Therefore, | sin 



( nnx^ 



V L 



sin 



L 



dx = 0 for m. 



General Problems 



32 

Picture the Problem We can use the wave functions i^i(x) and iptfpc) and the definitions 
of <x> and <x 2 > to evaluate these quantities and the wave functions at x = 0. 

,m = 2n 



(a) The wave functions y/\{x) and 
y/ 2 {x) are: 



and 









I 


sin 


X 






v L ) 







( mn ^ 


I 


cos 


X 






V L J 



m = 2n + 1 



Applications of the Schrodinger Equation 1161 
where n = 0, 1,2, ... 



Evaluate these functions at x = 0 to 
obtain: 



«"i(0)=- 
and 

¥ 2 (0) = 



2 ■ 
— sin 

L 



12 
I— cos 
L 



(0) 



0 



f(0) 



(b) Because \y/ m (x) | 2 is an even 
function of x in all cases, x y/ 2 m (x) is 
an odd function of x and: 



L/2 

(x}= \xy/l(x)dx = 



0 



-L/2 



(c) For « = 1 : 



2 i/2 K 
x 2 ^ = — J x 2 sin 2 — xdx 

^ -L/2 L 



From integral tables: 



j"x 2 sin 2 (ax) ox = 



3 ^x 3 1 ^ 



4a 8a j 



sin(2ax)- 



xcos 



(2ax) 



4a' 



Use this integral with a = nIL to obtain: 



For n = 2: 



x = 



12 ^ ^- 2 J 



x 



2 r 2 2 2;r 
= — x cos — xax 

^ -L/2 u 



From integral tables: 



x 2 cos 2 (ax) Ox = ~~~ 



( 3 1 \ 



x J 1 



4a 8a 3 



sin(2ax) + 



xcos(2ax) 
4a 2 



Use this integral with a = 2nlL to obtain: 



x 



Zr 
12 



1 + 



Remarks: Note that for any value of m, (x 



12 



1 + 



2 2 

v m n j 
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*33 

Picture the Problem We can determine the energies of the state by identifying the four 
lowest quantum states that are occupied in the ground state and computing their 
combined energies. We can then find the energy difference between the ground state and 
the first excited state and use this information to find the energy of the excited state. 



Each n, m state can accommodate 
only 2 particles. Therefore, in the 
ground state of the system of 8 
fermions, the four lowest quantum 
states are occupied. These are: 



(1,1), (1,2), (2,1) and (2,2) 

Note that the states (1,2) and (2,1) are 
distinctly different states because the x and 
y directions are distinguishable. 



The energies are quantized to the 
values given by: 



h 2 
SmL 2 



(nf+n 2 2 ) 



The energy of the ground state is the sum of the energies of the four lowest quantum 
states: 



"1,1 + ^1,2 "2,1 + "2,2 




(l 2 +l 2 )+2 (l 2 +2 2 )+2 (2 2 +l 2 )+2 (2 2 +2 2 ) 



SmL z 



( 1.2 \ 



(2 + 5 + 5 + 8) 



y SmL j 



( 1.2 \ 



y SmL j 



The next higher state is achieved by 
taking one fermion from the (2,2) 
state and raising it to the next higher 
unoccupied state. That state is the 
(1,3) state. The energy difference 
between the ground state and this 
state is: 



AE — E i3 E 22 



h 2 L 9 „t\ h 2 



SmL' 



.^ +3 ^-JL_( 2 2 +2 2 ) 



(10-8): 



SmL z 



4mL 2 



Hence, the energies of the degenerate 
states (1,3) and (3,1) are: 

The three lowest energy levels are 
therefore: 



5h 2 h 2 
■ + - 



2W 



mL 4mL 4mL 



5h 2 
mL 2 



and two states of energy 
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E l — E 2 — 



2W 
AmL 2 



34 

Picture the Problem The energy levels are the same as for a two-dimensional box of 
widths L and 3L. 



(a) The energies of the bound states 
are given by: 



E. _ = 



h 2 r ~ 2 



8m 



2 \ 

n m 



v 
h 2 



J 



12mL 



V 9L Z 
(9n 2 +m 2 ) 



The three lowest energy states are: 



'1,2 



and 
E 



1.3 



72mL 
h 2 



12mL 

h 2 
12mL 2 



-(9 + l) = 

,(9 + 4): 



5h z 



36mL 



I3h 2 
12mL 2 



(9 + 9) = 



4mL 2 



None of these states are degenerate. 



(b) Express the condition that must 
be satisfied for two states to be 
degenerate: 



9(n, -n 2 )=m 2 -m x 



This condition is first satisfied for: 



n x =2,m { = 3, and n 2 = 1 and m 2 =6 



Find the energy of this doubly 
degenerate state: 



F - 



72mZ/ 



(36 + 9) = 



5A 2 
SmL 2 
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Picture the Problem We can use the definition of the classical expectation value 
(average value) to show that the classical expectation value of x 2 for a particle in a one- 
dimensional box of length L centered at the origin is L 2 I\2. In (b) we'll proceed as in (a) 
using the definition of the quantum expectation value of x 2 . 
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(a) The classical expectation value is given 
by: 



j 1/2 

(x 2 L = 7 r | X 2 dx 

\ /av ir _i r J 

2^ V 2^7-1/2 



X 

T 



1/2 
-1/2 



L 12 



3 \ 



12 



(6) For a particle in the «th state in a 
one-dimensional box: 



X" 



2 r 2 ■ inn 
x sin — 



-iJ ; 

^ -L/2 



xdx 



From integral tables: 



|x 2 sin 2 (ax)ox = — 



3 r x 3 



1 



4a 8a ~ 



sin(2ax)- 



xcos 



(2ax) 



4a 1 



In the limit n » 1 : 



x 



Zr 
12 



36 » 

Picture the Problem We can solve Equation 35-28 for T and substitute for R using 
Equation 35-27. Letting r = k 2 /ki and simplifying will lead to the given result. 



Equation 35-28 is: 



T + R = l T = l-R 



From Equation 35-27: 



R = 



{K ^2 ) 



f k ^ 

v Kj 
l3 



(l-rf 
(l + rf 



where r = k 2 /ki 



Substitute for R to obtain: 



(l-r) 2 _ (l + r) 2 -(l-r) 2 
(l + r J» (i + r ) 2 



4 r 



(l + r) 2 



Substitute for ^2/^1 for r and 
simplify to obtain: 



T = 



Ak x k 2 
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37 » 

Picture the Problem We can use the energies in the regions U = 0 and U = U 0 to express 
the ratio of the wave numbers k\ and k 2 in these regions in terms of E and Uq and the 

(1-rf 

definition of the reflection coefficient R to show that R = -. . 

(1 + r) 2 



In the region Uq = 0: 



E - 



\2mE 



2m 



In the region U-U 0 : 



Pi 2 k 2 



2m 



Let r equal the ratio of k 2 to &i 



2m(E-U Q ) 



tr 



\2mE 



The reflection coefficient R is given 
by: 



Factor A:] from the numerator and 
denominator to obtain: 



R = 



1+ *2 

v ^1 y 



Substitute for kjlk\ to obtain: 



38 

Picture the Problem 



(a) From Problem 37 we have: 



"(l + rr 



where r = , ll — — 



Because E = aUo, R can be written: 



From Problem 36 we have: 



a 



T = 



4r 
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A spreadsheet program to plot R and T as functions of a is shown below. The formulas 
used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A2 


1.0 


a 


B2 


SQRT(l-l/A2) 


V oc 


C2 


(l-B2) A 2/(l+B2) A 2 


(l-rf 
( l + rf 


D2 


4*B2//(l+B2) A 2 


4r 





A 




l 


alpha 


r 


R 


T 


2 


1.0 


0.000 


1.000 


0.000 


3 


1.5 


0.577 


0.072 


0.928 


4 


2.0 


0.707 


0.029 


0.971 


5 


2.5 


0.775 


0.016 


0.984 












16 


8.0 


0.935 


0.001 


0.999 


17 


8.5 


0.939 


0.001 


0.999 


18 


9.0 


0.943 


0.001 


0.999 


19 


9.5 


0.946 


0.001 


0.999 


20 ! 10.0 


0.949 


0.001 


0.999 



The following graph of R and T as functions of a was plotted using the data in the table: 

















































f 








- - - R 

T 










































— ~ — - 






r -i 



123456789 10 

alpha 
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(b) 



From the graph, we note that, as a — > qo, T — > 1 and R — > 0. The graph 
also shows that, as a — > 1 , T — > 0 and i? — > 1 . 



39 



Picture the Problem We require that 

GO CO 

A\ j" [lax 2 - \f e- laxl dx = 2 A 2 J (2ax 2 - ff e 2 "* dx = l. 



Expand the integrand to obtain: 



[lax 2 -\fe- 2ax2 =(4a 2 x 4 -2ax 2 + \)e 2axl = 4a 2 xV 2< " 2 -2axV 2fl * 2 +\e 



■2 ax" 



Substitute in the integral expression: 



0 



2ax 2 e- 2ax2 +}e- 2ax2 )dx = \ 



or 



<jj t*j t*j 

%a 2 A 2 2 \x A e- 2axl dx-4aA 2 2 \x 2 e- 2ax2 dx + \A 2 2 \e- 2axl dx = \ (1) 



Use the definite integrals \e bx dx = — J— and 

J 9 V A 



2 U 



[x 2n e hx dx = - — — — iF^> « > 1 (see Table D-5) to integrate equation 



(1) term by term: 



8a 2 A 2 



K 



2 3 (2a) 2 V 2a 



■ 4aA: 



1 ;r 



2 2 {2a) V 2a 



2 ^2 



= 1 



or 



3 U 

4 V2a 



1_ 

2 



^ 1 

+ — 

2a 4 V 2a 



or 



2 V 2a 



= 1 



Solve for 
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Because a = 



'o 



ma> n 7i 



h 




Smco, 



h 



'o 



40 ••• 

(a) Let x = -x. The second derivative is an even operator, that is, 

d 2 y/(- x)/ d(- xf =d 2 y/{x)l dx 2 . Therefore, if U(-x) = U(x), the Schrtidinger 

equation for y/(-x) = y/(x) and must give the same values for the energy E. If 

y/{-x) differs from y/{x), the ratio y/(-x)ly/{x) cannot be a function of x and must be a 

constant. Hence, y/(x) = Cy/(-x). 

(b) The previous result means that replacing the argument of the wave function by its 
negative is equivalent to multiplication by C. Thus, if Cy/{-x) is a good wave function 
and we replace its argument by its negative, that is, by x, we must multiply by C again. 
Thus, i//(x) = C 2 y/{x), C 2 = 1, and C = ±l. 

*41 ••• 

Picture the Problem We can follow the step-by-step procedure outlined in the problem 
statement to show that (iiav)min = + \ h co. 

1. The total classical energy is: £ av = U m +K ay 




(1) 



2. Express the standard deviation of 
Ap: 




av 



Because p. dV = 0: 



M 2 = (A 



'av 



3. Express the standard deviation of 
Ax: 




av 



Because x av = 0: 



(A*) 2 =(* 2 ) a 
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4. Use the uncertainty principle 
Ap = h/2Ax to eliminate (p 2 )- dV from 
the average energy in equation (1): 



E„ = {ma t {x 2 )„ + 



(V) 



2m 



\mco 2 



= \mco 2 



2m 



4(At) 2 



Let Z = (x ) av to obtain: 



E^=\mcoZ + 



SmZ 



5. Differentiate E m with respect to Z 
and set this derivative equal to zero: 



dE„ 



d 



dZ dZ 



■kmco Z H 



SmZ 



= \rnco 1 



SmZ 2 



0 for extrema 



Solve for Z to find the value of Z 
that minimizes E. dV (see the remark 
below): 



2m co 



6. Evaluate E., v when Z = hllmccr. 



= }mco 2 

mm z 



Sm 



2m co 



2m co 



-fico 



Remarks: All we've shown is that Z= tillmcovs an extreme value, i.e., either a 
maximum or a minimum. To show that Z = #/2hi <y minimizes E av , we must either 1) 
show that the second derivative of E m with respect to Z evaluated at Z = hJlm co is 
positive, or 2) confirm that the graph of E w as a function of Z opens upward at Z = 

hllmax 
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Picture the Problem 



The classically allowed region is for 
E > U(z). In the figure below, this 
region extends from z = 0 to z = 



U(z) 



r- 




~l z 

~nni\ 
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The kinetic energy is E - U(z). In 
this case, K(z) is a straight line 
extending from E at z - 0 to 0 at z : 



A sketch of the wave functions for 
the lowest three energy states is 
shown to the right: 





43 

Picture the Problem lff(x) = 0 everywhere on the interval 1 < x < 2, then the slope of 
fix) is zero everywhere on the interval; and if the slope remains zero everywhere on the 
interval, then the rate of change of the slope (with respect to x) also remains zero 
everywhere on the interval; the rate of change of slope remains zero everywhere on the 
interval, then the rate of change of the rate of change of the slope also remains zero 
everywhere on the interval; and so on. More concisely, if fix) = 0 everywhere on the 
interval 1 < x < 2, then derivatives off(x) with respect to x of order 1, 2, 3, ... are each 
equal to zero everywhere on the interval. 



Calculating the first three 
derivatives of / we obtain: 



dx 
d 2 f 



dx 2 
and 

dx 3 



= 3Ax 2 + 2Bx + Cx 
6 Ax + 2B 



= 6A 



Using d fi/dfi = 0 and solving for A 
one obtains: 



A = 0 



Substituting 0 for A in the 
expression for d 2 f/dx 2 gives: 

Using d 2 f/dx 2 =0 and solving for B 
yields: 

Substituting 0 for both A and B in 
the expression for df/dx yields: 



d 2 f 
dx 2 
B = 0 



= 0 + 2B = 2B 



dx 



= 0 + 0 + Cx = Cx 



Using df/dx =0 and solving for C 



C = 0 
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one obtains: 

Substituting 0 for A, B, and C in the f-0 + 0 + 0 + D- D 

expression for / gives: 

Using / = 0 and solving for D D = 0 

gives: 

Thus, we've shown that if fix) = Ax 3 + Bx + Cx + D = 0 everywhere on the interval 
1 < x < 2, it follows that A = B = C = D = 0. 
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Chapter 36 
Atoms 



Conceptual Problems 

*i * 

Determine the Concept Examination of Figure 35-4 indicates that as n increases, the 
spacing of adjacent energy levels decreases. 



Picture the Problem The energy of an atom of atomic number Z, with exactly one 



electron in its nth energy state is given by E n = -Z 2 —y , n = 1 , 2, 3, . . . . 



Express the energy of an atom of 
atomic number Z, with exactly one 
electron, in its nth energy state: 



E.. = -Z 



2 ^0 



,n = l,2,3,... 



where E 0 is the atom's ground state energy. 



For lithium (Z = 3) in its first 
excited state (n = 1) this expression 
becomes: 



E 2 =-(l) 2 f = -9E 0 



and (a) is correct. 



Determine the Concept Bohr's postulates are 1) the electron in the hydrogen 
atom can move only in certain non-radiating, circular orbits called stationary states, 2) if 
E\ and E { are the initial and final energies of the atom, the frequency / of the emitted 
radiation during a transition is given by/= [E { - E t ]/h, and 3) the angular momentum of a 



circular orbit is constrained by mvr = nh. (a) is correct 



Picture the Problem We can express the kinetic energy of the orbiting electron as well 
as its total energy as functions of its radius r. 



Express the total energy of an 
orbiting electron: 



E = K + U 



Express the orbital kinetic energy of 
an electron: 

Express the potential energy of an 
orbiting electron: 

Substitute and simplify to obtain: 



K 



U 



E = 



kZe 
r 

kZe 2 kZe 1 kZe 1 2kZe 2 



2r 

kZe 2 



2r 



2r 



2r 
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Thus, as r increases, E becomes 
less negative and therefore increases. 



Examination of the expression for K makes it clear that if r increases, 
K decreases. 



Picture the Problem We can relate the kinetic energy of the electron in the n = 2 state to 
its total energy using E 2 = K 2 +U 2 . 



Express the total energy of the 
hydrogen atom in its n = 2 state: 



E 2 =K 2 +U 2 = K 2 -2K 2 
or 

K 2 = ~ E 2 



Express the energy of hydrogen in 
its nth energy state: 



E --Z 2 ^- 

- ^ 2 

n 



\i E'i e1 



n n 
where E Q is hydrogen's ground state 
energy and Z = 1 . 



Substitute to obtain: 



K„=^K 2 =^ = f 
n 2 4 



(d) is correct. 



Picture the Problem The orbital radius r depends on the n = 1 orbital radius a 0 , the 
atomic number Z, and the orbital quantum number n according to r = n 2 ao/Z. 

The radius of the n = 5 orbit is: - a„ 

= 5 2«c» =25 

5 l 0 

because Z = 1 for hydrogen. 



(Z>)is correct. 



Determine the Concept We can find the possible values of £ by using the constraints on 
the quantum numbers n and i . 



The allowed values for the orbital 
quantum number I for 
n = 1, 2, 3, and 4 are summarized in 
table shown to the right: 

From the table it is clear that £ can 
have 4 values. 





n 


£ 


1 


0 


2 


0, 1 


3 


0, 1,2 


4 


0, 1, 2, 3 


(a) is correct. 
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Picture the Problem We can find the number of different values m t can have by 
enumerating the possibilities when the principal quantum number n-4. 



The allowed values for the orbital 
quantum number i and the 
magnetic quantum number m, for 
n-4 are summarized to the right: 



I = 0,1,2,3 
and 

m, =-3,-2,-1,0,1,2,3 



From this enumeration we can see 
that m can have 7 values. 



(c) is correct. 



Picture the Problem We can visualize the relationship between the quantum number £ 
and the electronic configuration as shown in the table below. 





s 


P 


d 


f 


g 


h 


£ value 


0 


1 


2 


3 


4 


5 



Because the p state corresponds to £ - 1, (c) is correct 



*10 

Determine the Concept The s state, with £ = 0, is a "penetrating" state in which the 
probability density near the nucleus is significant. Consequently, the 3s electron in 
sodium is in a region of low potential energy for a significant portion of the time. In the 
state £ = 1, the probability density at the nucleus is zero, so the 2p electron of sodium is 
shielded from the nuclear charge by the Is electrons. In hydrogen, the 3s and 2p electrons 
experience the same nuclear potential. 

11 

Determine the Concept In conformity with the exclusion principle, the total number of 
electrons that can be accommodated in states of quantum number n is n (see Problem 
48). The fact that closed shells correspond to 2n 2 electrons indicates that there is another 
quantum number that can have two possible values. 

12 •• 

Picture the Problem We can group these elements by using Table 35-1 to look for a 
common outer electronic configuration in the ground states. 



The following elements have an outer 4s 
configuration in the ground state: 



titanium, manganese, and calcium 
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The following elements have an outer 4s 
configuration in the ground state: 



potassium, chromium, and copper. 



Remarks: It is to be expected that atoms of the first group will have similar 
properties, and, likewise, that atoms of the second group will have similar 
properties. 

13 • 

Picture the Problem We can use the fact that the sum of the exponents in the electronic 
configuration representation is the atomic number to identify these two elements. 



(a) Adding the exponents yields a sum of 15. Because this sum is the atomic 
number, Z, the element must be phosphorus. 



(b) Adding the exponents yields a sum of 24. Because this sum is the atomic number, Z, 



the element must be chromium. 



Remarks: Checking the electronic configurations in Table 35-1 further confirms 
these conclusions. 
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Picture the Problem We can apply the constraints on the quantum numbers I and m ( to 
find the possible values for each when n = 3. 



Express the constraints on the 
quantum numbers n, £ , and m, 



n = 1,2,3,..., 

£ = 0,l,2,...,n-l, 

and 

m f = -£,-£ + !,...,£ 



So, for n = 3, the constraints on > 
limit it to the values: 



0,1, and 2. 



m, can take on the values: 



m. = -2,-1,0,1,2 
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Determine the Concept The correspondence between the letter designations K, L, M, N, 
O, and P for the shells and the principal quantum number n is summarized in the table 
below. 



Atoms 



1177 



Shell designation 


K 


L 


M 


N 


0 


P 


Q 


n 


1 


2 


3 


4 


5 


6 


7 


i 


0 


0 


0 


0 


0 


0 


0 






1 


1 


1 


1 


1 


1 








2 


2 


2 


2 


2 










3 


3 


3 


3 












4 


4 


4 














5 


5 
















6 



While « = 2 for the L shell, t can be either 0 or 1. (d) is correct. 
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Picture the Problem The strengths and weaknesses of each model are summarized in the 
following table. 





Bohr Theory 


Schrodinger Theory 


Ease of application 


Easy 


Difficult 


Prediction of stationary 
state energies 


Correct predictions 


Correct predictions 


Prediction of angular 
momenta 


Predicts incorrect 
results 


Predicts correct results 


Spatial distribution of 
electrons 


Predicts incorrect 
results 


Predicts correct probabilistic 
distribution 
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Determine the Concept The optical spectrum of any atom is due to the configuration of 
its outer-shell electrons. Ionizing the next atom in the periodic table gives you an ion 
with the same number of outer-shell electrons, and almost the same nuclear charge. 
Hence, the spectra should be very similar. 

*18 

Determine the Concept The Ritz combination principle is due to the quantization of 
energy levels in the atom. We can use the relationship between the wavelength of the 
emitted photon and the difference in energy levels within the atom that results in the 
emission of the photon to express each of the wavelengths and then the sum of the 
reciprocals of the first and second wavelengths and the sum of the reciprocals of the third 
and fourth wavelengths. 
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Express the wavelengths of the 
spectral lines X\, A 2 , M, and X\ in 
terms of the corresponding energy 
transitions: 



4 



he 



E 3 E 2 



and 



he 



E 2 E Q 



he 



E 3 E l 



he 



E l E 0 



Add the reciprocals of X x and A 2 to 
obtain: 



1 1 is 3 E 2 ^E 2 E () 



- + 

K ^2 



he 
he 



he 



(1) 



Add the reciprocals of A3 and A4 to 
obtain: 



1 _ ^3 ^ 



A, A 4 



he 
he 



he 



(2) 



Because the right-hand sides of 
equations (1) and (2) are equal: 



— + — -— + — 

Aj A 2 A3 A 4 



One possible set of energy levels is 
shown to the right: 



A, , 




A3 








A 2 




A 4 



•E 2 
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Determine the Concept An allowed transition must satisfy the selection rules 
Am, = 0or±l and A£ = +l. 



(a) Al = -1 and Am,-0: 

(b) (3,0,1) does not exist. 

(c) At = -1 and A m, = 2: 

(d) At = +1 and Am f -\: 



The transition is allowed. 



The transition is not allowed. 



The transition is not allowed. 



The transition is allowed. 
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(<?) Al = -1 and A m t = 0: 



The transition is allowed. 



Estimation and Approximation 

*20 

Picture the Problem The number of photons need to stop a 85 Rb atom traveling at 300 
m/s is the ratio of its momentum to that of a typical photon. 



(a) The number TV of photon-atom 
collisions needed to bring an atom 
to rest is the ratio of the change in 
the momentum of the atom as it 
stops to the momentum brought to 
the collision by each photon: 



N = ^atom = mV = mVC 
/^photon E- E 



where m is the mass of the atom. 



The kinetic energy of an atom 
whose temperature is Tis: 



\mv =\kT => v ■ 



3kT 



m 



Substitute for v to obtain: 



E v m E 



For an atom use mass is 50 u: 



N = 



3xl(f m/s 



leVx 



1.6xl(T 19 J 
eV 



1.66x10 27 kg 



50ux 



(i.38x10" 23 J/k)(500K)« 



10 5 



(b) The number N of ping-pong ball- 
bowling ball collisions needed to 
bring the bowling ball to rest is the 
ratio of the change in the 
momentum of the bowling ball as it 
stops to the momentum brought to 
the collision by each ping-pong ball: 



Ap 



bowline ball 



bb r bb 



D YYl V 

l ping-pong ball ppb ppb 



Provided the speeds of the 
approaching bowling ball and ping- 
pong ball are approximately the 
same: 



Ap 



bowling ball 



ping-pong ball 



„ m bb 



m 



ppb 



^6kg^ 



10 3 



(c) The number of photons TV needed 
to stop a 85 Rb atom is the ratio of the 
change in the momentum of the 
atom to the momentum brought to 
the collision by each photon: 



h 



Ppho 



A 



Substitute numerical values and evaluate TV: 
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85(l.66xlQ' 27 kg)(300m/s)(780.24nm) 
6.63xl(T 34 J-s 



4.98 xlO 4 
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Picture the Problem We can use the relationship between the kinetic energy of an atom 
and its momentum, together with the de Broglie equation, to derive the expression for the 
thermal de Broglie wavelength. In Part (b), we can use the definition of the number 
density of atoms and the result from Part (a), with the interatomic spacing set equal to the 
thermal de Broglie wavelength, to estimate the temperature needed to create a Bose 
condensate. 



(a) Express the kinetic energy of an 
atom in terms of its momentum: 

Use the de Broglie relationship to 
express the atom' s momentum in 
terms of its de Broglie wavelength: 



Substitute for p to obtain: 



2m 
h 

P~ — 

where A T is the thermal de Broglie 
wavelength. 



K 



2m A T 



The kinetic energy of an atom is 
also a function of its temperature T: 



K = -kT 
2 



Equate these expressions for K to 
obtain: 



2mA T 



Solve for At. 



A T 



3mkT 



(b) The number density of atoms p 
is given by: 



P 



N 
V 



where N is the number of atoms and Fis 
the volume they occupy. 



Assume that the atoms are arrayed 
on a cubic lattice of lattice spacing d 
to obtain: 



V = Nd 3 and p 



N 
Nd 3 



Solve for d to obtain: 



d = p 



-1/3 



Setting d-A T yields: 
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Solve for Tto obtain: 



Substitute numerical values and evaluate T: 



2 2/3 



h'p 



3mk 



(6.63xl(T 34 J-s) 2 



T = 



10 



6 1 A 2 / 3 

12 atoms 10 cm 



cm 



m 



3(85 u) 



1.66x10 



-27 K & - ~" * J 



1.38x10 



K 



75.2nK 



The Bohr Model of the Hydrogen Atom 



22 • 

h 2 

Picture the Problem The radius of the first Bohr orbit is given by a n = r 



Equation 36-12 is: 



Substitute numerical values and evaluate a 0 : 



(l.05xlQ' 34 J-s) 2 



(9.11xl0" 31 kg)(8.99xl0 9 N-m 2 /kg 2 )(l.60xl0" 19 c) 2 



:5.26xlO _11 m 



0.0526 nm 
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Picture the Problem We can use the equation relating the wavelength of the radiation 
emitted during a transition between two energy states to find the wavelengths for the 
transitions specified in the problem statement. 



Express the wavelength of the 
radiation emitted during an energy 
transformation from one energy 
state to another: 



_ 1240eV • nm _ 1240eV • nm 

~ AE ~ Ei-Ef 

provided the energies are expressed in eV. 
Note that this relationship tells us that the 
longest wavelength corresponds to the 
smallest energy difference. 



Because Ef = -13.6 eV: 



x = 



1240eV-nm 
E t +13.6eV 
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Express the energy of the nth energy 
state of the atom: 



13.6eV 



Substitute to obtain: 



A = - 



1240eV-nm 



13.6eV 



+ 13.6eV 



1240eV-nm 



13.6eV 



1 



n 2 J 



(1) 



(a) Evaluate equation (1) for 
n = n\ = 3: 



1240eV-nm 



13.6eV 



1 



103nm 



(b) Evaluate equation (1) for 
n = n\ = 4: 



1240eV-nm 



13.6eV 



1 



97.3nm 
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Picture the Problem For the Balmer series, E t = E 2 = -3.40 eV. The wavelength 
associated with each transition is related to the difference in energy between the states 
1240eV-nm 



by A = 



Express the wavelength of the 
radiation emitted during an energy 
transformation from one energy state 
to another: 



x = 



1240eV-nm 
AE 



(1) 



provided the energies are expressed in eV. 
Note that this relationship tells us that the 
longest wavelength corresponds to the 
smallest energy difference. 



Evaluate AE for the transition 
n — 3 to n — 2: 



AF - F - F - —- F 
n 



Because Ef-E 2 - -3.40 eV and 
E 0 = -13.6 eV: 



AE ,=■ 



13.6eV 



+ 3.40eV 



(2) 



Evaluate equation (2) for n = 3: 



A£ 3 ^ 2 =-^^ + 3.40eV 



= 1.89eV 
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Substitute in equation (1) to obtain: 



A 



1240eV-nm 
1.89eV 



656 nm 



Evaluate equation (2) for n = 4: 



A£ 4 ^ 2 =-^^ + 3.40eV 



= 2.55 eV 



Substitute in equation (1) to obtain: 



A 



1240eV-nm 
2.55eV 



486 nm 



Evaluate equation (2) for n = 5: 



A£^ 2 =-^^ + 3.40eV 



= 2.86eV 



Substitute in equation (1) to obtain: 



A = 



1240eV-nm 
2.86eV 



434 nm 
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Picture the Problem We can use Bohr's second postulate to relate the photon energy to 
, 1240eV-nm 

its frequency and use A = to find the wavelengths of the three longest 

E,-E f 

wavelengths in the Paschen series. 



id) Use Bohr's second postulate to 
express the energy of the photons in 
the Paschen series: 



hf = AE = E i -E t 



For the series limit: 



n = oo and E- = 0 



Substitute to obtain: 



AE = -E { = 



r E ^ 

V n 2 J 



(1) 



Evaluate the photon energy for 
«2 = 3: 



hf 



13.6eV 



1.51eV 



Express the wavelength of the 
radiation resulting from an energy 
transition AE = hf. 



A 



1240eV-nm 
AE 



(2) 



provided the energies are expressed in eV. 
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Evaluate A min for the transition 
n = go to «2 = 3: 

(b) For the three longest 
wavelengths: 

Equation (1) becomes: 



1240eV-nm 



1.5 leV 

n { = 4, 5, and 6 

hf = E i -E f =-^- 



821nm 



E > 
fi o 

i \ H 2 J 



= E t 











l) 












y 2 






v9" 





(3) 



Evaluate equation (3) for n = 4: 



4->3 



(13.6 eV) 



j__J_ 
9 16 



= 0.661eV 



Evaluate equation (2) for 
A£ = 0.661 eV: 



V>3 ~ 



1240eV-nm 
0.661eV 



1876nm 



Evaluate equation (3) for n = 5: 



A£ 5 ^=(l3.6eV) 



j__J_ 
9 25 



= 0.967 eV 



Evaluate equation (2) for 
AE = 0.967 eV: 



V>3 - 



1240eV-nm 
0.967 eV 



1282nm 



Evaluate equation (3) for n = 6: 



A^ 3 =(l3.6eV) 



1_J_ 

9 36, 



= 1.13eV 



Evaluate equation (2) for 
A£= 1.13 eV: 



4s->3 - 



1240eV-nm 
1.13eV 



1097 nm 



The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 



6->3 5->3 

—I 1 

1097 nm 1282 nm 



4->3 
_____|_____ 

1876 nm 
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Picture the Problem We can use Bohr's second postulate to relate the photon energy to 

, 1240eV-nm ( . A u 
its trequency and use A = to find the wavelengths ot the three longest 

E i -E I 

wavelengths in the Brackett series. 



(a) Use Bohr's second postulate to 
express the energy of the photons in 
the Paschen series: 



hf = AE = E l -E I 



For the series limit: 



n = co and E, = 0 



Substitute to obtain: 



AE = -E { 



r E A 

V H 2 J 



(1) 



Evaluate the photon energy for 
« 2 = 4: 



hf = 



13.6eV 



0.850eV 



Express the wavelength of the 
radiation resulting from an energy 
transition AE = hf 



A = 



1240eV-nm 
AE 



(2) 



provided the energies are expressed in eV. 



Evaluate A^ for the transition 
n — co to «2 = 4: 



1240eV-nm 
0.850eV 



1459 nm 



(b) For the three longest 
wavelengths: 



n x = 5, 6, and 7 



Equation (1) becomes: 



AE = E i -E f 



f E ^ 



2 

h V "2 J 



= E P 



2 2 

v«2 "i y 



(3) 



16 n 



i J 



Evaluate equation (3) for n = 5: 



A£ 5 ^ 4 =(l3.6eV) 



J 1_ 

16 25 



= 0.306 eV 



Evaluate equation (2) for 
AE = 0.306 eV: 



A, 



'5->4 



1240eV-nm 
0.306eV 



4052 nm 
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Evaluate equation (3) for n = 6: 



A£ 6 ^ 4 =(l3.6eV) 



I 1_ 

16 36 



= 0.472 eV 



Evaluate equation (2) for 
AE = 0.472 eV: 



'6->4 



1240eV-nm 
0.472 eV 



2627 nm 



Evaluate equation (3) for n = 7; 



A£ 7 ^ 4 =(l3.6eV) 



I 1_ 

16~49 



= 0.572eV 



Evaluate equation (2) for 
AE = 0.572 eV: 



^4 ~ 



1240eV-nm 
0.572 eV 



2168 nm 



The positions of these lines on a horizontal linear scale are shown below with the 
wavelengths and transitions indicated. 



7->4 6->4 

—I 1 

2168 nm 2627 nm 



5->4 


4052 nm 
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Picture the Problem We can use the grating equation to find the wavelength of the given 
spectral line and the Rydberg-Ritz formula to evaluate R. 



(a) The grating equation is: 



mX = d%m6 
where m = 1, 2, 3, ... 



Solve for X: 



Substitute numerical values and 
evaluate A, for m = 1 : 



A 



d sin 6 



m 



X = 



(3.377 //m)sin 11.233° 



1 



657.8 nm 



(b) The Rydberg-Ritz formula is: 
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Solve for R to obtain: 



Substitute numerical values and evaluate R: 



R 



A 



f 


i 
i 




1 


1 












f 





R 



1 



0.6578 fim 



10.946 /mi 



I 1^ 

2 2 3 2 



1.0946 x 10' m 



Remarks: The data used here came from a real experiment. The value for R differs 
by approximately 0.2% from the commonly accepted value. 
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Picture the Problem This is an extreme value problem in which we need to identify the 
relationship between E and r, differentiate it with respect to r, and set that derivative 
equal to zero. Solving the latter expression for r will give us r m . 



Solve for r to obtain: 



Differentiate E a second time to 
obtain: 

Evaluate d 2 Eldr 2 at r to obtain: 



Express the total energy of the 


E = 


h 2 


ke 2 






electron: 


2mr 


2 r 






Differentiate this expression with 


dE 


_ d 


' h 2 


ke 2 ' 




respect to r to obtain: 


dr 


dr 


2mr 2 


r 








_ d 


' h 2 " 


d 


ke 2 






dr 


2mr 2 


dr 


r 



h 2 ke 2 

= J + — 

mr r 

- 0 for extreme values 

h 2 



r = — - — 

ke m 

d 2 E _ 3h 2 2ke 2 
dr mr 

d 2 E 



dr 



kVm 3 



tr 
ke m 



>o 



Therefore, our extreme value is a minimum 
and the value for r that minimizes the 
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energy is r = 



ke 2 m 



Note that this is just the Bohr radius 
a 0 . Consequently, the energy is the 
ground state energy of the hydrogen 
atom and: 



min 



13.6eV 
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Picture the Problem We can express the total kinetic energy of the electron-nucleus 
system as the sum of the kinetic energies of the electron and the nucleus. Rewriting these 
kinetic energies in terms of the momenta of the electron and nucleus will lead to K = 
p 2 /2m r . 



(a) Express the total kinetic energy 
of the electron-nucleus system: 



K=K+K 



Express the kinetic energies of the 
electron and the nucleus in terms of 
their momenta: 



K 



2m„ 



and K_ 



2M 



Substitute to obtain: 



K 



2 2 
P . + .P 



2m. 2M 



2 



M + m e 



^ ( 1 1 

— + — 
v m e M 



K M + m eJ 



2m r 



provided we define //= m e M/(M+ m e ). 



(b) From Equation 36-14 we have: 



2 4 



R = 



1 2 

m r k e 



where 



2„4 



c = 



Ancfr 



C 



1 + 



M 



(1) 



Use the Table of Physical Constants at the 
end of the text to obtain: 



C = 1.204663 xlO 37 m _1 /kg 
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For H: 



R H =C 



1 + 



m 



p J 



Substitute numerical values and evaluate R H : 



R H =(l. 204663 xlO 37 m _1 /kg) 



9.11xlQ' J1 kg 
9.11xl0~ 31 kg 
1.67xl0~ 27 kg 



1.096850x10' m 



7 „-l 



Let M -> oo in equation (1) to obtain 

^H.approx- 



^H.approx ~~ 



Substitute numerical values and evaluate i?H,a PP rox: 

= (1-204663 xlO 37 m" 1 /kg)(9.11xl0- 31 kg): 



7 „-l 



1.097448 x 10' m 



i? H and i? Happrox agree to three significant figures. 



(c) Express the ratio of the kinetic 
energy K of the electron in its orbit 
about a stationary nucleus to the 
kinetic energy of the reduced-mass 
system K'\ 



K' 



K 2m, 



P 

2m r 



JL 



r \ 
fn p m e 



m p +m e 



1 + 



m„ 



Substitute numerical values and 
evaluate the ratio of the kinetic 
energies: 



K_ 



1 



9.11xl0~ 31 kg 



1 + 



1.67x10 ~ 2 'kg 
= 0.999455 

or 

K = 0.999455^' 

and the correction factor is the ratio of the 



masses or 0.0545% 
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Remarks: The correct energy is slightly less than that calculated neglecting the 
motion of the nucleus. 

*30 

Picture the Problem We can use Equation 36-15 with Z = 2 to explain how it is that 
every other line of the Pickering series is very close to a line in the Balmer series. We can 
use the relationship between the energy difference between two quantum states and the 
wavelength of the photon emitted during a transition from the higher state to the lower 
state to find the wavelength of the photon corresponding to a transition from the n = 6 to 
the n = 4 level of He + . 



(a) From Equation 36-15, the energy 
levels of an atom are given by: 



E --Z 2 ^- 

n 2 

n 

where E 0 is the Rydberg constant 
(13.6 eV). 



For He + , Z-2 and: 



E --4^ 
n 



Because of this, an energy level with even principal quantum number n in He + will have 
the same energy as a level with quantum number nil in H. Therefore, a transition 
between levels with principal quantum numbers 2m and 2p in He + will have almost the 
same energy as a transition between level m and p in H. In particular, transitions from 
2m to 2p = 4 in He + will have the same energy as transitions from m to n = 2 in H (the 
Balmer series). 



(b) Transitions between these energy 
levels result in the emission or 
absorption of a photon whose 
wavelength is given by: 



A 



he 



(1) 



Evaluate E 6 and E 4 : 



E 6 =-4 



Q3.6eV^ 
6 2 



and 



E A =-A 



13.6 eV 



= -1.51eV 



= -3.40eV 



Substitute for E 6 and E 4 in equation 
(1) and evaluate A: 



A 



1240eV-nm 



656 nm 



-1.5 leV -(- 3.40 eV) 

which is the same as the n = 3 to n = 2 
transition in H. 



Quantum Numbers in Spherical Coordinates 
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Picture the Problem We can use the expression relating Lto£ to find the magnitude of 
the angular momentum and the constraints on the quantum numbers to determine the 
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allowed values for m. 



(a) Express the angular momentum 
as a function of £ : 



Substitute numerical values and 
evaluate L: 



L = 7l(l + 1> = V2/z 
= V2(l.055xl(T 34 J-s) 



1.49xl(T 34 J-s 



(b) Because m, = -I , ... , 0, ... , I 
the allowed values for I = 1 are: 



m, = — 1, 0, + 1 



(c) The vector diagram is shown on 
the right. Note that because 
L z - m,h and L = , the vectors 
for m ( --1 and m t = 1 must make 
angles of 45° with the z axis. 



7», = 1 




w, = 0 



^m, = -l 
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Picture the Problem We can use the expression relating Lto£ to find the magnitude of 
the angular momentum and the constraints on the quantum numbers to determine the 
allowed values for m. 



(a) Express the angular momentum 
as a function of £ : 



L = ^£(£ + l)h 



Substitute numerical values and 
evaluate L: 



L = ^3(3 + l)h = 2V3/z 
= 2V3"(l.055xl(T 34 J-s) 



= 3.65xl(T 34 J-s 



(b) Because m ( = —£,... ,0, ... , I 
the allowed values for £ = 1 are: 



m, 



- 3,-2,-1, 0, + l, + 2, + 3 
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(c) The vector diagram is shown on 
the right. Note that because 
L z = m,h and L = , the angles 

between the vectors and the z axis are 
determined by cos 6 m = mj 2^3 . 

Thus &s = 30°, 02 = 54.7°, and 
9\ = 73.2°. The spacing between the 
allowed values of L z is constant and 
equal to h. 
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Picture the Problem We can find the possible values of i by using the constraints on 
the quantum numbers. A more analytical solution is to first derive the number of electron 
states for an arbitrary value of n and then substitute the specific value of n. 




(a) When n = 3: 



1= 0,1,2 



(b) For I = 0: 



772, 



0 



For £ = 1: 



m, = 



1,0,+1 



For £ = 2: 



2,-l,0,+l, + 2 



(c) We can find the total number of 
electron states by enumerating the 
possibilities as shown in the table. 



n 


£ 


m e 


3 


0 


0 


3 


1 


-1 


3 


1 


0 


3 


1 


1 


3 


2 


-2 


3 


2 


-1 


3 


2 


0 


3 


2 


1 


3 


2 


2 



Note that there are 9 m states. Because N, the number of electron states is 
twice the number of m, states, the number of electron states is 18. 



Alternatively, we can derive an expression for the number of electron states for an 
arbitrary value of n and then substitute specific values of n: 



The number of m ( states for a given 
n is given by: 



tf.=I(2< + l) = 2l>£(l) 
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Express the sum of all integers from 
Oto/?: 



n-l 



Use this result to evaluate 



1=0 



£/=i/»(p+i) 

(=0 
n-l 

2Y J i = 2[^{n-l)n] = n 2 -n 



1=0 



Evaluate the second term to obtain: 



Substitute to obtain: 



ii— L 

Z(D= 



TV 7" 2 . 2 

N,„ = n -n + n = n 



and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states is N = 2n z . 



Hence, for n = 3, the number of electron N = 2n 2 = 2(3 ) 2 
states is: 



18 
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Picture the Problem While we could find the number of electron states by finding the 
possible values of I from the constraints on the quantum numbers and then enumerating 
the states, we'll take a more analytical approach by deriving an expression for the number 
of electron states for an arbitrary value of n and then substitute specific values of n. 



The number of m states for a given n 
is given by: 

Express the sum of all integers from 
0tO£>: 

n-l 

Use this result to evaluate : 

(=0 



n-l n-l 



tf„=E(2^i)=25>x(i) 



1=0 



=0 f=0 



£*=i/<p+i) 

2^ = A\{n-l)n] = n 7 



Evaluate the second term to obtain: 



Substitute to obtain: 



ii— i 



\T 2 2 

7v„ = n -n + n = n 



and, because N, the number of electron 
states is twice the number of m states, the 
number of electron states isN- In . 
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(a) For n = 4, the number of electron N = 2n 2 = 2(4 ) 2 = 
states is: 

(b) For n = 2, the number of electron states J\[ = 2n 2 = 2(2 ) 2 = 
is: 
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Picture the Problem The minimum angle between the z axis and L is the angle between 
the L vector form- £ and the z axis. 



Express the angle 0 as a function of 
L, and L: 



6 = cos 



Relate the z component of L to m< 
and I; 



L z = m f h = ITi 



Express the angular momentum L: L = sjl{t + l)ft 



Substitute to obtain: 



6 = cos~ 



r i — 



= cos 



(a)For^ = 1: 



6 = cos 



45.0° 



(b) For £ = 4: 



0 = cos 



v i4 + l y 



26.6 C 



(c) For t = 50: 



6 1 = cos 











8.05° 


V 50 + 1 





36 » 

Picture the Problem We can use constraints on the quantum numbers in spherical 
coordinates to find the possible values of n and m, for each of the values of £ . 



The constraints on n, m,, and £ are: 



n = 1, 2, 3, ... 

* =0, 1,2, - 1 

m t = -£,(r£ + 1), ... 0, 1,2, ... £ 
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n > 4 and m t = -3, 


-2, 


-1,0,1,2,3 












n > 5andm f = -4,- 


-3- 


2,-1,0,1,2,3, 


4 



n > landm, = 0 



(a) For £ = 3: 
(6) For £ = 4: 
(c) For £ = 0: 
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Picture the Problem The magnitude of the orbital angular momentum L of an electron is 
related to orbital quantum number I by L = J£\£ + l)ti and the z component of the 
angular momentum of the electron is given by L 7 = mtl. 



L 2 =2(2 + l)h 2 = 



Ll = 2 2 h 2 = 



(a) For the 1-2 state, the square 
magnitude of the angular 
momentum is: 

(b) For the 1 = 2 state, the maximum 
value of L z is: 

2 2 

(c) The smallest value of L x + L is 
given by: 

Quantum Theory of the Hydrogen Atom 



6h z 



Ah 2 



L 2 x +L 2 Y =L 2 -Ll=6h 2 -4h 2 



2fi 7 
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Picture the Problem We can use 



-471 



3/2 



-Zr/a 0 



to evaluate the normalized 



\ a o J 



ground-state wave function and its square at r = a 0 and P{r) = 4^r 2 |^| 2 to find the radial 
probability density at the same location. 



(a) Noting that Z = 1 for hydrogen, 
evaluate y/{a 0 ) to obtain: 



3/2 



,~ao/ fl o 



V a o J 
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(c) Use the result from part (b) to evaluate 
P(a 0 ): 



P(a 0 ) = 47ral\y/f = Ami 



e 2 a n 



*39 • 

Picture the Problem We can use the constraints on n, £, and m to determine the number 
of different wave functions, excluding spin, corresponding to the first excited energy state 
of hydrogen. 

For n = 2: £ = 0 or 1 



(a) For £ = 0, m f = 0 and we have: 1 state 

For 1=1, m, = -1,0, +1 and we 3 states 

have: 



Hence, for n = 2we have: 

(b) The four wave functions are 
summarized to the right. 



4 states 



n 


£ 


m t 


(n, £ , m?) 


2 


0 


0 


(2,0,0) 


2 


1 


-1 


(2,1-1) 


2 


1 


0 


(2,1,0) 


2 


1 


1 


(2,1,1) 
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Picture the Problem We can use y/{r) : 



\3/2 



-Zrja Q 



to evaluate the normalized 



V a o J 



ground-state wave function and its square and P{r) = 4^r 2 |^| 2 to find the radial 

probability density at the same location. Because the range Ar is so small, the variation in 
the radial probability density P(r) can be neglected. The probability of finding the 
electron in some small range Ar is then P{r) Ar. 



Express the probability of finding 
the electron in the range Ar: 



Probability = | P(r )dr ( 1 ) 

where P(r) is the radial probability density 
function. 



The radial probability density 
function is: 



P(r) = 4w 2 \y/\ 



(2) 
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Express the normalized ground-state 
wave function: 



w{r)=-)= 

V 71 



V a o7 



-Zr/a 0 



Evaluate the normalized ground- 
state wave function evaluated at 
r = a Q to obtain: 



rM=-r 



( ! \ 3/2 



Square i/f(a Q ) to obtain: 



y/ 2 (a 0 ) = 



i 



ea, 



oV^o 



2 3 

e a 0 7r 



Substitute in equation (2) to obtain: 



P(a 0 ) = Am^y/? = Ana\ 



1 

2 3 

v e a Q 7T j 



e 2 a n 



(a) Substitute in equation (1) to find 
the probability of finding the 
electron in the small range 
Ar = 0.03a 0 : 



Probability = ^P(a Q )dr « P(a 0 )Ar 
4 



e a n 



(0.03a 0 ) = 



0.0162 



(b) Evaluate the normalized ground- 
state wave function at r = 2ao to 
obtain: 



ys(2a Q ) = -j= 
-4n 



f 1 \ 3 / 2 



V a o7 



-2a 0 /a 0 _ 



2 

e a 



o 



Square ^(2a 0 ) to obtain: 



^ 2 (2a 0 ) = 



4 3 

e a 0 ;r 



Substitute in equation (2) to obtain: 



P(la Q ) = 4?r(2a Q ) 2 \i//\ = 16m, 
16 



< 1 1 



4 3 

K e a 0 ?r) 



e A a n 



Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 
Ar = 0.03a 0 : 



Probability = j" P(2a 0 )dr * P(2a 0 )Ar 
16 



e 4 a, 



(0.03a 0 ) = 



0.00879 



Remarks: There is about a 2% chance of finding the electron in this range at r = a 0 , 
but at r = 2a 0 , the chance is only about 0.9%. 
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Picture the Problem We can use Equation 36-36 and the given expression for C2,o,o to 

evaluate the spherically symmetric wave function y/for n -2, i = 0, 

m f = 0, and Z = 1 and then use this result to evaluate y? and P{r) for r = a 0 - 



(a) Express the spherically 
symmetric wave function for 
n = 2, £ = 0, m f = 0, and Z = 1 
(Equation 35-36): 



^2,0,0 — ^2,0,1 



1 



V a o J 



f 1 A 



442n 



3/2 



V a o J 



-r/2a 0 



v a oy 



,- r l 2a a 



Evaluate this expression for 
r-a Q : 



l 



2 _^L 
V a oJ 



-a 0 /2a B 



3/2 
0 



0.0605 



a, 



3/2 



(6) Square ^ 2 0 0 (a 0 ) to obtain: 



ko,o(flo)] 



f 0.0605^ 


2 


0.00366 


a 3/2 




3 
fl 0 



(c) Express the radial probability density: P{ r ) = 4w 2 i// 2 (r) 



Substitute to obtain: 



P(a Q ) = 4m 



0.00366 



0.0460 
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Picture the Problem We can use the definition of the radial probability density and the 
wave function (Equation 35-37) for the state (2, 1, 0) to obtain the result given in the 
problem statement. 



Using Equation 35-37, express the 
wave function for the state 
(2, 1,0): 



^2...oW = C 2 ,.o— encase 



Square ^ 2 io( r ) to obtain: 



6^2,1,0 ( r )] 2 = 



f 



Zr 



\ 



v 



a 



C 2l0 —e- Zr/2a °cos0 

7 2 2 

Z T -Zr/a 0 2 



2,1.0 2~ e COS 9 
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Express the radial probability 
density: 



P(r) = 4nr 2 y/ 2 (r) 



Substitute and simplify to obtain: 



P{r) = 4nr 2 C 2 2l0 ^e- Zr/a ° cos 2 0 
" a o 



A 4 2 n -Zr/a n 

Ar cos 9 e 10 



where 
A = 
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Picture the Problem In this instance, \p{r)dr extends over a sufficiently narrow 

interval Ar « 0.02a 0 that we can neglect the dependence of P{r) on r. Hence, we can 
set ^P{r)dr = P(r)Ar and use the wave function (Equation 36-36) for the state 

(2, 0, 0) and the expression for C2,o,o from Problem 41 to find ^2,0,0, ^2 0 0 > ^( r )> an d the 

probability of finding the electron in the range specified at r = a Q and 
r = 2a 0 . 



(a) Express the probability of 
finding the electron in the range Ar: 



Probability = j" P(r )dr ( 1 ) 

where P{r) is the radial probability density 
function. 



The radial probability density 
function is: 



P(r) = Aw 2 \j/\ 



(2) 



The normalized wave function for 
the (2, 0, 0) state of hydrogen is 
given by Equation 36-36: 



^2,0,0 ( r ) — ^2,0,0 



V a o J 



-r/2a 0 



From Problem 41 we have, for 
hydrogen: 



C 

^2,0,0 



1 



4J27T 



V a o j 



3/2 



Substitute to obtain: 



^2,0,o( r ) =C 



2.0.0 



1 



f \ 



V a o J 



V a oy 



3/2 



-r/2a 0 



f \ 



-r/2a 0 
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Evaluate the normalized ground- 
state wave function at r = a 0 to 
obtain: 



^2,0,0 («<)) = 771= 



f i A 3/2 



-a 0 /2a 0 



V a o y 



0.0605 



4V2 



3/2 3/2 



Square ^ 2 0 0 (a 0 ) to obtain: 



[^2,0,0 («o)] 2 



0.0605 ^ 

a 3/2 



0.00366 



Substitute in equation (2) to obtain: 



P(a 0 ) = Amly/ 1 (a 0 ) = Ami 



r 0.00366 ^ 



V "o J 



_ 4^(0.00366) _ 0.0460 



Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 
Ar = 0.02 a Q : 



Probability = J P(a 0 )dr * P{a 0 )Ar 
= ^(0.02« 0 ) 



= 9.20x10 



-4 



(b) Evaluate the normalized ground-state wave function at r = 2a Q to obtain: 



^2Ao( 2a o) = 77f= 
4V2;r 



f 1 V/ 2 



2 _/X 

V a o J 



-2a 0 /2a 0 _ q 



Square y/ 200 (2a Q ) to obtain: 



[^2,o,o(«o)] 2 = 0 



Substitute in equation (2) to obtain: P{2a Q ) = 0 



Substitute in equation (1) to find the 
probability of finding the electron in 
some small range 

Ar = 0.02 a Q : 



Probability = jp(2a 0 )dr « P(2a 0 )Ar 



0 



1=44 



Picture the Problem We wish to show that y/ l 0 0 



f ^ \3/2 



v a oy 



solution to 



2mr 2 dr 



v 5r y 



kZe 

+ U(r)y/ = ii^/ - , where = . Because the 



is a 
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ground state is spherically symmetric, we do not need to consider the angular partial 
derivatives in Equation 36-2 1 . 



The normalized ground-state wave 
function is: 



Vl.O.O 



1 



3/2 



-Zr/a 0 _ Q^-Zrja a 



K a o J 



Differentiate this expression with 
respect to r to obtain: 



3r 8r L 1 



,-Zr/ao 



Multiply both sides of this equation 

by r 2 : 



2 ^Wl,0,0 ^ Z 2 -Zr/a„ 

r — : = -C — re ' 



dr 



Differentiate this expression with respect to r to obtain: 



d_ 

dr 



' 2 ^ 



dr 



a Q dr 



2Zr 2 
+r 



r \ 2 



Ce~ Zr/a ° 



Substitute in Schrodinger' s equation to obtain: 



2mr 



2Zr 2 
+ r 



v a o j 



r 7 2 

(j e ^ Zr / a o Cc~ z '^° = ECe~ Zr l a ° 



Solve for E: 



2mr 



2Zr 2 
+ r 



\ a Q J 



kZe 2 



Because a n = 



mke 



2mr 



2mke Zr 2 
+ r 



Zmke 

~h 2 



2\ 



kZe 2 kZe 2 Z 2 k 2 e A m kZe 2 



2h 2 



Z 2 k 2 e 4 m 
2h 2 



Because this is the correct ground state energy, we have shown that Equation 

36-33, is a solution to Schrodinger' s Equation 36-21 with the potential energy function 

Equation 36-26. 
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Picture the Problem We can substitute the dimensions of the physical quantities for the 
physical quantities in Equation 36-28 and simplify the resulting expression to show that it 
has dimensions of energy. 



1202 Chapter 36 
Equation 36-28 is: 

The units of this equation are: 



[kg] 



2/z 2 
~N-m 2 



[cr 



[j-sF 



[kg][N-m 2 ] 2 
[N-m-s] 2 

N1M 2 

W 2 



= J 
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Picture the Problem The Bohr radius is cl = ■ 



fr 



mke 



We can substitute the dimensions 



of the physical quantities for the physical quantities in this equation and simplify the 
resulting expression to show that it has dimensions of length. 



Because the SI units of ft are Js, its 
dimensions are: 

Because the SI units of k are 
N-m 2 /C 2 , its dimensions are: 



Substitute the dimensions 

n 2 

in Oq = — —7 to obtain: 



M L 2 _ M • L 2 
T 2 T 

ML 



: 1 ML 



• L • —r- = 



Cr T Q 

where Q is the dimension of charge. 



mke 





"ml 2 " 


2 


M 2 -L 4 




T 




T 2 


M- 


"ml 3 


Q 2 


M 2 L 3 


T 2 Q 2 


T 2 



L 
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Picture the Problem This is an extreme value problem. We'll begin its solution with the 
radial probability distribution function, differentiate it with respect to its independent 
variable r, set this derivative equal to zero, and solve for the value for an extreme value 
for r. We can show that this value corresponds to a maximum by evaluating the second 
derivative of P{r) at the location found from the first derivative. 



Differentiate the radial probability 
distribution function with respect to 
r to obtain: 
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dP{r) = c d [ r 2 -aa-foj 
dr dr V J 



= C 



2re 



-2Zr/a 0 



2Zr' 



-2Zr/ % 



2CZr 



2Zr/a Q 



— — r 



0 for extrema 



Solve for r to obtain: 



r = ■ 



To show that this value for r 
corresponds to a maximum, 
differentiate dP{r)ldr to obtain: 



d 2 P(r) _ 2CZr 
dr 2 a n 



e ~2Zr/a 0 



4CZ 2CZ 

— ^ + 



V "o 



-2Zr/a Q 



*0 J 



Evaluate this derivative at 
r = Aq/Z: 



d 2 P{r) 



dr 2 



= -2Ce- 2 < 0 



because C is a positive constant. Hence, 
P(r) has its maximum value at r - 
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Picture the Problem We can double the sum of the number of m states for a given n to 
show that the number of states in the hydrogen atom for a given n is 2n 2 . 



The number of m t states for a given 
n is: 



H-l 



«-l n-l 



^,=2> + l) = 22>X(l) 



The sum of all integers from 0 to p 
is: 



Y J i=\p{ P +i) 



t=0 

and 

n-l 



2X^2(i)(n-l)(n) = « 2 -n 



The second term is: 



Z(i)=» 

f=0 
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Substitute to obtain: 



N m = n 2 -n + n = n 2 



Because N, the number of electron 
states, is twice the number of m ( 
states, the number of electron states 
is: 



N = 2N,„ = 



In' 
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Picture the Problem The ground state of a hydrogen atom is the state described by n = 1 , 
t = 0, m, - 0. We can calculate the probability that the electron in the ground state of the 

«0 

hydrogen atom is in the region 0 < r < a 0 by evaluating the integral ^Anr 2 y/l Q 0 {r)dr . 



Express the probability that the 
electron in the ground state of a 
hydrogen atom is in the region 
0 < r < qq. 



"0 

Probability = J4^r 2 ^ r 1 2 0 0 (r)jr 



Express the ground-state wave 
function for hydrogen: 

Square the wave function to obtain: 



^i,o,o ( r )=-r 



K a o J 



¥1 



- r /"o 



Substitute to obtain: 



"0 

Probability = j*4;zr 2 



dr 



-\r 2 e- 2rja °dr 



*o o 



Use a table of integrals to find: 



| x 2 e bx dx = —j- \b 2 x 2 - 2bx + 2) 



Use this integral to show that: 



Probability = - e 



-2r/a 0 



( 2r 2 2r } 
— ^ + — + 1 



V a o a o J 



= \-5e 2 = 0.323 
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The Spin-Orbit Effect and Fine Structure 



*50 • 

Picture the Problem The energy difference between the two possible orientations of an 
electron in a magnetic field is 2/uB and the wavelength of the photons required to induce 
a spin-flip transition can be found from hc/AE. The magnetic moment // B associated with 
the spin of an electron is 5.79xlCT 5 eV/T. 

(a) Relate the difference in energy 
between the two spin orientations in 
terms of the difference in the 
potential energies of the two states: 

(b) Relate the wavelength of the 
photon needed to induce such a 
transition to the energy required: 



AE = 2/uB 

= 2(5.79 xl(T 5 eV/T)(0.6T) 



6.95 xl(T 5 eV 




Substitute numerical values and 
evaluate A; 



1240eV-nm 7 

A = ; = 1.78x10 nm 

6.95 xlO 5 eV 



= 1.78cm 
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Determine the Concept j and I are constrained according to j 
j = l A, £ = ±±±or£ = \ Oorl 



<±\. For 



52 



Determine the Concept j and i are constrained according to j 



= 2, j = 2 + \,orj = 



2 ui 2 



'±\. For 
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Picture the Problem The total angular 
momentum vector / is the sum of the 
orbital momentum vector L and the spin 
orbital angular momentum vector 5 .The 
quantum number j can be either £ + \ or 

I — \ , where I ^ 0. Hence, j can take on 

the values 3 + 1/2 = 7/2 and 3 - 1/2 = 5/2. 
The scaled vector diagrams are shown to 
the right. 
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The Periodic Table 



54 • 

Determine the Concept The total number of quantum states of hydrogen with quantum 
number n is In 2 . For n =4, we have 2(4) 2 = 32. (c) is correct. 



55 • 

Determine the Concept From Table 36-1, oxygen's electronic configuration is 
ls 2 2s 2 2p 4 . Because there are 4 electrons in the p state, (c) is correct. 
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Determine the Concept We can use the atomic numbers of carbon and oxygen to 
determine the sum of the exponents in their electronic configurations and then use the 
rules for the filling of the shells to find their electronic configurations. 



(a) The atomic number Z of carbon 
is 6. So we must fill the subshells of 
the electronic configuration until we 
have placed its 6 electrons. This is 
accomplished by writing: 



ls 2 2s 2 2p 2 



(b) The atomic number Z of oxygen 
is 8. So we must fill the subshells of 
the electronic configuration until we 
have placed its 8 electrons. This is 
accomplished by writing: 



ls 2 2s 2 2p 4 
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Determine the Concept We can find the z component of the orbital angular momentum 
using L z = mh and the relationship between the quantum numbers I (which we know from 
the state of the electrons) and m f (which is related to £ through m, = -£, (-£ + 1), . . ., 0, 1, 
2, ...£). 



(a) For a p electron £ = 1 . For 
£ = 1, m t = — 1, 0, or 1. Because 
L z = -mh, mh: 



L, = 



2h,-h,0,K2h 



(b) For an f electron, £ = 4. 

For £ = 4, m t = -4, -3, -2, -1, 0, 1, 

2,3,4. Because L z = -mh, mh: 



- Ah, - 3h, -2h,-h,0,h,2h,3h,4h 
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Optical Spectra and X-Ray Spectra 

58 • 

Determine the Concept Lithium, sodium, potassium, chromium, and cesium have one 
outer s electron and hence belong in the same group. Beryllium, magnesium, calcium, 
nickel, and barium have two outer s electrons and, hence, belong in the same group. 

59 • 

Determine the Concept We can use Table 35-1 to find the electronic configurations for 
the first excited states of these elements. 



(a) For H, E depends only on n and 
the lowest excited state is: 



2s or 2p 



(b) For Na, the 3p state is higher 
energy than the 3 s state and the 
lowest excited state is: 



ls 2 2s 2 2p 6 3p 



(c) For He, the lowest excited state 
has one electron in the 2s state and 
the lowest excited state is: 



ls2s 



60 • 

Determine the Concept Atoms with one outer electron have spectra similar to H: Li, Rb, 
Ag, Fr. Atoms with two outer electrons have spectra similar to He: Ca, Ti, Hg, Cd, Ba, 
Ra. Therefore, the table should be completed as shown below: 



Optical Spectra Optical Spectra 

Similar to Hydrogen Similar to Helium 

Li, Rb, Ag, Fr Ca, Ti, Hg, Cd, Ba, Ra 
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Picture the Problem When an electron from state n drops into a vacated state in the n = 
1 shell, a photon of energy AE = E„ - E\ is emitted. We can find the wavelength of this 
photon using X = he/ AE . The second and third longest wavelengths in the K series 

correspond to transitions from n = 3 to n = 1 and n = 4 to n = 1 and the shortest 
wavelength to the transition from n = <x> to n = 1. 

Express the wavelength of the 
emitted photon in terms of the 
energy transition within the atom: 



he _ 1240eV-nm 

E n -E x ~ E n - E l 
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Express the energy of the nth energy 
state: 



E n =-(Z-lf^ 
n 

where n = 1, 2, ... 



Substitute to obtain: 



z = 



he 



1240eV-nm 



(z-in 

n v 
1240eV-nm 



(Z-l) 



2 ^0 



(Z-l) 2 £ 0 



_J_ 



(a) Evaluate this expression with n = 
3 and Z = 42 to obtain: 



Z, 



1240eV-nm 



(42-l) 2 (l3.6eV) 



= 0.06 10 nm 



Use n = 4 and Z = 42 to obtain: 



z, = 



1240eV-nm 



(42-l) 2 (l3.6eV) 



4 2 



= 0.0578 nm 



(b) The shortest wavelength in the 
series corresponds to the largest 
energy difference between the initial 
and final states. Repeat the 
calculation in part (a) with n = go to 
obtain: 



z„ = 



1240eV-nm 



(42-l) 2 (l3.6eV)(l-0) 



0.0542nm 
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Picture the Problem When an electron from state n drops into the vacated state in the n 
= 1 shell, a photon of energy E„ - E\ is emitted. The wavelength of this photon 
he 

is Z = t r^r ■ Hence, if we know the wavelength of the K a line we 



(Z-l) 2 (l3.6eV) 



V n J 

can solve for the atomic number of the element and use its value to identify the element. 
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Express the wavelength of the K c 
line as a function of the atomic 
number of the element: 



Solve for Z: 



X 



he 



(Z-l) 2 (l3.6eV) 



f 1 A 



V n ) 



Z = l + 



i 



he 



A(l3.6eV) 



V n J 



Substitute numerical values and 
evaluate Z: 



Z = l + 



1240eV-nm 



(0.3368nm)(l3.6eV) 



= 20 



The element whose atomic number is 20 is calcium. 
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Picture the Problem The K a corresponds to a transition from n = 2 to n = 1. Equation 
36-16 relates the atomic number Z to the wavelength of the emitted photon When an 
electron from state n drops into a vacated state in the n = 1 shell, a photon of energy 
E„ - E\ is emitted. We can find the wavelength of this photon using X = he/ \E n —E^) 

and£"„ fromii B = -Z 2 {E 0 /n 2 ) . 

Express the wavelength of the K t 
line: 



he _ 1240eV-nm 

E n -E~ E n - E x 



Express the energy of the atom' s 
«th energy state: 



E=-Z 2 ^ 



Substitute and simplify to obtain: 



X 



1240eV-nm 

-z 2E f+z% 

n 



1240eV-nm 

7 O 
z% \— 2 

V n J 



(a) Substitute n-2,Z- 12, and 
Eq = 13.6 eV to obtain: 



X = 



1240eV-nm 



H 2 (l3.6eV) 



1 



l.OOnm 
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(b) Substitute n-2,Z- 29, and 
Eq = 13.6 eV to obtain: 



A 



1240eV-nm 



28 2 (l3.6eV) 



2 2 



= 0.155nm 



General Problems 
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Picture the Problem The energy associated with a transition from an initial state to some 
final state is given by AE -E{- E t and the wavelength A of a photon emitted in such a 
transition is given by A = hc/AE. Hence, the shortest wavelength corresponds to the 
largest energy difference. 



Express the wavelength of the 
emitted photon in terms of the 
energy difference AE between the 
atom's initial and final states: 



he he 

A = or AE = — 

AE A 



For Aaaa, AE will be the energy 
required to ionize a hydrogen atom: 



he 



13.6eV 
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Picture the Problem This spectral line is due to a transition from some initial state n\ to a 
final state n f (we're given that the final state is the ground state). The wavelength of the 
spectral line is related to the difference in energy AE between these states according to 
A = 1240eV • nm/AE and the energy of the nth state is given (for hydrogen, Z = 1) by 

£ n = (l 2 )(-13.6 eV)/n 2 . 



Relate the wavelength of a spectral 
line to the energy transition within 
the atom: 



A = 



1240eV-nm 
AE 



(1) 



Express the energy difference AE in 
a transition: 



7 2 F 7 2 F 
^E = E .,-E,=-^ L + ^ L 



Z 2 E r 



n, 



n 



ForZ= 1 and E 0 = 13.6 eV: 



A£ = (l3.6eV) 



2 2 
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Substitute in equation (1) to obtain: 



A 



1240eV-nm 



(l3.6eV) 

91.2nm 
1 1 



or 



_L 1 _ 91.2nm 

2 — 



A 



For /I = 97.254 nm and n { = 1 this 
expression simplifies to: 



L _J_ = 91.2nm = 
n ; 2 97.254nm 



Solve for n\ to obtain: 



n, =4 



The transition that produced the given wavelength was from 
= 4 to n { = 1 . 
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Picture the Problem This spectral line is due to a transition from some initial state « ; to a 
final state «f (we're given that the final state is the ground state). The wavelength of the 
spectral line is related to the difference in energy AE between these states according to 
A = 1240eV • nm/AE and the energy of the nth state is given (for hydrogen, Z = 1) by 

£ n = (l 2 )(-13.6 eV)/« 2 . 



Relate the wavelength of a spectral 
line to the energy transition within 
the atom: 



A 



1240eV-nm 
AE 



(1) 



Express the energy difference AE in 
a transition: 



AE = E 1 -E { 



Z E 0 Z E 0 



= Z 2 E r 



f i o 



ForZ= 1 and E 0 = 13.6 eV: 



A£ = (l3.6eV) 



2 2 

V ft f n. j 
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Substitute in equation (1) to obtain: 



A = - 



1240eV-nm 



or 
1 



n 



(l3.6eV) 

91.2nm 

J 1 

n f n. 



1 1 



"1 / 



1 _ 91.2nm 

ft 2 " 



A 



For A = 1093.8 nm this expression 
simplifies to: 



1 1 



91.2nm 



nt 1093.8 nm 



= 0.0834 



Because the only constraints on n f and n\ are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of n\ as a function of tif 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 
equation is n\ = 6 and tif = 3. 




Thus, the transition that produces the given wavelength is from 
ft; = 6 to n f = 3. 
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Picture the Problem These spectral lines are due to transitions in singly ionized helium 
from some initial state n\ to a final state n t . The wavelengths of the spectral lines are 
related to the difference in energy AE between these states according to 
A = 1240eV • nm/AE and the energy of the «th state is given (for helium, Z = 2) by 

E„ = (2 2 )(-13.6 eV)/« 2 . 



Relate the wavelength of a spectral 
line to the energy transition within 
the atom: 



A = 



1240eV-nm 
AE 



(1) 



Express the energy difference AE in 
a transition: 



AE = E i -E i 



Z E 0 Z E 0 



= Z 2 E r 



For Z = 2 and E Q - 13.6 eV: 



AE = 2 2 (l3.6eV) 
= (54.4eV) 



_L 1_ 

2 2 



2 2 

K n { n. j 



Substitute in equation (1) to obtain: 



A 



or 



1240eV-nm 



(54.4 eV) 



2 2 

V«f n > J 



22.8 nm 

1 _ 1 

2 2 

n f n- 



1 _ 1 22.8nm 
— _ 



1t f H; 



A 



For A - 164 nm this expression 
becomes: 



1 1 22.8 nm 



164nm 



0.139 



Because the only constraints on « f and n\ are that they be integers, we can solve this 
equation by trial and error. One way to do this is to plot a graph of « ; as a function of n { 
and look for integer solutions visually or with a trace of the trajectory of the curve. The 
following graph was plotted using a spreadsheet program. Note that a solution to our 
equation is n\ = 3 and n f = 2. 
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2.6 -, 



» 1.8 




9 10 



Thus, the transition that produces the given wavelength is from 
n { = 3 to n { = 1. 



Similarly, for A, - 230.6 nm: 



The transition that produces 
the given wavelength is from 
n { = 9 to n { =3. 



For A = 541 nm: 



The transition that produces 
the given wavelength is from 
n { = 7 to n { = 4. 
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Picture the Problem We can show that ke 2 = 1.44 eV-nm by solving the equation for the 
ground state energy of an atom for ke 2 . 



Express the ground state energy of 
an atom as a function of k, e, and a 0 : 



E 0 = 



2a a 



Solve for ke : 



ke = 2E 0 a {) 



Substitute for E 0 and a 0 to obtain: 



ke 2 =2(l3.6eV)(0.0529nm) 
= 1.44eV-nm 
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Picture the Problem Because the energies of the photons emitted by potassium 
during these transitions are related to their wavelengths through 
hf = (1240 eV- nm//t) eV where X is in nm, we can use this relationship to find the 
energies of the given photons. The difference in energy between these states can be found 
using its definition and is related to the magnetic field through AE = 2 jU B B . 



(a) For X = 766.41 nm: 



hf = 



1240eV-nm 
766.41nm 



1.6179eV 



For X = 769.90 nm: 



hf 



1240eV-nm 
769.90 nm 



1.6106eV 



(b) Using its definition, express the 
difference in energy between these 
two states: 



AE = 1.6179eV-1.6106eV 



0.00730 eV 



(c) Relate the energy difference 
between these states AE to the 
magnetic field B and the quantum 
unit of magnetic moment (a Bohr 
magneton) /j B : 



AE = 2^i B B 



Solve for B: 



B 



AE 



Substitute numerical values and 
evaluate B: 



B 



0.0073 eV 
2(5.79xlO" 5 eWr) 



63.0T 



Remarks: This magnetic field is about 42 times that of commercial magnetic 
resonance imagers. 
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Picture the Problem One Is electron must be released from the atom. It is shielded from 
the nuclear charge Z by one other Is electron. Thus, the effective charge is Z - 1, and the 
ionization energy for that Is electron is E^ = (Z - l) 2 i?o- 



(a) For tungsten, Z = 74, and: 

(b) For molybdenum, Z = 42, and: 



£ min =73 2 (l3.6eV) : 
£ mm =41 2 (l3.6eV): 



72.5 keV 



22.9 keV 



1216 Chapter 36 



(c) For copper, Z = 29, and: 



£ min = 28 2 (l3.6eV) = 



10.7 keV 



*71 

Picture the Problem We can show that a is dimensionless by showing that it has no 
units. In part (b) we can use Bohr's 3 rd postulate and the expression for the radii of the 
Bohr orbits, together with the definition of a, to show that the speed of the electron in a 
stationary state of quantum number n is related to a according to v n = caln. 



(a) Express the units of a: 



C 



c 2 



(J.s) 



m 



N-m 2 
Jm 



= 1 



Because a is unitless, it is also dimensionless. 



(b) Apply the quantization of 
angular momentum postulate to 
obtain: 



nfi 



mr„ 



The radii of the Bohr orbits are 
given by: 



h 2 



r = n 



mkZe 1 

or, because Z = 1 for hydrogen, 

.2 



h 2 



r =n 



mke 



Substitute and simplify to obtain: 



nfi 



v = 



mn 



ke 2 
nfi 



mke 



Divide this expression by the 
definition of a to obtain: 



ke 2 ^ 
v n = nti = c 
e 2 k n 
he 



a 



Solve for v n : 



ac 
n 



72 

Picture the Problem We can use Problem 29 to express the energy levels of positronium 
in terms of the reduced mass of the electron-positron system. In part (b) we can find the 
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energies corresponding to 400 nm and 700 nm to decide whether the transitions between 
any of the levels found in (a) fall in the visible range of wavelengths 



Express the energy of positronium 
as a function of the quantum number 
n: 



m r k 2 e 4 Z 2 
2h 2 n 2 



E = 



From Problem 29 we have: 



Because m e = w pos : 



m„ =■ 



m 



m e m e = m e 
m„ + m„ 2 



Substitute and simplify to obtain: 



(a) Evaluate E n for n = 1, 2, 3, 4, 
and 5 to obtain: 



Relate the wavelength of the emitted 
photons to the energy-level 
differences: 



E., =- 



m e k 2 e 4 1 




Ah 2 


n 2 


In 2 




n 


E n 






(eV) 




1 


-6.80 




2 


-1.70 




3 


-0.756 




4 


-0.425 




5 


-0.272 



x = 



he 1240eV-nm 



AE 



AE 



Solve for AE: 



AE = 



1240eV-nm 



Evaluate AE for X = 400 nm and 
A = 700 nm: 



AE 

and 
AE 



400 nm 



700 nm 



1240eV-nm 
400 nm 

1240eV-nm 
700 nm 



= 3.10eV 



= 1.77eV 



Because none of the energies in the table shown above are in the interval 
1.77 eV to 3. 10 eV, no transitions are in the visible range of wavelengths. 
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Picture the Problem We can use E = hf to find the frequency of the photon and 
X = hclE to find its wavelength. 



(a) The energy of the photon whose 
energy is equal to the Lamb shift 
energy is given by: 



E = hf 



Solve for / to obtain: 



/ = 



E_ 
~h 



Substitute numerical values and 
evaluate f. 



f = 



4.372xl(reV 
4.14xl(T 15 eV-s 



1.06 GHz 



(b) The wavelength of this photon is 
given by: 



X = 



he 



Substitute numerical values and 
evaluate X: 



1240eV-nm 
4.372xl(T 6 eV 



28.4cm 



This wavelength is in the microwave portion of the electromagnetic spectrum. 
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Picture the Problem The ionization energy of the electron is the magnitude of the 
energy of the atom in the given state. We can use E = -Efjn 2 , where E Q is the ground-state 
energy, to find the energy levels in the 44 th and 45 th states and, hence, the energy level 
separation between the states. The wavelength of a photon resonant with this transition 
can be found from X = hc/AE. We'll approximate the size of the atom in the n = 45 state 
by finding the radius of the outer-shell electron. 



(a) The energy of the atom in its nth 
state is: 

The energy of the atom in the 
n = 45 state is: 

The ionization energy is the 
negative of the energy in the state n 
= 45: 



E 

K n 2 



E 45 = — (t2 = -6.72 mev 



(45f 



E = —E 

ionizing 45 



6.72 meV 



(b) The energy level separation 
between the n-45 and n = 44 state 



is: 



v 45->44 



13.6 eV 13.6 eV 



(45f (44) 2 



3.09xl(T 4 eV 



(c) The photon wavelength is: 



x = 



he 
AE 
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Substitute numerical values and 
evaluate X: 



x = 



1240eV-nm 
3.09 xlO 4 eV 



4.01x10° nm 



(d) The radii of the Bohr orbits are given 
by: 



r = n 



2 CL 0 



Substitute numerical values and evaluate 
the radius of the 45th Bohr orbit: r = \^) 



Z 

2 0.05 29 nm 



1 



107nm 
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Picture the Problem We can use the definition of the Rydberg constant and the equation 
for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen 
and for deuterium. We can find the wavelength difference between the longest 
wavelength Balmer lines of hydrogen and deuterium by finding the longest wavelengths 
from the Rydberg- Ritz equation, using the appropriate value for R, and taking their 
difference. 



(a) From Equation 36-14 we have: 



R=^4 = C 
Amti 



\ 



1 + 



M J 



where 



2„4 



c 



j = 1. 204662 x 10 37 irT'/kg 



For H: 



Substitute numerical values and 
evaluate R H : 



R H =C 



772, 



1 + 



777 a 



77/ 



P J 



R H = (l .204662 x 10 37 irT 1 / kg) 



9.109390x10 31 kg 



9. 109390 xl0~ 31 kg 



1 + 



1.672623 xl0~ 27 kg 



= 1.096776 xl0 7 m 
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For deuterium: 



Substitute numerical values and 
evaluate R D : 



R D =C 



\ 



1 + 



2m 



p ) 



R D = (l .204662 x 10 37 rrT 1 / kg) 
9. 109390 xlO" 31 kg 



] 9.109390x10 J1 kg 
+ 2(1.672623x10 27 kg) 



1.097075 xlO 7 m 



(b) Express the wavelength 
difference between the longest 
wavelength B aimer lines of 
hydrogen and deuterium: 

Use the Rydberg-Ritz formula to 
express the reciprocal wavelength: 



A A — /^ ongestH ^longest, D 



Solve for A to obtain: 



The longest wavelength in the 
B aimer series corresponds to a 
transition from n\ = 3 to n 2 = 2. Use 
R = R H to evaluate /longest, h: 

Find Ai onges t,D using R = R D : 



A 



= R 



2 2 
\ n 2 «1 J 



where n x and « 2 are integers and 
tii > n 2 . 

2 2 

n x n 2 

A = n( 2 l\ 

R\n x -n 2 ) 

A - 32 ^) 

^ onsestH (l.096776xl0 7 m 1 )(3 2 -2 2 ) 

= 656.470nm 



1 - 32 ( 22 ) 

^ onsestD (l .097075 xl0 7 m 1 )(3 2 -2 2 ) 

= 656.29 lnm 



Substitute to obtain: 



AA = 656.470nm-656.291nm 



= 0.179nm 
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Picture the Problem We can use Problem 29 to express the energy levels of muonium in 
terms of the reduced mass of the muonium-proton system. In Part (b) we can find the 
energies corresponding to 400 nm and 700 nm to decide whether the transitions between 
any of the levels found in (a) fall in the visible range of wavelengths 

Express the energy of muonium as a „ m k 2 e 4 Z 2 

v DJ E = - (l) 

function of the quantum number n: " 2h 2 n 2 

From Equation 35-47 in Problem 17 
we have: 

Because m _, = 207m : 

u e 



207m p m e 207w e 
m p+ 207m e " 1 + 207 ^ 
m 



Because m p = 1836m e : 



Substitute in equation (1) and 
simplify to obtain: 

(a) Evaluate E„ for n = 1, 2, 3, 4, 
and 5 to obtain: 



Relate the wavelength of the emitted 
photons to the energy-level 
differences: 



m,. = 



207 m. 



1 + 



207 



= 186m„ 



E„ =- 



1836 
186m k 2 e 4 1 



186£ n 



2fr 



n~ 



n 






(keV) 


1 


-2.53 


2 


-0.633 


3 


-0.281 


4 


-0.158 


5 


-0.101 



A = 



he 1240eV-nm 



AE 



AE 



Solve for AE: 



AE = 



1240eV-nm 



Evaluate AE for X = 400 nm and 
X = 700 nm: 



AE 



400 nm 



1240eV-nm 
400 nm 



= 3.10eV 



and 
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AE 



700 n 



1240eV-nm 
700 nm 



1.77eV 



Because none of the energies in the table shown above are in the interval 
1 .77 eV to 3. 10 eV, no transitions are in the visible range of wavelengths. 
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Picture the Problem We can use the definition of the Rydberg constant and the equation 
for the reduced mass from Problem 29 to calculate the Rydberg constant for hydrogen, 
tritium, and deuterium. We can find the wavelength difference between the longest 
wavelength Balmer lines of tritium and deuterium and tritium and hydrogen by finding 
the longest wavelengths from the Rydberg-Ritz equation, using the appropriate value for 
R, and taking their difference. 



(a) From Problem 29 we have: 



R = n ^t = C 



f \ 



1 + 



M J 



where 



2 4 



c= 



k z e 



= 1. 204662 xlO 37 nT'/kg 



47Tch 



For tritium: 



R T — C 



7/7, 



1 + 

V m P + 2m nJ 



Evaluate the expression in 
parentheses to obtain: 

Substitute numerical values and 
evaluate R T : 



m r =9.107738x10^' kg 

R T = (l.204662xl0 37 m ] / kg) 
x (9.107738 xl0~ 31 kg) 



= 1.097175 xl0 7 m 



For deuterium: 



R D =C 



in , 



1 + 



2m 



p J 
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Substitute numerical values and 
evaluate R D : 



R D = (l .204662 x 10 37 rrT 1 / kg) 



9.109390x10 31 kg 



1 + 



9.109390x10 - il kg 
2(1.672623 xlO 27 kg) y 

= 1.097075 xlO 7 rrT 1 



(b) Express the wavelength 
difference between the longest 
wavelength B aimer lines of 
hydrogen and deuterium: 



&X - ^longest, D ~K 



longest, T 



Use the Rydberg-Ritz formula to 
express the reciprocal wavelength: 



X 



= R 



\ n 2 n \ J 



where n x and n 2 are integers and 



Solve for X to obtain: 



The longest wavelength in the 
B aimer series corresponds to a 
transition from n\ = 3 to n 2 = 2. Use 
R = R T to evaluate longest, t: 

Find liongest,D using R = R D : 



2 2 

x= Hl Hl 



R{nf -n\) 

3 2 ( 2 2 ) 

^ ongestT (1.097 175 xlO 7 m-'X3 2 -2 2 ) 
= 656.231nm 

x 

^ ongestD (l .097075 xl0 7 m 1 )(3 2 -2 2 ) 
= 656.291nm 



Substitute to obtain: 



AX = 656.291nm-656.231nm 



= 0.0600 nm 



Proceed similarly to show that for = 656.4695 nm-656.2314nm 

hydrogen and hydrogen: = I 0.238nm 
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Chapter 37 
Molecules 

Conceptual Problems 

*i * 

Determine the Concept Yes. Because the center of charge of the positive Na ion does 
not coincide with the center of charge for the negative CI ion, the NaCl molecule has a 
permanent dipole moment. Hence, it is a polar molecule. 

2 

Determine the Concept Because a N 2 molecule has no permanent dipole moment, it is a 
non-polar molecule. 

3 

Determine the Concept No. Neon occurs naturally as Ne, not Ne 2 . Neon is a rare gas 
atom with a closed shell electron configuration. 

4 

Determine the Concept 

(a) Because an electron is transferred from the H atom to the F atom, the bonding 
mechanism is ionic. 

(b) Because an electron is transferred from the K atom to the Br atom, the bonding 
mechanism is ionic. 

(c) Because the atoms share two electrons, the bonding mechanism is covalent. 

(d) Because each valence electron is shared by many atoms, the bonding mechanism is 
metallic bonding. 

*5 

Determine the Concept The diagram would consist of a non-bonding ground state with 
no vibrational or rotational states for ArF (similar to the upper curve in Figure 37-4) but 
for ArF* there should be a bonding excited state with a definite minimum with respect to 
inter-nuclear separation and several vibrational states as in the excited state curve of 
Figure 37-13. 

6 

Determine the Concept Elements similar to carbon in outer shell configurations are 
silicon, germanium, tin, and lead. We would expect the same hybridization for these as 
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for carbon, and this is indeed the case for silicon and germanium whose crystal 

structure is the diamond structure. Tin and lead, however, are metallic and here the 
metallic bond is dominant. 

7 

Determine the Concept The effective force constant from Example 37-4 is 1.85xl0 3 
N/m. This value is about 25% larger than the given value of the force constant of the 
suspension springs on a typical automobile. 

8 

Determine the Concept As the angular momentum increases, the separation between the 
nuclei also increases (the effective force between the nuclei is similar to that of a stiff 
spring). Consequently, the moment of inertia also increases. 

9 

Determine the Concept For H 2 , the concentration of negative charge between the two 
protons holds the protons together. In the ion, there is only one electron that is shared 

by the two positive charges such that most of the electronic charge is again between the 
two protons. However, the negative charge in the Hj ion is not as effective as the larger 
charge in the H 2 molecule, and the protons should be farther apart. The experimental 
values support this argument. For H 2 , r 0 = 0.074 nm, while for , r 0 = 0. 106 nm. 

10 • 

Determine the Concept The energy of the first excited state of an atom is orders of 
magnitude greater than kT at ordinary temperatures. Consequently, practically all atoms 
are in the ground state. By contrast, the energy separation between the ground rotational 
state and nearby higher rotational states is less than or roughly equal to kT at ordinary 
temperatures, and so these higher states are thermally excited and occupied. 

11 

Determine the Concept With more than two atoms in the molecule there will be more 
than just one frequency of vibration because there are more possible relative motions. In 
advanced mechanics these are known as normal modes of vibration. 

Estimation and Approximation 

12 

Picture the Problem We can estimate the value of the quantum number v for which the 
improved formula corrects the original formula by 10 percent by setting the ratio of the 
correction term to the first term equal to 10 percent and solving for v. 
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Express the ratio of the correction 
term to the first term of the 
expression for E v and simplify to 
obtain: 

For a correction of 10 percent: 
Solve for v to obtain: 



{v + ^fhfa 



(v + \)a = 0.\ 
1 1 



v = 



10a 2 



Substitute numerical values and 
evaluate v. 



V = 



10(7.6x10 3 ) 2 



= 12.7* 



13 
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Picture the Problem We can solve Equation 37-12 for £ and substitute for the moment 
of inertia and rotational kinetic energy of the baseball to estimate the quantum number £ 
and spacing between adjacent energy levels for a baseball spinning about its own axis. 



The rotational energy levels are 
given by Equation 37-12: 



E = 



l{l + l)h : 

21 



where £ = 0, 1, 2, ... is the rotational 
quantum number and / is the moment of 
inertia of the ball. 



Solve for £(£+!): 



?(£+!) = 



2IE 



Factor £ from the parentheses to 
obtain: 

The result of our calculation of I 
will show that £ » 1 . Assuming 
for the moment that this is the case: 



V tj 



2IE 



o2 2IE 42IE 
and £ « 



tr 



Because the energy of the ball is 
rotational kinetic energy: 

Substitute for E in the expression for 
£ to obtain: 



E = K mt =\Ico 2 



^ V2/(|/V) _ V(/ V) _ Icq 



The moment of inertia of a ball 
about an axis through its diameter is 
(see Table 9-1): 

Substitute for / to obtain: 



r 2 2 

I = jmr 



2mr a> 



5h 
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Substitute numerical values and evaluate I: 



2(0.3 kg)(0.03m) : 



20 rev 2;rrad lmin 

x x 



min 



rev 



60s 



5(l.05 xl0~ 34 J- s) 



2.15x10 



3(1 



Set £ = 0 to express the spacing 
between adjacent energy levels: 

Substitute numerical values and 
evaluate E 0l : 



7 - h - 5h 
01 21 4mr 2 



5(l.05xlQ' 34 J-s) 2 
4(0.3kg)(0.03 m 



5.10xlO~ 65 J 



Remarks: Note that our value for £ justifies our assumption that I » 1. 
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Picture the Problem We can solve Equation 37- 1 8 for v and substitute for the 
frequency of the mass-and-spring oscillator to estimate the quantum number vand 
spacing between adjacent energy levels for this system. 



The vibrational energy levels are 
given by Equation 37-18: 

Solve for v : 



where v- 0, 1,2, 



v 



1 

hf 2 
or, because v» 1, 

hf 



The vibrational energy of the object 
attached to the spring is: 

Substitute for E v 'm the expression 
for v to obtain: 

The frequency of oscillation /of the 
mass-and-spring oscillator is given 
by: 



E v =\kA l 

where A is the amplitude of its motion. 

kA 2 



v = 



f 



2hf 

_L IE 

2n\m 



v = 



7ikA 



7lA 



link 
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Substitute numerical values and evaluate v : 



v = 



ff^l V(5kg)(l500N/m) 



6.63x10 J -s 



1.64x10 



32 



Set v- 0 in Equation 37-18 to 
express the spacing between 
adjacent energy levels: 

Substitute numerical values and 
evaluate E 0v : 



1 h k 

2 An \ m 



6.63xl0~ 34 J-s |1500N/m 



E Qv = 



4k 



5kg 



= 9.14xlO" 34 J 



Remarks: Note that our value for v justifies our assumption that v » 1. 

Molecular Bonding 



15 



Picture the Problem The electrostatic potential energy with U at infinity is given by 
U =-ke 2 /r. 



Relate the electrostatic potential 
energy of the ions to their 
separation: 



U = 



ke 2 



Solve for r. 



r = 



Substitute numerical values and evaluate r: 



r = 



(8.99 x 10 9 N • m 2 / C 2 )(l .6 x 10 19 cf 
(-1.52eV)(l.6xlO" 19 J/eV) 



0.946 nm 
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Picture the Problem We can find the energy absorbed or released per molecule by 
computing the difference between dissociation energy of CI and the binding energy of 
NaCl. 
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Noting that the dissociation energy 
per CI atom is 1.24 eV, express the 
net energy change per molecule 
AE: 



AE = 1.24eV-E 



binding. NaCl 



The binding energy of NaCl is (see 
page 1210): 



4.27 eV 



Substitute and evaluate AE: 



A£ = 1.24eV-4.27eV = -3.03eV 



Because AE < 0, energy is released. The reaction is exothermic. 



17 • 

Picture the Problem We can use conversion factors to convert eV/molecule into 
kcal/mol. 



, eV , eV lkcal 6.02 xlO 23 molecules 1.60x10 19 J 

1 = 1 X X X ■ 



(a) 



molecule molecule 4 184 J 



= 23.0kcal/mol 



mole 



eV 



(b) The dissociation energy of 
NaCl, in eV/molecule, is (see page 
1205): 



4.27 eV/molecule 



Using the conversion factor in (a), 
express this energy in kcal/mol: 



4.27 eV 23.0kcal 

x 



molecule mol 



98. 2 kcal/mol 
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Picture the Problem The percentage of the bonding that is ionic is given by 

f \ 

P mea 



100 



V ^ioo j 



Express the percentage of the 
bonding that is ionic: 



Percent ionic bonding = 100 



f \ 

/^meas 
V Pi 00 J 



Express the dipole moment for 
100% ionic bonding: 



Aoo = er 
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Substitute to obtain: 



Percent ionic bonding = 100 



' P ^ 

I meas 

V er ) 



Substitute numerical values and evaluate the percent ionic bonding: 



Percent ionic bonding = 100 



6.40x10 30 C-m 
(1.60x10 "> C)(0.09 17 nm) 



43.6% 
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Picture the Problem If we choose the potential energy at infinity to be AE, the total 
potential energy is U tot - U e + AE + U rep , where U iep is the energy of repulsion, which is 
found by setting the dissociation energy equal to -U tot . 



Express the total potential energy of 
the molecule: 

The core-repulsive energy is : 

Calculate the energy AE needed to 
form Rb + and F ions from neutral 
rubidium and fluorine atoms: 



U tot =U e +AE + U tep 



U rep =-{AE + U e +E d ) 

AE = 4. 1 8 eV - 3 .40 eV = 0.78 eV 



Express the electrostatic potential 
energy is: 



U = 



ke 



Substitute numerical values and evaluate U e 



U. 



(8.99 x 10 9 N • m 2 / C 2 )(l .60 x 10' 19 c) 2 
(0.227 nm)(l .60 x 10~ 19 J/eV) 



-6.34eV 



Substitute numerical values and 
evaluate U„ 



' rep- 



U =-(0.78eV-6.34eV + 5.12eV) 



0.44eV 



20 

Picture the Problem The potential energy of attraction of the ions is U e =-ke 2 /r. We 

can find the dissociation energy from the negative of the sum of the potential energy of 
attraction and the difference between the ionization energy of potassium and the electron 
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affinity of chlorine. 

(a) The potential energy of attraction 
of the ions is given by: 



U. 



ke 2 



where ke = 1.44 eV-nm 



Substitute numerical values and 
evaluate U e : 



U = 



1.44eV-nm 
0.267 nm 



-5.39eV 



(b) Express the total potential 
energy of the molecule: 



U tot =U e +AE + U cep 



or, neglecting any energy of repulsion, 



U tot =U e + AE 



The dissociation energy is the 
negative of the total potential 
energy: 



E dMc =-U tot =-{U e +AE) 



AE is the difference between the 
ionization energy of potassium and 
the electron affinity of CI: 



AE = 4.34eV - 3.62eV = 0.72eV 



Substitute numerical values and 
evaluate £ d ,caic: 



£ d ,ca,c=-(-5-39eV + 0.72eV) 



4.67 eV 



The energy due to repulsion of the 
ions at equilibrium separation is 
given by: 



^rep ^d,calc ^d,meas 



Substitute numerical values and 
evaluate U„ 



' rep- 



f/ rep =4.67 eV- 4.49 eV = 



0.18eV 
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Picture the Problem Assume that U(r) is of the form given in Problem 24 with 
n = 6. 



Molecules 1233 



The potential energy curve is shown in the 
figure. The turning points for vibrations of 
energy E\ and E 2 are at the values of r, 
where the energies equal U(r). It is 
apparent that the average value of r 
depends on the energy and that r 2 , av is 
greater than r Uv . 
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Picture the Problem We can use U e = —ke 2 /r 0 to calculate the potential energy of 

attraction between the Na + and Cl~ ions at the equilibrium separation 

r 0 = 0.236 nm. We can find the energy due to repulsion of the ions at the equilibrium 

separation from U = —{jJ e + E d + AE) . 



The potential energy of attraction 
between the Na + and Cl~ ions at the 
equilibrium separation r 0 is given 
by: 



Substitute numerical values and 
evaluate U e : 



U = 



ke 2 



where ke = 1.44 eV-nm. 



U. 



1.44eV-nm 
0.236nm 



-6.10eV 



From Figure 37- 1 : 



E A =4.27eV 



The ratio of the magnitude of the 
potential energy of attraction to the 
dissociation energy is: 

C/rep is related to U e , E d , and AE 
according to: 



1.43 



p e \ _ 6.10eV 
E A ~ 4.27 eV 



U rep =-{U e +E d +AE) 



From Figure 37- 1 : 

Substitute numerical values and 
evaluate U KD : 



AE = 1.52eV 



U =-(-6.10eV + 4.27eV + 1.52eV) 



0.310eV 
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Picture the Problem The potential energy of attraction of the ions is U e =-ke 2 /r. We 
can find the dissociation energy from the negative of the sum of the potential energy of 



1234 Chapter 37 



attraction and the difference between the ionization energy of potassium and the electron 
affinity of fluorine. 

(a) The potential energy of 
attraction between the K + and F~ 
ions at the equilibrium separation r 0 
is given by: 



ke 1 

U = -— 



where ke 2 = 1.44 eV-nm. 



Substitute numerical values and 
evaluate U e : 

(b) Express the total potential 
energy of the molecule: 



The dissociation energy is the 
negative of the total potential 
energy: 

AE is the difference between the 
ionization energy of potassium and 
the electron affinity of fluorine: 



Substitute numerical values and 
evaluate E dMc : 



U = 



1.44eV-nm 
0.217nm 



6.64eV 



U tot =U e + AE + U Kp 

or, neglecting any energy of repulsion, 
U tot =U e +AE 



E dMc =-U lot =-{U e +AE) 



AE = 4.34eV -3.40eV = 0.94eV 



^ d ,a 1 c=-(-6.64eV + 0.94eV) 



= 5.70eV 



The energy due to repulsion of the 
ions at equilibrium separation is 
given by: 



U. 



ep 



J d,calc 



Substitute numerical values and 
evaluate U„ 



U Kp =5.70eV-5.07eV = 



0.63eV 



' rep- 



*24 ••• 

Picture the Problem U(r) is the potential energy of the two ions as a function of 
separation distance r. U(r) is chosen so C/(oo) = -AE, where AE is the negative of the 
energy required to form two ions at infinite separation from two neutral atoms also at 
infinite separation. U rep (r) is the potential energy of the two ions due to the repulsion of 
the two closed-shell cores. E A is the disassociation energy, the energy required to separate 
the two ions plus the energy AE required to form two neutral atoms from the two ions at 
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infinite separation. The net force acting on the ions is the sum of F rep and F e . We can find 
F re p from [/ rep and F e from Coulomb's law and then use dU/dr = F net = 0 at r = r 0 to solve 
for n. 



Express the net force acting on the 
ions: 



F =F +F 

net rep e 



(1) 



Find F rep from t/ rep : 



F = 

rep 



dU 



rep 



dr dr 
nC 



= —[Cr"] = -nCr 



n-\ 



n+1 



The electrostatic potential energy of 
the two ions as a function of 
separation distance is given by: 



U. 



kJ_ 
r 



Find the electrostatic force of 
attraction F e from U e : 



_ dU e d 
dr dr 



r 



he 1 



Substitute for Frep and F e in equation 
(1) to obtain: 



nC ke 

- + - 



net n+1 ' 2 

r r 



Because dU/dr = F net = 0 at 
r = r 0 : 



nC ke 

n+l + 2 



Multiply both sides of this equation 
by r 0 to obtain: 



nC ke 2 
0 = + 



= -nUjr Q ) + \U e {r 0 )\ 



Solve for n to obtain: 



n = 
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Picture the Problem U rep at r = r 0 is related to U e , E d , and AE through 

U [ep = —{U e + E d + AE) . The net force is the sum of F rep and F e . We can find F rep from 

U Iep and F e from Coulomb's law. Because F net = 0 at r = r 0 , we can obtain simultaneous 
equations in C and n that we can solve for each of these quantities. 



(a) U rep is related to U e , E A , and AE 
according to: 



U tep =-{U e + E i + AE) 
where AF Naa - 1.52 eV 
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U e (r 0 ) is given by: 



U = 



ke 2 



•o 



where ke = 1.44 eV-nm 



Substitute numerical values and 
evaluate t/ e : 



1.44eV-nm 
0.236nm 



Substitute numerical values and 
evaluate U, 



rep- 



U rep =-(-6.10eV + 4.27eV + 1.52eV) 



= 0.31eV 



(b) Express the net force acting on 
the Na + and Cl~ ions: 



F = F +F 

net rep e 



(1) 



Find F rep from t/ rep : 



^e P =^ = -[Cr"] 
rep dr dr l J 

nC 



= -nCr 



n+l 



The electrostatic force of attraction 
is: 



F = 



ke 2 



Substitute for iv p and F e in equation 
(1) to obtain: 



F = 

1 net 



nC ke 

n+l ^ 2~ 

r r 



Because F net = 0 at r = r 0 : 



0 = + — r- 



n+l 



or 



^^0)1 = "— = «f / rep( r o) 



Solve for n and C to obtain: 



n = 



PAr 0 )\ 



and 

C = U T Jr 0 )r 0 n 



From (a): 



C/ e (r 0 )=-6.10eV 
t/ rep (r 0 ) = 0.31eV 
and, from Figure 37-1, 



Molecules 1237 



r n = 0.236 nm 



Substitute for U e (r 0 ) and U mp (ro) and 
evaluate n and C: 



n = 



6.10eV 
0.31eV 



19.7 



and 



C = (0.31eV)(0.236nm) 197 



1.37xlO~°eV-nm 



19.7 



Energy Levels of Spectra of Diatomic Molecules 
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Picture the Problem We can relate the characteristic rotational energy E 0r to the moment 
of inertia of the molecule and model the moment of inertia of the N 2 molecule as two 
point objects separated by a distance r. 



The characteristic rotational energy 
of a molecule is given by: 



E 0r = 



21 



Express the moment of inertia of the 
molecule: 

Substitute for / to obtain: 



I = 2M t 



2 N 



E ° r 2(lM N r 2 ) M N r 2 Urn/ 



Solve for r. 



r = h 



UE 0r m p 



Substitute numerical values and evaluate r: 



r = (l.055 x 10- 34 J • s)J—, t x, ^ x, Tl — t 

v '\ 14(2.48 x 1(T 4 eVj(l .602 x 10" 19 J/eVj(l .673 x 10" 27 kg) 



= 0.109nm 
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Picture the Problem We can relate the characteristic rotational energy E 0r to the moment 
of inertia of the molecule and model the moment of inertia of the O2 molecule as two 
point objects separated by a distance r. 
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The characteristic rotational energy 
of a molecule is given by: 



E 0r = 



21 



Express the moment of inertia of the 
molecule: 

Substitute for / to obtain: 



l = 2M t 



E hl hl ^ 

0r ~ l{\M 0 r 2 ) ~ M 0 r 2 ~ 16m p r 2 



Solve for r. 



h 1 



r = 



4 V £ o, m p 



Substitute numerical values and evaluate r. 



^1.055xlO" 34 J-s^ 



r = 



(1.78 x 10 -4 eV)(l.6 xlO" 19 J/eV)(l.67 x 10" 27 kg) 



0.121nm 
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Picture the Problem We can use the definition of the reduced mass to show that the 
reduced mass is smaller than either mass in a diatomic molecule. 



Express the reduced mass of a two- 
body system: 



Divide the numerator and 
denominator of this expression by 
m 2 to obtain: 



in. 



(1) 



Divide the numerator and 
denominator of this expression by 
mi to obtain: 



in , 



1 m 2 
1 + — 



in, 



(2) 



Because the denominator is greater 
than 1 in equations (1) and (2): 

(a) For H 2 , ni\ = m 2 = 1 u: 



ju <m l 



and 



ju < m 2 



Mb, 



MM 

lu + lu 



0.500 u 
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(b) For Ni, mi = m 2 - 14 u: 



fh 



(I4u)(l4u) 
14u + 14u 



7.00 u 



(c) For CO, m\ = 12 u and 
ni2 = 16 u: 



_ (12u)(16u) _ 
co 12u + 16u 



6.86u 



(<f) For HC1, mx-lu and 
m 2 - 35.5 u: 



Mho 



_ (lu)(35.5u) _ 
" lu + 35.5u ~ 



0.973u 
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Picture the Problem We can solve Equation 37-18 for v and substitute for the 
frequency of the CO molecule (see Example 37-4) and its binding energy to estimate the 
quantum number v . 



The vibrational energy levels are 
given by Equation 37-18: 



where v- 0, 1,2, 



Solve for v : 



hf 



2 



Substitute numerical values and 
evaluate v: 



lleVx 



V = 



1.60x10 J 
eV 



(6.63 x 10" 34 J • s)(6.42 x 10 13 Hz) 2 



= 40.8« 41 
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Picture the Problem We can use the expression for the rotational energy levels of the 
diatomic molecule to express the energy separation AE between the £ = 3 and 
i = 2 rotational levels and model the moment of inertia of the LiH molecule as two point 
objects separated by a distance r 0 . 



The energy separation between the 
£ = 3 and £ = 2 rotational levels of 
this diatomic molecule is given by: 

Express the rotational energy levels 
E r = 3 and E, = 2 in terms of Eq/. 



AE — E (=3 E f=2 



£„=3(3 + l)E 0r =12£ 0r 
and 

E e , 2 =2{2 + l)E 0r =6E 0r 



Substitute for E t = 3 and E, = 2 to 



AE = l2E 0r -6E Qr = 6E 0r 
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obtain: 



or 

F = J-AF 



The characteristic rotational energy 
of a molecule is given by: 



h 2 

0, ^ 6 



AE = 



3h 2 



Express the moment of inertia of the 
molecule: 



/ = //r 0 

where // is the reduced mass of the 
molecule. 



Substitute for / to obtain: 



AE = 



3/r 



3/r 



Substitute numerical values and evaluate AE: 



ju r£ m u m n 



m u + m H 



3h 2 (m Li +m H ) 



m Li m H r 0 



A£ _ 3(l.055xl(T 34 J-s) 2 (6.94u+lu) 

~ (6.94 u)(l u)(0. 1 6 nm) 2 (l .602 x 10" 19 J/eV)(l .660 x 10" 27 kg/u) 



5.61meV 
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Picture the Problem Let the origin of coordinates be at the point mass m\ and point mass 
m 2 be at a distance r 0 from the origin. We can express the moment of inertia of a diatomic 
molecule with respect to its center of mass using the definitions of the center of mass and 
the moment of inertia of point particles. 



Express the moment of inertia of a 
diatomic molecule: 



/ = m x r x +m 2 r 2 



(1) 



The r coordinate of the center of 
mass is: 



m, +m 2 



The distances of m\ and m 2 from the Aj = r CM 

center of mass are: anc i 
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Substitute for r\ and r 2 in equation 
(1) to obtain: 



7 = 777, 



777. 



+ 777- 



V W l+ m 2 J 



m. 



y m l +m 2 j 



Simplifying this expression leads to: 



T_ OT 1 OT 2 2 
1 — i(\ 



or 



I = fdr 0 



where 



m i m 2 

777j + 777 2 



36-14 



36-15 
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Picture the Problem We can relate the characteristic rotational energy Z? 0r to the moment 
of inertia of the molecule and model the moment of inertia of the KC1 molecule as two 
point objects of reduced mass ju separated by a distance r. 



The characteristic rotational energy 
of a molecule is given by: 



J 0/' 



21 



Express the moment of inertia of the 
molecule: 



l = Hrl 
where ju = 



m K m a 
m K +m a 



Substitute for / to obtain: 



h 2 _ h 2 (m K + 777 C1 ) 



"Or 



2//r 0 2 



2m k m cl r 0 



Substitute numerical values and evaluate E, 



Or- 



_ (l.055xl0" 34 J-s) 2 (39.1u + 35.5u) 
0r ~ 2(39. 1 u)(35 .5 u)(0.267 nm) 2 (l .660 x 10" 27 kg/u) 



= 2.53xlO" 24 Jx 



1 



1.602x10 19 J/eV 



0.0158meV 
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Picture the Problem We can use the expression for the vibrational energies of a 
molecule to find the lowest vibrational energy. Because the difference in the vibrational 
energy levels depends on both Af and the moment of inertia / of the molecule, we can 
relate these quantities and solve for /. Finally, we can use I = jur 2 , with /u representing 
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the reduced mass of the molecule, to find the equilibrium separation of the atoms. 

(a) The vibrational energy levels are E v = (v + \ )hf, v = 0,1,2,... 

given by: 



The lowest vibrational energy 
corresponds to v- 0: 



E 0 =W 



Substitute numerical values and evaluate E Q : 



E Q = ^(6.63x 1(T 34 J • s)(8.66 x 10 13 Hz) = 2.87 x 10 20 J x 



1 



= 0.179eV 



1.6xlO _19 J/eV 



(b)ForA£ = ±l: 



AE e = 



m 2 



= £hAf 



Solve for /: 



/ = 



h 2 



h 2 



h 



hAf 47r 2 hAf An 2 Af 



Substitute numerical values and 
evaluate /: 



/ = 



6.63xl0~ 34 J-s 
4^- 2 (6xlO u Hz) 



2.80x10 47 kg- m 



(c) The moment of inertia of a HCL 
molecule is given by: 



I = jur 



Replace // by the reduced mass of a 
HC1 molecule and r by r 0 to obtain: 



m H m cl 2 

, 0 
m H +m cl 



Solve for r 0 : 



r o = 



m H +m cl l 



V m H m ci 



Substitute numerical values and evaluate r 0 : 



"lu + 34.453u~ 


(2.80xl0" 47 kg-m 2 ) 


(lu)(34.453u)_ 


1.66 xlO 27 kg/u 



0.132nm 
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Picture the Problem Let the numeral 1 refer to the H + and the numeral 2 to the CI ion. 
For a two-mass and spring system on which no external forces are acting, the center of 
mass must remain fixed. We can use this condition to express the net force acting on 
either the H + or Cl~ ion. Because this force is a linear restoring force, we can conclude 
that the motion of the object whose mass is m\ will be simple harmonic with an angular 
frequency given by CO = yjK eff / m, . Substitution for K eS will lead us to the result given 

in (b). 



If the particle whose mass is m\ 
moves a distance r x from (or 
toward) the center of mass, then the 
particle whose mass is m 2 must 
move a distance: 



Ar 2 = — -Afj from (or toward) the center 

m 2 

of mass. 



Express the force exerted by the 
spring: 



F = -KAr = -K{Ar x + Ar 2 ) 



Substitute for Ar? to obtain: 



-K 



= -K 



r \ 
Ar, + — Arj 

v m 2 j 



r 



m l +m 2 



\ 



Ar, 



V m 2 J 



A displacement An of m\ results in 
a restoring force: 



F = -K 



m l +m 2 

V m 2 J 



where K eS = K 



m 1 +m 2 

V m 2 > 



Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 



oo = 



or 



K 



eff 



in. 




Substitute for K e g and simplify to 
obtain: 




/ = 



or, because /u = 



V m i m 2 J 



m,m 2 

is the reduced 

m l + m 2 
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mass of the two-particle system, 

1 Ik 



f = 



2n V ju 



Solve for K: 



K = 4x 2 f 2 M = 47t 2 f 2 m " mc ' 

m H +m cl 



Substitute numerical values and evaluate K: 



_ 4^- 2 (8.66xl0 13 Hz) 2 (lu)(35.453u)(l.66xlQ- 27 kg/u) _ 
i ~ (lu + 35.453u) 



478 N/m 
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Picture the Problem 



We're given the population of rotational 
states function: 



f{i) = {2i+i) e - Ei/kT 

where 

E t =1(1 + l)£' 0r and E 0 



21 



The moment of inertia / of an 
oxygen molecule is given by: 



I = \mr 0 

where m is the reduced mass and r 0 is the 
separation of the atoms in a molecule. 



We'll assume, as in Example 
37-3, that: 



r 0 = O.lnm 



A spreadsheet program to p\otf{£) is shown below. The formulas used to calculate the 
quantities in the columns are as follows: 



Cell 


Formula/Content 


Algebraic Form 


Bl 


1.00E-10 


ro 


B2 


16 


m (u) 


B3 


2.66E-26 


m(kg) 


B4 


1.05E-34 


n 


B5 


1.38E-23 


k 


B6 


4.15E-23 


Ear 


B7 


100 


T(K) 


B8 


200 


T(K) 


B9 


300 


T(K) 


BIO 


500 


T(K) 


A13 


0 


£ 
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B13 


A13*(A13+1)*$B$6 


tit + i)E n 

\ /Or 


C13 


(2*A13 + 1)*EXP(-B13/($B$5*$B$7)) 


f(£, T= 100 K) 


D13 


(2*A13 + 1)*EXP(-B13/($B$5*$B$8)) 


f(£, J=200K) 


E13 


(2*A13 + 1)*EXP(-B13/($B$5*$B$9)) 


J{£, T = 300 K) 


F13 


(2*A13 + 1)*EXP(-B13/($B$5*$B$10)) 


f(£, J=500K) 





A 


B 


C 




1 


r_0= 


1.00E-10 


m 








2 


m= 


16 


u 








3 


m= 


2.656E-26 


kg 








4 


h_bar= 


1.05E-34 


J.s 








5 


k= 


1.38E-23 


J/K 








6 


E_0r= 


4.15E-23 


eV 








7 


T= 


100 


K 








8 


T= 


200 


K 








9 


T= 


300 


K 








10 


T= 


500 


K 








11 














12 


1 


E_l 


E_100 K 


E_200 K 


E_300 K 


E_500 K 


13 


0.0 


0.00E+00 


1.00 


1.00 


1.00 


1.00 


14 


0.5 


3.11E-23 


1.96 


1.98 


1.99 


1.99 


15 


1.0 


8.30E-23 


2.82 


2.91 


2.94 


2.96 


16 


1.5 


1.56E-22 


3.57 


3.78 


3.85 


3.91 


17 


2.0 


2.49E-22 


4.17 


4.57 


4.71 


4.82 
















29 


8.0 


2.99E-21 


1.95 


5.76 


8.26 


11.02 


30 


8.5 


3.35E-21 


1.59 


5.34 


8.01 


11.07 


31 


9.0 


3.74E-21 


1.27 


4.91 


7.71 


11.06 


32 


9.5 


4.14E-21 


1.00 


4.46 


7.36 


10.98 


33 


10.0 


4.57E-21 


0.77 


4.02 


6.97 


10.83 
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The following graph shows f(C) as a function of temperature. 

12 n 



10 





= 100 K 


T 




= 200 K 




= 300 K 




= 500 K 




4 6 
rotational quantum number I 



*36 

Picture the Problem For a two-mass and spring system on which no external forces are 
acting, the center of mass must remain fixed. We can use this condition to express the net 
force acting on either object. Because this force is a linear restoring force, we can 
conclude that the motion of the object whose mass is m\ will be simple harmonic with an 



angular frequency given by co = I— — . Substitution for k eif will lead us to the result 
given in (b). 



(a) If the particle whose mass is m, 
moves a distance An from (or 
toward) the center of mass, then the 
particle whose mass is ni 2 must 
move a distance: 



tn 

Ar 2 = — - Ar r from (or toward) the center 

m 2 

of mass. 



Express the force exerted by the 
spring: 



F = -kAr = -k{Ar x + Ar 2 ) 



Substitute for Ar? to obtain: 



F = -k 



Ar, H — L Ar, 
m 



i 





( , > 






m l +m 2 


Ar x 


-k 






V m 2 J 
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(b) A displacement An of m\ results 
in a restoring force: 



F = -k 



m, +m 



V m 2 J 



Ar x = -fcrffAr, 



where fc eff = A: 



mj +m 2 

v m 2 y 



Because this is a linear restoring 
force, we know that the motion will 
be simple harmonic with: 



co ■ 



or 




co 



1 



/=_ = _ pL 
2;r 2^" A) m. 



Substitute for k e tt and simplify to 
obtain: 



co 



1 



In In 
or, because // = 



f \ 
m l +m 2 

V m i m 2 



m,m 2 

is the reduced 



mass of the two-particle system, 




37 ••• 

Picture the Problem We can use the definition of the reduced mass to find the reduced 
mass for the H 35 C1 and H 37 C1 molecules and the fractional difference A/j/jU . Because the 

rotational frequency is proportional to III, where / is the moment of inertia of the system, 
and / is proportional to /u, we can obtain an expression for/ as a function of // that we 
differentiate implicitly to show that Af / f = —Aju/jU . 



For H 35 C1: 



(35u)(lu) _ 35 
35u + lu 36 



0.9722 u 



For H 37 C1: 



(37u)(lu) 37 

u = — — - = — u = 

37u+lu 38 



0.9737 u 



The fractional difference is: 



37 35 



A M _ 38 



u 



36 



u 



2 



35 37 ^ 

U H U 

36 38 



J 



36x37-35x38 

36x38 
35x38 + 36x37 

2(36)(38) 



0.00150 
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The rotational frequency is 
proportional to III, where / is the 
moment of inertia of the system. 
Because / is proportional to ju: 



f 



and 



C 



df = -CjU 2 d/j 



Divide dfbyfto obtain: 



df _ d{j_ ^ Af ^ A// 



/ 



f 



From Figure 36-17: 



Af » 0.01x10° Hz = 10 11 Hz 



For/=8.40xl0 13 Hz: 



Af ^ 10" Hz 
~J~ 8.40xl0 13 Hz 



0.00119 



This result is in fair agreement (about 21% difference) with the calculated 
result. Note that Af is difficult to determine precisely from Figure 36-17. 



General Problems 



38 



Picture the Problem We can use the definition of the reduced mass to show that when 
one atom in a diatomic molecule is much more massive than the other the reduced mass 
is approximately equal to the mass of the lighter atom. 



Express the reduced mass of a two- 
body system: 



m 1 +m 2 



Divide the numerator and 
denominator of this expression by 
m 2 to obtain: 



in. 



nu 



If m 2 » mi, then: 



— L «l and 



ju « m l 



39 



Picture the Problem The rotational energy levels are given by 



21 



-,£ = 0,1,2,.... 



Express the energy difference 
between these rotational energy 



AE l2 — E 2 E l 
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levels: 

Express E 2 and E\ : 



2(2 + 1)^ 2 _3H 2 



21 



and 



_l(l + l)ft 2 _h 2 



21 



Substitute to obtain: 



AE h2 = 



3h 2 h A 



2h 2 



The moment of inertia of the 
molecule is: 



I = jur 0 

where ju is the reduced mass of the 
molecule. 



Substitute for / to obtain: 



AE l2 = 



2h d 



2h 2 



//< m c m 0 2 
m c + m Q 



2fi 2 (m c +m 0 ) 



m c m 0 r 0 



Substitute numerical values and evaluate AE\ 2- 



1.2 



2(l.055xlQ' 34 J-s) 2 (l2u + 16u) 1.53xlO" 22 J 
(I6u)(l2u)(0.113nm) 2 (l.66xl0" 27 kg/u) ~ 1 .6 x 10" 19 J/eV 



= 0.955 meV 



*40 » 

Picture the Problem We can use the result of Problem 36 to find the frequency of 
vibration of the HF molecule. 



In Problem 36 it was established 
that: 



/ = 



2n y ju 



The reduced mass is: _ m H m F 



m H + m F 
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Substitute for // to obtain: 



/ = 



2n 



m H m F 



1 lk(m H +m F ) 
2k v m„m B 



m H +m F 



Substitute numerical values and evaluate/: 



J_ I (970N/m)(lu + 19u) 
2;r y (lu)(l9u)(l.66xl(r 27 kg/u) 



1.25xl0 14 Hz 



41 •• 

Picture the Problem We can use the result of Problem 36 to find the effective force 
constant for NO. 



In Problem 36 it was established 
that: 



/ 



_L \!l 

2n v ju 



Solve for k: 



k = 47V 2 f 2 jU 



The reduced mass is: 



m N +m 0 



Substitute for // to obtain: 



k = 



4x 2 f 2 m N m 0 
m N +m 0 



Substitute numerical values and evaluate k: 



k = 



4^ 2 (5.63xl0 13 s' 1 ) 2 (l4u)(l6u)(l.66xl0' 27 kg/u) 
14u + 16u 



1.55kN/m 



42 

Picture the Problem We can use the expression for the vibrational energy levels of a 
molecule and the expression for the frequency of oscillation from Problem 36 to find the 
four lowest vibrational levels of the given molecules. 

The vibrational energy levels are E v = (v + ^jhf, v = 0,1,2,... 

given by: 



In Problem 36 we showed that the 
frequency of oscillation is: 



2n \ /j 
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where 



Substitute for/ and // to obtain: 



_ (v + \)h \{m x +m 2 )k 



2n A) mjm 2 



Substitute numerical values to obtain: 



(v + j)(4.136xlO' 15 eV-s) I 580 N/m J K+mJ 
2;r A|1.661xl0" 27 kg/u V m,m 2 



= (v + i)(0.389eV.u)|5±3 
Y mjm 2 



Substitute for m, and m 2 and evaluate E Q for H 2 : 



£ n =i(0.389eV-u) ^. lu . + . lu j = 0,275 eV 



Proceed similarly to complete the 
table to the right: 





H 2 


HD 


D 2 




(eV) 


(eV) 


(eV) 


0 




0.275 






0.238 






0.195 




1 




0.825 






0.715 






0.584 




2 




1.375 






1.191 






0.973 




3 




1.925 






1.667 






1.362 





The energies of the photons 
resulting from transitions between 
adjacent vibrational levels of these 
molecules are given by: 



AE = hf 



he 

T 



Solve for A: 



A = 



he 
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Evaluate /t(H 2 ): 



Evaluate /t(HD): 



Evaluate 1(D 2 ): 



A{D 2 ) = 



1240eV-nm 
0.550eV 

1240eV-nm 
0.477 eV 

1240eV-nm 
0.389eV 



2.25 jum 



2.60 jum 



3.19//m 
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Picture the Problem We can set the derivative of the potential energy function equal to 
zero to find the value of r for which it is either a maximum or a minimum. Examination 
of the second derivative of this function at the value for r obtained from setting the first 
derivative equal to zero will establish whether the function is a relative maximum or 
relative minimum at this point. 



Differentiate the potential energy 
function with respect to r. 






12 


-2 













-12 



Set the derivative equal to zero: 



dU 
dr 



f V 1 
a 



12 

0 for extrema 



v r oy 



-12 



f A 5 
a 



v r oy 



Solve for r 0 to obtain, as our 
candidate for r that minimizes the 
Lenard- Jones potential: 



To show that r 0 = a corresponds to a 
minimum, differentiate U a second 
time to obtain: 



d'U d U n 



dr dr 



12 





ii 




-12 









u 

r' 



132 





10 




-60 









Evaluate this second derivative of 
the potential at r Q = a: 



d 2 U 



dr 2 



-^o[l 32 -60] = ^>0 



a 



a 



Therefore, we can conclude that r 0 = a 
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minimizes the potential function. 



Evaluate U m \„: 



U mm =U(a) = U 0 





12 


-2 




Uv 









From Figure 37-4: 



and 



0.074 nm 



4.52eV 
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Picture the Problem We can use Equation 21-10 to establish the dependence of E on x 
and the dependence of an induced dipole on the field that induces it to establish the 
dependence of p and U on x. 



(a) In terms of the dipole moment, 
the electric field on the axis of the 
dipole at a point a great distance 
pel away has the magnitude (see 

Equation 21-10): 



E = 



2kp 



or 



E oc 



(b) Because the induced dipole 
moment is proportional to the field 
that induces it: 



p cc 
and 

U =-p E oc 



(c) Differentiate U with respect to x 
to obtain: 



_ dU 
b = oc 

dx 



x 



45 

Picture the Problem the case of two polar molecules, p does not depend on the field E. 



Because p does not depend on the 
electric field in which the polar 
molecules find themselves: 
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Differentiate U with respect to x to 
obtain: 



F = ■ 



dU 

dx 



oc 



46 

Picture the Problem We can use the expression for the vibrational and rotational 
energies of a molecule, in conjunction with Figure 37-17 to find E 0r ,f and hf. 



(a) Except for a gap of 4E 0l Jh at the 
vibrational frequency/, the 
absorption spectrum contains 
frequencies equally spaced at: 



f _ 2E 0r 
h 



Solve for E n 



E 0r =W 



From Figure 37-17: 



/ =8.66xl0 13 Hz 



Substitute numerical values and evaluate En, ■: 



E, = {(6.63 x 10" 34 J • s)(8.66 x 10 13 Hz) = 2.87 x 1(T 20 J x 

0r 2V A ' 1.6x10"' 



= 0.179eV 



J/eV 



(b) The vibrational energy levels are 
given by: 



E v =(v + ±)hf, v = 0,1,2, 



The lowest vibrational energy 
corresponds to v- 0: 



E 0 =W 
and 

hf = 2E 0 



(1) 



Determine/ from Figure 37-17: 



/ = 



8.66xl0 13 Hz 



Substitute for/ and h and evaluate E 0 : 



E 0 = {(6.63 x 10" 34 J • s)(8.66 x 10 13 Hz) = 2.87 x 10 20 J : 



1 



1.6xlO" 19 J/eV 



= 0.179 eV 



Substitute in equation (1) and 
evaluate hf: 



hf = 2(0.179eV) = 



0.358eV 
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Picture the Problem We can find the reduced mass of CO and the moment of inertia of a 
CO molecule from their definitions. The energy level diagram for the rotational levels for 
I = 0 to £ = 5 can be found using AE f M = 2£E 0r . Finally, we can find the wavelength 

he he 

of the photons emitted for each transition using A 



u-i 



(a) Express the moment of inertia of 
CO: 



/ =//r 0 

where ju is the reduced mass of the CO 
molecule. 



Find /j: 



m c m 0 (I2u)(l6u) 
ju = — = — — /v ; ' = 6.86 u 



12u + 16u 



In Problem 39 it was established that r 0 = 0. 1 13 nm. Use this result to evaluate /: 



/ = (6.86 u)(l .66 x 1(T 27 kg/u)(0. 1 13 nm) 2 = I 1 .45 x 10" 46 kg • m 



The characteristic rotational energy 
Z?or is given by: 



21 



Substitute numerical values and evaluate E t 



Or- 



_ (6.58xl0" 16 eV-s) 2 (l.6xl0" 19 J/ev)_ 
0r ~ 2(1.45x10"^ kg-m 2 ) " 



0.239 meV 
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(b) The energy level diagram is 
shown to the right. Note that AE tJ -i, 
the energy difference between 
adjacent levels for A£ = -1, is 



< = 5,E = 2.14 meV- 



e = 4, E = 4.76meV- 



t = 3,E = 2.86 meV - 



€ = 2,E = 1.43 meV- 



e = 1, E = 0.476 meV 
C = 0, E = 0 



E 



(c) Express the energy difference 
AE f f _ x between energy levels in 

terms of the frequency of the 
emitted radiation: 



Because c = f t t _ x k t t _ x 



he he 



AE ejM 2£AE 0r 



Substitute numerical values to obtain: 



_ (4.136xl0' 15 eV-s)(3xl0 8 m/s)_ 2596/mi 
2^(0.239meV) ~ £ 



For^= 1: 



Ko - 



2596 fjm 

_ 



2596 fjm 



For 1 = 2: 



2596 fjm 



1298 jum 



For 1 = 3: 



2596 fjm 



865 jum 
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For I = 4: 



A 



2596 /en 



'4.3 



649 jum 



For ^ = 5: 



^5,4 - 



2596 jum 



519/zm 



These wavelengths fall in the microwave region of the spectrum. 
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Picture the Problem The wavelength resulting from transitions between adjacent 

2tt c 

harmonic oscillator levels of a LiCl molecule is given by A = . We can find an 

CO 

expression for a> by following the procedure outlined in the problem statement. 



The wavelength resulting from 
transitions between adjacent 
harmonic oscillator levels of this 
molecule is given by: 



A = 



he he 2k c 



AE hco 



CO 



(1) 



From Problem 24 we have: 



ke 1 C 



U{r) = + — , where AE 



is constant. 



The Taylor expansion of U(r) 
about r = r 0 is: 



U{r) = u{r 0 )+ 
1 



+ - 



fdU) 
I dr ),. 

r d 2 U} 
V ^ 2 , 



(r~r 0 ) 



(r-r 0 f + ... 



Because U(r 0 ) is a constant, it can 
be dropped without affecting the 
physical results and because 



V dr j. 



0: 



u( r y 



(2) 



Differentiate U(r) twice to obtain: 

Because dUldr = F net = 0 at 
r-r 0 : 



d 2 U 
dr 2 



ke 



nC ke° 

0 = -^r+^ 



'o 



1258 Chapter 37 
Solving for C yields: 



_ ke r 0 _ ke r 0 
nr Q n 



Substitute for C and evaluate 
to obtain: 



f d 2 U 



dr l 



( d 2 U^\ _ ke 2 i ,\ n(n-l)ke 

j 2 „3 V / „«+2 

v"' y 



'b 



fe 2 



(n-1) 



Substitute for 
equation (2): 



in 



(„-l) 



Because the potential energy of a 
simple harmonic oscillator is given 
by ^sho =\mQ} 2 (r-r a ) 2 : 



1 2( \2 1 

— moo \r — r n I « — 

2 2 



fe> 2 



(n-l) 



Solve for wto obtain: 



Substitute // LiC i for m to obtain: 



CO « 



(n-l)k£ 



1 



(n - l)fce 



"*Li OT Cl r 3 

m u +m cl ° 



|(n-l)(m Li +OT cl Xe 2 



m Li m cl r 0 



(3) 



From Problem 24: 



n = 



^ep('-o) 



(4) 



?7 rep is related to U e , E A , and AZ? 
according to: 



U re =-{U e + E d +AE) 



(5) 



The energy needed to form Li + and 
Cl~ from neutral lithium and 
chlorine atoms is: 



AF = F - F 

'-"-^ ionization electron affinity 

= 5.39eV-3.62eV = 1.77eV 



U e (r 0 ) is given by: 



U=- 



ke 2 1.44eV •nm 
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Substitute r 0 and evaluate U e : 



1.44eV.nm = _ 713eV 
0.202 nm 



Substitute numerical values in 
equation (5) and evaluate £/ rep : 



U iep =-(-7.13eV + 4.86eV + 1.77eV) 



= 0.500eV 



Substitute for £/ rep (ro) and U e (r 0 ) in 
equation (4) and evaluate n: 



-7.13eV 

n = l - L = 14.3 

0.500eV 



Substitute numerical values in equation (3) and evaluate co\ 



CO 



l (14.3 - 1)(6.941 u + 35.453 u)(l .44eV • nm)(l .60 x 10 19 J/eV) 
~"\| (6.941u)(35.453u)(l.66xl0" 27 kg/u)(0.202nm) 3 



1.96xl0 14 s _1 



Substitute numerical values in 
equation (1) and evaluate A: 



A 



_ 2;r(3xlQ 8 m/s) _ 
1.96xl0 14 s _1 



9.62 /urn 
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Chapter 38 

Solids and the Theory of Conduction 



Conceptual Problems 
1 

Determine the Concept The energy lost by the electrons in collision with the ions of the 
crystal lattice appears as Joule heat (I 2 R). 

*2 

Determine the Concept The resistivity of brass at 4 K is almost entirely due to the 
"residual resistance, " the resistance due to impurities and other imperfections of the 
crystal lattice. In brass, the zinc ions act as impurities in copper. In pure copper, the 
resistivity at 4 K is due to its residual resistance, which is very low if the copper is very 
pure. 



3 



A- </>2 



Picture the Problem The contact potential is given by V^^, = , where $ and tjh 

e 

are the work functions of the two different metals in contact with each other. 

(a) Express the contact potential in y _ A ~ < t > 2 

terms of the work functions of the ' ' e 

metals: 



Examining Table 38 - 2, we see that the greatest difference between the work 
functions will occur when potassium and nickel are joined. 



(b) Substitute numerical values and evaluate V c , 



(5.2eV - 2. leV)(l.60x IP" 19 J/ev) 



3.10V 



contact 1.60X10~ 19 C 



4 

Picture the Problem The contact potential is given by V^,^, = — — — , where $ and tjy, 

e 

are the work functions of the two different metals in contact with each other. 

(a) Express the contact potential in y _ A ~ ( t ) i 

terms of the work functions of the e 
metals: 



1261 



1262 Chapter 38 



Examining Table 38 - 2, we see that the least difference between the work 
functions will occur when silver and gold are joined. 



(b) Substitute numerical values and evaluate V a 



v., 



_ (4.8eV-4.7eV)(l.60xlCr 19 J/ev) _ 
~ 1.60xl(T 19 C " 



0.100V 



Determine the Concept If the valence band is only partially full, there are many 
available empty energy states in the band, and the electrons in the band can easily be 



raised to a higher energy state by an electric field. (c)is correct. 



Determine the Concept Insulators are poor conductors of electricity because there is a 
large energy gap between the full valence band and the next higher band where electrons 
can exist. 



(Z?)is correct. 



7 

(a) True 

(b) False. The classical free-electron theory predicts heat capacities for metals that are not 
observed experimentally. 

(c) True 

(d) False. The Fermi energy is the energy of the last filled (or half-filled) level at T = 0. 

(e) True 
(/) True 

(g) False. Because semiconductors conduct current by electrons and holes, their 
conduction is in both directions. 

*8 • 

Determine the Concept The resistivity of copper increases with increasing temperature; 
the resistivity of (pure) silicon decreases with increasing temperature because the number 
of charge carriers increases. 



Determine the Concept Because a gallium atom can accept electrons from the valence 



band of germanium to complete its four covalent bonds, (b)is correct. 
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10 • 

Determine the Concept Because phosphorus has 3 electrons that it can donate to the 
conduction band of germanium without leaving holes in the valence 

band, (d) is correct. 



11 • 

Determine the Concept The excited electron is in the conduction band and can conduct 
electricity. A hole is left in the valence band allowing the positive hole to move through 
the band also contributing to the current. 



12 • 

Determine the Concept 



(a) Phosphorus and antimony will make n-type semiconductors since each has one more 
valence electron than silicon. 



(b) Boron and thallium will make p-type semiconductors since each has one less valence 
electron than silicon. 



13 • 

Determine the Concept Because a pn junction solar cell has donor impurities on one 
side and acceptor impurities on the other, both electrons and holes are 

created. (c)is correct. 



Estimation and Approximation 



14 • 

Picture the Problem We can use the list of tables on the inside back covers of volumes 1 
and 2 to find tables of material properties. A representative sample is included in the 
following table in which all the units are SI: 



Table 


Material property 


Largest 
value 


Smallest 
value 


Ratio (order of magnitude) 


13-1 


Mass density 


22.5xl0 3 
(Osmium) 


0.08994 
(Hydrogen) 


10 5 


20-3 


Thermal 
conductivity 


429 
(Ag) 


0.026 
(air) 


10 4 


20-1 


Thermal expansion 


51xl0 _6 
(ice) 


10" 6 
(invar) 


10 2 


12-8 


Tensile strength 


520 
(steel) 


2 

(concrete) 


10 2 
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12-8 


Young's modulus 


200 


9 


10 






(steel) 


(bone) 




18-1 


Heat capacity 


4.18 


0.900 


1 






(water) 


(Al) 





15 • 

Picture the Problem Figure 38-21 is reproduced below. We can draw tangent lines at 
each of the voltages and estimate the slope. The differential resistance is the reciprocal of 
the slope. 





(, mA 


-30 / 

/ Forward 

-20 / biaS 


Breakdown 






voltage 

/ 30 20 


=45= — 


-10 / 

i i i i 




10 


0.2 0.4 0.6 0.8 1.0 V,V 


Reverse 






bias 


2H 






30 





V(V) 
-20 
+0.2 
+0.4 
+0.6 
+0.8 



1/slope (Q) 



GO 



40 



20 



10 



E 



Remarks: Note that, because of the difficulty in determining the slopes, these results 
are only approximations. 
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The Structure of Solids 
16 • 

Picture the Problem We can use the geometry of the ion to relate the volume per mole 
to the length of its side r 0 and the definition of density to express the volume per mole in 
terms of its molar mass and density. 

Because the cube length/ion is r 0 , V - IN r 3 

, . 7 . V mol — z,iv A'O 

the volume/mole is given by: 



Solve for r 0 : fy 

' mol 



r o=li 



2N A 



The volume/mole is given by: M 

^mol 

P 



where M is the molar mass of KC1. 



Substitute for V mo] in the expression \ 
for r 0 : r 0 



2pN A 



Substitute numerical values and evaluate r 0 : 



0.315nm 



74.55 g/mol 
r ° ~ \ 2(l .984g/cm 3 )(6.02 x 10 23 particles/mol) 

17 • 

Picture the Problem We can use the definition of density and the geometry of the ions to 
compute the density of LiCl. 

The density of LiCl is given by: M t D 

V 

unit cell 

Express the volume of the unit cell: t/ _ (9 V 

K unit cell — V-'OJ 

Because the unit cell has four 4M 
molecules, its mass is given by: ^unitceii 



Substitute for Knit cell and M unit ce]] to 4M 
obtain: 



p - — ^ - 



(2r 0 ) 3 N A (2rJ 



Substitute numerical values and evaluate p: 
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P = 



4(42.4g/mol) 



(6.02 x 10 23 particles/mol)[2(0.257 x 1(T 9 m)] 



r = 2.07xl0 6 g/m 3 x 



' 1 v 3 
lm 



v 10 2 cm y 



2.07 g/cm 3 



*18 • 

Picture the Problem We can solve Equation 38-6 for n 
Equation 38-6 is: 



U(r Q )=- 


ke 2 
-a 


f 

1- 




r o 


V 


n) 


and 








P{r Q )\ = 


ke 2 
a 


r 

1- 


P 






n) 



Solve for n to obtain: 



U{r 0 )\r 



ake 



Substitute numerical values and evaluate n: 

1 



n = 



(741kJ/mol) 



1 eV/ion pair 
96.47 kJ/mol 



4.64 



(0.257 nm) 



(l.7476)(l.44eV • nm) 

19 

Picture the Problem We can substitute numerical values in Equation 38-6 to evaluate 
U(r 0 ) for n = 8 and n = 10. 



(a) Equation 38-6 is: 



U{r 0 ) = -a 



ke 



r 1 \ 



r 0 V nj 



Substitute numerical values and evaluate U(r Q ): 

r ^ j _ (l .7476)(8.99 x 10 9 N • m 2 /C 2 )(l.60x 10 19 j) 2 



U 



0.208 xl0~ 9 m 



' lY leV 

V 8y 



1.60xlO~ I9 J 



= -10.6eV 



(b) The fractional change is given by: AC/(r 0 ) _ U n=w -U n=& _ U n=l0 



U{r 0 ) 



U 
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Substitute numerical values and evaluate U(r 0 ) for n = 10: 
U„-_ l0 (r o ) 



(l.7476)(8.99 x 10 9 N • m 2 /C 2 )(l .60 x 10 19 j) 2 
0.208 xlCT 9 m 
= -10.9eV 



I 10J 



leV 



1.60xl0 _19 Jy 



■2.83% 



Substitute numerical values and evaluate At/(r 0 ) — 10.9eV 
the fractional change in U(r Q ) : = _iQ.6eV ~ 1 

A Microscopic Picture of Conduction 



20 • 

Picture the Problem We can use the expression for the volume occupied by one electron 
to show that r 



f 3 V* 



y4^"n j 



(a) The volume occupied by one 
electron is: 



1 4 3 

— = — 7rr s 
n 3 



Solve for r s : 



f 3 NV3 



v 4^"n j 



(Z?)From Table 38-1: 



n Cu =8.47xl0 28 m" 3 



Substitute numerical values and 
evaluate r s for copper: 



4;r(8.47xl0 28 m -3 ) 



0.141nm 



21 • 

Picture the Problem We can use the expression for the resistivity of the copper in terms 
of v av and A to find the classical value for the resistivity p of copper. In (b) we can use 



v = 



3kT 



to relate the average speed to the temperature. 



(a) In terms of the mean free path 
and the mean speed, the resistivity 
is: 



1268 Chapter 38 



Substitute numerical values and evaluate p (see Table 38-1 for the free-electron number 
density of copper): 



(9.11xlQ' 31 kg)(l.l7xlQ 5 m/s) 
(8.47 xlO 28 m" 3 )(l.60xl0 19 c) 2 (0.4nm) 



0.123 f£l-m 



(b) Relate the average speed of the 
electrons to the temperature: 



3kT 



Substitute for v av in the expression 
for pto obtain: 



P 



3kT 



—^-^3m e kT 
ne A 



Substitute numerical values and evaluate p: 



P- 



^3(9. 1 1 x 1(T 31 kg)(l .38 x 1(T 23 J/k)(100 k) 
(8.47 xlO 28 m" 3 )(l.60xlO" I9 c) 2 (0.4nm) 



0.0708 pO. ■ m 



*22 

Picture the Problem We can use Equation 38-14 to estimate the resistivity of silicon. 
(a) From Equation 38-14: 



P = 



ne 2 A 



(1) 



The speed of the electrons is given by: 



2E C 



Substitute numerical values and 
evaluate v, • 



2(4.88 eV) 1.60x10 19 J 
^^.llxKrtg) leV 

= 1.31xl0 6 m/s 



The electron density of Si is given by: 



n =MN N 

where A^ atom is the number of electrons per 
atom. 



Substitute numerical values and evaluate n e 



n, = 



2.41x10 



V 



kg 

m 3 y 



6.02 xl0 /J atoms 
0.02809 kg 



2e 
atom 



= 1.03xl0 29 e/m 



Substitute numerical values in equation (1) and evaluate p: 
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1.66x10 8 Q-m 



(9.11xl(T 31 kg)(l.31xl0 6 m/s) 
(l .60 x 10 19 C) 2 (l .03 x 10 29 e/m 3 )(27.0 x 10 9 m) 

(b) The accepted resistivity of 640 Q-m is much greater than the calculated value. We 
assume that valence electrons will produce conduction in the material. Silicon is a 
semiconductor and a gap between the valence band and conduction band exists. Only 
electrons with sufficient energies will be found in the conduction band. 

The Fermi Electron Gas 



23 • 

Picture the Problem The number density of free electrons is given by n = pN A lM , 
where Na is Avogadro's number, pis the density of the element, and M is its molar mass. 

Relate the number density of free n _ p _^ _ pN A 

electrons to the density p and molar iV A M M 

mass M of the element: 



(a) For Ag: 



l Ag 



_ (l0.5g/cm 3 )(6.02xlQ 23 electrons/mol) _ 
107.87 g/mol 



5.86 x 10 22 electrons/cm" 



(b) For Au: 



«Ag = 



(l9.3 g/cm 3 )(6.02 x 10 23 electrons/mol) 
196.97 g/mol 



5.90xl0 22 electrons/cm' 



Both these results agree with the values in Table 38 - 1 . 



24 • 

Picture the Problem The number of free electrons per atom n e is given by 

n e = nM I pN A , where N\ is Avogadro's number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 

The number of free electrons per nM 

n e = 

atom is given by: pN A 



Substitute numerical values and evaluate n e : 
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_ (l8.1x 10 22 electrons/cm 3 )(26.98g/mol) _ 
(2.7g/cm 3 )(6.02xl0 23 electrons/mol) 



3.00 



25 • 

Picture the Problem The number of free electrons per atom n e is given by 

n e = nM I pN A , where N\ is Avogadro's number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 



The number of free electrons per 
atom is given by: 



n = 



nM 



Substitute numerical values and evaluate n e : 



(l4.8 x 10 22 electrons/cm 3 )(l 1 8.69 g/mol) 
(7.3g/cm 3 )(6.022 x 10 23 electrons/mol) 



4.00 



*26 • 

Picture the Problem The Fermi temperature T F is defined by kT F = E F , where E F is the 
Fermi energy. 



The Fermi temperature is given by: 



(a) For Al: 



11.7eV 



8.62xl0" 5 eV/K 



1.36xl0 5 K 



(b) For K: 



2.1 leV 



8.62xl0~ 5 eV/K 



2.45xl0 4 K 



(c) For Sn: 



10.2eV 



8.62xlO" 5 eV/K 



1.18xl0 5 K 



27 • 

Picture the Problem We can solve the expression for the Fermi energy for the speed of a 
conduction electron. 



Express the Fermi energy in terms 
of the Fermi speed a conduction 
electron: 



771 1 2 

iS F — 2 m e U F 
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Solve for u F : 



2£ c 



(a) Substitute numerical values (see 
Table 38-1 for E P ) and evaluate u F 
for Na: 



| 2(3.24eV)(l.60xl(r 19 J/eV) 
9.11x10 31 kg 



1.07 xlO 6 m/s 



(b) Substitute numerical values and 
evaluate w F for Au: 



(2(5.53eV)(l.60xlQ-' 9 J/eV) 



9.11x10 31 kg 



1.39xl0 6 m/s 



(c) Substitute numerical values and 
evaluate u F for Sn: 



l 2(l0.2eV)(l.60xl0 19 J/eV) 
""J 9.11xl0~ 31 kg 



= 1.89xl0 6 m/s 



28 



Picture the Problem The Fermi energy at T = 0 depends on the number of electrons per 
unit volume (the number density) according to E F = (o.365eV • nm 2 )(/V/V) 2 ^ 3 . 



The Fermi energy at T = 0 is given 
by: 



..^2/3 

E F =(0.365eV-nm 2 )( J 



V 



(a) For Al, N/V= 18.1xl0 22 electrons/cm 3 (see Table 38-1) and: 

E F =(0.365eV-nm 2 )(l8.1xl0 22 electrons/cm 3 f 3 = 



11.7eV 



(b) For K, N/V= 1.4xl0 22 electrons/cm J and 



E F = (0.365eV- nm 2 )(l .4 xlO 22 electrons/cm 3 f 3 = 



2.12eV 



(c) For Sn, NIV= 14.8xl0 22 electrons/cm 3 and: 



E F = (0.365eV ■ nm 2 )(l4.8 x 10 22 electrons/cm 3 ) 



,2/3 



10.2eV 



1272 Chapter 38 



29 • 

Picture the Problem The average energy of electrons in a Fermi gas at T = 0 is three - 
fifths of the Fermi energy. 



The average energy at T = 0 is given 
by: 



T7 — 1 17 

C av 5 F 



(a) For copper, E F = 7.04 eV (see 
Table 38-1) and: 



£ av =(0.6)(7.04eV) = 



4.22eV 



(b) For lithium, E F = 4.75 eV and: E av = (0.6)(4.75 eV) ; 



2.85eV 



30 



Picture the Problem The Fermi energy at T = 0 is given by 

E F = (o.365 eV • nm 2 )(N/V J^ 2 , where NIV is the free-electron number density and the 
Fermi temperature is related to the Fermi energy according to kT F = E F . 



(a) The Fermi temperature for iron 
is given by: 



T - 

k 



Substitute numerical values (see 
Table 38-1) and evaluate T F : 



11.2eV 



8.62xlO" 5 eV/K 



1.30xl0 5 K 



(b) The Fermi energy at T = 0 is 
given by: 



E ¥ =(0.365eV-nm 2 ) 



N 
V 



3/2 



Substitute numerical values (see Table 38-1) and evaluate E F : 



E F =(0.365eV-nm 2 )(l7.0xl0 22 electrons/cm 3 f 3 = 



11.2eV 



*31 

pN N 

Picture the Problem We can use n e = pV = — 35221 , where A^ a tom is the number of 

m 

electrons per atom, to calculate the electron density of gold. The Fermi energy is given 
by Zip = {m £ Vp. 



(a) The electron density of gold is 
given by: 



n e =pV = 



m 



Substitute numerical values and evaluate n e : 
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19.3 x 10 3 (6.02 x 10 23 atoms) 
m J \ 



le 



0.197 kg 

(b) The Fermi energy is given by: / 
Substitute numerical values and evaluate E F : 



latom 



5.90xl0 28 e/m 



E F =1(9.1 Ixl0- 31 kg)(l.39xl0 6 m/s) 2 



leV 



v 1.60xl0 19 Jy 



5.50eV 



(c) The factor by which the Fermi 
energy is higher than the kT energy 
at room temperature is: 

At room temperature 

kT = 0.026 eV. Substitute numerical 

values and evaluate/: 



E 

f = 

kT 



f = 



5.50 eV 
0.026 eV 



212 



(d) E F is 212 times kT at room temperature. There are so many free electrons present that 
most of them are crowded, as described by the Pauli exclusion principle, up to energies 
far higher than they would be according to the classical model. 

*32 

Picture the Problem We can solve PV = f NE av for P and substitute for E. dV in order to 
express P in terms of N/V and E F . 



Solve PV = iNE„, forP: 



Because E„, =\E„; 

av j r 



P = 



P = 



2 




















3 










2 






_ 2 














3 






~~5 





Substitute numerical values (see Table 38-1) and evaluate P: 



p = -(8.47 x 10 22 electrons/cm 3 )(7.04eV)(l.60x 10" 19 J/ev) 



3.82xl0 I0 N/m 



3.82xl0 10 N/m 2 x 



latm 



101.325 xl0 3 N/m 2 



= 3.77xl0 5 atm 



1274 Chapter 38 



33 

Picture the Problem We can follow the procedure given in the problem statement to 

show that P = = CV- 5/3 and B = 5 -P = 2 ^ 

5V 3 3V 



(a) From Problem 32 we have: 
Because K = 4 EL : 

av j f 



PV = ^NE m 



2 


'AT 




_ 2 


'AT 












3 






~ 5 





(1) 



The Fermi energy is given by: 



h 2 




2/3 


h 2 




8m e 


\xV J 




8m e 


v ^ J 



2/3 



1/ 



-2/3 



Substitute to obtain: 



P = 



8m„ 



2/3 



AWf3^ 2/3 



20m e 
where C = 



7V 5/3 /* 2 ( 3 



20m 



v 

y- 5 /3 = 

f-f 



-2/3 



cy 



-5/3 



is a constant. 



(&) The bulk modulus is given by: 



b = -v— = -v— [cy 5/3 l 
jy jy L J 



-cv 



= 5 -p 

3 



-V 



-8/3 



-CV 



-5/3 



Substitute for P from equation (1) to 
obtain: 



B = 



~2 








2 






5 








3 


kV j 





(c) Substitute numerical values and evaluate B for copper: 
B = | (8.47 x 10 22 electrons/cm 3 )(7.04eV)(l.60x 10 19 J/eV) = 



63.6xl0 9 N/m 2 



From Table 13-2: 



B Cu = 140 GN/nT 
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Divide the calculated value for B by 
the value from Table 13-2 to obtain: 



B 63.6 GN/m 2 



or 
B 



Ca 



140 GN/m 2 



= 0.455 



0.4545, 



Cu 



34 



Picture the Problem The contact potential is given by V 



<t>\-<t>2 



, where <f>\ and tjh 



are the work functions of the two different metals in contact with each other. 



The contact potential is given by: 



01-02 



(a) For Ag and Cu (see Table 38-1): 



VL 



_ (4.7eV-4.1eV)(l.60xl0 19 J/ev) _ 
~ 1.60x10 19 C ~ 



0.6V 



(b) For Ag and Ni: 



VL 



(5.2eV-4.7eV)(l.60xl0 19 J/ev) 
1.60x10 19 C 



0.5V 



(c) For Ca and Cu (see Table 38-1): 



VL 



(4.1eV-3.2eV)(l.60xlQ' 19 J/ev) 
1.60x10 19 C 



0.9V 



Heat Capacity Due to Electrons in a Metal 

*35 

Picture the Problem We can use Equation 38-29 to find the molar specific heat of gold 
at constant volume and room temperature. 

The molar specific heat is given by n 2 
Equation 38-29: c v = — — — 

The Fermi energy is given by: E F 

A: 



1276 Chapter 38 



Substitute for T P to obtain: 



7T RkT 
2£ c 



Substitute numerical values and evaluate c \, 



7T 2 (8.31 J/mol K)(l.38x 10~ 23 J/mol) 



' leV ^ 



1.60x10 19 J 



(300 K) 



2(5.53 eV) 



= 0. 192 J/mol -K 



Remarks: The value 0.192 J/mol K is for a mole of gold atoms. Since each gold atom 
contributes one electron to the metal, a mole of gold corresponds to a mole of 
electrons. 

Quantum Theory of Electrical Conduction 

36 • 

Picture the Problem We can solve the equation giving the resistivity of a conductor in 
terms of the mean free path and the mean speed for the mean free path and use the Fermi 
speeds from Problem 27 as the mean speeds. 



In terms of the mean free path and 
the mean speed, the resistivity is: 



P 



ne l A 



Solve for A to obtain: 



A = meVav 



ne 2 p 



From Problem 27 we have: 



// FNa =1.07xl0 6 m/s 
jU FAu =1.39xl0 6 m/s 
and 

jU FSn =1.89xl0 6 m/s 



Using the Fermi speeds as the average speeds, substitute numerical values and 
evaluate the mean free path of Na: 



^Na - 



(9.11x10 31 kg)(l.07xlQ 6 m/s) 



(2.65 x 10 22 electrons/cm 3 )(l .60x 10 19 c) 2 (4.2 juD. ■ cm) 



34.2 nm 
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Proceed as above for Au: 

(9.11x10 31 kg)(l.39xlQ 6 m/s) 



(5.90 x 10 22 electrons/cm 3 )(l. 60 x 10 19 c) 2 (2.04 juD. ■ cm) 



41.1nm 



Proceed as above for Sn: 

(9.11xl0' 3 'kg)(l.89xlQ 6 m/s) 



(l4.8 x 10 22 electrons/cm 3 )(l .60x 10 ~ 19 c) 2 (l0.6 j£l ■ cm) 



4.29 nm 



*37 

Picture the Problem We can solve the resistivity equation for the mean free path and 
then substitute the Fermi speed for the average speed to express the mean free path as a 
function of the Fermi energy. 

(a) In terms of the mean free path _ m e v a v _ tn e u ¥ 

and the mean speed, the resistivity 1 ne 2 \ ne 2 \ 

is: 



Solve for X to obtain: ^ _ m e u F 



ne 1 p i 



Express the Fermi speed u F in 2E„ 

u — ' — 

terms of the Fermi energy E F : F 



Substitute to obtain: 



I. = 



ne 2 p i 



Substitute numerical values (see Table 38-1) and evaluate /L,: 



I = 



A /2(9.11xl0" 31 kg)(7.04eV)(l.60xl0" 19 J/eV) 
(8.47 x 10 28 electrons/m 3 )(l .60 x 10 -19 c) 2 (l0~ 8 Q • m) 

(b) From Equation 38-16 we have: ^_ 1_ 



66.1nm 



nm 2 



Solve for n r 2 : 2 1 

Kr = — 



1278 Chapter 38 



Substitute numerical values and 2 _ 1__ 

evaluate nr 1 : ~ (8.47 xlO 28 m ~ 3 )(66.1nm) 



= 1.79xl0~ 22 m 2 



1.79xl0~ 4 nm 2 



Band Theory of Solids 

38 • 

Picture the Problem We can use E g = he/ A to calculate the energy gap for this 
semiconductor. 

The lowest photon energy to increase he 
conductivity is given by: ~~ 

Substitute numerical values and evaluate U 63xlO~ 34 J-s)(3xl0 8 m/s) 

^g- g 



(380 x 1(T 9 m)(l .60 x 10 -19 J/eV) 



3.27 eV 



*39 • 

Picture the Problem We can relate the maximum photon wavelength to the energy gag 
using AE = hf = he/ A . 

Express the energy gap as a function ^ _ jr _ he 

of the wavelength of the photon: A 

Solve for A: ~ _ hc_ 

~ AE 

Substitute numerical values and ^ — 1240 ev • nm 



1.09 /mi 



evaluated: 1.14eV 
40 • 

Picture the Problem We can relate the maximum photon wavelength to the energy ga£ 
using AE = hf = he/ A . 

Express the energy gap as a function ^ ~ hf — — 

of the wavelength of the photon: A 

Solve for A: ^ _ hc_ 

~ AE 
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Substitute numerical values and 
evaluate A: 



A 



1240eV-nm 
0.74eV 



1.68 jum 



41 • 

Picture the Problem We can relate the maximum photon wavelength to the energy ga£ 
using AE = hf = he/ A . 



Express the energy gap as a function 
of the wavelength of the photon: 



AE = hf 



he 

T 



Solve for A: 



A = 



he 
AE 



Substitute numerical values and 
evaluate A: 



A 



1240eV-nm 
7.0eV 



177 nm 



42 

Picture the Problem We can use AE = hf = he/ A to find the energy gap between these 
bands and T- E g /k to find the temperature for which IcT equals this energy gap. 



(a) Express the energy gap as a 
function of the wavelength of the 
photon: 



AE 



he 
~A 



Substitute numerical values and 
evaluate AE: 



AE = 



1240eV-nm 
3.35//m 



0.370eV 



(b) The temperature is related to the 
energy gap E g according to: 



k 



Substitute numerical values and 
evaluate T: 



T = 



0.370eV 



8.617 xl(T eV/K 



4.29xl0 3 K 



Semiconductors 

43 • 

Picture the Problem We can use AE = IcT to find the temperature for which 
AT =0.01 eV 



Express the temperature T in terms 
of the energy gap AE: 



T = 



AE 
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Substitute numerical values and 
evaluate T: 



T = 



O.OleV 



1.38xl(T 23 J/Kx 



leV 



1.60x10 19 J 



= 116K 



*44 •• 

Picture the Problem We can use E = hf to find the energy gap of this semiconductor. 



The energy gap of the 
semiconductor is given by: 



Substitute numerical values and 
evaluate E„: 



E=hf = 



he 

T 



where 

he - 1240 eV-nm 
„ 1240eV-nm 



1.85 jum 



0.670 eV 



45 

Picture the Problem We can make the indicated substitutions in the expression for a 0 (- 
0.0529 nm) to obtain an expression the Bohr radii for the outer electron as it orbits the 
impurity arsenic atom in silicon and germanium. 



Make the indicated substitutions in 
the expression for a 0 to obtain: 



a B = 



k e 0 h _fG 0 mji 



_ Ktn e 



For silicon: 



1 o 

a B = —^(0.0529 nm) = 



0.2m. 



3.17nm 



For germanium: 



16m^ 00529 \ 
0.1m„ V ' 



8.46 nm 



*46 

Picture the Problem We can make the same substitutions we made in Problem 45 in the 
expression for E\ (= 13.6 eV) to obtain an expression that we can use to estimate the 
binding energy of the extra electron of an impurity arsenic atom in silicon and 
germanium. 



Solids and the Theory of Conduction 1281 



Make the indicated substitutions in 
the expression for E\ to obtain: 



e 2 m. 



eff 



S(/ceJh 2 8m e /c 2 e 0 h 2 



m 



eff 



2 

e m„ 



my e l 0 Se z 0 h J 



m 



m,K 



2 2 ^1 



(a) For silicon: 0.2m / \ 

E 1 =- " ; 2 (l3.6eV) = 



(fc) For germanium: 01m/ \ 

5 £, =- U " e (l3.6eV) = 



m„( 12 ) 2 
lm e 



18.9meV 



5.31meV 



m 

47 

Picture the Problem We can use the expression for the resistivity p of the sample as a 
function of the mean free path X of the conduction electrons in conjunction with the 
expression for the average speed v av of the electrons to derive an expression that we can 
use to calculate the mean free path of the electrons. 

Express the resistivity p of the m e v av 
sample as a function of the mean P ~ ~ g 2^ 

free path X of the conduction 
electrons: 

Solve for X to obtain: „ m v 

X = ^f- (1) 
n e e p 

The average speed v av of the \3kT 

electrons is given by: v av « v rms = 

\ m„ 



Substitute for v av in the expression |3&r IZkmT 

for A to obtain: /I = 1 — I = ^ — 

n e e p V m e n e e p 



Substitute numerical values and evaluate X: 

_ 73(1.38x10^ J/K)(0.2)(9.11xl0" 3I kg)(300K) _ 
(lO 16 cm -3 )(l .6 x 10 -19 c) 2 (5 x 10~ 3 Q ■ m) 

The number density of electrons n e p m N A 



37.2nm 



is related to the mass density p m , e — 

Avogadro' s number Na, and the 
molar mass M.\ 



Substitute numerical values (For copper, p= 8.93 g/cm 3 and M = 63.5 g/mol.) and 
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evaluate n e : 



72 = 



(8.93g/cm 3 )(6.02 x 10 23 electrons/mol) 
63.5g/mol 



8.47 xlO 28 electrons/m 3 



Using equation (1), evaluate A^u (see Table 25-1 for the resistivity of copper and Example 
38-4 for up): 



(9.11xlQ- 31 kg)(l.57xlQ 6 m/s) 



Cu 



(8.47 x 10 28 electrons/m 3 )(l.6x 10 19 c) 2 (l.7 x 10~ 8 Q • m) 



38.8nm 



The mean free paths agree to within 4.02%. 



48 

Picture the Problem We can use the expression for the Hall coefficient to determine the 
type of impurity and the concentration of these impurities. 



(a) and (b) The Hall coefficient is 
given by: 



R = 



j_ 
nq 



(1) 



Because R > 0, q > 0 and conduction is by holes and the sample contains 
acceptor impurities. 



Solve equation (1) for n: 



n = 



j_ 
Rq 



Substitute numerical values and 
evaluate n: 



n = 



(0.04V-m/A-T)(l.6xlO- 19 C) 



20 „-3 



= 1.56xl0 2U m 



Semiconductor Junctions and Devices 



49 

Picture the Problem The following graph of I/I Q versus V b was plotted using a 
spreadsheet program. 
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Picture the Problem The base current is the difference between the emitter current and 
the plate current. 

The base current I B is given by: /_ = / — /_ 

B C 

We're given that: j c = 0.88/ = 25.0 mA 

Solve for / to obtain: 25 0 mA 

/= = 28.4 mA 

0.88 

Substitute numerical values for / / = 28 4 mA - 25 0 mA 

and I c and evaluate I B : B 

*51 

Picture the Problem We can use its definition to compute the voltage gain of the 
amplifier. 

The voltage gain of the amplifier is I R 

given by: ' Voltage gain = 

l b K b 

Substitute numerical values and (0.5mA)(l0kQ) 
evaluate the voltage gain: Voltage gain - 



3.4 mA 



(lO//A)(2kQ) 



= 250 



52 

Picture the Problem The number of electron-hole pairs ,/V is related to the energy E of 
the incident beam and the energy gap E g . 



1284 Chapter 38 



(a) The number of electron-hole 
pairs N is given by: 

Substitute numerical values and evaluate 
N: 



N ■ 



N = - 



E 

660 keV 
0.72 eV 



9.17xl0 5 



(b) The energy resolution of the detector is AE AN 
given by: = — 



For AN = 1 and N = V9.17xl0 5 



AE 



E V9.17xl0 5 



= 1.04x10 



-3 



0.104% 



53 

Picture the Problem The nearly full valence band is shown shaded. The Fermi level is 
shown by the dashed line. 



(a) 



(b) 




*54 

Picture the Problem We can use Ohm's law and the expression for the current from 
Problem 49 to find the resistance for small reverse-and-forward bias voltages. 



(a) Use Ohm's law to express the 
resistance: 

From Problem 47, the current across 
a pn junction is given by: 



(1) 



I = I Q (e^ kT -l) (2) 



For eV b « kT: 



eV b /kT 



l, 1 + £^-l- eV ' 



kT 



kT 



Substitute to obtain: 
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Substitute for / in equation (1) and 
simplify: 



Substitute numerical values and 
evaluate R: 



R 



-* n 



kT_ 
eh 



kT 



R = 



(0.025eV)(l.60xl0 19 J/ev) 
(l.60xl0 19 C)(lO- 9 A) 



25.0MQ 



(b) Substitute equation (2) in 
equation (1) to obtain: 



Evaluate — ^ for V b = - 0.5 V: 
kT 



R = 



l 0 {e eVjkT 



(3) 



eV h _ (l.60xlQ' 19 c)(-0.5V) 
kT ~ (l.38xl0" 23 J/K)(293K) 



-19.8 



Evaluate equation (3) for 
V b = - 0.5 V: 



(c) Evaluate for 

kT 

V h = + 0.5 V: 



R 



-0.5V 



19.8 



500 MQ 



eV b _ (l.60xl0 19 c)(0.5V) _ 19g 
kT (l.38xl0" 23 J/K)(293K) 



Evaluate equation (3) for 
V b = +0.5 V: 



R 



0.5V 



(l0- 9 A)(e 19 - 8 -l) ; 



1.26Q 



(d) Evaluate R ac = dV/dl to obtain: 



R„„ = 



dV 
dl 

\_d 
\d\ 

[eh 



(do 


-1 




{dVj 






M eVb/kT 




) yVjkT 


r 


kT 


7 J 




el 0 



,-<?V b /kT 



Substitute numerical values and 
evaluate 7? ac : 



R ac ={25MQ)e 



19.8 



0.0629 a 



55 

Picture the Problem We can use the Hall-effect equation to find the concentration of 
charge carriers in the slab of silicon. We can determine the semiconductor type by 
determining the directions of the magnetic and electric fields. 



Use the expression for the Hall- 
effect voltage to relate the 
concentration of charge carriers n to 



IB 



nte 



1286 Chapter 38 



the Hall voltage V H : 
Solve for n to obtain: 



Substitute numerical values and 
evaluate n: 



n = 



IB 

teV u 



(0.2A)(0.4T) 
(l.0mm)(l.60xl(T 19 C)(5mV) 



= 1.00xlO Zj m 



23 „-3 



Referring to Figure 26 - 28, note that B points out of the page. E is in the y 
direction. Therefore, the charge carriers are holes and the semiconductor is 
p - type. 



The BCS Theory 

56 • 

Picture the Problem We can calculate E g using E = 3.5kT c and find the wavelength of 

a photon having sufficient energy to break up Cooper pairs in tin at T = 0 using 
X = he I E g . 



(a) From Equation 38-24 we have: 

Substitute numerical values and 
evaluate E„: 



Express the ratio of E g to -E g , m easured: 



E g = 3.5kT c 

E g = 3.5(8.617 xl(T 5 eV/K)(3.72K) 



= 1.12meV 



E„ 



1.12meV 



E „ 6xl(T 4 eV 

g, measured 



or 



= 1.87 



2E„ 



(b) The wavelength of a photon 
having sufficient energy to break up 
Cooper pairs in tin at T = 0 is given 
by: 

Substitute numerical values and 
evaluate A: 



he 



A 



1240eV-nm 
6xl(T 4 eV 



2.07 xlO 6 nm 



= 2.07 mm 
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Picture the Problem We can calculate E g using E = 3.5kT c and find the wavelength of 

a photon having sufficient energy to break up Cooper pairs in tin at T = 0 using 
X = he I E g . 



(a) From Equation 38-24 we have: 



Substitute numerical values and 
evaluate E„: 



E g = 3.5kT c 

E g =3.5(8.62 xl(T 5 eV/K)(7. 19 K) 



= 2.17meV 



Express the ratio of E g to £ g , m easured: 



2.17meV 



E . 2.73xlO~ J eV 

^.measured 



or 



= 0.795 



E n « 



0.8E 



g, measured 



(b) The wavelength of a photon 
having sufficient energy to break up 
Cooper pairs in tin at T = 0 is given 
by: 



A 



he 



Substitute numerical values and 
evaluate X: 



. 1240eV-nm ... . n5 
1 = = 4.54x10 nm 



2.73xl0" 3 eV 



= 0.454 mm 



The Fermi-Dirac Distribution 
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Picture the Problem We can evaluate the Fermi factor at the bottom of the conduction 
band for Tnear room temperature to show that this factor is given by exp(-E g /2kT). 



(a) At the bottom of the conduction 
band: 



(E-E F )/kT EJ2kT ^ 

e " =e~' »> 1 for T near room 
temperature. 



We can neglect the 1 in the 
denominator of the Fermi function 
to obtain: 



1 



E^jlkT 



y S/ 



2kT 
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Substitute numerical values and evaluate fi^E ) for T- 300 K: 



exp 



-leV 

2(8.62xl0~ 5 eV/K)(300K) 



4.01x10 



-9 



Given that low a probability of finding an electron in a state near the bottom 
of the conduction band, the exclusion principle has no significant impact on 
the distribution function. With 10 22 valence electrons per cubic centimeter, 
the number of electrons in the conduction band will be about 4 x 10 13 per 
cm 3 . 



(b) Evaluate f{\E g ) for T = 300 K and E g = 6 eV: 



exp 



6eV 



2(8.62 x 10 -5 eV/K)(300 K) 



4.15x10" 



The probability of finding even one electron in the conduction band is 
negligibly small (approximately 4x 10~ 51 ). 



59 

Picture the Problem The number of energy states per unit volume per unit energy 
interval N is given by N « g(E)AE , where N is only approximate, because AE is not 

/ \ Sy[27un y2 V m 
infinitesimal and g{E ) = — E is the density of states. 



The number of states ,/V is the 
product of the density of states and 
the energy interval: 

The density of states is given by: 



N * g(E)AE 



:(£) _ 8 yy¥ £l/2 



(1) 



Substitute numerical values and evaluate g(E): 

/ v_ 8V2^-(9.11xlQ- 31 kg) 3/2 (lx!Q- 3 m) 3 
(6.63 xlO" 34 J-s) 



2.1eVx 



1.60 xlQ- 19 
eV 



1/2 



37 t-1 



6.15xl0 3/ J 
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Substitute numerical values in equation (1) and evaluate N: 

N « (6.15xl0 37 J" 1 )(2.20eV - 2.00eV)x 1 - 6 ° X 1 ° J 



eV 



1.97x10' 



*60 

Picture the Problem Equation 38-22a expresses the dependence of the Fermi energy E F 
on the number density of free electrons. Once we've determined the Fermi energy for 
silver, we can find the average electron energy from the Fermi energy for silver and then 
use the average electron energy to find the Fermi speed for silver. 



(a) From Equation 38-22a we have: 



h 2 f3N^' 2 



8m„ 



Use Table 27-1 to find the free- 
electron number density N/V for 
silver: 



Substitute numerical values and evaluate E F : 



N 



5.86x10 



i2 electrons 



= 5.86x10 



cm 
j 8 electrons 



m 



_ (6 63xlQ- 34 J-s) 2 r 3(5.86xlQ 28 electrons/m 3 ) " 
" 8(9.1 lxlO" 31 kg) [ 7i 



= 5.5 leV 



2/3 



leV 



1.60x10 J 



(b) The average electron energy is 
given by: 

Substitute numerical values and 
evaluate Zsav: 



£ av =-(5.51eV) = 



3.31eV 



(c) Express the Fermi energy in 
terms of the Fermi speed of the 
electrons: 



E P =|m e v F 



Solve for v F : 



v c = 



2£ c 



Substitute numerical values and 
evaluate v F : 



I 2(3.3 leV) 


( 1.60x10 " 19 J^ 


|9.11xl0~ 31 kg 





1.08xl0 6 m/s 
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Picture the Problem We can evaluate the/(Z? F ) at E = E F to show that F = 0.5. 



The Fermi factor is: 



(E-E F )jkT + j 



Evaluate f(E F ): 



f(E F ) = 



e (E F -E ¥ )/ k T +1 1+1 



0.5 



62 

Picture the Problem We can find the difference between the energies at which the Fermi 
factor has the given values by solving the expression for Fermi factor for E and then 
deriving an expression for AE. 



(a) The Fermi factor is: 



/(*) = 



1 



,(E-E F )/kT +1 



Solve for E: 



E = E F + kT\n 



' 1 ; 



f(E) 



J 



The difference between the energies is given by: 



A£ = £(0.l)-£(0.9) 

(i.38x1Q- 23 J/k)(300K) 
1.60xlO" 19 J/eV 



= E P +- 



ln 



0.1 



\ | (l.38xlQ- 23 J/K)(300K) ln 
I F 1.60x10 19 J/eV 



r 



-->] 

0.9 ) 



(i.38x1Q' 23 J/k)(300K) 
1.60x10 19 J/eV 



In 



0.1 



In 



J_ 
09 



= 0.114eV 



(b) and (c) Because AE is independent of E F , AE is the same as in (a). 
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Picture the Problem The probability that a conduction electron will have a given kinetic 
energy is given by the Fermi factor. 



The Fermi factor is: 



f(E) = 



1 



(E-E T )/kT +1 



Because E F - 4.9 eV » 300k: 



/(4.9eV) = — = |T| 
v ; 0+1 



64 

Picture the Problem We can solve Equation 38-22a for V and substitute in Equation 38- 
41 to show that g(E) = (3N/2)E F i/2 E y2 . 



From Equation 38-22a we have: 



h 2 



8m„ 



Solve for V to obtain: 



V = 



3N 



71 



f 1.2 \ 



3/2 



The density g(E) is given by 
Equation 38-41: 



Substitute for V and simplify to 
obtain: 



3N 



' h 2 V/2 " 



V 8m e £ Fy 



7 1/2 



£ F 3/2 £ 1/2 



65 

Picture the Problem We can use the expression for g(E) from Problem 64 to show that 
the average energy at T = 0 is | E F . 



From Problem 64 we have: 



1292 Chapter 38 



Substitute in the expression for Z? a 
and simplify to obtain: 



h\ Eg{E)d 



3/2 pl/2 



dE 



J 



-E F 3 ' 2 \E 3/2 dE 



Integrate the expression for E m : 



E„=lE;*lE*dE 



2 Ep 5 Ep 



5/2 _ 
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Picture the Problem We can integrate g(E) from 0 to E F to show that the total number of 
states is \AE^ 2 . 



(a) Integrate g(E) from 0 to E F : 



N= \AE l/2 dE = \ \AEf 



(b) Express the fraction of N within 
kT of E F : 

(c) Substitute numerical values and 
evaluate the expression obtained in 
(b) for copper: 



kTg(E F ) _ kTAE 



1/2 
F 



N 



■f AEp 



3/2 



3kT 
2E U 



3kT _ 3(8.62xl(T 5 eV/K)(300K) 



2E C 



2(7.04eV) 



= 5.51x10 



-3 



67 

Picture the Problem The probability that a conduction electron in metal is the Fermi 
factor. 



Express the Fermi factor: 



f( E )~ e (E-E p )/kT +l 



Calculate the dimensionless 
exponent in the Fermi factor: 



E-E F _ 5.49eV-5.50eV 
kT ~ (8.62xl0" 5 eV/K)(300K) 
= -0.387 
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Use this result to calculate the Fermi 
factor: 



/(5.49eV): 



-0.387 



+ 1 



0.596 



68 

Picture the Problem We can integrate the density-of-states function, Equation 38-41, to 
find the number of occupied states N. The fraction of these states that are within kT of E F 
can then be found from the ratio of kTg(E F ) to N. 



The density of states function is: 



g(E) = AE^ 
where 



A = 



h 3 



Integrate g(E) from 0 to E F to find 
the total number of occupied states: 



N = j*A£ 1/2 d£ = f AE 



3/2 



Express the fraction of N within kT 
of E F : 

(a) Substitute numerical values and 
evaluate the expression obtained 
above for copper at 

T=77 K: 

(b) At 7/= 300 K: 



kTg(E F ) _ kTAEp 1 



1/2 



N 



2E C 



2£ c 



£ A TP i 

3 



3/2 



3kT 
2E~ ¥ 



3kT _ 3(8.62xlQ' 5 eV/K)(77K) 



2(7.04eV) 



1.41x10 



-3 



3kT _ 3(8.62xlQ- 5 eV/K)(300K) 



2(7.04eV) 



5.51x10" 
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Picture the Problem The distribution function of electrons in the conduction band is 
given by n{E) = g[E)f\Ej where f(E) is the Fermi factor and g(E) is the density of 

states in terms of E F . 

Express the number of electrons n(E) = g(E)f(E) (1) 

with energy E: where 



and 
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f(^)~ (E-E„)/kT 



+ 1 



The dimensionless exponent in the 
Fermi factor is: 



E-E._E-iE, 



kT 
and 



kT 



exp 



kT 



»1 



Hence: 



f(E) = 



1 ^ e E s/ 2kT g - £ A r 



5-±E e )/kT 



Substitute in equation (1) and 
simplify to obtain: 



3 NEf j2 e E ° J2kT \v 1/2 »- E/kT 



There is an additional temperature dependence that arises from the fact that E F depends 
on T. At room temperature, exp[(£ -E g /2)/kT] > exp(0.35 eV/0.0259 eV) = 7.4xl0 5 , so 
the approximation leading to the Boltzmann distribution is justified. 

*70 ••• 

Picture the Problem We can follow the step-by-step procedure outlined in the problem 
statement to obtain the indicated results. 



(a) The Fermi factor is: 



/(*) = 



1 



1 



(E-E F )/kT 



+ 1 e 



—E F /kT E/kT 



+ 1 



Ce E/kT +l 



provided C = e 



-E ¥ /kT 



(b) If C » e 



-E/kT. 



f(E) = 



1 



1 



Ce EjkT +\ Ce E/kT 
where A-l/C 



Ae 



-E/kT 



(c) The energy distribution function 
is: 



n(E)dE = g(E)dE f(E) 
where 

g{E) J^fV E ,n 

h 



Substitute for g(E)dE andf(E) in the 
expression for N to obtain: 



0 



h 
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The definite integral has the value: 



Substitute to obtain: 



] E ll2 e- E l kT dE = ^^- 
o ^ 

N _ A %x42mfV (kT) 



Solve for A: 



A = 



4ih z 




1 




(kTf 2 



(d) Evaluate A at T = 300 K: 



A = 



V2(6.63xlQ' 34 J-s) 3 n 



8^- 3/2 (9.11xl0" 31 kg) 3/2 [(l.38xl0" 23 J/K)(300K) 
where the units are SI. 



3/2 



«4xl(T 26 n 



The valence electron concentration is typically about 10 39 m 3 . To satisfy the 
condition that A « 1 at room temperature, n should be less than 10 23 m 3 , or 
about one millionth of the valence electron concentration. Because A depends 
on r 3 ^ 2 , the electron concentration may be greater the higher the temperature. 



(e) 



10 17 cm 3 = 10 23 m 3 . So, according to the criterion in (d), the classical 
approximation is applicable. 



71 ••• 

Picture the Problem We can approximate the separation of electrons in the gas by 
(V/N) 1 ' 3 and use the for A from Problem 70 and de Broglie's equation to express the 
separation d of electrons in terms of the de Broglie wavelength A and the constant A. 



The separation d of electrons is 
approximately: 

From Problem 70: 



Substitute to obtain: 



d = 



^yV /3 



V 
d = 



2 1/6 h 



1 



8 Vmf (kTf 2 A 1 ' 3 
2 1/6 h 1 



8 1/3 ^ 1/2 mf (£7f 2 A 1/3 

2 i/6 h 1 
tt 1/2 j2^kTA l/3 
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Express the momentum of an 
electron in the gas in terms of its de 
Broglie wavelength X: 



Substitute for ^ImJiT in the 
expression for d to obtain: 



h 



p = — = -yj2mK = JlmkT 
X y 



d = 



2 1/6 h X 2 1/6 X 



k 1 ' 2 hA l/} 7t l/2 A 1/3 



= 0.633 



7W 



Thus, if A « 1, d » X 
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Picture the Problem We can follow the procedure outlined in the problem statement to 
determine the rms energy of a Fermi distribution. 



Express the Z? rms in terms of g(E): 



( , E, 



E_ = 



\-\g{E)E 2 dE 



1/2 



The density of states g(E) is given 
by: 

Substitute to obtain: 



g (E)= 3 -fE F ^ 2 



E_ = 



1 E ? 

t f E m dE 

J c w 



vV2 



K 2NE F 0 



Evaluate the integral and simplify: 



E =J-E P 

rms y 7 



0.655£ c 



^rm S > ^av because the process of averaging the square of the energy weighs 
larger energies more heavily. 



General Problems 



73 



Picture the Problem The number of free electrons per atom n e is given by 

n e = nM I pN A where Na is Avogadro's number, p is the density of the element, M is its 

molar mass, and n is the free electron number density for the element. 



The number of electrons per atom is 
given by: 



n„ = 



nM 

Wa 
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Substitute numerical values and evaluate n e : 



(l .4 x 10 22 electrons/cm 3 )(39.098 g / mol) 
(0.851g/cm 3 )(6.02xl0 23 electrons/mol) 



1.07 



74 • 

Picture the Problem The number of free electrons per atom n e is related to the number 
density of free electrons n by n e = nM / pN A , where N A is Avogadro's number, pis the 

density of the element, and M is its molar mass. 

The number of electrons per atom is nM 

n e = 

given by: pN A 

Solve for n to obtain: n e pN A 

n = — — — 

M 

(a) Substitute numerical values and evaluate n for Mg: 

_ (2)(l.74g/cm 3 )(6.02xl0 23 electrons/mol) 
U ~ 24.3 lg/ mol " 

(b) Substitute numerical values and evaluate n for Zn: 

_ (2)(7.1g/cm 3 )(6.02xl0 23 electrons/mol) 
"~ 65.38 g/ mol 



8.62 x 10 22 electrons/cm 3 



1 3. 1 x 10 22 electrons/cm 3 



Both results agree with the valuesin Table 38 - 1 to within 1%. 
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Picture the Problem We can integrate g(E) from 0 to E F to show that the total number of 
above the Fermi energy at the given temperatures. 



states is \ AE^J 2 and then use this result to find the fraction of the free electrons that are 



Integrate g(E) from 0 to E F : 



,3/2 



N= ^AE l/2 dE = \AE\ 
o 

Express the fraction of N within kT kTg(E F ) _ kTAEf _ 3kT 

ofE F : N ~ \AEf ~2E^ 
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(a) Substitute numerical values and 
evaluate this fraction for copper at 
300 K: 



(b) Evaluate the same fraction at 
1000 K: 



3kT _ 3(8.62xl(T 5 eV/K)(300K) 



2£ c 



2£ c 



2(7.04eV) 



5.51x10 



-3 



3kT _ 3(8.62xl(T 5 eV/K)(l000K) 



2(7.04eV) 



1.84x10" 



*76 

Picture the Problem The Fermi factor gives the probability of an energy state being 
occupied as a function of the energy of the state E, the Fermi energy E F for the particular 
material, and the temperature T. 



The Fermi factor is: 



For 10 percent probability: 



f(E) = 



1 



0.1 = 



,(E-E F )/kT 



1 



+ 1 



,(E-E T )/kT 



+ 1 



or 



(E-E F )/kT 



Take the natural logarithm of both 
sides of the equation to obtain: 



E-E 



kT 



^ = ln9 



E = E P +kT\n9 



Solve for E to obtain: 
From Table 37-1, £ F (Mn) = 11.0 eV. Substitute numerical values and evaluate E: 

leV 



E = 1 1 .0 eV + (l .38 x 10~ 23 J/k)(1300 K) 



v 1.60xl0 19 Jy 



ln9 = 



11.2eV 
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Picture the Problem The energy gap for the semiconductor is related to the wavelength 
of the emitted light according to E„ = he/ X . 



Express the energy gap Eg in terms 
of the wavelength A of the emitted 
light: 

Solve for X: 



E„ = 



he 

T 



he 



Solids and the Theory of Conduction 1299 



Substitute numerical values and 
evaluate A: 



A = 



1240eV-nm 
1.8eV 



689 nm 



Remarks: This wavelength is in the red portion of the visible spectrum. 
*78 ••• 

Picture the Problem The rate of production of electron-hole pairs is the ratio of the 
incident energy to the energy required to produce an electron-hole pair. 



(a)The number of electron-hole pairs 
Af produced in one second is: 



N = 



IA _ IAA 
he 

T 



he 



Substitute numerical values and evaluate N: 



_ (4.0W/m 2 )(2xl0" 4 m 2 )(775nm) 
~ (l240eV-nm)(l.60xlCr I9 J/eV) 



3.12xlO'V 



(b) In the steady state, the rate of 
recombination equals the rate of 
generation. Therefore: 



N 



15 -1 



3.12xl0 13 s 



(c) The power radiated equals the 
power absorbed: 

Substitute numerical values and 
evaluate P rad : 



P , =IA 

rad 



P mA = (4.0 W/m 2 )(2 x m 2 ) 



= 0.800mJ/s 
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Chapter 39 
Relativity 



Conceptual Problems 

*i * 

Picture the Problem The total relativistic energy E of a particle is defined to be the sum 
of its kinetic and rest energies. 



The total relativistic energy of a 
particle is given by: 



E = K + mc 2 = \mu 2 + mc 2 



and (a) is correct. 



*2 • 

Determine the Concept The gravitational field of the earth is slightly greater in the 
basement of the office building than it is at the top floor. Because clocks run more slowly 
in regions of low gravitational potential, clocks in the basement will run more slowly 
than clocks on the top floor. Hence, the twin who works on the top floor will age more 



quickly, (b) is correct. 



3 • 

(a) True 



(b) True 



(c) False. The shortening of the length of an object in the direction in which it is moving 
is independent of the velocity of the frame of reference from which it is observed. 



(d) True 



(e) False. Consider two explosions equidistant, but in opposite directions, from an 
observer in the observer's frame of reference. 



(J) False. Whether events appear to be simultaneous depends on the motion of the 
observer. 



(g) True 



4 

Determine the Concept Because the clock is moving with respect to the first observer, a 
time interval will be longer for this observer than for the observer moving with the 
spring-and-mass oscillator. Hence, the observer moving with the system will measure a 
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period that is less than T. (b) is correct 



Determine the Concept Although Ay = Ay', At ^Af. Consequently, 
u y = Ay I At' * Ay' I At' = u y '. 

Estimation and Approximation 

6 

Picture the Problem We can calculate the sun's loss of mass per day from the number of 
reactions per second and the loss of mass per reaction. 



Express the rate at which the sun 
loses mass: 



AM 
At 



NAm 



where N is the number of reactions per 
second and Am is the loss of mass per 
reaction. 



Solve for AM: 



AM = NAmAt 



(1) 



Find the number of reactions per 
second, N: 



N = - 



El reaction 
4xlQ 26 J/s 

" MeV 19 J 

25 xl. 60x10 — 

reaction eV 

= 10 38 s" 1 



The loss of mass per reaction Am is: 



Am 



E /reaction 



MeV 19 J 

25 xl. 60x10 — 

reaction eV 



(3 x10 s m/s) 2 
= 4.44xl0~ 29 kg 



Substitute numerical values in equation (1) and evaluate AM: 

AM = (l0 38 s ^(4.44xl0" 29 kg)(ld)(86.4ks/d) = I 3.84xl0 14 kg 
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*7 ** 

Picture the Problem We can use the result from Problem 30, for light that is Doppler- 



shifted with respect to an observer, v = c 



u -1 * 
v w 2 +1 j 



, where u = z + 1 and z is the red-shift 



parameter, to find the ratio of v to c. In (b) we can solve Hubble' s law for x and substitute 
our result from (a) to estimate the distance to the galaxy. 



(a) Use the result of Problem 30 to 
express vie as a function of z: 



V 

c 



(z + l) 2 + l 



Substitute for z and evaluate vie: 



v_ (5 + l) 2 -l _ 
c (5 + l) 2 +l 



0.946 



(b) Solve Hubble's law forx: 



x = 



H 



Substitute numerical values and 
evaluate x: 



x = 



0.946c 0.946(3 x 10 5 km/s) 



H 



75 



km/s 



= 3.78x10 3 Mpcx 



Mpc 
3.26xl0 6 c-y 
Mpc 



12.3 Gc-y 



Time Dilation and Length Contraction 

8 

Picture the Problem We can find the mean lifetime of a muon as measured in the 

laboratory using t' = yt where y = l/ -^1 — (v/c) 2 and t is the proper mean lifetime of 

the muon. The distance L that the muon travels is the product of its speed and its mean 
lifetime in the laboratory. 



(a) The mean lifetime of the muon, 
as measured in the laboratory, is 
given by: 



t' = 



f \ 2 



Substitute numerical values and 
evaluate f : 



t' = 



2 jus 



0.95c 



6.41 //s 
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(b) The distance L that the muon 
travels is related to its mean lifetime 
in the laboratory: 



L = vt' 



Substitute numerical values and 
evaluate L: 



L = 0.95c?' 
= 0.95(3 xlO 8 m/s)(6.41//s) 



= 1.83km 



9 

Picture the Problem The proper length L p of the beam is its length as measured in a 
reference frame in which it is not moving. The proper length is related to its length in the 
frame in which it is measured by L p = yL . 



(a) Relate the proper length L p of L p = yL 

the beam to its length L in the 
laboratory frame of reference: 

The energy of the beam also E = y mc 2 

depends on y : 

Solve for and evaluate y: E 50GeV 4 

1 y = — T = = 9.785x10 

mc 2 0.511MeV 



Substitute numerical values and L p = (9.785 x 10 4 )(lcm) 



evaluate L p : 



p 

and 



978.5m 



The width w of the beam is 
unchanged. 



(b) Express the length of the 
accelerator in the electron beam's 
frame of reference: 



^acc,p 



Set Lace — ^p- 



j "^acc,p 



Solve for L, 



acc.p- 



L =vL 

acc,p / p 
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Substitute numerical values and 



evaluate L v : 



4cc.p=(9.785xl0 4 )(978.5m) 



= 9.57xl0 7 m 



(c) The length of the positron bundle 
in the electron's frame of reference 
is: 

Substitute numerical values and 
evaluate L pos : 

*10 

Picture the Problem The time required for the particles to reach the detector, as 
measured in the laboratory frame of reference is the ratio of the distance they must travel 
to their speed. The half life of the particles is the trip time as measured in a frame 
traveling with the particles. We can find the speed at which the particles must move if 
they are to reach the more distant detector by equating their half life to the ratio of the 
distance to the detector in the particle's frame of reference to their speed. 

(a) The time required to reach the 
detector is the ratio of the distance 
to the detector and the speed with 
which the particles are traveling: 



L 

r 



A™ = 



pos 



lcm 
9.785 xlO 4 



0.102 /mi 



Ax Ax 

At = — = 

v 0.866c 



Substitute numerical values and 
evaluate At: 



At = 



1000 m 



0. 866(3 x 10 s m/s) 



3.85 jus 



(b) The half life is the trip time as 
measured in a frame traveling with 
the particles: 

Substitute numerical values and 
evaluate At': 



At' = — = At]\- 



f \ 2 



At' = 3.85//s 1- 



^0.866c^ 2 



V c J 



1.93/^s 



(c) In order for half the particles to 
reach the detector: 



At' 



Ax' 



Ax'. 



1 



yv v 
where Ax' is the distance to the new 
detector. 
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Rewrite this expression to obtain: 



v 



V 



Ax' 

a7 



Squaring both sides of the equation 
yields: 



V 



Ax' 

K Afj 



Substitute numerical values for Ax' 
and At' and simplify to obtain: 



f 10 4 m ^ 



1.93 /fi 



= (17.3c) 2 



Divide both sides of the equation by 
c 2 to obtain: 



V 



= (17.3) 2 



Solve this equation for v 2 /c 2 : 



v 2 _ (17.3) 2 
c 2 1 + (17.3) : 



= 0.9967 



Finally, solving for v yields: 



v = 



0.998c 



11 

Picture the Problem We can use the time-dilation relationship to find the speed of the 
spacecraft. The distance to the second star is the product of the new gamma factor, the 
speed of the spacecraft, and the elapsed time. Finally, the time that has elapsed on earth 
(your age) is the sum of the elapsed times for the three legs of the journey. 



(a) From the point of view of an 
observer on earth, the time for the 
trip will be: 



At 



From the point of view of an 
observer on the spaceship, the time 
for the trip will be: 



. , L 
At' = — = — 
y yv 



Substitute for yto obtain: 



A/' = -Jl- 
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Solve for v: 



Substitute numerical values and 
evaluate v: 



Lc 



^L 2 + c 2 {At'f 



(27c-y)c 



V(27c.y) 2 + c 2 (l2y) 2 



0.914c 



Note that from the point of view of an earth observer, this part of the trip has taken 27 c- 
y/0.914c = 29.5y. 



(b) The distance the ship travels, 
from the point of view of an earth 
observer, in 5 y is: 

The gamma factor in Part (a) is: 



Substitute numerical values and evaluate 
AL'\ 



AL' = 2yAL = 2yvAt 

where y is the gamma factor for the first 
part of the trip. 



r 



l 



l 



l- 



^ 2 



1- 



0.914c 

V c J 



= 2.46 

AZ' = 2(2.46)(0.914c)(5y) 



22.5c -y 



(c) The elapsed time At on earth 
(your age) is the sum of the times 
for the spacecraft to travel to the star 
27 c- y away, 1 to the second star, 
and to return home from the second 
star: 

The elapsed time on earth while the 
spacecraft is returning to earth is: 



Substitute for A/ returning home and evaluate 
At. 



At = 29.5 y + 22.5 y + At 



returning home 



returning home s time 

= 2(2.46)(l0y) 
= 49.2y 

At = 29.5 y + 22.5 y + 49.2 y 



lOly 



12 • 

Picture the Problem We can use At = L/v, where L is the distance to the star and v is the 
speed of the spaceship to find the time At for the trip as measured on earth. The travel 
time as measured by a passenger on the spaceship can be found using At' = Atly. 



(a) The travel time as measured on 
earth is the ratio of the distance 



At 
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traveled L to speed of the spaceship: 



Substitute numerical values and 
evaluate At: 



At = 



35c-y 



35 y 



2.7xl0 8 m/s 2.7xl0 8 m/s 
c 

35 y 



0.9 



38.9y 



(a) The travel time as measured by a 
passenger on the spaceship is given 
by: 



Substitute numerical values and 
evaluate At': 



At' = (38.9yX/l-(0.9) 2 = I 17 .0y 



13 • 

Picture the Problem We can use the definition of /and the binomial expansion of (1 + 
x) n to show that each of these relationships holds provided v « c. 



(a) Express the gamma factor: 



Y 



1 



f 2 A"V2 



Expand the radical factor binomially 
to obtain: 



r 



f 2 \"V2 

V C J 
1 + 





\\ 


f 


2^ 

V 




V 


V 





+ higher order terms 



For v « c: 



Y~ 



1 + 



IV 

2 c 2 



(b) Express the reciprocal of y : 



= Jl- 



Expand the radical binomially to 
obtain: 



1 

r 



= 1+ 



v 2 ~ 


y/2 


c 2 






r 


UJ 


V 



+ higher order terms 
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For v « c: 



7 



W 
2 c 2 



(c) Express the gamma factor: 



( 2\ 



-1/2 



Subtract one from both sides of the 
equation to obtain: 



r -i = 



( 2 VV2 

V C J 



Expand the radical binomially to 
obtain: 



Y~\=\+ 



V " J 



+ higher order terms 



For v « c: 



2 c 2 
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Picture the Problem We can express the fractional difference in your time-interval 
measurements as a function of /and solve the resulting equation for the relative speed of 
the two spaceships. 



Express the fractional difference in 
the time-interval measurements of 
the two observers: 



^ = 1-^ = 0.01 
At At 



Since At'/ At = 1/y. 



A '- At ' = 1-1=0.01 



At 



r 



From Problem 13(b) we have: 



y 2 c 2 



Substitute to obtain: 



i-I*i. 

r 



2 c 2 



2 \ 



= 0.01 



or 
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Solve for v to obtain: 



v = VO02c = 0.141c = 4.23xl0 7 m/s 
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Picture the Problem We can use the time dilation equation to relate the time lost by the 
clock to the speed of the plane and the time it must fly. 



Express the time 8 1 lost by the 
clock: 



8 1 = At - At ? = At - 



AT 

r 



= At 



' -- 

r) 



Because V« c, we can use part (b) 
of Problem 13: 

Substitute to obtain: 



«1- 



111 
2 c 2 



St = At 



2 c 



2 A 



ill 

2 c 2 



At 



Solve for At: 



At = 



2a c 2 



Substitute numerical values and 
evaluate At: 



At 



2(ls)(3xlQ 8 m/s) 2 
(2000km/hxlh/3600s) 2 

iy 



= 5.83xl0 u sx- 



31.56Ms 



1.85xl0 4 y 



The Lorentz Transformation, Clock Synchronization, and 
Simultaneity 

16 

Picture the Problem We can use the inverse Lorentz transformations and the result of 
Problem 13(c) to show that when u«c the transformation equations for x, t, and u 
reduce to the Galilean equations. 



The inverse transformation for x is: 



X = y 



(x-vt) 



From Problem 13(c): 
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Substitute for y and expand to 
obtain: 



x = 



1 + = 

2 c 2 



(x-vt) 



1 v 2 1 v 3 

= X~Vt-\ r-X r 

2Z r\ z 

c 2 c 



When v « c: 

The inverse transformation for t is: 

Substitute for y and expand to 
obtain: 



x' & x-vt 



t' = y 



f vx^ 
V c J 



t' = 



1 + 



lv J V 



2 c 



V c J 



= t- 



1 2 i 3 
VX 1 V 1 V 



When v « c: 



t'«t 



The inverse velocity transformation 
for motion in the x direction is: 



u — v 



When v « c: 



« ' « w, -v 



.V X 



The inverse velocity transformation 
for motion in the y direction is: 

Substitute for y and expand to 
obtain: 



u , 



r 



u , 



1+ 



2c z 



2 



. VW 1 V hi/, 

1 — H 

2 o 2 o 4 

c 2 c 2 c 



When v « c: 



y y 



Proceed similarly to show that: 



*17 

Picture the Problem Let 5* be the reference frame of the spaceship and 5' be that of the 
earth (transmitter station). Let event A be the emission of the light pulse and event B the 
reception of the light pulse at the nose of the spaceship. In (a) and (c) we can use the 
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classical distance, rate, and time relationship and in (b) and (d) we can apply the inverse 
Lorentz transformations. 



(a) In both S and S' the pulse travels 
at the speed c. Thus: 



L n 400 



t =— p -~ 

A 



m 



v 0.76c 



1 .76 jus 



(c) The elapsed time, according to 
the clock on the ship is: 



t B ^pulse to travel length of ship 



Find the time of travel of the pulse 
to the nose of the ship: 



t 



400 m 



pulse to travel length of ship 



2.998 xlO 8 m/s 



= 1.33/zs 



Substitute numerical values and 
evaluate t B : 



t B =1.33//s + 1.76//s = 3.09/zs 



(b) The inverse time transformation 
is: 



t B ' = r 

where 

r = - 



t-— 

V c J 



1- 



L (0-76c) 2 



1.54 



Substitute numerical values and 
evaluate t' B : 



f 



(-0.76c)(400m) N 



V = (l-54) 3.09 //s 

V c 

"3.09^-'-°- 76 )< 400m )] 
v ^ 3xl0 8 m/s J 



= (1.54) 



6.32/zs 



(J) The inverse transformation for x 
is: 



x' = y(x-vt) 



Substitute numerical values and evaluate x': 



x' = (l .54)[400m - (- 0.76)(3 x 10 s m/s)(3.09 x 10" 6 s)] = 



1.70 km 
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Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to find the required speed of the observer. 
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Use Equation 39-12 to obtain: 



(?B ^a) 2 \ X B X a) 



7 



At- 



vAx 

c J 



where At - t B - t A and Ax = xb~ xa- 



Events A and B are simultaneous if: 



At z = 0 



Solve for v: 



v = 



c 2 At 
Ax 



Substitute numerical values and 
evaluate v: 



_ (3xlQ 8 m/s) 2 (2//s) 
1.5km 



= 1.20xl0 8 m/s = 



0.4c 



Yes, t' will be less than tj ifV> 0.4c. 
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Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to express the separation in time between the two explosions as measured in 5" 
as a function of the speed of the observer and Equation 39- 1 1 , the inverse position 
transformation equation, to find the speed of the observer. 



Use Equation 39-12 to obtain: 



From Equation 39- 1 1 : 

Because the explosions occur at the 
same point in space, Ax' = 0: 



At' = y 



At — ^-Ax 
c 



At — Ax 
c 



Ax' = y(Ax-vAt) 
0 = /(Ax-vAt) 



(1) 



Solve for v: 



_ Ax 
V ~ At 
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Substitute numerical values and 
evaluate v: 



1200m -480m ... . n8 . 
v = = 1.44x10 m/s 



5 jus 



Substitute numerical values in equation (1) and evaluate A?': 



1.44xl0 8 m/s v 
5 /us--, ^(I200m-480m) 



At' 



(3xlQ 8 m/s) 2 



1 



1.44xlQ 8 m/s 
3xl0 8 m/s 



4.39 //s 
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Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to establish the results called for in this problem. 



(a) Use Equation 39-12 to obtain: 



t 2 '-h' = r 



l( X 2~ X l) 

C 



vD 

2~ 
C J 



where T=t%-t\ and D = x 2 - x\. 



(b) Events 1 and 2 are simultaneous 
in S' if: 



t' = t' 



or 



=> D = 



c 2 T 



Because v < c: 



D> 



cT 



(c) 



If Z) < cT, then > and the events are not simultaneous in S'. 



(d) lfD = c'T>cT, then: 



T- V 4 = T 
c 



V c' 



c c 



= t ' -t' 



In this case, t 2 ' - 1( could be negative; i.e., t 2 ' could be less than ?/, or the effect 
could precede the cause. 
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Picture the Problem Let 5* be the ground reference frame, 5" the reference frame of the 
rocket, and v = 0.9c be the speed of the rocket relative to S. Denote the tail and nose of 
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the rocket by J and N, respectively. The initial conditions in S' are t N '= 0 , x N '= 0, 
x T '=0, and x r '= -Z'= -700m . 



(a) The reading of the tail clock is 
given by: 



t T ' = y 



vx T ^ 



yvx T 

~ 2 



because t T = 0 



We can find x T using the length 
contraction equation: 



r 



Substitute to obtain: 



t> = ^ 

l T 2 
C 



Substitute numerical values and 
evaluate t': 



, _ (0.9)(700m) 



3xl0 8 m/s 



2.10//S 



(b) The time for the rocket to move 
a distance L' is given by: 



* T v 0.9c 



Substitute numerical values and 
evaluate t T '\ 



700 m 

-j- f , 

T ~ 0.9(3 xlO 8 m/s) 



2.59 jus 



(c) As seen by an observer on the 
ground: 



t N = At' = 2.59 jus -2.10 jus = 0.49 /js 



(d) Because the clocks are 
synchronized in 5": 



t = t ' = 



2.59 jus 



(e) The time the signal is received 
on the ground is the sum of the time 
when the signal is sent and the time 
for it to travel to the ground: 



t = At + At, , 

rec travel 



Find At, the time the signal is sent: 



At = yAt = 



lh 



= 2.294 h 



Find A? travel , the time for the signal to 
travel to the ground: 



At 



Ax _ (2.294 h)(0.9c) 



travel 



c c 
= 2.065 h 
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Substitute for At and A/ travel and 
evaluate t KC : 

if) Find Ax when the signal is sent: 



t =2.294 h + 2.065 h= 4.36 h 



Ax = (4.36h)(0.9c) = 3.924c • h 



In S, the signal arrives at 0.1c 
relative to the rocket. The time 
required for the signal to travel to 
the rocket is: 



Ax_ = 3-924c-h =3924h 
0.1c 0.1c 



Find the time when the signal 
reaches the rocket: 



f = 39.24h + 3.924h = 43.16h 



Finally, use the time dilation 
equation to find ? N ': 



V = M43,6h)Jl-(^ 

r v c 



= 18. 8h 
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Picture the Problem We can use the inverse time dilation equation to derive an 
expression for the elapsed time between the flashes in S' in terms of the elapsed time 
between the flashes in 5*, their separation in space, and the speed v with which 5" is 
moving. 



From the inverse time 
transformation we have: 



At' = r 



At 



-Ax 



where At' is the time between the flashes in 
S' and At and Ax are the elapsed time 
between the flashes and their separation in 
S. 



Set At' = -At to obtain: 



- A^ v . 
= A? — r-AX 

y c 



or 



■AM- 



= At- 



-Ax 



Square both sides of the equation: 



(Af) 2 -\{At) 2 = (Atf -2^AxA^ + ^ t (Ax) 
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Simplify to obtain: 



- v(Atf = -2 Ax At + 4" (Ax) 2 



Solve for v: 



v = 



Ax 
At 



1 + 



lAx 
c At 



Substitute numerical values and 
evaluate v: 



v = 



^2400m^ 
5 jus 



1 + 



1 

3 x10 s m/s 



A 2400m^ 
5 /us 



= 2.697 x 10 s m/s = 0.899c 



Because v is positive, S' is moving in the positive x direction. 



The Velocity Transformation 
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Picture the Problem We can make the substitutions given in the hint in Equation 39- 18a 
and simplify the resulting expression to show that u x < c. 



Equation 39- 18a gives the x 
direction relativistic velocity 
transformation: 



u, = 



u+v u r u+v 

— or — = — ; 



1 + 



c + 



vu. 



Make the substitutions given in the 
hint to obtain: 



u x = (l-ei)c + (l-g 2 )c 
c " ' (l-£ 2 )c(l-e,)c 



c + 



2 -(gi+g 2 ) 
l + (l_^)(l_ £i ) 

2-(e 1 +g 2 ) 
2-(e 1 +£ 2 )+s ] s 2 



Because S\ and f 2 are small positive 
numbers that are less than 1 : 



<1: 



u<c 
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Picture the Problem We'll let the velocity (in S) of the spaceship after the ith boost be V; 
and derive an expression for the ratio of v to c after the spaceship's 
(i + l)th boost as a function of N. We can use the definition of y in terms of v/c to plot y 
as a function of N. 



(a) and (b) The velocity of the 
spaceship after the (i + l)th boost is 
given by relativistic velocity 
addition equation: 

Factor c from both the numerator 
and denominator to obtain: 



v,.+0.5c 
1 , (<>■*:>, 



+ 0.5 



_ c 



v i+\ 



1 + 0.5 



Yi is given by: 



Yt 



\c J 



A spreadsheet program to calculate v/c and yas functions of the number of boosts N is 
shown below. The formulas used to calculate the quantities in the columns are as follows: 



Cell 


Content/Formula 


Algebraic Form 


A3 


0 


N 


B2 


0 




B3 


(B2+0.5)/(l+0.5*B2) 


V/+1 


CI 


1/(1-B2 A 2) A 0.5 


7 





A 


B 


c 


1 


boost 


v/c 


gamma 


2 


0 


0.000 


1.00 


3 


1 


0.500 


1.15 


4 


2 


0.800 


1.67 


5 


3 


0.929 


2.69 


6 


4 


0.976 


4.56 


7 


5 


0.992 


7.83 


8 


6 


0.997 


13.52 


9 


7 


0.999 


23.39 


10 


8 


1.000 


40.51 


11 


9 


1.000 


70.15 


12 


10 


1.000 


121.50 
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(c) 



Examination of the spreadsheet or of the graph of vie as a function of 
N indicates that, after 8 boosts, the velocity of the spaceship is 
greater than 0.999c. 



(d) After 5 boosts, the spaceship has traveled a distance Ax, measured in the earth frame 
of reference (5), given by: 



Ax = Ax,^ 2 + Ax 2 ^. 3 + Ax 3 ^. 4 + Ax 4 ^ 5 



= (0.5c)(l0s)^ 2 +(0.8c)(l0s>^ 3 + (0.929c)(l0s> 3 ^ 4 +(0.976c)(l0sK 

+ (0.992c)(l0sK* 
= (0.5c)(l0s)(l.l5)+(0.8c)(l0s)(l.67)+(0.929c)(l0s)(2.69) 
+ (0.976c)(l0s)(4.56)+ (0.992c)(l0s)(7.83) 

= 166c-s 
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The average speed of the spaceship, Ax 

between boost 1 and boost 5, as measured v av ~~ ~7J~ 

in S is given by: , . . , 

where At is the travel time as measured m 

the earth frame of reference. 

Express At as the sum of the times the spaceship travels during each 10-s interval 
following a boost in its speed: 

At = At^ 2 + A^ 3 + A^ 4 + A^ 5 

= (I0s>w + (i0s>^3 +(10s>3^ + (10s> 4 ^ 5 + (l0s> 5 
= (l0s)(^ 2 + y 2 _^ + y 3 ^ 4 + y 4 ^ 5 + y 5 ^ ) 

Substitute numerical values and evaluate At: 

A? = (l0s)(l.l5 + 1.67 + 2.69 + 4.56 + 7.83) = 179s 

Substitute for Ax and A? and 166c -s 

evaluate v av : v ™ ~ ~ [79s~~ 



->6 



0.927c 



Remarks: This result seems to be reasonable. Relativistic time dilation implies that 
the spacecraft will be spending larger amounts of time at high speed (as seen in 
reference frame S). 

The Relativistic Doppler Shift 

25 • 

Picture the Problem We can substitute, using v = fX, in the relativistic Doppler shift 
equation and solve for the speed of the source. 



Using the expression for the 
relativistic Doppler shift, express f 
as a function of v: 



/ = /, 



[ 1 + v/c 
1-v/c 



Substitute using v=fA and simplify 
to obtain: 



V 1 + v/c 



A' A V 1-v/c 



J L _ 1 + v/c 
I 7 ~ AM -v/c 



or 



1 + v/c 



1-v/c 
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Solve for v to obtain: 



v = 



A_ 



\k' j 



+1 



Substitute numerical values and 
evaluate v: 



589nm 
547 nm 



^58911111^ 



547 nm 



+ 1 



(3xl0 8 m/s) 



2.22 xlO 7 m/s 
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Picture the Problem We can use the relativistic Doppler shift, when the source and the 
receiver are receding, to relate the frequencies of the two wavelengths and c -fA to 
express the ratio of the wavelengths as a function of the speed of the galaxy. 



When the source and receiver are 
moving away from each other, the 
relativistic Doppler shift is given by: 

Use the relationship between the 
wavelength and frequency to obtain: 



/'= 



c 

I 7 



1- 


V 






c 


1+ 


V 






c 



fo 



l- v - 



X' 



l- v 



l + v 



Solve for A'/Aq: 



A' _ 


1+ V 

c 




l- v 

c 



Express the fractional redshift: 



A,' — Aq 
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Substitute numerical values and 
evaluate (A'-Aq)/ Aq\ 



A' — An 

A\ 



1+ 



1.85 xlO 7 m/s 
2.998 xlO 8 m/s 



1.85xl0 7 m/s 
2.998 xlO 8 m/s 



0.0637 
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Picture the Problem We can begin the derivation by expressing the number of waves 
encountered by the observer, in the rest frame of the source, in a time interval At. We can 
then relate this time interval to the time interval in the rest frame of the observer to 
complete the derivation of Equation 39- 16a. 



Express the number of waves n 
encountered by the observer, in the 
rest frame of the source, in a time 
interval At: 



(c + v)Af s _(c + v)/ 0 Af s 



= /o 



A 

M 

V cj 



At 



This time interval in the rest frame 
of the observer is given by: 



At 



r 



Express the frequency heard by the observer and simplify to obtain: 



fo = 



At 



r 



V cj 



fo = 



1 + 



'/o = 



1 + 


V 






c 


1- 


V ' 


r 



fo = 
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Picture the Problem We can use the expression for the relativistic Doppler shift to show 
that, to a good approximation, Aflf w+v/c. 

Express the fractional Doppler shift _A/ _ / ' — f 0 _ f ^ 

in terms of/and/o: f 0 fo fo 



When the source and receiver are 
approaching each other, the 
relativistic Doppler shift is given by: 



1 + 



•fo 



f_ 
fo 



1 + 
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Substitute in the expression for Aflfo 
to obtain: 



fo 



1+ 



i- v - 





1/2 


f 




-1/2 






1- 




-1 


I cj 











Keeping just the lowest order terms 
in vie, expand binomially to obtain: 



4f 

/o 



1+ 



lv v 



2c, 

l + V —l = 

c 



1+ 



l_v 
2c 



The sign depends on whether the source and receiver are approaching or receding. 
Here we have assumed that they are approaching. 

*29 

Picture the Problem Due to its motion, the orbiting clock will run more slowly than the 
earth-bound clock. We can use Kepler's third law to find the radius of the satellite's orbit 
in terms of its period, the definition of speed to find the orbital speed of the satellite from 
the radius of its orbit, and the time dilation equation to find the difference 8 in the 
readings of the two clocks. 



Express the time Jlost by the clock: 



S=At-At p =At 



At_ 

r 



= At 



r) 



Because v « c, we can use part (b) 
of Problem 13: 

Substitute to obtain: 



1 



*1- 



1 v 2 



y 2 c 
8 = At 1 



v 



lv_ 

Y? 



2 \ 



2 c 2 



At (1) 



Express the square of the speed of 
the satellite in its orbit: 



2 

V = 



2nr 



A 2 2 

47T r 



(2) 



where T is its period and r is the radius of 
its (assumed) circular orbit. 



Use Kepler's third law to relate the 
period of the satellite to the radius 
of its orbit about the earth: 



T 2 W 3 

T = r 

GM,. 



An 
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Solve for r. 



— 3 



l gR 2 J 2 
4tt 2 



Substitute numerical values and evaluate r. 



_ 3 (9. 8 1 m/s 2 )(6370km) 2 (90 min x 60 s/mhTf _ 
V An 1 



6.65xl0 6 m 



Substitute numerical values in 
equation (2) and evaluate v 2 : 



_ 4^- 2 (6.65xl0 6 m) 2 
~ (90 minx 60s/min) 2 
= 5.99xl0 7 m 2 /s 2 



Finally, substitute for v in equation (1) and evaluate d. 

5 _ 1 (5.99xl0 7 m 2 /s 2 )(lyx31.56Ms/y) 
~2 (3xl0 8 m/s) 2 



10.5ms 



30 

Picture the Problem We can use the definition of the redshift parameter and the 



relativistic Doppler shift equation to show that v = c 



U -1 

K u 2 +1 j 



, where u = z + 1. 



The red-shift parameter is defined to 
be: 

The relativistic Doppler shift is 
given by: 



z = 



f-f 
f 



j l + v/c 
l-vlc 



Substitute to obtain: 



/-/- 



1 + v/c 



z = 



/1 + v/c 
1-v/c 



j l + v/c 
1-v/c 



1 + v/c 



1-v/c 



/ 1 + v/c 
1-v/c 



Letting u = z + 1 : 



u = z+1 = 



1 + v/c 
1-v/c 
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Solve for v to obtain: 



v = 



f 2 ^ 

U -1 

yll 2 +1 J 



31 • 

Picture the Problem We can use the 

velocity transformation equations for the x 
and y directions to express the x and y 
components of the velocity of the light 
beam in frame S. 




(a) The x and y components of the 
velocity of the light beam in frame S 
are: 



uj + v 



1 + 



and 

w„ = 



r 



vu 



1+ 



Because uJ = 0: 



w = 



and w, = 



(Z?) The magnitude of the velocity of 
the light beam in 5* is given by: 



u = 



2 2 \ 2 C 
U r +U,= JV +— : 



f ..2^ 



Iv 2 + 



7 

=0 
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Picture the Problem Let 5* be the earth reference frame and 5" be that of the ship 
traveling east (positive x direction). Then in the reference frame 5", the velocity of S is 
directed west, i.e., v = -u x . We can apply the inverse velocity transformation equation to 
express u\in terms of u x . 



Apply the inverse velocity , _ u x 

ti „ — 



transformation equation to obtain: i _ vu x 

c 2 

Substitute for v: , u+u x 2u x 



1 U r 1 U r 

1 + — 1 + — 

L ^ 2 2 
C C 
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Because u x = 0.90c: u , = 2(0.90c) = | Q 9Q4c 

x 1 | (0.90c) 2 ^ 



Picture the Problem We can apply the inverse velocity transformation equation to 
express the speed of the particle relative to both frames of reference. 



(a) Express u ' in terms of u" : 



u'+v 



1 + 



vu r 



where V of S ', relative to S", is 0.8c. 



Substitute numerical values and 
evaluate u' : 



0.8c + 0.8c 1.6c 



x , (0-8c) 2 



1.64 



0.976c 



(b) Express u x in terms of u' : 



w, = 



UJ +v 



1+ 



where v of 5*, relative to 5* ', is 0.8c. 



Substitute numerical values and _ 0.976c + 0.8c _ 1.776c 

evaluate u x : " ' " \ , (0-8c)(0.976c7 " 1 .78 1 

2 

C 



0.997c 



Relativistic Momentum and Relativistic Energy 

*34 • 

Picture the Problem We can use the relation for the total energy, momentum, and rest 
energy to find the momentum of the proton and Equation 39-26 to relate the speed of the 
proton to its energy and momentum. 

Relate the energy of the proton to its v 1 — 2 2 j.( 2 Y 

momentum: v 1 

(b) Solve for p to obtain: I ~ 2 7 ^vf 



P = 



E 2 -(mc 2 ) 



c 1 
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Substitute numerical values and 
evaluate p: 



P = 



_ 7(2200 MeV) 2 -(938 MeV) 2 



1.99 



GeV 



(a) From Equation 39-26 we have: 



v _ pc 
c~ E 



Solve for v to obtain: 



pc 
v = ^—c 



Substitute numerical values and 
evaluate v: 



_ 1.99 GeV 
V ~ 2200 MeV C 



0.905c 



35 



Picture the Problem We can use E 2 = p 2 c 2 + (mc 2 ) (from Problem R-37) to find the 

relativistic momentum of the particle in terms of /and the fact that the kinetic energy of 
the particle equals twice its rest energy to find the error made in using mv for the 
momentum of the particle. 



Express the error e in using 

p' = mv for the momentum of the 

particle: 

From Problem R-37, the 
relationship between the total 
energy E, momentum p, and rest 
energy wc 2 of the particle is: 

Solve for p to obtain: 



2 2 2/ 2 i 

E = p c +[mc J 



(i) 



2 2 2 2 

m c = m c 



f E i ^ 



K m 2 c 4 



Because E - ymc : 



p = mc 



Substitute for p and p' in equation 
(1) to obtain: 



e = l S= = l- U (2) 



mc 



From the definition of y. 
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Eliminate vie in equation (2) to 
obtain: 



The kinetic energy of the particle is 
related to its rest energy: 

Solve for y to obtain: 



e = h 



1 'l-4=l-i (3) 



r 



K = (/-!) 



mc 



1 K 
y = l + — 



mc 



Because the kinetic energy of the 
particle is twice its rest energy: 

Substitute for yin equation (3) and 
evaluate e: 



y = 1 + 



2mc 



mc 



= 3 



1 



e = \ — = 0.667 

3 



66.7% 



36 

Picture the Problem We can use the result of Problem R-37 to find the energy of the 
particle and its energy in a reference frame in which its momentum is 
4 MeV/c. We can apply the inverse velocity transformation equation to find the relative 
velocities of the two reference frames. 



(a) From Problem R-37 we have: 



7^2 2 2, 2 4 2 2 , r^2 

E =pc +m 0 c =pc +E 0 



Solve for E 0 : 



E () = ~^E 2 - p 2 c 7 



Substitute numerical values and 
evaluate E 0 : 



E 0 = A /(8MeV) 2 -(6MeV/c) 
= A /(8MeV) 2 -(6MeV) 



2 2 
C 



= 5.29 MeV 



(b) Because E 0 is independent of the 
reference frame: 



E = 4p 2 c 2 +El 



Substitute numerical values and 
evaluate E: 



E = yj(4 Me V/c)V +(5.29 MeV) 2 



= 6.63 MeV 



(c) The inverse velocity 
transformation is: 



u-v 



vu r . 



where the subscripts refer to the velocities 
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in parts (a) and (b) of the problem. 



Solve for v to obtain: 



l U a U b 



(1) 



Relate the relativistic energy of the 
particle in (a) to its velocity: 



E = 



u n = cjl- 



Substitute numerical values and 
evaluate u a : 



u„ =c. 



A 5.29MeV V 
8MeV 



= 0.750c 



Relate the relativistic momentum of 
the particle in (b) to its velocity: 



^u b = 



pc 



^]p 2 +m 0 c 2 



Substitute numerical values and 
evaluate u h : 



(4MeV/c)c 



A /(4MeV/c) 2 + (5.29MeV/c) 2 
= 0.603c 



Substitute in equation (1) and 
evaluate V: 



V = 



0.750c -0.603c 
1 (0.750c)(0.603c) 



0.268c 



37 

Picture the Problem We can use the rule for the derivative of a quotient to establish the 
result given in the problem statement. 

Use the expression for the derivative of a quotient to obtain: 



L u 2 mu 2 1 

1 rffll r- 



c 



d_ 
du 



mu 



1- 



Multiply the numerator and denominator of the right-hand side of this expression by 
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1 y an d simplify to obtain: 



2 2 2 

LULU mu 

1 — 2-a 1 — i m + — 
\ c V c c 



d_ 
du 



mu 



2 / 2 
■ U C 



( 2\ 

\- U - 
V 6 J 



m + - 



mu 



( 2\ 

\- U - 
V 6 J 



f 2 y/ 2 
v 6 y 



= m 



and 



f 2 A -3 / 2 
V c J 



mu 




38 

Picture the Problem We will first consider the decay process in the center of mass 
reference frame and then transform to the laboratory reference frame in which one of the 
pions is at rest. 

Apply energy conservation in the m K 0 c2 = ? ' cl 

center of mass frame of reference to 

obtain: 

Solve for y: m K 

7 = 

2m n 



Substitute numerical values and 
evaluate y : 

Because one of the pions is at rest in 
the laboratory frame, 
y = 1.78 for the transformation to 
the laboratory frame. The kinetic 
energy of the K° particle is: 



r = 



497.7 Me V/c 2 
2(139.6 MeV/c 2 )" 



1.78 



K K »={y-i)E 

= (l.78-l)(497.7MeV) 



388.2MeV 



The total initial energy in the 
laboratory frame is: 



E = 497.7 MeV + 388.2MeV 
= 885.9MeV 
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Express the energy of the other 
pion: 

Substitute numerical values and 
evaluate E„: 



E„=E- 1m n c 

71 ()7T 



E K =885.9MeV-2(l39.6MeV) 



= 607 MeV 



*39 

Picture the Problem The total kinetic energy of the two protons in part (a) is the sum of 
their kinetic energies and is given by K = l{y — l)E 0 . Part (b) differs from part (a) in 

that we need to find the speed of the moving proton relative to frame 5*. 



(a) The total kinetic energy of the 
protons in frame 5" is given by: 



K = 2( r -l)E 0 



Substitute for y and E 0 and evaluate 
K: 



K = 2 



= 290 MeV 



(938.28 MeV) 



(b) The kinetic energy of the 
moving proton in frame S is given 
by: 



K = {y-l)E 0 
where 

1 

r = - 



i- 



uv 



(1) 



Express the speed u of the proton in 
frame 5*: 



uj + v 



u = 



1+ 



Substitute numerical values and 
evaluate u: 



0.5c + 0.5c 
u = / ■ . T7^ , \ = 0.800c 



1 | (0.5c)(0.5c) 



Evaluate y. 



r = 



I (0.8c)(0.8c) 



= 1.67 
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Substitute numerical values in 
equation (1) and evaluate K: 



A>(l.67-l)(938.28MeV) 



= 629 MeV 



40 

Picture the Problem We can find the speed of each proton by equating their total 
relativistic kinetic energy to Imc 1 . In (b) we can use the inverse velocity transformation 
with V-u and u x = -u to find u x '. In part (c) we'll need to evaluate y' for the kinetic 
energy transformation K L ={/ — i)E 0 . 



(a) Set the relativistic kinetic energy 
of the protons equal to 2mc 2 to 
obtain: 



2(/-\}E q = 2mc 2 => y = 2 



Substitute for y : 



Solve for u to obtain: 



V3~ 
u = — c 
2 



0.866c 



(b) Use the inverse velocity 
transformation with v-u and 



u—v 



vu. 



-ASc 



V3 V3 

— c c 

2 2 



V3 YV3 1 

— c 

j _ v ~_ / V \ J 



-0.990c 



(c) The kinetic energy of the moving 
proton in the laboratory's frame is 
given by: 



K L =(/-l)E 0 
where 

/ 1 



LfcZ 




Substitute for y ' and E 0 and evaluate 



K h =(l-l)mc 2 = 



6mc 
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Picture the Problem (a) and (b) The initial speed of the particle can be found from its 
total energy and its total energy found using E = K + E 0 = yE 0 . (c) We can solve 

2 2 2 I 2 r 

E = p c + ync J for the initial momentum of the system. In (d) and (e) we can use 

conservation of energy and conservation of momentum to find the total kinetic energy 
after the collision and the mass of the system after the collision. 



(a) Express the total energy of the 
particle: 

Because the kinetic energy of the 
particle is twice its energy: 



E = K + E 0 =yE 0 



2E 0 +E 0 = yE 0 and y = 3 



Solve the factor /for u: 



u = c, ll- 



r 



Substitute for / and evaluate u: 



1 1 8 

U = CJl r- = CJ — 

V 3 2 V9 



0.943c 



(b) The total energy of the particle 



is: 



E = K + E 0 = yE Q = 3E 0 



Substitute for E 0 and evaluate E: 

(c) The initial momentum of the 
incoming particle is related to its 
energy and mass according to: 



£ = 3(lMeV) = 



3MeV 



2 2 2 / 2 p 

E = p c +[mc j 



Solve for p: 



P = 



Substitute for E and mc and 
simplify to obtain: 

Substitute for E 0 and evaluate p: 



P= l -j(3E o y-(Ej=^ 
c c 

_ V8(lMeV) 



2.83MeV/c 



(d) and (e) From conservation of 
energy we have: 



E t =E, =5MeV 
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From conservation of momentum 
we have: 



Pi =Pi 



The final momentum of the system 
is related to its energy and mass 
according to: 



E f — p f c + E {0 



Solve for E« 



E m — -Je~ { p { c 



Substitute numerical values and 
evaluate E i0 : 



E R) = ^(5MeV) 2 - (2.83Me V/c) 2 c 2 
= 4.122MeV 



Because E m = m m c 



m m = — 



4.12MeV/c 2 



The total kinetic energy after the 
collision is given by: 



K f = E f -E f0 =5 MeV -4.122 MeV 



= 0.878 MeV 



General Relativity 

*42 

Picture the Problem Let m represent the mass equivalent of a photon. We can equate the 
change in the gravitational potential energy of a photon as it rises a distance L in the 
gravitational field to hAf and then express the wavelength shift in terms of the frequency 
shift. 



The speed of the photons in the light 
beam are related to their frequency 
and wavelength: 



c = /l=>/ 



A 



Differentiate this expression with 
respect to A to obtain: 



dA A 



Approximate dfldA by AflAA and 
solve for Af: 



Divide both sides of this equation by 
/ to obtain: 



f 



A 2 



-AA 



c 

I 



AA 

"T" 
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Solve for AX: AX = -X^- (1) 

/ 

The change in the energy of the = AU = mgL 

photon as it rises a distance L in a 
gravitational field is given by: 

Because AE = hAf : W = mgL (2) 



Letting m represent the mass 
equivalent of the photon: 



E = mc 2 = hf 



(3) 



Divide equation (2) by equation (3) 
to obtain: 



hAf mgL Af gL 



hf mc 2 



f 



Substitute for Af/fin equation (1): 

Substitute numerical values and 
evaluate AX: 



AX = ■ 



gLX 



_ (9.81m/s 2 )(l00m)(632.8nm) 
(3 x10 s m/s) 



6.90x10 12 nm 



43 

Picture the Problem In a freely falling reference frame, both cannonballs travel along 
straight lines, so they must hit each other, as they were pointed at each other when they 
were fired. 
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Picture the Problem Consider the turntable to be a giant hollow cylinder in space that is 
spinning about its axis. Someone on the inside surface of the cylinder would experience 
a centripetal acceleration caused by the normal force of the surface pushing them toward 
the rotation axis. Alternatively, they can consider that they are not accelerating but a 
gravitational field g = corr is pushing them away from the axis ( f is away from the 

axis). This is the principle of equivalence. From this perspective, up is toward the axis 
and the points closer to the axis are at the higher gravitational potential. (Just like the 
electric field points in the direction of decreasing electric potential, the gravitational field 
points in the direction of decreasing gravitational potential.) 



(a) From the time dilation equation 
we have: 



1336 Chapter 39 



Because rty/c « 1 (see Problem 
14): 



1 

2 c 2 



= 1 



2 2 



2c 2 



Substitute to obtain: 



A^ r -A/ 0 



2 2 



2c 2 



2 2 



2c 2 



(b) The pseudoforce is given by: 



F p = -ma 

where a is the acceleration of the non- 
inertial reference frame. 



In this case a is the centripetal 
acceleration: 



a = -roo => F p = F r = 



mrco 



To relate this problem to Equation 39-3 1 , point 2 is a distance r from the axis and 
point 1 is on the axis. The term in parentheses on the right hand side of Equation 
2 is fa— fa, which translates to fa- fa. Because fa is at a lower potential than fa, 
this term is negative. Hence: 



fa -fa = -^g-di = -J co 2 rf ■ dt = -J co 2 r dr = 



i 2 2 

\r co 



From Equation 39-31: 



At r -At 0 
AL 



c 



2 2 

r co 



2c 2 



General Problems 



45 • 

Picture the Problem We can use the definition of /and the time dilation equation to find 
the speed of the muon. 
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(a) From the definition of /we 
have: 



r 



^ 2 



Solve for u/c: 



U c = Tr 2 



Relate the mean lifetime of the 
muon to its proper lifetime: 



At 



At = vAt n => y = 

p At 



Substitute in the expression for u/c 
to obtain: 



u 
c 



yAt j 



Substitute numerical values and 
evaluate u/c: 



u 

c 

or 



2 jus 
46 jus 



= 0.999 



u= 0.999c 



46 • 

Picture the Problem We can use the relativistic Doppler shift, when the source and the 
receiver are receding, to relate the frequencies of the two wavelengths and c -fA to 
express the ratio of the wavelengths as a function of the speed of the galaxy. 



When the source and receiver are 
moving away from each other, the 
relativistic Doppler shift is given by: 

Use the relationship between the 
wavelength and frequency to obtain: 



c 

T' 



1- 


V 






c 


1+ 


V 






c 



fo 



l- v - 



A' 



1- V 



1 + 



Because X = 2Aq: 



2/L 



1_ 
2 



1- 


V 






c 


1+ 


V 






c 



1338 Chapter 39 



Solve for vie: 



v _ 3 
c ~ 5 



0.600c 



*47 ** 

Picture the Problem We can use Equation 39-12, the inverse time transformation 
equation, to relate the elapsed times and separations of the events in the two systems to 
the velocity of 5" relative to S. We can use this same relationship in (b) to find the time at 
which these events occur as measured in 5". 



(a) Use Equation 39-12 to obtain: 



At' = t 2 '-t 1 ' = y 

= r 



V2 0 2 ( X 2 X l ) 
C 



At — -Ax 
c 



Because the events occur 
simultaneously in frame S', 
At' = 0 and: 



0 = At — ^Ax 
c 



Solve for v to obtain: 



v = 



c 2 At 
Ax 



Substitute for At and Ax and 
evaluate V: 



c 2 (0-5y-ly) 
2.0c-y-1.0c-y 



-0.5c 



Because At = t 2 = -0.5 y 



S' moves in the negative x direction. 



(b) Use the inverse time 
transformation to obtain: 



t 2 ' = r 



vx 0 



t VX 2 

\ h 1 



2 2 

V c J 



1- 



Substitute numerical values and 
evaluate t{ and t{: 



0.5 y 



(-0.5c)(2.0c-y) 



t ' = t' = 

l 2 l l 



I (-0-5c) 2 



1.73 y 
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48 

Picture the Problem We can use the relationship between distance, speed, and time and 
the length contraction relationship to find the speed of the ship relative to the earth. The 
elapsed time between the departure of the spaceship and the receipt of the signal at earth 
is the sum of the travel time to the distant star system and the time it takes the signal to 
return to earth. 



(a) Express the travel time as 
measured on the spaceship: 



At' 



L[_L_ 
u yu 



Solve for yu: 



yu 



L 

AT 



Substitute numerical values and 
evaluate yu: 



yu 



or 



12c-y 
15y 



= 0.8c 



0.8c 



Solve for u to obtain: 

(b) The elapsed time T before earth 
receives the signal is the sum of the 
travel time to the distant star system 
and the time it takes the signal to 
return: 



u = 0.625c 



Substitute numerical values and 
evaluate T: 



T= 12c-y | 12c-y 
0.625c c 



31.2y 



49 

Picture the Problem We can use conservation of energy to find yin the CM frame of 
reference and then use the definition of yto find the speed u of the projectile proton. We 
can then use the velocity transformation equation to find the speed and kinetic energy of 
this proton in the laboratory frame of reference. 



Use conservation of energy to find y 
in the CM frame of reference: 



E. 



E[ and E { are: 



E, =938Mev + 938MeV = 1876MeV 
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and 

E f =938Mev + 938MeV + 135MeV 
= 2011MeV 



Substitute E\ and E { and evaluate y : 



201 1MW 
1876MeV 



Express /as a function of the speed 
u of the projectile proton: 



r 



1-- 



Solve for m to obtain: 



U= T7 



Substitute for / and evaluate u: 



u = c 1- 



(1.072) 2 



= 0.360c 



Transform to the laboratory frame 
and find u'\ 



,_ u-v 0.360c -(-0.360c) 
' ~ vu~ l (0.360c)(-0.360cJ 



c 

= 0.637c 



The kinetic energy of the moving 
proton in the laboratory's frame is 
given by: 



K L =(f L -l)E 0 
where 



1 



L (0-637c) 2 



= 1.30 



Substitute for % and E 0 and evaluate 



K L =(l.30-l)(938MeV) = 



281MeV 



Remarks: In Problem 55 we show that the threshold kinetic energy of the projectile 

. . . v (iXn +I>fin)(Z"*fin "E^in V 

is given by K th = — 



2m 



target 
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50 

Picture the Problem We can use A^ p = L p /u, where u is the speed of the bullet relative 

to the rocket, to find the elapsed time in the frame of the rocket. In (b) and (c) we can 
proceed similarly, finding the speed of the bullet relative to the rocket as seen from the 
ground frame in (b) and, in (c), using the speed of the bullet relative to the rocket. 



(a) In the rocket frame: 



At = At = ^ = 

p u 0.8c 



Substitute numerical values and 
evaluate At: 



At = 



1000 m 



0.8(2.998xl0 8 m/s) 



4.17 



(b) In the ground frame of reference, 
the elapsed time is given by: 



At, 



L 



ground 



(1) 



where u' is the speed of the bullet relative 
to the rocket as seen from the ground. 



The speed of the ground is given by: 



U rocket + ' 



"round 



1 + - 



Vu 



ground 



Substitute for i/ roc ket and Fand 
evaluate u grou nd> 



ground 



0.6c + 0.8c 
j i (0-8c)(0.6c) 



0.946c 



The speed of the bullet relative to 
the rocket as seen from the ground 
is: 



u'= 0.946c -0.6c = 0.346c 



Relate L glound to L v : 



p j \-t ground 



Aground "p ' 

r 



Substitute for L p and w groun d and 
evaluate L gr ound: 



4„-=(l000m)Jl-(^ 



= 800m 



Substitute numerical values in 
equation (1) and evaluate A? ground : 



At. 



ground 



800 m 
0.346(2.998 xlO 8 m/s) 



7.71/zs 
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(c) In the bullet' s frame of 
reference, the elapsed time is given 
by: 



At, 



U 



bullet 



(2) 



The length L' of the rocket in the 
bullet's frame is given by: 

Substitute in equation (2) to obtain: 



u: 



r V c 



At — _^E_ ll M bullet 

^'bullet — 1 1 2 

u u ,. n „, V c 



Substitute numerical values and evaluate A? bullet : 



At 



1000 m 



0.8(2.998 xlO 8 m/s) 1 



(0.8c) 2 



2.50 //s 



*51 ••• 

Picture the Problem We can use conservation of energy to express the recoil velocity of 
the box and the relationship between distance, speed, and time to find the distance 
traveled by the box in time At = Lie. Equating the initial and final locations of the center 
of mass will allow us to show that the radiation must carry mass m = Etc 2 . 

E 



(a) Apply conservation of 
momentum to obtain: 



- + Mv = p i = 0 



Solve for v: 



v = 



E 
Mc 



(b) The distance traveled by the box 



d = vAt = 



vL 



in time At = Lie is: 




c 






Substitute for v from (a): 




( E^ 




LE 




c 


v Mcj 




Mc 1 



(c) Let x = 0 be at the center of the 
box and let the mass of the photon 
be m. Then initially the center of 
mass is at: 



A', 



-mL 



CM 



M + m 
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When the photon is absorbed at the 
other end of the box, the center of 
mass is at: 

Because no external forces act on 
the system, these expressions for 
x C m must be equal: 



Solve for m to obtain: 



■*cm 



MEL 



Mc 



+ m 



V 



EL 

Mc 2 



M + m 



:mL 



-MEL r 
+ m 



Mc 



2 Mc 2 



M + m 



M + m 



m = 



Mc 2 



Because Mc 2 is of the order of 10 16 J E 

Yil = — 

and E = hf is of the order of 1 J for q 2 

reasonable values of / ElMc 2 « 1 

and: 
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Picture the Problem We can apply a velocity transformation equation to find the speed 
of the particle and use the distance and time transformation equations to find the distance 
and direction the particle traveled from t\ to t' 2 and the time the particle traveled as 
observed in frame S. 



(a) The velocity transformation _ u x ' + v 



u , 



equation for motion at speed v along i vu x 

2 

the x axis is: c 



Evaluate u x for u x ' = -c/3 and 
v = 0.6c: 



(b) The distance traveled by the 
particle from t\ to t' 2 is given by: 



To find x 2 , we must first find x{ and 
At': 



u 



1 3 

— c ^ — c 
3 5 



1 + 



f3 1 


r 


1 




— c 






c 


15 ) 


V 


3 


J 



(1) 



x 2 ' = 10m-(60m/c) - =-10m 
and 

Af= t'-tj = 60m/c = 200 ns 
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X2 is related to x{ through the 
relativistic transformation: 



/ , a A x~' + vAt' 
x 2 = y(x 2 ' + vAt') = 2 

Jl-4 



Substitute numerical values and 
evaluate x 2 . 



-10m + (0.6c)(200 ns 



32.5m 



jci is given by: 



1- 



Substitute numerical values and 
evaluate jci : 



10m 

x = = = 12.5 m 



Substitute numerical values in 
equation (1) and evaluate Ax: 



Ax = 32.5m-12.5m= 20.0m 



(c) The time the particle traveled is 
given by: 



At = t 2 -t 1 (2) 



Express and evaluate t\. 



'i=*i' = -r^= 



1- 



6m/c 



= 7.50m/c = 25.0 ns 



Express and evaluate t 2 : 



* 2 =r 



l- 



60m/c + (-6m/c) 



= 225 ns 



Substitute in equation (2) and 
evaluate At: 



At = 225 ns- 25 ns = 200 ns 
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Picture the Problem We can evaluate the differentials of Equations 39- 19a, b, and c 
and 39-10 and express their ratio to obtain expressions for a x \ a y \ and a z '. 



From Equation 39- 19a we have: 



du ' = d 



u x - v 
i vu x 



2 

c J 



du x + [u x - v) 



2 



du. 



vu, 



2\ 



-du. 



vu x 



From Equation 39-10: 



dt' = yd 
Divide du x ' by dt to obtain: 



t-- 

V c J 



, yv , yv dx , 
ydt-^—rdx = ^-r — dt = y 
' c 2 c 1 dt 



dt 



a ' = • 



duj 
~dF 



2\ 



vu x 
c ) 



du. 



2\ 



V C J 



du. 



f1 vu ^ 

2 


dt 


r 


2 


^ C J 






v c J 



dt 



3 o3 -x 



y'8 



where 8 = 1 



vu, 



Proceeding in exactly the same 
manner, one obtains: 

and an identical expression for a z ' with z 
replacing y. 

54 ••• 

Picture the Problem Without loss of generality, we'll consider the absorption case. 
We'll assume that the electron is initially at rest and that it travels with a speed v after it 
absorbs the photon. Applying the conservation of energy and the conservation of 
momentum will lead us to an absurd conclusion that, in turn, will force us to abandon our 
initial assumption that an electron can absorb a photon. Such an argument is known as a 
reductio ad absurdum argument. 



vu. 



2 c-2 

y 8 



a„ +- 



. 3 c-3 2 

y 8 c 
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When the electron absorbs a photon, 
the conservation of relativistic 
momentum requires that its 
momentum become: 

From the conservation of energy: 

Equate these expression for p to 
obtain: 

Solving for v yields: 



p = ymv 



mc 2 + pc = ymc 2 => p = (7 — 1 )mc 
ymv = \J — \)mc 



r J 



(i) 



Square both sides of the equation to 
obtain: 



v = 



r J 



c = 



y 2 -2/ + 1 



c (2) 



From the definition of y : 



r 



2 22 

v c - V 



Solve for v to obtain: 



Substitute for v 2 in equation (1) and 
simplify to obtain: 



Substitute for y in equation (1) and 
evaluate v: 



y 2 -l 2 _y 2 -2y + l 2 



-c = 



r 



r 



or 



.\ = -2 r + l => y = l 



v = 



V 1 J 



c = 0 



Our assumption that an electron can absorb a photon has led to the 
contradictory conclusion that its speed after the absorption is zero. Hence, 
we must conclude that the electron cannot absorb a photon. 



*55 ••• 

Picture the Problem Let m\ denote the mass of the incident (projectile) particle. Then 
Yjn m -mi + m target and we can use this expression to determine the threshold kinetic 
energy of protons incident on a stationary proton target for the production of a proton- 
antiproton pair. 
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Consider the situation in the center 
of mass reference frame. At 
threshold we have: 

In the laboratory frame, the target is 
at rest so: 



E 2 -p 2 c 2 =J]m rm c 2 

Note that this is a relativistically invariant 
expression. 



^target ~ E t ~ E t,0 



We can, therefore, write: 



(E l+ Ej-p 2 c 2 =i^m fm c 2 ) 2 



For the incident particle: 



Express K lh in terms of the rest 
energies: 



and 

E \ = E i,0 + ^th 

where K th is the threshold kinetic energy of tl 
incident particle in the laboratory frame. 

{E tfi + E lX) ) 2 + 2K th E tfi =(£ m Sm c 2 ) 2 
where 

E tfi +E U) =Z m fin c2 

and 

E t,0 = W target C 



Substitute to obtain: 



CvT + 2K tb m Urget c 2 = (Y,m fm c 2 ) 2 



Solve for K th to obtain: 



2m 



target 



For the creation of a 

proton - antiproton pair in a proton - 

proton collision: 



X m in = 2m P 
and 



^target = ™p 



Substitute to obtain: 



^th - ' 1 



(2m p + 4m p )(4m p - 2m p )c 2 



2m„ 



( 6m P )( 2m v)> 
2m„ 



6m p c 
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in agreement with Problem 40. 

56 ••• 

Picture the Problem We'll solve the problem for the general case of a particle of rest 
mass M decaying into two identical particles each of rest mass m. 

In the center of mass reference Mc 2 = 2mc 2 = 2ymc 2 

frame: 



Solve for ulc to obtain: 



u 
c 



M 



where u is the speed of each of the decay 
particles in the CM frame. 



Next we determine the speed v of 
the laboratory frame relative to the 
CM frame. The energy of the 
particle of rest mass Mis: 



where 

7 cm =~ 



and 

v 



CM 



/cm 



Use Equation 39- 1 8a to express «i a b, 
the speeds of the decay products in 
the laboratory reference frame: 



i±A 



CM 



where ± refers to the fact that one of the 
decay particles will travel in the direction 
of M, and the other in the direction 
opposite to that of M. 



In this problem we have: 



r CM =4,/? CM =0-968,— 5- = 0.6, 

M 0 

and - = 0.8 

c 



Substitute to obtain: 



lab 



and 



0.968 + 0.8 
l + (0.968)(0.8)' 



0.996c 



Relativity 1349 



lab 



0.968-0.8 
l-(0.968)(0.8)' 



0.745c 



57 ••• 

Picture the Problem We can write the components of the stick in its reference frame and 
then apply the Lorentz length contraction equation to obtain the given result. 



In its reference frame, the stick has x 
and j components: 



L v* =L v cos0 
and 

L py =L p sm0 



Only L px is Lorentz contracted to: 



L 

r 



Hence, the length in the reference 
frame 5" is: 



L' 



1/2 




The angle that L' makes with the x' 
axis is given by: 



tan 9 



L' sin0 



L' cos 6 

x 

7 
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Picture the Problem We can express the tangent of the angle u' makes with the x' axis 
and then use the velocity transformation equations to obtain the given result. 



Express the tangent of the angle u' 
makes with the x' axis: 



tanff 



u 

y 

11 



Substitute for u y ' and u x ': 



tanff 



5 
c 2 j 



u x -v 



y{u x -v) 



Substitute for u y and u x and simplify 
to obtain: 



tan#' 



wsin^ 



^(mcos^-v) 



sin^ 



y(cos&-v/u) 
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*59 ••• 

Picture the Problem We can use the expressions for p and E in 5* together with the 
relations we wish to verify and the inverse velocity transformation equations to establish 



■he eondMon „« . („;Y ♦ („;)> + M > . V* + ^ and th en U se tn.s re S »l, ,o verify 
the given expressions for p x ',p y ',p z ' and E'lc. 



In any inertial frame the momentum 
and energy are given by: 



P = 



mu 



and E 



mc 



where u is the velocity of the particle and 
// is its speed. 



The components of p in 5* are: 



mu. 



Py 



, and 



mu. 



Because u x - u z = 0 and u v - u: 



P x =P.=0 
and 

mu 



1- 



u 



Substituting zeros for p x and p z in 
the relations we are trying to show 
yields: 



Px =7 



P. 
E' 



vE_ 

2 

c~ J 



vE , 

-r-T, Py =Py> 



= 0 , and 



0 



y- 



In 5" the momentum components 
are: 



mu r 



mu. 



- , and 



p: 



mu. 
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The inverse velocity transformations 
are: 



uj = 



u - v 



vu. 



, u 

' 1, 



, and 



VU 



Substitute m x -u z -0 and u y -u to 
obtain: 

Thus: 



First we verify that p z ' =p z = 0: 



u x ' = -v , u y ' = yu , and u' = 0 



2 U 

v + — 



m(0) 

i = P Z = 



1- 



0 



Next we verify that p v ' = p y : 




mu 



1 c 2 r i c 2 r 2 c 2 



Pv 



2 2 
V U 

2 2 
C C 


V c J 


2 2 
V U 

2 2 
C C 


f 2\ 

v c y 



Next we verify that = y 



( vE\ 

P X 2 
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fflW, 



mv 




yv mc 



u 



2 2 

y c 



yv 



1- 


2 

V 


2 

u 


1- 

V 


2^ 

V 


c 


2 

c 




1- 


v 2 


w 2 


f 

1- 

V 


2 A 

V 


c 2 


c 2 





Finally, we verify that — = y 
c 



E V PA E F> Z7 

=y — , ore = y£ : 

yc c ) c 



E' = 



mc 



ymc 



2 7 



7 



,' 2 



,i2 



= yE- 



1- 



1- 



2 2 2 

c y c 



= yE 




= yE 



1- 


v 2 


w 2 


f 

1- 

V 


v 2 ) 


c 2 


c 2 




1- 


v 2 


M 2 


1- 

V 


v 2 ) 


2 

c 


2 

c 


C J 



The x, y, z, and ? transformation equations 
are: 



x' = y(x-vt) 



y =y 

z' = z 
and 



t' = y 



vx 



\ c ) 



The x, y, z, and ct transformation equations 
are: 



x = y 

y' = y 

z' = z 
and 



x — ct 



V 



c ) 
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The p x , p y , p z , and E/c transformation 
equations are: 







< 


ct 


= 7 


ct — 












/ 


Px 


= 7 


Px' 






V 


Py 


= 1 


y 


PJ 


= Pz 


and 






E' 




f E 




= 7 




c 







v E^ 

C C y 



V ^ 
-Px 

c J 



Note that the transformation equations for x, y, z, and ct and the transformation equations 
for p x , p y , p z , and E/c are identical. 

60 ••• 

Picture the Problem The Lorentz transformation was derived on the basis of the 
postulate that the speed of light is c in any inertial reference frame. Thus, if the clocks in 
S and 5" are synchronized at t = f = 0, then it follows from the Einstein postulate that r 2 = 
c 2 t 2 and r' 2 = cY 2 or r 2 - c¥ = 0 = r' 2 - cY 2 . In other words, the quantity s 2 = r 2 - c 2 t 2 = 0 

2 2 2 2 2 

is a relativistic invariant, which can also be written asx + y + z - c t =0. 
Using the Lorentz transformation equations for x, y, z, and t we have: 

x' 2 + y' 2 + z' 2 - (ct'f = y\x 2 - 2vxt + v Y) + y 2 + z 2 - y\c 2 t 2 - 2vxt + v 2 x 2 lc) 

The terms linear in x cancel and the terms y x\\ -v7c z ) = x 
in x 2 combine to give: 

The coefficients of the terms in (ct) 2 give: y 2 (v 2 lc 2 - 1) = — 1 



9 9 9 9 9 9 

Thus, r - c t -r' - c f as required by the Einstein postulate. 



61 ••• 

Picture the Problem We'll use Equation 39-27 to show that this quantity has the value 
-mc 2 in both the 5* and S' reference frames. 



From Equation 39-27, the 
relationship between total energy E, 
momentum p, and rest energy mc 2 
is: 



E 2 = p 2 c 2 +(mc 2 ) 2 



or 

22 j-,2 / 2 r 

p c - E = -[mc ) 
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Divide both sides of this equation by 
c 2 to obtain: 



We can relate p to p x , p y , and p z : 



^ 2 



= -{mcy 



(l) 



2 2,2,2 
P = Px+Py+Pz 



Substitute for p in equation (1) to 
obtain: 

Because m is the mass of the 
particle in its rest frame, it is 
constant. Hence: 



2 . 2 . 2 
P.r+Py+Pz 



2 2 

= —m c 



^ 2 



must be a relativistic invariant. 



Also, in Problem 59 we saw that the components of p and the quantity Etc transform like 
the components of r and the quantity ct. In Problem 60 we demonstrated that r 2 - (ct) 2 is 
a relativistic invariant. Consequently,/? 2 - (E/c) 2 must also be relativistically invariant. 



*62 ••• 

Picture the Problem We can use the inverse Lorentz transformation for time to show 
that the observer will conclude that the rod is bent into a parabolic shape. 



In frame S where the rod is not 
moving along the x axis, the height 
of the rod at time t is: 



y 



[t) = -\gt 2 



The inverse Lorentz time 
transformation is: 



t = r 



v C J 



Express y'(t) in the moving frame of 
reference: 



-gy 



vx 



t'+ 



Evaluate y'(f) at f = 0 to obtain: 



y 



2c 2 



(1) 



Because equation (1) is the equation of a parabola, we've shown that the 
moving observer will conclude that the rod is bent into a parabolic shape. 
Because the coefficient of x 2 is negative, the parabola is concave downward. 



Chapter 40 
Nuclear Physics 

Conceptual Problems 
1 

Determine the Concept Two or more nuclides with the same atomic number Z but 
different N and A numbers are called isotopes. 

(a) Two other isotopes of 14 N are: 15 N, 16 N 

(b) Two other isotopes of 56 Fe are: 54 Fe, 55 Fe 

(c) Two other isotopes of 118 Sn are: 54 Fe, 55 Fe 
2 

Determine the Concept The parent of that series, 237 Np, has a half-life of 2xl0 6 y that is 
much shorter than the age of the earth. There is no naturally occurring Np remaining on 
earth. 

3 

Determine the Concept Generally, /?-decay leaves the daughter nucleus neutron rich, 
i.e., above the line of stability. The daughter nucleus therefore tends to decay via /?" 
emission which converts a nuclear neutron to a proton. 

*4 * 

Determine the Concept 14 C is found on earth because it is constantly being formed by 
cosmic rays in the upper atmosphere in the reaction 14 N + n — > 14 C + 'H. 

5 

Determine the Concept It would make the dating unreliable because the current 
concentration of 14 C is not equal to that at some earlier time. 

6 

Determine the Concept An element with such a high Z value would either fission 
spontaneously or decay almost immediately by a emission (see Figure 40-3). 

7 

Determine the Concept The probability for neutron capture by the fissionable nucleus is 
large only for slow (thermal) neutrons. The neutrons emitted in the fission process are fast 
(high energy) neutrons and must be slowed to thermal neutrons before they are likely to be 
captured by another fissionable nucleus. 



1355 
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8 

Determine the Concept The process of "slowing down" involves the sharing of energy 
of a fast neutron and another nucleus in an elastic collision. The fast particle will lose 
maximum energy in such a collision if the target particle is of the same mass as the 
incident particle. Hence, neutron-proton collisions are most effective in slowing down 
neutrons. However, ordinary water cannot be used as a moderator because protons will 
capture the slow neutrons and form deuterons. 

9 

Determine the Concept Beta decay occurs in nuclei that have too many or too few 
neutrons for stability. In (3 decay, A remains the same while Z either increases by 1 (J}~ 
decay) or decreases by 1 (J3 + decay). 



(a) The reaction is: 



(b) The reaction is: 



10 • 

Advantages 

The reactor uses 238 U, which, by 
neutron capture and subsequent 
decays, produces 239 Pu. Thus 
plutonium isotope fissions by fast 
neutron capture. Thus, the breeder 
reactor uses the plentiful uranium 
isotope and does not need a 
moderator to slow the neutrons 
needed for fission. 

11 • 

(a) False. The nucleus does not contain electrons. 

(b) True. 

(c) False. After two half-lives, three-fourths of the radioactive nuclei in a given sample 
have decayed. 

(d) True (given an unlimited supply of 238 U). 



22 Na^ Z2 Ne+ + "/?^ J3 + decay 



2 tNa^Mg+_; , / tf^ p~ decay 



24 



Disadvantages 



The fraction of delayed neutrons 
emitted in the fission of 239 Pu is very 
small. Consequently, control of the 
fission reaction is very difficult, and 
the safety hazards are more severe than 



for the ordinary reactor that uses 
as fuel. 



235 



U 
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12 • 

Determine the Concept Pressure and temperature changes have no effect on the internal 
structure of the nucleus. They do have an effect on the electronic configuration; 
consequently, they can influence K-capture processes. 

*13 • 

Determine the Concept Knowing the parent nucleus and one of the decay products, we 
can use the conservation of charge, the conservation of energy, and the conservation of 
the number of nucleons to identify the participants in the decay. 



(a) beta decay of N 



(b) alpha decay of 248 Fm 

(c) positron decay of 12 N 

(d) beta decay of 81 Se 

(e) positron decay of 61 Cu 



(/) alpha decay of 



228Th 



16 1 



7 ' N _^o+_iy?+ 0 v+Q 



100 1 



Fm-^Cf+^He + Q 



12 1 



0 a , 0 , 



29' 



Cu->SNi+ + ^+ 0 °v + j2 



228 jW*Ra+*He + <2 



90 1 



*14 • 

Determine the Concept We can use the information regarding the daughter nuclei to 
write and balance equations for each of the reactions. 



(a) 



240 



94 Pu -rtJn+SSr+^Ba 



(b) 



72 



32 Ge+2He-> 0 n+34Se 



(c) 



^I+'H-^n+^Xe 



(d) ^U+jJn-^jJn+^Ag+^Rh 



0) 



^Mn+ 7 3 Li^H+^Co 



(/) 92 U + 0 n^ 92 U; 92 U^_ l p+ 0 v+ 93 Np; 93 Np^_ 1 ^+ 0 i/ + 



On, 0.. , 239 T 



239 K 



0/3,0, 



239 
94 



Pu 
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Estimation and Approximation 

15 • 

Picture the Problem There is no table of half lives in the text although the information is 
mentioned in the alpha particle discussion for alpha decay (about 15 orders of magnitude). 
Mass density in an atom ranges roughly as the cube of the radius of an atom to that of the 
nucleus, also about 15 orders of magnitude. Nuclear masses only range 2 orders of 
magnitude. 



Material property 


Ratio (order of magnitude) 


Mass density 


10 15 


Half life 


10 15 


Nuclear masses 


2 



16 



Picture the Problem The mass of 235 U required is given by m 235 = M 23S , where 



N 



M235 is the molecular mass of 235 U and N is the number of fissions required to produce 



10 20 J. The mass of deuterium and tritium required can be found similarly. 



(a) Relate the mass of 235 U required 
to the number of fissions N required: 



_N_ 

N > 



M 



235 



(1) 



where M235 is the molecular mass of 235 U 



Determine N: 



E 

annual 



J per fission 



Substitute numerical values and 
evaluate N: 



10 20 J 



N = - 



200MeVx 
= 3.13xl0 30 



1.60x10 J 
eV 



Substitute numerical values in equation (1) and evaluate m 2 j,s. 



3.13x10 



30 



m 235 



6.02 xlO 23 nuclei/mol 



(235g/mol)= 5.20xl0 6 kg 
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(b) Relate the mass of 2 H and 3 H 
required to the number of fusions N 
required: 



N 



(2) 



where M , 3 is the molecular mass of 

H+ H 

2 H + 3 H. 



Determine N: 



E 

annual 



per 



fission 



Substitute numerical values and 
evaluate N: 



10 20 J 



N=- 



18MeVx 
= 3.47xl0 31 



1.60x10 19 J 
eV 



Substitute numerical values in equation (2) and evaluate m, u 3u 

H+ H 



m 



3.47 xlO 3 



:3 " 6.02xl0 23 nuclei/mol 



(5g/mol)= 2.88xl0 6 kg 



Properties of Nuclei 

*17 • 

Picture the Problem To find the binding energy of a nucleus we add the mass of its 
neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c 2 . To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 
per nucleon is the ratio of the binding energy to the mass number of the nucleus. 

(a) For 12 C, Z = 6 and N - 6. Add the mass of the neutrons to that of the protons: 



6m p + 6m n = 6 x 1 .007825 u + 6 x 1 .008665 u = 12.098940 u 



Subtract the mass of 12 C from this result: 

(6m p +6m n )-m l2c =12.098940 u- 12 u= 0.098940 u 

Multiply the mass difference by c 2 and convert to MeV: 



E b = (Am)c 2 = (0.098940 u)c 2 



931.5MeV/c 2 
lu 



92.2 MeV 
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E 92.2MeV 

and the binding energy per nucleon is — = — : 

1 2 



7.68 MeV 



(b) For 56 Fe, Z = 26 and N = 30. Add the mass of the neutrons to that of the 
protons: 



26m p + 30m n = 26 x 1 .007825 u + 30 x 1 .008665 u = 56.463400 u 



Subtract the mass of 56 Fe from this result: 

(26m p +30mJ-m l2c =56.463400u-55.934942u =0.528458u 

Multiply the mass difference by c 2 and convert to MeV: 

931.5MeV/c 2 



E h = (Am) c 2 =(0.528458 u)c 



2 x- 



lu 



492 MeV 



8.79 MeV 



E 492 MeV 

and the binding energy per nucleon is — - = 

A 56 



(c) For 238 U, Z = 92 and N- 146. Add the mass of the neutrons to that of the 



protons: 



92m p + 146m n = 92 x 1 .007825 u + 146 x 1 .008665 u = 239.984990 u 



Subtract the mass of 238 U from this result: 

(92m p +146mJ-m 238u =239.984990u-238.050783u = 1.934207 u 

Multiply the mass difference by c 2 and convert to MeV: 

931.5MeV/c 2 



E b = (Am)c 2 = (l. 934207 u)c 2 x- 



lu 



1802 MeV 



E h 1802 MeV 

and the binding energy per nucleon is — = 

A 238 



7.57 MeV 
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18 • 

Picture the Problem To find the binding energy of a nucleus we add the mass of its 
neutrons to the mass of its protons and then subtract the mass of the nucleus and multiply 
by c 2 . To convert to MeV we multiply this result by 931.5 MeV/u. The binding energy 
per nucleon is the ratio of the binding energy to the mass number of the nucleus. 

(a) For 6 Li, Z = 3 and N -3. Add the mass of the neutrons to that of the protons: 

3ra p +3m n = 3xl.007825u + 3xl.008665u = 6.049470u 

Subtract the mass of 6 Li from this result: 

(3m n + 3m n )- m 6 = 6.049470u - 6.015 122 u = 0.034348 u 



Multiply the mass difference by c 2 and convert to MeV: 



^ (k \ 2 no, 0,0 \ 2 931.5MeV/ C 2 

E b ={Am)c = (0.034348 ujc x 



and the binding energy per nucleon is 

A 



lu 

EL 32.0 MeV 



32.0MeV 



5.33MeV 



(b) For 39 K, Z = 19 and N = 20. Add the mass of the neutrons to that of the 
protons: 



1 9m p + 20m n = 1 9 x 1 .007825 u + 20 x 1 .008665 u = 39.32 1 975 u 



Subtract the mass of 39 K from this result: 

(l9m n + 20m n )- m 39 = 39.321975 u - 38.963707 u = 0.358268 u 

Multiply the mass difference by c 2 and convert to MeV: 

931.5MeV/c 2 



E b = (Am)c 2 = (0.358268u)c 2 x 



and the binding energy per nucleon is 



lu 

E b _ 334 MeV 



334 MeV 



A 39 



8.56MeV 



(c) For 208 Pb, Z = 82 and N = 126. Add the mass of the neutrons to that of the 
protons: 
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82m p + 126m n =82x1 .007825 u + 126 x 1 .008665 u = 209.733440 u 



Subtract the mass of 208 Pb from this result: 

(S2m p + 126m n )- m 20gpb = 209.733440u - 207.976636 u = 1 .756804u 



Multiply the mass difference by c and convert to MeV: 



E b = (Am)c 2 = (l.756804u)c 2 



931.5MeV/c 2 
lu 



1636 MeV 



a u u- , , £ b 1636MeV 
and the binding energy per nucleon is — = 

A 208 



7.87 MeV 
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Picture the Problem The nuclear radius is given by R = RqA 1 ' 3 where R 0 = 1.2 fm 



(a) The radius of 16 0 is: 



i? 16o =(l.2fm)(l6) 1/3 = 



3.02 fm 



(b) The radius of 56 Fe is 



i? 56 =(l.2fm)(56) ; 



1/3 



4.59 fm 



(c) The radius of 197 Au is: 



7? I97Au =(l.2fm)(l97) 



J/3 



6.98 fm 
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Picture the Problem The nuclear radius is given by R = R Q A 1/3 where R 0 = 1.2 fm. 



The radii of the daughter nuclei are 
given by: 

Because the ratio of the mass 
numbers of the daughter nuclei is 3 
to 1: 

Substitute in equation (1) to obtain: 



R = R 0 A 



1/3 



(1) 



A = | (239) and A 2 =^-(239) 



R t = (1.2 fin) 
and 

R 2 =(l.2fm) 



'3x239^ 
I 4 J 

'239_ N 
V 4 J 



1/3 



6.77 fm 



4.69 fm 



*21 

Picture the Problem The speed of the neutrons can be found from their thermal energy. 
The time taken to reduce the intensity of the beam by one -half, from / to 1/2, is the half- 
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life of the neutron. Because the beam is monoenergetic, the neutrons all travel at the same 
speed. 



(a) The thermal energy of the 
neutron is: 



(b) Equate ^thermal an d the kinetic 
energy of the neutron to obtain: 

Solve for v to obtain: 



F —kT 

^thermal — 



= (l .38 x 1(T 23 J/K)(25 + 273)K 



4.11xl(T 21 J 



= 4.11x10 ~ 21 Jx 



leV 



1.60x10 J 



25.7meV 



thermal = \™n V 



V = 



2E 



thermal 



in 



Substitute numerical values and 
evaluate v: 



v = 



| 2(4.11xlQ 21 j) 
1.67xl0- 27 kg 



2.22km/s 



(c) Relate the half-life, t x , % , to the 
speed of the neutrons in the beam: 

Substitute numerical values and 
evaluate ty 2 : 



h/2 ~ ' 



h/2 



1350 km ^ n lmin 
= 608sx 

60s 



2.22km/s 



= 10. lmin 



22 • 

Picture the Problem We can use the definition of density, the equation for the volume of 
a sphere, and the given approximation to calculate the density of nuclear matter in grams 
per cubic centimeter. 



Express the density of a spherical 
nucleus: 

The approximate mass is: 
Express the volume of the nucleus: 



P = 



m 



m = (l.66xlO~ 27 kg)A 
V = jx(R 0 A l/ '} =fflff 0 3 A 
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Substitute for m and V to obtain: 



Substitute numerical values and 
evaluate p: 



P 



_ (l.66xl(T 27 kg)A 



P 



4 „d3 a 




3(l.66 xlO 21 


kg) 


4;zft 3 




3(l.66xl0" 27 


kg) 



4^(1 .2 fm) 3 
2.29xl0 17 kg/m 3 



2.29xl0 14 g/cm 3 



23 

Picture the Problem The separation of the nuclei when they are just touching is the sum 

1/3 

of their radii, which is given by R = R 0 A 1 . 



The electrostatic potential energy of 
the system is given by: 



The radii of the nuclei are: 

Substitute for R Mo and 7? La and 
simplify to obtain: 



u = k mi = k ( Zm ° c )( z ^ c ) 



R 



R Mo + R La 



where R is the distance from the center of 
the 95 Mo nucleus to the center of the 139 La 
nucleus. 



1/3 



*Mo=*o<:and R U =R 0 A U 



U = ke 



(z Mo )(z La ) 



R 0 



Substitute numerical values and evaluate U: 



_ (g^xlO'Nm'/C'Xl.eOxlO^c) 2 (42)(57) 
' ~ (l.2xlo' 15 mj (95 1/3 +139 1/3 j 



4.71xl0"jx 



leV 



1.60x10 19 J 



295 MeV 



*24 

Picture the Problem The Heisenberg uncertainty principle relates the uncertainty in 
position, Ax, to the uncertainty in momentum, Ap, by AxAp 



Solve the Heisenberg equation for 
Ap: 
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Substitute numerical values and 
evaluate Ap: 



The kinetic energy of the electron is 
given by: 

Substitute numerical values and 
evaluate K: 



Ap 



~ 2(10x10 15 m) 
= 5.25xl0~ 21 kg-m/s 



K = pc 

K =(5.25x10 ~ 21 kg- m/s)(3xl0 8 m/s) 

leV 



= 1.58xl0~ I2 Jx- 



1.60x10 19 J 



= 9.88MeV 



This result contradicts experimental observations that show that the energy of electrons in 
unstable atoms is of the order of 1 to 1000 eV. 

Radioactivity 



25 



Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R = (±JR 0 



(a) The counting rate after n half- 
lives is: 

Solve for n to obtain: 



„_ ln(*/*o) 
ln(i) 



Substitute numerical values and 
evaluate n: 



In 



A 1000counts/s A 
4000counts/s 



Because there are two half-lives in 
10 min: 

(b) At the end of 4 half-lives: 



ty 2 = 5 min 



R = (i) 4 (4000counts/s) = 250 Bq 



26 • 

Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R =(±) n R Q . 



(a) When t - 4 min, two half-lives 
will have passed and n = 2: 



R = {\f (2000 counts/s) = 500 Bq 
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(b) When t = 6 min, three half-lives 
will have passed and n = 3: 



R = (|) 3 (2000counts/s) = I 250Bq 



(c) When t = 8 min, four half-lives 
will have passed and n = 4: 



R = (|) 4 (2000counts/s) = 125 Bq 



27 



Picture the Problem The counting rate, as a function of the number of half-lives n, is 
given by R = (jr)" R 0 and the decay constant A is related to the half-life by ty 2 = In 2/ A . 



(a) Relate the counting rate at time 
t = 10 min to the counting rate at 
t = 0: 

Solve for n: 



-^lOmin (2) ^0 



_ ln(fio mi nAKo) 
ln(i) 



Substitute numerical values and 
evaluate n: 



In 



A 1000counts/s A 



8000counts/s 



n = 



Mi) 



= 3 



Therefore, 3 half-lives have passed 
in 10 min: 



3t l/2 = 10 min => t l/2 = 200 s 



(b) The decay constant A is related 
to the half-life by: 

Substitute for t m and evaluate A: 



ln2 . In2 

h/2 ~~1T => * — 



M/2 



A 



In 2 
200 s 



-3 „-i 



3.47 x 10' s 



(c) Six half-lives will have passed in 
20 min: 



*2o mi „=(i) 6 (8000Bq)= 125Bq 



28 • 

Picture the Problem We can use R = AN Q e~ At to show that the disintegration rate is 
approximately 1 Ci. 



The decay rate is given by: 



-it 



R = AN 0 e 

where _/V 0 is the number of nuclei at 
t = 0. 
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The decay constant X is related to 
the half-life by: 

Substitute for tm and evaluate X: 



_ In 2 

tl/2 ~ ~a 



■ A 



In 2 



1 1/2 



A = -^ = 4.28xlCT 4 y-'x 
1620 y 

= 1.356xl0" 11 s" 1 



31.56Ms 



The number of nuclei at 
t = 0 is given by: 



N 0 = N A /M 

where M is the atomic mass of radium and 
N A is Avogadro' s number. 



Substitute numerical values and evaluate 

N 0 : 



6.02x10*3 = 
0 226 



Substitute numerical values for X and No and evaluate R: 



= (l 356 x 10- 1 1 s- 1 )(2.664 x 10 21 y( L356xirn s ^ (l200s) = 3.61 x 10 10 s- 



«3.7xl0 10 s _1 = ICi 



29 • 

Picture the Problem We can use R = [jf R Q to relate the counting rate R to the number 

of half-lives n that have passed since t = 0. The detection efficiency depends on the 
probability that a radioactive decay particle will enter the detector and the probability 
that upon entering the detector it will produce a count. If the efficiency is 20 percent, the 
decay rate must be 5 times the counting rate. 



(a) When t - 2.4 min, n = 1 and: 
When t = 4.8 min, n - 2 and: 

(b) The number of radioactive 
nuclei is related to the decay rate R, 
and the decay constant X: 



R 2Amin = (4j(l000counts/s) = 500 Bq 



^4. 8mi „ = (i) 2 (l000counts/s) = | 250 Bq 
R 



R = XN^ N = 



A 



(1) 



The decay constant is related to the 
half-life: 



A 



0.693 0.693 0.693 



ty 2 2.4 min 144 s 
4.813XKTV 1 



Calculate the decay rate at t = 0 



R n = 5 x lOOOcounts/s = 5000 s 
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from the counting rate: 



Substitute in equation (1) and 
evaluate No at t = 0: 



= V 5000s 1 



X 4.813xlO"V 



1.04xl0 6 



Calculate the decay rate at 

t = 2.4 min from the counting rate: 



R 2.4 min = 5 x 500counts/s = 2500 s" 



Substitute in equation (1) and 
evaluate N2.4 min at t = 0: 



N 



R 



2.4 min 



2500 s" 



2.4 r 



X 4.813x10^ s" 



= 5.19xl0 5 



(c) The time at which the counting 
rate will be about 30 counts/s is the 
product of the number of half-lives 
that will have passed and the half- 
life: 



t = nt. 



1/2 



(2) 



The counting rate R after n half- 
lives is related to the counting rate 
at t = 0 by: 

Solve for n: 



Substitute numerical values and 
evaluate n: 



n = 



ln(i) 



n = 



ln(30counts/s/1000counts/s) 



ln(i) 



5.059 



Substitute numerical values for n 
and t\/2 in equation (2) and evaluate 
t: 



? = (5.059)(2.4min) = 



12.1min 



30 • 

Picture the Problem Knowing each of these reactions, we can use Table 40-1 to find the 
differences in the masses of the nuclei and then convert this difference into the energy 
released in each reaction. 



(a) Write the reaction: 



226 RaV 22 Rn+ 4 He 
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Use Table 40-1 to find AE: 



AE = 93 1 - 5 MeV/c (226.025403 u - 222.01757 lu - 4.002603 u)c 2 = 
lu 



4.87 MeV 



(b) Write the reaction: 



242p u ^23 8TJ+ 4 He 



Use Table 40-1 to find AE: 



A£ = 93L5MeV/c ( 2 42.058737u -238.050783 u -4.002603 u)c 2 = 
lu 



4.98 MeV 



*31 

Picture the Problem Each 239 Pu nucleus emits an alpha particle whose activity, A, 
depends on the decay constant of 239 Pu and on the number N of nuclei present in the 
ing ested 239 Pu. We can find the decay constant from the half-life and the number of nuclei 
present from the mass ingested and the atomic mass of 239 Pu. Finally, we can use the 
dependence of the activity on time to find the time at which the activity be 1000 alpha 
particles per second. 



(a) The activity of the nuclei present 



in the ingested 239 Pu is given by 



A = AN 



(1) 



Find the constant for the decay of 



2V) 



Pu: 



ln2_ 0.693 

t ll2 ~ (24360y)(31.56Ms/y) 

13-1 



= 9.02x10 ""s 



Express the number of nuclei 
present in the quantity of 239 Pu 
ingested: 

Substitute numerical values and 
evaluate N: 



Substitute numerical values in 
equation (1) and evaluate A: 



M 



Pu 



where M Pu is the atomic mass of 239 Pu. 

w ^^6.02xl0 23 nuclei/mol 

N = {2.0ug) 

v rej^ 239g/mol 

= 5.04xl0 15 nuclei 
A = (9.02xl0" 13 s^)(5.04xl0 15 a) 



4.55xl0 3 a/s 



(b) The activity varies with time 
according to: 



A = Ae~ 
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In 



t = 



■A 



Substitute numerical values and 
evaluate t: 



In 



t = ■ 



' lxlQ 3 «/s N 
4.55xl0 3 a/s 



-(9.02xlO- L V) 



'31.56Ms^ 



iy 



5.32xl0 4 y 



32 

Picture the Problem We can use conservation of energy and conservation of linear 
momentum to relate the momenta and kinetic energies of the nuclei to the decay's Q 
value 



(a) Express the kinetic energies of 
the alpha particle and daughter 
nucleus: 



and 



2, a a r\ 

2m„ 



2m v 



(1) 



(2) 



Solve equations (1) and (2) for p 
and : 



2 

Pa : 

and 

2 

Py : 



2m a K a 



2m Y K Y 



From the conservation of linear momentum 
we have: 



Pi =Pf 

or, because the parent is initially at rest, 
0 = P a ~P Y and p a = p Y 



Because the momenta are equal: 



2m Y K Y = 2m a K a 



Solve for K Y : 



K Y =^K =^K 
m Y a A-4 



Because the daughter nucleus and 
the alpha particle share the Q- value: 



Q = K Y +K a 
4 



A-4 

( A \ 
[A-4, 



K a +K a 



A-4 J 



K, 



K, 
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Solve for K a : 



K„ = 



A-4 



Q 



(b) Substitute for K a in the 
expression for Q to obtain: 

Solve for K Y : 



Q = K Y + 



^A-4^ 



Q 



K Y =Q 



Q = 



42 

A 



*33 

Picture the Problem We can write the equation of the decay process by using the fact 
that the post-decay sum of the Z and A numbers must equal the pre-decay values of the 
parent nucleus. The Q value in the equations from Problem 32 is given by Q = -(Am)c 2 . 

239 Pu undergoes alpha decay 
according to: 

The Q value for the decay is given .J 931 5MeV 

by: ' Q = [{m Pu )-{m u +m a )\ 

J V lu 



94 Pu-> 92 U+ 2 a + Q 



Substitute numerical values and evaluate Q: 



2 = [(239.052156u)-(235.043923u + 4.002603u)] 



From Problem 32, the kinetic energy 
of the alpha particle is given by: 

Substitute numerical values and 
evaluate K n : 



931.5MeV 



K„ = 



K„ = 



lu 

A-4^ 



5.24 MeV 



V 



Q 



) 



v 



239-4 
239 



J 



(5.24MeV) 



5.15MeV 



From Problem 32, the kinetic energy 
of the 239 U is given by: 

Substitute numerical values and 
evaluate /Ty: 



K„ = 



42 

A 

4(5.24 MeV)_ 
239 ~ 



87.7 keV 



34 • 

Picture the Problem We can find the age of the sample using R n = (^)" R () to find n and 
then applying? = nty 2 . 



Express the age of the bone in terms 
of the halfTife of 14 C and the 



t = nt, 



L/2 



(1) 
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number n of half-lives that have 
elapsed: 



The decay rate R„ after n half-lives 
is related to the counting rate R 0 at 
f = 0by: 

Solve for n: 



ln(|) 



Because there are 15.0 decays per 
minute per gram of carbon in a 
living organism: 



^decays lmin ._, 
R Q =15.0— —x— — xl75g 
min-g 60s 

= 43.75Bq 



Substitute numerical values for R 
and R 0 and evaluate n: 



In 



' 8.1Bq ' 
43.75Bq 



= 2.433 



Substitute numerical values in 
equation (1) and evaluate t: 



r = (2.433)(5730y)= 1 3,940 y 
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Picture the Problem We can solve R = R 0 e ^' for X to find the decay constant of the 



sample and use t 



In 2 



1/2 X 

sample initially can be found from R 0 = XN 0 . 



to find its half-life. The number of radioactive nuclei in the 



(a) The decay rate is given by: 



R=R 0 e 



-At 



Solve for X to obtain: 



In 



x = - 



Substitute numerical values and 
evaluate X: 



X 



In 



^85.2Bq^ 
115Bq 
-2.25h 



0.133h 
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The half-life is related to the decay 
constant: 



In 2 



In 2 



M/2 



A 0.1331T 



5.20h 



(b) The number No of radioactive 
nuclei in the sample initially is 
related to the decay constant A and 
the initial decay rate R 0 : 



R Q =AN Q ^N Q =^ 



Substitute numerical values and 
evaluate No: 



Af 0 = 



115Bq 



().133h x lh 



3.11x10" 



3600 s 



*36 

Picture the Problem We can use R 0 = AN to find the initial activity of the sample and 
R = R o e At to find the activity of the sample after 1.75 y. 



(a) The initial activity of the sample 
is the product of the decay constant 



A for 60 Co and the number of atoms 



/V of 60 Co initially present in the 
sample: 



R»=AN 



(1) 



Express N in terms of the mass m of 
the sample, the molar mass M of 



60, 



Co, and Avogadro's number Na- 
Substitute numerical values and evaluate N: 



m 

N = —N A 
M P 



N 



^l.OOxlO-y 
60g/mol 



(6.02 x 10 23 nuclei/mol) = 1 .00 x 10 16 nuclei 



The decay constant is given by: 



A = 



ln2 



M/2 



Substitute numerical values and 
evaluate A: 



Substitute numerical values in 
equation (1) and evaluate A 0 : 



A = 



0.693 



(5.27 y)(31.56Ms/y) 
4.17x10 V 



R Q =(4.17 xlO'V'Xl .00 xlO 16 nuclei) 

ICi 



= 4.17xlOV 1 x 



10 „-i 



3.7xl0 ,u s 



= 1.13mCi 
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(b) The activity varies with time 
according to: 



R = ILe~ Xt = Re 



0.693/ 
5.27y 



Evaluate R at t = 1.75 y: 



( 0.693x1.75/ 

i? = (l.l3mCi)e^ 5 27y ' 



= 0.898 mCi 
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Picture the Problem The following graph was plotted using a spreadsheet program. 
Excel' s "Add Trendline" feature was used to determine the equation of the line. 



55. 

a 































































ln(fl) =-0.0771 f +8.3395 
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The linearity and negative slope of this graph tell us that it represents an exponential 
decay. 



The decay rate equation is: 



R = R 0 e 



-Ai 



Take the natural logarithm of both 
sides of the equation to obtain: 

This equation is of the form: 



ln# = lne +lni? 0 
= -At + lnR 0 

y = mx + b 

where y = In R, x = t, m = -A, and 
b = lnR 0 . 



The decay constant is the negative of 
the slope of the graph: 



X= 0.0771 min 
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The half-life of the radioisotope is: 



In 2 



In 2 



tyi A 0.0771mm" 1 



8.99 min 



38 

Picture the Problem We can solve Equation 40-7 for A to show that 
A = tf 1 la(Ro/R{). 



(a) Express the half-life as a 
function of the decay constant A: 



_ ln2 

h/2 ~ ~A 



(1) 



From Equation 40-7 it follows that: 



R 



R, 



o = e xt 



Solve for A: 



In 



A 



r In 



(b) Substitute numerical values for t, 
R h and R Q and evaluate A: 

Use the decay constant to find the 
half-life: 



A = 



1 



In 

60s 

In 2 



^OOBq ^ 
800Bq 

ln2 

1/2 ~ ~Y ~ 0.00676 s 1 



0.00676 s 



103s 



39 

Picture the Problem The required mass is given by M = (5 counts/min)/7?, where R is the 
current counting rate per gram of carbon. We can use the assumed age of the casket to 
find the number of half-lives that have elapsed and R = (y)" R 0 to find the current 
counting rate per gram of 14 C. 

The mass of carbon required is: M _ 5 counts/min 



Because there were about 15.0 
decays per minute per gram of the 
living wood, the counting rate per 
gram is: 

We can find n from the assumed age 
of the casket and the half-life of 14 C: 



R = (±)"R 0 = (if (15 counts/min -g) 

„ = 18 ! 000y = 3. 141 
5730 y 
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Substitute for n and evaluate R: 



R = (y) 3 141 (l5counts/min -g) 
= 1.70counts/min -g 



Substitute for R in equation (1) and 
evaluate M: 



M = 



5 counts/min 
1.70counts/min-g 



2.94g 



40 

Picture the Problem The decay constant X can be found from the decay rate R and the 
number of radioactive nuclei N at the moment of interest and the half-life, in turn, can be 
found from the decay constant. 



The decay rate R is related to the 
decay constant X and the number of 
radioactive nuclei N at the moment 
of interest: 



R = XN => X = 



R_ 

N 



(1) 



The number of radioactive nuclei N 
at the moment of interest can be 
found from Avogadro's number, the 
mass m of the sample, and the molar 
mass M of the sample: 



N = N t 



m 
M 



Substitute numerical values and evaluate N: 



N = (6.02 x 10 23 nuclei/mol) l — ^ = 1 .004 x 10 19 

v y 59.934g/mol 



Substitute numerical values in 
equation (1) and evaluate X: 



1.131Cix 



x = 



3.7xlO' Q Bq 
Ci 



1.004x10 



19 



9 -1 



= 4.17xl0^s 



Find the half-life from the decay constant: 



( l/2 



In 2 

~X 



In 2 



4.17xlO~V 



= 1.67xl0 8 sx- 



31.56Ms 



5.27 y 
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The linearity and negative slope of this graph tells us that it represents an exponential 
decay. 



The decay rate equation is: 



R=R 0 e 



-Ai 



Take the natural logarithm of both 
sides of the equation to obtain: 

This equation is of the form: 



lni? = lne +lni? 0 
= -At + \nR 0 

y = mx + b 

where y = In R, x = t, m = -A, and 
b = lnfl 0 . 



The half-life of the radioisotope is: 



42 



^1/2 ~ 



In 2 



In 2 



A, 0.198min 



3.50 min 



Picture the Problem We can use the decay rate equation R = R 0 e h and the expression 

relating the half-life of a source to its decay constant to find the half-life of the sample. 
Solving the decay-rate equation for t will yield the time at which the activity level drops 
to any given value. 
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(a) The half-life of the material is 
given by: 



_ In 2 

h ' 2 ~ ~Y 



(i) 



The decay rate is given by: 



R = R 0 e 



(2) 



Solve for X: 



111 



1 = 



Substitute for A in equation (1) to 
obtain: 



In 2 



f l/2 - f p \ 



In 2 



In 



o 



In 



Substitute numerical values and 
evaluate t m : 



t In 2 

^1 15 decay s/min ^ 



In 



73.5decays/min 



(lOlh) 



= 156h 



(b) Solve equation (2) for t: 



In 



t = 



■X 



Express X in terms of t 



1/2- 



2 = 



In 2 



1/2 



Substitute for A in the expression for 
f to obtain: 



In 



-In 2 



1/2 



Substitute numerical values and 
evaluate t: 



In 



r 10 dec ay s/min ^ 



v 



1 15 dec ay s/min 



= 550hx 



-In 2 
Id 



(l56h) 



24 h 



22.9d 



43 

Picture the Problem We can use the decay rate equation R = R^e ^ and the expression 
relating the half-life of a source to its decay constant to find the age of the fossils. 
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The decay rate is given by: 



R = R 0 e 



-At 



Solve for t to obtain: 



In 



t = 



■A 



Express A, in terms of t\a. 



A 



In 2 



1/2 



Substitute for A in the expression for 
t to obtain: 



In 



t = 



-In 2 



1/2 



or, because the activity at any time is 
proportional to the number of radioactive 
nuclei present, 

In 



N 

-In 2 



1/2 



(1) 



The number of 87 Sr nuclei present in 
the rocks is given by: 



N = N -N => N = N +N 

iv Sr iv 0,Rb JV Rb —* JV 0,Rb iv Sr Tiv Rb 



We're given that: 



M,=0.01/V Rb 



A/, 



Sr 



0.01 



Rb 



Express the ratio of A^o,Rb to N R b- 



N 0 , Rb _N Sl +N Rb N, 



N, 



Nn 



N D 



Rb 1 * Rb 1 ' Rb 

= 0.01 + 1 = 1.01 



Substitute numerical values in 
equation (1) and evaluate the age of 
the fossils: 



In 



1 ^ 



t= kLQlZ (4,9 X io"y) 
-ln2 V 7 



7.03xl0 8 y 
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Picture the Problem We can evaluate this integral by changing variables to obtain a 
form that we can find in a table of integrals. 



Change variables by letting: 



x — At 
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Then: 



dx = Adt , dt = — , and t = — 
A A 



Substitute to obtain: 



uu uu -t uu 

t = \tAe x 'dt = \-Ae x — = - \xe x dx 



From integral tables: 



| xe x dx = 1 



Substitute in the expression for rto 
obtain: 



Nuclear Reactions 
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Picture the Problem We can use Q = — (Am)c 2 to find the Q values for these reactions. 



(a) Find the mass of each atom from 
Table 40-1: 



m =1.007825 u 

H 

m 3u =3.016049 u 
m, =3.016029 u 

He 

in = 1.008665 u 



Calculate the initial mass m\ of the 
incoming particles: 



m, =1.007825 u + 3.016049 u 
= 4.023874 u 



Calculate the final mass m f : 



m f =3.016029 u + 1.008665 u 
= 4.024694 u 



Calculate the increase in mass: 



Am = m f - m i 

= 4.024694 u- 4.023874 u 
= 0.000820 u 



Calculate the Q value: 



Q = -(Am)c 2 
= -(0.000820u)c : 



931.5 



MeV/c 



2 A 



= - 0.764 MeV 
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(b) Proceed as in (a) to obtain: 



Q = (0.0035 10 u) 



931.5 



MeV/c 



2\ 



= 3.27 MeV 



Remarks: Because Q < 0 for the first reaction, it is endothermic. Because Q > 0 for 
the second reaction, it is exothermic. 
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Picture the Problem We can use Q = — (Am)c 2 to find the Q values for these reactions. 



(a) Find the mass of each atom from 
Table 40-1: 



m 2u =2.014102 u 
m 3u =3.016049 u 
m =1.007825 u 

H 



Calculate the initial mass m\ of the 
incoming particles: 



m, = 2(2.014102 u) 
= 4.028204 u 



Calculate the final mass m f : 



m f =3.016049 u + 1.007825 u 
= 4.023874 u 



Calculate the increase in mass: 



Am = m f - m i 

= 4.023874 u- 4.028204 u 
= -0.004330 u 



Calculate the Q value: 



Q = -(Am)c 2 
= -(-0.004330u)c : 



931.5 



MeV/c 



2 \ 



4.03 MeV 



(b) Proceed as in (a) to obtain: 



Q = -(Am)c 2 
= -(-0.019703u) 



931.5 



MeV/c 



2 N 



= 18.4MeV 
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(c) Proceed as in (a) to obtain: 



Q = -(Am)c 2 

= -(- 0.005 135u) 



931.5 



MeV/c 



2 \ 



4.78 MeV 
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Picture the Problem We can use Q = -(Am)c 2 to find the Q values for this reaction. 



(a) The masses of the atoms are: 



Calculate the increase in mass: 



Calculate the Q value: 



m 14c = 14.003 242 u 
m 14N =14.003074u 



Am = m f —m i 

= 14.003 074 u- 14.003 242u 
= -0.0001 68 u 



Q = -(Am)c 2 
= -(- 0.000168 u)c : 



931.5 



MeV/c 



2 \ 



= 0.156 MeV 



(b) 



The masses given are for atoms, not nuclei, so for nuclear masses the masses 
are too large by the atomic number times the mass of an electron. For the given 
nuclear reaction, the mass of the carbon atom is too large by 6m e and the mass 
of the nitrogen atom is too large by 7m e . Subtracting 6m e from both sides of 
the reaction equation leaves an extra electron mass on the right. Not including 
the mass of the beta particle (electron) is mathematically equivalent to 
explicitly subtracting lm e from the right side of the equation. 
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Picture the Problem We can use Q = -(Am)c 2 to find the Q values for this reaction. 



(a) The masses of the atoms are: 



m l3K =13.005738u 

N 

m Bc =13.003354u 
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For 0" decay: 



B = 0 



(m ; - m f - 2m e )c 2 
(m i - m { )c 2 - 2m e c 2 



Calculate m\ - mf. 



m i -m f =13.005738u-13.003354u 



= 0.002384u 



Calculate the Q value: 



MeV/c 



£ = (0.002384u)c 2 931.5 



2(0.5 1 1 MeV) = I 1.20MeV 



v 



u 



J 



The atomic masses include the masses of the electrons of the neutral atoms. 
In this reaction the initial atom has 7 electrons and the final atom only has 
6 electrons. Moreover, in addition to one electron not included in the atomic 

(b) 

masses, a positron of mass equal to that of an electron is created. 
Consequently, one must add the rest energies of two electrons to the rest 
energy of the daughter atomic mass when calculating Q. 

Fission and Fusion 

*49 * 

Picture the Problem The power output of the reactor is the product of the number of 
fissions per second and energy liberated per fission. 

Express the required number Af of ^ _ P 
fissions per second in terms of the E fission 

power output P and the energy 
released per fission E per f ission : 

Substitute numerical values and „ _ 500 MW 
evaluated: 200 MeV 




leV 



s 1.60x10 J 



200 MeV 



= 1.56xl0 iy s 
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Picture the Problem If k = 1.1, the reaction rate after N generations is 1 . 1 N . We can find 
the number of generations by setting 1.1^ equal, in turn, to 2, 10, and 100 and solving for 
N. The time to increase by a given factor is the number of generations N needed to 
increase by that factor times the generation time. 



(a) Set 1 . 1 equal to 2 and solve for 
N: 



(l.lf=2 

7Vlnl.l = ln2 
In 2 



N 



Inl.l 



7.27 



(b) Set 1.1 equal to 10 and solve for 
N: 



(c) Set l.r equal to 100 and solve 
foiN: 



(d) Multiply the number of 
generations by the generation time: 



(e) Multiply the number of 
generations by the generation time: 



(1.1)" =10 

7Ylnl.l = lnl0 
In 10 



N 



Inl.l 



24.2 



(1. if =100 

iVlnl.l = lnl00 
In 100 



iV = - 



Inl.l 



48.3 



t 2 =Nt l =(7.27)(lms) = 
t w =Nt l =(24.2)(lms) = 
f 100 =M 1 =(48.3)(lms) = 



7.27 ms 



24.2 ms 



48.3 ms 



t 2 =Nt i =(7.27)(l00ms) = 
t 10 =JWi =(24.2)(l00ms) = 



0.727 s 



2.42s 



t m =Nt i =(48.3)(l00ms) = 



4.83s 



*51 

Picture the Problem We can use Q = -(Am)c 2 , where Am = m f - m x , to calculate the Q 
value. 

The Q value is given by: 931.5MeV/c 2 

Q = -{Am)c- x 

lu 

Calculate the change in mass Am: 
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Am = m f —m i 

= 94.905842 u + 138.906348 u + 2(1 .008665 u)- (235.043923 u + 1.008665 u) 
= -0.223068 u 



Substitute for Am and evaluate Q: 



The ratio of Q to U found in 
Problem 23 is: 



Q = -(-0.223068 u): 



931.5MeV 
lu 



208 MeV 



Q _ 208 MeV 
U ~ 236 MeV 



88.1% 
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Picture the Problem We can find the number of neutrons per second in the generation of 
4 W of power from the number of reactions per second. 



The number of neutrons emitted per 
second is: 



where N is the number of reactions per 
second. 



The number of reactions per second 
is: 



N = 2 



. J leV 
s 1.60xlQ-' 9 J 
3.27 MeV + 4.03 MeV 



12 -1 



= 6.85xl0 12 s 



Substitute for and evaluate Af n : 



A^ n =i(6.85xl0 12 s"') 



= 3.43xl0 12 neutrons/s 
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Picture the Problem We can use the energy released in the reactions of Problem 50, 
together with the 17.6 MeV released in the reaction described in this problem, to find the 
energy released using 5 2 H nuclei. Finding the number of D atoms in 4 L of H 2 0, we can 
then find the energy produced if all of the 2 H nuclei undergo fusion. 



Find the energy released using 5 2 H Q = 3.27 MeV + 4.03 MeV + 17.6 MeV 

nuclei: =24.9 MeV 
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The number of H atoms in 4 L of 
H 2 0 is: 



N H =2 



m 



H,0 



18g/mol 



Substitute numerical values and evaluate Nu- 



N H =2 



' 4kg > 
18g/mol 



(6.02 x 10 23 atoms/mol) = 2.676 x 10 26 



The number of D atoms in 4 L of 
H 2 0 is: 



N D = (l.5xlO~ 4 )/V H 

= (l.5xl0" 4 )(2.676xl0 26 ) 
= 4.01xl0 22 



The energy produced is given by: 



5 



Substitute numerical values and 
evaluate E: 



£ = 4.01xlO" (249MeV) 



= 1.997 xl0 23 MeVx 



1.60x10 J 



eV 



= 3.20 xlO 10 J 
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Picture the Problem We can use the conservation of momentum and the given Q value 
to find the final energies of both the 4 He nucleus and the neutron, assuming that the 
initial momentum of the system is zero. 



Apply conservation of energy to 
obtain: 



18.6MeV = > He v 2 e +> n v 2 



(1) 



Apply conservation of momentum 
to obtain: 



m HeV H e+ m „V„ =0 



(2) 



Solve equation (2) for v He 



f \ 

m„ 



III 



' He 



He 



V m He7 



Substitute for v He in equation (1): 



18.6MeV = ^m He 



m„ 



V m Hey 



or 



Nuclear Physics 1387 



18.6MeV = ^m n v„ 



1 + 3, 



= K, 



V '"He J 
I \ 
1 + 3 



Solve for K n : 



K., 



18.6MeV 



1 + 



m„ 



/// 



He 



Substitute numerical values for m n 
and m He and evaluate K n : 



K n = 



18.6MeV 



1 + 



1 .008665 u 
4.002603 u 



14.86 MeV 



Use equation (1) to find K He : 



K He =lS.6MeV-K n 

= 18.6MeV-14.86MeV 



= 3.74 MeV 
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Picture the Problem Adding the three reactions will yield their net effect. We can use 
(Am)c 2 to find the rest energy released in the cycle and find the rate of proton 
consumption from the ratio of the sun's power output to the released per proton in fusion. 

(a) Add the three reactions to obtain: 



'H + ! H + 'H + 2 H + 'H + 3 He -> Z U + f3 + + v e + a He + y+ 4 He + (3 + + v e 



Simplify to obtain: 



4 1 H+> 4 He + 2/T +2v e +y 



(b) Express the rest energy released 
in this cycle: 



(Am)c 2 = (4m -m a -4m e )c 2 



Use Table 40-1 to find the masses of the participants in the reaction and evaluate (Am)c 
(Am)c 2 =[4(1.007825 u)- 4.002603 u]c 2 x 93L5MeV/c — 4(0.511MeV) 



= 24.7 MeV 
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(c) Express the rate R of proton 
consumption: 



Find N, the number of protons in the 
sun: 



The energy released per proton in 
fusion is: 



R 



(1) 



where E is the energy released per proton 
in fusion. 



N 



_ i(l.99xlQ 30 kg) 
1.67xlCT 27 kg 



m„ 



= 5.96xl0 56 
where we have assumed that protons 
constitute about half of the total mass of 
the sun. 

E = \ (26.7 MeV) = 6.675 MeV 



6.675 MeVx 
1.07 xl(T 12 J 



1.60x10 J 
eV 



Substitute numerical values in 
equation (1) and evaluate R: 



R 



4xlO z "W 
1.07x10 12 J 



38 -1 



3.74xlO j *s 



The time T for the consumption of 
all protons is: 



5.96xl0 5 



R 3.74xl0 3 V 

iy 



1.59x10'* sx- 



31.56Ms 



5.04xl0 10 y 



General Problems 
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Picture the Problem We can use the values of k, e, h, and c and the appropriate 
conversion factors to show that ke 2 - 1.44 MeV-fm and he - 1240 MeV-fm 



(a) Evaluate ke to obtain: 



ke 2 = (8.99 x 10 9 N • m 2 / C 2 )(l .60 x 10~ 19 c) 2 = 2.307 x 10~ 28 N • m 2 

leV 



= 2.307 xl0~ 28 J-mx 



= 1.44xlO~ 9 eV-mx 



1.60x10 19 J 
lfm lMeV 



= 1.44xl0^eV-m 



10" 15 m 10 6 eV 



1.44 MeV-fm 
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(b) Evaluate he to obtain: 



he = (6.63 x 1CT 34 J • s)(3 x 10 8 m/s) = 1 .99 x 1CT 25 J • m 

leV 



= 1.99x10 25 J- mx 



1.60x10 19 J 



= 1240x10 y eV-m 



= 1240x10 J eV-mx 



lfm lMeV 



10~ 15 m 10 6 eV 



1240MeV-fm 



*57 • 

Picture the Problem We can use the given information regarding the half-life of the 
source to find its decay constant. We can then plot a graph of the counting rate as a 
function of time. 



The decay constant is related to the 
half-life of the source: 

The activity of the source is given 
by: 



In 2 In 2 



h/2 ios 



0.0693 s 



R = R 0 e~ M =(6400Bq)e-(° 0693s ^ 



The following graph of R = (6400Bq)e^ 00693s ~>' was plotted using a spreadsheet 
program. 
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Picture the Problem The energy needed to remove a neutron is given by 

Q = (Am)c 2 where Am is the difference between the sum of the masses of the reaction 

products and the mass of the target nucleus. 
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(a) The reaction is: 



4 He + Q= 3 He + n 



The masses are (see Table 40-1): 



m 4He = 4.002603 u 
m 3He =3.016029 u 
m„ = 1.008665 u 



Calculate the final mass: 



m f =3.016029 u + 1.008665 u 
= 4.024694 u 



Calculate the increase in mass: 



Am = m f —m i 

= 4.024694 u- 4.002603 u 
= 0.022091 u 



Calculate the energy Q needed to 
remove a neutron from 4 He: 



Q = (Am)c 2 

= (0.022091u)c : 



931.5 



MeV/c 2 ^ 



= 20.6 MeV 



(b) The reaction is: 



7 Li + Q= 6 Li + n 



The masses are (see Table 40-1): 



m 7 . =7.016004 u 

Li 

m 6u =6.015122 u 
m„ = 1.008665 u 



Calculate the final mass: 



m f =6.015122 u + 1.008665 u 
= 7.023787 u 



Calculate the increase in mass: 



Am = m f - m i 

= 7.023787 u -7.016004 u 
= 0.007783 u 



Calculate the energy Q needed to 
remove a neutron from 4 He: 



Q = (Am)c 2 

= (0.007783u)c : 



^931.5MeV/c 2 ^ 
lu 



= 7.25 MeV 
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59 • 

Picture the Problem The maximum kinetic energy of the electron is given 
by^max =Q = (m iic -m liN )c 2 . 



The maximum kinetic energy of the 
electron is the Q value for the 
reaction: 



^max =Q = (m iic -m l4N )c- 



Find the mass of each atom from 
Table 40-1: 



m 14c = 14.003242 u 
m, 4 ., =14.003074 u 



Calculate Am = m 14 - m l4 

C N 



Am = 14.003242 u -14.003074 u 
= 0.000168 u 



Calculate the maximum kinetic 
energy of the electron: 



Q = (Am)c 2 
= (0.000168 u)c : 



931.5 



MeV/c 



2 \ 



156 keV 



60 • 

Picture the Problem We can use the definition density to find the radius of the neutron 
star. 



Relate the mass of the neutron star 
to the mass of the sun M, the 
volume V of the star and the nuclear 
density p: 



M = pV =j7ipR i 

where R is the radius of the star. 



Solve for R: 



R = 3 



3M_ 
Anp 



In Problem 20 it was established 
that: 



p = 1.174xl0 17 kg/m 3 



Substitute numerical values and 
evaluate R: 



R _ \ 3(l.99xlQ 3Q kg) 
)|4^(l.l74xl0 17 kg/m 3 ) 



= 15.9km 
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Picture the Problem We can show that 109 Ag is stable against alpha decay by 
demonstrating that its Q value is negative. 

The Q value for this reaction is: 



2 = -[( m Rh+ m J- m A g ] c2 



931 . 5 M£W 



u J 



Substitute numerical values and evaluate Q: 

Q = -[(4.002603 u +104.905250 u)-108.904756 u](931.5MeV/u) 



= -2.88 MeV 



Remarks: Alpha decay occurs spontaneously and the Q value will equal the sum of 
the kinetic energies of the alpha particle and the recoiling daughter nucleus, 
Q = K a + K B . Kinetic energy cannot be negative; hence, alpha decay cannot occur 
unless the mass of the parent nucleus is greater than the sum of the masses of the 
alpha particle and daughter nucleus, m v > m a +m D . Alpha decay cannot take 
place unless the total rest mass decreases. 

62 

Picture the Problem We can use £ threshold = hf threihold = he/ Z thieshold , where £, hres hoidis 

the binding energy of the deuteron, to find the threshold wavelength for the given nuclear 
reaction. 

Express the threshold energy of the he 

photon: ^threshold — fyf direshold — ~Z 

^threshold 

Solve for the threshold wavelength: he 

^threshold = ~^ W 
^ threshold 

The threshold energy equals the binding energy of the deuteron: 

^threshold = E B= [ W D " K + ™n )] C 



, 931.5MeV/c 2 

x 



Substitute numerical values and evaluate Z? th , the energy that must be added to the 
deuteron that will cause it to fission: 

threshold =[2.014102 u- (1.007825 u + 1.008665 u)](931.5MeV/u) 

= -2.22 MeVx L60 * 1(rl9j =-3.53xlff* J 
eV 
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Substitute numerical values in 
equation (1) and evaluate /Ithreshow: 



(6.63xlQ- 34 J-s)(3.00xlQ 8 m/s) 



threshold 



3.55 xlO 13 J 



= 5.60xlCT 13 m = 



0.560pm 



63 • 

Picture the Problem The activity of a radioactive source is the product of the number of 
radioactive nuclei present and their decay constant. 



The activity of the isotope 40 K in the 
student is: 



1 1/2 



Find N, the number of K nuclei in 
the student: 



N = 0.0036 mNA 



M 



where m is the mass of the student and M 
is the atomic mass of K. 



Substitute numerical values and evaluate N: 



The energy released when a 
positron-electron pair annihilate is 
given by: 

Substitute numerical values and evaluate Q: 



by 



Q = E = 2m e c 2 



N = 0.0036 



(60kg)(6.02 x 10 23 nuclei/mol) _ 



39.098 g/mol 



3.326x10 



24 



The number A^ 40 of 40 K nuclei in the 
student is the product of the relative 
abundance and the number of K 
nuclei in the student: 

Substitute numerical values in 
equation (1) and evaluate R: 



N 40 = Relative abundance x Af 
= (l.2xl0" 4 )(3.326xl0 24 ) 
= 3.991xl0 20 



R 



(3.991xlQ 20 )ln2 



1.3xl0 v yx 



, 3 1.56 Ms 



6.74xl0 3 Bq 



64 

Picture the Problem We can find the energy released in the reaction /3 + + (5 

recognizing that a total of 2 electron masses are converted into energy in this 
annihilation. 
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£ = 2(9.11xl0~ 31 kg)(3xl0 8 m/s) 2 = 1.64xl(T 13 J: 



leV 



1.60x10 19 J 



1.02MeV 



65 



Picture the Problem We can use the fact that, after n half-lives, the decay rate of the 24 Na 
isotope is R = (y)" R Q , where Rq is its decay rate at t = 0. 



The counting rate after n half-lives is R = R Q 

related to the initial counting rate: 



Divide both sides of the equation by 
the volume V of blood in the patient: 



— = (if 
V {i) V 



We're given that n = 2/3, 

Ro = 600 kBq, and, after n half-lives, 

the decay rate per unit volume is 60 

Bq/mL: 



60Bq/mL = (|r 600 y kBq 



Solve for and evaluate V: 



2/3 600 kBq 
60 Bq/mL 



6.30xl0mL 



= 6.30L 



*66 

Picture the Problem We can solve this problem in the center of mass reference frame for 
the general case of an a particle in a head-on collision with a nucleus of atomic mass M u 
and then substitute data for a nucleus of 197 Au and a nucleus of 10 B. 



In the CM frame, the kinetic energy 
is: 



K - ^ lab 



1+ «k" 1 + 4u 



M 



M 



At the point of closest approach: 



kq l q 2 _ k{le){Ze) _ ke 2 2Z 



R„ 



R n 



or, because ke 2 = 1 .44 MeV-fm, 
(l.44MeV-fm)(2Z) 



R„ 



Solve for R„a„ to obtain: 



(l.44MeV-fm)(2Z) 



K 



(1) 



CM 
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(a) Neglecting the recoil of the 
target nucleus is equivalent to 
replacing K C m by K iab . Evaluate 



equation (1) for 197 Au 



Evaluate equation (1) for 10 B: 



R 



_ (l.44MeV-fm)(2x79) 
8MeV 



28.4 fm 



R 



_ (l.44MeV-fm)(2x5) 
8MeV 



= 1.80fm 



(b) Find K C m for the 197 Au nucleus 



X CM =- 8 ^ = 7.841MeV 

CM 4u 

1 + 

197u 



Substitute numerical values in 
equation (1) and evaluate 7? min : 



_ (l.44MeV-fm)(2x79) 
7.841MeV 



29.0 fm 



Note that this result is about 2% greater that 
R m i a calculated ignoring recoil. 



Find K C m for the 10 B nucleus: 



K. 



8MeV 



CM 



1 + 



4u 
lOu 



:5.714MeV 



Substitute numerical values in 
equation (1) and evaluate 7? min : 



(l.44MeV-fm)(2x5) 
5.714MeV 



2.52fm 



Note that this result is about 40% greater 
that R min calculated ignoring recoil. 



67 

Picture the Problem The allowed energy levels in a one-dimensional infinite square well 



are given by Equation 35-13: E n =n 



f h 2 X 
8mL 2 
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(a) The lowest energy of a nucleon 
of mass 1 u in the well corresponds 
to n = 1 : 



(6.63xl(T 34 J-s) 2 



E = 

1 8(lu)(l.66xl0- 27 kg/u)(3fm) 2 



3.678 xl(T 12 J x 



leV 



1.60x10 19 J 



23.0 MeV 



(b) Because neutrons are fermions, there can be only two per state: 

E = 2(E 1 + E 2 +E 3 + E 4 + E 5 + E 6 ) = 2(e i +2 2 E 1 +3 2 £, + 4 2 E 1 + 5 2 £, + 6 2 E l ) 



= 182^ =182(23. 0MeV) = 



4.19GeV 



(c) Find E for 4 protons and 4 neutrons: E = 4(E l +E 2 + E 3 ) = a(e a +2 2 E l + 3 2 E 1 ) 

= 56£, =56(23. 0MeV) = 



1.29GeV 



68 

Picture the Problem We can apply BE = (Am)c 2 to the model to find the binding 
energies and the binding energies/bond. 



(a) Find the binding energy BE for 
this model: 



There are 6 bonds for the regular 
tetrahedron: 



(b) C has 3 pairwise a particle 
bonds. Find the total BE for 12 C 
with this model: 



BE = (4m„-m 16o )c 2 

= [4(4.002603 u)-15.994915 u]c 2 
= (0.015497 u)c 2 

RF 

= |BE = i(0.015497u)c 2 

bond 

^nmc^m ^ 2 931.5MeV/u 
= ^-(0.015497 ujcx 

r 



2.406 MeV 



BE( 12 C) = 3x BE( 4 He)+ 3(2.406 MeV) 



Calculate BE( 4 He): 
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BE( 4 He)=[2(m p +m n )-m 4 Jc 



= [2(1 .007825 u + 1 .008665 u) - 4.002603 u]c 2 x 93L5MeV/c 

u 

= 28.30MeV 
Substitute numerical values and evaluate Be( 12 c): 

BE( 12 c) = 3(28 .30 MeV) + 3(2.406 MeV) = | 92.1MeV 
Use Table 40-1 to find Be( 12 c): 

BE( 12 c)=[6(m p +m n )-m 12 Jc 2 

= [6(1 .007825 u + 1 .008665 u) - 1 2.000000 u]c 2 x 93L5MeV/c 



= 92.2 MeV 

Note that this result is good agreement with the model. 
69 « 

Picture the Problem We can separate the variables in the differential equation dNIdt - 
R p - AN and integrate to express N as a function of t. When dNIdt « 0, R p - AN*, = 0, a 
condition we can use to find N x . 



(a) Separate the variables in the 
differential equation to obtain: 



dN 



R V -AN 



dt 



Integrate the left side of the equation 
from 0 to N and the right side from 
0 to t to obtain: 



f dN =\df 



R -AN 



0 " P 



Let u — Rp — AN'. Then: 



du = -AdN' 
dN' 



and 



1 idu__]_ 
• u A 



R-AN' A • u 



0 "p 



lnw 



= -\\n(R v -AN) 



A 



--ln(i? -m)+-ln(R n ) 
A A 



= -ln 

A 



R„ 
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t 

Because ^dt' = t : 

o 



Solve for N to obtain: 




The following graph of N(t) = {RJX)(\ -e~ M ) was plotted using a spreadsheet 
program. Note that N(t) approaches R^A in the same manner that the charge on a 
capacitor approaches the value CV. 



A 



-In 



= t 




(b) When dNIdt = 0: 



The decay constant is: 



Substitute for A to obtain: 



Substitute numerical values and 
evaluate N m : 



A = 



In 2 



1 1/2 



N,. 



In 2 



h/2 



AL = 



100 s 



In 2 



... . 60s 
10 minx 

v min^ 



= 8.66xl0 4 
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*70 



N 



Picture the Problem The mass of U required is given by m 235 = M 235 , where 



M235 is the molecular mass of 235 U and N is the number of fissions required to produce 
7.0xl0 19 J. 



Relate the mass of 235 U required to 
the number of fissions N required: 



N 



M 



235 



(1) 



where M235 is the molecular mass of 235 U 



Determine N: 



E 

annual 



J per fission 



Substitute numerical values and 
evaluate N: 



N 



7.0xlCTJ 



200MeVx 
= 2.18xl0 30 



1.60x10 J 
eV 



Substitute numerical values in equation (1) and evaluate m 2 35: 



2.18x10 



3(1 



6.02 xlO 23 nuclei/mol 



(235g/mol)= 8.51xl0 5 kg 



71 

Picture the Problem In the ground state of a one-dimensional infinite square well of 
length L the wavelength of a particle is 2L. We can use de Broglie's equation to find p for 
the particle and the relationship E 2 = Eq + p 2 c z with E Q « pc to show that E « pc. 



(a) In the ground state of a one- 
dimensional infinite square well of 
length L: 

(b) Use de Broglie's relation to 
obtain: 

Substitute numerical values and 
evaluate p: 



(c) Relate the total energy of the 
electron to its rest energy and 



A = 2L = 2(2fm) = 



4.00 fm 



h _ he 

A Ac 



1240eV-nm 



(4fm) ( 



310MeV/c 



T-.2 j-.2 , 2 2 2 2 

E = E 0 + p c = p c 



1+ £ » 



2 A 



2 2 
p c ) 
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momentum: 



Because E 0 « pc: 



E 2 « p 2 c 2 => £* 



pc 



K = E - E Q & E = pc 
= (310Me V/c)c- 



310MeV 



(d) The kinetic energy of an electron 
in the ground state of this well is 
given by: 

72 

Picture the Problem When a single proton is removed from a 12 C nucleus, a n B nucleus 
remains and we can use Q = Amc 2 to determine the minimum energy required to remove 
a proton. 



The nuclear reaction is: 

The minimum energy Q required is: 
Substitute numerical values and evaluate Q: 



l2 6 C + Q^ n 5 B+\U 

Q = (m„ B +m, H -m l2c ) 



Q = [(11. 009306 u+1. 007825 u)-l 2.000000 u][ 



931.5 MeV 



u 



16.0MeV 
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Picture the Problem The momentum of the electron is related to its total energy through 
E 2 = p 2 c 2 + E^ and its total relativistic energy E is the sum of its kinetic and rest 

energies. 



(a) Relate the total energy of the 
electron to its momentum and rest 
energy: 



E l = p 2 c 2 +E^ 



(1) 



The total relativistic energy E of the 
electron is the sum of its kinetic 
energy and its rest energy: 

Substitute for E in equation (1) to 
obtain: 



E = K + E n 



{K + Ej = p 2 c 2 +E 2 



Solve for p: 



Substitute numerical values and evaluate p: 
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_ -7(0.782 MeV)(0.782MeV + 2x 0.5 1 lMeV) _ 



1.188MeV/c 



(b) Because p p = -p e : 



K„ =- 



2m„ 



Substitute numerical values (see 
Table 7- 1 for the rest energy of a 
proton) and evaluate K p : 



K 



(l.!88MeV/c) 2 
2(938.28 MeV/c 2 ) 



752 eV 



(c) The percent correction is: 



K p 752eV 



K 0.782MeV 



0.0962% 
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Picture the Problem Conservation of momentum and conservation of energy allow us to 
find the final velocities. Because the initial kinetic energy of the nucleus is zero, its final 
kinetic energy equals the energy lost by the neutron. 



(a) Apply conservation of 
momentum to the collision to 
obtain: 



(m + M)V = fflV, 



Solve for V: 



V = 



mv, 



m + M 



(b) In the CM frame, V m = V and so: 
In the CM frame, V f = -Vj and so: 

(c) Use conservation of momentum 
to obtain one relation for the final 
velocities: 



v m = v 



V, 



Ml 



-V 



mv L = mv f + MV 1 



Ml 



(1) 



The equality of the initial and final 
kinetic energies provides a second 
equation relating the two final 
velocities. This is implemented by 
equating the speeds of recession and 
approach: 



Yw-Vf =-( V Mi-v h ) = 0 + v L 
and so 

V t = V Mf~ V L 
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To eliminate v f , substitute in 
equation (1) : 



mv L =m(V M -v L ) + MV Mt 



Solve for V M (- 



V 



Mf 



2m 



M + m 



(d) The kinetic energy of the 
nucleus after the collision in the 
laboratory frame is: 



K =±MV 2 

M 2 1V1 V Mf 



Substitute for V Mf and simplify to 
obtain: 



2m 



M +m L 



AmM 
(M +m) 



-(>v 2 L ) 



(e) The fraction of the energy lost by the neutron in the elastic collision is given 
by: 



AmM 

AE _ -K Mi _ (M+m) 
E 



-%mvl) 



AmM 

(M +mf 



AmM 



M 



1 + 



777 

M 



Am 
M 



1 + 



777 

M 
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Picture the Problem We can use the result of Problem 74, part (e), to find the fraction 
/ = E s /E 0 of its initial energy lost per collision and then use this result to show that, 

after N collisions, E = (0.714)^0- 



(a) Determine / = E { /E Q per 
collision: 



f _ E 0 -AE _ l AE 



From Problem 74, part (e): 



AE 



Am 



M 



1 + 

V M 



Substitute for AE/E 0 in the 
expression for/to obtain: 



/=!• 



Am 



M 



m 



1 + 

V M 
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Substitute numerical values and 
evaluate/: 



After N collisions: 

(b) Solve equation (1) for N: 



Substitute numerical values and 
evaluate N: 



/=1- 



4(1. 008665 u) 



12.000000u 
0.714 



1 + 



1 .008665 u 
12.000000u 



E M = f N E 0 = (0JU) N E Q 



In 



N = 



F 



ln(0.714) 



In 



^0.02eV^ 



2MeV 



ln(0.714) 



54.7 



(1) 



55 head - on collisions are required to reduce the energy of the neutron 
from2MeV to 0.02 eV. 



76 ••• 

Picture the Problem We can use the result of Problem 74, part (e), to find the fraction 
f = E t /E 0 of its initial energy lost per collision. Note the difference between the energy 

loss per collision specified here and that of the preceding problem. In the preceding 
problem it was assumed that all collisions are head-on collisions. 



(a) Determine / = E f / E Q per 
collision: 

In a collision with a hydrogen atom: 



After N collisions: 



Solve equation (1) for N: 



f _ E 0 -AE _ 1 AE 



AE 



= 0.63 



and so 
/ = 0.37 

E JN =f N E 0 ={03lfE 0 
f E t ^ 



In 



N 



ln(0.37) 



(1) 



(2) 
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Substitute numerical values and 
evaluate ./V: 



N = 



, ( 0.02eV A 

In 

^2MeV 

ln(0.37) 



= 18.5 



19 head - on collisions with an atom of hydrogen are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 



(b) In a collision with a carbon 
atom: 



AE 



= 0.11 



and so 
/ =0.89 



Equation (2) becomes: 



N 



(E ^ 
In ^ 

ln(0.89) 



Substitute numerical values and 
evaluate ./V: 



N 



, ( 0.02 eV A 

In 

^ 2MeV 

ln(0.89) 



158 



158 head - on collisions with an atom of carbon are required to reduce the 
energy of the neutron from 2 MeV to 0.02 eV. 



1=77 



Picture the Problem We can differentiate N n with respect 

to t to show that it is the solution to the differential equation 
dN B /dt-A A N A - /WVb- 

(a) The rate of change of N B is the rate of generation of B nuclei minus the rate of decay 
of B nuclei. The generation rate is equal to the decay rate of A nuclei, which equals 
AaNa- The decay rate of B nuclei is A B N B - 



(b) We're given that: 



dN B 
dt 



= A A N A -A B N B 



N B (t) = ^{ 



A.r -A. 

e A -e 



N A = N AO e 



(1) 
(2) 
(3) 
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Differentiate equation (2) with respect to t to obtain: 



d_ 
dt 



Af 4A /L d 



/i B — A A dt 



Substitute this derivative in equation (1) to get: 



[- A A e^> + he^ ] = * A N AO e^' - A B ^f- (e-* - e~» ) 



A — A 

Multiply both sides by — - — and simplify to obtain: 



N 



AO 



[-A A e^' +A B e-^ , ] = ^^N AO e- ZA ' -N m (e^' -<T V ) 



— iv A0 e ^ e iv A0 e ^- ,v A0 e 

B 



which is an identity and confirms that equation (2) is the solution to equation (1). 



(c) 



If A A > A B the denominator and the expression in the parentheses are both 
negative for t > 0. If A A < A B the denominator and the expression in the 
parentheses are both positive for t > 0. 
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(d) The following graph was plotted using a spreadsheet program. 
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Picture the Problem We can express the time at which the number of isotope B nuclei 
will be a maximum by setting dN B /dt equal to zero and solving for t. 



From Problem 77 we have: 



dN B 
dt 



A A N A —A B N B = 0 for extrema 



Replace AaNa by A A N AO e A and 
K -A A 



A A N AQ e^-A B ^^(e^'-e^)=0 



Simplify to obtain: 



Remove the parentheses and 
combine like terms to obtain: 



A, 



l_( e -V_ e -v) =0 



K ~^A 

(A B -A A )e^'-A B (e-^-e- A *')=0 



X A e Aa ' = A%e 



-/.„/ 



Solve for t: 



ln(/l B 


M 


K - 
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Remarks: Note that all we've shown is that an extreme value exists at 



To show that this value for t maximizes 7Y B , we need to either 



1) examine the second derivative at this value for t, or 2) plot a graph of N R as a 
function of time (see Problem 77) . 



79 ••• 

Picture the Problem We can show that, provided r A » r B , e ~ Aa ' - e~ Ae ' « 1 and 

A A 

— « — and, hence, that N B = (A a /Ab)N A - 

K - A A A B 



We have, from Problem 77 (b): 



N B (t) = ^-{e^-e^) (1) 

B _/L A 



Because r A » r B : 



« K 



When several years have passed, 



because A A t « 1 : 



e A —e ~ 1 



(2) 



Also, when A A « A% : 



_ ^A 



(3) 



Substitute (2) and (3) in (1) to 
obtain: 



N B {t) = 



A 

A n 
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Chapter 41 

Elementary Particles and the Beginning of the Universe 

Conceptual Problems 



l 



Similarities 


Differences 


Baryons and mesons are hadrons, i.e., they 
participate in the strong interaction. Both 
are composed of quarks. 


Baryons consist of three quarks and are 
fermions. Mesons consist of two quarks 
and are bosons. Baryons have baryon 
number +1 or -1. Mesons have baryon 
number 0. 



2 

Determine the Concept The muon is a lepton. It is a spin- V% particle and is a fermion. It 
does not participate in strong interactions. It appears to be an elementary particle like the 
electron. The pion is a meson. Its spin is 0 and it is a boson. It does participate in strong 
interactions and is composed of quarks. 



*3 • 

Determine the Concept A decay process involving the strong interaction has a very short 
lifetime (~1(T 23 s), whereas decay processes that proceed via the weak interaction have 
lifetimes of order 1(T 10 s. 

4 

(a) True 

(b) False. There are two kinds of hadrons-baryons, which have spin \ (or and so 
on), and mesons, which have zero or integral spin. 

5 

False. Mesons have zero or integral spins. 
6 

Determine the Concept A meson has 2 quarks, a baryon has 3 quarks. 
7 

Determine the Concept No; from Table 41-2 it is evident that any quark-antiquark 
combination always results in an integral or zero charge. 
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8 

(a) False. Leptons are not made up of quarks. 



(b) True 



(c) False. Electrons are leptons and leptons interact via the weak interaction. 



(<f) True 



(<?) True 



*9 * 

Determine the Concept No. Such a reaction is impossible. A proton requires three 
quarks. Three quarks are not available because a pion is made of a quark and an 
antiquark and the antiproton consists of three antiquarks. 

Estimation and Approximation 

10 

Picture the Problem Assuming that the lifetime of a proton is 1 0 32 y, one proton out of 
every 1 0 32 protons should decay every year on average. Hence, we can estimate the 
expected time between proton-decays that occur in the water of a filled Olympic-size 
swimming pool by determining the number of protons N in the pool and dividing 1 0 32 y by 
this number. 



The mean time between 
disintegrations is the ratio of the 
lifetime of the protons to the number 
of protons N in the pool: 



10 32 y 
N 



(1) 



The number of protons N in the pool 
is related to the mass of water in the 
pool M wat er, the molar mass of water 
'"molar, water, and the number of 
protons per molecule n: 



N 



M tn 

water molar, water 



Solve for N to obtain: 



tiN M 

_ ' " V A 1Y1 water 



in 



molar, water 



Because the mass of the water is the n -^A Avater^pooi 

product of its density and the m , 

1 J molar, water 

volume of the pool: 
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Substituting for N in equation (1) 
yields: 



10 32 y 



^^AAvater^pool 



m 



molar, water 

molar, water 



(l0 32 y)n : 



^ A Pwa,er V pool 



Because each molecule of water has 
10 protons: 



n=10 



protons 
molecule 



Substitute numerical values and evaluate At n 



(io 32 y) 



18 



mol 10' g 



' i n ' protons N 



V 



molecule 



6.02x10 



23 



molecules 



V 



mol 



10 3 ^| |(l00m)(25m)(2m) 
m ) 



= 0.0598y = 0.0598yx 



365.24d 



21. 8d 



11 • 

Picture the Problem We can use F, 



em ' ~1 proton / 'nucleus ^nu g ray ^"^proton / 'nucleus ^ 



estimate the ratio of the electromagnetic and gravitational forces between two protons 
located in a nucleus. 



The electromagnetic force between 
two protons located in a nucleus is 
given by: 



kq, 
r. 



"proton 



F =■ 

em 2 

r 

nucleus 



The gravitational force between 
these same protons is given by: 



grav 



Gm 



proton 



nucleus 



Divide F em by F grav to obtain: 



grav 



kq. 



2 

proton 



_ 'nucleus _ ~*proton 



Gm 



proton 



nucleus 



Gm, 



proton 



Substitute numerical values and evaluate F em /F gmv : 
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8.99xl0 9 ^ 



2 \ 



em V 



C 2 



(l.60xl0 19 c) 2 



grav 



6.67x10 



_„N-m 



2 \ 



kg 2 



(l.67xl0- 27 kg) 2 



1.24x10 



36 



Spin and Antiparticles 

*12 • 

Picture the Problem We can use both conservation of energy and momentum to explain 
why the energies of the two /-rays must be equal. We can find the energy of each /-ray in 
Table 41-1 and find their wavelengths using X = hclE. 



(a) 



The initial momentum is zero; therefore, the final momentum must be 
zero. The momentum of a photon is E/c. To conserve both momentum 
and energy the two photons must have the same momentum magnitude. 
Hence, they have the same energy. 



(fc)From Table 41-1: 

(c) The wavelength of each y ray is 
given by: 



E„ = 139.6MeV 



X- — - 1240MeV - fm 

~ E ~ E 



Substitute numerical values and 
evaluate A: 



1240MeV-fm 
139.6MeV 



8.88fm 



13 • 

Picture the Problem In each case, the required energy is given by E = 2mc 2 where m is 
mass of each particle produced in the pair-production reaction. These masses can be 
found in Tables 41-1 and 41-3. 



(a) For y — > n + + n : 



(b) For y — > p + p : 



(c) For jU + : 



E = 2m n c 2 = 2(l 39.6 MeV/c 2 )c 2 



= 279.2 MeV 



E = 2m/ = 2(938.3 MeV/c 2 )c 2 



= 1877 MeV 



E = 2m/ = 2(l05.659MeV/c 2 )c 
= 211.3MeV ' 
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The Conservation Laws 
14 • 

Picture the Problem We need to check for conservation of energy, charge, baryon 
number, and lepton number. 



(a) Energy conservation: 



Because m p <m n , energy 
conservation is violated. 



Charge conservation: 



Because the net charge is + e before 
and after the decay, charge is 
conserved. 



Baryon number: 

+1 +0 + 0 = +l 



Because B is + 1 before and after the 
decay, baryon number is conserved. 



Lepton number; electrons: 
0h>0 + 0 + 0 = 0 



Because L e = 0 before and after the 
decay, the lepton number for 
electrons is conserved. 



The process is not allowed because it violates conservation of energy. 



(b) Energy conservation: 



Because m„ < m + m _ , energy 

n p K 

conservation is violated. 



Charge conservation: 
0 -> +e + {-e) = 0 



Because the net charge is 0 before 
and after the decay, charge is 
conserved. 



Baryon number: 
1 -> 1 + 0= 1 



Because B = 0 before and after the 
decay, baryon number is 
conserved. 



Lepton number; electrons: 
0->0 + 0 = 0 



Because L = 0 before and after the 
decay, lepton number is conserved. 



Because energy is not conserved, this decay is not allowed. 
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(c) 



Momentum conservation is violated; two (or more) y rays must be 
emitted to conserve momentum. 



(d) Energy conservation: 



Energy is conserved. 



Charge conservation: 
+1 + (-!)-> 0 + 0 =0 



Because the net charge is zero 
before and after the decay, 
charge is conserved. 



Baryon number: 

+1 + (-!)-> 0 + 0 =0 



Because 5 = 0 before and after the 
decay, baryon number is conserved. 



Lepton number; electrons: 
0->0 + 0 + 0 = 0 



Because L e = 0 before and after the 
decay, the lepton number for 
electrons is conserved. 



Because none of the conservation laws are violated, this is an allowed process. 



(e) Energy conservation: 



Because m p > m n + m g+ , energy 
is conserved. 



Charge conservation: 
0 + 1 ->0+ 1 =1 



Because the net charge is one 
before and after the decay, 
charge is conserved. 



Baryon number: 
0+ 1 -> 1 +0 =0 



Because 5 = 1 before and after the 
decay, baryon number is conserved. 



Lepton number; electrons: 
-1 +0->0 + (-!) = -! 



Because L e = - 1 before and after the 
decay, the lepton number for 
electrons is conserved. 



Because none of the conservation laws are violated, this is an allowed process. 
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Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = ±1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 



(a) List the strangeness of Q , S , D. : S = -3 

and n: 3°: S = -2 



Determine AS: 



AS =-2-(-3) = 



+ 1 



Because AS = + 1 , the reaction can proceed via the weak interaction. 



(b) List the strangeness of 3°, p, n , 3°: S = -2 

and rt*: p: 5 = 0 

n: S = 0 



Determine AS: 



AS = 0-(-2) = 



+ 2 



Because AS = + 2, the reaction is not allowed. 



(c) List the strangeness of A , A : S = -1 

p + , and n~: p + : S = 0 

if: S = 0 



Determine A5: 



AS = 0-(-l) = 



+ 1 



Because AS = + 1 , the reaction can proceed via the weak interaction. 
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Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If A5 = ±1, it will occur via the weak interaction. If 5 changes by more than 1, 
the decay will not occur. 



(a) List the strangeness of Q , A , Q : S - -3 

andK": A°:S = -1 

K~: S = —l 



Determine A5: AS = -1 - 1 - (- 3) = [+T 
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Because AS = + 1 , the reaction can proceed via the weak interaction. 



(b) List the strangeness of 3 , p, and 3 : 5 = -2 

n~\ p: 5 = 0 

k: S = 0 



Determine AS: 



AS = 0-(-2) = 



+ 2 



Because AS = + 2, the reaction is not allowed. 



17 • 

Picture the Problem The decay will occur via the strong interaction if strangeness is 
conserved. If AS = ±1, it will occur via the weak interaction. If S changes by more than 1, 
the decay will not occur. 



(a) List the strangeness of Q , A , Q : S = -3 

K e ,ande~: a°:S = -1 

v e :S = 0 

e": 5 = 0 



Determine AS: 



AS = -!-(- 3) = 



+ 2 



Because AS = + 2, the reaction is not allowed. 



(b) List the strangeness of S , p, and E + : 5 = -1 

7?: p:S = 0 

tz°: S = 0 



Determine AS: 



AS = 0-(-l) = 



+ 1 



Because AS = + 1 , the reaction can proceed via the weak interaction. 



18 • 

Picture the Problem We can decide whether the given decays of the r particle are 
possible by determining whether energy conservation is satisfied and whether 
conservation of both the r and ju lepton numbers is satisfied. 



The first decay is allowed. It satisfies energy conservation and conservation 
of both the r and /u lepton numbers. 
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(b) 



The second decay scheme is not allowed because it does not conserve r 
and /u lepton numbers. 



(c) The total kinetic for the decay 
in (a) is: 



^tot =m T c 2 -m fl c 2 



From Table 41-3 we have: 



Substitute numerical values and 
evaluate K tot : 



m T = 1784MeV/c 2 
and 

m M =105.659MeV/c 2 



K 



tot 



= (l 784 MeV/c 2 )c 2 -(l 06 Me V/c 2 )c 2 



= 1678 Me V 



Remarks: Note that the kinetic energy of the individual decay products cannot be 
determined from the decay scheme alone. 

19 

Picture the Problem Examination of the decay products will reveal whether all the final 
products are stable. A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 



(a) No; the neutron is not stable: 



(b) Add the reactions to obtain: 



n -> p + e + v e 



Q -> p + + e + + 3e +v e +3v e + 2v + 2v 



(c) Charge conservation: 

-1^1 + 1-3 + 0 + 0 + 0 + 0 = -! 



Because Q = - 1 before and after 
the decay, charge is conserved. 



Baryon number: 

1^1+0+0+0+0+0+0=1 



Because 5 = 1 before and after 

the decay, baryon number is conserved. 



Lepton number: 

0+>0-l +3 + 1-3-2 + 2 = 0 



Because L e = 0 before and after 
the decay, the lepton number for 
electrons is conserved. 
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Strangeness: 
-3 ->0 



Strangeness is not conserved. However, 
in each baryon decay AS = +1, and 
each decay is allowed via the weak 
interaction. 
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Picture the Problem A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 



(a) Energy conservation: 



Because m n > 2m n +2m , energy 
conservation is not violated. 



Charge conservation: 
0^+1 +(-!) + 0 + 0 = 0 



Because the total charge is 0 before 
and after the decay, charge is 
conserved. 



Baryon number: 

1 H>0 + 0 + 0 + 0 = 0 



Because baryon number changes 
from + 1 to 0, conservation of baryon 
number is violated. 



Lepton number: 

0^0 + 0 + 1 + (-1) =0 



Because L = 0 before and after 
the decay, the lepton number for 
muons is conserved. 



The process is not allowed because it violates conservation of baryon number. 



(b) Energy conservation: 



Because m n > 2m e , energy 
conservation is not violated. 



Charge conservation: 
0^+1 +(-!) + 0 + 0 = 0 



Because the total charge is 0 before 
and after the decay, charge is 
conserved. 



Baryon number: 
0^0 + 0 + 0 + 0 = 0 



Because 5 = 0 before and after the 
decay, the baryon number is 
conserved. 
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Lepton number: 
0->0 + 0 + 0 + 0 = 



Because L e = 0 before and after the 
decay, the lepton number is conserved. 



The decay satisfies all conservation laws and is allowed. 



Quarks 



21 • 

Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 





Combination 


B 


Q 


5 


hadron 


(a) 


uud 




+1 


0 


+ 

P 


(b) 


udd 




0 


0 


n 


(c) 


uus 




+1 


-1 


I + 


{d) 


dds 




-1 


-1 


E~ 


(e) 


uss 




0 


-2 


w 0 


if) 


dss 




-1 


-2 
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Picture the Problem For each quark combination we can determine the baryon number 
B, the charge Q, and the strangeness S and then use Table 41-1 to find a match and 
complete the following table. 





Combination 


B 


Q 


s 


hadron 


(a) 


ud 


0 


+1 


0 


+ 
n 


(b) 


ud 


0 


-1 


0 


n 


(P) 


us 


0 


+1 


+1 


r 


(d) 


us 


0 


-1 


-1 


K 



23 • 

Determine the Concept From Table 4 1 -2 we see that to satisfy the conditions of charge = 
+2 and zero strangeness, charm, topness, and bottomness, the quark combination must be 
uuu. 



24 • 

Picture the Problem Because K + and K° are mesons, they consist of a quark and an 
antiquark. We can use Tables 41-1 and 4 1 -2 to find combinations of quarks with the 
correct values for electric charge, baryon number, and strangeness for these particles. 
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(a) For K + we need: 



G = +l 
# = o 

5=+l 



A combination of quarks with these properties is us 



we need: 



Q = 0 
B = 0 
S = +\ 



A combination of quarks with these properties is 



ds. 
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Determine the Concept Because D + and D are mesons, they consist of a quark and an 
antiquark. 



(a) B = 0, so we must look for a combination of quark and antiquark. Because it has 
charm of +1, one of the quarks must be c. Because the charge is +e, the antiquark must be 
d . The possible combination for D + is 



cd. 



(b) Because D is the antiparticle of D + , the quark combination is cd 



26 • 

Picture the Problem We can use Tables 41-1 and 4 1 -2 to find combinations of quarks 
with the correct values for electric charge, baryon number, and strangeness for these 
particles. Because K~ and K° are mesons, they consist of a quark and an antiquark. 



(a) For K we need: 



G = -i 

B = 0 
S = -\ 



A combination of quarks with these properties is us 



(b) For K we need: 



<2 = 0 
B = 0 
S = -l 



A combination of quarks with these properties is 



ds. 
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Remarks: An alternative solution could take advantage of our results in Problem 20 
for the antiparticles K + and K°. 

*27 

Picture the Problem Because A 0 , p~ , and STare baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baryon number, and strangeness for these particles. 



(a) For A 0 we need: Q = 0 

B = +\ 
S = -l 

The quark combination that satisfies these conditions is 



uds. 



(b) Forp we need: <2 = -1 

B = -\ 
S = +l 

The quark combination that satisfies these conditions is 



uud. 



(c)Forl we need: Q = -l 

B = +\ 
S = -l 

The quark combination that satisfies these conditions is 



dds. 



28 

Picture the Problem Because n , H° , and S + are baryons, they are made up of three 
quarks. We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct 
values for electric charge, baryon number, and strangeness for these particles. 



(a) For n we need: 2 = 0 

B = -\ 
5 = 0 

The quark combination that satisfies these conditions is 



udd. 



(b) For 3 we need: 



Q = 0 
B = +l 
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The quark combination that satisfies these conditions is 

(c) For I + we need: <2 = +l 

B = +\ 
S = -l 

The quark combination that satisfies these conditions is 



uss. 



uus. 



29 

Picture the Problem Because DT and H~are baryons, they are made up of three quarks. 
We can use Tables 41-1 and 41-2 to find combinations of quarks with the correct values 
for electric charge, baryon number, and strangeness for these particles. 



(a)ForQ we need: Q = -l 

B = +\ 

S = -3 

The quark combination that satisfies these conditions is 



sss. 



(b) For 3 we need: Q = -l 

B = +\ 

S = -2 

The quark combination that satisfies these conditions is 



ssd. 
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Picture the Problem We can use Table 4 1 -2 to identify the properties of the particles 
made up of the given quarks. 



(a) For ddd: 



Q 

B 



1 



+ 1 



S= 0 



(b) For uc : 


Q = 


0 




B = 


0 




S = 


0 



charm = 



-1 
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(c) For ub : 



Q= + 1 
B = 



0 



S = 



0 



bottomness = 



(d) For sss : 



Q = 

B = 

S = 



+ 1 



+ 3 



The Evolution of the Universe 



*31 • 

Picture the Problem We can use Hubble 's law to find the distance from the earth to this 
galaxy. 



The recessional velocity of galaxy is 
related to its distance by Hubble' s 
law: 

Solve for r: 



Substitute numerical values and 
evaluate r: 



v = Hr 



H 



r = 



(0.025)c _ (0.025)(3xlQ 5 km/s) 



23km/s 
10 6 c-y 



23 km/s 
10 6 c-y 



3.26xl0 8 c-y 



32 • 

Picture the Problem We can use Hubble's law to find the speed of the galaxy. 

The recessional velocity of galaxy is v = Hr 

related to its distance by Hubble's 

law: 

Substitute numerical values and evaluate v: 



^^](l2xlOVy) 
10 6 c-yJ V ' 



3.00xl0 5 km/s 



0.920c 
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33 

Picture the Problem We can substitute for/' and/), using v =fX, in Equation 39-16Z? to 
show that the relativistic wavelength shift is X' = X 0 ^ 



1 + v/c 



From Equation 39-16&: 



f = fo 



1-v/c 



/1-v/c 
1 + v/c 



Express/' and/ 0 in terms of X' and 



/v _ c an(j /" — - 

•/ f •/ o ^ 



Substitute for/' and/ 0 to obtain: 



Solve for X': 



■=34 



X' = 





1-v/c 
1 + v/c 




1 + v/c 


1-v/c 



Picture the Problem Using Hubble's law, we can rewrite the equation from Problem 3 1 



as 



X' — X n 



1 + Hr/c 



1-Hr/c 
From Problem 33 we have: 



X' — X a 



/ 1 + v/c 
1-v/c 



Use Hubble's law to relate v to r. 
Substitute for v to obtain: 



v = Hr 



X' — X n 



1 + Hr/c 
1-Hr/c 



(a) For r = 5xl0 6 c-y: 



X' = 656.3 nm 



1 + 



' 23 km/s ^ (5xlQ 6 c-y) 



10 6 c-y 



(3xl0 5 km/s) 



^ 23 km/s ^ (5xl0 6 c-y) 
v 10 6 c-y y 



656.6 nm 



(3xl0 5 km/s) 



(b) For r = 50 xl0 6 cy: 
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X' = 656. 3nm 



(c) For r= 500 xl0 6 c-y: 



X' = 656. 3nm 



(d) For r= 5x10 c-y: 



X' = 656.3 nm 



1+ 


'23 km/s 
UOVy, 


(50xl0 6 c-y) 
(3xl0 5 km/s) 


1- 


( 9^ Irm/c"' 

zj Km/s 
UOVy, 


ijuxiu c • y i 
(3xl0 5 km/s) 


1 

1+ 

\ 


'23 km/s^ 
JOVyJ 


500xl0 6 c-y) 
3xl0 5 km/s) 


/ 

1- 

V 


zj Km/s 


^nn v 1 n 6 r- . \A 
juu xiu c • y j 


J0 6 c-yJ 


(3xl0 5 km/s) 


1+ 


'23 km/s 
U0 6 c- y/ 


(SxlO'c-y) 
(3xl0 5 km/s) 


1- 


'23 km/s 
UOVy, 


(5xl0 9 c-y) 
(3xl0 5 km/s) 



658.8nm 



682.0 nm 



983.0nm 



General Problems 



35 • 

Determine the Concept 

(a) It must be a meson, and it must consist of a quark and its antiquark. 

(b) The n is its own antiparticle. 

(c) The H 0 is a baryon; it cannot be its own antiparticle; the antiparticle is the 
H°= uss. 
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Picture the Problem Examination of the decay products will reveal whether all the final 
products are stable. A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 



(a) Yes, the final products are stable. 



(b) Add the reactions to obtain: 
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(c) Charge conservation: 
0^e + +e~ = 0 

Baryon number: 
1 ^ 1 + 0= 1 



Charge is conserved. 



Baryon number is conserved. 



Lepton number: 

0-> 0+1-1 + 1-1 = 0 



Lepton number is conserved. 



Strangeness: 
-2->0 



Strangeness is not conserved. However, 
the reaction is allowed via the weak 
interaction because in the first two 
decays AS = +1. 



(d) 



No; the rest masses of the decay products would be greater than the rest 
mass of the S°, violating energy conservation. 
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Picture the Problem The n° particle is composed of two quarks, uu. Hence, the 
reaction n° — > y + y is equivalent to uu — > y+ y . 



(a) The u and u annihilate resulting in the photons. 



(b) Two or more photons are required to conserve linear momentum. 
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Picture the Problem A decay process is allowed if energy, charge, baryon number, and 
lepton number are conserved. 



(a) Energy conservation: 



Because m A >m +m n , energy 
conservation is not violated. 



Charge conservation: 
0 -> 1 -1 = 0 



Because the total charge is 0 before 
and after the decay, charge 
conservation is not violated. 
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Baryon number: 
1 -> 1 + 0= 1 



Because there is no change in baryon 
number, baryon number is 
conserved. 



Lepton number: 
0->0 + 0 = 0 



Because lepton number is 0 on both 
sides, lepton number is conserved. 



The decay satisfied all conservation laws and is allowed. 



(b) Energy conservation: 



Because m z < m n + m p , energy 
is not conserved. 



Charge conservation: 
-1 ->0-l =-1 



Because the total charge does not 
change, charge is conserved. 



Baryon number: 
+1 -> 1- 1 =0 



Because B changes from + 1 to 0, 
baryon number is not conserved. 



Lepton number: 
0->0 + 0 =0 



Because L is 0 on both sides, 
lepton number is conserved. 



Because the decay violates both energy conservation and baryon number, 
it is not allowed. 



(c) Energy conservation: 



Energy is conserved. 



Charge conservation: 
-1 -> -1 + 0 + 0 = -1 



Because the total charge does not 
change, charge is conserved. 



Baryon number: 
0->0 + 0 + 0 =0 



Because B does not change, 
baryon number is conserved. 



Lepton number: 
1 -> 1 - 1 + 1 =1 



Because L does not change, 
lepton number is conserved. 



The decay satisfied all conservation laws and is allowed. 
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Remarks: The decay in Part (c) is the decay process for the muon // (see Example 
41-2). 

*39 

Picture the Problem We can systematically determine Q, B, 5, and s for each reaction 
and then use these values to identify the unknown particles. 

(a) For the strong reaction: p + ;r~ — » E° + ? 

Charge number: +l-l = 0 + (2=>(2 = 0 

Baryon number: +l + 0 = +l+£=>£ = 0 

Strangeness: 0 + 0 = -l+5=>5 = +l 

Spin: +i + o = + ± + s ^ s = 0 



These properties indicate that the particle is the kaon, K°. 



(b) For the strong reaction: p + p_ >;r + +n + K + + ? 

Charge number: +l + l=+l+0+l + (2=>C2 = 0 

Baryon number: +l + l= 0 + l + 0 + 5=>£ = +l 

Strangeness: 0 + 0 = 0 + 0+1+5^5 = -1 

Spin: +l+l=o +± + 0 + s^>s = + ± 



These properties indicate that the particle is either the S or the A baryon. 



(c) For the strong reaction: p + K — > S + ? 

Charge number: +1 - 1 = -1 + Q => Q = +1 

Baryon number: +l + 0 = +l+£=>£ = 0 

Strangeness: 0-l=-2 + 5=>5 = -l 

Spin: + 4_ + o = +l + s ^> S = Q 



These properties indicate that the particle is the kaon, K + . 
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Picture the Problem We can systematically determine Q, B, 5, and s for the reaction and 
then use these values to identify the unknown particle. The Q value for the reaction is 
given by Q = — (Am)c 2 and the expression for the threshold energy for the reaction is 
given in the problem statement. 
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(a) For the strong reaction: 
Charge number: 
baryon number: 
strangeness: 
spin: 



p + p->A° + K°+p+? 
+1 + 1=0 + 0+1 + 2^2^+1 
+1 + 1 =+l+0 + l+ B=>B = 0 
0 + 0= -l + l+0 + S->S = 0 



1+ J- 

2 2 



j+0+ j + S =>s = 0 



These properties indicate that the unknown particle is a pion, 



p + p->A° + K°+p+;r 



-815MeV 



(b) The reaction is: 
The Q- value for the reaction is: 

Q = [(m p +m p )-(M A „+M K0 +M p +M rr+ )]c 2 

Use Table 41-1 to find the mass-energy values: 

Q = [(938.3 + 938.3)- (ll 16 + 497.7 + 938.3 + 139.6)]MeV = 
Because Q < 0, the reaction is endothermic. 

(c) The threshold energy for this reaction is: 

K th = — — (m +m „+M ia +M„ 0 +M n +M t ) 
2m 



Using Table 41-1 to find the mass-energy values, substitute numerical values and 
evaluate ^ t h: 



-815 MeV 
2(938.3 Me V) 



(938.3 + 938.3 + 1 116 + 497.7 + 938.3 + 139.6)MeV 



= 1984MeV= 1.984GeV 
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Picture the Problem We can solve the equation derived in Problem 3 1 for the 
recessional velocity of the galaxy and then use Hubble 's equation to estimate the distance 
to the galaxy. 



(a) From Problem 3 1 we have: 



X' — Xn 



j l + v/c 
1-v/c 
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Solve for the radicand: 



l+v/c 
l-v/c 



Substitute numerical values for A' 
and A 0 : 



l + v/c 
l-v/c 



1458 nm 
656.3 nm 



4.935 



Simplify to obtain: 



Solve for v: 



4.953 
and 



1 + 



5.953- = 3.953 

c 



v = 0.664c = 0.664(3 xl0 8 m/s) 



= 1.99xl0"m/s= 1.99xl0 5 km/s 



(b) From the Hubble equation we 
have: 



r = 



Substitute numerical values and 
evaluate r. 



r = 



1.99xl0 5 km/s 
23km/s 



8.65xlOVy 



10 6 c-y 
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Picture the Problem We can use the masses of the parent and daughters to find the total 
kinetic energy of the decay products under the assumption that the A 0 is initially at rest. 
Application of conservation of energy and the definition of kinetic energy will yield the 
ratio of the kinetic energy of the pion to the kinetic energy of the proton. Finally, we can 
use our results in (a) and (b) to find the kinetic energies of the proton and the pion for this 
decay. 

(a) The total kinetic energy of the K tot = (m A -m p -m !r )c 2 

decay products is given by: 



Substitute numerical values (see Table 41-1) and evaluate K tot : 



1116 



MeV 



-938.3 



MeV 



139.6 



MeV 



3 8.1 MeV 



(b) The ratio of the kinetic energies K 4-m v 2 m v 2 



is given by: K - 1 1 



-m p v p m p v p 



Elementary Particles and the Beginning of the Universe 143 1 



Use conservation of momentum 
(nonrelativistic) to obtain: 



m„v„ = m p v p 



v. m„ 



Substitute for the ratio of the speeds 
to obtain: 



71 71 



K„ m 



P \ m nJ 



m , 



m. 



Substitute numerical values and 
evaluate the ratio of the kinetic 
energies: 



MeV 



v 938.3 , 



K * 139.6^ 



6.72 



(c) Express the total kinetic energy 
in terms of K„ and K v : 



(1) 



Use our results in (a) and (b) to 
obtain: 



K+6.72K =3 8.1 MeV 

p p 



Solve for ^ p : 



K p = 4.94 MeV 



Substitute in equation (1) to obtain: 



K 7T ~ K tOt ~ K P 



33.2 MeV 
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Picture the Problem The total kinetic energy of the decay products is the rest energy of 
the E° particle. We can find the momentum of the photon from its energy and use the 
conservation of momentum to calculate the kinetic energy of the A 0 . 



(a) The total kinetic energy of the 
decay products is given by: 



Substitute numerical values (see 
Table 41-1) and evaluate K tot : 



1193 



MeV 

2 

C J 



11 93 MeV 



(b) The momentum of the photon is 
given by: 



Pr = 



E y _ E-m A c 2 



Substitute numerical values and evaluate 

Pr 



1193MeV- 



1116 



MeV 



77.0 



MeV 
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(c) The kinetic energy of the A is 
given by: 



2m . 



or, because p A = p y , 



2m , 



Substitute numerical values and 
evaluate ^a: 



K k = 



f 7 7.o MeV 

V c J 



1116 



MeV 



2.66MeV 



V c J 



(d) A better estimate of the energy 
of the photon is: 



E r =E-m A c -K A 



Substitute numerical values and evaluate E;. 



E„ = 1193 MeV - 



MeV 



1116 

V c J 



c -2.66MeV 



74.3 MeV 



The improved estimate of the momentum E, 74.3 MeV 



of the photon is: 



74.3 



MeV 
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Picture the Problem The solution strategy is outlined in the problem statement. 



(a) Express At = t 2 - ?i in terms of u 2 
and u\\ 



At 



_ x x _ x{u { -u 2 ) 
— t 2 —t x — — 



Noting that u\Ui~ c , we have: 



At 



xAu 



where Au = u\ - u 2 



(1) 



(b) From Equation 39-25 we have: 



u 

c 



f 2 \ 2 

mc 



mc 



2 \ 



1/2 



Expand binomially to obtain: 



u 

c 



( 2^ 

mc 



V E j 
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(c) Express U\ - 112 in terms of E\, 
E 2 , and mc 2 : 



u l -u 2 = \{mc 2 J 



' 1 1 

172 -pi 



_c(mc 2 J(E 2 -E 2 ) 



2E 2 E 2 



Substitute numerical values and evaluate Aw: 



f 

c 

Au = ^ 



20 ^ c 2 ) [(20 MeV) 2 - (5 MeV) 2 ] 



= 1 7.50xl0 12 c 



2(20MeV) 2 (5MeV) 2 
Use equation (1) to evaluate At: A _ (l.7xl0 5 c-y)(7.5xl0~ 12 c) 



At 



1 in _ 6 31.56Ms 
= 1.275x10 yx 



= 40.2s 



(d) Using mc 2 = 40 eV for the rest energy of a neutrino: 



Au 



40^ 



__V c 



> 

[(20MeV) 2 -(5MeV) 2 



3.00xl0 n c 



2(20MeV) 2 (5MeV) 2 
Use equation (1) to evaluate At: (l.7xl0 5 c- y)(3xl0 -11 c) 



. , in _ 6 31.56Ms 
= 5.1x10 yx 



= 161s 



Remarks: Note that the spread in the arrival time for neutrinos from a supernova 
can be used to estimate the mass of a neutrino. 



